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ABSTRACT 

The use of the sequential regression (SER) 
algorithm [1. 2) for long-term processing appli
cations is limited by two problems which can 
occur when an SER predictor has more weights 
than required to ·predict the input signal. 
First. computational difficulties related to 
updating the autocorrelation matrix inverse 
could arise, since no unique least-squares 
solution exists. Second, the predictor strives 
to remove very low-level components in the in
put. and hence could implement a gain function 
that is essentially zero over the entire pass
band. The predictor would then tend to become 
a "no-pass" filter which is undesirable in 
certain applications-- e.g •• intrusion detection 
[6]. 

Modifications to the SER algorithm that 
overcome the above problems are presented, which 
enable its use for long-term signal processing 
applications. 

1. INTRODUCTION 

We consider the adaptive digital predictor 

(ADP) configuration shown in Figure 1. The ADP 

consists of an aua~llve digital filter (ADF) whose 

weights are updated using the SER algorithm, which 

is derived by minimizing the following cost 

function: 

r 
R(ar)• L q(k) [f(k)-aT f~l2 

k•l r .. 
(1) 

where q(k) is a weighting factor, ar is the weight 

vector consisting of M elements, f(k) is the 

current input sample. and 
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fk•[f(k-6) f(k-6-l) ••• f(k-6-H-1)). (2) 

Min~zing R(ar) with respect to ar, it can 

be shown [4) that ar in (1) can be obtained 

recursively via the SER algorithm, which is as 

follows: 

a • a + q(r) P-l f e(r) 
r r-1 r r 

(3) 

where 

e(r) • f(r) - fT a 
r r-1 

(4) 

is the prediction error at the r-th iteration. 

The inverse of the autocorrelation matrix 

Pr is obtained via the following lemma [5]: 

- .ili2. 
d 

p-1 ff fT p 
r-1 r r-1' (5) 

where d • 1 + q(r) fT P-1
1 

f is a scalar. The 
_

1 
r r- r 

value of P0 is chosen to be cl, where c is a 

positive constant and I is an identity matrix 

of size M. 

1g long-term adaptive prediction applica

tions where one has to contend with different 

kinds of input data, it is very likely that the 

predictor has more weights than necessary to 

predict the input data. In sucb cases the 

autocorrelation matrix P will not have full 
r 

r&UA. aud hence the weight vector ar at the 

r-th iteration will not have a unique solution 

[3). Hence computational difficultie~ may be 

encountered while updating P-l at iteration r 
r 
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via the 1Dverae lemma in (5). Such diffi

culties can be avoic!ed by 1uit.ably .oclifying 

the coat fuaction in (1), details pertaining 

to which will be discussed in Section 2. 

Mother c:o~Wequence of having .,re weights 

thaD necea11ary to predict a given input 1a 

that over a period of time, the ADP will atrive 

to remove very low-level correlated components 

of the input. lD doing 10 it teDda to implement 

a gain characteristic vbich i1 eaaentially zero 

over a large portion of the passband. This 1s 

an undesirable effect in certain applications 

•uch as intrusion detection [6], since the ADP 

will not only remove correlated noise, but 

intruder ati.mul.i as well, resulting in a "no

pass" phenomenon. A 11imple .,dification to the 

SER algorithm which overcomes this phenomenon 

is presented in Section 3. Conclusions and 

recommendations for future work are addressed 

in Section 4. 

2. MODIFICATION TO OBTAIN A UNIQUE SOLUTION 

When more weights are used than required to 

predict a given input, the error surface imple

·mented by the predictor bas been shown to have a 

distributed minimum, rather than a single 

lllinilllum [ 6) • As such, the corresponding least

squares solution is no longer unique. This 

implies that the autocorrelation matrix Pr in 

{3) will not have full rank. Bence any 

technique where the inverse of the autu

correlation catrix is estimated recursively 

(see (5)) could have computational difficulties. 

One method of avoiding the distributed 

minimum and hence the related computational 

difficulties is to modify the cost function 

in (1) as follows: 

r T 2 T 
B.(ar) • ~ q(k) [f(l<.)-ar fk) + w ar 

k•l 

Vli'te O<w<l. 

(b) 

Hinim1z1ng.B.{ar) with respect to •r and 

wbaequent aanipulatioa of ter1all leads to the 

following initial .adification of the SER 

algorithm [ 4) : 

-1 
•r • ar-l + q(r)[Pr+vi] fr e(r). (7) 

Comparison of (3) and (7) shows that the term 
-1 -1 Pr of (3) has become (Pr + wi) in (7). This 

ill equivalent to adding white noise to the 

tnput data. 

The difficulty in (7) lies in computing 

the ter~r (P + wi) -l. It is :-nssible, ~wever, 
r -1 1 

to express (Pr + wi) in terms of P; as 

Wustrated next. Let 

A-l • (P + wi)-l • (8) 
r 

The desired result can be obtained by finding 

an expression for A -l in terms of P-1 • , r 

Let ei be a column vector with all elements 

equal to zero except the i-th element which equals 

unity. Then for M•2, A in (8)can be expressed 

as 

A • p r + wel 
T 

el + we2 
T (9) e2 

or 

A• B + we2 
T (10) e2 

where 

B • p T 
r + wel el (11) 

It has been shown (7] that B-l can be obtained 

from (11) as 

(12) 

-1 where pij is the i, j-th element of Pr and pi 
-1 

1s the i-th column of Pr Applying the same 

theorem to (10) yields 

A-1 • B-1 - (l~b22) b2 bi (13) 

where b22 and b2 are defined in a manner 

analagous r.n p
11 

and p
1 

respectively. Combining 

(13) with (12) leads to 



'· : 
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tv 

(14) 

or 
&':"1 • ,-1 + vC 

r (15) 

vbere C 1a a -trix such that 

T T 
c • - pl pl - b2 b2 (16) 

l+wpll Hvb22 . 

Equation (12) indicates that b
2 

and b22 ean be 
-1 determined if Pr is known, therefore, C ean be 

computed 1f p-l is known. This indicates that 
r 

(15) is the d~sired result fer A-l in te~ of 

P-l for the ease H•2. Similiar results ean be 
- r 
obtained for larger H. 

An Approximation. From the above analysis it 

1a clear that the matrix C 1n (14) is data

dependent. Hence it is instructive to consider 

the approximation C•I. Then (15) becomes 

A-l • P-l + wi. (17) 
r 

Substitution of (17) into (7) results in the 

following recursion in place of (3): 

-1 
ar • ar-l + q(r)e(r) (Pr + wi] fr. (18) 

This special case is IIIUch easier than computing 

C using yt} since all that is required is the 

addition of the ter= wi at each iteration. The 

effect of this simplification on the steady

state error for stationary inputs is small; see 

[4]. 

3. MODIFICATION TO AVOID THE NO-PASS Pi!ENOMENON 

Given enough time, an ADP with sufficient 

number of weights strives to remove all corre

lated components in the input - i.e., even 

very low-level components. This aspect is 

best illustrated by an example. 

Example 1. An 8 weight ADP will be used 

with the delay itt:t to one. The in:i.tial value 
-1 of Pr is chosen as I, w is chosen as 0.01 and 

q(k) -s unity for all k. The input signal 1s 

the sum of two sinusoid&. The first sinusoid 

is of unit amplitude and at a normalized (by 

the sampling frequency) frequency of 0.0625. 

The aeeond sinusoid bas -plitude 0.03125 at a 

DOrmalued frequency of 0.25. Figure 2 shows 

the gain of the ADF portion of ADP at the 

frequencies of the two input components. It 

can be seen that both gains rise to one and 

remain at that value even though the levels 

of the two components differ by a factor of 32. 

In praetiee this type of behaviour can 

.. cause the filter. to assume a virtual no-pass 

characteristic even when only low-level noise 

signals are present, which 1s undesirable in 

certaic applieattons [4, 6]. 

The solution to this problem is to 

continually perturb the ADP weights towards 

zero, by modifying the algorithm 1n (18) to 

obtain the final modified SER (HSER) algorithm: 

ar • u sr_1+ q(r) e(r) [Pr+ wi]-l fr (19) 

where u 1s a factor chosen slightly less than 

one. The effect of u 1s demonstrated in the 

next example; P-l is updated via the inverse 
r 

lemma in (5), and e(r) is given by (3). 

Example 2. The previous example is 

repeated with only one difference -- i.e. with 

u equal to 0.995 instead of 1.000. Figure 3 

shows the gain at the input frequencies, from 

which it is clear that tha gain at the 

frequency of the low-level input component 

achieves a steady-state value near 0.35 rather 

than 1, as was the case in Example 1. However, 

the gain at the frequency of the high level 

component remains near 1 -- i.e. , the HSER 

algorithm (19) has the desired property of not 

adapting to the low-level component of the input. 

4. CONCLUSIONS 

fhe modified SER algorithm presented in 

this paper is well-suited for long-term signal 

processini aPplications. Future work will be 

directed toward analyzing the behavior of the 

weights and the mean-square-error. The 

possibility of developing "fast" computat~onal 

techniques [8] for the modified SER algorithm 

will also be investigated. 
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via the luverae lemma in (5). Such diffi

culties C&D be avo14ed by auitably 80Clifying 

the cost function in (1), details pertAiniDg 

to vbich will be discussed in Section 2. 

Another consequence of having .,re weights 

thaD neceasary to predict a aiven input is 

that over a period of time, the ADP will strive 

to remove very lo-level correlated COIIIponents 

of the input. In doing so it tends to implement 

a gain characteristic which ia aaaentially zero 

over a large portion of the passband. This is 

an undesirable effect in certain applications 

•uch as intrusion detection [6], since the ADP 

will not only remove correlated noise, but 

illtNct.er stimuli as well, resulting in a "no

pass" phenomenon. A simple .,dification to the 

SER algorithm which overcomes this phenomenon 

is presented in Section 3. Conclusions and 

recommendations for future work are addressed 

in Section, 4. 

2. MODIFICATION TO OBTAIN A UNIQUE SOLUTION 

When more weights are used than required to 

predict a given input, the error surface imple

·mented by the predictor has been shown to have a 

distributed minimum, rather than a single 

minimum [6]. As such, the corresponding least

squares solution is no longer unique. This 

implies that the autocorrelation matrix Pr in 

{3) will not have full rank. Bence any 

technique where the inverse of the auto

correlation eatrix is estimate~ recursively 

{see {5)) could have computational difficulties. 

One method of avoiding the distributed 

minimum and hence the related computational 

difficulties is to modify the cost function 

in {1) as follows: 

r T 2 T 
R{ar) • l q{k) [f{k)-ar fk] + w ar 

k•l 

Vtitite O<w<l. 

{6) 

M1nim1z1n& R{ar) with reapect t9 ar and 

wbsequent aanipulation of terlll& ·leads to the 

following initial 8Ddification of the SER 

algorithm [ 4] : 

-1 . 
ar • ar-l + q{r)[Pr+wi] fr e(r). {7) 

Comparison of {3) and {7) shows that the term 

r;1 of {3) has become (Pr + wi)-l in {7). This 

1a equivalent to adding white noise to the 

input d.ata. 

The d.ifficulty in 

the te~ (P + wi)-1 . 

(7) lies in computing 

r -1 
to express (Pr +vi) 

It 1B ?/'SSible, ':wwever, 

in terms of P-l as 
r 

illustrated next. Let 

{8) 

The desired result can be obtained by finding 
-1 -1 an expression for A in terms of P r • 

Let ei be a column vector with all elements 

equal to zero except the i-th element which equals 

unity. Then for M•2, A in (8)can be expressed 

as 

A • p r +vel 
T T {9) el + we2 e2 

or 

A • B + we2 
T (10) e2 

where 

B • p r +vel 
T (11) el 

It has been shown [7) that -1 B can be obtained 

from ( 11) as 

-1 r-1 (l~~~~] pl T {12) B • p. 
r . 

-1 
where pij is the i, j-th element of Pr and p

1 
is the i-th column of P-1 . Applying the same 

r 
theorem to (10) yields 

-1 -1 ( w ) T 
A • B - l+wb22 b2 b2 (13) 

where b22 and b2 are defined in a manner 

analagous to p
11 

and p
1 

respectively. Combining 

(13) with (12) leads to 
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or 
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vbere C ill a 118trix such that 

{14) 

{15) 

{16) 

Equation {12) indicates that b
2 

and b
22 

can be 

determined if P-l is known, therefore, C can be 
r 

computed if p-l is known. This indicates that 
r 

{15) is the d~sired result fer A-l 1n :ergs of 

P-l for the case H•2. Similiar results can be 
. r 
obtained for larger H. 

An Approximation. From the above analysis it 

is clear that the matrix C in (14) 1s data

dependent. Hence it is instructive to co~ider 

the approximation C•I. Then (15) becomes 

A-l • P-l + wi. {17) 
r 

Substitution of (17) into (7) results in the 

following recursion in place of (3): 

-1 
ar • ar-l + q(r)e(r) [Pr + wl] fr. (18) 

This special case is much easier than computing 

C using yt} since all that is required is the 

addition of the term wi at each iteration. The 

effect of this simplification on the steady

state error for stationary inputs is small; see 

[4]. 

3. MODlFICATION TO AVOID TBE NO-PASS PHENOMENON 

Given enough time, an ADP with sufficient 

number of weights strives to remove all corre

lated components in the input-- i.e., even 

very low-level components. This aspect is 

best illustrated by an example. 

Example 1. An 8 weight ADP will be used 

with the delay set to one. The initial value 
-1 

of Pr ia chosen as I, w is chnsen ftS 0.01 and 

q(k) vas unity for all k. The input signal is 

the sum of two sinusoids. The first sinusoid 

is of unit amplitude and at a normalized (by 

the sampling frequency) frequency of 0.0625. 

The second sinusoid bas amplitude 0.03125 at a 

normali.zed frequency of 0.25. Figure 2 shows 

the sain of the ADF portion of ADP at the 

frequencies of the two input components. It 

can be seen that both sains rise to one and 

remain at that value even though the levels 

of the two components differ by a factor of 32. 

In practice this type of behaviour can 

.. cause the filter. to assume a virtual no-pass 

characteristic even vhen only low-level noise 

signals are present, vhich 1s undesirable in 

certaic a~plicattons [4, 6]. 

The solution to this problem is to 

continually perturb the ADP weights towards 

zero, by modifying the algorithm in (18) to 

obtain the final modified SER (MSER) algorithm: 

(19) 

vhere u 1s a factor chosen slightly less than 

one. The effect of u is demonstrated in ·the 

next example; P-l is updated via the inverse 
r 

lemma in (5), and e(r) is given by (3). 

Example 2. The previous example is 

repeated with only one difference -- i.e. with 

u equal to 0.995 instead of 1.000. Figure 3 

shows the gain at the input frequencies, from 

vhich it is clear that the gain at the 

frequency of the low-level input component 

achieves a steady-state value near 0.35 rather 

than 1, as was the case in Example 1. However, 

the gain at the frequency of the high level 

cc:~~~~ponent remains neal." 1 - i.e., the M.SER 

algorithm (19) has the desired property of not 

adapting to the low-level component of the input. 

4. CONCLUSIONS 

The modified SER algorithm presented in 

this paper is well-suited for long-term signal 

processing applications. Future work will be 

directed toward analyzing the behavior of the 

weights and the mean-square-error. The 

possibility of developing "fast" computational 

techniques [8] for the modified SER algorithm 

will also be investigated. 
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