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TRANSITION FROM MIXED TO FORCED CONVECTION FOR OPPOSING 
VERTICAL FLOWS IN LIQUID-SATURATED POROUS MEDIA 

Daniel C. Reda 

Sandia National Laboratories, Albuquerque, NM 87185 

ABSTRACT 

Mixed-convection phenomena can occur within liquid- 
dominated geothermal reservoirs due to interactions of 
injected flows, or ground-water flows, with the buoyancy- 
induced fluid motion. This problem was studied ex- 
perimentally and numerically for the case of oppos- 
ing flows about a vertical heat source in a liquid- 
saturated porous medium. The ratio of the Rayleigh 
number (Ra) to the Peclet number (Pe) was iden- 
tified as the nondimensional parameter which char- 
acterizes the relative influence of buoyancy-driven to 
pressure-gradient-driven fluid motion. The transition 
from mixed to forced convection w& numerically de- 
termined to be (Ra/Pe) # -0.5, where the minus sign 
denotes superimposed downflow. Agreement between 
measured and predicted thermal-field results showed 
that the finite-element code of Gartling and Hickox 
11982 a,b] can be used to model low-temperature (single- 
phase) geothermal reservoirs throughout the natural, 
mixed, and forced convection regimes. 

tion pressure, reducing the extent of local boiling near 
the production well, and thus increasing the useful life 
of the liquid-dominated reservoir. 

In the present research, an experimental and nu- 
merical study was conducted to address the problem 
of mixed convection in liquid-saturated porous me- 
dia. Buoyancy-driven upflow was induced about a 
cylindrical heat source immersed vertically in a uni- 
form liquid-saturated porous medium; this natural- 
convection state was then systematically perturbed 
by the superposition of pressure-gradient-driven flows 
which opposed the buoyancy-induced liquid motion. 
The Reynolds number based on the superimposed pore 
velocity and the average particle size remained always 
less than unity to ensure the applicability of Darcy's 
law. 

Attention is focused in this paper on defining the 
transition from the mixed- to the forced-convection 
regime. 

EXPERIMENTAL APPROACH 

INTRODUCTION A schematic of the axisymmetric test vessel is shown 
in Figure 1. The vertical annular region containing 
the liquid-saturated porous medium had a radial gap 
width Ar = 20.96 cm, and was bounded by an inner 
cylinder of radius ri = 0.95 cm and a concentric outer 
cylinder of radius r,, = 21.91 em. The inner cylin- 
der was comprised of a finite-length heat source, sup- 
ported above and below by insulating sections. Power 
input to the heater was held constant at P = 198.8 
W/m over a heated length 1.9 5 Z/Ar 5 3.1. The 
overlying liquid layer, and the outer circumference of 
the test region, were both maintained isothermal at 
21.5"C. 

were created by introducing pressurized water (at 21.5"C) 
into the overlying liquid layer through injection ports 
located in the upper boundary, while simultaneously 
withdrawing water from the medium through screen- 
covered bleed holes distributed across the lower bound- 
ary. Superimposed upflows were created by reversing 

A recent assessment of low-temperature geother- 
mal energy resources presented by Sorey [1982] shows 
that significant quantities of usable energy reside in 
hydrothermal convection systems. In these liquid- 
dominated geothermal systems, buoyancy-driven wa- 
ter motion occurs in the vicinity of high heat flux re- 
gions. In some cases, these high heat flux regions may 
be vertical, e.g., the magmatic intrusions discussed by 
Cheng [ 19761. 

The potential occurrence of mixed-convection phe- 
nomena in liquid-dominated geothermal reservo& has 
been discussed by Cheng [1977], O'Sullivan [1980], and 
Morgan [1981]. Superimposed flows through geother- 
mal reservoirs can result from two sources: natural 
and/or man-made. In the first case, subsurface ground- 
water flows interact with the buoyancy-driven 5uid 
motion. In the second case, cold water may be in- 
jected into the reservoir in order to maintain produc- 

I Superimposed downflows within the porous medium 

. 
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Figure 1. Schematic of Apparatus 

this procedure. The volumetric flow rate was main- 
tained constant for each test; measurements of this 
parameter yielded a value for the average superim- 
posed pore velocity, vp (where negative values for 
denote downflow). The porous medium was comprised 
of glass beads, essentially spherical, with the following 
measured properties: average diameter, a = 650gm; 
porosity, 4 = 0.34; permeability, k = 611 x 10-l2m2; 
and liquid-saturated thermal conductivity, K, = 0.87 
W/m-"C. 

The two dimensionless parameters which charac- 
terize the present problem are the Rayleigh number, 
Ra = (p/g/3,ATkri/g,ae), which quantifies the poten- 
tial for buoyancy-driven liquid motion, and the Peclet 
number, Pe = (vpri/aa),  which quantifies the influ- 
ence of the superimposed flow. Here, pf is fluid den- 
sity, g is the gravitational constant, p, is the volu- 
metric expansion coefficient for the liquid, AT is the 
difference between the average heater surface temper- 
ature and the outer boundary temperature, g, is fluid 
viscosity, and Q e  is thermal diffusivity of the liquid- 
saturated medium. If Ra and Pe are based on the 
same length scale (e.g., ri) then the ratio (Ra/Pe) 
can be used to characterize the relative influence of 
buoyancy-driven to pressure-gradient-driven fluid mo- 

tion. As this ratio becomes large, natural convection 
dominates. As this ratio approaches zero, forced con- 
vection dominates. Mixed convection occurs in the 
intermediate regime, where (Ra/Pe) is of order one. 

Transient and steady-state natural convection ex- 
periments were conducted with this apparatus by Reda 
[1984]; Ra, based on ri, was measured to be 7.25 for 
P = 198.8W/m. In the present work, vp was varied 
from -391 to +233 gm/s, yielding a Pe range of -17.9 
to +10.7 and a range for the ratio (Ra/Pe) of -0.41 to 
+0.68. The maximum value for the Reynolds number 
[p, I vp ,maz  I a/g,] was 0.26, assuring the existence 
of Darcy flow under all test conditions. In the present 
paper, we focus attention on the case of superimposed 
downflow. 

THEORETICAL APPROACH 

The finite-element code of Gartling and Hickox 
(1982 a,b] was used in the present effort. This code, 
called MARIAH, utilizes Darcy's law as the momen- 
tum equation. The porous matrix is assumed to be 
rigid and in thermal equilibrium with the fluid. Den- 
sity changes are allowed to occur in the fluid solely 
in response to changes in temperature. In accordance 
with the traditional Boussinesq approximation, the ef- 
fects of such density changes are accounted for in the 
buoyancy term in the equations of motion and are ne- 
glected elsewhere. The fluid is treated as Newtonian, 
and the effects of viscous dissipation of energy are 
neglected. Thermal-dispersion effects, spatially de- 
pendent permeabilities, and temperature-dependent 
properties for the liquid can all be modeled. Two- 
dimensional geometries, in both rectangular and ax- 
isymmetric coordinates, can be treated. 

RESULTS 

Figures 2 and 3 show numerically predicted stream- 
lines and isotherms for several vp 5 0 cases. (These 
plots are meant to provide visual overviews and rel- 
ative comparisons, hence individual contours are not 
labeled; quantitative comparisons of predictions and 
measurements will be given in subsequent figures.) 
Note first the natural convection results (for Vp = 
0). As a result of the constant-pressure, permeable- 
surface boundary condition imposed across the upper 
surface, essentially all of the streamlines were pre- 
dicted to be U-shaped; i.e., fluid exited from the porous 
medium near the inner cylinder in a region of buoyancy- 
driven upflow, while an equal mass flux of fluid entered 
the porous medium near the outer boundary in a re- 
gion of downflow. Isotherms showed that the thermal 
energy input to the liquid-saturated porous medium 
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was convected upward along the inner cylinder bound- 
ary. Temperatures of the porous medium adjusted to 
match that of the overlying liquid layer in the immedi- 
ate vicinity of the permeable interface. Minor temper- 
ature increases occurred immediately below the heat 
addition region due to conduction heat transfer within 
the inner cylinder materials (an effect accounted for 
in the solution procedure). 

Consider now the evolution of the mixed-convection 
velocity and thermal fields. As the strength of the 
superimposed downflow was increased, the buoyancy- 
induced upflow along the inner boundary was at  first 
retarded, then stagnated, and ultimately suppressed. 
As a result, a closed, recirculating-flaw region, or cell, 
was seen to form, decreasing in physical size as the 
downflow Peclet number was increased. For those 
cases where a closed cell (bounded on one side by 
ri) was predicted to exist, the downflow streamline 
along the ti boundary was predicted to "separate" 
from this boundary at the uppermost extent of the cell 
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and "reattach" to this same boundary at the lower ex- 
tent of the cell. In other words, the local pore velocity 
along the ri boundary was predicted to change direc- 
tion at each of two locations, upflow occurring along ri 
between reattachment and separation, with downflow 
along ri at all other locations. Predicted cell occur- 
rence and predicted cell height (distance between sep- 
aration and reattachment) thus provided information 
which could be used to quantify the (Ra/Pe) limit for 
the transition from mixed to forced convection. 

Predicted isotherms showed that the natural con- 
vection of thermal energy in an upward direction changed 
to a forced convection of thermal energy in a down- 
ward direction as I vp I was systematically increased. 
The relationship between predicted cell height and the 
corresponding thermal field (both measured and pre- 
dicted) will be explored later in this section. 

Figure 4 shows measured and predicted tempera- 
tures (Ti) along the ri boundary, at each of four verti- 
cal locations, as a function of superimposed flow con- 
ditions. For vp > 0, at all measurement stations adja- 
cent to and above the heated region, Z values mono- 
tonically decreased from natural convection values as 
Pe was systematically increased from zero, consistent 
with the increased convective cooling of a constant- 
heat-flux source. For superimposed downflows, as the 
magnitude of the Peclet number was increased, 2;. val- 
ues above, and adjacent to, the heat source initially 
increased, reached maximum values, then decreased. 
To better interpret these downflow results, we focus 
attention initially on the Z/Ar = 3.5 measurement 
station (above the heat source) then progress sequen- 
tially downward in the direction of the superimposed 
flow to other measurement locations. 

steadily increased above its 
natural convection value as [Pel was increased from 
zero to = 4, indicating a steadily increasing retarda- 

For Z/Ar = 3.5, 
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Figure 4. Inner Cylinder Surface Temperatures as a 
Function of Vp 
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tion of the thermally driven upflow along the r, bound- 
ary. A maximum Ti value was reached at this location 
for IPelss 4, at which point a small additional increase 
in lPel caused an abrupt reduction in Ti to a tempera- 
ture equal to that of the injected liquid. This response 
is clearly indicative of local upflow stagnation at this 
elevation, followed by a suppression of the upflow stag- 
nation point to some elevation below Z/Ar = 3.5. 
The attainment of a maximum value at any ele- 
vation above the heat source could thus potentially 
serve as an indicator of downflow separation from the 
ri boundary. (This point will be discussed in more 
detail with Figure 6.) 

Similar T, versus Pe responses were observed at the 
Z/Ar = 3.0 and 2.0 locations, the attainment of the 
maximum Ti state occurring at progressively higher 
lPel values as the Z/Ar elevation under scrutiny was 
lowered. Temperatures near the top and bottom of the 
heat source “crossed over” just after the (Ra/Pe) = 
-1 condition was reached, indicating downflow along 
some, or all, of the heat addition region. The Ti value 
at Z/Ar = 1 rose above the ambient level for all Pe < 
0 states, indicating the formation of a thermal wake 
downstream of the heat-addition region. As can be 
seen in Figure 4, numerically predicted results were 
found to be in good agreement with measured values 
Over the complete vp range investigated, thereby cor- 
roborating the overall picture of upflow retardation, 
stagnation, and cell suppression given by the stream- 
lines and isotherms of Figures 2 and 3. 

Figure 5 further expands on the results of Figure 
4. Here we see a plot of the vertical temperature dif- 
ference along the heated surface, 

AT, = & (at Z/Ar = 3) - 2;. (at Z/Ar = 2) 
as a function of the superimposed average pore veloc- 
ity. For vp 2 0, AT, was positive, reaching a m a -  
imum measured value of + 24OC for weak superim- 
posed upflow, where (Ra/Pe)e 5. For rp < 0, AT, 
steadily decreased as I vp I was increased. A rapid 
crossover from positive to negative values occurred 
just after the (Ra/Pe) = -1 condition was reached. A 
maximum negative value for AT, of -23°C was mea- 
sured for (Ra/Pe)e -0.5, essentially equal and oppo- 
site to the maximum upflow AT, value of + 24°C. 

It should be noted that this measured (and pre- 
dicted) trend for AT, as a function of average super- 
imposed pore velocity implies that the thermal re- 
sponse of a buried, finite-length, constant-heat-flux 
source could potentially be used to measure ground- 
water motion. Similar observations, based on analytic 
results, were reported by Romero 119831. 
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In Figure 6 we show the loci of predicted sepa- 
ration and reattachment point locations along the ri 
boundary as a function of the superimposed downflow 
pore velocity. The vertical extent of the heat addition 
region, wherein P = 198.8 W/m, is shown for refer- 
ence. Also shown is the locus of predicted maximum 
1;. “states”, or values, in comparison with measured 
data. Each pairing of a vp value and a Z/Ar eleva- 
tion on this locus corresponds to the attainment of 
the maximum condition, at that particular eleva- 
tion, as vp was varied from zero to minus infinity (see 
again Figure 4). 

Let us focus attention initially on the computed 
velocity field results. Three flow regimes, labeled I, 
11, and 111, were found to exist. In the first regime, 
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-t - _  I e 

-100 -200 -300 
Up (pm/r) 

11: -3.17s RWPO< -0.~1; CLOSED CELL SOUNDED SY ri 
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111: -0.61 d Ra/Pe 0 : ONLY DOWNFLOW EXISTS. 

Figure 6. Cell Height as a Function of vp; 
Definition of Flow Regimes 



bounded by conditions -m <Ra/Pe< -3.17, the up- 
flow streamline along the ri boundary reached the 
permeable interface at Z/Ar = 4, hence no sepa- 
ration point existed on the ri boundary. Reattach- 
ment of a downflow streamline to the ri boundary 
did occur everywhere within this regime, even for the 
natural convection case. In the limit of Pe = 0, a 
very weak counter-rotating cell (not shown in Fig- 
ure 2) was predicted to form below the heat addi- 
tion region. In the second regime, given by -3.17 
5 Ra/Pe< -0.51, the upflow streamline along the ri 
boundary stagnated somewhere below the permeable 
interface. In this regime, both a separation and a reat- 
tachment point were predicted to exist, i.e., a trapped, 
recirculating-flow region was predicted to form imme- 
diately adjacent to this inner boundary. Throughout 
this regime, as /Pel was increased, the vertical distance 
between separation and reattachment was predicted to 
decrease. For (Ra/Pe) = -1, predicted separation and 
reattachment point locations approached the top, and 
bottom, of the heat addition region, respectively. Cell 
height approached zero, at the Z/Ar = 2.15 location, 
as (Ra/Pe) approached a value of -0.51. In the third 
regime, given by -0.51 5 Ra/Pe < 0, only downflow 
was predicted to exist within the porous medium. 

Interpreting these results in terms of the transition 
from natural to mixed convection is not straightfor- 
ward. For opposing flows, mixed convection could be 
reasoned to exist throughout regime I1 and well into 
regime 1. No precise definition of this transition, in 
terms of a limiting (Ra/Pe) value, can be given. Pre- 
dicted cell disappearance, however, provides a clear 
demarcation of the transition from mixed to forced 
convection, in the limit as (Ra/Pe) approaches FZ -0.5. 

Additional numerical calculations, for P = 119.3 
and 278.3 W/m, were then undertaken. Results showed 
that the (Ra/Pe) “boundary” between flow regimes I 
and I1 was dependent on heat flux. Predicted cell 
height, however, was found to consistently shrink to 
match the vertical extent and location of the heat- 
addition region whenever the ratio (Ra/Pe) approached 
ES -1, independent of heat flux. Similarly, the tran- 
sition from mixed to forced convection, as defined by 
predicted cell disappearance, always occurred under 
flow conditions where the ratio (Ra/Pe) approached k 
-0.5, independent of heat flux. Utilization of this ra- 
tio to characterize the relative influence of buoyancy- 
induced to pressure-gradient-driven motion in liquid- 
saturated porous media was thus validated. 

The only other investigator to offer a quantitative 
definition for the transition from mixed to forced con- 
vection in liquid-saturated porous media was Cheng 
(19771. Based on predicted heat transfer rates, ob- 
tained from similarity solutions for opposing flows about 
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inclined surfaces, Cheng defined this transition in terms 
of a limiting Grashof-to-Reynolds number ratio (both 
dimensionless parameters based on an identical length 
scale); the limiting value of this ratio was found to be 
0.15. It can be shown that Cheng’s ratio of dimen- 
sionless parameters is identical to the (Ra/Pe) ratio 
invoked herein. Hence, the magnitude of Cheng’s an- 
alytically derived limit (for a planar, inclined surface) 
is found to be consistent with the magnitude of the 
numerically generated limit (for a vertical, cylindrical 
surface) presented here. 

We now focus attention on the Tsm4= locus of Fig- 
ure 6 in an attempt to relate the thermal and velocity 
field results. Two general observations were made. 
First, this locus of Z;.,maz states was predicted to be a 
linear function of vp, showing decreasing elevations as 
the magnitude of the superimposed pore velocity was 
increased, in good agreement with measured results. 
Second, this locus fell everywhere within the predicted 
recirculating-flow region, but its location relative to 
the predicted separation and reattachment points was 
strongly dependent on the ratio of predicted cell height 
to heated length. 

Expanding on this last point, we note that two 
distinct situations occurred within flow regime 11. For 
any given vp value which resulted in the predicted 
separation point being well above the heat addition 
region (cell height greater than heated length), the 
attainment of the Zsm4z condition was found to occur 
at an elevation just below separation. Hence, for such 
cases, measurement of the Z,maZ state could serve as 
a reasonable indicator of upflow stagnation, and thus 
mean downflow separation. 

On the contrary, fot any given rp value which re- 
sulted in the predicted separation point being adjacent to 
the heat-addition region (cell height less than heated 
length), attainment of the z,,,,az condition no longer . 
occurred at an elevation in close proximity to separa- 
tion, In fact, as I vp I was increased, and the vertical 
dimension of the cell was reduced to an extent less 
than that of the heat-addition region, the attainment 
of the z,m4z state (for each vp value) was seen to 
shift from the top to the bottom of the cell. In such 
cases, measurement of the z,m4z state would not be 
a valid indicator of mean downflow separation. Re- 
examination of the streamline and isotherm patterns 
corresponding to the rp = -229pm/s case of Figures 
2 and 3 helps to illustrate this point. When separation 
occurred below the top of the heat-addition region, 
some portion of the total thermal energy dissipated 
in the heater was input to the superimposed down- 
flow. This downflow subsequently separated from, 
then reattached to, the ri boundary. Redeposition 
of thermal energy near the reattachment point thus 
forced local temperature levels to increase. 



In summary, combined experimental and numeri- 
cal results presented herein serve to illustrate the com- 
plex fluid-mechanic phenomena which can occur in hy- 
drothermal convection systems subjected to superim- 
posed flows. 

CONCLUSIONS 

1. Based on numerically predicted results, the tran- 
sition from mixed tg forced convection for ver- 
tically opposing flows in liquid-saturated porous 
media occurs for (Ra/Pe) e -0.5. 

2. Combined experimental and numerical results 
show that the thermal response of a buried, finite- 
length, constant-heat-flux body could conceiv- 
ably be used to measure groundwater motion. 

3. Based on comparisons of measured and predicted 
thermal-field results, the finite-element code of 
Gartling and Hickox 11982 a,b] offers a viable 
computational approach to the modeling of two- 
dimensional, liquid-saturated geothermal reser- 
voirs. 
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