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Abstract 
The formalism describing ion-cyclotron modes in mirror traps will be 

developed. Emphasis will be placed on the effects of finite axial boundaries 
on the normal modes of the system. Wave properties are a composite picture 
of: positive energy waves (plasma oscillation, shear Alfven and drift waves), 
negative energy waves (ion Bernstein waves in a loss-cone media), positive 
dissipation (electron Lanaau damping, outgoing waves), and negative 
dissipation (ion cyclotron damping in a loss-cone and anisotropic temperature 
medium). Stability boundaries in this bounded media is affected by scale 
lengths along the magnetic field; first, because they determine the widths of 
the resonances, and second, because they restrict the parallel structure of 
the modes. 

In general single mirror traps at sufficient density are always unstable 
to some mode, either DLLC (drift cyclotron loss-cone), AIC (Alfven ion 
cyclotron) or ALC (axial loss-cone mode). However in the tandem mirror with 
the Maxwellian central cell plasma leaning on the mirror trapped plasma, 
stable configurations are available provided the overlap sufficiently reduces 
the anisotropy and the inverted population. 

*Work performed under the auspices of the U.S. Department of Energy by 
the Lawrence Livermore National Laboratory under contract number 
W-7405-ENG-48. 
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Ion Microstability in Tandem Mirrors 
In the end-plugs and barriers of tandem mirrors ions are 

adiaoatically confined. Thus (see Fig. 1) ions with steep pitch angles 
ana low energy are unconfined giving rise to loss-cone distributions and 
anisotropic distributions; the potential confining thermal electrons is 
responsible for the low energy loss channel. These non-thermal particle 
distributions can generate loss-cone and anistropy driven instabilties. 
The properties of these instabilities and the means of eliminating them 
in tandem mirrors will be the thrust of this paper. Emphasis will be 
placed on loss-cone modes and in particular, the influence of finite 
geometry on the stability picture. Before proceeding in this direction 
a quick review of the infinite medium theory is required. 

The basic theory of the drift cyclotron loss-cone (DCLC) and the 
convective loss-cone modes was developed in a series of papers by 
Rosenbluth and Post. In this work it was shown that drift waves or 
plasma oscillations generated by electrons were destabilized by ion 
cyclotron motion in a loss-cone medium. The DClC mode with finite B 

2 -1/2 
modifications put a lower limit on the radius, R D/P i > 7.5(3 , and 
the convective mode put a upper limit on the length, L/p, < 66" . For 
the latter constraint the numbers were generated by more modern calculations, 
to be discussed herein, and are more pessimistic than the original stability 
criteria. The bottom line is that the original concept of a mirror trap 
standing alone has no stable region to loss-cone modes at desired densities. 
The only practical solution is to partially fill the loss-cone. It turns out 
that a "small" amount of warm plasma in the right part of phase space goes a 
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5 6 long way. ' Stream stabilization, a means of adding warm plasma has been 
7 8 9 successfully demonstrated in PR-6, , 2X1I-B , and TMX . More 

effectively, trapping warm plasma in a potential depression at the mirror 
7 9 mid-plane has also been demonstrated in PR-6 and TMXU. We now proceed 

with a quantitative description. 

The fundamental equation governing these modes has the structure 10 

H-
2 2 

* pe "ce7 *D1 
w*i 1- *i B 

r*i 

+ i / Z p 7̂ • ̂ rj ^ J n ^ d v • 

w-nw ci 
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The left hand side contains the shear Alfven modifications to the electron 

plasma oscillation, the second term is the vacuum and electron polarization 

response and the third term is the perturbed electron E x S motion including 

electromagnetic finite 3 effects , in the limit k tp =0, the regime 

of interest. Notation is common and only non-standard terms will be defined, 

We have 

v/« 2 - V i <d-ui 
vi e vi 

«"*-% &vk I 2 

(2) 
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We have ignored electron temperature gradients and wherein we have made 
2 2 repeated use of the paraxial (long thin) approximation 2pi + B = B

v a c ( z ) - I" 

the limit T -»• 0, 1 - —- (l-*n) = 1 + T /T., and, we recover the usual fluid e cii i e 1 
2 answer. Finally, the last term is the ion response strictly valid only in 

the infinite medium limit. When considering finite geometry, resonance 
overlap becomes crucial and resonance widths due to bounce motion, grad-B 
drifts and a> c Az) variation along the magnetic field play important 
roles. Further, since generally in tne ion response k ( | (the parallel wave 
number) can be neglected, the ion response has been averaged over V|(. On 
tne otherhand k,p. *\. u/io . so as to sample the positive slope of the loss 
cone distribution sketched in the insert in Fig. 1. 

Unconfined 
I 

5 f d v i i 

Figure 1 

The properties of the right hand side of Eg. (1) are shown in Fig. 2, 
from which general stability properties are simply obtained. 
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Figure 2 

If point A can drop below the horizontal axis real solutions are lost ana 
unstable solutions appear in complex conjugate pairs; a nnm-max analysis 
produces the limit on the radius previously indicated. The band between points 
A and B delineate the convective loss-cone region where k | ( is complex, and 
the stability criterion of Ref. 1 pertains. For frequencies inside point 
B, -^- we) Q < 0 ana the stable waves are negative energy; beyond point B 
they become positive energy Bernstein waves. By adding sufficient warm plasma 
all crossings become positive energy, i.e., warm plasma stabilization. If the 

12 temperature is too cold however, two component instabilities can occur. 
In the above, the density gradient in the ion terms has been dropped; if kept 
instability can again occur for a Maxwellian plasma. 13 

Now, as mentioned the perpendicular wavenumber is large (kiR » 1 ) 
whereas, in general, the parallel wavenumber is comparable to axial scale 
lengths. Therefore we use the Eikonal approximation perpendicular to the field 
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l ines when t reat ing the f i n i t e geometry problem; i . e . a l l terms are local ized 

to a f i e l d i ine and only the z-var ia t ion survives. Hence we now have Eg_. (1) 

as a second order d i f f e ren t i a l operator (made se l f -ad jo in t with ku •+• - i 3/3z) 
14 acting on <j>(z)exp(iS(a,8)), the perturbed e lect rostat ic po ten t ia l . 

Here, a and 8 are f l ux coordinates (B = Va x ?B) and 

* ' - H x « + l t w . ( 3 ) 

15 The ellipticity or fanning in quadrupole geometry is contained in the 
gradients of the flux coordinates. Note that in the paraxial limit s, the 
distance along the field, and z are interchangeable. The resultant 
differential equation is solved subject to outgoing-wave boundary 

14 conditions; that is, no energy flows in from the vacuum. 
At this point several general comments can be made. Stability comes 

from a balance of the positive dissipation, due to outgoing waves carrying 
energy away and negative dissipation, due to cyclotron motion in the loss-cone 
medium. The strength of this negative dissipation is dependent upon the 
detailed distribution of the energetic neutral-beam-injected ions confined to 
the adiabatic trap, and the relative temperature and density of warm plasma 
confined and streaming through the trap. The source of this plasma is the 
central cell. In addition, strengths of the resonances are dependent upon 
equilibrium sc?le lengths as is the strength of positive dissipation. Finally 
both are constrained by the dispersion of the generated waves. 

To characterize the modes of this composite system it is easiest to 
label them by their axial wavenumber (n ) which is a measure of the number 
of modes in the interaction region, quite analogous to the harmonic 
oscillator. The lowest mode (n =0) frequently is flute-like until the wave 
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leaves the interaction region; this is the finite geometry version of DCLC and 
is sensitive to density gradient scale lengths. The higher modes of the 
system can be characterized as electron plasma oscillations (or shear Alfven 
waves) partially reflecting and amplifying off of negative energy wave 
resonances and thereby generating standing waves. These are called axial loss 

3 14 cone modes (ALC) * and are the standing wave versions of the convective 
loss-cone mode. As the frequency of these waves frequently' is many times the 
mid-plane cyclotron frequency, they can be treated in the straight line orbit 
approximation ' (summed over all harmonics) in this spatially varying trap. 

Configurations are sufficiently complex and sensitive to details, that 
the ODE must be solved numerically to obtain quantitative conditions for 
stability. However, it is informative to examine Eq. (1) analytically, in the 
near infinte medium limit, to obtain fundamental scaling. 

Consider first the lowest mode and remember the structure of the 
differential equation has the form 

BIZ) d r f r f l d f * ( z ) = i r k * 2 L 2 -^iB(z) [ 1 + g(z)D(z)]t>u), w 

where z is dimensionless and the r i gh t hand side is considered small because 

of the small mass r a t i o . Then we solve by "inner-outer" techniques. To 

lowest order $ is constant and (z* is the region where g becomes small) 

q ( z , g i i l . f ! e k l 2 L 2 j ^ ( 1 + g 0 ) d z , z < 2 * . ( 5 ) 
a z ~o m i u -

ci 
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tqu iva lent ly , i f g goes to zero as a cubic, a representative case, then 

n: 
\ l / 2 

- 1 J

2 ( 2 ( T ^ ) 
1/2 

z ^ z * (6) 

2 p y m 
where e = — ~ — R k t L — • Matching logorithmic derivatives in the limit 

in which e/(l-z) is small, where the solutions overlap (R is the mirror ratio), 
.17 leads to 

/ 

2 p T m 
dz(l + gD) + irl — f — kl I/R -=• = 0. 

8 ^ m i 
(7) 

The second term is the dissipation due to outgoing waves. Thus the 
stability boundary occurs when this dissipation cancels that coming from the 
flute average dispersion relation. For the higher modes we use a WKB 
approximation where the right hand side is now considered large, i.e., L is 
large, and the spatial variation of the coefficients on the right hand side 
can be neglected. In this limit the ODE has the form 

A _ . 2 , 2 m e uiZ . , Z, . — f = k t L — -j— e ((D,z )<|> , 
1 "fcl 7̂ (7a) 

and expanding about infinite medium theory (subscripts imply partial 
2 2 

derivatives), e(w,z ) = 0 + ê fiw + e 2 (6 2) we have 
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, 2 . 2 . 2 m i W 

e u£ 
— (e 6 + e ? (6J Z J • I at w z<i z ' 7 (8) 

Then w i t h Jk d = (2 n + 1 }TT we have 

6w = 
to . 
_ E 1 

to 

m i i K 2 > 
1/2 

tne kAL (2n z +i ; (9) 

The proper sign comes from the outgoing wave boundary condi t ion. Note that i f 

e < 0 (negative energy) the diss ipat ion destabi l izes. A sketch of 

frequency and growth rate as a funct ion of p^/L fo r R ->• <*> i s given in 

F ig . 3. 

Near the or ig in we have the behavior as given by Eq. (9) . The behavior near 

marginal s t a b i l i t y , which comes from a d i rec t solution of the ODE or. 
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equivalently a numerical evaluation of the WKB phase integrals in the straight 
line orDit approximation, is qualitatively different. Here the mode is a 
positive energy shear Alfven wave with stability determined from a balance 
between the positive dissipation of outgoing waves and the negative energy ion 
dissipation. 

In tne remainder we present results in the way of stability boundaries 
for several equilibrium models, and indicate which modes are active along this 
boundary. In the first survey we consider the configuration of 2XII-B since 
it is the least complex. The mid-plane peaked mirror trapped ions are modeled as 

f(viz) ^ (R-B(z 2)) 3 / 2 [exp (-v\) - exp (-KV^)] (10) 

where K~ is a measure of the hole in velocities space (K *V. 10 for 2XII-B) 
and B is modeled to fit the field profile. Also R p/P i = 3. The warm plasma 

2 is assumed to be independent of z and Maxwellian in Vj. To solve this 
eigenvalue problem we integrate from the mirror with outgoing wave boundary 
conditions and we seek 

°-*£),<, ••>• v 
or 

along with 

I m V o u p = I m Hrr = ° t 0 m a x i m i z e -

(ID 

(12) 
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The simultaneous solution of these three equations (D is complex) generates 

the s t a b i l i t y boundaries depicted in Fig. 4 . 
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Fig. 4 (6 = .5, K = 10, R = 2) 
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There are several features to note; first if the warm plasma temperature is 
too low, stability is controlled by the two component instability (note the 
absence of an u = ^ mode, a signature of this mode 1 2). At the upper 
boundary where K T w a r m / T h o t = 1 the plasma is far more stable than infinite 
medium would predict; this because of the outgoing wave dissipation. With 
the addition of warm plasma, DCLC, which determines stability over most of the 
parameter range, runs to the fundamental and more resembles a negative energy 
wave. Here stability is a balance between the dissipations. 

file:///fALCI
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In this analysis the hiqher harmonics were treated in straight line 
approximation. If instead we used the sums over harmonics, the behavior was 
similar with more structure at the lower temperature ratios. The modes 
labelled OCLC are n 2=0 modes while that labelled ALC is n z=l. 

The PR6 experiment has also been modelled by adding a potential dip and 
modelling the warm plasma trapped therein. We obtain a somewhat similar 
stability picture (see Fig. 5). 

Distance along B — arb. units 

(b) 1 
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\ \ 
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n 
**• 

/ -
/ 

/ 
/ 

/ 
/ 

/ 
/ Unstable 

• 
1 
0.5 

warm 
Thot 

1.0 FIG. a 

Fig. 5 (B = 4x10 , K = 10, R y a c = 2.4) 

Now ALC is the controlling mode in contrast to the experimental situation; 
however results are rather sensitive to detailed profiles and small changes can 
alter the relative positions of these two modes. In fact, if the warm plasma 
density is too peaked, the hiqher harmonics for n =0 are the most unstable. 
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Following the evidence of PR-6, that trapping warm plasma at th£ 
mid-plane is the most effective means of stabilizing DCLC, the energetic ions 
in TMXU are injected so as to peak at a mirror ratio of 2 (ir/4 injection); 
thus producing a potential dip at the density depression. These "sloshing" 
ions are modelled by altering the spatial dependence of Eq. (16) so as to peak 
the density at B=2 with the peak to mid-plane density a free parameter. In 
addition, tne magnetically confined hot electrons (ECH generated) also needed 
to generate the potential dip are modelled to fit Fokker-Planck calculations. 

18 19 Finally, we use model distribution functions suggested by R. Cohen ' for 
the tnermal ions and electrons (cold and warm). The expressions therein are 
used to obtain the spatial dependence of the warm plasma. The perpendicular 
velocity distribution is still chosen to be Maxwellian (to eliminate numerical 
integration in evaluating matrix elements). At present these models are being 
refined to better model Fokker-Planck results. It should be emphasized that, 
in order to make the numerical calculations tractable, analytic expressions 
for the various profiles are required. The resultant profiles for the MFTF-B 
plug are shown in Fig. 6. The stability boundaries are similarly shown in 
Fig. 7. 



- 14 -

2 F 
0 

H 
« • A /-

^ i - *' \^l 
Central cell * • 

•a 

to 
E 
w 
O 
C 

a 

* K (b)i 1 1 1 1 
\ \ 

n y^w \ (Y*** 
^ 

' ^ N . 4 / "ECRH 
^ f " ^ ^J * vW \ ,tv - < - - ' 1 1 w^-n** -1 0 1 

z (arbitrary units) 

FIG. 6 

n 

FIG. 7 

T w/T H 



-15-

The frequency of the n =0 mode corresponds to the cyclotron frequency at the 
peak of the "sloshing" ion density. The shaded area depicts the sensitivity 
of the results to details of the model; the frequencies and wavenumbers are 
insensitive. The box labelled MARS refers to the base case of MFTB-B. 
Similar calculations have been performed for TMXU and show very similar 

20 behavior, i.e., w "v 1.8u , , which again is the cyclotron frequency 
at the peak of the sloshing ion density. The values of k tp. and the 
frequencies, when observed in TMXU, are consistent with this picture. 

Finally in Fig. 8 we show the computed eigenfunctions for the n =0 and 
n7=l mode respectively; they show the expected structure. 
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To close I would like to mention a few words about the status of the AIC 
Alfven Ion Cyclotron) mode. Recall that this mode is a transverse (left 
circularly polarized) shear Alfven wave destabilized by anisotropy through the 
ion cyclotron resonances. In contrast to DCLC, the ion response now depends 
upon k(). However a WKB procedure along the field line is still valid, and 
the finite geometry dispersion relation is obtained from the standard phase 
integral condition fdzk|( = (2n +l)ir, but now k.>0 at the turning points. 

23 Detailed modeling of distributions showed that TMX , with its strong 
anisotropy and relatively low 8 (compared with 2XI1-B), should be unstable; 
and it is believed that this was the mode observed to degrade confinement in 
that experiment. However it also has been predicted that sloshing ions should 

20 be far more stable to AIC , and in fact, the mode has not been observed in 
TMXU. 
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