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RELATIVISTIC .WDRODYNAMICS AND HEAVY ION REACTIONS

D. S[rottman
Theoretical Division

Los Alamos National Laboratory
LOS Akunos, NM 87545

The possibility of forming a new state of nuclear matter - the quark-
gluon plasma - in relativistic heavy ion collisions is currently the subject of
intense theoretical and experimental investigation. The possible formation
and evolution of the plasma is investigated using relativistic hydrodynamics.
Nuclei arc nearly transparent at the high bomb’?rding energies involved and
it is necessary to usc a two-fluid model to describe the initial stages of the
reaction. The current status of the numerical techniques and the relevant
physics if reviewed.

It is generally conceded that nucleons are composed of quarks and
gluons, although these basic constituents of matter have not been directly
observed. The quarks are (masslcss) point-like objects carrying charge,
baryon number and other quantum numbers such as strangeness, color and
flavor, The gluons arc the masslcss agents which mediate the strong
interaction. The quark-quark interaction increases with their relative
distance and thus are normally confined to individual nuclecms: they can only
exist in multiples of three, However, from the current theory of the strong
interaction - quantum chromodynamics - arises the possibility that a plasc
transition may occur. If nuclear matter is sufficiently compressed that the
nuclcons begin to overlap - or the matter is heated sufficiently - a phase
transition will occur. The quarks will become reconfined and a new state of
matter will be formed: the quark- gluon plasma. There are three places
wherein the quark -gluon plasma might be found:

1) in the milliseconds of the universe after the big bang
2) the interior of neutron stars;
3) in the heated volume of dense nuclear matter formed during the

collision of relativistic heavy ions.
Clearly the first two of these arc not readily acccssiblti to !aboratory

rxperimenls. However, the third is currently the subject of intense and
exciting experimental and theoretical efforts. The principal tlworeti :al tool

used to describe the time evolution of the reactions is relativistic
hydrodynamics,

The use of hydrodynamics to dcscribc the collision of hadronic matter
has a long history which dates from work of Fcrrni [ I], Pomcranchuk [2] a n d
Landau !3] in the early fifties, They attempted to describe pro~on-prolon
scattering and the concomitant production of pions using statistic~l ilIld

hydrodynamical concepts, Their success encouraged other, later applications
to different rcactlons, both at higher energies as well as for heavier,
composite particles. Since this early work, the models have been Iefincd and



fresh concepts have been advanced utilizing new ideas from particle physics,
quantum chromodynamics and other fields such as astrophysics. This article
will very briefly review a few of the varied applications relativistic
hydrodynamics has in the area of heavy ion reactions. A two-fluid model
which overcomes certain of the limitations of the usual relativistic
hydrodynamics in describing the physical processes and which also avoids the
problems with causality associated with the introduction of dissipation into the
hydrodynamic equations will be described. We refer the reader to the
literature for more detailed descriptions of the application of hydrodynamics
to heavy ion reactions [4,5] and hadron-hadron collisions [6,7].

At the relativistic velocities employed in the experiments, it is normal to
measure mass, ten?perature and energy in units of energy as follows from the
famous Einstein mass-energy equivalence relation E = m C2. The standard unit
of energy the electron volt or multiples of this such as a million electron volts
which is abbreviated McV and one thousand MeV or a GeV, The rest mass of a
proton is approximately 939 MeV or 0.939 GeV. Protons accelerated at CERN in
Geneva have a kinetic energy of 200 GcV, Objects having a non-zero velocity
relative to an observers rest-frame are contracted by an amount y = [1 - p2]-1/2

where ~ = V/c and c is the velocity of light. From simple relativistic expressions
one has

E=mc2=T+moc2=ymoc2
where T is the kinetic energy and m. is the rest mass. Hence,

y=l+T/mo.
At these energies the Lorentz contraction factor y is 213 and the velocity is
0.999989 C. That is, the objects are 213 times larger in the transverse direction
than in the longitudinal direction, Such severe distortions are difficult to
model, However, because of Lorentz invariance the reaction can equally well
be described in the center-of-mass frame in which each of the objects have an
equal and opposite momentum. In this frame the two nucleons move towards
each other with a velocity of 0,9953 c or a y of 10.4.

It is not a priori apparent that hydrodynamics will be valid for the
description of heavy ion reactions. An examination of the conditions
necessary for the ~,alidity of hydrodynamics indicates that the requirements
are only marginally fulfilled. For example, the number of particles which are
involved in a heavy ion collision ranges from perhaps only c hundred to a
thousand, Hence, the number of degrees of freedom is large compared to one,
but relatively small compared to a usual fluid. If one creates a quark-glucm
plasm~ during the collision, then the number of degrees of freedom will
increase by at least a factor of three.

There is also the condition that there bc sufficient time for the
establishment of local, thermal equilibrium; this also is marginally satisfied. A
lower limit on the collision time for two bavy ions may be roughly estimated
as the nuclear diameter divided by the velocity of light, or about 5x1 0-23 s.
Nucleons interact by exchanging pions and it requires about 5x1 0-24 s for two
adjacent nucleons to exchange a pion, Since this interaction time is about
one-tenth of the total collision time, some degree of local equilibrium will be
established. This will be particularly true for central (Jllisions of large nuclei
for which the matter in the interior will be confined for longer periods than
the above estimate. Further, for moderate bombarding energies, the actual



reaction time is around 20x10 -23 s which is appreciably larger than the simple
above argument suggested.

Tbe question of whether there is local equilibrium has been
investigated by many authors using a variety of numerical methods. Although
there is time for only a very few collisions, because of the very strong
nucleon-nucleon interaction, near-equilibrium conditions seem to prevail. A
detailed co~iputei simulation for the case of molecular collisions has been
made by Bird [8] who concluded that only 2 - 3 collisions are needed to achieve
thermal equilibrium. Bondorf and Zim4nyi [9] have investigated the approach
to equilibrium using a time-dependent Boltzmann equation. They concluded
[hat the pion and proton spectra suggest that the momentum distributions are
very near their equilibrium values. During sufficiently energctlc reactions,
new particles such as pions or deltas may be created; such particles are short
lived, either being rapidly absorbed in the case of pions, or decaying into a
nucleon and a pion. Montvay and Zim4nyi [ 10] have investigated whether
chemical equilibrium is reached; they conclude that it is not reached although
the system is not very far from it.

Finally, it is not unrealistic to treat the nucleons as classical particles
for the energy regimes in which we shall be interested. For relativistic
nucleons their momenta is greater than 1 GeV/c and their corresponding
de Broglie wavelength is 0.4 fm (one fermi, fm, is 10-13 cm) which is less than
the radius of a nucleon and much less than that of a nucleus.

The applications of relativistic fluid dynamics to heavy ion reactions
have assu,ned there to be no dissipation. (There is some early work on hadron-
hadron reactions by the Russian school which attempted to include the effects
of viscosity. This work assumed the validity of the Landau equations and is
rsviewed by Feinberg [6].) In the Los Aiamos effort the thr~e dimensional
relativistic Euler equations are solved numerically using the particle-in-cell
method developed by Harlow [ 11,12]. Since the PIC methoo is well-known and
the differences required for the relativistic equations art treated in ref. 12,
the method of numerical solution will not be discussed here. The particle-in-
cell method ~llows calculations in cases of extreme distortion and shear
including cases where cavities appear in the fluid. It also allows be?utifu!
graphical representations of the fluid (cf., ref. 5). However, it consumes vast
amounts of computer memory.

‘I”:te equation of state for nuclear matter is unknown; indeed, one 0[ the
goals of heavy ion reac[ions is to investigate the equation of state. Sihce
theoretical calculations of the energy and pressure of nuclear matter as a
functicn of density and tcmpcraturcare quite uncertain, one usually is forced
to make assumptions regarding the equation of state. It is normal in nuclear
physic$ to call the energy per nucleon, E(n), the equation of state rather than
expressing the pressure as a function of temperature and density, The two are
of course equivalent since one may obtain the pressure from the usual
thermodynamic relation

a
P )
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where S is the entropy. Examples of some zero-temperature equations of stales
which have been used arc shown in fig. 1. One further usually assumes that



the matter obeys a Fermi gas equation of state for non
densities greater than five times normal nuclear matter
possible scenarios have been proposed. Currently, the
that at sufficiently high densities or temperatures, the
quark-gluon plasma is formed in which the identit

zero temperature. For
density, a number of
most plausible one is
nucleons ‘melt’ and a
es of the indi’lidual

nucleons is lost and the constituent quarks and gluons are free to briefly roam
about the relatively large collision volume.
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Fig. 1. A
as a function of derasity for four different
phertomenological expressions, The quantity K is the
compression modulus of ttuclesr matter, the canonical
value of which is 200 MtV,
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An example of the time development of a heavy ion reaction is shown in
fig. 2 which shows the collision of two equal mass nuclei at 800 M: V/nucleon.
From a knowledge of the velocity vectors of the fluid in each CCII at the end of

the calculation, one may calculate the double differential cross section d2U/d E

d O which may be compared with experiment. In gcncrai the agrtemcn~ is
satisfactory, In fact hydrodynamic calculations predicted that in certain
reactions, the relative incompressibility of nuclear matter would cause the
projectile to glance off the target nnd produce ● distinctive signal In the
angular distribution. This “sid~ways” flow was subsequently experimentally
observed, For details see ref. 4,
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Fig, 2. Matter distributions for two equal-mass nuclei at
16-2 MeV/nucleon in the center-of~fzt~ss (equivalent
laboratory energy is 800 Mev/nucleon). Three impact
parameters are shown m units of the sum of the radii of
Ihe two nuclei. Since the Euler equations are scale
invariant, the figure applies to arbitrary mass nuclei.
although tic time scale is appropriate only for 238 U m
238u,

A close examination of fig, 2 will demonstrates that the calculation
reproduces the result that for a one-fluid system with no viscosity, the mcan-
free-path of the matter is zero. (This is more easily seen when the matter from
each nuclcua is plotted in color as in ref. 5.) nis is not a scf’ious problcm at
low bombarding energies of kaa than ● GcV per nucleon for which the mean
free path of a nucleon ir the nucleus is much shorter than the nuclear
diamctcrm However. as th~ energy of the projectile incrcascs, Ihe nucleus
becomes more transparent and the ●ssumption of a zero mean-free-Path
becomes untensble. The effect of non-zero rncan-free.paths has been known
for some time from high energy proton-nucleus experiments at Femti Lab and
CERN; in [hcse experiments tha so-called Icading particles punch through the
target and carq away P significant amount of the energy of the incident
proton. One could simui-te to a smal! extent the cffec[s of a non-zero mean -
free-path by introducing viscosity. However, this would introduce all [he



problems associated with the acausal behaviour as demonstrated by Hiscock
and Lindblom [ 13,14]. In any event, this would be inadequate when the mean-
free-paths become so long that some of the nucleons can traverse the entire
target and emerge on the far side. Further, as the energies increase it
bc;omes less likely that local thermal equilibrium is instantaneously
established at the interface of the two nuclei.

To describe the situation in which large mean-free-paths are involved,
a two-fluid model was introduced [15]. To obtain the equations which describe
the two-fluid model, each nucleus is assumed to be a fluid wh~ch has the
identical properties of the fluid representing the other nucleus. When the two
fluids ccllide they arc allowed to exchange energy and momentum at a finite
rate proportional to the relative velocity of the two nuclei and to the nucleon-

nuclcon cross section ONN. Thus, the rate of momentum loss is finite and the two
fluids will interpenetrate. The amount of interpenetration is small at low

energies for which UNN. is large and increases as @ N decreases. The Euler
equations which ensure ptirticle number conservation remain unchanged, but
the equations ensuring energy and momentum conservation must be modified
to allow an interchange of these quantities. The changes are in the form of
dditional terms, the magnitude of which can be estimated from kinetic

kheory: if one knows the coi!ision rate and the amount of energy and
momentum lost in each collision, then the total amount of loss may be found.

The expression for the collision rate is

where Nt and N2 arc the densities of the two fluids and vrel is the relativistic
generalization of the relative velocity. The generalized Euler equations for
fluid one are

t3tM1 +V(VI.MI )= -n - RcO1l K (Y1 vl - ~v2)/Y

where M I and EI are the momentum and energy densities of fluid one and Y is
the scalar product of the two four-velocities

Y = (u*uZ).
The quantity K determines the amount of energy-momentum ioss ttnd is fixed
by comparing with high energy nucleon-nucleus reactions. The equations
for fluid two are obtained by interchanging the indices 1 and 2.

[Jnlike the Euler equations, eqs (2) and (3) are not scale invariant; the
calculated results will depend the masses of the nuclei involved whici~ is
entirety reasonable. A similar consequence occurs if one uses the Navier-
Stokcs equations. However, unlike the case of the Navier-Stokes equations
which introduces dissipation through higher order derivatives of the velocity,
the two-fluid model partially achieves the same result by eliminating
derivatives in the additional terms.

The additional coupling terms in cqs. (2) and (3) describe the friction
between the two nuclei entirely in terms of two-body collisions of the
constituent nucleom. It is assumed that the nucleon-nucleon cross section is

the free NN cross section ~NN and is independent of density and temperature;

this assumption is wrcly poor at high temperatures and densities. It is further



assumed that the Fermi velocities of the nucleons may be ignored. For large
relative velocities this is a good approximation (the Fermi velocity at normal
nuclear density is approximately 0.27 c); for lower bombarding energies, o n e
must worry about the effects due to the Fermi velocity. For methods which
partially take into account the effects of the Fermi velocity, the reader is
referred to refs. 5 and 15. In addition both the one-fluid and two-fluid models
n~cessa omit binding energy effects.

Fig. 3. Matter distributions for 238U on 238U calculated in
the center-of-msss system with the two-fluid model. TIM
center-of=mass kinetic energy is S GeV/nucleon
(equivalent laboratory energy is 73.7 GeV/nucleon) and
the impact parameter is 0.3.

In figure 3 rcsul:s are shown for a collision between two equal m ass
nuclei, each having an ener~y of S GcV per nucleon in the center of mass
frame. (This energy corresponds to a velocity of 0.987c in the center of mass
or a velocity oi’ 0.99992c in the laboratory frame. ) The effects of a non-zero
mean-free-path are immediately evident, The two nuclei essentially pass



through each other, although each nucleus exerts a drag upon the other. In
the one-fluid mode! the matter at the interface of the two nuclel would have

come to a halt. All the kinetic energy must be converted into thermal energy.
Hence, the one-fluid model can expect to exhibit a larger thermal pressure
than does the two-fiuid model. This will result in the nuclear matter blowing
up and disintegrating sooner.

Experiments have recently begun at CERN which collide 200
GeV/nucleon 160 ions on nuclear targets in a search for signals of a quark-
gluon plasma. Similar experiments will soo I begin at lower energies at
Brookhaven National Laboratory. In all these experiments relativistic
hydrodynamics will play an essential role in the interpretation of results.
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