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INTROCUCTION

Quantum chrogodynamics should need little intreduction, since it
already permeates almost all daescriptions of strong interaction phenomen
nowadays. We recount here very briefly the basic motivatiom, beginning
with sows factual evidence:

1, Quarks of fractional charge and three colors seem to be require
as constituents of hadrons in order to understand the spectrum of hadron
and thel{r resdnances.

2. The ratio of electrou-quark to neutvino-quark deep inalascic
scattering argues strongly for fractional charge of the quarks.

3. 1In eddition to the spectroscopic evidence, the observed width
of - the decay EA 2y and the large cross section for e+e~ - hadrons is
succegsfully understood provided there are 3 colors of quarks,

4. Tha color-symmetry should be exact (or very nearly so); other-
vise we would expsct additional low-lying color non-singlet hadron state
states for which there is no eapirical evidence.

Baged on this evidence, an analogy between color and charge is an
atrractive one., Just as the conserved charge 18 closely related to the
electromagnetic force, one may search for a strong force related in a
similar way to the conserved color quantum~numbers, The most immediate
answer to this, and the one most similar to quantum eleccrodynamics (QED
is quantum chromodynomics (QCD)}. The beginning of che analogy becween
QED and QCD is exhibited in Table 1.

In that table the bold-faced quantiries are 3 x 3 matrices acting

ou column vectars of quark flelds



TABLE 1
e o
::::::ed quantum charge 3 colors
Symmetry group u(l) SU(3)
Tunsfumafion T a (2(1.12)1":!)ij a s
property of source ese e
{electron or quark) 1,3=1,2,3
Currest density Eyu e -%E v, LA g3 A=1,2,,..,8
m:i:dqioniiien:s oassless photon eight massless gluons
. 8
oAb o A CEP IS

Gzuge iavarfant 9 »
substitution (when -a%— - —33— - 1eA¥(x) T I - led (%)
&cting on quarks) B B L

2y (0
q(x) = 9y (x)
x) 1.1

The matrices 3, are the 8 independent 3 ¥ 3 hermitian traceless wmatrices
of Gell-Mann, and are exhibited in Section 3.

The comparison in Table 1 could go on and on. That in faee will be
the case throughout these lectures. For now it suffices to say that QCD
in the weak coupling 1imit can he formulated in a vay very similar to
QED. Ve may ask whether, once having that formlerien in hand, it pro-

duces any useful results, The answer ig yes; it appears to provide &



consistent description of those hadrom processes that depend on short
distances only, as well as provide some justificacion for the applicability
of parton-model ideas to hadron processes. The list of thase includes
the value of R(e+e. -+ hadrons) and the spproximate scaling behavior of
desp-inelastic lepton-nucleon structure functions. In addition the
deviatdions from scaling axhibit the quslitative behaviotr expected from
the theory. Some claim the significance is precise and quantitative,
but we shall not raise that question here.

An important property of QCD that distinguishes it from QED is
"asymptotic freedom." In QED, the effeztive charge at short distauces
becomes larger as a consequence of vacuum polarization. If for QED we

write in momencum space the force berveen static charges as

- Gﬂa(zgzz 1.2
q
then
A L P .3
a(qz) a(nz:) 3 :

Thus at sufficiently short distancea (but in practice ridiculously short),
QED becomes a strong-coupling theory. As we shall discuss in more
decail later, in QCD the vacuum-poiarization has the opposite sign; the

corresponding cguation s

(33-2) 2
e L LY .4)
algd e’y 12n w

where Nf (-3 or 4) is the relevant number of quark flavors. Thus at
sufficiently large distances (large compared to 1[,1']'A cm) QCD becomes

a strong-coupling theory., This 1g both good and bad news: good news



because gomething non~perturbative is needed at large distances to pro-
vide a mechanism for confinement of color: neither the gluons nor quarks
which appear in the field equations appear in the spectrum of hadroms.
What exists is only a hypothesis that only ¢olor singlet combinacions
of quarks and pluons can exist as isolated particles. The bad news is
juss that we don't know how to calculate with — and even to formulate —
the theory on a large distaacz scale.

It is therofore a serious question whether QCD is a theory at all.
Let us compare che situation with QED. Thera one can follow textbook
approaches to the subject — specifically two particular texl’.bookﬂ,l
hercafter to be known as Book I and Book II. The Book I approach uses

the classical equations of motion and co;

n senge to morivate rules for
Feynman-diagrams. The emphasis is on learn-by-deing and intuition, with
a relatively casual attitude toward a strict systematic logical develop-
ment, I think most of contemporary perturbative QCD does not get far
beyond this ievel, Beyond the relatively rock-sclid predictions to which
we already alluded, there do not cxist clear rules which divide phenomena
dependent on the non-perturbative, confining part of the theory from
phenonena dependent on the purcly perturbative aspect.

In QED, the Book II approach 15 the stoict logical one of canenical
quantization of a classical field theory. In the presence of interactions,
but in the weak-coupling regime, the LSZ foimalism car be used to relate
agymptotic states of physical, isclated electrons and photons to the
field variables. MHowever, the formalism relies rather heavily on these
asyaptotic scal:tl:r’lng states — in other words, on Egg distances. There-~

fore this approach appears to br closed in QCD. Actually ao we shall



sce, the situation 1s not gquite that bad. However, I think perturbative
QCD is much mora restricted than QED, for rsasons that hopafully become
clearer as we proceed.

These lectures will concentrate for the most part on the Book II
approach. This is not meant to imply disparagement of the Book I method;
Stan Brodsky will most ably cover that,? Nor is it meant to downgrade
oth;ar approaches, in particular those based on path~integral formulations,?
Indeed, use of path-integral techniques has thus far been the most success-
ful mode of atcack oo the difficult mathematical problems posed by QCD.
The rules for-diagrams are most efficiently derived in that way (especially
in correctly accounting for the subtleties associated :ith Faddeev-Popov

thostd) «  Alsa the & lon of conf in stz

g: pling lattice
RCD and the studies of instantons are best done within the path-integral
formalism, Our rationale foy avoiding ir here is simply to look at the
subject in a slightly different way [after all, some problems, such as

the hydrogen acom, are more difficulc using path-incegrals], as well as

to spare the less theoretically oriented reader the unavoidable preliminary
technology needed to set up the path-integral formalism, In any case,

the problem confronting everyone is difficult; all attacks should be brought
ta bear.

We shall classify the subject-patter into three Stages of increasing
complexity. Im the firat we consider “pure™ QCD in the absence of any
ferrions or other sources, Tha QED analogue is the (trivial) theory of
free non-interacting photons. For QCD this is presumably the (nontrivial)
theory of interacting gluonium (color-singlet bound glue) ststes, The

second stage allows the {ntroduction only of superheavy quarks in addition



to the puze glue, with cmphasis on the non-relativistic limit of the
quark motion, Tn QED this is not much more than the theory of che Coulomb
interaction — in other words, norhing but all of chemistry. Ia QCD,
this much should already allow study of basic questions of confinement;
e.g., the nature of the static potential between heavy quarks at large
distances, Only in the third stage will we introduce the light quarks
u, d, s. The presence of copicus vacuum polarization and pair ereatinn
should modify the structure of the theory in a major way. Nevertheleas
it can be hoped that these modifications have less to do with the exist-
eace of confincment, and more to do with the nature of the spectrum of
coufined hadrons.

These lectures will be organized as follows, In Section 2, after
xaking some assumptions agbout the nature of QCD, we shall describe what
wve think the solution of the theory looks like, first for Stage I, and
then for Stages Il and 1II. This will not even bo at Book I level — call
it Book Zero. For the most part wo will not question whether it is the
solution; that problem is too hard. But 4f it weren‘t, it isn’t clear
ve would ever be very interested in QCD as a theory to be applied to the
real world,

In Section 3, we discuss canonical quantization of QCD with use
of a Hamiltonian formulation (in Ay = 0 gauge). We shall encounter formal
problens such as gauge-ambiguities and topological classifications of the
states (B-vacuua, instantons, and all that) not met in QED., This will be
attempted gt a descriptive, relatively painless level, details being left
48 an appendix to.these lectures. Sections 5, 6, and 7 describe in more

detai) the properties of Stages I, II, and III of QCD as we sketched
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above. In Section 8 we briefly sketch and compare various approaches to
the confinement problem. 1In Section 9 we very briefly discuss mote
radical alternatives to QCD, such as the string model or the Pati-Solam
program, Section 10 is devoted to conclusions and to an assessment of

the axperimental situation. Two appendices are devotcd to a more technical

exposition. We urge that it be studied in parallel with the main text.

2, _THE SOLUTION TO QCD
In this section we shall be optimists and look through rose-colored

glasses it what the solution to the theory should qualitatively look like

if all goes well. 1In doing this we make the following get of assumptions.
1. At distances small compared to 10-]'A cm, the theory is just that
of unconfined gluons and quarks interacting with each other via & coupling

of small scrength: 0.2,

a a <
strong atrong ™

2, Ooly color-pinglet particle states exist in isolation and none
of them are massless at any srage.”

3. All confinement effects are "soft," i.e., characterized by a
momentun scale § 1 GeV.

4. ‘*Naive" parton-model ideas may be used to connect what goes on
at sort distances to hadro.. structure,

Now let us advance to Staga I and ask what the theory is like. At
short distances the only quanta are color-octet spin-l gluons, At large
distances we must foyrm composites of these quanta to form color ainglets.
The details of how to de this decpend upon questions of confinement.
Nevertheless we can make some cducated guesses, based upon what happens

to up and down quarks. At short distances these quarks have color and
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negligible mass (a few MeV, according to current-algebra ideas®). Tut

1n a hadron the quarks can be considered to have a nonvanishing mass
(~300 MeV) and to move non-relativistically. If this {s also so for
gluons,® then the S-wave states can be classified rather easily; their
wave functions must be gauge-invariant and color-singlet. The simplest
sre two-zluon bound states. Tiey are all SU(3) singlet and C-even states.
€=0dd states can be formed from 3 gluons (decay products of ¢ anl T

are a familiar example) as well 2s C-even,

Two color-clectric fields might bind to J = 07 and 2* states, while
rwo color-magnetic fields wmight bind to another distinct D+ and b hyper-
fine multiplet. An electric gluon also might bind ta a magnetie gluon;
in this case the parity is reversed and the triplet is 0, 1+, 27, (The
0 state may be regarded as suspect inasmuch as the operator which creates
it is Tr E . E, which is a total divergence and which plays an important
zole in instanton phenomena and the U(1l) problem;’ see Section 6 and
Appendix G.)

Just as for ordinary hadrons, these states should possess a composite
structure and have a rich spectrum of excited states. They should scatter
from each other like hadrons generally do. The big question 1s evidently
their typical mass. The only mass in the theory 1is the mass scale at
which perturbation theory breaks down; by hypothesis -1 GeV. Estimates
from the MIT bag model have given mdsses of 1.0-1.5 GeV for the lowest
lying gluonium sctates. Bur, ro say the least, this is an uncertain
business,® There 1s a school of thought (which I don't understand) that

puts gluonium masses considerably higher. We shall return to the
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pheno .nology of such objects in Section 4, but now choose to quickly
move on to Stage II.

In Stage II, we introduca heavy color-triplet quarks such as charm
or bottom quarks. Actually for this idealiration superheavy quarks Q
with mass 2100 GeV would serve the purpose best, so that the size of their
bound-atate wave functions would clearly be small compared tu the con-
finement radius. The properties of such superheavy quarkonium would be
expectc . ¢0 be well-calculated perturbatively. The “binding energy"
calculated from perturbation theory would be hydrogenic, -u:tH {~1 cev},
and the size (unH'l') - 1071 cm,

Nsw let us imagine scattering an electron from this heavy quarkenium
system at very large womentum transfer — say, Q2 ~ 10‘ Cevz. The struck
quark will move semi-relativistically (y - 2) away from its partner,
Becauso of its large inertia, nothing to do with the confinement mechanism
can immediately stop it. By hypothesis (specifically, assumption 3 mar'le
in the baginning of this section) the rate of momentum transfer to gluon
degrees of freedom, potential energy, etc. cannot exceed a few GeV per
ferni of travel. Thus after some time (say 1022 gec., which 1s a long
time), the heavy quark and antigquark will be separated by a large distance
(say, 510']'1 cm). However by hypothesis (assumption 2) the quarks are
not themselves frec because they are color triplets, not color singlers.
Nor will any finite number of (octet) gluons locally dressing or screening
the struck quark do any good.® Pair-creation of auperheavy quarks might
be invoked, but this is a very unlikely process because of the large
rest mass of the quarks Q. Indeed if somehow a virtual (Q pair could be

created the final state would consist of two heavy quarkonia, But the
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cotal maas would have to be 2 5HQ. and the total energy of the systexm
nesd not be that large.

We are thus unabdle to avoild the conclusion that during the separation
of Q and Q some spoor of gluon degrees of frcedom were left behind tn the
space betveen them. The QE systen is only able to be considered as one

1 d (cols inglet) system and not two isolated ones. What

region of space is likely to be affected? We may consider three possi-
bilities: (a) very big, (b) string like, and (c) minimal, as shewn in
Pigure 1. The very big system looks inefficient (too much stored energy)
and aleo appears to depend upon degrees of freedom of long wavelength.
By hypothesis (assumption 2) thare are no massless color-singlet modes,
and confipurations of such large spatial extension (even though they are
not in izolation) mske more serious the problem of absence of masslees
modes, While this is rather feeble hand waving, we are led to consider
motre fgvorably case (b). Here a atring of fixed thickness connects the
qQ and 'Q- Evidently the diameter of the string should be related to the
confining scale and be between 10'-13 and 10-14 cm. The energy per unit
length should ke constant, and can be estipated £rom Yold" hadron
Spectrogcopy or from the charmonium potentfal. In either case an energy
par wnit length of 1 GeV per fermi is a reasomable guess.

The minimal case (c) also supposes a string configuration, but
allows increasing constriction as the string gets longer and longer.
But such a constriction seems to viblate our starting hypothesis. Given
a constriction of size small compated to the confining radius, momenta
large compered to tha confinerent scale will be involved in the confine-

ment mechanism, This violates our assumption 3.
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Fig. l. Three views of the color field between widaly separated
heavy quarks.
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Therefore we find solution {b) the preferred one and infer that (in
Stage II) a string composed of gluon degrees of freedom with characteristic
thickness of order the confinement scale and an energy per unit length

~1 GeV/f connects widely separated henvy quarks. Furth this

atring 1s universal; it depends only on the color triality of the quark
source and not on specific color representationa (e.g., 6, 15, 24, etc.)
of the sources. To see this, first suppose that the superheavy quark
were a color octet. Then upen separation of Q and 6 there will he no
striug at all: the color of the quark caa be locally screened by an
octet gluon. In other words thare shounld bs color-singlet states of Q
(or @ bound to a gluon. Now consider a quark in a different representa-
tion of nonvanishing triality such as §. A string connecting a 6 and 3
would a priori be expected to have a different emergy per unit length
than for a string connected 3 and z — probably larger, because thera is
more color-flux. If the eumergy per unit length is larger, thean it is
energetically favorable for the sources to be partially screcened by
gluons to form an effective source which 1s 3 or E. For example E is
contained in 6 ® 8. In a similar way, any ¢olor representation can ba
reduced to 1, 3, or E by multiplication by a suitable number of 8's.
Thus either there is no string or else it is coupled to an effective
source made of 3 and —i.

Now let us return to the original problem of dynawlcs of the QG
system, Evidently, the first approximation is thar they move semi-
classieally in a confining lincar potential. But how daes the system
decay? The two mechanisms available are radiation of gluonium and, for

E > 4H°, dissociaticu into two quarkenium states. Each of thesc
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processes can be further subdivided into soft and hard processes. We
discuss the hard processes first. The Q and 75 are in a bound state with
very little dawping and thercfore pass by each other twice each period
of the wotion., At cach passage they way, with finite but small probabiliry,
vnderge a hard collision such as

Q+G>Q+0+g

Q+qrQ+T+Q+7q (2.1)
with g denoting a hard (pointlike) gluon with high p,. These being pro-

cesBens on short only, they can in principle be colcu~-

lated via pertyrbative QCD. The first lowers the q'Q' suhenergy by a large ’
amount at the cost of production of a jet of gluonium quanta. The second
leavas two lawer-energy Qa quarkonium systems. Inasmuch as there is a
finite probability <l per period of revolutlon for such hard procosscs,
the vidth for decay via them will be a finite fraction <l of the level
spacing. {(In faet, in 1 + 1 dimensiopal QCD, decay into quarkonium pairs
15 the only mechanism available and specific calcula_ions support this
conclusion.10)

Turoing to “soft” processes, we can imagine QQ pair creation by the
string itself, pravided i+ is long enough to cantain intcrnal energy
greater than the rest mass of the pair; i.e.,

TL 2 ZHQ
where the string tension T is, again, the energy per unit lemgth. The
probability of such a long string breaking into a smallish Qa system
would be expected a priori to be extremely small. The QED analogy is
electron-positron ‘pair creation in a constant electrie field E. This

was calculated long ago by Heluenberg and Eu\er;“ the answer is'?
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2
® oz ~/ATRMYE)

dt €2.2)

Converting to our unita, the probability per unit time ‘rould be
- /l. A2
a, T

whera A 19 the araa of the string, and we have made the identification

T ~ LTe (2.3)

of B (caergy deusity) with T/A (string tension per unit area). Thus
1. probability of soft breaking of the string is exponentially small
becauss of the large quark mass. Notice however that there is every
Teason to expect that when the light quarks are introduced this mechanism
will be 4important.

Finally we come to the moat imporcast mechanism — soft radiation
of gluopium. By this we mean radiation of gluonium in the direction of

sotion of the q: it is gimply b lung A has a

P ve, its coupling constant to heavy

aon-~

quarks 18 uncertain. But thare is Dot much reasoul? to expect it to be
axtremely mmall. It follows that as che { moves away from 3, the rate )
of conversion of quark emergy inte the gluonium radiation should be
comparable to the rate of energy delivered into the lengthening string.
Thus par period the energy lost ta gluonium radfation fs a finite frac-
tion of the rtotal excitstion energy of the system. Wa conclude that the
widths of the excited states are broad compared to the level spacings.
The widths may even be a finite fraction of the mass of the system.
Heace the discrate levels we maintained up to this point dissolve into

a continuum, Actually the details are not too important, becauge there

will clearly be quite a chauge when we go to Stage III. Sufffce it to
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say that in Seage II, heavy quark pair producticn 18 mever of great
importance and the central mechanism of energy storage in excited
quarkeonia is in the universal string, while the central mechanism of
encrgy dissipation is in soft gluonium radiation.

Before leaving Stage II, we should mention that the ground state
qun:konia Q7 can annihilate into 2 or 3 hard gluons, via a process
calculable fn perturbation theory. This, along with the hard-gluoan

bremsstrahlung in QQ collisions, provides us with an argument that

gluonium states must exist. After all, one might try to entertain the
idea that pure QCD is trivial; f.e., while pointlike gluons exist at
short distences, all they do is make strings but no finite-mass (as
opposed to infinite-mass) particles to populare an LSZ-type Bllibvert-
space. However, by the above hard processes the quark sources produce
at short distances distinct gluon quanta earrying away energy and
directed momenta, Energy conscrvation demands this be materialized into
asymptotic atates of finite energy. Civen our assumption 3 of sofr
confining forces, it is hard to come up with a scensrio of the dynamics
which avoids these gluon jets being composed of a collection of gluonium
states.

The existence of strings in Stage IX also has implications for

Stage I: thero should exiat in pure QCD metastable cloged strings of

large circumference — a kind of soliton., Such strings will shrink as

they cmit gluonia, eventually merging into the quantum gluonium spectrum.’®
Finally we g0 to Stage III, vhare light quarks are introduced. A

1ight quark q is ?ne whose mass (a5 measured by short-distance probes) 1s

small compared to the confinement scale. Thus u, d, a8, may be considercd


http://quatV.on.la

- 19 -

light, and charm is borderline, but probably better considered heavy:

pair creation of ce in hadron processes is relatively rare. The new
features emergent with inclusion of light quarks are of course the spectrum
of ordinary hadrons, ond the dissclution of the universal string. There
1s no longer any rationale for string production. The color of a heavy
quark Q can be screaned locally by preduction of qE pairs — a process
which is energetically cheap, Furthermore even were a string to be

mace, it would rapidly break into many pieces through the Heisenberg-
Euler pair-creation mechanism we already discussed.

We may ask what happens to the gluonia. They can now decay into
ordinary masons made of q:l {cf., Figure 2). There 18 an important issue
of how much Zweig-rule suppression of these decays 1s operationul here,
If thers is encugh for the width to be small compared to 100 MeV, the
gluonia shovld remain distinct members of the family of hadron vesonances.

Although the issue seems to involve a certain amount of witcheraft,

{but not ) seems to be that in fact the states ought
to be narrow. We return to this question again in Section 5. Finally,
how light quarks effect confinemsnc in collision processes — caspecially
deep-inelactic prucesses — has been discussed in detail extensively in
the past, and we shall not cover this ground again here.!S

We have given very little attentisn to Stage III, which is, after
all, real life. Why should Scages I and II be relevant at all? The
reason lies in the belief (!) that thc phenomenon of color confinement
1s a universal oue Examination of the perhaps mare limited and tractable
issues embodied in Stagea I and II might shed enough light on the nature

of confinement so that, even though Stage III may be more comnlicated to



~ 20 -

gluonium

v, - -
PR Oriven

Fig. 2. Mechanism for gluonium decay into ordinary mesons.
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mar.age mathematacally, the notion of color-confinement will no longer be
an implausible or myst-vricus cne.

It way te that confin=ment 1s not universal, e.g., in Stages I and
II gluons and heavy quarks are not confined, and only after Light quarks
arc introduced does confinement emerge. This would entail a more specific
view of confinement dynamnics, and might well be an encouragement to
su;ch for mechanisms of confincment which do not depend upon an under—

lying non-Abelian gauge theory.

3. _QUANTIZATTON: INTRODUCING THE }. MTOUNTVERSE

We now turn to the formulatien of the theory. {These who are faint-
hearted and frightencd by simple equations are invited to rejoin us below
Equation (3.43),] Up to a certain point, this is a parroting of the
caponi.:al quantiration of QED. Whenever one i in doubt he should retreat
to QED by replacing the triplet of quark fields

ql(")

=) - 95 (x)

q_.’(x) G-
by a single electron field ¥{x) and by zeplacing the octet of gluon
fields, described by a 3 x 3 tracelese matrixl®

8
a0« L al 3.2)

by the electromagnetic field. The steps for coastructing the theory are:

1. Starc vith the free Dirac equation(s) for the 3 quarks

Tar-maoo - (i {?—-m)q(x) <0 3.9
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2. Make the gaugn invarinnt substitution
€3.4)
Aot s 2 M
e U~ R U O]
u u
which leads to
(17-ef-m)q(x) = (B-m)q(x) = 0 €3.5)

Here e will be a strong coupling comstan: a!. {More about its oormaliza-
cion lager.)
3. lesk at local gauze transformations, analogous to those in QED
qx) = S(x) q"(x) (3.6)
[5(x) 18 a unirary 3 x 3 matrix that depends upon apace and timel
and find out the transformation law that A must satisfy in order to keep

the equation form-invariant. A few lines of algebra show that it is

-1_ 13§ -1, 1735} -1
A = sastiots - sa's +—(——)s 3.1
W - e B!U ~p s~ L] axu ~

This may look a little unfamiliar; in QED

s = eleA(x) (3.8

and evidently computes with A because the "matrices” are 1 % 1; havce in
QED

3A
A m Al =l (3.9)
T A 3 -

(Ic. QCD thera will be somewhat more emphasis on the cctual gauge trana=
formations $(x) and less on their generators A(x).)

4. Build the gauge fields F,,

There are smooth ways nd clumsy ways of doing this. A smooth way

ia to notice that in QED
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[Dv‘ nv]o(x) = fe 000 (3.10)

for any functjon ¢, and with the covariant derivativ>
L 3,11,
1D! i =, eA 3.11)

already defined in Equation (3.4). The same device works heve, leading

to the definition

i
E. " ;[Qu.g“] = avg\_u-augu-ue[év,ﬁ“] (3.12)

The extra term quadratic in the A's coming from the non—commuting 3 % 3
matrices causes 211 the extra gricf in QCD, This will make the Maxwell
equaciona nonlinear: the gauge £ields, which carry color, couple to
themselves as well as to matter fields,

The flelds EI-IV' unlike the Au- do not both trauslate and rotate
wnder a gauge-transformation, they only rotate. For example from
Equation (3.12) it follows that

By mSEL gt (3.13)
The easy way to check this ia to notice that the covarfant derivative

also only rotates
B,=sD 8 (3.14)
i.e., for all functions ¢,
13, - ea,) 000 = 500 (nu - eal}s oo et (3.15)

Then we can agsin use Equation (3.12) to establisk Equation (3.13).



S. Write down the “Maxwell Bquatjons”

To do this, notice that in clexr analogy with QED the intetaction

should be

8
Te g A - Ay, ae - %E-’n Paal (3.16)

>
KA
=

vhich serves to define the 3 x 3 macrix _.5 Under the geuga transforma-

tion, Equation (3.6), it is mot hard to show!? that J‘. will rotate

8
130 el
ZE(QY X s4§ (.an

—
h->
L

Thus, to be gauge-invariant, the Maxwell equstions must behave in the
same way. This 15 again ensured by constructing them viz use of the

covariant divergence:

uv By - v
[Pm'E ] N [’u*“ﬁu’i ] el (2.18)

Thess equatiens along with the Dirac equation can be derived from a
Lagrangian,1® but wc bypass all that 2nd take directly Equations (3.5),
€3,12) and (3.18) to define the dynamica of the theory.

So far, we have mainly seen similarities of QCD to QED. As ve
already noted, the big difference between QED and NCD is that there is
a term quadratie in éu in Euv' Along with the tern in l_)u proportional
to ‘5»' this peans that the left-hond side of the Mixwell equations have
terms quadratlc and cubic in Au' This causcs all the headaches in QCD
(but, one hopes, also the seeds of the confinemon', phenomenon). The
physics of this 1s that the gluon fields themselves possess color and

therefore act as an additional source of color {ield.
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We now must replace the ciassical varisbles with operators (in
Heisenberg plcture) and quantize. To implemeni this we will go to a
Hamiltonjan formalism, Before doing this, it is useful to

6. Choose a_gauge (for us, Ay 0)

We do this with an eye toward the next steps, namely identifying
canonical variables and -arrying out a canonical quantization ptﬁcedu:e.
Before | roceeding we ramark that this is not the only path to take at
this point, For small e we may just follow Book I, identify Feynman
rules, and start calculating. A wmore formal but very efficient way of
doing that is to get tha rules via the path-integral formsiism. For
coveriant formalisms, one runs into technical complications — the so-
called Faddcev-Popov ghosts.l? The canonical formalisms svoid these and
amount to choo .ng one space-time component of the potentials Au to
vanish. There are three basic choices: either A= 0 (temporal or
canonical gauge), Ay = 0 (axial gauge), or 50 iy © (oull-plane or
light—cone gauge). The latter two, which pick out a space axis, are
convenient for collinear collision processes--namely, the parron-model
type of QCD appl‘~ation. We ghall not be so interested in that kind of
thing at this point, but rather in large-distance questiona associated
with confinsment 4n pure QCD, and then in the properties of the theory
vith additional heavy quark sources added, Thereforno, AD = 0 gaunge is
convenient, especially since this keeps by - a/at clean and helps to
isolats the real dynamics from the phony dynamics of time-dependent
geuga-transformationa.

To sse that this choice is always posasible, return to Equation (3.7)

and gat 56 = 0. This implies ve muet find an § such
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g
1 > 1
ISR ) (3.19)
0
or
%
¢ 7 Cledpd (3.20)
For gauge potentials which venish at t = -e, this is a Schrodinger
equation and can be solved formally
t .
wtef agEa e aer
e) &ix. t (3.21)
Y
§ = Te
with T the ti .t symbal, (R Au is & 3 x 3 matrix; it
doesn’t commute with itself at different times.) Now
7. Yrite out the eguarions of motion in 50 = 0 gauge:
Dirac Equation
18 -6 Bmlq (3.22)
“Anpere's Law'":
2 3 i i 1 ERS 1
- -« xBHi-et = TP -1“”‘([5 .g]—e.l (3.23)
Definition of B:
Be@edt = bt tee,, [a1,4°] (a.26)
Definitfon of E:
&
> 2
E=- -5 (3.25)

"Gauss' Law":

B'EEV'E-“?-E*] .e_y__o (3.26)
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These lopk structurally like the QED Maxwell's equations, as written on

countless T-shirts, There are only three distinctions (other than the

ubiquitous 3 x 3 matrices). Two are the nonlinear terms in Ampera's
Lew and in the definition of B, and the third is the presence of the

>
covariant divergence D in Gauss' law. Notice that Gauss' law is an

equation of constraint, not an squation of motion. This will be

dwp in the q interpretation of the theory.

With auch a similarity to QED it should be no surprise that the
above equatious of motion can be derived from a Hamiltonion which is
assentially the same aw in QED. This leads us to the next step:
8. Construct a Hamiltonian and identify canonical coordinates:
The result is an utterly unexceptional analogue of the QED

Hamiltonian (in this geuge):
2= fdlx.n’ = thdax [Ez(x) +§z(x)] + /dlx qufz'- (;-ez) +8my q
8
. %?;;[di, [Fhoo +sZen] + fax o3 G- o +on]q @.an

Just as in QED, the canonical coordinates are the A(x): {cf. Equation
(3.2)), and the womenta conjugate to A(x)t are the E(x)-l. Beeruse the
magnetic f£ield

i k.
B = e [pyo .4 <x)] (3.26)
has & term quadratie in A, the lawiltonian has rterms eubic and quartic

in A. The Hamilton equations of motion arc
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A i
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g aE
A
n 1
E 3E
. 1 ES A
%‘-PH% "a_:A --(E-E)A+9JA-—T; (3.29)
1

(This second equation requires a l{ttle care in the integrationa by
-
parts; the covariant gradient D can be integrated by parts, juat like -\;.)

Let us ignore for a while the Hamiltomian of the fermions. Let us

furt] P 1ly imagine replacing the im‘.eguljdax by a sun
over a million coordinates xg. {That should be fine-grained enough for
a lot of purposes.) Then each A':(x) is a canonical coordinate q' and
asch Ei(x) is its conjugate momentum pu. The Hamilronian of this some-
vhat mutilated version of pure QCD is nothing more than a good old
Schrodinger Hamiltonian

24 % 10

L Z %Pz
a

=1 a

LA CTPRP ] (3.30)

2% 108)
of a particle in a 24-million dimensional space moving in a static
potential, The potential (the Qz term) is non-negative and at most quartic
in the coordinates. It is important not to forget this homely analopy,
espeeially when the going gets rougher (as it regrettably will). Finally
9. Impose canonical commutation relations on the conjugate variables
Alx) and E(x), It is time (In fact somewhat overdue) to make clear our
convenrions of notation and normalization. The 3} x 3 matriceo &(x)i are
expanded in terms of 8 independent canonical fields which are coefficient

of Gell-Mann's \-matricest
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A=l
vhere
010 Y [ ]
y={100 A, = (000 A~ 001
000 100 01 0
0-10 00 -1 10 0
1
= = =10
Ay 100 Ag=[00 0 Ag i 10
0 0o 100 00-2
1 00 00 0
a=lo-10 =001
0 00 ol o (3.32)
Thus
Te A L = 28,y (3.33)
with
[2a0 28] = a5 i .39

defining the structure-constants of the SU(3) algebra. There ig an
analogous definition for E(x), and the cancnical equal tine commutation
telations are taken to be2?

[Bén. 4] « - 6 PG5 (3.3
These give a consistent canonical formulation and lead with no difficulry
£0 interprating two out of our of the Maxwell-equations in terms of
the Hamiltoaian equations of motion
A, Y
i;:-’-- -1[1-1. A?(x)] -5 1[H. Zi(x)] - —a;:l (3.36)
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Finally, before leaving this introduction to formal quantirzticn of QCD,
we should add one more item to the list:

10. Gheck the consistency of the quantization procedure with Loreitz
tovariauce

We shall not do this here; the only substantive problem lies with
Lorentz-booats. There as in QED, the generator should include a gauge-
transformation of the fields designed to reatore 50 = 0 gauge in the new
frame. The formal covariance of temporal-gauge quantization has baen
:hecked,“ although T have not found a divect check along the limes used
in Bock II.

The astute reader familiar with Chapter 14 of Book 1I will notice
that we have not been very good parrc-s: there are some differences in
what is done there snd what we do hare. In Book LI, the longitudinal
degrees of fresdom of the electromagnecic potentia) -A(x) are eliminated
from the beginning by a choice of gauge, leaving only the transverse
field to deseribe the two physical polarization states of the photon.

Io what 4a done above, longitudinal photons (or gluons) aro quantized

ap well. What does this mean? It appears we have overachieved and
introduced too meny coordinates into the dynamics. The key to under-
standing this lies in Gauss’ law, which we here interpret as an equation
of constraint on allowed solutlona of the Great Big Schrodinger Equatien.

That 1s, nat all golutions of

BY (aye-vg ef (Ggeeeea (3,30

2% 106) 2n20%)
Are deemad phyalcally acceptable-- only thosa for which

lﬁ . B - e-‘-o(")%': -0 (3.38)
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are allowed physical states. Note that (in QCD) this is a set of & x 106
equations; one for eact color aud coordinate x! The meaning aof all this
is somewhat clearer when one identifies (cf. Appendix A for details) the

Gauss' law operator in the above equation as the generator of time-

gauge-cr:

ions. Equation (3.38) means that the Great

Big Wave-function \l'E is required to be invariant under time~independent

gauge transformations. Not all solutions of the Great Big Schrodinger
Equation will hava this property. If we think of these gauge-transformations
as “rotatfons" of the coordinates it means ¥, mst be "S-wave" in 8 x 10°

of the 24 x 106 coordinates, if it is to be physically acceptable. Notice

also that because B 1s invarlant under time-ind d gauge € £

tions, it commutes with the Gauss' Law oyeratat,u 80 these 8 x 106
coordinates are symmetry degrees of freedom.

that should one do about this? One way, appropriatc ta QED, is to
1dentify che (in that case) 106 symmetry coordinates and their conjugate
momenta and explieitly excise them from the Hamiiiunian and therefore from
the formalism. Because of tha linearity of QED this is easy t Jo. Ome
breaks up the field into longitudinal and transverse pieces

-
i- A+ Kr
x4 o
E= EL + E'l.‘ (3.39)

and writes
H o= Ide'-;'Elz_(x) + e200 + (@ x KT)Z]

+ [ R Gk e + am) e (340
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-
Gauss' Law allows one to eliminate EL

B « % 30 = = [y WI"L'TI ENE (3.41)
in favor of the instantaneous Coulomb-interaction

v = & fax dy a400 W"l:ﬁ L) .
Then the only vestige of longitudinal degrees cf freedom left Is the
: . T‘L term in the Dirac Hamiltonian. A phasc transformation on the
Dirac field easily removes this as well.

In QCD 1t i5 much more difficvlt to eliminate tha "trivial™ symmetry
varisbles, because of the nonlinear terms in H which couple together
longitudinal and cransverse modes of the fields. Gribov?d has demonstrated
specific difficulties which block a generalization of the QED Coulomb-
gauge quantization procedure. Thcs2 ere sketched in Appendix A; suffice
it to say that thinge go along reasonably in parallel with QED, until
the point at which the inverse operation 1/\7z {in other words, instantan-
eous r—l porentials) appeared in the formalism. The corresponding
operator ewergent in QCD is 1/'\; . ﬁ But Gribov showed that there exist

gauge potentials K(x) for which horogenous sclitions exist

- -
v+ DA) 4(x) = 0 {3.43)
60 that ‘\; . E is not invertible. This problem has decp ramificacions and
1s difficult 1f not impossible to clude by alternative choices of gauge-
fixing., At present thece exists no fully satisfa. tory formulation of
QCD in terms of only physical degrees of freedom."
Given this situation, en alternative 1s just to leave in the extra

degrees of freedom. After all, thae quantizaticn of the theory is
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gatisfactory and the problem is <nly one of frustration in not properly
coping with a gigantic residual symmetry. And it may be no worse to

deal with 24 x 106 coordinates then 16 % ms. The problem is that explicit
fovariance under tlme-independent gauge transformations must be maintained
in every subsequent step in the development of the theory. Otherwise the
unphysical solutions of the Great Big Schrodinger Equation will mix with
the physical ones, and there is no assurance that this does not create
some kind of nonsense in the resultant physics.

We emphasize that cthis difficulty only occurs for sufficiently large
gauge-fields, much larger (roughly by a factoer u.;:) than commonly found
in the weak-coupling 1imit, Thus weak~coupling, short-distance applica-
tions should hopefully not be affected by the gauge-fixing ambiguity,

In particular it will not be seen In any finite otder aof perturbation
thbeory.

let us now sunaarize vhere things stand. We have acen that it is
possible to formulate (in % = 0 gauge) a straightforward quantization of
QCD in a way analogous to QED. Nevertheless there arose some problems,
which wve hera enumerate:

s, 1Ia the presence of strong fields the gauge cannot be completely

fixed In a satisfactory manner: hyaical d of ate

quantized and a careful seleccion of the physical subset of rolutions
to the Great Big Schrodinger Zquation must be made, namely those con-
elstent with Gauss' Law.

b. Even agsuming weak coupling, the basic quanta in the formalisu

are colored quarks and gluons, which do noc (or at least should noc}

ApPEAT aa asyaptotic states in real life., Thus there is no ehviously
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satisfactory way of Introducing and construccing an S-matrix as dene
in QED,25 without first resolving the confinement question. It saems
necessary to solve QCD in order to formulate it.

¢. Asymptotic freedom implies thar although at short distances the
coupling constant may be chosen (cansisteantly) to be swall, it becomes
large at lavge distances. But then the nonlinearities of the theory
become pernicious.

In addition to the above three problems, which are no doubt inter-
cennected, there is a fourth which is to be discuased in Section 4 (in
order to spare the reader too much of a doge of formalism all at cne
blow):

d. The iastanton phenomeénon complicates the structure even of the

QCD vacuum. Effects of small instantons can be controlled, but what

PP at larger di 1is not in good comtrol.

All the above complication 16 minimized if we could somehow restrict
everything about the forrulation to short-distances. It is poseible to
do this: we enn Just quant‘ze the theory in a sufficiently tinv box.
While this obvicusly leaves something to be desired, it does provide
solutions to the above pr '?.m8: perturbacion-theory is universally
applicable; the coupling-constant can be taken ap alvays small, and the
dangerous lavge instantens don't fit in the box. Quarks and gluons are
the physical quanta and are unconfined, provided the confinement radius

is large compared to the size of rhe box. Cauge—fixing ambiguities do

not arise b the field relevant to typical scactering

processes are too small.
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But is this really satisfactory? Have we destroyed QCD in order
to save 1t? After ali, we do not Eit into such a box, and what is a
quantum theory if it does not include us as observers? I think this
aspect can in principle be cddressed in a reasonably satisfactory way.
Llet us imagine that there exists a world out there built out of supar—
hesvy charged fermions which we call femrofermions and which interact

with each other by exchange of a different octet of femtogluons carrying

femtocolor. The mass-scale of this world is taken to be 10'% times
larger than our own; hence by dimensional analysis the distance-scale

15 ~10725 that of our own (hence the femto-prefix). The femtoquarks

will bind into f leons and £ If we give the femtoquarks
electric charges 32/3, #1/3 in the usual way, and introduce a femtoelectron
of mass 5 x 101" MeV, we can make femto-nuclei, femto-atoms, and so on,
up to — you guessed it — femtophysiclats. Femtophysictsts will build
accelerators, magnets (with field-integral IB de ~ 10]'5 times aurs), and
the like, and do experiments on not only the constituents of femtomatter,
but also the constituents of ordinary mafter. How? Figure 3 shows a
wvay: build an accelerator (the one shown, a remarkable technical accom-
plishment of the femtophysicists, is ~.03 R in length) which can create

a photon beam: ordinary quarks and leptons can be pair-produced and then
separated from femtomatter besms. Thus femtophysicists in principle
could scatter ordinary quarks and gluons from cach other and measure the
relevant S-matrix clements. They could even communicare the results to
us via electromagnetic radiation. (However femtophysicists would have

to be patient souls: one bit of informotion transmitted per ten femtodays

corresponds to ~ one bit per nanosecond te us.)
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Could actually such a femtouniverse exist? If one were nearby ve
would certainty know it. Just the black-body radiation from a femto-
earth would consist of 1053 photons per secand, eacl of energy ~20 TeV.
Be sure to avoid the femto-sun. However, none of this is realistic: we
have ignored gravity. Gravity is not a scale invariant interactlon; the
gravitational force between a femtoproton ard femtoalectron is ~107 the
electromagnetic force, The gravitational force between "macroscopic

pleces of £ will be hingly large.

But we digress. While our femtouniverse is nu® completely realistic,
it should indicate that even with a tiny quantization~volume, we can
thiok in reasonably physical terms about scattering processes, now
Lnfmlving quarkg and gluons — and not gluonia, quarkania, or hadrons.
There is onc major problem of principle: a typical beam pipe at femto-
SLAC has a diameter ,510—11' cn. The beams will be even smaller; hence
they have an unavoidably larga <) >s large compared to the confinement-
scale of a _ew hundred MeV. Thus quarks and gluoms In the beam will
have large momentum uncertainty ~ we can consider them as virtsal, or
off-ghell., There will alsv be infrared-divergence problems in calculation
of S-matrix elements similar to those encountered in the QED of massless
electrons, In that case Lee and Nauenbugzs showed that the conventionally
‘efined S-matrix depends upen the quantization volume, Another way of
gaying this might be that the outcome of physical scattering experiments
depends ‘vou the detalls of the praparation of initlal beams as well as
the properties of the fuunl-state deteccion apparatus. Kinoshita
as well as Lee and Nauenberg,2® have given formal recipes on how to

avoid these infrared problems by summation over groups of initial as



- 38 -

well as final states. I am not Sure these problems are fully under control
in QCD, But here we shall assume they are. Specifically, ve assume that
in the femtouniverse

a. Asyoptotic fields and states of "physical” colored quarks and
gluons exist in the way deseribed by Lsz,28

b. These fields can be formally related to the ficlds appearing
in the equacions of motion by a U-matrix {(cf., Book II, Chapters 16-17}
vhich can be calculated perturbatively by a dlagrammatic expansion.

While wa have not explicity done all this, I am confident that the
net result of such a program would be the rules for diagrams obtained by
Book I or path-intepral methods.

What good 1s all this? Perhaps we can provide a satisfactory theory
for femtophysicis:s, hut does that help us directly? while 1 am aot sure
of the anster, I think it is yes. First of all, it vhould be the case
that any process which in principle can be measured by femtophysicists
85 well aa by us cun be caleculated perturbatively. Lot us lock at some
good examples:

a. (e'a” > hadrons). To lowest order in a, this one is fine,
Femtophysicists should be able to make femto PEP. R(a‘e- + hadrens)
appears to be a very clean QCD calculatiom.

b. olyy + hadrons), For this one we should restrict our attention
to virtual photons. There may still be a problem because of presence
of large lengitudinol distances at high energies in this process (ef.,
Figure 4). The distance-scale ik dz ~ Eylmi_q where mia (>l Ge‘lz) is che

mags of the virtual fermiun pair crcoted by the y-ray.
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Fig. 4. Large lopgitudinal distances in y-y scattering.
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c, (e+q+e+q+gluong). For large x, this pracess depends on
distances smaller than the size of the box, For small x, large longitu-
dinal distances are ayain Important, and infrares effecta associated wirh
the initial beams may need to be taken into account.

d. (q+q+ Wt gluons). The Drell-Yan process??»2? gppears to
be applicable — at least for the total cross section {where one messures
orly the attenuation of the initial quark beams). The Py discribution of
dileptons appears algo to be an acceptable process, but only at large
-

P involving had must of course take into account the

relationship (if any) between the gquark and gluon beams of the femto-

physicist and the equivalent quark and gluon beams of the parton model.

For gufficiently coarse-~ d involving hadrons it is
plausible that the two kinds of ircident beams are equivalent, In the
rase of the deep-inelastic structure funetions relvvant to electro-
production and neutrino interactions, one can go further and derive the
Qz-dependcu;a of the poments of the structure functions without introduc-
ing the parton model. Ome need only rely wn the Wilson operator-product
expansion.?9 However the basis of that expansion is ic fact an analysis
to aribtrary order of werturbation theory. We have only been able to
control perturbation theory by restricting ourselves to life in the
femtouniverge. But {n the femtouniverse the 02-dependnm:e {at very large
Q") of electroproduction moments does not depend in any way on the con-

posftion of the quark beam. Thus it is extremely reasonable to generalize
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this behavior to the proton as wall. Haybe it is even a rigorous state-
ment, but I dou't know emaugh about rigor to be able to tell.

A somewhat stronger version of this idea is widely umed in applying
perturbative QCD to physical processes. As ve already indicated, most
perturbative calculations in QCD will run into difficulty with infrared
dlvf.rgces associated with collirear emission of gluone or quarks. This
is the kind of problem dealt with by Kinoshita and by Lee and
Nauenberg?® for massless QED, and involve macroscopic distances (where
confinement effects will creep in). However ono can define quantities
vhich are free of infrared singularities and which are calculable in
QCD perturbation theory. A prototypical example 18 the angular distribu~
tion and apgular correlations of quark and gluon energy produced in

o'e” annibilation.?0 Tt is an observable in the verse which is

independent of details of apparatus or beams. It is tempting (and
probably correct) ro asssrt that this prediction is also true for the
hadrons measursd by ordinary physicists as well. If our assumption that
tbe confinement mechanism is “"saoft" is true, this result will follow,

But there 1s an additional assumption involved, namely that between the
acale of the femtouniverse and the scale of ordinary macroscopic measure-
ments, the jer of quarks and gluons is not gignificantly defocused or

self-facused, Nevercheless, this is very ble

Generali-.ing, we may postulate that whenever one finds and calculates
perturbatively a QCD process uhich is infrared finite, the answer is
correct. In other words, if the calculation 13 not obviously wrong,
it's right, Bu: it 1s poosible that this postulate, while not obviously

wrong, may not be right.
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So far we have used the femtouniverse aa a guide and criterion for
the applicability of QCD perturbarion theory ideas. 1In addition, the
femtouniverse may be of use in atcacking non-perturbative questioas as
well. Let vs accept that we can understand in principle everything about
the theory in a box of dimensien ‘."’14 cm. Now stack tcgether a million
such boxes, with the fields coupled at the boundaries in the way appro-~
priate for the full theory. Then the theory in the resulting cube of
dimension 10”12 em should already provide a description of confinament:
free gluons and quarks should begin to disappear as asymptotic states,
and gluonia, quarkonia, and ordinary hadrons should appear: they easily
fit into a box of that size. The problem ia to identify and properly
couple together the crucial degrees of freedom present in the small boxes.
The spirit of such an approach is very close to lattice-calculations:
we veturn to that app-sach in Section 8.

A clue as ta ho one wight proceed comes from closer study of the
atructure of the theory in the small box. This has been examined in some
detail, although some points are not yet fully vnderstood, 31 Everything
appeara to be almost the same as in QED. Of course, it is important to

use Faurler series, not Fourfer intograls. With use of periadic boundary

conditions, the gluon state of lowest ishing has

k= 2wIV1/3 »> 1 GeV. 4As in QED, longitudinal gluons of % # 0 can be
¢liminated by use of Coulomb-gauga. The only mode of the potential
A:(x) which seems to behave in a way differcnt from QED is che constant
-l: = 0 mode, which we label as the vacuunm mode, The Hamiltenlan fex this
vacyum mode, ignoring couplings to degrees of freedom with * ¥ 0. =an

be written
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1=1,2,3

Q
A=3i,...,8 (3.L4)
where
+
A':(x) = ‘;;‘ ;\ 2 [a':(k,c) ellex h.c.]
k40
1 . 11
E, % "a + ... (3,45)

with w: and Q: canonically conjugate pairs; i.e.,

I Ty (3.46)
ac}
1
The problem of finding the eigenvalues and eigenfunctions of the
Hzniltonian is equivalent to solving the Sehrodinger equation of a single
non-ralativistic particle moving in a (not very symmetric) quartic
poteatial in a 24-dimensional space. It turng out that the "particle" is
confined, i.e., the wgve functions are normalizable. The Hamiltoniin has
an energy-spectrum with many low-lying levels. Properties of the solution
are as follows:
1. In low-lying states
~2/3
@ - -— @ = (Const) 2)1/3 (3.47)
and the dispersion around the mean value appears to be small,
2, In general the level spacings of excited states are in propor~
tion to (cZIV)l”: This {s to be compared with the lowest-lying gluon

wmodes, whose level spacings are ~ZNIV1,3. Thug the energy-spacings are
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small, By the uncertainty ralation 8t 4E 3 1, this means the period of
the motion is large; the wotdon is slow,

3. The lowest-lying set of levels appears to ba a rotational band,
i.e., the polarization-vector of the vacuum field tumbles in space. The

energy should be given by

1 JQO+
B~ 5 T (3.48)
I v (A2>

The effect of these vacuum rotor-modes onr the physics in the femto-
universe is obscure but probably minimal. This is because of the dense
level spacing of the rotar-modes. Very litcle energy 1a needed to axcite
rotor states, and theitr motions should nrot interfere with the dynamics of
the gluons and quarks occurring on a much higher energy scale. [For
instance, we do not worry wuch about excitation of photan states during
a hard collision of & high energy hadron with a pilece of matter.] However,
theae vacuum modes may, upoR coupling of a millicn femtouniverses
togather, contribute to the long-wavelength aspects of the physics at the
larger distance scale. Hence it is possible that they may be of relevance

to an understanding of the confinement issue.

4. INSTANTONS

There is yct another co plication prescat in QCD not encountered in
QED. The states of the theory may be classified according to rhe topo-
logical scructure of the gauge potentials. In our quantizazion procedura
~ egpecially in tha femtouniverse — we cansidered only weak gauge-ficlds
-A-u — and only pure gauge transformacions which can be resched from the

identity transformation continuously, i.a., by a product of infinitesimal
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transformations. However, there exist pure gauge potentisls E(x)
(potentials for which E - E = 0) yhich cannot be reached continucusly
fmmz = 0 without pulling the gauge potential in from the boundary of
the quantization volume. An example of this is a sphericel “gauge bubble®

(Figure 5) given by

1 BT R £ LG s 2 CO VLI PP

ez_(z) - 1552_ with U

vhera _£= (T 2,1'3) = (AI,XZ,XJ), and with £(z) increaging from zere at

l,f
t =0 ¢toamltiple of mac r > =, If £f(r) =0, then T =1 and if

£(x) muy, § = 1%, Thus '5 s nontrivial only in the reglon vhere
3f/3r is nonvinishing, This region can be taken as a shell of arbitrary

radfus R, Con gauge ion can change the shape of £(r),

wodify R, and distort the bubble. But they cannot untangle the topological
twiats which come from coupling internal-symaetry generators T to space
coordinates T.

It turns out32 that the amount of topological twist in the gauge-

tubble can be characterized by a "topological quantum number™:
q

123
2402

M- 1 fax Eoge A 00 400 4G “4.2)

Thie formula i@ valid if and only if z 1a "pure gauge." The quantity N
de invariant under continuous time-independent gange transformations
which vanish at the boundary of the quantization volume, Furthermore
for A's which vanish on the boundary, N can take only integer values.

We have neither motivated this ion nor d ed these

rasults; that ia businese rclegated to Appendix B. Here it suffices ta
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Fig. 5. A gauge-bubble of pure gauge-potential (E=3 =0
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know that there 1s a way of characterizing and classifying the gauge-
bubbles. If we start (perturbatively) from any weak-ficld configuration
connected swoothly to A = O, the topological quantum number N is zero.
Thus it would seem that we might be able to restrict our attantion to
those N = 0 configurations, since the only way to reach others is by
bringing the gauge field in from the boundary of the quantizarion volume,
and boundary-effects (for sufficiently large universes!) shouldn’t matter,
However, this is mot the case; thare exists a dynamical communication
through quantum-mechanical tunneling which 16 a volume effcet. To sec
how this comes about, it 1s necessary to again think of QCD in terms of
the Great Big Schrodinger Equation with A(x) the coordinates and E(x)
the momenta. (It is important to recall here Egquation (3.30) and the
accoppanying admonition.) A gauge bubble with N ¢ 0 is a configuration
with classically zero energy since V(A) = % Bzd3x = 0 for a "pure gauge."
1€ wc go directly toward § = 0 by scaling down z, i.e., by letting
Alx) > E(t)z(x). 0 5 f <1, the magretic field no longer vanishes because
the intermediate conffgurations are not “pure gauge." (This can be
checked by direct caler’acion: 8, = Lef(l - E)[ﬁj’ﬂk]eijk') Hence thete
1a o potentini barrier between configurations with N # 0 and N = 0; the
potential energy for all paths in A-space which smoothly coi aect A0
with the gauge bubble {6 non-vanishing.3?d

Nuw 1f we start with a (physieal) solucion iu(A) of the Great Big
Schrodinger Equation restricted to A's with N = 0, it would appear to be
possible for the wave function to leak through tt . barrier. This turas
out to be the care: the vave function ?O(AJ can tunnel into N = 1 con-

figurations /nd onward.



- 48 -

Schematically, the situation locks like Figure 63 the potential i8 (in a
sense) pericdic, The imporrant tunnoling couplings will evidently be
aearest-neighbor with {aN| = 1. It should not be surprising to anyone
slightly familiar with solid-state physics that the energy eigmfﬁ::tans

will be Bloch-waves

@ - NZ LN @.»

This 15 knowm as the §-basis. Physical observables will depend upon g,
but must depend on it only to the extent that the tunneling amplirudes
a~e non-vanishing. Therefore, it is important to estimate the tunneling.
For small e, one must tunnel through a thick barvier (cf., Equation (4.2)
which implies @ + A « L| 2 1, with L the size of the yegion in space in
which A(x) is non-vanishing), and a scmiclassical estimata 1s appropriate.
The rule for obtaining this amplirude can be abstracted from expericnce
with unonrelacivistic guantum-mechanics, and some details of how to get
it are in Appendix B. The recipe 1s as follows. To find the amplitude:

1. Change t to it (i.e., go to Euclidean metric).

2. TFind a clarsical solution of the Euclidean equations of motion
(the QCD version of Maxwell equations) which a5 t 4+ ~= reduces to A = 0
oand as t + 4~ reduces to a gauge bubbls.

3.  Caleulate the action S = Jr L dt of this c¢lassical solution,

=

Then the tunicling amplitude is = e=S,

The required classical solution was fouad by Belarin, Polyakov,
Schwartz and Tyupkin.?* Thore are, #n fact, &« class of such solutlons

characterized by
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V(a)= [d3TrB2

= A
0 | 2 3 a3

Fig. 6. Effective potential energy in field space as a function
of winding-number N.
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a8, Size. The fields ’Eu\: ara conteatrated in a characteristic

4-dimensional volume of size A, where A can be chosen at will., For

o= >> ) the fields F A fall off as 572, are proportional te
et (a2 |ear] ~ 1), ave self-dusl (E = ), and have a rather com-
plicated angular dependence.

. b, Orientaiion in {nternal space: the ?'s in the gaugc bubble
{and [lelds Ev\l) can be chosen from the 8 M-matrices in many ways.

c. Location in space-time. The center of the configuration is
arbitrary. These classical solutions are the instantcna. The gauge-
bubbles are not instantons. Instantons are in some sense a dynamical
agent responsible for their creation.

Because the fleld strengths F, from dimensional arguments, are

~1/cx2 inside the instanton, and because the action 5 of QCD is

—;—h[dl‘xl‘ Mol L
ELE

(4.4)
e“ pm x| g

the tunnelinz amplitude ls small., The correct numerical calculation

glves

2,2
Tumneling amplitude ~ es" (L. e-h/us (4.5)

The cffect is nonanalytic ia ag and could not bhe seen in an crdinary
perturbstion expansion.

Because an {nstanton can be located anywhere in space-time, we can
have gauge-bubbles continuously created and destroyed all cver the place
#ad all the time, This is vhat pakes their effects relavant: cthe

coupling af the Nevacuua 13 a volume, not a surface otic for example,
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not only does the energy <H> of a @-vacuum depend upon @ but also the
energy-density. The formula 1s3%,%6

26 2,2
> ~ -V cos 8 (%) ["—; B (4.6)
e A

The predominant exrzientlal of the tunneling awmplitude is embellighed by
various factors, The factor cosd reflects the perlodicity of the b-vacuua;
1.e., the conjugate operator N has integer efgenvalues (cf., Equation
(4.3)). The factor (81r2/e2)6 arises because of the large number of
degrees of freedow possible For an instanton (scale-size, group orienta-
tion, location) and is a measure of the "entropy" of this gas of instantons
in space~time. The weight factor A—S for the integration over scale sizes
A is determined by dimensional analysis. Finally, the value of ez to be
used should match the scale of the instanton — although already here tho
rigor of the analysis begins to unwind somewhat.

If we restrict ourselves to the femtouniverse, it is easy to sec that
the most important instantons are those which fit snugly inside the box,
This 1¢ because the rununing-coupling constant Equation (1.4) 1s

33-2N
. By A T gl @
W) e o ) ¢ 7

with M a very larpe mass scale (>> 1 GeV) where we normalize LR (<< ).
The coupling constant 9 increasaes as the scale A increases, and although
the growth of ag {s only logarithmic, its effect is large because of 1its
prescnce in the exponential., Thus che tunneling faecter

a2, 2 2 -2y
S w1 Y “.®
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depends like the 8th power of the scale-glze and dominates over the
dx k-s factor. In a femtouniverse the vacuum energy is (disregarding

wvumerical factors g 10) from Equation (4.6) is then found to be

3 2
6 33-2n -2y
£~ - iz cose el R P e I A I
v a_ () S
s ,9)

te a large power ~8, The

and also depends upon the distance scale \11/3

wunset of instanton-related cffects is consequently extremely abrupt; in
the perturbative regime an increase of distance scale by & factor 2
Increases the instaston effects by a factor ~500. It is also regrettable
but true that as the tunncling amplitude gets large, the semi~classical

{on used to it breaks down,37 Thus it 13 not mueh of

an overstatement to say that whenever an instancon calculation can be
believed, the result is physically unimportant. For example, there have
been estimates of the QCD modification to the colliding-beam R coming
from couplings of the quark pairs to instantons, 38 They find a contri-
bution which behaves as s'a, with the crucial value of Vs occurring at
about 1 GeV. A similar situation alsc exists for deep Inelastic
scattering.

While the instanton does not upset in any way perturbative QCD, it
does play an important rcle in two other sreas. Onc has to do with CP
violation in the strong interactions and another has to do with chiral
symmetry breaking and the resolution of the "U(1) problem" — the problem
of the origin of the large mass of the n and/or n' mesons. We shall
return to these questions in Section 7, There is also the possibility
that ipstantons play a significant role in the understanding of the con-

finement question. This will be considered in Section 8.
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5. PURE QCD: GLUONIUM FPHENOMENOLOGY

We have argued in Section 2 that pure QCD (i.c.,Stage I) is the
theory of interactions of wmassive, color-singler (and SU(3) flavor-
singlet) bound states of gluons, and that it is uynlikely that these
states disappear when light quarks arc introduced. Instead they decay
(with not extraordinarily large width) into open channels of ordimary
mesons. It iy an important test of QCD to find decisivae evidence for or
against the existence of these states. In order to do that, some
theoretical guidance is clearly of use. It is ocurprising to me, given
the degree cf hubris extant that QCD is the correct theory of strong
interactions, how little discussion33,%40,41 rhere has been of this

praoblem. We approach the question in three stages: (a) the gluonium

{b) decay and (c) d hanisms.

a. Spectrum: Properties of bound states of two gluons--in particular
thair mass—-can he motivated in several ways, First of all,“! wve can expect
that local operatoxs built of products of the gluon fields and having
appropriate quantum numbers will create gluonium states, just as local

products of quark fields (e.g, Eiy H :liyqu' ete,) create meson atates

sy
when applied to the vacuum, The simplest such operators are

E F :(x)P A (x), which should create gluonia of various spins and
=8 ap

parities from the vacuum. Conaider the spi ° P60

=~ T8 (O F"V(x) for simplicity and look at its tve-point-functions
) - ﬁ‘xa“‘ % olF ) FO 0> .1

(An object very similar to this messures of{v + v - hadrons) through single-

graviten annihilastion).
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At short discances (lorge qz), QCD perturbation theory allows a

computation:

57 = (conse) ¢ 0(ahY i+ 5.2)

At some larger distance scale the perturbation expansion breaks dowm,
and the spectrum cuts off among a presumably discrete collection of
gluondum staces (Figure 7)., We have tun choices: either the gluonium
uzes is "ressonable” (1-2 GeV, say) or else the gluonium mass is large
and QCD perturbation theory breaks down at a surprisingly large momentum
scale (>> 2 GeV). We shall concentrate our attention here on the first
possibility. This option is somewhat reinforced by calculations by Jaffe

and Johnson 1n the of the MIT bag-model,“? In the bag model, the

vacuun in the reglon occupied by quarks and gluons (the bag) is modified
and has, by hypothesis, a different energy density. The kinetic energy
of the quarks or gluocns in the bag provides a pressure which balances the
pressure created by the (true) vacuum at the walls of the bag, Jaffe and
Johnson found maeses ~1-1.5 GeV, although nowadays they have less confidence
in that estimats.“? Posaible s-wave configucations of two and three
gluons are exhibited in Table 53-1, along with local operatora which create
them. The ¢1jk("’m are the apin wave-functions which couple the fields
into a state of definite J and M, This classification might be called
the "naive gluc:iuo model,”®® It 1s ot least as naive as the naive
nonrelativistic quark spectroscopy, naive parton model, naive Drell-Yan
formula, etc,

There is nothing very definite that one can say regarding tha masses-

and especially level spacings--of these candidate states (not all of which
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Perturbation
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Gluonium Parton ___
wer Dominance Model  .u

Fig, 7. Schematic ot gluonjum spectral functfon, normalized to
its high encergy behavior.
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TABLE 5-1

JFC Field Operator
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need exist at narrow resonances). The quastlon of hyperfinc splitt!ags
1s for example problematical. The splittings might be considerably larger
than the typjcal few hundred MsV for hadrons, because of the larger con-

stituent spin.



Another approach to gluonium properties is ta try to connect them

up to of the P trajectory,** inagsmuch as two-gluom,

t—ch 1 h has vacuum numbers and a "maive" intercept at

J = 1. Again, the recurrences of that trajectory would tend to lie in
the 1-2 CeV mass range. The spine 2ud parities most nuturally sugpested
are 1_, ZH, J", etc.

A somewhat related attack 1s to assume that 0ZI-violating processes
are mediated by gluonia. The Systematics of these processes (e.g.,
¢+hadrans, ¢* +¢ynw) might then provide some insight into masgses or
couplings of the gluonia. This has been studied racher extensively."S
Navertheless, while some progress is made in correlating the data, no
clear picture of the gluonium Spectra emerges.

b. Decay modes: The decay modes of gluonia are of course sensitive
to thelr mass. The masses are in turn sensltive to, among other things,
the hyperfine splittings within a multiplet, which we emphasized might be
larger than for systems built from quarks, because of the larger spin of
the gluon. QCD tends to put antiparallel spin alignment {in color singlet
states) lovest in mass (e.g., Dy € Bgi my < By, ete.) so ve might expect
the lowest J in a multiplet to lie lowest. We shall, however, remain un~
prejudiced for awhile, and classify decays of gluonia into two-body
channels of the s-wave and p-wave uﬁ meson states, This may be a credible
guide for gluonium states with masa § 1,5~2 GeV. The final-state mesons
we congider are the 150 pseudoacalar (P) and 351 vector (V) nonetsa, along

with the (C-odd) I'P]_ (A'") and (C-even) 3 (S, A, T) noneta. The only

%o,1,2
two-body channels we allow are those which contain no more than one P-wave

mason. The two mesons in the final state must be coupled to an SU(3)
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singlet, Table 5-2 gives a liscing of the meson-states available which
are consistent with SU(3) syametry. (We assume no singlet-octet nixing

3

for 150 and ]'Pl megons, and Ldeal mixing for ~S and 3? masang.) The

resultant JPc of the final states are also recorded for £ = 0 and some
2 = ) configurations. These two tables can be used togerher to search
out likely decay wodes of the gluonium candidates we have identified.
The reader is urged to do this for himself and in_that way reach the
proper state of enlightenment. This writer cannot claim to have re.ched
that state himself, and offers here only 2 motley cellecticn of
observations:

1. Phsse-shift analysis in mr and KK channels should be a good

place to look for narrow ot ana 771 h ls., It was

once argued that the s* is a gluonium state,“Z and the JPocﬁ state lies
higher--perhaps to be identified with the very broad ¢ “rascnance” at
~1300 Mev.

2, The O*E -E state has the same quantum numbers as the n' and may
be mixed with it. (The decay n' + yy, however, is well-accounted for in
teros of just the q; component.) Thia gluonium chennel may be especilally
tricky“® because this channcl has the same quantun nunbers as the divergence
of that axial enrrent which is nonvarishing because of instanton effects
(cf, Section VII), However, other than n', the only other lov-mass open
channal is mé.

3. Hany of tho states have the rather undistinguished 3w, 4w, 51
channels open ta them; these offer velatively lictle hope Forx a novel
search method, Among the (low-3pin) gluonia we can put in tiils catagory

-+ +

are the 17, 27, 2™, o7, 177, 1Y, 1T ana 2fL
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TABLE 5-2
Final Mesons JPC(s-vave) Jpc(pauave) Components
P ot - «r, KK, nn, n'n'
w - o, 0, KK¥, (n+n, wke)
PA' 17" o, B, kg,
s at 1+ 5, Ke, (nén’, S*#e7)
A 1™ o, 1, oM A, KQ, (mtn’, D)
T Fad A, 3 [y, &M, (e, e
w GH, Z‘H’ etc. o0, K*K*, wa, $¢
VA’ o, 1, 27 ete. 0B, K'B, 7
vs 1™ a, 17, 25 | 05, &%, (wh, STHe)
A 67, 177, 27 ere. oAy, K*q, (ut, DD
vr 17, 277, 37 ete. oA,, K™, uE, of°
Notation:
7 sy 07 WK n,
a gy ah) B, Q 1, 7
vi % a™ o Ky w, 9
s: %, @™ &, 5%, e
A % a™ M, %, 0
%, 2™ a2, K, g,

4. The 17~ states are candfdates for resonance production in ete”
storage rings. However, the width into e+e_ may be very small, and in
any event hard ts caleculate. Furthermore, such stares are rather far

dowm the 1ist (3 bound gluons) and may be fairly massive (or for that
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matter aonexistent). The activity at DCI and ADONE should evidently be
vatched with this in mind,

5. Because the gluonia are SU(3) singlets, decays into mesons con-
taining atrange quarks way not be suppressed as much as is customary in
"old" physics.

6, The tabulation we have made allows decays for all gluonium
candidaces except for the last of the list--the 3+ state of three magaetic
gluons, Decay into p-wave Al oT Az charmels are open in that case.

Before moving onto questiona of hanisas, we rel

that thia catalogue is not a list of predicted gluonium states. Some,
but not necessarily all of the channels liated should support discrete
gluonium states. Were QCD to be a true tbeory, it could provide success—

ful predictions of the spectrum of gluonia e ta its ful

postdictiona of the spectrum of hadrons.

¢. Production mechanisms: Half the momantum of an snergetic proton

ie not in quark and 1s p bly carried by gluon degrees of
freedom, It follovs that there ought to be a aizable production cross
section for gluonia in hadron-hadron collisions. Why hasn't it been found?
A possible asaswer is that there ave so many dilferent states of comparable
mass and so many decay modes for each tha: for any given channel o8 is
very small, Another possible answer s that there hasn't been a sufficlently
vigorous search.

Beyond the self-evident searches in hadron collisfens and in photo-
productian, other methads with more specificity would be especially

useful. The physics of onia is an especially attractive possibiliry.
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In the (KD framework, it 1s manifest that heavy onium only couples to
+ -
ordinary hadrons via glunns."7 Tor example in the process e e =+ ¥ + X
or ete”™ + T + X (Figure 8a), the system X could be rich in gluonium states.

A related idea uses diffractive electroproduction (Figure 8b)
u + nucleus + u + ¥ + gluonium + nucleus (5.3)

Naither of these processes is blessed with a big cross sectien., Probably

the most attractive option is to 1y d ¥ (or perh T} and

look st the radiative decay“$

¥+y+X

Ty 42X (5.4)
The principal decay mechanism for ¥ or T is supposed to be 3-gluon
annihilation (Figure 9a) vith subsequent materialfzation into hadrons.
The radiative decay should therefore proceed vis a virtual ygg channel
(Figure 9b), idepl for formstion of gluonium as the state X. Pesturbative

QCD (uot to be trusted much®d at the ¥ mass-scale) predicts®?

IO > yeg)
o -9

To good approximation the gluons (or +-rays) are uniformly distributed in
the Dalitz triangle; rhis immediately leads to an energy spectrum of the
Y peaked (Figurc 10a) at the high end (higher order radiative corrections
round off the upper end; we don't worry about that here). Thus the mass
spectrum of the recoiling syscem X--which hopefully contains the gluonia--
is peaked (Figure 10b) at the low cnergy end, In this region we would

expect the gluonium resonances to dominate and turn the spectrum into
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luostium
9 rd

12-% {0}

Fig. 8. Mechanisms for gluonium production: (a) e+e' -~ g, and
(b) uN -+ uygN,
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gluonium

w-n (o) (s} 385200

Fig. 9. Gluon (&) and gluonium (b) production im ¥ (or v) decays.
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After Radietion

Correc!ion]

M2
1) {b)

M2(Gev2)

i ye2an

Fig. 10. Spectra in (a) y-ray energy and (b), (¢), recoiling mass
for the process ¢ > v+ X,
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pomething like Figure 10c. There ia not yet mch known ebout the inclusive

wingle y spectrum from Y-decays. The decayr

¥+
'
¥£
have been measurad. 1If they dopinate the wass spectIum tf” s Ce‘lz and
are ducl to the perturbative (parton) estimate they should account for
~40% of the decays ¥ + v + X. The measured exclusive channels actually
account for ~1/2% of the Y-decays, implying by this bookkeeping a branching-
ratio ~12 for.al.l. the radiative decays.
A study of these exclusive channels from a QCP viewpoint has been
made by Krammer who looks in detail at the angular correlatlions in the y£
channel. 50 Assuming mediation by two transverse gluons (Figure 11) ccupled

to 2 3P2 qq system, the helicity state of the J = 2 am system (it is

o 1y5) 12) 1s pred d and compazed with the data on the nw
angular corrclations. The agreement with QCD is good and appears to be
nontrivial.$2

If these exclusive channels are really mediated by two gluons, then
there should be other analogous channels which are reasonably well
predicted by che quark-model. In parcticular, a brief look at Table 5-2
lets one accumulate the following list.

¥+r'y Aly

g Ey

Sy £'y (5.6)
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Fig. 11. Mechanism for the decay chain ¢ + v + ynm,



But an even more interesting question is what 1lles beyond., 1f nirrow
gluonium states dominate in the region from M = 1.4 GeV to !l = 2 GeV, they
should provide ~30% of all radiative decay mmi’u. The y-ray energies arc
1 GeV, and probably badly buricd in contamination from x° decays. A 2%
Y-ray energy resolution corresponds to a resolution in gluoniun mass of
order 30 MeV, It may be unrealistic to try to resolve any gluonium

l.tn;‘s by measurement of the recoil y-rays alone--cven using Crystal Ball--
and teduction of background by looking for exclusive gluonium decay
channels may be needed. Here one might try for some of those involving
neutral decays, e.g. n. But it will ba difficult. A scenaric appropriate

for the Crystal Ball might be

¥ -+ v + gluonium 1722
n o+ n 17
Lw L-ry 387 x 38% = 147 .70

The net signal iz ~7 Avex:ms/m6 decays, even with a rather gencrous
branching ratio assumed for the nn decay-channel.

1€ the mass-scale for gluouia is "surprisingly" large, say ~3 GeV,
then it is necessary to utilize the T decays. For the T, the QCD pre-

diction is%8

HT+>y+X
_jl'_(ﬁJ?ﬂT -3 6.8

with again the same spectral snape for thae recoil-mass distribution, Fo:
a 3 GeV gluonium system recoiling against the y. the y-ray will have 90%
of the en?ﬂ:nin: energy, namely Ev ~ 4,3 GeV. A 2% y-ray energy-resolucion

now yiclds a 300 HeV mass-resolution, Agnin final-state information on
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the gluonium decay-products probatly has to be invoked. Because of the
large mass, this will be even more difficult than in the previous case.
Finally, if clean gluon-jets are isolated in T-decays, decays of even
wore massive onia, or in hard processes such as l+e_ +q+ ; + g, it L2
plausible that the "leading particle" in suck a jet will often be.
gluonium. Thus in such kinematic regiona it is especially app:oﬁthte

to sesrch for the decay channels enumerated in Table 5-2.

6. INCLUSION OF HEAVY SQURCES: ONIUM PHENOMENQLOGY

In Stage 1I, we mndify the pure QCD of gluonium by introduction of
heavy-quark sources. In theory (cf. Section 2) a universal linear confin-
ing potential is cxpected between such heavy sources, provided they have
non-vanishing color-triality. But beyond this theoretical issue, Stage IT

is of interest as a description of the p! logy of

bottomenium, toponium, or any other even heavier onia which might eventually
be observed.

We start with the idealizaed situation of very heavy quarks, Q, vhose
binding can be described accurately in terms of the short distance r-!'
potential. The atatic interaction energy of Q and 3 in a color-singlat
state can be read off from the cxpression for the quark—current source of

the color field, Equation (3.16), iuasmuch as the subsequent quantization

procedure followed accurately (to lowest order in °s) that of QED:

S+ 1,)° -4 - 4

a
e (6.1

e

ml,?l— ;zl
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vhere we have used the Facts that (2.'1 + 1\2)2 = 0 in a color-singlet state,
and that the 3 x 3 matrix 1 (37 4 color-invariaat, hence a multiple
A

of the unit matrix. Thus, using the normalization in Equation (3.33)

ZQA)Z-lr:Z(xA)Z-l-a-z-E (6.2)

A=l

Just about everything about this system is analogous r> QED. The binding-

energy of superhcavy onium of masa M ~ ZMQ is thus

2
2 o /M
4y s( 0l 22
‘n"(a) 2 (z)"s"s“ (6-3)
and the level-spacings are hydrogenic. Thus the 2§ and 15 levels are

split by an amount

-1
e (6.4

The Bohr-radius of the onium is

x3.L. 563
TR s, MTaH (6.5)
k- B

Thus pure Coulombic f"size" of bottomonium (taking ag 2 0.2) is %0.3f, not
especially small.

The valye of L just as in QED, depends upon momentum transfer as a
consequence of vacuum~polarization effects. The dependence on distance-~
scale has already been cited in Equation (1.4), ond it is appropriate to
hera discuss this contribution in more detasl. A diamgrammatic analysis
can be carried out;>3 in Couloumb-gauge the vertex and self-energy inser-
tions (Figure 12) are unimportent. All that happens is a cancellation

of divergent rencrmalization constants Z. and Zz just as in QED. The

1
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(a) {b) (e}

u-r WA

Fig. 12. Vertex and melf-energy insertions for the Coulomb energy.
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corrections corme from the three diagrams in Figure 13, Only the first

{Figure 13a) coming from fermion-loops, exists in QED. It tends to

increase the charge at short distances because of vacuum polarizability,

The calculation 1s just like QED vacuum polarization except for the group

the pol don loop is d 1 and 1

of

the color label A = I, 2,...,8, we mey choose A = 3, which measufes the

color-isospin of the quarks. Since the coupling of Aa(x) to quark sources

is
e e
ThT7n N
tha modification from QED is just to make the replacement
2 2
3 2 Z 2 _ 2 (1) 1 12
€D " % Ty= & [(z) +(’ z) +°]‘E°s
colors
of quarks

Iz QED, we have

N

-';-2- -> :E— [1 - z(a) (qz)]
q

a

PR A
D v 2 10p &

Thua in QCD we get from this contributfon

2
@ _ % I
€ e Ve log 3
9

or after renormalizition and summation of the geometric series

1 -
a(dh  a(ah)

Nf m2
+ & log ~

(6.6)

6.7

(6.8)

{6.9)

(6.10)

(6.11)



- 72 -

{e} {®)
=
§3-% 3
- {e) Jaazals

Fi;. 13. Vacuum polarization corrections to the Coulomb interaction:
(a) quark pairs, (b) cransverse gluon pairs, and (c) corree-
tion to instantaneous Interaction via coupling to tranaverse
gluons.
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The second contxibution (Figure 13b) from pailr production of transverse
gluons by the Coulomb field is physically similar, and in fact has the
same sign as the first contribution. The coupling of gluons to the
Coulomb~field is through the convection—current, with polarizaiion vectors
€ and &' dotred together (Figure 14a)

JEIECETINE (g ypn) T (6.12)
For the crossed process, there is a minus~sign (Figure 14b)

Jg‘”~(y_-z') .
>
wEodz. 2 (6.13)
showing that there is an explicit ];lz factor emerging in the vacuum
polarizarion,

Since the polarizarion vectors can be safely dotted togethey and do
not enter the guts of the calculation, the structure of the vac....
polarizarion amplitude is the same as for a palr of spin-zero gluous,
vhich in turn is 1/4 of that for spin-1/2 quanta (given the same charge
of the source), (Becall that R +" 1/4 for a pailr of charged spinless
point particles.) Hence there :r: only counting-factors to consider.

Prom this source we therefore get

spin zero vs. spin 1/2
2
® 2 2 B Y
€ ( TJ 2 73 log 3 (6.14)

gluons I L %
polarizatien sum spin 1/2 result
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Fig. 14, Scattering (a) and pair-praduction (b) of cranaverse gluons
by a Coulond field,
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The zluon isospin sum i3

> 2 m?rad?a3

pairs (6.15)
and upon again summing che gecmetric scries, we get
(N, 2
12 - 12 (65 )1.:; (6.16)
a(g”) am)

again the “wrong" sign fo. asymptocic freedom.
The third contribution (Figurc 13c) does not exist in QED and comes
from the coupling of the Coulomb field of the quarks to the vacuum fluctua-

tions of the (transverse) gauge quanta. It has the importact sign—change

1leading to ic f i.e. the of the effective coupling

at short distances. It 18 1in fuet much larger than the other two and
doninates everything. The physics of the third term is not 100 trans-
parent5 but is roughly as follows: the Coulomb fleld created by the
quarks itself carries color and therefore interacts with the vacuum
fluctuations of the (transverse) color fields. This jitters the Coulomb
£1eld and Tounds off the short—distance singularity. Whatever the validity
of this hand-waving, the calculation follows directly from the formila

for "Gauss' Law,” expanded out to order ez. One gets (ignoring 1\‘: . :-ET
- 31. . ;ET term, which 1s already accounted for) from Equarion (3.26)

P
LRt e A (6.17)

Upon inverting this for EL

> a1 2 0+ 41 - a1
1 41 vl Vi B
E = ) ( ef & vaJO e f A vvzfn sz"o ...)(618)
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Now we can put in plane waves for X and, in the last term, contract them
together to obtein a vacuum-polarization contribution. After routine

Fourier transformation (Figure 13c) the structure of the term is

4 [2eo + Ze ) ZZ/ = (F - I% 55 2@ 6.19)

2}k (2m)? ]I q

The Clebsch-Gordan 1s this time twice as big, because ?"l‘ and zL are

not identical degrees of freedom
Z @’ L awm? e uz) -3 (6.20)

Using f K- 0, and going to the zero-froquency limit, we get a

correction

()

= -hwa
(]

2
ank’ = U2
JII f ekt s - 2ad; 6.2
16n7%3 q[

In computing tho "electrostatic” energy

2 .
1f3 1z 1
Z/;lx ZA: (E;") 7L I €6.22)

wve get another such terw from the other Y.L, and a third identical ‘emm

from concracting the 0(e) contributions from each of the EL factors. Thus
the entire contribution from this source to tha affect ve charge is three
times what we have written down. While not at all obvious, the geomatric
sum does survive these combinaroric complications3® and the net chamge in
coupling-constant from this last source ls

Sua
=5 teg

2
RO} L (6.23)
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We pow can add together the thrce contributions. Writing in wmomentvm-

space, the interaction energy as

2
- - 16 a, (M9 1
¥ =73 +2 1+ e(q))
13|
we have
2
S %D 2 e, 2
33 tlavors 198 Tq—lis - =g NelaDlog :2' (6.11)
2
b 2, u2
e - B g M (6.16)
fal
3a_(H2) 2
(e} _ s b
c + =2 1og T (6.23)
la

where i c(a) the sum over fermion flovors goes ouly over those fermions

whose magses are small d to the scale of + Sum-

wing up the three contributions leads to the aforementioned formula for

the running coupling constant u(qz):

ﬁ (6.24)

2 Ne 3)logi= 1 _(JJ-ZNE) Log
" qZ u(Hz) 12w qZ

1

R CRas
Ve see “"asymptotic froedom' is controlled by the modifications to “Gauss'
Lav" due to the vacuum fluctuations of the transverse flelds in inter-
action with the Coulomb ficld of the sources. .

Notice the definition of the coupling constant us(!lz) is such that
at |q|2 = Hz, the higher-order corrections vanish. Here there is some
difference with the traditional QED renormalization px—c:gtcnm,56 which

defines the physical charge in terms of the force at large distances



(as q2 -+ 0}, In QCP, weak couring is at short distances only, and there
15 no unique choice of mass-scale at which to normalize. This leads to
arbitrarinegs in definition of the coupling conatant; this freedom can
lead to confusion in the interpratation of the theory. One must choose a
normalization at some very short-discance scale M (a good choice 1s

o ~H") where perturbation-theory is manifestly good. At this scal: we
way for axample choose the definition such that the vacuwum-polarization
corrections to the gtatie potential vanish, Then, by convention, the
coupling-conatant at this mass scale is defined to be

12m . 1
(33 - 28,0y

o (M =

o (6.25)

2
log H—Z
)

The dimensionless number as(Hz) 1s traded in for the parameter A which ia
an energr-scale. The convenience ¢£ this definition rests in ti. fact that,
for all values of q2 for vhich the perturbative calculation, Equation (6.24),

18 accurate (and only for such values) one has

e~ a, P - 121 5 16.28)
133 - ZNf(qz)]log .
2
X
Thus the expregsion is form-invariant; A does not explicitly depend upon
the chotce of the scele at which the coupling constent 18 defimed- st
least to this order of approximation.
What 1is the significance of the parameter A? It ia evidently a rough
measura of the point st which perturbation-theotry breake down. However,
when q2 ~ Az, there is no justification left for balieving the form of

Equation (6.26), Also, while the parameter A is claimed to be measured
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reasonably accurately (let us say, between 300 and 700 MeV), this does
mnot mean that we have accurate knowledge of the coupling—constant., For
example, Figure 1S shows the spread in us(qz) allowed by the uncertainties

in ¥nowledge of A, We may conclude that it makes little sense to even

per (31 heory below Q2 ~1 Gnvz, and that Qz in excess of
5 to 10 Gev2 are needed t» tring us down to a small enough value to trust
quantitative results.

Actually the slippery nature of coupling-constant renormalization,
when combined with the prpven57 renormalizability of QCD, becomes a
powerful tool for summing higher orders of perturbation-theory. This is
the "renormalization-group" method. The application to the bchavior of
the QCD running-coupling constant 1s just like that of QED. Without any
explicit diagrammatic calculation, the Qz—dnpandence resulting from sup-
maticn of leading and next-to-leading logarithms can be determined. In
particular one justifies that the leading approximation is the summation
of the simple vacuum-polarization ' ubbles into & geometric series, a
result which is not 50 obvious iIn QCD as in QED, A further result of tha
renormalization-group calculations is that if one starts with a small
coupling constant cs(Hz) defined at a sghort distance scale M and tries to
accurately extend it back to large distances, the convergence is rather

glow. The formula for ag becomes, after summation of next-to-leading

103555:
2 m
2 2 2,0 M
aeD = o, + 2 e ) <1on 2)
nam q
nrl
(6.27)
or

(33-28.)
12 {1

331N agled
o) - g7 log —— +

2
~leg? - .
ag (q7) = a nng

4
m3-Wp? e )
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Fig. 15, Qz dependence of the running coupling constant for
A = 5002200 MeV.
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congtant, Ag qz gets small, the correction becomes important when the

with o the "standard form," Equation (6.26), for the Timning coupling

running coupling-constant gets large. For qz > HZ the eorrection-term

1s never large, despita that fact that

2 2
9880 - 85 @) 105105 g2 (6.28)

u:o) T3) log q

giving a very slow rate of convergence,

Let us now return to the question of onium bound states, The quea=-
tion of higher-order corrections to (and even existence of) the potential
has been extensively studied. TFor the most part, the development runs in
perallel with the treatrment of QED bound states. Thexe is one somewhat
nuwv feature3d which appears in high orders, and that is chat the
interaction-onergy has terms az in uﬂ. These come sbout from diagrams
as In Figure 16 where the interncdisce (transverse) gluon is very soft,

and produces an infrarad

B « The 4; B is cut off

by the energy-splitring of the intermediate (col N @ don
from the color-singlet QQ bound state. But beyond this complication there
1s 1o eignal of confinewent other than the hehavior of the running
coupling~constant.

Bow does all this compare with the properties of the ¥ and T aystems ?
Most of the spectroscopic facta of those systems reast on @ monrelarivistic
madel of quark motion gnd are not very apecific to QCD. Given the
assumption of nonrelativistic motion, Quigg, Rosner, and ThackerS? have
uead the level-gpacings of the ¥ and T states, along with the wave-functione

at the origin [¥(0) '2 (measured via the leptonic decay widths) to
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12-7¢ M2

Fig. 16. H-diagram contribution to the Coulomb energy.
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teconstruct the form of the potentinl, They find (Figure 17) a rather
good linear potential at moderate distances, with some tendencies toward
a 1l/r singularity at short distancea. The slope of the linear potemtial
{string-tension?) is 1 GeV/Ez in agreement with what is inferred from the

string model of ord y had John R 61 hag tumed things

around and taken the QCD form, Equation (6.26) and made a very aimple
ad_hoc change which turns the potentinl at larga distances inta a linear

potential. He writes, in momentum space

2
12w - 161

Viq) = % 7 (6.29)

2
©3 - m)? Log 1+ %y (3 - Mpa
N
-4 2
A q  behavior as q - O corresponds to a linearly rising potential. In
terms of a string model, the coefficient is related to the string-tension

T as follows:

2
T= -} datad) zl = —35"—23 %0.25 £ 0.15 GeV? ~ 1 GeV/fermt (6.30)

90

Whecher or not this has any fundamental basis, this potential does well
in describing the level~-structure of charmonium. Other calculations for
even heavier onia have been made,®? as shown In Figure 18, Oac sees
that the pure QCD Coulomb potential is not applicahle until the ontum
mass exceeds ~ 100 Gev.

Does QCD have much to say about fine and hyperfino-structure? Here
the situation i not very clear for scveral veasons, First of all, the
detailed origin of the lincor component of the potential ia theoretically

unclear; heace {t is not ressonable to cxpect spin-dependent refinements
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Fig. 17. Typical charmonium potential as reconstructed by Thacker,
Quigg, and Rosncr (we choose L 1.2 GeV, and E; = 3.8 GeV),
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Fig. 18, Oniuo levels as a function of mass. From Ref, 50.
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to it to be under control. FPerhaps the most reliable (and also mcst
suecessful) QCD application is the pattern of hyperfine splittings. These
are typically short-distance in nature and operative in g-states, so chat
one may hope that a parturbative estimate is at least qualitatively
adequate. The most interesting result from QCD {s that the signs of the
gplitting come our correcrly both for qq and qqq Systems. Thus for qq
syatems, the relative signs between charge and spin couplings are oppesite
to QED, berausde of the );1 . '&2 factor, and 351 lies above lso. This
pattern is universal among the quarks; p, w, ¢ lie above 7, n, n' and D*
1ies abova D, Thus ¥ had better lie above s although the magnitude of
the aplitting is not certain.

For qq systems, the agreemunt persists, The QCD prediction is that
4 (1236) liea above the nucleon. This can be ceen fairly easily; in going
from a lsc o’ to s lso ete? tn QED, the sign of the spin-dependent force
changes sign; hence is attractive. RHRowever, in QCD, thera is still the
A A, celor factor which vill be negative in § and positive in 6. Thus
the enerpy batween two quarks goes as

Hyota ~ =@ Ty A (6.31)

Then in tha 4, where each quark pair is in a spin-triplet state with
(O qj) -3

3.2
<Aln.pmla> LR R A N A RE LY B

FA (6.32)

and there is net repulsion which is optimally strong. Thus N must Lie
balow 4.
The situation regarding fine-structura splittings is confused. A

Breit-typa hamiltonian built in anslogy to QED predicts quite a large
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amount of spin-orbit splitting among ordinary hadron multipirts, However,
there 15 relatively little observed, The problem is most acute in the
P-wave 70, L ~ 1 baryon states, where there is remarkably little spin-
orbit coupling found. There is some success in organizine the 3P1 states
of the charmonium system using semiphenomenclogical potentials, but the
picture is net a completely gimple one, 53

There are many detailed studies of the level aplittings from boch a

QCD apd directly phencmenologieal point of view.53 The above discussion

only hes the £, From the point of view, many of the

analyses are not fully relevant because they incorporate tha old evidence
for the n, ac 2.8 GeV as seen by DASP, A rather thorough study of baryon
splittings has been made by Karl and Isgur,b* who account for a remarkable
amount of data on 70, L = 1 and even on 56, L = 2 from a semiphenomeno-
logical QCD starting-point.

Wa next turn to transitions between onium levels. In Stage IT, many
of the low-lying levels are gtable wirh respect to strong interactions,
bacauge the only open channels contain (probably relatively massive)
gluonium statas. Nevertheless, we may induce transitions (e.g., in the

femtouniverse) by slowly varying external gluon fields. Under this

circunstance, a multipole-expansion ie suggestiva., This has received
quite a bit of study.5® Effective local color-singlet operators, e.g.,
as written in Table 5-1 (gluonium ficld operators}, will have calculable
couplings, Including tranaition~couplings, to the onia, This is still a
long way from estimating hadronic widths for onium transitioms, For
that one needs to know the spectrum of gluonia and their decay widths

into ordinary hadrons. However, some information on relative widths can
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be gleancd by analysils of angular-momentum barrier factors present in

the verious transition channels. For example the 3

Py X (3510) state is
forbidden to decay into two gluons, and oparators higher order in a, need
to be invoked to induce the decay. It follows that its hadronic width
would ba expected to be smaller than for the 31’0.2 X-states. This seems
to be the case experimentally,

The annihilation channels, where the Q-value is large compared to the

confinemant scale, offer a ci whare pert e QCD should be

applicable (onium can happily annihilate even when confined in the
femtouniverse; thus its decay-width should be calculable perturbatively).
The width for T -+ ggg can be stolen from the 1549 (1) QED calculation by

Ore and PowellS? for the 3-photon annihilation of positronium,

5 {ur 3 % Y
T(T + ggg) = %= ) . (WEC) + T( 5 positroniam + yyy) T (6.33)
¢

The factor (WFC} is a wave-function correction originaring from the fact
that the oniun wave functian {3 net purely Coulombic, The numerical
factor comes from the color wave function.

There is some ambiguity in what value of as(qz) to use in the above
formula. We may contemplate three choices for qz:

a. qz = m,zr: This 1s the time scale over which the annihilacion
process takes place.

b, qz =1/9 mf.. This corresponds to a distance scale equal to the
Compton wavclength of cach gluon.

e, qz - u:m:.. This corresponds roughly to the size of the onium bound

state (the initial state should fit into tho femtouniverse).
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This gives a spread in possible ql values from~3 Ge\'z to~100 cevz, and
a corresponding uncertainty in ag (from Figure 15) of a factor 4. Thus
the theorotical width for the T is (conservau..vely) wncertain to a factor
<60. That 1s, any experimental value within that range could be ratjonalized
as being in agreement with QCD.

Given this situation, a reasonable way to proc~ad 1s to fit the value
of oy to the cbserved T width of ~100 keV, In this way onc ayrives at a
value

a (T + 3g) ~ 0.2 (6.36)

This tmplies, from Flgure 15, a ¢F value ~10 GeV’, which is quite
acceptable. We can also Infer from simple uimensional considarations that
ths Qz-'value for ¥-decay should be about 10 times emaller. Hence, wers

perturbative QCD ideas to be acceptable for the ¥ -+ ggg decay, we should
have

3
2.
I3 KT ap |, | %% (6.3
HUE T CE DI P -3
[]

The leptonic branching ratio for the T is still poorly known. But putting

in numbers for chese widths, one finds

a (Gp)
7
a ()

Even qualitrtively this is not what is expected. From Figure 15, theve

~1,0 £ 0,2 (6.36)

should be a decyease in e, of 507 to a factor 2 iu going from the ¥ syatem

to the T system,
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The casiest conclusion to draw from tids is that the mass of the ¥
is much too low ta allow quantitative applications of perturbative QCD.
This should be no surprise inasmuch as each gluen carrles an average of ™1
CGe¥ of momentum. 1n addition, recently calculated radiative cnr:m::icnt“9
turn out to be vemarkably large, even for the T system.

A parhaps better test of perturbative QCD is to look for the 3-jet

final atate in T-decay, and also the radiativa process
T > ggy (6,37

The branching ratio for this process is estimated to be ~3%. Thesa ques-

tions atre discussed in detail by Stan Brodeky.2

7. . INCLUSION OF LICHT FERMIONS

Thus far we have not faced directly the real-life gituariom present

when the light fermions are included in tha theory. We have already

1od 4

the basic ch which oceur. The most imporcant is the

of the ¥ h Qualitatively there s not much of

an additicnal eonceptual problem. The problem is a quantitative ome:
can we underatand the classification and the masg-spuctrum--especially
of the excited regomant states--and their couplings to each other? This
question is & very big and difficult one to handle theoretically, and
will not be directly attacked here, It would seem necessary to have a
rather firm contral of the mechanism of confinement before one had firm
control of such questions.

Along with the introduction of the light quarks goes the dissppesrance
of the string, which can break due to (Heisenberg-i:ler) pair creacion,!!

Actually, the lifetime of a pilece of striry is somewhat uncertain, if
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wagons of large J can ba considered as quarks rotating about each other

and connected by a pleca of string, then their liferimes (T = 10~100 MeV)
give some weasure of the string lifetime. The relatively large widths of
charsoniir, states vhich lie above DD threshold are another indicator. But

in any case the linear p ial b complex {: e) as 1

increases, and we should mot expect that the concept continues to make
much sense when, say, Re V(r) >> 1 GeV. This is because Im V(r) grows
with r (linearly?, quadratically?) as well as Re V(r).

Introduction of light quarks will also modisy the properties of the
gluonia discussed in Section 4. Gluonia may mix with the ordinary mesons,
and will alaoc decay into meson channels. However, as already mentiomed,
these are not expected to be large effects. Eloquent argumentation for
thig has heen given by Wirten®% on rhe basis of rhe 1/N expansion, where
N is the N of SB(N). One hopes N = 3 may be “large"; as N + « one can
argue that gluonia decouple from quarks (as well as from each other!).
While probably most theorists expect gluonia to survive as distinguishable
states even in the pregenco of mixing with ordinsry mesons, a group from
ITEPS? has challenged this view, Thelr argument is based on Che QCD sum-
tules for the charmonium system and a genecralization to the gluonia. The

QCD gum rules are interesting in their own right, Weighted integrals of

the colliding-b cross are related to matrix elements of various
local operators via the Wilson op prod The
is,

P
f ds R(s) = SUU6 of vacuum matrix
p aN elements of local operators. (7.1)
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The right-hand side is calculable in terms of short-distance properties of

QCD--the more so the smaller the value of K. fu.ch some mathematical
trickery they can sum things up and also write
F 2

[ o e - mEII AR oo

0
When they consider separately the Ri associated with currents of u, ¢ and
a and ¢ ~-- M appropriately, the sum is saturated by p, w, and ¢. The
result is a successful calculation of masses and widths of these resonances

in terms of short-distance parameters of QCD!! They then turn’0 to

such as di in the b of Chapter V, created by loeal

at gauge-i; lant op such as Tr(Ez - Ez) or Ir E . i.

calor-si
The corresponding sum rules are constructed analogously to Equation (7.2).
The vight-hand side can be evaluated from the nformation already obtained
from the previous sum rules. They find that the le t-hand side can be
saturated py knowtm mesonic states such .s € or n' and there is no need
for additional distinct gluonium states. This does not of couzse prove
such states do not exist; however, it dees undermine the notion that
inclusion of light fermions does not significantl; modify the properties
of the gluonia, since without the fermions prescat thexe would be no
alternative but to saturate the QCD sum rules with gluonium states.

In the context of QCD, some of the most intoresting aspects of the
presence of light quarks have to do wich questions of symmetry--fram the
approximate chiral flavor symmetry SU(3) ® SU(3) of current algebra to

the discrete symmetries of C, P and T. The issucs involved are quite
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subtle, and we shall concentrate our attention in this section on them.
The first issues have to do with chiral symmetry., Introduction of the

fernions uw, 4, s,... adds to the QED Hamiltonian a term
e
Bierong ™ pure qop * ; "1{“ © (o - emy, ¥ Bmij}‘vj 7.3)

where the mass-matrix is usually presumed to originate from the Higgs-
mechanism of the electroweak interaction. Because the Higgs sector is

not expected to vespeet internal symmetries, it follows that mij need not
be diagonal. In fact the maes matrix may even contaln Y5+ Nevertheless,
because of the presumed diagonal and flavor-independent nature of the
kinetic-enorgy and I . 3. terms, one ¢an redefine the fields ‘Pi in such a
way that the mass term in l-ls"‘mz 15 diagonal and s free, This is an
iwportant feature: it implies (or would seem to imply) that, despite P,

C, and/or T violating effects in the Higgs sector (or whatever) responsible
for quark mass generation, such symmetry violation will not find its way

into the strong i 1on: This 1e result will be tempered some-

vhat fn what follows: the Tr f + § surface-term does induce CP violating
effects In strong interactions vis instantons. We shall come to this
lster on.

In the absence of the mass terms (a reasonable approximation for u,
d, 8}, the Hamiltoninn is invariant under independent rotations {in flavor
space) of the lefc~ and right-handed fermion Flelds

FRTRRLOY
Yy (x) UL1 le.(x)

¥4 + 0, P00 .6

]
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leading to a chiral U(S)L ® u(:)R symmetry. This is broken only by the
“small” pass terms, Eighteen vector and axial currents can be crnerreted

which in the limit @, @,, o, > 0 zre formally conserved by the equations

of motion. WHewever, one of them, the 9th flavor-singlat axial curremt,

1s not conserved because the short-distance ultraviclet divergences of

the theory do not allow it. This phenomenon is the triangle-anomaly: the
divergent graphs of Figure 19 do not allow the shifts of origin in
mementunm Space required to obtain the formal vanishing of the divergence

of this axial current.’} Defining

1. - Z [RAX (7.5)
us d=u,d, ... 15
the result ig
33 n
5 8 f % _ # . terms vanishing
——— Tt E*B+
%, - = T asm »0 (7.8)

+
vhere ne 1a the relevant number of flavors (3 fox u, 4, s). The Tr E+ B
factor should already be familiar from Section & on imstantons snd from

Appendix B. There w¢ found that the term Tr 3 . E itself is a total

divergence
2 K
LwE-f -5 a.n
4n
where the current
e
- uOBY _ e
u gn’ refa358, - 45° s, ] a.8
is gauge-d dent. The N -flcudlx measured the topological

quantum number used to classify the QCD vacuua. It might appear that the
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Fig. 19, The triangle anomaly.
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U(1) chiral symmetry could be salvaged by considering the summed curreat
-1‘] b Ju + Ku which is consesved. The conserved cherge would be in this
case

3, = - - 2 ; -
j.-fnd X2 Q. = Qso-anN (Nu N“) + zan (7.9)

flavors

where N counts the number of gauge~bubbles present in the QCD vacuum.
However, even in the absence of the light quarks, we have learned that we
cannot characterize the vacuum by the quantum number N, Because of gauge
invariance and vacuum tunnelling viz ingtantons, it is its conjugate
variable & that labels the vacuua. So also It will be for the chiral
charge QS: the varisble ¢ conjugate to 05, which is a phasa, is used to
characterize the chiral structure of the vacuum. Thia is the same as the
situation for spontaneous chiral symmetry breakdown in the more conven-
tional context: the vacuum is pot an cigenstate of the chiral charge,
We have not yet motivated why this chiral symmetry-breaking must
occur. This has to do with the instanton phenomenon. The different
N-vacuua become coupled because of the existence of a ron-vanishing
quantun tunnelling amplirude (the instanton). With fermions present, we
wust veanalyze the tunnelling process and keep track of how the quark-
states are affected by, say, the crestion of an instanton-induced gauge-
bubble.’? Consider a femtouniverse where the quark coupling to trans-
verse gluons may be considercd perturbatively (i.e. neglected). If we
are in an N = 0 gector che quark states are simple plane waves of cefinite

chirality (with the approximation LW = 0) and quantized momenta.
»

28
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Is there anything different a.out the solutions in the presence of a
gauge-bubble? The answer 1s mo: ‘only a color-dependent gauge-phase
nesd be multiplied to the quark uave-!‘unc:ions‘. The energy-eigenvalucs
{which are gauge Invariant} remain unchanged at = ;1"/—3, * le% , etc.
[No:e: for convenience we choose to quantize .:ith antiperfodic boundary
conditions V([E') = -9~ %) to avold cigenstates of zero ennrgy.] However,
we n‘ay ask what goes on as the tunnelling occurs. We ghall analyze this
problem in first-quantization. That 15, we trcat cach fermion state
individually and oaly introduce the filled Dirac-sea of negative-energy
eigenstates at a later point. Because the tunnelling is semi-classical

the coordinates of a given quark must be deformed along with the gauge-

field c 4 es. In the diate configurations between N = Q and

N = 1 there are no pure gauges; the quark finds itself in real color-
electric and color-magnetic fields. Thus the levels will shift—-and if

the tunnelling rate is slow, they will shift adiabstically:?3+7% only
degenerate fermion states wix., Wowever, as the tunnelling becomes complete,
one returns again to a pure gauge configuration-~-and therefore the same

set of emerpy levels as in the beginning. But the important and crucial

feature of thin process 1s that the matching of final levels to initial

levels is nontrivial. Some of the inirial levels move upward; others

downvard and end up, at N = 1, in different states (c.f. Figurc 20). What

does thie mean? It means that, whon on¢ d izes and ding

to Dirac hole theory--fills all negative-emergy states, the tumnelling
phenomenon takes one from the N = 0 vacuum of filled fermion statec to
an N = 1 state which is not necessarily the N = 1 vacuum. In fact, if

any of the fermion energy levels does cross zero, then the N =1 state
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Fig. 20. Schematic picture of shifts in fermion energles as a
function of wiading-number N.



- 99 -

whicn is reached will not be the natve N = 1 vacuum state. This is
actually what happens. In tunnelling from N = 0 to N =1, one negativa-
helicity state (for a given flavor) of originally positive energy dives
into the negative enerpy-sea, while one positive-helicity state emerges
from the negative-energy aca and joins with the positive encrgy states.’
Thus, the net effeet 1s chat the instanton-induced transition fr:;m the

N =0 vacuum to the N = 1 vacuum is suppressed; Instead the transition

simltapecusly creates a pair of each Flavor of "maasless” fermion, since

the levels of all flavors are shifted together. In our case, that means
the transition is sccompanied by creation of three quarks and three

antiquarks
(vac)“.o = (val:)“_l + uu dd 88 (7.10)

Renarkably enaugh,. this

P the congervation law implied by
Equations (7.6) and (7.7):

A [Z(Nki_NL1i= an aN (7.11)
i

‘Whan applied to the weak~-interaction gauge =hewry,72 this phenomenon

1s even morg sp ar. In a £ verse wich d. small com-
pared to my~, one expecta to have an esgentially unbroken SU(2) non-
Abelian gauge theory. Thus the instanton creates one left-handed

fermion from each weak doublet, comsistent with charge-conservation. For
three generations this meons:

g 2= gy + (1) 3) + (9, 0,
"6+ 6)- ()6
() 6L+ 6.+ 6),
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This camot be an accident; the triangle anomaly must sanse at the high
momenta the imbalance of fermion luvels induced by gauge-bubbles and
B

-

nonvanishing values ofj:l['x E * B. One may recall that even in QED the
definition of tho electrical-current operator requires a careful sym—
metrization between positive and negative energies. The monotonic shift
in levels of given chirality induced by ang . E term will be feit not

only in terms of levels which cross zero energy but also (in the presence

of a high-momentum cutoff) of an induced asymmetry at the highest momenta

and consequent multilation of the of the 75
What now are the stationary states? The tunnelling effective
Hamiltonian analogaus to Equation (4,6) now has an extra factor to account

for the quark pair-creation we have found. Schematically

. A
R ZN: ¢ ‘u,n-ufxs

When H' is evaluated in a 6-vacuum, tha N-dependent factor evidently

L. 4 6
(ow) @) (asve %V (f’;—") (7.12)
E

becomas a phase

For example, thie means there exist ]ABI = jaL} = 3 virtual rransitions

(vae) v (vac) +u tnt u + Cecs) + 1 + (ttb)

N+

Thus & pure 3rd generation baryon could decay inte a pure second-goneration
antibaryon, an antineutron, and 3 antileptons. Regrettably (ar perhaps
fortunately) the amplitude for this process {s extremely small, of

order

-60

’
N
2

~

sin“g,, ~ 10

=l
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2

= 6
<elute> ~ (const)ei.a/'—d—;- (o) @D ()e ° (%,1) e b hee. (79)
A 8,

For diagonal matrix-clements it Is neceSsary to contract the fermion~
flelds wk + uu>, etc.; and guch contractions vanish if the masses of the

quarks are zero. Hence all instanton-related effects will now be

proportional to the product m BaSgr where these are the curreat-algebra
masges (a reasonable estimate is m o~ & Mev, my ~ 7 MeV, m, ~ 150 MeV).

Furthermore the phasc transformations on the quark f£jelds necessary to

put the trix. into d form E_q-ilmilqi will also leave a
i
phase ¢ in the expression (Equation (7,13)) for the tunnelling energy in

a 8-vacuum. This phase is easily to be found to be
¢ = arg det .4 (7.14)

and hence the effective angle relevant to observable effects, such as in
Equation (7.13) will be

B=0~¢=0~arg det s (7.15)

Thus even 1f strong-interactions have for some reason a boundary condition
8 = 0, after inclusion of mass-generation (via Higgs-electroweak mechanisma)
the effective angle U cannot be expected to remain zero.
Thy
us far we have found that the Uy, ® Usp
ingtanton cffects to an SU(B)L ® SU(3)E gu(l)v symmetry. What about

symmetry has been broken by

spontaneous chiral symmetry breaking? The flavor-octet of axial currents
J“" - Ey“yskiq is not plagued with instanton couplings or triangle
anomalies, and one may attack the problem in more conventional ways, Even
in QED, it has been argued that chiral symmetry can be spontaneously

broken,’® 1.e. lepton wass can be generated self-conaistently by the



ucchanism illustrated in Figure 21, The same mechanism with gluon replac-
ing photon might apply in QCD. A different li‘ne of argument has been
advanced by Callan, Dashen, and Gross, / who exploit the instanton
tunnelling and proposc a mechanism as shown in Figure 22. The effective
instanton-induced gix-fermion interaction in Equation (7.13) is used to
trigger the spontaneocus symmetry braeakdown. But this is difficult to
make quantitative. Tn addition, recent explicit calculations in strong-
coupling lattice gauge theories?® are also supportive that spontanecus
symmetry brenking of SU(3) chiral symmetry will occur in QCD. In all
cases much more needs to be done before ono can be fully convinced chat
QCD does imply the spontaneously broken chiral SU(3) symmetry which
underlies the successful current-algebra and PCAG phenoumenclogy of
ordinary hadrons.

Finally, it ig necessaty to ifnquire into the implications of a
nonvanishing value of © for the questions of CP violation. Evidently a

torm in the Lograngian

(7.16)

which gerves to fix the value of vacuum-8 1s P-odd and C-oven; hence
T-odd, While formally a total divergence, wec have had ample evidence that
such a term produces nontrivial cffects. The greatest threat lies in the
experimental limit of 10'24 e~cm on the neutron electron dipole moment,
implying a value of (6] of < IO-E, It is necessary that 3 be very smail.”?
There are various points of view possible:

1. 9 1is an arbjtrary ; iramcter in the wost general renormalizable QCD
Lagranglan and, since it iz subject to divergent renormalizations from

higher order loaps, must be considered not implausibly small.
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Fip. 21. Posseible mechanism for spontanecus chiral symmetry breaking.
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Fig. 22. Possible instanton mechanism for spontaneous chiral
symmetry breaking.



2. ¥eor strong interactions one simply imposes the condition 8 = 0
by hand as a aymmetry criterfon: T-invariance of strong ‘nteractioms is
demanded from the start. This does not solve the problem completely;
weak interactions and Higgs-couplings can reintroduce a pon-vanishing 6
by radiative effects. Furthermore, these effects can again be divergeat,
S0 one can argue they are not small. On the other han’ it is not neces-
sarily so that the infinity gives a larpge value of . For example, in
the popular SU(5) grand-unified model, the "infinite" CP violating
effects only leak Into the strong interactions in l4th order. The

noninal order of magnitude 1s80

7
8 << (%) log = {7.17)

This gize im safely "smail” (-:— log ® £1 for any reasonable value of =),
3. Ve pav that in the limit of vanishing quark mass, the vacuum

tunnelling (and therefore CP violating effect) was suppressed, and that

in the presence of quark mass the tunnciling amplitude is multiplied by

a factor proporticnal to D Dy, OF better

(]
-1 oo
(Bed2) a0
u d 8/ u d

Thus, were the "hare" current-algebra mass of at least one quark to be zero,
we could avoid the prnblem,“ The best candidate is the up-quark, whose
mass 13 egtimated, from cutrent algebra considerations, to be ~4 MoV,
Howaver, zero magss 3eemd to go against gsuccessful current-algebra and

SU(3) calculations.
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4. The mechanism of qua..-mass gencration can be modified. Peccci
and Qu;l.lmsz fourd that by allowing an addltian‘al U(1) symme ry in the
Higgs-gsector, which wns then spontaneously broken, that the CP violating
phase could be sloughed off into that U(1) phase of the Higgs sector.
However, Weinbergl? and Wilczek®" then showed that there should be an
almost massless 0 Goldstone-bosen (the axion) with mnes X 10-100 keV.
The couplings of this ohject to matcer are sufficiently strong that it
should probably have been geen.?S

Among these oprions, probubly the least unpalatable is option (2):
6 1s put to rero by hand in the strong QCD theory, with the weak-
interaction and Higgs contribucions required to be a small pexturbatien.

We have In this section not provided much of any idea how thesa
effecta ure calculated quantitatively. The most appropriste and powerful
technique utilizes the Feynman path-intogral,®6 but even that method is
technically quite difficult. Considerable uncertainty remains in the

magnitude of these CP violating and other instanton-induced effects.

8. IDEAS ABOUT CONFINEMENT

A great deal of effort has gone into trying to understand the con-
finement problem, and considerable insight has been attained. Neverthe-
less, there is no general agreement that the question 1s understood, Herc
we shall only mention in the most superficial way some of che approaches:

a. Lattice QCD: One approximates the continuous system with a aingle
cubie lattice, with quarks living on sites and gauge field living on
1inks.87 The basic element 15 a line integral

B
2.4
. :{ x: (8.1)

Yo *
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connecting nefghboring sites A and B, and the action is a sum of contri-

butions of the 4U's at a time taken around an el y face (pl )

of the lattice. This theory is simplest in the strong coupling limit.
There Wilson showed®” rhar thern exists a linear potential between heavy
sources—even for lattice QED. The field chooses the shortest path between
sources, and any fluctuation costs extra powers of gz in energy.

The central problems are to comnect the strong-coupling limit to a
weak coupling theory at short distances, and to demonstrate a distinction
in that Limit betwecen the abelian QED and nonabelian QCD theories.

Ideally one should be able to compute the string-tension in terms of the
perturbation-theory parameter A which controls the value of the running

coupling e, at short di

Important progress has been recently reported. Kogut, Pearson, and
Shlgmitsu" calculate the strong-coupling expansion to several orders
and use Pade approximation to extrapolate toward weak coupling. Creurz, 89
usging a technique originated by Wilson, reducesa the problem to an equivalent
statistical-mechanical calculation of a free-energy, which ha does via
Monte-Carla techniques on a computer. Both géoups, as well as Wilson,
find evidence for an abrupt transition from weak to strong-coupling at a
eritical distance-scale, and at a relatively small value of ag~ 0.1,

b. MIT Bag: The MIT bag nodel®0 yag originally formulated?? at a
level mare‘phenomenological than QCD, It views the vacuum as a complicated
medium, and a hadron a "hole" in the vacuum which is simpler, at least
as @een by quarks and gluons. Thare is an cnergy cost in creating such a
hole; also the vacuum pressure on the hole is compensated by the pressure

of the quarks and/or gluons in the interior, leading to a stable hadrom,
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This picture has enjoyed ble logical The QCD
interest lies in making a connection of this picture to the QCD Hamiltonian,
The ideas, not necessarily exclusive, includa:

1) Princeton program, Callun, Dashen, and Gross92 argua that the
exterior vacuum (viewed 4—dimensionally) is a dense plasma of instanton
events, However they argue that in the presence of color elactyic f£ields
(4.e, in bag interiors), instanton effects ara suppressed and one has a
relatively dilute gas, Their calculation of relative properties of these
two phases rests heavily upon the use of analogies to statistical
mechanics and on taking account of couplings betwaen instantons,

2) Analo‘n with Meissner Effect: FElectric—tagnetic Duality. A
monopole in a superconductor undergoes confinement in the way envisaged
fo:‘ QCD: a quantized vortex line connects a monopole-ancimonopele pair,
praviding a linear potential.3? To exploit this analogy in QCD, one
needs to reverse the role of electric and magnetic field; the QCD string

cantains electric flux, not wmagnetic. Thexe does cxist some E+—B duality

in QCD.?% But thia program is evidontly a difficult one and at present
i{s not complete.

c. Schuinper-Dygon Equations: Another attack uses tha Schwinger-
Dyson equations, which sum up the Feynman—diagram upnnsion.95 The goal
ig typically to find a nonperturbative solution cousistent with a q_l‘
behavior in the gluon propagater, signalling a confining potential,
Praoblems include how to truncate the infinite set of coupled nonlinear
equations for the Greon's functions, how to enforce gauge-invariance, and

how to incerpret the vesult (the Green's function of the gluon is itself
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gauge-dependent). On top of this 1s the straight technical problem, even
after brutal truncation, of solwing cnmplicat.;gd sets of nonlinear integral
equations,

d. gCD Strings: This approach treats a piece of bare string,
possibly closed, as the basic degree of ireegom ingcead of poinc quanta.

1 { 3 ds

Thus the field degrees of freedom are: te ¢« The problem 1s
to establish equations of motion and a consistent quantum-mechanical
formalism, and then determine properties of dressed strings.®®

All these, and others not mentioned, are the subject matter of
courageous and difficult research. There is optimisu that the problem
can be understood; perhaps one of these approaches will provide some

answvers.

9. ALTERNATIVES TO_QCD

It ig becoming hatd nowadays to find serilous work on strong interac-
tions vhich does not start with GCD. This is less a consequence of over-
whelming evidence in favor of QCD as it is a consequence of a lack of
serious contenders. In my mind the two strongest contenders are the string-
modol and the Pati-Salam scheme. In the case of the string model, one
&imply asserts (without any backup from field theory, etc.) that guarke
are tied together by stringa of unspecified structure and basic origin.
It has a elosc relationship with dual models and the topolagical expansion
of the S-matrix., A major difference with QCD lies in the absence of
the gluon degrees of freedom., The recent PETRA data does not cncourage
this point of viey.

The Pati-Salam scheme, based on Han-Nambu intoger-charged quarks, has

vndergone a considerable degree of evolution.®” The apparent diserepancy
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with the fractional charge d in elect lon can be avoided
1f the theory is gauged. However, it appears difficult if not impossible
to avoid a low mass (<2 GeV) boson U which mix‘es with the photon and
vhich has a large leptonic width,?® This scems to be ruled out on
experimental grounds. Also, the v lepton and b quark do not fit very
comfortably into the scheme.

Why the difficulty in finding alterpatives? Tt is simply the shorc

but restrictive list of reasons listed in the iIntroduction, plus the

problem of incorporation of the part: del pi at short di
(solved iIn QCD by the asymptotic freedom property).

QCD does pass the test on these issues. It possesces as well the
distinguished pedigree of being a local gauge theory like QED, which
puts the color degree of freedom to work dynamically. It makes it no
surprise that it ia 6o widely accepted. Nevertheless QCD does naed much
better experimental support for it to be truly confirmed, For we, the
moat relinble tests are those which can be imagined to be carried out in
a femtouniverse, These include (1) measurement of the ¢*e” total cross
section to an accuracy sufficient to see the radiative correction and
(2) mensurament of ag via e*e”— qqg, with the final pactons in a highly
non-collinear final state {i.e.~ 120° avay from their neighbors). One
will then want to check the gluon spin by meesurement of angular correla-

tions in this or other processes.

10. CONCLUSIONS
QCD ia a theory of strong interactions uvhich has a starting point as
fundamental og QED. While there are major mathematical difficulties in

even a successful formulation of QCD as a quantum £.old theory, thesc
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difficulties are ameliorated by quantizing the theory in a tiny box (femto~
universe) with a small coupling constant, There do exist processes which
we observe and which in principle fit into the femtouniverse. These
processes can be calculated perturbatively; in the fewtouniverse QCD con-
verges as well as QED.

Hewever, as the box size grows there appear at least six crises:

1, The Gribov gauge-fixing ambiguity impcdes the elimination of
unphysical degrees of freedom from the canonical (temporal-gauge) formalism,

2. The running coupling constant becomes strong at large distances,
and pertuchation theory gaes out of cantrol,

3. Large instanton effects occur, complicating the question of
topolegical structure of the QCD vacuunm,

4. The vacuum rotor-modes mix with transverse-gluon wmodes and may
have significant physical effects,

S, Gluonium and/or color-singlet hadrons should appear as asymptotic
states and quarks and gluons should disappear. How (and at what distance
scale) does thia happen?

6. With light quarks pTesent, epontancous breakdown of chiral sym-
metry should occur. Again at what distance scale (and how) does this
happen:

But while there remnin many unansuered guestions about the large-
distance aspects of QCD, the small-distance behavior appears to be
comprehensible. If the theory is correct, tte problem of understanding
atyong~interaction dynamics can te a great extent be decoupled from the
problem of incerrclating the strong, weak and clectromagnetle force at
extremely short distances. Thot alone would be a great step forward tn our

undevstanding of clementary particles.



APPENDIX A

One nf the Maxwell Equations
{8 - Exio> - egv(x.:)}v -0 7%
is an equation of constraint. The existence of this constraint is con-
nected with the residual gauge-invariance of the theory: the condition

-50’0 does not completely fix the gauge. Time-independent gauge trans-

formations
LN S o .2
with
a3
3c° 0 (4.3)

can be still carried out. The Gauss-Law operator (:15 . E - c_._[°) is actu-
ally the infinitesimal gencrator of these gauge transformations. To sce
this write
$(x) = 1 ~ Ledf(x) (A.4)
with SA(x} a 3x3 watrix. Then by definiticn
B=i-1 e, A+ Faa0o (A.5)
Now in the big Hilberc-space of quancized fields we write the unitary

cransformation #
#e1xt e fady in B - el () B (3.6)
Then osing the canonleal commutators, we find

rioont L e+ Ta (.

with $A(x) given above in Equation (A.5).
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Tikewise the unitary transforwation of the quarks 18 also generated:

a7« Q4 tedh(x))gix) (a.8)

The Hamiltonian has a very large symmetry under residual gauge trans-
formations, The idea of gauge-fixing is to find all the extra trivial
coordinates and remove them frow the formalism, In QED this is emsy to
d0,- as was illustrated in Chapter 3.

Row we ask what the corresponding pracedute is im QCD. Evidently
we would like to copy QED as much as possible, We may do thils as before
by introducing transvarse and longitudinal parts of E and K and ¢ Liminat-
ing -A-l. and 'F-‘L from the theory. We begin with the electromagnetic poten~
tial and assume there exists a time-independent gauge-transformation

which renders l purely tranaverse
Y. Z‘ =0 or Al- ry 4.9
This is not self-evident; the equation for the gauge-transformation § is
Yo ee s Ry -0 (A.10)

hich s not at all tramsparemt. (Note that for QED, with S=el® tne

above equation is just
a-3.3% A.11
A~ T ¢ )

which allova the solution

- 3,1 L
ACx) fd y ,‘W(vy i) (A.12)
If this i{s carried outr, then ‘-R-L is removed from the Hamiltonian, inaswuch

as H 1s invariant under such gauge transformations. To remove EL' define

E-VQ+ET (A13)
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and eliminate § vsing the Gauss' law constratat

D-

e
1

USSR %

- Tepg-aefR -] < ey (A.18)

It 15 easlest at this point to expand all 3 x 3 marrices in terms of -

matrices. Then OA can be obtalned formally via

A 3, . BCD - *C B
O fa y l\AB(x,y;r\)[cf Ag(y)~ B + eJO] (A.15)
with the kernel K "defined” by

@ . B)AE ROx,¥3A) 5

s VZK(x,y;A)Ac - er‘“i‘; - B - Six-y (A.16)

In ghorthand notation

Row = (A.17)
With ¢ defined above, we finally end up with the Hamfltonian

u- ﬁ’;{n(gj O (/S L WA Ry S am)v} a18
This somewhat cumbersome form directly goneralizes the procedure in QED.
1t 1s quite satisfactory for weak-coupling applications, but unsatisfac-
tory fot atrong coupling. This is because it 18 kaown that there exist
homogeneous solutions for the Green's function K. Roughly speaking, the
KT' § term 16 a potential which supports “bound states"” provided A is
big enough. If the region where A Ls large has a size L this mcans A 2
1l/el in order to compensate the kinetle-enorgy term.

Another way of seeing what this means i{s to look at the gauge-

conditlon

<t
4
[}
©

(A.19)
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We assumed this could be done in a unique way. However, existence of
howmogeneoua solutions of 3 . §9_ = 0 implies that the ahove coundition,
Equacion (A.19), is not unique: namely there exist gauge-equivalent
fields which each satisfy ¥. Z = 0, That is, when 4 is chosen such

that these solutions are close to each other we have

T-Ra¥. .G+ -0 (A.20)

However, from Equation (A.6), (D-E-&_{o) generates gauge transformations

& [ i - pmaam.ieol
= Bay (4.2
Hence
¥ - §5A =0 (A.22)
fon-trivial solutions of Equation (A.22) thus imply that fixingz

to be tranaverse does mot mean that the gauge has been flxed,
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APPENDIX B

Even the vacuum of QCD turas out to have a qulte complicated struc-
ture for essentlally topological reasons. We shall enter this subject here
from what 1s apparently qulte an oblique way., 1t 1s not the historiecal
path, but we hope it is more physically couprehensible.?? We stare by

adding a term tn the Lagrangian density of the theory with rhe form

eze

Hv_af
- Tr ¢ FF
J2nt wvad
2 2 R
2l P21t (B.1)
16n ld 4
where the dual ¥ of F_ s defined as
e v
~ 1 a8
v ® 2 %uvaaf

That is, the dual of E is E. and vice versa. This interaction term is
evidently parity~violatlinmg but C-conservimg; hence by the TCP theorem

also time-reversal non-invarfant. We might ask vhy in the world one

would gratultously throw such a coupling into the strong interactions.

One answer is why not: the term is renormalizable 20d there 1s a school

of thinking that says that one should write down the most general renar-
malizable theory whenever possible. But even if onr restricts the

strong interactions by hand to be CP-invariant by sctting 3 = 0, CP vie~
l2.lon elsewhere in the theory can eventually .eak back {nto the strong

interaction and iaduce such a term. So it {5 reasonable to expeet such

3 coupling at some level, even if it is quite small. However this ix

not the only reason that such a term s of ilaterest. The OFF tnteraction
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18 quite peculiar, hecause 1t turns out that the Lagranglan density '
is a total divergence. This implies that the Lagrangian L can be written
a8 a time derivative of a function of E To see this easily we go to
A0 gauge and write

)
2
L-e—c—‘rrff < B a%
S IrfE - B
4

2 a, 94
fe 3 ~0
it Rt T [axk 1"5_151]

2
- 5‘1{{% nfdi‘x iy [% ey -3 bxbjbu]} (8.2)
vhere we have mssumed that A vanishes 88 ||+~ so that integration by
parts way be carried out. Now when the Lagrangian contains a total time
derivative, it is a siople matter to calculate its effect. We review
tbia for a system wicth a finite number of degrees of freedom., Let

. . dR(q,)
L(q,q,) = Lgla;.4,) +—3¢

. s 2F
Lyagsa) + )’1; & 3, ®.3)

The equations of motion are unchanged:

3L 2L 2
4 3L 3L d (1} 0 d 3F « AF
s 2L g [ P B T (B.4)
T 361 39 [d: ?q, qu] [d: ECT aqiz]
old new

The Hamiltonian formalism changes a lictle. The new momentum is

aL,
0, aF (o) , AF

-0 2F + 2E .

PTG, T " 2, (8.5)

However the Hamiltonian remains form-invariant (in order to preserve the

equationa of motionl):
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H(py.qy) = 21 Py - L

and

[pi.ql] - [pi“’.q:] - -8y, ®.6)

Thue che effect of the extra term F can be- taken into accoune by ilncor-

porating an extra phase into the wave function. That is, 1f

v, )
novocq,:) -1 (.7
then upen defining
a6 = @Dy .8
one finds
H(p,q)¥(q,t) = & -a—v—(aﬂg—Q (B.9)

inasmuch as cﬂ(q)pl-“(“) =-p - -g% . This looks like it has a trivial
effect on the theory. The spectrua of eigenfunctions and eigenvalues of
H are simply determined in terms of those of HO' In particular the
energy-eigenvalues are the same. For QCD, the transformation on the
great big wavefunction for the field-theory is glven by

von) = e WA 0y @.10)

vith

2 A
e 3 1 ~ pt
N(A) = = T [ ey, ['z’ A 5—1 - —3‘-4153%] (8.11)
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Why is this of any interest at all? For pure time-independent gauges

> »
(EmB=0) the operator N takes the form

3
- -ie 3
Nz Npum gauge Pt Tr fd'x L A AjAk (B.12)

=Ry {B.13)

It is here that topological considerations enter. If we make an infini-

-
tesimal, time-ind d gauge ion on the above A which van-

ishes at » we find
' A () + [8A(x), A;(x)] + 7 8A(x) (B.14)
and

SN =

2

B e R A U

=0 {B.15)
Thus N 1s invariant under Infinitesimal pguge transformations which
approach the idemtity transformation gs x » =. Thus it is also imvariant
under finite gauge transformations U of the same type which can be
reached from the identity continuously, It might seem possable there-
fore to restrict ourselves to potentials }_( which can be rcached continu-
ously from the trivial potential E = 0; in this case (in the absence of
gauge fields E and B), N would vanish and the wave function would mot
depend upon 8. What follows will demonscrate that things aren't that
simple and that (1) chere exist other pure-gauge field-cnnfigurationsz
which cannot be reached from the identity by gauge-transformations (at

least those which, approach unity at ; + =), and which are characterized
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by integr- elgenvalues n of the N-operator, and (2) chese n states are
dynamically coupled vogether {by the instanton phenomencn), and that
(3) the coupling is important enough that physical observables depend
upon §, despite the yact that its presence iu the Lagrangian did net
affect the equations of motion of the theory.

To do this, we simply exhibit a prototype example of a gauge func-
tion which produces a non-vanishing value of N. We write, as in the

text
&2
U=Cexp [—‘T‘i f(r)] (8.16)

with C some constant matrix and with the Pauli-matrices T = (xl.xz.xr)

oLlL0 0-i0 1L o0
- 100 AP i 00 3= 0-10
000 0 00 0 00 {B.17)

defined as the first 3 of Gell-Mann's A-matrices. The topological games
come from the curious coupling of internal-symmetry matrices T e coordi-~

pates. In order that U+ 1 as r + @, we must have, aa r + =

() »m  and ¢ = DV (B.18)
with o an integer. In order that U be nonsingular as r + 0, we must also
bave £(r) + 0 a5 r + 0; hence I+ (-)" as r + 0. The integer n will in

fact provide the characterization of the n-vacuna. BHecause N is invari-

ant under gauge tr! fons (provided they are trivial ac

the bouniary) vwe may choose a simple form for £{r), in particular push
it out mear to the boundary of che region, which ve take as a large
sphere of radius R. Notice that the action of U is to Totate a quark in

the fnternal space by nn as one goes out to = from the origin. The axis
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of rotation In the 1 space is d dent on the direction in real
space that one travels, To calculate ﬁ we take a small solid angle
AR near the north pole (x3 ~ R; xl,xz small) and ealculate the components
of § with

tea, = g'lvig (8.19)

and. § given by Equation (P.16). Elementary estimates give

47
-1
LeA‘ TQ C[—rl ain f(r)] + temms odd iun x

g_ [— sin f(x‘)] + terms odd in y

tep, ¥ it g— (8.20)
The terms odd in x and y will vanish upon averaging over a region cen-

tersd aympetrically about xey=0. Insertion into Equation (B.12) for N

ylelde
Al'h-—_'lz- + 6 - 21 faxay -"—'—sm £(e)E7 ()
24m ll
X,y srall
or
m
" 1 2
N= -3 de df sin” £ » n (8.21)
]
2n

What have we accomplished? For one thing we have finally uncovercd the
resaon for the factor 32"2 in Equation (B.1). Buc we cmphasize that it
1s not yet physica: we have merely found a topological classification

of gauge-potentials Z in terms of a eingle integer n. If onme restricts
cneself to potentials which vanish at spatial infinity, then there 1a na

gauge-transformation obtainable from the identity by a product of
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infinitesimal transformations which takes a potential (haracterized by
one n-value to a poteutisl characterized by a different n-value.

Enter the instanton, While the n-vacuua ;te only coupled by gauge
transformations aonvanishing at the surface at =, there can be dmnmicnl
coupling af the n-vacuua. For simplicity cansider traveling im A-space

{remember the A(x)'s are coordinates in the great big Hilbert-space; the

_E.(x).‘s ara gomenta) from the origin A =0 in a straight line to an A(x)
in the topological sector n = 1. The intermediate A's cannot be pure
gauge; hence by definition there will be B-field in between. Thus the
potential energy

va) = 1 f o B2 (2.22)
Increases as one proceeds away from n = O and then must decrease agaln as
ona reaches the n = 1 pure-gauge comnfiguration {c.f. Figure 6). Bescause
the great big Hilbert spsce is so multidimensional, there are many paths
ong may travel in going from 4 = 0 to the n = 1 gauge coafiguration;
nevertheless they all shate the feature that there is a potential barrier
{unless one travels via the coordinates on the boundary), However even if
one cannot go around, one can still go through the barrier by quantum
mechanical tumnclling. Suppose that e Is small, Wo sew chat for a glob of
potential with n > O and spatial extent ~L, we pust have dimensionally

(c.£. Equation (B.12))

a1 (.29
or
Azt (B.24)
el "

The intermediate B-fiald would then be expected to be

1
| (8.25)
a?
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V() ~ 2 (B.26)
e

The height aof the barrier is —e_z; hence for small e we have a large
thick barrier and a small tunnelling probability. For such a situarion
{and only for such a situation) there exists an easy, albeit rather
crude, estimate for the tuunelling amplitude: it is the semiclasgical
approximation. To get the answer, again retreat to a system with a

finite number of degrees of freedom.
1 Lt 2
LS 12_:1 LR A [CHR ) (8.27)

with v(0) = O and V(Ql""'QN) = 0, Por a big thick barrier we write in

the classically forbidden region

o) ~ 5@ (8.28)
The tunnelling umplitude is chen ~e_‘s“» - 5(0)1. When S 15 large
(coefficient e_z), the unwritten factors which normalize the wave func-
tion are relatively inconsequential. There does exist a rather sophisti-
cated l:et:huulogyw'J for their calculation (the old-fashiomed way involves
what 1s known aa the Van Vleck determinant!®l) but we shall not go imto
this aspect of the problem here. If will be enough to obtain $(Q). The

equation for § in semlclaseical approximation (3V/3q small comparad to

rate of falloff of ¢) ie

%Zi(:—:i-) +Vg) =0 (8.29)
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QOther than a change in relative sigm, this is just the Hamilton-Jacobi
equation for the phase point Z in the porential V(q). The sign-charge

S instcad of the WKB eiS) allows us to inter—

(which originates in the e”
pret Equation (B.29) as the real classical motion of the phase-point 'E
starting at rest at the origin and ending at the point Q (again at rest)
in an attractive potential v¥{q)=-V(q). The quantity S(Q) is, from
clasgical theory, the action J associated with such 2 classical motion

starting at O and cnding at Q. To see this, simply rtetrear from the

Hamileonian formalism, writiag

Pi'

35(q) 2 2L v =
.3“1 H-2¥pi+v(q) 0

s . S
L= Fog ~t= gpiqi - ?qi-—- (B.30)
Hence the action J is given by
“ . 38
J- Lde = ar Y, &, 2= = 5(Q) ~ 5(0) (8.31)
J J . T 1 qu
1nasmuch as the motion begins at qi-O and onds atc 9%~
One last point before reverting to the real continuum QCD problem:
instead of changing the aign of the potential, we could equally well

change t to it, since the equations of motion
7 == (8.32)

undergoe the desired sign change.
L2t us now recapitulate. We get a tunnelling awplitude by the fol-

louing procedure
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1) replace t by it;

2) salve the classical equations for this system, requiring
i-i-oatt*n {and for us i(x) andE(x) +Qasx==
as well);

3) calculate the classical actipn J for this sclution, The
deaired tunnelling amplitude is then -e—".

We aee that we need a classical solution of th~ Euclidean QCD equations
with finite action in order to couple together all the n-vacuua. This
solution was found by Bela“in et al.3% To find it, it J: best to abandon
,QO-O gauge and exploit the full 4-dimensional symmetry of E\f_li_de_an QCD.
We search first for the form of the potentials Au as ¢ =Jt° + X + o,
They must be pure gauge, fall >£f as p_l and involve the Pauli-matrices
?. A choice which satisfies thig and looks right is
t+ X T

et

D=

(B.33)

This has a singulerity at the origin but, as we shall soon sece, otherwise
bas the right properties to induce a transition between states of differ-
ing n. Then a choice for the solution 18
tea = €01 (8.34)
4, < 48
with
£() + 1 pr=
£p) + 0  p =0 (B.35)
Direct, tedious calculation shews that
2
£e) = 54— (8.36)

pl-i-ll
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does the job. The potential 4A-|1 i indeed mo longer singular at x = 0,
and the QCD equaticns of motion are satisfied,

We now can put together all the pieces. In doing this let us again
recapitulate what we have done. We introduced a term into the Lagrangian

2
density ' of the forn <% Tr¥ T, This rerm is a total divergence
L

ea"x“; hence the Lagrangian L wi1 modified by a total time derivative
3 3,
dt
function in the great big Hilbert space. The phase-~pperator BN = ?/1'13::!(0

[ k°d*x which simply put a coordinate-dependent phase on the wave
in a representation in which the potentials are diagonal, measures a

topologtcal property of the potentials, characterized by an integer n.

Tuanelling b states of di t n is possible if there exist

classical solutions of the equations of motion with finite action, and
which (in AO-O gauge) take one from a pure gauge configuration of given
U At t=-= to a pure gauge configuration of a different n at tw=+=, We
apparently found auch a solutiom, albeit in a different gauge., To show
that the solution indeed induces a tunnelling transition between states
of different n, we introduce in the instanton gauge potentiel at large
distances, Equation (B,34), the polar coordinates shown in Figure 23.

t=p cosy

trwpain (8.37)
We may then write
T Ty
Yewe 1 (B.38)

Hence at y » 0 (t++a, r+0) U=-l,

while at ¢ = = (t+-o, r+0) U=+1, Now make a continuous gauge trans-

formation to a new U such that
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Y=-1

Instonton

Before

Jsran

Fig. 23,

Effects of a gauge transformation an the asymptotic gauge
potentials surrounding an_ instanton: (a) "Covagiant gauge”
and (b) n gauge fn which 4 = 0 in the past and A {5 an
expanding gauge~bubble in the futurwc.
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N
y=-e L—i £00) (8,39)

.

with £(0) =0 and £(7) =7 unchanged, but where £(¢) makes the flip from

0 to m ac small angles (i.e., in the future). Thus in the past U=1 gnd

EE 0, while in the future U takes the same form ag ve had for the proto-

type gauge configuration with n = 1. It follows that the instanton

induces 3 runnelling transirion between topological secrors with |an| = 1,
Teo calculate the tunnelling amplitude associated with a single

instanton, we need calculate only the Euclidean action J of the fmstanton,

It is

3 = u-fd"x &2+ 8H
2 z-n-fd"x £.8 (B.40)

by the Schwartz inequality. We use this incquality because we Tecall
+ >
that E« B i3 our total divergcuce, already evaluated from topological

cansiderations. From Equations (B.2) and (B.11)

8nl

zrrfd"x_i_-j, - X ——[N(») -ne=)) = 8 @an
e
-gn?/e?
Hence the tunnelling am;litude ia g e . It is in fact the case that

the instanton solution is self-dual, i.e., E-E, and the {nequality {s an
equality.

We now can crudely estimize the effect on the wave function of the
system. The situation is analogous to the problem of a particle in a

periodic potential
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W)

ne=0 n=l ne2 .. A

The ejgenfunctions arc not packets localized near A = 0 (n=0), but instead

the Bloch-waves

vy (8.42)
o

This i3 in fact the structure we already constructed from use of the
gauge-invariant surface teru. This much fallows esseatially from a
requirement of gauge-invariance snd not of existence of instantons. What
the ingtanton does 1s to provide a coupling between n-vacuua which is
pot a gurface-effect, bur a velume effeet. That is, the effective
Hn‘nill:unian for tunnelling between adjacent n~vacuua will, for dimen-
sional reasons, be

2

o

7
n'~):vf% e ® M gnna (8.43)
n

The volume factor V occurs because the imstanton can be located anywhere
1n space (1.e., the choice of which get of coordinstes Ai(x) do the
tunnelling is open and must be pummed over, Likewise the instanton size

A is atbitrary nr;d must be sumed over). Since H' has dimeusion of

inverse length, dimensjoral analysis gives the weight factor. There 1s

an additional factor 2‘12 which requires study of the Van Vleck determinant
which normalizes the wave function at the classical turning poing.-00:101

The integral over A is infrared-divergent; hence in a finite and very

& 11 volume, the most important instsaton is the one which just fits



into the box. If the box 13 small enocugh that perturbation theory ia
Jugtified, then in fact the instanton effects remain very small,
s

The effect of B' on n 8~state is aimple to calculate. Recall

ing
jo> = En [ \sn(k) {B,44)
and
- 82
2
u* - k d  e“(d) 1in@
5 le» a2/ 5 Z“ e E"n-x(") + Wn+l(A)1 (B.45)

vhere W“_l(A) and \Pml(A) differ from “.‘n(A) by an addittonal lump of
gauge configuration somewhere. Thus a @-vacuum is an eigenfunction of

B'/V with eilgenvalue

_a
wiles o 2locon fdb 0700 (B.46)
(%) A

vhere in general |3> might not be equal to |8> but could b. deformed

inte it by a continuous gauge traneformation, However physical states

are to be gauge-invariant; hence for states ]8> in that subspace of the

great big Hilbert apace which are physical, we can zeplace |8 by le>.
Hence for practical purposes H' 1s in fact diagonnl, We zee in particu-
lar thet the vacuum energy density is 8-dependent, with 6 =0 being the

state of lowest energy.
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