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C H A P T E R 1: Introduction

Since 1984 there has been strong renewed interest in field theory in two and three
dimensions. In that year Green and Schwarz discovered an anomaly-free string theory

1

thereby launching hopes that there might be a unique, finite fundamental theory of gauge
interactions and gravity. In the intervening years although the prospect of understanding
physical interactions in terms of string theory have dimmed there have been vigorous efforts
and inroads made in understanding aspects of low-dimensional field theory.
String theory is an old subject that was first motivated by an attempt to understand
3

the strong interactions-. In particular it was discovered that, in the large N limit of
the gauge theory SU(X). the dominant contributions from perturbation theory come from
4

planar diagrams. This combined with earlier work suggested that one may think of mesons,
hadrons and other strongly interacting particles as being essentially quarks tied together
by tubes of strongly interacting gauge bosons.
This idea was further expanded upon in ref.[5] in which a quantum mechanical theory
of such an extended particle was described in terms of a lagrangian that measured the area
of the surface swept out by the tubes as they propagate in space. It was thus discovered that
because the area of the sheet swept out by the string didn't depend on the co-ordinates used
to label the points in the sheet, that the resulting theory had a two-dimensional conformal
invariance. The picture is as follows; as the string propagate in some background space,
the functions that describe how the string is situated in space at every instant (called
the embedding fields) if viewed in terms of the two-dimensional co-ordinates of the sheet,
become fields of a conformal field theory. In two dimensions the conformal group is infinitedimensional and its representations have been studied in ref.[6].
Two-dimensional systems that possess conformal symmetries are of interest lor rea
sons other than string theory. Indeed, any two-dimensional system undergoing a second
order phase transition will be describable at the critical point in terms of a conformal field
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theory. Although there are very stringent conditions for the existence of phase transi
tions in systems of such low dimensionality there are a wealth of examples provided by the
known confonnal field theories. For more on the connection between couformal invariance
and statistical mechanics see ref.["]. Thus, conformal field theory is a subject that joins
string theory, statistical mechanics and the representation theory of infinite-dimensional lie
algebras in an unusual harmony.
Conformal field theory has also lead to a surge of interest in possibly understanding
theories of gravitation. In particular it was known from the early days of string theory that
any string theory necessarily contains states of arbitrarily high spin and in the simplest
consistent string theories that were written down there appeared massless spin one and
8

spin two fields . The massless spin one fields were thought of as gauge bosons fend the
massless spin two field was to be identified with the graviton. Indeed, it was known that
any interacting massless spin two excitation-must contribute to the Einstein-Hilbert action
9

and therefore may be thought of as a type of graviton . In addition to finding these massless
states the string also had excitations that had negative mass-squared. These states, called
tachyons because their dispersion relation indicates that they travel faster than the speed of
light, are not permisable on physical grounds. Furthermore, the early string theorists were
interested in a theory of strong interactions and so didn't want a theory with either massless
spin two fields or tachyons. Later it was found that in the supersymmetric generalization
10

of string theory there are no tachyon states . Although this theory still had a massless
spin two field, many physicists began to regard this theory as a toy model for a theory with
both gravitation and gauge interactions.
Indeed, gravity arises in a very natural way in (closed) string theory. As remarked
earlier, one may think about the string propagating in some background spacetime in terms
of constrained embedding fields. These fields become those of a two dimensional field theory.
Such a system has been analyzed in detail in ref.[ll] in which it is shown that consistency
of such a model (at the level of quantum mechanics) requires the background spacetime to
be a solution of the free space Einstein equation. This is a very stringent condition and
6

may be understood from many points of view.
Trying to understand gravity as a quantum theory has been a hallmark of string
theory. Although two dimensional gravity is trivia] (in the sense that the equations of
motion are satisfied identically) conformal invariance is part of the classical invariance of
a two dimensional gravity theory. Understanding how to represent this classical invariance
as unitary transformations on the Hilbert space of the theory gives one a sense of what
a quantum theory of gravity might look like. One conventionally thinks of only metrical
theories of gravity but it has been pointed out in ref.[12] that if one imagines including in the
path integral contributions from metrics that are singular and of arbitrary signature (called
studying gravity in the "unbroken" phase to draw analogy with the phases of the £* model)
one may rewrite three dimensional gravity as a topological theory. By a topological theory
we understand a field theorj' that does not involve the background metric. Thus integrating
over the metrics (as one is instructed to do in a path integral of gravity) is trivial. This idea
13

had its antecedent in understanding three dimensional topological gauge theories . One
particularly interesting facet of this approach is that it allows one to understand conformal
field theories from another point of view, namely the conformal invariance is a residual
symmetry of the three dimensional general co-ordinate invariance. There is still much to be
done to understand more precisely the connection between the three dimensional topological
field theories and two dimensional conformal field theories.
This thesis contains work done over the last few years that pertains to the above
discussed topics. Since most of this work has already been published an effort has been
made to preserve the form in which the work appeared. For each paper the title page has
been included because of joint authorship. Chapter I contains the paper "Monopoies on
the World Sheet" in which the effect of including non-trivial gauge backgrounds in the path
integral of a simple coset model is investigated. Coset models are a particularly ubiquitous
type of conformal field theory and so the phenomena remarked upon here are presumed to b*>
of a general nature. Chapter II contains two monographs on computing the Poisson bracket
of coset models, the first one for the case of abelian cosets and the second one for non7

abelian cosets. The results of this investigation compare with the classical limit of certain
known theories and really provides a unifying framework for semiclassicrlly understanding
these theories. The Poisson bracket of chapter II is then used in a short note in chapter
III to show how one may understand the classical limit of W algebras. Finally, chapter IV
contains a paper which explores the connection between topological field theory in three
dimensions and conformai field theory in two dimensions. Chapter V contains a conclusion
and this authors' outlook.
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C H A P T E R 2: Monopole Backgrounds on the World Sheet

Since the advent of string theory it has been useful! to thing about the string propagat
ing in some geometrically fixed, i.e. classical, background. In this first paper we investigate
what effect a monopole background will have on a siring. As described in the introduc
tion to this work, this is an interesting question because a broad class of models (the so
called coset constructions) for the compactification of the theory involve integrals over a
non-dynamical gauge field. Thus it is natural to ask what may be learned about the theory
by studying it in non-trivial gauge backgrounds.
The entire paper is a description of a very particular type of coset i.e. those cosets
that may be realized in terms of free fermions coupled to an abelian gauge field (as an
example consider SO(2n)/SO(2) cosets). Highlights include a new spectrum for states
propagating in this monopole background and also novel modular properties at genus one.
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I. Introduction
1

8

Compacthication has emerged as one of the central problems of string theory. " Vari
ous compactification schemes have already led to the construction of semi-realistic models.
The simplest version, the toroidal compactification, can be described either in the language
of bosons or of fermions on the world s h e e t .

9-13

These models have, in general a built-in

SO(N) Kac-Moody algebra. The next simplest version of compactification makes u:e of the
14

coset construction. By projecting out a suitable subgroup of the initial compactification
group, it is possible to construct various non-trivial models, including the whole series with
central charge less than one.

14

This projection can be carried out implicitly by coupling

suitable currents of the free fermion model to gauge fields without kinetic energy terms.
These gauge fields then act as lagrange multipliers and set the corresponding currents equal
8

15

1

to z e r o . - ' "

7

In this paper, we investigate the possibility that the gauge fields used in the coset
construction have non-trivia] topological structure. The simplest possibility is an abeliar.
gauge field with non-vanishing total fiux ever a compact surface; the total flux is then
quantized in integer multiples of fundamental monopole charge. (For an excellent review,
see ref.[20]). In section 2, we consider the model where the (/(I) current of free fermions
with a flavor quantum number is coupled to a gauge field. We allow the gauge field to carry
non-trivial monopole charge by introducing a "classical" background field with non-trivial
topology. In the next section, correlation functions of gauge invariant ferrcionic bilinears are
explicitly calculated by carrying out the summation over backgrounds of different monopole
charge. The result of this two dimensional "instanton" calculation is similar to the four
dimensional one: invariance under chiral rotations is spontaneously broken. We have also
factorized the correlation functions and study the resulting spectrum. In section 4 we
investigate the modular invariance of the model by studying the zero mode solutions on

13

the torus. Although vre present som< unusual features, the standard sum over tiie four
spin structures is still modular invariant. Finally, in the last section, we summarize our
conclusion and discuss possible extensions. In the appendix that follows, the analysis of
modular invariance is extended to non-zero modes.

14

II. The Model.
We start with K Dirac fermions in two dimensions, coupled to an abelian gauge field
An that serves as a Lagrange multiplier. The action is given by

A = f<PxC

c =£5*<x*+,w.

'

(2.i)

where the metric is Euclidean and the two dimensional gamma matrices are hermitian.
Integration over the gauge field imposes the constraint that the current must vanish
J* = £ ^ % ^

a

=

0

'

(2-2)

a

Since this constraint is awkward to implement directly, it is customary to first eliminate
the gauge field by a redefinition of the fermion fields. Consider taking the gauge
9„i4„ = 0,

(2.3a)

A„ = € , d,st>,

(2.36)

which allows one to set
ui

where 6 is a scalar field which can be absorbed by a redefinition of the fermions:
il>" - exp(7**)<i>°,

i°-.i°exp(73^).

(2.4)

with 73 = 17172. However, by virtue of the anomaly equation
9J*3 = - f f.

(2.5a)

where,

-a

F =i ,d A ,
m

li

u
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(2.56)

this redefinition induces an extra term in the action:
A

£

=

(a

)2

( 2 6 )

"27 "* -

Sc ?ar, all this is well known; however, here, we wish to generalize the preceding analysis
to gauge fields associated with monopoles. Consider a compact surface, £ , like a sphere or
torus; then it can be shown for arbitrary genus that the gauge configurations satisfying the
monopole quantization condition
/ F<fx = 2TT.V,

(2.7)

with N = integer, can be included in the functional integral over the gauge fielc .4„. If .V is
different from zero then it is not possible to globally define an .4 satisfying eq.(2.7); rather
M

the vector potential will be a nontrivial U{\) bundle.
In particular, the field 6 of eq.(2.3b) cannot be defined globally. To overcome this
problem, we replace this equation by
A = A% + e^drf,

(2.S)

I1

c

where A is a fixed, patch-dependent gauge field that satisfies eq.(2.7), and the field 6 is now
u

globally defined. One may think of .4£ as a classical background field that carries the net
monopole flux, and i> may be thought of as the quantum field (responsible for redistributing
the given monopole flux) to be path integrated. This model is still conformally invariant,
both classically aa>d quantum mechanically, since a conformal transformation would change
c

A „ only by terms that can be removed by suitable gauge transformations (A,. — A„+d a.
u

a

not respecting Co = 0 necessarily) and shifts in <t>. Since we wish to perform path integration
over a and <j> the model is manifestly quantum mechanically conformally invariant. Taking
into account eqs.(2.4), (2.6) and (2.S), the final Lagrangian is
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where
c

F° = €^d A „

(2.10)

M

and F° satisfies the quantization condition eq.(2.7). Actually there is a term missing from
the above Lagrangian. This term contains the Faddeev-Popov ghosts from the gauge con
straint eq.(2.3a) and it plays an important role if the above model is incorporated into a
string compactification scheme. It is, however, not relevant to the developments in this
paper and will henceforth be omitted.
The Lagrangian given by eq.(2.9) is conformally invariant, and, as pointed out in the
introduction, it can be used for string compactification or in its own right a* an example
of a ccnformal two-dimensional model. The calculation of the functional integral using the
Lagrangian of eq.(2.9) proceeds as in the standard instanton calculations: one has to inte
c

grate over the quantum fields for a fixed j4£, and then sum over different A corresponding
u

to different N (so long as .4° satisfies the conditions eq.(2.7) and eq.(2.3a)).
In the next section, we shall present the details of the calculation of various correlation
functions for the model on the plane. Before delving into these computations we briefly
review some of the standard instanton lore that is relevant in our case. The mo*>t important
feature of a calculation of the type outlined above is the resulting spontaneous breakdown
of invariance under chiral rotations given by
V>" — expiia-ia)^.

(2.11)

As a result, the right and left fermion numbers are no longer separately conserved in the
presence of monopoles; only their sum remains a good quantum number. The violation
of chirality satisfies the following selection rule: If, in a given process, iV and Ng aie the
r

number of the right handed and the left handed fermions (of any flavor) respectively, then
the amplitude for the process is nonzero only when
Nr-N = N«,
e
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(2r.>i

where N is the monopole number. This selection rule directly follows from the existence of
zero mode solutions to the Dirac equation in the presence of a non-trivial background. The
index theorem guarantees the existence of JV square integrable solutions to the equation
C

( < 0 + / 4 ) T ; = O.

(2.13)

For positive JV, the .solutions are right handed (7317 = r;), and for negative „V, they are left
handed (73*7 = -17). Strictly speaking, tnese statements hold only on a compact surface,
and later we will look for the solutions of eq.(2.13) on the plane, supplemented by the point
at infinity. For .4£. we choose.
A% = t^d^g),

(2.14a)

where 0 is a smooth function with the following asympiotic behavior:
g

-

-.V log | i | ,

(2.146)

in order to satisfy eq.(2.7).
In this fashion a Dirac singularity is introduced at infinity. It is possible to avoid this
singularity by considering two overlapping patches, one around the origin and one around
+

infinity, accompanied by two different functions g

and g~, to be used in eq.(2.14a). One

may easily verify that both methods yield identical end results and so for the purpose of
exposition we choose to work entirely in one patch thereby putting a Dirac string at infinity.
With the background given by eq.(2.14a), eq. (2.13) splits into two decoupled equations:
9i(tR) - &lig)VR = 0,

(2.15a)

d,(VL) + d,(9)VL = 0,

(2.156)

where z = x + iy, s~ = x — iy. The solutions are given by
m = /j»(*)M*.5).
18

(2.16a)

-1

11. = / i ( S ) h ( * . * ) .

(2.166)

where h = exp(g) and SR.L are entire analytic functions of their respective arguments. By
virtue of eq.(2.14), the asymptotic behavior of A is given by

Now, let us require the rj be square integrable. For positive JV, only r\n is square
integrable, and the entire function fn has to be a polynomial of maximum degree N - 1.
For negative A* the roles of rjn and ijt are interchanged. The zero mode solutions are
therefore given by the following list:
m

n ,H = z h(z,z)
m

(2.17a)

for A' > 0, n , i = 0 and
m

1m,R = 0
1

% A =rvr (*,2)

(2.176)

for N < 0, where m = 0,1,2, N - 1 throughout.
There is small technical problem related to the question of square integrability on a
plane. The flat metric which we have been using so far would eliminate the mode cor
responding to m = A' — 1. By mapping the plane onto a suitable compact surface, for
example, the sphere, and using the natural metric on this surface, one can easily show ti.at
this mode is indeed square integrable. Apart from this single issue, the details of the metric
never enter the problem.
So far, we have only considered the integer (periodic in rigid rotations of 2T about
2 = 0) modes. We know from standard string theory that half-integer (antiperiodic) modes
are also important. They are properly defined on a double-cover of the plane, and the

19

N

corresponding wave functions are given by taking m = ~2<2<'"'

~ §- These functions

will be used in constructing amplitudes in the next section.
As expected for the periodic modes, the N square integrable solutions saturate the
two-dimensional index theorem. Let Jifl(nt) be the number of right (left) handed zero
modes. The index theorem:
"ft - n = Ci(/4) = N
L

(2.18)

is satisfied by the above solutions in eq.(2.17a,b). (Cj(.4) is the first chern invariant for the
bundle A„). We may include the antiperiodic modes in our accounting by looking at the
double-cover of the sphere in which the total flux (and Cj(.4)) will be 2.V.

20

III. Correlation Function* on the Plane
In this section, we sketch the calculation of various correlation functions on the plane
and explicitly display some typical ones. We shall consider correlation functions of gauge
invariant operators bilinear in the fermion fields. These fall into two classes: The chiral
charge conserving operators (currents) given by

a

B

i°. U) =T (z)^z)^W ^k-^dMW
L

L

(3-D

which belong to the first class, and chiral charge changing operators given by
4^-)

=^(*)<$(j)-0X0gexp(2*),

£"(*) = V (z)^ (.-) - T ^ exp(-2«)
L

L

L

L

(3.2)

which belong to the second class. The expressions following the arrow signs are in terms
of fennion fields redefined according to eq.(2.4). The resulting $ dependence in eq.(3.2)
follows directly from eq.(2.4). On the other hand, the derivation of the ^ dependence in
eq.(3.1) is more subtle; one has to either use the anomaly equation eq.(2.5a), or go through
a point-splitting procedure in defining the currents.
Our goal is to deduce the spectrum of the theory from the correlations functions,
and also to write these functions in factorized form in terms of vertex operators. Along
the way, we will verify several analogues of the standard results of instanton physics in
four dimensions; among them that chiral symmetry is spontaneously broken without the
appearance of a (massless) goldstone mode.
The starting point for the calculation of correlation functions is the standard functional
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integral:

0'(*iW(*>)••-.;'(*.)) = Z

_1

[D*D*Dej(! m'i)---JM
l

J

£

exp\[<PtC {z)].
N

U

JV»-oo

J

(3.3)
In this expression, each j stands for either type of operator given in eq.(3.1) and eq.(3.2),
and also, in order to simplify writing, flavor indices are suppressed.
The partition function. Z. is given by a similar integral without the operator insertions.
and CN is the lagrangian of eq.(2.9). The final sum is over background fields 4£(A'), labeled
by the monopole charge .V. The functional integral over the fermi fields can be carried out
by first expanding these fields in eigenmodes of the Dirac operator;
N-i

v[z) = £ c 7 7 ( i ) + ---,
m

m

maeO

*(.-) = ^ c ^ ( r ) + . . .

(3.4)

m

and then integrating over the expansion coefficients c and c. In the above expression, we
displayed only that part of the expansion that runs over the zero modes, since we shall
only use the zero modes in the following discussion. The importance of the zero modes is
due to the fact that upon substituting the mode expansion eq.(3.4) into £,v we find that
the action is independent of c and c and, therefore (by Brezin integration), the functional
integral vanishes, unless each coefficient appears once and only once in the expansion of t he
bilinear operators. From this observation, the following selection rules easily follow:
a) The partition function Z receives contributions from the N = 0 sector only.
b) When all the bilinears are in the first claw (eq.(3.1)), again only the jY = 0 sector
c

contributes. Since, in this sector, A can be set equal to zero, the model reduces to
u

15

a sum of massless free fermions and a single massless free boson. ' Clearly, nothing
new or interesting emerges from probing this sector.
22

c) Consider correlation functions of only second class bilinears. For the sector with
monopole number .V, a nonvanishing correlation function must contain a minimum
number of bilinears in order not to vanish. This occurs when all the zero mode func
tional integrals are each accompanied by a V or i>' from the corresponding bilinear.
The following selection rules are then easy to verify: For N > 0, the minimal nonvan
ishing correlation function must be built out of s ' s only, and for JV < 0, out of s.'s
+

only. Furthermore, referring to eq.(3.2), each flavor index a, as well as each index 0,
must appear precisely |A'| number of times, and the selection rule of eq.(2.12) will be
satisfied. In summary, for a given A\ the "minimal* correlation functions contains
|.V| K bilinears of second class, with each flavor index appearing \N\ number of times.
Also, the insertions are necessarily all right handed («+'s) for N > 0, and only left
handed («_'s) for A' < 0.

We shall now carry out the fermionic integrations for the minimal (simplest nonvanish
ing) correlation functions. It is clear that the answer will be an antisymmetrized product
of the zero mode wave functions, given by eqs.(2.17), and so, up to an overall sign, the
particular order in which each flavor index is attached to a particular bilinear is of no con
sequence. In other words, there is only one minimal correlation function to compute, and
the computation can be done by choosing a particular set of flavor indices that satisfy the
selection rules. Furthermore, the result factorizes, so it is sufficient to compute the zero
mode contribution for a single flavor and fermion number; the final result is then a product
of the partial results for different flavor species and fermion numbers. This is due to the fact
that complete factorization is spoiled only by the necessity of skew-symmetry of the wave
function for identical fermions; for non-identical fermions, there is no such constraint. At
the cost of a slight abuse of notation, let us denote the result for a single species of fermions

23

by

VM *<nVg(«).>
^•<n*aW)>.

(3.5a)

nxO

so that the complete result for positive N is given by

A similar result with V'n's replaced by Vt's holds for negative N. For the sake of clarity
we have denoted by :% the co-ordinate of the nth insertion of the a flavored bilinear. The
expression for the \"s is easily calculated and yields
Vg = Lr'jl hW,?Z),

(3.6a)

n=0

where D" is the Van der Monde determinant:
D" = dtt \{z°r\ = J ] (*° - < ) ,

(3.66)

with n and m taking values from 0 to N — 1. The result for the V's one obtains by replacing
s's by Ts, with the following overall result:
VR = HFT,

(3.7a)

where,
a s ] m*0

V o » l mxO

J

and

OK|m>n
r

3

= nrK s,-^)a«lm>n
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3

< '<>

Having completed the fermionic part of the functional integration, we now do the
integration over thefield<t>. The lagrangian for <t> is given by eq.(2.9), supplemented by the
exponentials in 4> resulting from the redefinition of the fetmion fields. (See eq.(3.2)). The
resulting functional integral is;
2

B = J XJ*exp { / d *£*(*)},

(3.8a)

with,
£* = - J ^ 0 >

3

2

"^

+ <t>& £ £ **(* - *m)-

(3.86)

This gaussian integral is easily done by shifting $ by
* - c i + «y=,

(3.

9a)

where <t>- satisfies
D^-/- +^ f ; £

1

^ - O

= 0.

(3.96)

Noting that
F° = -Og

(3.10)

from eqs.(2.10) and (2.14a), the solution to eq.(3.9b) is
2

<t>' = -S--£T.l°s\*-£\ -

(3.11)

c

It is easy to verify that <£ is not singular at |z| = oo, since the singularity of g given
by eq.(2.14b) is cancelled by the sum over the logarithms. This is as it should be, since the
coefficient of the logarithm at infinity measures the monopole flux, and in the separation
of the gauge field given by eq.(2.8), <t> was stipulated not to carry any monopole flux.
Substituting eq.(3.11) back into eq.(3.8a), we have
B = AH~

leXp

2

{~L

£ l°g|^-^| ),

\

a,0,m,n
25

J

(3Ha)

where
2

A = e x p ( - ^ fd z

g{ag))

(3.116)

is a normalization constant. The final answer for the minimal correlation function is then
the product of three factors: VR given by eq.(3.7), the factor A given by eq.(3.11b), and a
remaining fermionic determinant due to non-zero modes;
<II'?>

=A'exp{££log| °-:£|

2

S

- ^

E

Iog|*S-^f}.

(3.12a)

a.3.m,n

with A' given by
A' = Adeto (i ?+

c

fi ).

(3.126)

The subscript 0 is a reminder that zero modes are to be omitted in computing the deter
r

minant. Although we assumed A > 0 in calculating this result, an identical expression is
obtained if we start with .V < 0 and replace a+'s by af.s.
A few comments about eq.(3.12) are in order. Firstly, the factors involving position
variables (j's) are completely independent of the details /4£, or equivalently, of g. They
depend only on the monopole charge A', and even then only indirectly thorough the range of
the indices m and n. (Remember, they run from 0 to N — 1). The factor H, which depends
on g, has disappeared completely from the final expression. The normalization constant
A' could still depend on g; it is, however, quite easy to show that it does not. One makes
an infinitesimal change in A' and a compensating change in <j>, and using the anomaly
u

equation eq.(2.5a), it is possible to show that these changes cancel. This is a statement
of the fact that the result eq.(3.12) is gauge invariant. Thus, the correlation function is.
as it should be, independent of the arbitrary split introduced in eq.(2.8). Although the
preceding discussion establishes that A' is independent of the details of 4°, it may depend
on the monopole charge N. In the appendix, by evaluating the fermion determinant, we
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shall show that this dependence is of the form
N

A'N = W ,

(3.13)

where A is a constant, which can be thought of as an effective coupling constant of the
chlrality violating process.
Our next task is to deduce the spectrum of the N j£ 0 sectors from eq.(3.12). Since
eq.(3.12) is in the standard Koba-Nielsen form, it can be factorized in terms of the wellknown string vertex operators that depend only on the momenta entering the vertices. The
exponent in eq.(3.12a) corresponds to the coulomb energy of various charges located at
points ; £ . The momentum flowing into the vertex at z%, is simply the charge located there.
Comparing eo..(3.12a) with the expression
W = |

E

pS.-P^log|z»-^|

!

(3.14a)

for the coulomb energy, we arrive at the following condition:
P™'p£ = * « 3 - i

(3.14»)

The minimal solution to these equations can be expressed in terms of K orthonormal
vectors p" as
a

Pm=P°-;Ep .
* 0

(3-13°)

where
P°-f

= 6 ga

(3.156)

It is important to notice that the momenta do not depend on the subscript m, and
therefore, the solution eq.(3.15a) is valid for all N. This means that we can forget about the
monopole flux and simple assign momenta to both fermions and antifermions in accordance
with their flavor only through eq.(3.15a). The constraint
X > m = 0,
ml
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(3.16,

satisfied for all m, guarantees overall momentum conservation
£ P - = °

(3.17)

if and only if each flavor index occurs with the same multiplicity. This multiplicity is exactly
N, the monopole charge. An identical momentum assignment can be made for left h&nded
fermions when N is negative.
It is of interest to investigate the mass spect-um that follows from the momentum,
assignment eq.(3.1>t. Consider a. channel in which the Qth flavor occurs n? number of
times, where n° is a non-negative integer. The lowest squared "mass" in this channel is

K

a

a

Of course, starting with the lowest AJ% there are integerly spaced higher excited states.
If it were not for the second term in eq.(3.18), this spectrum could be identified with the
spectrum resulting from toroidal compactification in K dimension. Eq.(3.18) corresponds
to a compactification on a Lorentz lattice with a constraint and although the lattice has
an indefinite metric the spectrum is readily seen to be non- negative (this is ammended by
including contributions to A/* from string excitations).
Let us now examine correlation functions wich a non-minimal number of second class
bilinears for a given N, which, for the sake of definitenest, is again taken to lie positive.
In this case, there are a certain number of left-handed bilinears (s_ 's), in addition to s+ 's.
The extra i>L* will then contract with some of the ^/j's, and the extra ^ ' s will contract
with V>fl's, leaving behind an equal number (i.e. N) of uncontracted I!>R'S and li'/j's. The
uncontracted fermions make up the "minimal" correlation function which absorbs all the
zero modes, and which has already been evaluated. The contractions will result in a product
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c

of two point functions, to be calculated in the presence of the external field A given by
u

eq.(2.14a). The two point functions, denned by,

W 2 ( * h ^ M > =*„<K?3 ( ,*')
1

J

(3.19)

1

satisfy the following equations:
2

2i(c\Gi2 - C V ( S ) G , ) = « ( Z - J ' ) 2

N-l

2a(3,G

2
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+ a,(a)G,,) = 6 (z - z') - £

^mWAC*')

(3.20)

The sum that appears on the right hand side of the second equation is over the posi
tive chirality (right handed) zero modes defined by eq.(2.17a). In computing the <7*s, the
functional integral over VR and u> is performed over only the non-zero modes, since the
fl

zero modes have already been accounted for by the minimal part of the correlation function.
The delta function on the right hand side of the second equation in eq.(3.20) has then to be
projected into the orthogonal complement of the space spanned by the zero modes, thereby
explaining the appearance of the summation term. Of course, eq.(3.20) are only valid for
iV > 0; for TV < 0, the roles of left and right, i.e. G u and G21 have to be interchanged.
The solution to eq.(3.20) is easy to write down:

G

X

W

M

^*<* = ^ ^ T T i ^ - 2 - * '

(321)

where Xm are solutions to the equation
2«(0,Xm + 0,(ff)Xm) = 1m-

(3.22)

After having gone through the trouble of projecting out the zero modes from the two
point functions, we shall now argue that such a projection is unnecessary. In computing
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the contractions, one can replace eq.(3.21) by the following simplified version:
r

r

-

X

On - ° » - S i

/l

ft

M ~'(*')

z-z' '
l

G

n

=
1 h- (z)h{z')
- G ^ - - ^ - L .

(3.23)

To see how this comes about, note that the extra terms in sum in eq.(3.21) contain a zero
mode wave function >j or i?;,. By fermi statistics, the product of these wave functions
m

have to be antisymmetrized. so that for afixedflavorindex, each value of m can occur at
most once. But each value of m has already appeared once in the "minimal" part of the
correlation function; hence, the contribution of this extra term vanishes.
Having taken care of the fermionic integration, we now return to the functional in
tegration in the c> field. Immediately one sees' that in this case, eq.(3,8b) is amended by
additional terms of both signs. This is due to the fact that we have additional s_'s and
s+'s and with the J_'S there appear negative exponents of the field <t> compared to s+'s.
(see eq.(3.2)). Equation (3,$b) is therefore replaced by
£

2

3

* = - £ ( 3 » * ) ~ $*f* + Wz) £ qS,S (,z -zZ),

(3.24)

where qS, is +1 or - 1 , depending on whether the insertion at z% is an « or an s_ respec
+

tively. The integration over 4> can be carried out as before, with the result that the flux
dependent factors h and A

-1

in eq.(3.23) are again canceled, just as they did in deriving

eq.(3.12a). We will not exhibit the final answer, since it is somewhat complicated to write
down. It turns out, however, that the result can be compactly written as a factorized oper
ator expression in Wrms of free fermion and boson fields. The appearance of free fermions
1

is not surprising since after the cancellation of the factors h and A" in eq.(3.23) one is
left with free fermion propagators. Let us then define massless free fermion f ;lds 0g and
R

#g , with the two point functions
t

30

( 3

<*'Sx(^cU*')> = j j b i r ? * * -

-

2 5 )

Since the field <t> of eq.(3.24) is essentially a free boson field, it is convenient to define
two fields, cue right moving and one left moving, by

<<M*)<M*')> = - l o g ( z - / ) ,
<<Mi)<I>-(2')> = - l o g ( i - 5 ' )
<*+*!>_) = 0 .

(3.26)

Finally, to take care of the contribution of the zero modes, we define four sets of scalar
fields, labeled by the flavor index a:

(«;.*(-)<„(--')> = -*«,*iogf> - / ) ,
< # Z M * + , L ( * ' ) > = -SaB '°g(* ~
<<£,«(*)<«(»')>

A

=-6 log{=-?),
aa

vs£,£M<J_.l,(*')) = - * „ s l o g ( 5 - 3 ' ) .

(3.27)

Two point functions with mixed indices are, as usual, defined to be zero. The fermionic
bilinears can now be expressed in terms of these free fields as follows:

*£(*)*&(*) - «cp[(2K)-i(^<*) + *-(*))]
|exp[2-i.[^ (») + «£,„(*)]] + * 0 . * M < O * ) } .
ifl

*£(*)*£(») - <*p [ - f » J(«+(e) + *_(*))]
|exp(2-Ji[0?, .(z) +*d.i(«)] + ? S x ( * ) ^ x ( * ) } /

(3.28)

To establish this correspondence, one must show that the correlation functions are
correctly reproduced by the right hand side of eq.(3.28). The exponential factor In front
31

obviously reproduces the result of integrating over <j>, and the bilinears in free fermions
provide the fermionic contractions. Comparing with the first term on the right hand side of
eq.(3.12a), it is also easy to verify that the exponential inflavoredscalarfieldscl° reproduces
the contribution of the zero modes.
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I V . T h e Toru* and Modular Invariance.
In this section, we study the model on a surface of higher genus, namely, the torus, and
pay particular attention to the modular properties of theory. Consider the two dimensional
v

field theory g' en by eq.(2.9) on a torus corresponding to the parallelogram with side (0,1)
and (c,d), where
T = e+id

(4.1)

is the modular parameter (see Fig. 1). The problem is simplified considerably by choosing
the flux density P \ defined by eq.(2.10), to be constant over the torus. This choice has
the advantage of being modular invariant; it is therefore possible to study the modular
properties of the fermion sector separately, without having to worry about the scalar field 6.
Furthermore, the problem of solving the Dirac equation in the presence of a uniform external
magnetic field is a standard one going all the way back to Landau, and it has recently
211

1

19

been studied by several authors from different points of v i e w . ' " ' ' In the interests of
completeness and clarity, we present a brief exposition below.
Let us begin by noting that the monopole quantization condition, eq.(2.7) valid for
surfaces of arbitrary genus in this case reads
F*d = 2xN

(4.2)

where A', as before, is the integer monopole number. Without any loss of generality, we
can make the following convenient gauge choice for A^ (see eq.(2.3a)):
4^ = 0, At = -F=y = -—-y.

(43)

We are interested in finding the eigenfunctions of the Dirac operator
i P = i 0+ A"

(4.4)

on the torus. In this section we solve the massless Dirac equation and investigate the
modular groups action on these zero modes. In the appendix the massive Dirac equation
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it solved and it is shown that these non-zero modes transform exactly as the zero modes
under modular transformations.
The equation for the zero modes, eq.(2.13) with potential given by eq.(4.3), has the
following general solutions:
m

=/fl(j)exp(-^-^-).

1L = / t ( S ) e x p ( = ^ j £ - ) ,

(4.5)

where the /'s are analytic functions in their respective arguments and are determined by the
choice of the boundary conditions. Along the horizontal direction, we impose the standard
periodic (P), or antiperiodic (.4) boundary conditions
!J(*+1) = ±!K*).

(4.6)

We will show later that this choice of boundary conditions is the minimal set for which one
can construct modular covariant Green's functions. We pause to remark that in the .V = 0
(free) case it is the requirement of modular covariance at higher loop (g > 2) that picks
out eq.(4.6) as the minimal set of boundary conditions but with N / 0 it will be shown
that this spin structure is necessary at one loop. As a result of the non-vanishing total flux
the torus (eq.(4.21)), we cannot impose a simple boundary condition like eq.(4.6) in the f
direction. This follows from the fact that in an ambient magnetic field the two independent
covariant translation operators no longer commute and therefore cannot be simultaneously
diagonalized. The most general boundary conditions in the f direction consistent with
non-vanishing total flux, turn out to be
r;(* + r) = exp(-2TtWx +

tf)n(j),

(4.7)

where S is an arbitrary constant (2 independent) phase. These boundary conditions are
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readily satisfied by taking/'s to be suitable modular functions i.e. Jacobi theta functions :
34

however, both tyt and TJI cannot simultaneously be normalizable. If .V > 0. the only
normalizable solution for T) is trivial:
L

1L = 0,

(4.8a)

whereas, a special solution for nn is obtained by taking
!R = MNz,

JVr),

(4.86)

where 83 is one of the standard Jacobi theta functions. For N < 0, the roles of R and L
are reversed. Without any loss of generality we henceforth take N positive.
The solution eq.(4.Sb) satisfies the boundary condition eq.(4.7) with
S = -irJVc.

(4.9)

To find the general solution corresponding to an arbitrary 6, we take advantage of trans
lation invariance: We can translate the coordinate z in eq.(4.8b) by an arbitrary complex
quantity zo to construct a whole set of new solutions. However, such a translation must be
accompanied by a non-trivial phase factor in order to satisfy eq.(4.7):
/ _

e x p

p ^ p 5 £ ] «3(iV(* + zo), NT).

(4.10)

The boundary condition eq.(4.T) is now satisfied, but the other boundary condition
given by eq.(4.6) is violated, unless we require that
Nyo
d

n
2'

=

(4.11)

where n is an integer. The corresponding zero mode T; is given by
TJ = e x p ( - ^ L + irim)0 (Nz
a
3

+ %r + a, Nr),

(4.12a)

L

where, for convenience, we have denned
a = Nx -^.
0
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(4.126)

We note that even n correspond to periodic boundary conditions in the i direction,
whereas odd n yield antiperiodic functions. The range of the iateger n can be taken to
be from 0 to 2JV — 1, and the range of the real number "a" is continuous, there are then
infinitely many solutions! However, only a finite number of them are modular covariant, by
which we mean that they transform into linear combinations of themselves under modular
transformations. It is well known that the modular group can be generated by two special
group elements:
a —*,

r —r+1,

~

(4.13a)

and,
z-./

= --,

T

- r ' = -i.

(4.136)

To test whether 77 given in eq.(4.12a) is covariant under theses mappings, we need some
standard identities for theta functions. The identities that are useful with eq.(4.13a) read
r

0 ( J V s + | r + a, A ( T + l ) ) = e (JV; + | r + a, JVT)
3

3

(4.14a)

for even N and,
«3(JV* + ^r + a, N{T + 1)) = 9 (.Nz + |
3

T

+ a - i , iVr)

(4.146)

for odd N.
Hence, for even N there is no constraint and for odd N if a certain value of a appears,
then the value a - \ must also appear. The transformation given by eq.(4.13b) is more
complicated; to implement it, we need the following series of identities:

*3("* §r a,
+

ffrl.^p,^'^^)^^^.^,

+

£,,
(4.15a)

and,
3(

+

T

]

* *' # '-2F i • g

eXP

1 +2

it{

+

{^T * *' jF - £?>} »3(^'+(°+<)r'-§, .Vr'l.
(4.15i>)
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Comparing the argument of the theta function on the right hand side of eq.(4.15b)
with that in eq.(4.12a), it is clear that we must require

a + t=j,

(4.16)

where n' is an integer. Since t is also an integer and a is defined up to an additive integer,
its values can be restricted to 0 and £. We express this by setting
a= -,

(4.17)

where m = 0 or 1. Modular invariance therefore restricts the allowed zero modes to the
following discrete set conveniently labeled by two integers m and n:
J

2

f •
!T;Vy
irin Tl . . . .
» « . ( ! . ' ) = exp j i r i i u - —^- + -fij-}WH*+

nr
Y

+

m
l'

,. .
'

N T )

, ,„,
-

( 4

1 8 )

where m = 0,1 and n = 0 . 1 , . . . , 2.V — 1. The even (odd) values of n and m correspond to
periodic (antiperiodic) solutions in the i and f directions respectively. We have introduced
an additional multiplicative constant on eq.(4.1S) compared to eq.(4.12a) in order to simplify
its transformation properties under the modular group. In what follows there will be no
need to normalize solution eq.(4.18). We also note that the number of zero modes is in
agreement with the index theorem eq.(2.18): If we consider only PP (periodic in both
directions) solutions, n = even and m = 0, there are then JV zero modes which is the
correct number. When anti-periodic solutions are also included, one must consider fourfold
covering of the torus, which, while quadrupling the total flux also increases the number of
solutions to 4iV.
The zero mode solutions defined by eq.(4.18) have simple transformation properties
under the modular group given by eq.(4.13). Considering first the translation given by
(4.13a), we have,
,

Tm,n(*,T + 1) =eXp(-7Tp-)l7m+n,n(i,r),

37

(4.19.H

for N = even and,
-

!foi.n(*,i + 1) = e x p ( ^ - ) r j „ i , „ ( i , r ) ,
m+

(4.19fr)

+

for iV = odd. Using the abbreviation {P,P),{P,A), etc. to denote periodic {P) or antiperiodic {A) boundary conditions along x and i directions, we can express the content of
eq.(4.19) in the following way: Under r —• r + 1, we have for even tf
(P,P) -(J»,J>),

(A,P)m(A,A)

[P,A) *{P,A)

(4.20a)

and, for odd JV
(P,P) "(P,A),

(A,P)"(A,P)

(A,P) "(A,A).

(4.204)

For even A', the modular transformation properties of fermioas are unchanged by the
presence of the monopole background', they an identical to the free fermion transformations.
For odd JV, one sees that switching A and P in eq.(4.20b) we reproduce eq.(4.20a). One
way to think of this change of statistic is that for odd N the angular momentum in the
gauge field of the fermion-monopole system will be a half-odd integer so the definition of
a fermionic system for even A' will be different from that at odd N.
Consider now the inversion given by eq.(4.13b). We have
lv-1

»*»,»i(«.r) = exp(tx) £

e x

f

jrt

m l
n

P {~7f ('

+

T

T ' J *>•»+*•»(*'' ')'

(4.21a)

where,
x

= -*NRe{j).

(4.216)

The overall phase in this transformation can be understood as follows: the transfor
mation eq.(4.13a) interchanges the two sides of the the basic parallelogram, which results
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in a change from the gauge given in eq.(4.3) to a new gauge given by
A -A„
u

+ d .xl

(4.22)

where X is precisely given by eq.(4.21b). We can again express the covariance of these
solutions by studying how the transformation r — — 1/T exchanges solutions of various
boundary conditions. Under J — — *, r —> — * For all JV,
(PP) - {P,P),

{A, A) - [A, A), {AP) - (P,A).

(4.23)

These are again identical to the free field transformations. As a result, just as in the free
field case, we obtain a modular invariant answer by summing over the four spin structure
(P, P), {A, P), (P, A) and (.4, .4). Here, however, we have a slightly stronger result: For odd
A', (P, P) is not modular invariant by itself (see eq.(4.20b)), so it is really necessary to sum
over all of the four spin structures. In contrast, in the free case, (P, P) is modular invariant
on the torus, and one has to consider higher genus surfaces to obtain the above result.
One final point concerns the GSO projection. We know that the summation over the
spin structures is equivalent to projecting out the sector of the spectrum with odd fermion
number. In the free field case, one can carry out this projection in the even and odd chirality
sectors separately, since the left and right fermion numbers are separately conserved. In the
presence of the monopole background, however, only the total fermion number is conserved,
and therefore only a single GSO projection is allowed.
In closing this section, let us summarize what we have learned so far. We have shown
that zero mode solutions on the torus transform into linear combinations of themselves;
this is certainly necessary for modular invariance, but is it sufficient? The simplest criteria
is the invariance of the fermionic determinant on the torus; but in the presence of the
non-trivial monopole background, this determinant vanishes because of the existence of the
zero modes, and so it is trivially invariant. One would then compute chirality changing
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correlation functions on the torus and examine their modular properties. We have not
carried out such a calculation; however, we wish to point out a feature which can deduced
with any detailed calculations. Modular transformations are accompanied by chiral (axial)
rotations of the world sheet fermions; this is true even for free fields and remains true in the
presence of the monopole background (see appendix). In the case of free fields, however,
chirality is conserved, and the phases due to the chiral rotations cancel. On the other
hand, in the presence of the monopole background, we have chirality changing correlation
functions, which will then acquire a phase under modular transformations. We do not
think that this destroys the consistency of string theories based on the model presented
here; however, this point needs to be investigated further.
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V . Summary and Possible Extensions
In this paper, we have presented a conformal field theory, based on a topological ex
tension of a class of standard coset construction. The model has possible applications to
string theory and two dimensional statistical mechanics, as well as being of interest in its
own right. It is also an example of an instanton calculation that can be carried out exactly.
The coset construction we considered was based on gauging the U(l) subgroup. It is
of some interest to generalize this to models where a non-abelian group is gauged. Such
models are quite complicated and usually end up being equivalent to a W.Z.W. model.
Without going into the details, we can try to guess what effect monopoles will have on the
general features of these models. In the non-abelian case, the functional integral over the
gauge field on a compact two dimensional surface can be classified by its topology. For
example, consider the surface of a sphere (S3), the inequivalent gauge fields are classified
according to the center of the non-abelian group, which means that there is typically a
multiplicative conserved quantum number Z which replaces the additive monopole charge
n

in the abelian case. We expect that most of the results we have obtained will remain true
with the replacement of Z (the set of monopole charges 'n £/(l) monopole) by Z .
n

For

example, in the non-abelian case chirality will be broken modulo n, etc. This may be a
promising line of investigation for future work.
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Appendix
In this appendix we solve the eigenvalue equation

0

ip <* = \*

*= I

A

1

(Al)

on the torus with Teichmiiller parameter r = e+id where A is as given in eq.(4.3). Squaring
M

PA to diagonalize the above eigenvalue equation we leam
,
2)r
A = M|A'|(2f+l)±;V]
J

f"
{

*«
(.4.2)

where £ is a non-negative integer corresponding to the mode of the harmonic oscillator (to
7

which PA reduces), often in these types of problems called the Landau level. As discussed
earlier, for I = 0 either I!>R (N > 0) or fe (JV < 0) will have a nontrivial zero mode
solution. For arbitrary t the solution to eq.(A.l) is (for definiteness taking N > 0);
(.4.3)

- - & ) •
where (j) indexes any possible degeneracy at level I an ' / is a constant that depends on
I, (j) and the normalization convention. Adopting the same boundary conditions as outlined
in section 4, we find that, as expected, each level is exactly 4jV-fold degenerate, and the
most general wave function for each component of the spinor in eq.(A.3) at level C is a
superposition of basis functions labeled by m and n:
,i
4n,n)

2

T—'
f
= 2 - ^P |
+ 2

+

J
+

2

ffJVy
.irn r
. ,,.,
+ " " " + *-jf- + IV&NT
-

)

"*(^ T -2 /

£ f <

[(-rJ

y+

d

{AA)

{ —N^ )\'

where n is an integer between 0 and IN - 1 and m is either 0 or 1. The spin sector
identification is the same as before. (See the paragraph following eq.(4.18)). H denotes
t

h

the P Hermite polynomial. In this form one sees immediately that under the modular
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transformation r — r + 1 the solutions eq.(A.4), for every t, transform precisely the same
way as the zero modes, as is shown in eqs.(4.20a,b).
To consider the action of solutions eq.(A.4) under r —» —1/r, z —> — zjr it is convicntenr. to use the generating function for the Hennite polynomials;

«-**•-ElfftijO

(.4.5)

to cast a sum in I (the Landau level) of the solutions eq.(A.4) into (m, n fixed);
°° «*
R{s,n,m) = J2 Trii'(„, )
m

= exp
X#3(-V^+f+ f - » ^ , J V r )

(.4.6)

Proceeding with the modular transformation r — —1/r in the fashion outlined in section
4 and using the identities eq.(4.15a) and eq.(4.15b), we find that a solutions with definite
n, m again becomes a linear combination of the solutions in the other sector (identical in
form to 4.21a) and that the generating function parameter a scales by the factor e'* =

\f^.

1

Expanding the generating function we then find that the l" solution acquires an overall
Ue

phase e

so that the general solution eq.(A.3) transforms as

/W\

( tf \
*, =

—

I

* phase.

(.4.7)

which is, of course, precisely what one would expect from the behavior of the two-dimensional
Dirac equation (eq.(A.l) or the free dirac equation) under modular transformations.
Finally, from the eigenvalues given by eq.( A.2), the determinant of the non-zero modes
can be computed using a suitable regularization, for example, the zeta function regularization. It is then easy to show that the dependence of the determinant on N is trivial,
justifying eq.(3.13).
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understand properties of the theory's cluster decomposition and topolological expansion.
These ideas have motivated this author to study other systems (such as Chern-Simons
field theory, as described in the last contribution to this thesis) from this point of view.
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CHAPTER 3: Parafermions and Coset Models

Coset models seem to play a central role in the classification of rational conformal field
theories. Although their lagrangian has been known for a long time, little has been done
to understand even thier classical structure via these lagrangians. The lagrangians for the
coset models we will consider in these next two papers are the gauged Wess-Zumino-Witten
lagrangiahs. Starting from these lagrangians, the following papers show how to derive the
Poisson bracket of the coset models.
In this semiclassical treatment the Poisson structure is neatly represented in terms of
"classical parafermion"' fields. Indeed we show that for the abelian coset the Poisson algebra
indeed closes on these classical parafermions and that for the non-abelian coset the Poisson
structure closes on the space of all colorless (with respect to the action of the subgroup)
operators built out of the classical parafermions. Other highlights include understanding the
coset models as special types of non-linear a models and also finding a free field realization
of the Poisson structure. Also some initial attempts are made to understand what we can
learn about the full quantum theory by directly analyzing these lagrangians.
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I. Introduction
The construction of two dimensional conformally invariant field theories is a open prob
lem of mathematical physics with applications to statistical mechanics in two dimensions
and string theory. Although no general method is at yet known, a number of interesting
special constructions have been proposed.

1-8

One of the oldest methods is the coset con

struction, which can be thought of as a natural generalization of the Sugawara construction.
Historically these models have been formulated ad hoc thus it is clearly desirable to have a
more systematic approach to them. This paper espouses a completely lagrangian viewpoint
of the coset construction. In a seminal paper Witten showed that the Wess-Zumino-Witten
(WZW) lagrangian is conformally invariant, has an underlying affine current algebra and
7

that it correctly implements the Sugawara construction. It was later shown that the coset
models also have a lagrangian basis, obtained by "gauging" an appropriate subgroup of the
WZW lagrangian. The corresponding gauge field is not dynamical but acts as a lagrange
multiplier to project out the currents belonging to a particular subalgebra. If these model'
are quantized in axial gauges, they can be written as a direct sum of several WZW models
and hence are clearly conformally invariant.*

-11

In this paper we will investigate the gauged WZW model in the physical (unitary)
gauge. For simplicity, we will restrict ourselves to gauging an abelian subgroup, although
our methods generalize to non-abelian subgroups. We hope to treat the non-abelian case
fully in a subsequent paper. In the pure (non-gauged) WZW model, it is well known
that formulating the model in terms of currents leads to great simplifications. In particular,
choosing light come coordinates one finds two sets of conserved currents; one set independent
of the coordinate i

+

and the other independent ofx_. Fundamentally this is a consequence

of conformal invariance. Furthermore, these currents satisfy simple commutation relations
(i.e. they form an affine algebra). Following this lead we search for conserved currents in the
gauged WZW model and try to formulate the model entirely in terms of these currents. Then
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the usual local currents will be gauge dependent and therefore only covariantly conserved.
The basic idea of the paper is to build a new set of gauge invariant currents which are truly
conserved by attaching a Wilson line to the old gauge covariant currents. These new currents
are therefore conserved and gauge invariant but non-local. It it these new currents that
we call "classical parafermions". They are reminiscent of the usual parafermions although
these were first introduced in a somewhat different context.

13

Next we study the commutation relations between parafermion fields. Since parafermion
fields are non-local, equal light-cone time commutation relations between them are illdefined and must be replaced by the more general concept of operator product expansions.
Our approach to this problem is a classical one; before quantizing the theory we compute the
Poisson brackets of the parafermion fields. This is a well-defined but laborious calculation,
to which the bulk of the paper is devoted. We also point out several simplifications which
make the calculation for a general group feasible. The resulting Poisson brackets between
parafermion fields are quite simple. They are the classical analogue of the operator product
expansion. These Poisson brackets are also satisfied by suitably defined functions of free
fields. This provides a map (classically) from the original gauged WZW model to a free
field theory. In particular we recover the classical limit of the Wakimoto-Nemeschansky
construction.

13-15

Once the theory is expressed in terms of free fields, it is possible to go

beyond the classical theory and define various expressions by normal ordering operator
products and introducing appropriate (finite) renorraalization constants.
The coset model of SU(2)/U(l)

is especially interesting. It is one of the very simpllest

of cosets and will be discussed at lenght in this paper. In the unitary gauge this model
reduces to a <7-model different than that expected for the coset on geometric grounds,
J

and is not just an S ( = SU{2)/U{1))

ff-model.

To distinguish this u-model from the

vector coset a-model we call them chiral cocet (c.c.) a-models. These c.c. er-models have
curvature and therefore non-zero beta function. The mapping described in the preceding
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paragraph maps this theory into a free field theory which is conformally invariant. This
appears paradoxical since the beta function is not preserved in this mapping. However since
the mapping is non-local there is no real paradox, only local field transformations preserve
the beta function.
the SV{2)/U(1)

Is,ir

Incidentally, this mapping provides a classically exact solution for

c.c. c-model.

The last section of the paper is speculative and deals with issues which go beyond
the classical limit. We discuss the Zk grading of the parafermions of level k and we also
r

construct soliton solutions in 5£/"(2)/t (l) c.e. <r-models tentatively identifying them with
parafermions. We also discuss the possible connection with Feigen-Fuchs-like constructions

18

and the connection between screening charges and a natural 0 parameter that appears in
our treatment.
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I I . T h e Model
For the sake of completeness we now briefly review the cocet construction. We begin
with the Wess-Zumino-Witten action,
L

Iwzw = j j J'<?xTi(d g-- d-g) + ± J' Trig-^gg-'d.gg-^g^x

(2.1)

+

where x± = xo±x d±
l7

= J(6bT^i) and where giS is a lie group-valued field, Tr is taken in
6

b

some representations of & , the lie algebra of Q. (Tr is normalized so that Trfi^r ) = 26° ).
7

7

By well known arguments, the coefficient k is integer. As was shown in reference, the
currents generated by the symmetry g -> A(x-)gB(z+),

where A,B are G-valued fields,

satisfy the Qk (called "C level k") Kac-Moody algebra.
It was known early o n

1,9

that "removing" components lying in a lie-subalgebra of the

currents above (i.e. by simply setting them formally to zero) yields a new representation
of the Viragoro algebra. One way to remove certain components of the ff-currents is by
introducing lagrange multiplier fields that, upon path-integration, set the specified compo
nents to zero. Siiice this technique is well known let us discuss the particulars of the model
under study. As discussed in ref.[9, 10, 11] one starts with a Gk theory, identifies a vector
subgroup HcQ and introduces an ft -valued (ft denotes the lie algebra of H) gauge field
A± that transforms contragrediently to the vector Sk currents we wish to project out. For
the lagrangian in eq.(2.1) the "left" and "right" currents are
x

U = %~ d g

j . = -^d.gg-\

+

Under the subgroup H's action (BcH.B
x

j± transform by j± —• B~ j±B
X

under this action A± -» B~ A±B

(2.2)
l

an arbitrary constant element) g — B~ gB,

the

and therefore it is useful to introduce fields A± such that
so that Tr(A+j- + A-j+) is invariant. In order to set the

ft -components of the j± to zero at every point we must promote the ft-action described
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above to a local symmetry. One then finds the gauge invariant lagrangian,
•JL
1

C = Cwzw + ^ THA+d-gg-

1

- A-g^d+g

+ A+gA.g'

- A+A-).

(2.3)

Varying g by gauge transformations described above we find that the theory has the
currents

j = £r'£>
+

+3

x

J . = -j{D.g)g-

(2.-I)

where D± = d± — i[A±- Now using the equations of motion one sees that the ft components
of these currents vanish, i.e. Tr(/i"J ) = 0

V hHH. Thus

±

A%
- At

I

=i(l-M)- Tr( -'a /i )
t

S

+ S

= - i 7r(d.gg-%)(l

1 >

- M)^'

(2.5)

where the matrix M is defined by.
2M{gU

l

= Tr(g- h gh )
b

a

V h ,h eK
a

b

(2.6)

with sum over repeated indices implied and no distinction is made between raised and
_1

lowered indices. Note that M(g)' = M(ff ) and that (1 — M ) is not an invertible matrix
iff giH. That is, for g(S/"H the matrix (1 — M) will be invertible. Note also that these
A± (eq.(2.5)) are the solution of the equations of motion found by varying the action of the
lagrangian of eq.(2.3) with respect to .4±. Other equations of motion for this lagrangian
tell us that the currents in eq.(2.4) are covariantly conserved,
D. J+ = 0 = D+J-.

(2.7)

The fact that these currents J± are covariantly conserved (eq(2.7)) and don't have any
component in the subalgebra ft (eq.(2.5)) leads one to surmise that they are functionally
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related to the parafermions. This intuition turns out to be more or less correct. We will
discuss this at length in the next section.
Finally, to close this section, notice that for arbitrary A± we have the following useful
identity
g(D. J )<r' + D J.
+

+

1

= £{F - gFg- )

(2.8)

T

where F is given by
F = d A.
+

- 3.A+ - i[A+,A.].

(2.9)

This identity is analogous to that of the ungauged WZW model in which one finds
l

g(d-j+)g-

+ d+j- = 0 .

It was this identity in the ungauged WZW model that ensured the conservations equations
for the right and separately for the left moving currents were actually the same equation.
In the gauged case, eq.(2.8) evaluated using eq.(2.7) implies
F = 0

(2.10)

where we have used the fact that (1 — M) is invertible for a generic choice of g. This
result will be used in the next section in which we identify the classical parafermions. In
computing Poisson brackets, however, one wishes to compute the fjjll variation of the action
(i.e. with fields "off-shell'') and cannot use the equations of motion. However, in section
VI and section VII in discussing the semiclassical treatment of the classical parafermions
we often use F = 0.
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III. The Classical Parafermions
Rather than trying to canonically quantize the action of eq.(2.3) directly we have the
freedom to first perform canonical transformations on the classical fields before identifying
the operators which we wish to canonically quantize. Note however that, as usual, this
procedure may yield a quantum theory different from that found by actually trying to
canonically quantize the action eq.(2.3) directly; i.e. classical canonical transformations may
be nonunitary when implemented quantum mechanically. This is an important philosophical
point of this exposition. Our aim is to form composite operators, ifr, of the original degrees of
freedom whose Poisson bracket look like those expected of free parafermions. For example,
we expect the Poisson algebra of the ip's to close, and therefore that the Poisson bracket of
two v's is expressible completely in terms of 0. We will then write down free field (Bosonic)
lagrangians which furnish a representation of the Poisson algebra of the v's. This allows
one to consider canonically quantizing the theory of the V>'s by writing them as composite
operators of free bosons. In a sense this procedure can be carried out for any field theory
by inverting the LSZ relation between the full (interacting) quantum field and the free field.
In practice however, actually trying to invert the LSZ relations is impossibly unwieldy and
involves nonlocal expressions. However for the theory of lagrangian eq.(2.3) there is a simple
way of "discovering" the parafermion as a composite and mildly nonlocal operator of the
fields.
In order to motivate this further, consider what properties we expect the parafermions
to possess. In particular, we expect:
1) Gauge invariance; Since we're gauging and performing a functional integral over the
gauge field the relevant remaining physical fields should be gauge invariant.
2) Coset-valued field: As described is the introduction the functional integral over ttw
gauge field should project out all components of fields in ft . Thus 0 representing ih-
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remaining degrees of freedom should be coset-valued i.e. have components in &\ft
only.
3) Conservation The expected conformal nature of the underlying coset model suggests
that the currents representing the coset model's physical degrees of freedom be separa
ble into holomorphic and antiholomorphic pieces. Thus we expect ifr's (which represent
these currents) to depend on either only x+ or only x_ e.g. for the left handed field
V we require 9+t' = 0.
These characteristics strongly suggest that the classical parafermions <l> is related to the
coset currents, J, of the previous section (see eq.(2.4)>. But J is not gauge invariant and is
not conserved but is only covariantly conserved (see eq.(2.7)). The obvious choice for &• is:
l

<l> = -U- J.U

(3.1)

where U is the Wilson line
i

A

iz

V(x) = Pt S'° * +

(3.2)

where P stands for path ordering of the exponential in eq.(3.2). Note that since •/_ is coset
valued i> is as well. Also, 0 is gauge invariant at i and eq.(2.7) may be written d+t- = 0.
Because it has a Wilson line dangling from it, i/> is nonlocal. This Wilson line gives is
unusual statistics. Furthermore the base point (xo) dependance of U and therefore of v
introduces further subtleties. Both of these matters are discussed in much more detail in
the appropriate places in later sections.
For the purpose of computing Poisson brackets oftf>'sthe form of U must be modified.
Namely, U as defined in eq.(3.2) involves integrating along a time-like line and ip will thus
be a functional of the field A+'s history. This would make the direct computations of
the Poisson bracket between two i/>'s problematic. Instead, using eq.(2.i0) F = 0 we may
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motivate rewriting V in terms of equal- time quantities as;
i

A dx

U(x) = Pe ^ ' -

(3.3)

from now on we refer to ^ as defined in eq.(3.1) with U of eq.(3.3). In section V for
computing the Poisson bracket of two 0's we will retain V as defined with U of eq.(3.3) but
will not assume F — 0.
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IV. P o i u o n Bracket Generalities
The lagrangian of the gauged WZW model eq.(2.3) has the very important property
that it involves terms at most linear in d+. Regarding i + as (light cone) "time" we now
analyze this theory classically. Rather than studying the theory's Hamiltonian directly we
make use of the canonical method for identifying conjugate variables of a theory whose
lagrangian is first order in time derivatives. Let's now sketch this standard procedure,
retaining ref.[7] for further reference. Imagine a theory whose actions in given in eq.(4.1).
I = f M*)^*

(4.1)

where the #' are dynamical fields. The above lagrangian contains terms only first order in
time derivatives. Varying the fields in an arbitrary way tp —• tp* + d<£* we find
61 = J d^F^dt

(4.2)

with F,_, being an antisymmetric matrix defined by;
F

^

)

=

_

a«>

6v~-

(4

-

3)

Note that since the variation of J is essentially a quadratic form in d<£" we can use F,j to
define the Poisson bracket between the 4>"s;
{dOSd^} = ( F - y

(4.4)

if F ~ ' is not defined we must choose a subspace of the d<j>' on which F is nonsingular. This
subspace is that of the physical degrees of freedom. For the case we wish to study, the gauge
symmetry of our action makes F singular and simply fixing gauge to a unitary (physical)
gauge ensures F's invertibility. Note furthermore that we may use the symplectic form F

- 1

of eq.(4.4) for computing the Poisson brackets of arbitrary functions of fields as follows: let
P(<i>)< Q(<t>) he two arbitrary functions of the fields <£'. To compute their Poisson bracket we
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use the following one-forms,
p

d

W = fJ *'' <JW>-g«W

(«)

and then by definition

We will often need to compute the Poisson brackets of arbitrary one-forms
V = Vid<j>' W = W W '
these forms are not necessarily closed or exact and we will define their Poisson bracket to
be
1

ij

{ V , W } = lvV(F- ) V

i

(4.7)

thus their Poisson bracket is a linear combination of Poisson brackets of the basis one-forms.
Let's now return to the theory of the gauged WZW model whose lagrangian is given
by eq.(2.3). Again, we imagine having already performed the integrations over A± so for
the A± in eq.(2.3) we substitute eq.(2.5). If we now compute the variation of the action
with respect to the arbitrary variation g -» g + Sg we find,
2

SI = jd xtt\<,-'Sg(.D.J +'^F)]
+

(4.S)

where F is that of eq,(2.9). We will regard Sg as an arbitrary variation and when we wish
to imagine having chosen a particular co-ordinate system of Q we will think of Sg as a form
l

dg. Note that J+ = >$g~ D+g is a lie algebra element orthogonal to ft i.e. "pointing
into the coset" and that furthermore D-J+ points also into the coset. The second term of
eq.(4.8), F, of course lies entirely in ft.
Since we wish to compute Poisson brackets in this theory but using the machinery
presented in the previous paragraphs, we must write the variation of the gauged WZW
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action given in eq.(4.8) in a form more similar to that of eq.(4.2). Note that in eq.(4.2) SI is
written as an antisymmetric (in all indices) form and is antisymmetric under the interchange
of ^jj- and d<V. We now will recast eq.(4.6) in a form in which this antisymmetry is manifest.
To this end define
l

SAt = i ( l - M £ Ttig-'Sgh')

(4.9)

where h" are the generators that span ft. Then, concentrating on the second term of eq.(4.8)
we have,
l

Tr(g- 6gF)

= - 2 T r ( M ( l - M)'F)

(4.10)

_ l

which, using the property that M'(g) = M ( g ) , is
l

lTl,g- SgF)

1

= -Tt(SA(F-gFg- ))

Now using the identity eq.(2.S) and the fact that D J+

(4.11)

points only into the coset (and so

is orthogonal to 6A in the lie algebra g.) we have;
l

1t(a- SgF)

1

= jTc(s- [SA,g]

D.J+)

(4.12)

and thus eq.(4.S) may be recast as;
lI = ±fd*xJ [ -\6g-i[6A,g]){d--i{A-,)g-\d g-ilAi.,g])}.
r s

+

(4.13)

Note this expression is of a form similar to that of eq.(4.2) and it is this form of 61 that will
be used for the bulk of the ensuing computation. Again, the operator I?_ is not invertible
unless we fix the gauge completely.
The variation of the action eq.(4.13) is for a general WZW coset model. In the next
section we will study the abelian coset model (the case in which 7* is abelian) in detail and
leave the applications of eq.(4.13) to nonabelian cosets (H nonabelian) for future work.
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V. Poiuon Bracket* of the Abelian Coset
We now specialize to the case of abelian cosets. By abelian coset we mean that H, the
subgroup being "molded" out, is a subgroup of the torus of Q. Thus ft is a subalgebra of
the Cartan subalgebra. To begin computing physically meaningful quantities we imagine
completelyfixinggauge. Although an explicit form of gauge fixing will not be necessary for
what follows we imagine completely fixing gauge with a unitary gauge condition f(g) = 0
where / involves no spatial derivatives. Thus the remaining degrees of freedom will be
physical. Choosing such a gauge has it's subtleties, particularly with lagrangians that have
"topological terms" as that of the gauged WZW model and we will discuss some of these
matters later. For the present discussion we ignore these subtleties.
For the purposes of this calculation it is necessary to choose co-ordinates on G< Since
we havefixedgauge it will be particularly convenient to choose co-ordinates that naturally
"stay" in this chosen gauge. We now use this notion to motivate a particularly useful set
of co-ordinates on Q. As noted earlier, the action of the gauged WZW model has a global
symmetry under g — AgB with A, BiQ, Part of this G x G chiral symmetry then gauged
x

i.e. a particular vector subgroup of G x G given by g —• UgU~ with UiH was made a
local symmetry of the action. The axial global symmetry g — BgB

BtH is still a good

symmetry of the action and furthermore will not take g out of the chosen unitary gauge.
Thus co-ordinates associated with this axial symmetry are a natural choice. Keeping this
in mind we can always decompose g as;
l

g = CBg-BC~

(5.1)

where B, CiH and 5«ff is constrained in the following way; set C = 1 (since it corresponded
to the gauged H invariance) and let g satisfy the unitary (e.g. physical) gauge conditions
described in the beginning of this section, leaving Btti arbitrary. This forces g to depend
on \G\ — 2 |K| independent co-ordinates (the \G\ and \H\ are the dimensions of Q and H
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l

respectively), p , in some nontrivial way. Fortunately an explicit form of g is not necessary
4

1

for further computation. To fix notations and conventions let B = e' "' * with h'tfl,
a

with {h }, as before, forming a suitable basis of tt, and i° being real-valued parameters.
if

Furthermore we will think of g as e ' where T* e g.\tt span the vector space of g.
orthogonal to tt. We will indicate a cotet index by I, m, n and an tt index a, 6, c. In these
co-ordinates a general variation of g may be written
Sg = Y {h', g}dP + K'dp'

(5.2)

where {,} is an anticommutator. Again note that this variation keeps g in the chosen gauge.
The particular form of A"' win not be needed in the rest of the calculation.
We are now ready to compute Poisson Brackets of fields in the gauged WZW model.
30

Instead of computing the Poisson brackets of just any quantities we follow the intuition
of section III and concentrate our interest on the Poisson brackets of xp's, the classical
parafermions. First note that it is simple to verify that left moving and right moving
parafermions' Poisson bracket is zero.
7

Note that unlike the case of the ungauged WZW model, the relevant conserved cur
rents, e.g. the v's, cannot be expressed directly in terms of the forms that appear in
eq.(4.13). Thus it will be necessary to compute Poisson brackets of several other quantities
in addition to that of the forms that appear in eq.(4.13). In particular we need the Poisson
bracket between F of eq.(2.9) and the co-ordinates 0°,p'. Indeed, using eq.(5.2) in eq.(4.8)
(which is simply another form of eq.(4.13)) we find that
SI = ^jcPxdP

Ti(h'F) +...

(5.3)

1

where .... stands for terms involving dp . By d9° we mean d0° considered as a form in the
tangent space of co-ordinates 0°,/?' as described in Section IV. Note that this expression
implies F = 0 as an equation of motion, completely consistent with the analysis of Section
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II. Equation (5.3) implies the following Poisson brackets:
{ d f ( * ) , /*(»)} - | f * ( x - y)

(5.4)

{dp«(*)..F*(y)} = 0
Note that the second Poisson bracket is the result that $ and p are independent parameters
and that eq.(5.3) is the variation of the whole action. By this we mean F that appears in
the first term is eq.(5.3) considered as a form F (for the purpose of computing it's Poisson
bracket) in the tangent space to 9, p co-ordinate space can be written in terms of the inverse
of the symplectic form. Then eq,(5.4) follow from computation of the Poisson bracket using
eq.(4.6) in summary, the content of these equations is that 9° is canonically conjugate to
F°. Thus, to compute the Poisson bracket of any quantity with F'We need only compute
that quantities variation with respect to 0° and do not neisd to concern ourselves with its
variations with respect to the pf (all the other co-ordinates). This is the reason we'll never
l

need to know the precise form of the K of eq.(4.2). Extensive use of this observation is
made in the computation of Poisson brackets.
As pointed our earlier, the classical parafermion, 0, has several important properties;
0 is coset-valued, gauge-invariant and satisfies simple "free-field" equations of motion (see
description of 0 in Sections III). For the abelian coset 0 of eq.(3.1) may be written
0(s) = - e - V . e *

(5.5)

X=(*A-dx-.

(5.6)

where
•>*>

The parafermion 0 is really a bilocal field siuce the Wilson line depends on the basepoint xo of integration in eq.(5.6). Thus, technically speaking, it appears that 0 is not
even a gauge invariant field since under gauge transformations at i o . 0 will transform
homogeneously.
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This subtlety proves to be no obstacle for computing Poissor. brackets of the abelian
coset but demonstrates a critical difference between the abelian and nonabelian cosets. This
point will be discussed further in the last section.
This subtlety aside, we see that the parafermion i> is gauge invariant, conserved on-shell
and is a non-local functional of the field g (namely x 's nonlocal). Computing the Poisson
bracket of two it>'s directly is cumbersome and so, in order to simplify the calculations, it
is useful to write i> entirely in terms of gauge-invariant quantities. To this end define the
following gauge invariant quantity;
i

/ = e-'V '

t

(5.7)

in terms of / the classical parafermion 0 of eq.(5.5) has the following simple form
*=7(9-/)/-'-

(5.8)

Now, as described earlier, in order to compute 0's Poisson brackets we would, in general,
s

e

need to know it with respect to coordinates 0 and p . Under an arbitrary variations of g.
v changes by
l

1

<ty = £fa-(r df)f-

(5.9)

7r

where, written in co-ordinates i°,p'

the df is;

if = y {/. ^}dP

+ [/, d ] + ....

(5.10)

x

1

where {,} is an anticommutator and ... here represent terms involving dp . At this point
it is important to remark that for the rest of the calculation we will only need to know the
1

<W* terms of df explicitly, the dp terms Poisson brackets will be borne out automatically
in the calculation. This is a technical point which is explained more fully in the appendix
It is also convenient to write SI of eq.(4.13) in terms of / and other gauge-invariant
quantities. One finds,
=

d2

Tr

1

" £/ * [r w+i[H,/])3-(r
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w+•[#,/]))]

(5.11

where H * fdxi. J«(i - x')F(x') and F is given by eq.(2.9) specialized to the abeb'an case
and <{x — x') is the antisymmetric ^-function,

{

1

x>x'

-1

x< x'.

(5.12)

A comment is in order by way of explaining d / and H. In keeping with the discussion of
section III describing the use of forms for facilitating the generalized Poisson bracket, we
l

regard d / and H as forms in the tangent space of the parameters 9",p . In this notation
if

is a closed form that may be regarded as a linear combination of closed forms d9°, dp'

In this same sense by H we mean the form found by replacing all the d+g in the expression
for H by da. More explicitly said, H is
H =

X

- A

(5.13)

where A is as defined in eq.(4.9) but where Sg has been replaced with do and by x
x

"in the expression f d+A-dx-

w e

mean

replace d g with do". With SI now written in terms of
+

these forms we will employ the generalization of the Poisson bracket described in section
IV.
Now simply defining R = /

_ 1

( d / + i[H,/]) = R'r* and using eq.(5.11) we have the

following Poisson bracket;
m

{R'OrO.R-'M} = - £ * ' < ( * - »)•

(5.14)

As is obvious comparing the form R with 'hat of dtl>, the d\j> cannot be expressed entirely
in terms of R. Thus in computing the Poisson bracket between two tfr's we will need to
know the Poisson bracket between d / and H, etc. Using eq.(5.4) and the definition of H
we have
{dP(x),H»(y)}

=-^,"» ( _ )
£

{dp'(i),H'(y)} = 0 .
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I

y

(5.15)

The other manipulations necessary to compute the Poisson bracket between two li's is
straight forward but tedious and is detailed in the appendix. Here we present the final
result;
a,

{*'(«), ,T(tf)} =

mm

e

m

^•r r '* (.^ '(y)e[x-y)

-±6\ -y)6"»

(5.16)

x

where, as before the index a runs only over generators is ft and C, m, C, m' run only
aU

over coset directions. The f ' are. of course, the structure constants of the Lie algebra
fate _ 1

T r ( A

a[ / <'])
T

r

w i t n

ft3fft

^j t f
T

T

(

a

^

f t

N o t e

t h a t i

^ expected, the Poisson

bracket of eq.(5.16) does indeed satisfy the Jacobi identity. The Jacobi identity was checked
by hand and makes critical use of the fact that ft is an abelian subalgebra. Thus we've
learned that the classical Poisson algebra of the ^'s closes. We will show that this algebra
may be represented in term of free fields.
We now specialize to the case of SU(2)/U(1) with the convention that the coset currents
t/'+i <t>- point in the directions T_, T respectively and that f3 is the generator of the l'(l)
+

subgroup (the C.S.A.) being W. In this simple case (C = <I>+T- + *I>-T+ and now using
eq.(5.16) the Poisson bracket of two i^'s reads

{*+(*). <My)} = J^(* - »)iM*)iMv)
{0+(*), *_(»)} = - ^ c ( * - » ) 0 + ( i ) 0 - ( » ) - ™6'(x - y).

(5.17)

Note again that this Poisson bracket closes, and that, since 0 is a "conserved" quantity
[d+<p± = 0) and further since the Poisson bracket of conserved quantities is also a conserved
quantity, the right hand sides of eq.(5.16) and eq.(4.17) involve simple products of the v's
only. This is as expected. Indeed all the classically conserved quantities are just polynomials
of 0±'s. Thus with this classical approach one cannot conclude what functions of fields
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become the the primary fields of the quantum theory or even surmise how many primary
fields there are. These are questions answerable only by actually trying lo canonically
quantize this theory and studying the composite operators that appear in the operator
product expansions.
-

1

In analogy with conformal fir 1 theories algebraic formulation we define a local "stress"energy tensor for this SU[2) coset by,
T(x) = c * ( i ) 0 . ( i ) .

(5.18)

+

(Remember that the ± aie group indices and that 0±(x_) are both left handed fields) where
c is a constant that will now be determined. The Poisson bracket for T with v± is;
OJU

choosing c = —v/2k we see that i>± indeed transform as chiral conformal fields. It is now
simple to compute the Poisson bracket between two T's.
{T(x), T(»)} = S'(x - »){T(r) + T(»)}

(5.20)

which is the expected result. Note that the algebra of the T's contains no central charge.
Again this is expected since we are only computing (classical) Poisson bracket.
To now connect this approach with the Feigen-Fuchs-like construction (at the classical
level). We find a free-field representations for the algebra of the SU(2)/V{\) mode' depicted
,3

15

in eq.(5.17). ~ The fact that this may always be done for a well-defined Poisson bracket
is guaranteed by Oarboux's theorem. Simply counting degrees of freedom indicates that if
it is possible to bosonize the 0± in eq.(5.17) one will need two bosonic fields. Denote these
free, two-dimensional bosonic fields by <pi,<fa. We have
{d0 (i),dai (y)} = i« fl((x-y)
o

fl

oi
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o,/5 = {I,2}

(5.21)

where the d signifies that, as explained earlier, we are thinking of the Poisson bracket as an
antisymmetric bilinear form. Now taking a hint from the functional form of the SU(2)/U(1)
parafermion (and also knowing the form of the correct a n s w e r

13-15

) we form the ansatz,

±iA

$± = B±e

(5.22)

where B± and A are yet-to-be-determined local functionals of fa, fa. Now writing out
eq.(5.17) we have;
{ d £ ( i ) + iB+d.4(x),dB (y) + iB+dAM)
+

+

{ d S ( x ) + iB dA(x),dB.{y)
+

= ^ e ( r - y)B (x)B-(.y)
+

- >B.d.4(j,)} = ^t(x

+

-

(5.23a)

y)B (x)B.(y)
+

Ik

2ifc

7T

n

(5.236)
Of course one also has the equation similar to eq.(5.23a) but involving fl_ coming from the
Poisson bracket of two 0

Note that choosing A(x) = — i,/^fa(x) the terms on the right

hand side are quadratic in B±. Furthermore, in order to get terms involving 6(x — y) and
^'(* - y) we need B± to be a linear functional of fa and fa involving derivatives. Thus take
for B± the following ansatz,
£ + = cdfa + cdfa
B.

= edfa+edfa.
3

The Poisson bracket for two t/>_'s implies e

= -e

(5.24)
3

and solving for c,c,e,e

by using

eq.(5.23b) one finds,
0

±

= J^(dfa

± t8a,)e*vT*i.

(5.25)

Let us pause to make some comments concerning this representation. Note that fa and
fa are really complex fields and that 0± are not Hermitian conjugates. Actually since we
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are doing a completely classical analysis there is really no notion of henniticity, but fields
are simply real or complex. In the representation we have chosen the $ are indeed complex.
This is presumably the classical analogue of the quantum result in which ghost fields are
13

l!

employed to construct t/>. " Note also that this is not quite the same as the full quantum
result of ref.[14] and that, although they agree in the (classical) limit k —. co, there are
(presumably) renormalization effects in the quantum theory at finite fc that change result
eq.(5.25).
We close this section by noting, as was pointed out in ref.[21], that the functional
determinant between the fields that make up the currents of the SU(2)/U(1)

model and

the free fields used above is nontrivial. It involves spatial derivatives and may be integrated,
as was done for example with the conformal anomaly, to yield a crucial term in the quantum
effective action.
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VI. Solitons; A n Example
In the previous section the parafermionic currents of the abelian coset were constructed
and their Poisson brackets studied. Continuing in the vein of analyzing the theory classically
we would like to study solutions to the equations of motion in the simplest possible abelian
coset, i.e. that of SU{2)/V(l).

To be explicit let {<r;} be the Pauli spin matrices in the

fundamental of SU[2). A general group element gcG(= SU(2)) will be written g =
with g = (gugiiSz)

2

and with the condition that gfi+g

gal+ig-S

= 1. We now choose the U(l)

subgroup generated by <r of SU(2) to be the abelian subgroup "H which we are gauging.
3

Strictly speaking both the gauge fields and the currents are in the adjoint representation
l

and so expressions such as g~ d±g are interpreted as being in the adjoint even though g
is in the fundamental representation. Since the lagrangian of eq.(2.3) has a local gauge
1

invariance under which g(x) —» UgU~ {x) with UeU(l) we may choose a gauge slice in
which 5J = 0. (By j j we mean the second component of the g vector in the definition of
the group element g = gol + i§ • S). This can always be done, and furthermore this choice
completely fixes the gauge freedom except at points where g(x) is an element of H. This
choice of gauge also makes the WZW term equal zero naively. Ostensibly the entire support
of the WZW term must come from the points (or lines) on which g(x)tH. This is a subtle
point and one which we will return to in subsequent work. Notice that although this choice
of gauge makes the WZW term of C vanish, the WZW term still effects the definition of
the currents and therefore the A±. Indeed writing the coset lagrangian of eq.(2.3) in this
unitary gauge (& = 0) and using the A± of eq.(2.5) we find,
._

* d go^go + d g d"g3
u

u

3

....

1

where we have used the fact that g\ + g = 1 to eliminate g%. This lagrangian is not that
of in S* = SU(2)/U(l)

c-model, which is the model one would recover from this coset

were there no WZW term. This new c-model will be referred to as the chiral coset (c.c.)
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ff-model in order to distinguish it from the ordinary coset <r-model.
This lagrangian is not manifestly chiral and has a residual global 0(2) symmetry on the
fields so. S3- Essentially this left-over symmetry is due to the isometry of the coset space
and using Noether's theorem we find that the corresponding currents are,

T -

k

f93d±go-9od±H3\

„„,

J±=

(6

^{—3—;•

-

2)

Note that these currents bear a striking resemblance to the A± or eq.(2.5). Indeed we have,

J = =±A+
+

A

3- = \ -

and so the current conservation condition 8+J- + d-3+

6

3

<->

= 0 implies F = 0 (where F

is as in eq.(2.9) specialized to the abelian case). This may be trivially generalized to
arbitrary abelian coset models. The lagrangian of eq.(6.1) is not conformal in the ordinary
sense. Indeed, considered as a a-model, this lagrangias has nonzero beta function as it
corresponds to a c-model with negative curvature.

16,1T

One may wonder how a lagrajigian

with non-zero beta function could possibly describe a conformally invariant theory. Since
this problem is clearly beyond the reach of the semiclassical approach used in this paper, we
can only speculate about possible resolutions. One possibility is th,\t the model is conformal
when expressed in terms of the parafermion field 1>, which is expressible in terms of the
original group variables g through a non-local mapping (eq.(5.5)). Non-local mappings are
not, in general, expected to preserve the curvature and the beta function. It is therefore
quite possible that a model with non-trivial beta function can be mapped into a free field
theory through a noc-local mapping. Another possibility is that the gauge fixed form of
the lagrangian eq.(6.1), although classicaly correct, receives quantum corrections. It may
also be that there are non-perturbative corrections to the beta function that cause it to
vanish. These questions are presently under study.
Let us now write the classical parafermions of the previous sections for this model
SU(2)/U(l)

in terms of so and S3. It is convenient to use complex notation to represent
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this gauge-fixed g. Let u = go + '93 and u" = go — iga- The classical parafermion f- is
then

where we have used the conservation equations F = 0. The i/>+, which completes the
SU{2)/U(l)

parafermion doublet (recall that here the subscript ± on V is a group index

and not a Lorentz index), is the conjugate of 0_;
1

lx

*+ = — 1
T-etP - / 1 I-' +\
jr 1 — u"u
I / 1 — u'u

(6.5)
J

'

Notice that these t!> of eq.(5.5) and eq.(5.4) do satisfy the equations of motion expected
for free massless fermions [d+xli = 0). Since V± solve such simple equations of motion it
is perhaps difficult to imagine them as nontrivial solutions of differential equations, i.e. as
soljtons. Let us construct an actual soliton solution to the equations of motions of lagrangian
of eq.(6.1). First it is convienent to choose the co-ordinates £,tf> defined by
2

sin* = yjgo + S3
Q0S

2

=

(6

" 7^P

6)

"

in which lagrangian eq.(6.1) is
C = ^{d„9d"9

2

+ tan 9d^<t>).

(6.7)

To look for solitonic solutions consider 9, $ to be functions of x only. Notice how similar
2

2

2

this lagrangian is to that of a 5 (7-model (one would replace tan 9 with sin 6 to get an
s

5 ff-model's lagrangian). Indeed the equation of motion for 4> (which may deduced from
current conservation above whose charge generates $ — <£+ const.) is
2

2

6x(tan 89x0) = l s tan 8d <t> = n
t
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n is real and constant

(6.8)

7

which when substituted into the equation of motion for 9 yields exactly the S equations
of motion for 0;
2

d9
x

1

^ " T 7 = 0.
tan 9 sin 9

(6.9)
'

2

K

This has the well known solution
2

cos« = s/\ - n s i n x

with

n<l

(6.10)

where because of the scaling freedom in z we have, for convienence, scaled n to be some
number less than one. This classical symmetry of the equations of motion is as expected
since C contains no dimensionful parameters.
It is more difficult to solve eq.(6.8) for «>(r) and here we present only the formula for
the advance of <t> as we integrate eq.(5.8) from x —» x + 2T. One finds
A*=^2(l-| |)
n

(6.11)

this means that along one "swell" of the soliton the vector (90,171) does not rotate into
itself but rather is displaced angularly by A<j> in eq.(6.11). Although this seems strange we
are for the moment working in an open topology and so are really interested in how much
the phase of v± advances,not of what happens to the original fields go, g$. We will discuss
particulars of a compact topology in the next paragraph. Indeed referring to eq.(6.4) and
eq.(6.5) we find an additional contribution to the phase of i!> coming from the exponential
factors which when combined with A<$ of eq.(6.11) yields
phase advance of \ji± = ±-r-r.

(6.12)

Most often one is interested in the gauged WZW model on a compact space. Then
single-valuedneu of the fields go, gi requires that the extent of the manifold in x, our scaled
co-ordinate, is 2T./V so that referring to eq.(6.11) nJV is an integer. Thus we expect n to
be rational, and so at fixed compactification the functional integral will get contributions
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from these JV soUtons. In summary, we have shown that solitons are a plausible candidate
for the classical parafermjons.
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V I I ScmieUsiieal Musings
There are, at this point, many questions this approach leaves open. In this section we
mention only a few things that might prove useful for relating this work with the vast body
of literature on the Wess-Zumiuo-Witten model and coset constructions. The discussion is
mostly semiclassical and is not to be regarded as rigorous.
To begin with note that the classical parafennions of eq.(3.1) in the abelian coset are,
r

by construction, invariant under vector U(l)
r

the rank of a ) but under the axial U(l) ,

transformations (r is some number less than

generated by the algebra of anticommutators,

the ti's acquire extra phases. As an example consider the case SU(2)/U(l).
>T

+,,T

axial transformations g —• e' *gt *

Then global

lead to

«>+-«-'•*+

tf.-e'V-

(7.1)

where, as usual, the il'± are assumed to be in the adjoint representation. These transformed
i/' again satisfy Poisson algebra eq.(5.1T). Note that in the Feigen-Fuchs construction in
±

section IV this symmetry corresponds to shifting 4>i (in eq.(5.25)) by a constant. But in
the quantum theory one will, in general, be concerned with a Feigen-Fuchs construction
(or a WZW model) on some compact space and so the zero-jnode of <t>\ (the mode <t>\ =
constant) will be an operator and not allow the above symmetry. Said a different way.
the classical symmetry <tn -» c>i + c, c constant, does not survive quantization, i.e. is not
representable by a unitary transformation on the Fock space. It is well known that this
phenomenon occurs in theories of systems at criticaliry, such as that of a condenced Bose
gas where fermion number is spontaneously broken by the ground state. Also, in a compact
space the zero-mode of <j>\ will be related to the monodromy of the parafennions and so
will take on discrete values. Thus the rigid axial U(l) breaks to some subgroup Z* and this
12

remaining symmetry is associated with the grading of the parafermionic a l g e b r a . "
discuss this point from a different point of view in the next few paragraphs.
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W*

1. Paraferminn utatistiea What statistics the parafermions obey is a question that
can only be answered fully in the quantum theory of the model. However, we can get some
indication of nontrivial statistics through the following semi-classical argument. Define
the Green's functions of the quantum theory through the usual functional integral. The
parafermions can be defined covariantly on a general surface by

*» = ^'-"'(g-'Drf
where x{x) = J dy"A (y)
c

u

-«„ "Cs" V *

(T.2)

and D = d - :[4„. It is important to realize that in com
u

u

puting Green's functions, A should be treated as an independent field to be integrated.
u

In particular, A is no longer a pure gauge, since eq.(2.9) will now have source terms at
u

the location of various fields. Furthermore, since A

u

is not pure gauge, the field \ and

therefore v„ explicitly depend on the path C. We may think of the path C as a branch
cut in space and the resulting Green's function as non-single valued, again reflecting the
parafermionic nature of u'„. It is possible to investigate this more quantitatively as follows:
Next, consider a field u with chiral charge, i.e., a local field that transforms non-trivially
under chiral transformations. Specifically, we can take u to be g transforming as described
in section IV. Next, consider the Green's function G =< 0 (i)u(y) >. More generally, G
M

could depend also on other fields, but since they play no role in the following argument,
we have suppressed them. Fix x and imagine moving y adiabatically around a closed path
circling x. Were it not for the branch cut C, G would return to its original value at the
end of this adiabatic transport. However, because of the presence of the cut, there is a
discontinuous jump in the phase of G as the cut is crossed, and so G acquires a phase upon
returning to its original location. To compute this jump in the phase, we need the Ward
identity resulting from invariance under these chiral transformations. Consider the Greens
function
G(xi...x )
n

= <u(r, )...u(x )>.
n
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(7.3)

Now in the functional integral defining this green's function make the finite local chiraj
transformations g(z) -> B {x)g(x)H (a)
c

c

where H = exp (- j £ „ fliW'o) • The functional
c

integral is invariant under this change of variables (assuming the absence of anomalies).
Under this the u transform as
•j(x) - ex? (i £ a S „ ( x ) ) u(x).
a

(7.4)

The change in the action is given by eq.(5.3) with infinitesimal d0„'s replaced by the finite
9's above. Thus we have the following Ward identity
(exp (* f d-y-£e (y)F (y))
a

u(x,) ....«(*„)) exp ( i £ > , A ( x < ) )

a

= <u(xi)...ti(i„)>

(7.5)

Now we are ready to compute the jump in the phase of C of eq.(7.3) as one the coordinates
crosses the cut C. This crossing can be thought of as a distortion of C by a small area JT
and under such a change in C the factor \ in the definition of 0„ changes by (see eq.(5.6)),
(X=f

<PllF{y)

(7.6)

and </i changes by
M

^ ( x j - e x p l - / <PaF(v)U (z)expU <PyF(y)\ .
lt

(7.7)

So the expectation value of < 0,i(x)u(y) > now acquires extra factors. Let us work out the
case of SU(2)/I(l)

in detail. In this case, eq.(7.7) becomes (suppressing Lorentz indices)

tf± - 0± exp I ±ij <PyF (y) I
3

(7.8)

where we recall both 0± and A± are in the adjoint representation (± and 3 are Lie algebra
indicia not Lorentz indices). Thus we learn that under this transport
<**(*)«(»)>-<0±(*)«xp(±»/ <P*F3(*)Ms)h
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(7.9)

where 2 is a small area which includes the point y. Now for u take the combination
u = go +1'53. Then from the transformation g — H gH we find
c

c

9o + »'S3 -> (flo + »S3) exp(-i«3)

(7.10)

so as = - 1 in eq.(7.4). Now we evaluate eq.(7.9), taking 83(1) = ± f inside y inside £ and
#3 = 0 outside £ • This gives
(<M*)u(»)> - (0±(x)u(y))exp (?'£)

(7.11)

so, y must go around x a full 2k complete times to return to its original value. This agrees
with the usual 2A-valuedness of parafermions.
2. Bilocality Let us return briefly to the discussion of the 0's bilocality and behavior
under gauge transformations. If we allow gauge transformations at x , the base point of
D

integration used in defining x (see eq-(5.6)), then
0+0 = 0

(7.12)

is no longer quite correct, for to derive it we needed the step
9+ £ iyA.(y) = j * dyd A (y) = A+[y)
v

+

(7.13)

making use of F = 3+.4_ — d-A+ = 0. However, there is a contribution to eq.(6.13),
the lower limit, which we neglected. This unpleasantness can be avoided by considering a
product of a cluster of parafermionic fields whose chiral charges add up to zero. The chiral
charge is the same as the flux carried by the integral in eq.(7.13) and since these fluxes
add up to zero, the end point contributions from the common end point Xo also cancel.
This suggest that in the quantum theory of parafennions, one should only consider neutral
Green's functions, i.e. Green's functions with total charge zero. Alternatively, one should
introduce a "background" charge at Xa to balance the total charge. With this proviso, the
results of the previous sections remain unaltered. However, notice that the abelian nature
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of the conserved charges is an important restriction in reaching this conclusion. We hope
to consider the non-abelian extension of these ideal in a future publication.
3. T h e Q - t e r m To the action of Lagranian eq.(2.3) we may add a term
2

A7 = ^ i e y < i i F , ( i )

(7.13)

a

where the 0„ are constants. This term is a total divergence and so will not modify the
equations of motion in the absence of external sources. If the action is defined on a com
pact space this term can be integrated to zero if the possible monopole contributions are
neglected. However, if a Green's function is computed, this term can no longer be dropped.
Consider a field in the Green's function located at point y, which carries chiral charge, i.e.,
transforms non-trivially under g — H gH - Then the currents generated by these charges
c

c

are
a

31 =-c "A„
u

Quja

=

* a
f

=

with

0

(

-

1

4

)

in the absences of sources. However, in the presence of the chiral field located at y, the
eq.(7.14) has a source term on the right hand side:
2

j f ( i ) = d»3Z(x) = const. • S (x - y).

(7.15)

The integral in eq.(7.13) can then be converted into a path integral around the point y
(where the source is located),
3

Jd xF.(x) - J dx"AH )
c

X

(7.16)

where C surrounds y. The right hand side of eq.(7.16) can then be thought of as (partially)
screening the charge located at y. This is analogous to the screening charges of the FeigenFuchs construction, so it ii natural to conjecture that there is a connection. However, the
Feigen-Fuchs charges are quantized, and it is clear that a treatment that goes beyond the
classical approach presented here is needed.
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Conclusion
Starting with the gauged Wess-Zumino-Witten model, we have used classical ideas to
motivate the canonical transformations necessary to recover the conformal coset models. In
essence this gives a "top-down" approach to understanding the rather ad-hoc Feigeu-Fuchs
construction. Essential to the success of this program, the Poisson brackets of the classical
parafermions in the gauged WZW model have been computed and yield the expected results.
This work is being extended in several ways, the most interesting being the nonabelian
coset (ft is chosen nonabelian.) Much progress has been made on this approach with the
hope that it will lead to nonabelian Feigen-Fuchs constructions.
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Appendix
In this appendix we provide some details about the computation of the Poisson bracket
of the classical parafermions eq.(5.16). Recall that in terms of / given in eq.(5.7), 0, the
classical parafermion is given by;
1

0 = fa-//" -

(A.i)

Recall also that / is a gauge invariant quantity. The following calculation detailed in this
appendix is rather involved. Although the result eq.(5.16) is simple we have found no
equally simple way of deriving it. We now describe a tedious brute force calculation. First,
in computing Poisson brackets of two &s it is convenient to contract all of 0's indices rather
than explicitly displaying them. So, as is done in ref.[7] for the ungauged WZW model, let
P(x-),Q(x-)

be arbitrary functions with coset space indices and form ipp and 0<j given,

for example, by
M>P = fdz-Tr(P{x-)tl>{z-)).
1

1

Recalling that dtp = $fd-(f~ <V)f~
Z

(.4.2)

we have that

l

1

>

V-P = ^ / T r ( / ~ d / M / - / / ) )
l

= -f^Rd-ir'Pf)

+ 7 m.(r Pf)

+ H[0,P])

(A.3)
-1

in which V>/> stands for dit>p viewed as a form and where the definition R. = / ( d / - i [ H , /])
is used. Consider now forming the Poisson bracket {I(IP,II>Q}. Using the form V>/> above,
{IPP,VQ} will involve several terms. We parse these as follows;
{^P,<I>Q} =B + C

where

B = {yTrdW-tr'/V)),

Jlt(Rd.(/-'«/))}

C = | J Tr (RdM-'Pf) + 5H (jdM-'Pf)

+ [<l>, P))) ,

ITr(H(7S_(/-'<3/) + [0,g]))J - (P - Q)
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(AA)

Now using eq.(5.14) one may simplify the expression for B
k

B = ^J-TiU-'QId-U-'PJ))
- £ / L " H K ^ Q I ) Tr(A.a_(/-'P/))
= ^JTtiQd-P) + ijTt([P,QW
1

.

l

- £ jY,i'<.f>.r Qf)WJ-(r Pf))

{A.5)

_1

where the term involving { T r ( / i / " ' Q / ) T r ( / i 9 _ ( / P / ) ) arises in B because the traces
a

a

are over all the generators whereas in eq.(5-14) the R's point only into the coset (the sum
y | is over generators of H).
a

To simplify C we must compute Poisson brackets of H with H and R. Since H =
x

/ d x _ J « ( x — x_)F(x_) and H. as a form, is defined below eq.(5.12) in the text, eq.(5.4)
implies eq.(5.15),
{dfl-(x),H*(y)}

=^rt(r-s)

6

{dp'(x),H (j,)} = 0

(A.6)

where, again, the index I runs only over generators in the set g. \tt. Since H has non-zero
Poisson brackets with 0° co-ordinates only, then in order to compute the Poisson bracket
between H and R we need only isolate the dd part of R. Now recalling the definition
R=/->(d/-t[H,/])wehave,
l

Tr Ud.ir'Pf) + \«(jS.(r Pf)
= Tr (r'd/d.U-'PI)-

+ l^PlJj

jH^a.tr'P/) +

and now using eq.(5.10) we may rewrite this term as,
l

Tr (Rd.(r Pf) + jH (jd-ir'Pf)
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+ [0, P]))

foP)))

(.4.7)

l

= Tr (j2^ [{&.PK+

7£h d-{f- Pf)]
a

Ii

+ y^[fa.(/-«P/) + [^P]]+...)

(A.S)

1

where ... means terms involving dp that won't contribute to the Poisson bracket of C in
eq.(A.4), Note that we have used the fact that H = x — A. Putting this into C one finds
that the terms involving {x + A, x - A} vanish identically by antisymmetry in P and Q.
Then C simplifies to
1

C = {/Tr^dS'^PK + I^Mr ^/)),
jTr(H(£&.(/-'«/)

+ [tf.Q]))} - (P « «)

= ^ | d x * € ( * - y)Tr([A ,P]0)(*)Tr([A , «]0)(jO
o

< >

+ ^ / E T r ( A r ' C / ) Tr(h a_(/-'i>/))
o

(.4.9)

o

where use has been made of eq.(A.6). Now combining £? and C we find thefinalresult
f> , ^ } = 2£ y Tr(ga.p) + 21/•&([*<?]*)
P

+ TfcJ' jdxdyt(x

- y)£lr([fc ,/']0)(x)'Ir<[A ,<?]0)(y)
B

o

(.4.10)
This resuL. is of a rather simple form considering the derivation. Note that all the terms
of eq.(A.lO) are relevant and that the first one becomes the central term is the algebra of
eq.(5.16).

87

Reference*
1. H. Sugawara, Phys. Rev. 170, 1659 (1968).
2. P. Goddaid, A. Kent and D. Olive, Phys. Lett. B152, 88 (1985).
3. D. Friedan, Z. Qiu and S. Shenker, Phys. Rev. Lett. 52, 1575 (1984).
4. A. Belavin, A.M. Polyakov and A.B. Zamolodchikow ffucl. Phys. B241, 33 (1984).
5. K. Baidakci and M.B. Halpern Nucl. Phys. B 7 3 , 295 (1974).
6. M.B. Halpern, et al., LBL-27623 to appear in Int. J. Mod. Phys. A; M.B. Halpera
and N.A. Obers LBL-28245; A. Yu Morozov, M.A. Shifman and A.V. Turbiner, Int.
J. Mod. Phys. A 5 , 2953 (1990).
7. E. Witten, Comm. Math. Phys. 92, 455 (1984).
8. A.M. Polyakov and P.B. Wiegmann, Phys. Lett. B 1 3 1 , 121 (1983); Phys.
B141, 223 (1984).
9. D. Karabali and H. Schnitzer, A W . Phys. B329, 649 (1990)
10. D. Bernard and G. Felder ETH-TH/89-26.
11. K. Bardakci, E. Rabinovici and B. Sariag Nucl. Phys. B299, 151 (1988).
12. A.B. Zamolodchikov and V.A. Fateev, Sou. Phys. J.E.T.P. 62, 215 (1985).
13. M. Wakimoto, Comm. Math. Phys. 104, 605 (1986).
14. D. Nemeschansky, Phys. Lett. B224, 121 (1989), USC-89/012
15. A. Bilal, CERN-TH 5370/89.
16. D. Friedan, Ann. Phys. (NY) 163, 318 (1985).
88

Lett.

17. E. Braaten, T. Curtright and C. Zachot Nucl. Phys. B260, 630 (1985).
18. V.S. Dotsenko and V.A. Fateev, Nucl. Phys. B240, 312 (1984).
19. I. Antoniadis and C. Bachas, Nucl. Phys. B278,343 (1986); E. Tomboulis, UCLA/86/TEP/3I
Phys. Lett. B198, 165 (1987). The idea of gauging sigma models in this way goes
back to S. Coleman, J. Wess and B. Zuraino, Phys. Rev. 177,2239 (1969); C. Callan.
et. al., Phys. Rev. 177, 2247(1969).
20. P. Bowcock,

Nucl. Phys. B316. 80 (1989) in this paper the Poisson brackets of

various currents were computed but the Poisson brackets of non-local quantitates,
such as the classical parafermions, was not considered.
.

21.. A. Gerasimov, et. al.,/n(. J. Mod. Phys. A 5 , 2495 (1990), Nucl. Phys. B328. 664
(1989); for other modern references on the bosonization of WZW Models refer to K.
Gawedski, an IHES preprint and G. Dunne, I. Halliday and P. Surayni, Nucl. Phys.
B325, 526 (1989).

89

Contributions and Interests
This author was involved with this work from it's inception. The motivation was again
provided by Prof. K. Bardakci (thesis advisor) and this author's contributions include
checking the form of the lagrangian (eq.(2.1) and eq.(2.3)), identification of the currents in
eq.(2.4) and checking the identity eq.(2.8). This author suggested trying to use a pa

.ular

technique for computing Poisson brackets (based on a reference) that turned out to be useful
and the calculation using this technique became the major part of the paper. Among other
contributions this author derived the eq.(4.8) and thereby provided a simple derivation of
eq.(4.13) (as detailed in eq.(4.9) through eq.(4.13)), used eq.(4.8) to derive eq.(5.3) (and
therefore eq.(5.4) and eq.(5.14)) and checked the rest of the computation of eq.(5.16).
In section VI this author started with the eq.(2.3) and checked that after gauge fixing
that one has eq.(6.1) and then proceeded to analyze the classical equations of motion for the
lagKingian eq.(6.1) ultimately finding an interesting geometrical solution. These solitonic
solutions were shown in eq.(6.4) and eq.(6.5) to correspond to the classical parafermions.
Of particular interest for this author is the form of the Poiston bracket eq.(5.16) and
whether it is possible to write the general result for a non-abelian coset in a similar fashion
and to understand better the relation between the local chiral coset lagrangians described in
section VI and the exitations (or even the conformal invariance) of the underlying conformal
field theory. In the next paper it will be shown that the Poisson bracket of a non-abelian
coset model may be written in a form similar to that of eq.(5.16) but with some interesting
suprises. As for the other point, this author has written down the chiral coset lagrangian
for a non-abelian coset (that of SU{2)„ X SU(2) /SU(2) + )
m

n

m
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I. Introduction
t

Coset models '
conformal theories

3 , 3

4 , s

are among some of the most interesting examples of two dimensional

.

The primary fields of these models and their various properties
e

are under intensive study at the present time . Most of the approaches used so far are
T

algebraic in nature; however, it is well known that an alternative method that starts with
the gauged WZW lagrangian is also available*. In this latter approach, the question of how
9

to fix the gauge immediately arises. A popular choice is the axial gauge , which leads to
a description in terms of non-interacting WZW models

1 0

w

- , some of which correspond to
15

ghosts. The BRST invariance plays a crucial role in establishing unitarity » . i » ; a situation
that is quite standard in gauge theories in general when an unphysical gauge choice is made.
An alternative possibility is the unitary (physical) gauge " , which was used to investigate
l a

abelian coset models in an earlier paper . It was shown in that paper that coset models
can be reformulated in terms of fields which are chirally conserved, gauge in"ariant and
which satisfy a simple closed PB (Poisson bracket) algebra. It was then natural to identify
, 9

these fields with parafermions , which are known to be the primary fields of the coset
3 0

2 I

2 2

models . The PB algebra was shown to lead easily to the free-field realizations - .

2 3

of

the parafermionic fields.
In ref,[lS] the factor group of the coset was taken to be abelian, although it was pointed
out that most the results easily generalize to the non-abelian case. Our main goal in this
paper is to carry out this generalization. We shall see that, although many of the results
carry over easily, there are some important differences as well. Our approach is the same
semi-classical approach used in ref.[18]; we start with the gauged WZW lagrangian, define
(classically) the paiafermion fields, compute their PB's, use these results to give a simple
construction for the parafermions, and finally quantize the model.
The paper is arranged as follows: In section II, we review briefly the gauged WZW'
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model, the construction of the parafermionic fields and the calculation of their PB's. The
latter calculation is somewhat involved and it was presented in full detail in the abelian
case in ref.[18]. Here we do not repeat it but instead we focus on the new complications
that arise in the non-abelian case. The basic problem is the following: the parafermionic
fields are constructed by attaching a Wilson line to the currents of the WZW model to
make them gauge invariant, and although these fields are locally gauge invariant, they
transform non-trivially under the group that operates at the end point of the Wilson line.
Parafermions therefore carry a (globally) conserved quantum number (color),associated with
a fixed end point, which we shall call the base point. The completely gauge invariant
quantities are constructed out of parafermions by forming "color" singlet combinations, and
they are the true physical variables of the theory. They are also multilocal, since they are
functions of several '
it is usually easier .

rdinates. For this reason, in calculating PB's of various quantities
irk with parafermions rather than

ly with gauge invariant

quantities. Unfortunately, as we shall show, the PB's of para». .lions close into themselves
only in the abelian case; the PB's of non-abelian parafermions receive additional complicated
contributions from the base point. We shall argue that these base point contributions are
gauge artifacts which cancel in calculating the PB's among gauge invariant (color singlet)
variables, and this naturally leads us to define "generalized" PB's where the base point
terms are dropped. A price is paid in doing this; the generalized brackets no longer satisfy
the Jacobi identity and therefore generate a non-associative algebra. However, we prove in
appendix A that the color singlet sector of this algebra is associative, which is to be expected
since this sector is gauge invaria.it and base point independent. Therefore, in one sense, the
non-associative algebra is purely a calculational tool; on the other band, it is possible to
view it as parafermions having non-associative statistics. Of course, since parafermions are
by construction confined in this model, this abnormal statistics is not directly observable.
It is amusing to note that a special non-associative statistics has already been proposed as
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an alternative description of quark coflnement

3 4

.

In the next two sections of the paper (sections III and IV),we describe an explicit
realization of the parafermion fields which we call the free current construction. This can
be viewed as a natural generalization of the well-known free field realizations of the abelian
x 17

coset models ^• '

except in this case free fields are replaced by currents that satisfy
M

a

the affine algebra ' generated by the original Lie group. The basic idea is simple; the
Wilson lines attached to the parafermions are replaced by the corresponding path ordered
exponentials of the free currents. We show in section III that, classically, this abstraction
reproduces all the properties of the parafermion fields; in particular, again neglecting the
base point contributions, the PB's derived in section II are recovered.
Our treatment thus far has been classical; however the free current construction sug
gests a natural method of quantization.The basic idea, pursued in section IV, is to replace
the classical free currents that satisfy the affine PB algebra by operators that satisfy the
corresponding commutator algebra. This process inevitably leads to divergences which have
to bt eliminated by renormalization. We conjecture that all color singlet amplitudes are
rendered finite by multiplicative renormalization, and we verify our conjecture in lowest
order perturbation. Once the operator construction is renormalized, it should be possible
to extract all cf the primary fields of the model through the short distance expansion of
the color singlet operators; the gauge invariant, multilocal operators constructed out of free
currents therefore "package" the primary fields of the coset model. At the cost of having to
deal with non-local operators, this approach has the advantage of avoiding complications
of gauge dependent methods, such as ghost fields and screening charges, common in Feiginw

Fuchs type constructions .

The last section summarizes our conclusions and suggests

possible extensions.
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II. Review of the Gauged WZW Model
We start with the Wess-Zumino-Witten model in light-cone coordinates (i± = i ±
0

xi ; 9± = l/2(cb T 9i)), where g takes values in some Lie group G.
1

iwzw "^j^

t r

l

3

(9 - a-g) + JJJ | d i^* tr {s-'aisj-'ajjs-'aw}
+g

(2.1)

Letting ff be some subgroup of G, and h the Lie algebra of H, we define :
2

/ = /wzw + j j y d x tr {!.4 a_ss-' - iA-g-^g
+

+ A+gA.g-* - A+A-}

(2.2)

where .4± takes values in h The gauge fields A± act as Lagrange multipliers that remove the
components of the conserved currents lying in the subgroup H. We now have the currents ,
./+ =

'±g->D g;

1

J. = - ^ [U.g)^

(2.3)

where D±g = 8±g-i[A±.g]. Letting F = d+A--d-A -i[A+,A-]

we have the following

+

+

equations of motion
tr(A J±) = 0; h„Sh
a

D+J. = 0 = D-J+

(2.4)

F=0 .
As Lagrange multipliers the gauge fields A± can be solved explicitly in terms of g = g(i±).
In order to simplify the quantization procedure, we may perform a convenient canonical
transformation on the classicalfield;such that the resulting physical degrees of freedom are
the paratermions V. We expect 0 to have the following properties :
1, CoMt-valued: We have used the gauge field to project out the subgroup components,
leaving only coset-valued degrees of freedom, i.e. we expect:
tr(h.</i)»0
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Vh'eh

(2.5)

2. Gauge Invariant! We ask that the coupling introduced in eq.(2.2) render the action
gauge invariant under :
l

1

g-B- gB,

1

A± — B- A B

+ iB~ d±B; B e if

±

(2.6)

3. Chirally Conserved: The anticipated conformal structure of the underlying coset
model suggests :
u

a i/.« = 0,

d (e "^)

(i

IA

=0

(2.7)

With these properties in mind, we define
1

<!>„ (*, x ) = V

(x, x ) J„ (x) U (x, x )

0

0

0

(2.8)

where J is the current defined in eq.(2.3) and V is the Wilson line defined by
V (i, io) = Poexp (i f dx' A" (I*)) •
v

(2.9)

P represents "path ordering" the exponential along a curve C which connents the "base
c

point" Xo to x. The Wilson line V satisfies the important semigroup properties
V(X1,X )(/(XI,X3) = 1'(X,,X3);
2

1

t/- (x,,X2) = U(X2,Xi).

(2.10)

Since F = 0 classically, V, and consequently xp, do not depend on the path C, but only
on the endpoints. Fixing the base point ZQ we view 0 as i function of a single variable
x. Defining g a* the Lie algebra of G, J(x) e g - h and therefore 4>, which is just J(i)
conjugated by an element of H, is also a member of the coset g — h. Ignoring base point
contributions (which will be considered shortly), 4> is locally gauge invariant and chirally
conserved. These properties follow from the equations of motion eq.(2.4), Jid the Wilson
line identity
u

x (dZ-iA {x))V(x Xo)
ll

<

= n; x"is tangent to C at x.
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(2.11 •

To construct Poisson brackets, we will identify i

with time, and *_ with space, and

+

focus on the 0_ component of 0, which satisfies
0 + 0 - = 0 =*• 0_ = 0_(:r_).

(2.12)

For the computation ofthe Poisson bracket it is advantageous to replace U defined along
the x+ axis with V defined along the x - axis; using the equation of motion F — 0. In the
sequel, when no space-time index appears, a space index (-) is implied. We have,

U (i, i ) = Pexp (i J' dx'A. (i0)

(2.13)

0

1

its ti'_ s -U- (x,x )J.(x)U(x,x )
0

(2.14)

0

The integration being carried out at fixed time (fixed i + ) .
For the physical observables, the above mentioned base point contributions should
vanish. A complete set of such variables constructed from the local parafermions is given
by the following set of "multilocaP observables
O(ii,x ,---i ) = tr{0(ii)0(i )---0(i„)}
2

n

2

= l-l)'tT{J(ti)U{x z )J[x )-~J(x )U{x ,x )}
u

2

2

n

n

l

.

(2.15)

"Multifocal" is used in the following sense : The local parafermion is equipped with a nonabelian tail, analogous to the Dirac tail of the electromagnetic monopole. When we "tie"
these tails together in a gauge invariant manner, as shown above, we remove this non-local
dependence. If we were to reinstate the full two-dimensional freedom of these objects, we
would find that two non-overlapping observables 0\ and 0* would satisfy Bose statistics
with respect to one-another.
Truly local objects can also be extracted from these observables by letting the space
variables approach each other and expanding in the differences ( X J - X J ) . When we quantia.-.
08

this procedure will give us the operator product expansion, the coefficients of this expansion
being identified as the primary fields. The parafennions are treated as building blocks of the
physical observables. We find that in general it is much easier to work with the parafermions
0 , rather than the observables O, directly.
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III. PoUson Bracket of Non-Abelian Coset Parafermions
In order to quantize this theory, treating the parafermions as local observables. we
need first to compute the classical Poisson brackets of the parafermions. This calculation
is somewhat involved, and was given in detail in our first paper concerning abelian coset
models. Our aim in this section will not be to repeat this calculation, but to pinpoint the
major differences between the abelian and non-abelian cases. In the present non-abelian
ca&£, complications arise due to base point dependent terms. In retrospect, these compli
cated terms can be dropped at the cost of introducing a non-associative generalized Poisson
algebra for che parafermions. When we project onto the "multilocal" observables defined
above, the base point dependent terms cancel and associativity of the Poisson algebra is
restored. We see then that at this stage, the non-associative algebra may be viewed simply
as an aid in simplifying algebraic calculations. We begin by reviewing the computation of
Poisson brackets for lagrangians linear in time derivatives. Let
I = fdtM4>)^

•

(3-D

The variation of I is given by

Defining the exact one-form <!<>* — d<jf we have the following Poisson bracket:
y

{dciSdcV} = ( £ - ' ) " " •

(3.3)

In the sequel, {,} will refer to the classical Poisson bracket, wheras [,] will represent commu
tation in the Lie algebra. We generalize this procedure to include inexact forms. Boldface
characters " V " will represent one-forms in the field space, while plain characters "V" rep
resent the corresponding dynamical variables linear in time derivatives :
a

V=V; («W;
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V° = V?(4>)^-

.

(3.4)

If the variation takes the form,
SI = f dtV (4) E (<j>) W> («),

(3.5)

{j

then we have the result,
{V

i > W >

} =(iT'f

(3.6)

If E is not inver'ible, constraints must be imposed on the dynamical fields. In applying
this procedure to the action given in eq.(2.2), invertibility is achieved through gauge fixing.
The detailed form of this constraint is not important since we will work only with gauge
invariant quantities (up to surface terms at the base point). For example, we replace the
group element g(x) by the gauge invariant function f{x),
f(z) = U(x ,x)g(x)U{x,x )
0

(3.7)

0

and thus we have,
1

<i>='^(a-f)r -

(3.8)

We want to express SI in the form of eq.(3.5). To do this we introduce the following gauge
invariant quantity
H (i) • f ix'U (i , x') F (x') U (*', x )
0

0

(3.9)

and its corresponding form
H(i)s rdx'V(z ,x')F(x')V(i',i )
0

0

(310)

The form F is derived from F by replacing d.g by &g as explained earlier. We have
s

l

x

« = ^ / d i t r { / - ( d / + .[H,y])9- (r (9 f+i[B,f\))}
+

(3.H)

The symbol "6" signifies the variation of the action under a variation dg of the field variable.
This notation is employed in an effort to conform to the mathematical literature. Using
eq.(3.6), we can immediately read off the PB's (Poisson brackets)
{R'(x),R"(x)} = -±6""e(x-y)
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(3.12)

with R = / - ' ( d / + i [ H , / ] ) = R . V

(3.U)

T* talcing values in the coset g — h. The aim is to compute the PB's of ti>. We express dC
hi terms of R and H,
1

1

d 0 = ^ f d . ( r ' d / ) f" = ^ » - ( R - if

[H,/]) / - '

(3.14)

In the ungauged WZW action, the term with H is absent, and the PB's of the parafermions
can be immediately evaluated using eq.(3.12). However, in the present case, it is also
necessary to compute the PB's of H with both H and R. Since H is expressed in terms
of U and / \ it is important to observe that there exists a simple set of field variables
canonically conjugate to F. Consider the variation of g(x) generated by infinitesimal "axial"
transformations,
SA9 = -l{h',9} dP
+

,

(3.15)

with [, ] being the anticommutator and h" 6 h. Under this transformation, the variation
+

of the action has the simple form

SI = ^JtPxdS'F';

F = F°ft*.

(3.16)

From this expression we deduce
{d9-(r),S*(y)} = | * " » S ( * - ) .
S

(3.17)

To compute the PB of an arbitrary form V with P , we isolate the part of V corresponding
to the axial variations given in eq.(3.15),
1

V = VJ ld«" + V

, ,
(

V = Vr

(

(3.1S)

where p's are the coordinates which supplement the axial coordinates 9. Then
k

{v»(x),F (y)} = £ v < » ( r ) * ( x - )
s
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(3.19)

Therefore, it is sufficient to isolate the d9 components in R and F to complete the calculation
of the PB's of two parafermions. Thefinalresult is best expressed in an index free notation.
To that end define:
tl> sjdxtT(P(.x)il>(.x));
P

J°(r)6g-h.

(3.20)

The result is
{tfp, *tj} =™fdxtr{Q

(d.P)) + 2ijdxtt

([/>, Q) 0)

+|;/d^yf(x-y)^tr([h ,P(i)]^(x))trah.,«(v)]^(y))

(3.21)

a

the sum being carried out over the subalgebra h. This is the result given in ref.[l] for H
abelian. It is important to check that the above algebra satisfies the Jacobi identity,
E«*n-M}.0ft} = O

(3.22)

cycAc

the sum being taken over cyclic permutations of 1,2 and 3. This identity is satisfied by
eq.(3.21) when H is an abelian subgroup of G, but in general is violated for non-abelian H
(see appendix A for details). The term responsible for this violation is the third term in
ls

eq.(3.21), which is non-local and is responsible for the unusual statistics satisfied by v .
Note that the first two terms are the standard local terms of affine Lie algebras, and clearly
satisfy the Jacobi identity.
The Jacobi identity is preserved under canonical transformation, so a mistake has to
have been made. The error can be traced back to our deduction of eq.(3.17) from eq.(3.16),
which is valid only if the components of F are linearly independent. That is, only if there
is no linear constraint of the form

52FC. = 0

(3.23)

a

where C depends on g(x) but not on d,g(x). Suciii relations(s) indicate we are working
a

with a constrained system and the right hand side of eq.(3.17) must be modified to
i

[i»'(x),V (y)}
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h

= ^i(x-y)P'

(3.24)

where P* is the projection of the unit operator 6** in the subspace orthogonal to the
constraint(s). The existence of such a constraint can be seen from a purely group the
oretical point of view. In addition to eq.(3.15), consider the infinitesimal vector (gauge)
transformation
Svg =-±[h', ]dx'

(3.25)

S

The existence of a linear relation between (AS and Svg would imply that a certain linear
combination of axial transformations is equivalent to a gauge transformation, which leaves
the action unchanged. Since d& is arbitrary, this implies a linear relation on F of the form
eq.(3.23). If h is the abelian Cartan subalgebra of g then no such relation exists, and
eq.(3.17) is unchanged. This can be proved trivially by diagonalizing h and writing out
such a linear relation in components. However, if h is non-abelian the situation is quite
different. Consider for example the case G = SU(2) X SU(2), and H = SU(2) (the diagonal
subgroup). If we take Sl'(2) in the fundamental representation, we can paramaterize (<7i, 52)
as,
Si =aoIi + iS-Si\
2

fl2

2

with (ao) + (a) = 1:

= bt>l2 + ib"-?2
3

2

(bo) + (b*) = 1 .

(3.26)

Here o-j for i= 1,2 represent the Pauli matrices that generate the two SU(2) factors, and I
the corresponding unit matrix. In this notation, we can parameterize the subalgebra h by
h = K-{ff +S );
1

3

heh.

(3.27)

The desired linear relation is then given by
fai ®Sl,n-[3i

+ 3 )]+ = fai ®97.m-(Si
3

S=-r—=;

<B=T
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3 •

+ S )]
2

(3.2S)
(3.29)

It follows that
3

^2n"F" = 0
{cW (x) ,**(»)} = ~S (x - y ) ( i » » - n V )

(3.30)
.

(3.31)

The existence of such linear relations of this type, in many cases, followfromsimple counting
arguments. For example, consider the coset STJ(5)/SU(4). The dimension of SU(5) is 24,
while for generic g, the rank of S* and Sy are 15 and 12 respectively. Since 15+12 > 24,
linear relations must exist. It is not true that such degeneracies exist for all non-abelian
cosets, however they did exist in most of the cases we studied.
The modification of the PB of 4$ and F changes the computation of the PB's of the
parafermions in a subtle way. This modification tells us that a subset of chiral transforma
tions are gauge transformations, and we are instructed to project out these variations in
the PB relations. Such a projection is unnecessary when computing PB's between gauge
invariant quantities. For example, both R and H are formally gauge invariant. When we
go to compute the PB of R and H with F , we isolate the part of R and H corresponding
to chiral variations dff. However, if those chiral variations are along a gauge direction then
the corresponding variation of R and H is zero by gauge invariance. This would seem to
indicate that the naive calculation based on eq.(3.17) was legal. However, R , H and y
are not completely gauge invariant, rather there is gauge dependence at the base point
zo. When computing the PB, one has to do integration by parts, which give rise to base
point contributions that depend on the projection operator P of eq.(3.24). As a result, the
PB's of two $'s do not close into ^I'S as in eq.(3.21), but there are additional unpleasant
contributions from the base point. However we do not compute these extra terms explicitly
since the advantage of working solely with the one-'xxly ^>'s would then be lost.
We can avoid these complications by recalling that ultimately we axe only interested in
the truly gauge invariant observables of eq.(2.15). In computing the PB of two such observ-
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ablet, the bate point contributions all cancel, since these are pure gauge terms. Equiraiently,
we may notice that the gauge invariant observable of eq.(2.15) do not depend on the base
point, suggesting that the unwanted terms must cancel. These clearly are not independent
arguments, but merely two sides of the same coin. It follows that although eq.(3.21) is
not correct as it stands for non-abelian cosets, it is still perfectly alright to use it as an
intermediate step in computing the PB's of gauge invariant quantities, such as those given
in eq.(2.15).
Recall that i/> is a coset valued field,
* = w'r'

r< e g - h.

(3.32)

This index forms a representation of the subgroup H of G. It is useful to think of it as a
conserved, non-abelian, global quantum number (color), generated by H. The gauge invari
ant observables (O's) are then the global color-singlet combinations of the parafermions.
For these color-singlet observables, it is alright to use eq.(3.21) in computing PB's. To
summarize,
a) The color-full parafermions (0) are the building blocks of color-singlet physical quan
tities. It is much simpler to work with (I>'s rather than the color-singlet observables
directly.
b) The PB's given in eq.(3.21), although not correct for the v>'s themselves, give the
correct result when used in calculating the PB's of color-singlet observables. The
extra terms needed to correct eq.(3.21) are contributions from the base point, and
thus all cancel when considering the "multilocal" observables of eq.(2.15).

As a check, we have verified that the Jacobi identity is satisfied for the PB algebra of
color-singlets (see appendix A).
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Prom a somewhat different point of view, we may postulate eq.(3.21) as a non-associative
algebra between the components of <l>. Clearly the correspondence with Poisson brackets is
lost, nor is it possible to quantize such an algebra, representing iji's as operators in a Eilbert
space. However, as stated earlier, if we project onto the color-singlet "multilocaT observables defined in eq.(2.15), the algebra is rendered associative. We identify this image as the
true Poisson algebra, and as we shall show later, this algebra can be quantized consistently.
In a rather different approach the non-associative nature of one-body operators in a
confining theory was first considered in ref.[24], where octonians, the simplest realization of
a non-associative ring, were postulated as a physical algebra. It is possible that similar nonassociative algebras could be derived from other confining systems such as two dimensional
QCD. The existence and classification of this typeof nontrivial structure in non-associative
algebras may also be interesting from a purely mathematical point of view.
We conclude this section with a generalization of eq.(3.21) to the case where g is the
tensor sum of two affine lie algebras of different central charges. That is,
g = gjfc, © g*,;

•> = «*,+*, the diagonal aubalgebra.

(3.33)
3

These cosets give an important class of examples, containing the minimal models . Calcu
lation of the PB's requires a slight generalization of the preceeding calculation. We present
only the final result. The coset valued 0 takes the form

«=£lHTf-Tf).
a

We define
a

a

and present the result
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(3-341

+

dzdys

kT+h I

(I

"

y) t r ( [

{x) p

*'

{x)]

[

(y) Q

* '

{y)])

•

( 3 3 6 )

Just as in eq.(3.21) this algebra is non-associative due to the neglect of base point contri
butions.
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IV. "Free Current" Realization of Parafermion Algebra
We would like to realize the classical algebras given in eq.(3.21) and eq.(3.36i in terms
of free fields. We have found that the simplest route to achieving this is given by a two step
process. I'.' the first step we realize the algebras given in eq.(3.21) and eq.(3.36) in terms of
a free current algebra or arnne algebra. The second step being the woi! known realization
of affine Lie algebras by free

25,26,27

fields

.

That is, we give an explicit construction of the

cosel models in terms of currents of the ungauged WZW model. The construction is very
simple, and its quantum extension, discussed in the next section, presents a starting point
for constructing the primary fields of the model.
We will start with eq.(3.21) and try to find an explicit constuction for v in terms
of fields that satisfy simple, local commutation relations (or Poisson brackets). The only
consistent local algebras that we are aware of are either the afnne algebras or the free
field algebras, which can be reguarded as a special case of the former. We cannot hope to
reproduce eq.(3.21) exactly, since it is non-associative; however, we can realize eq.(3.21) up
to base-point dependent surface terms. We mimic eq.(2.S) by writing
l

il>{x) = W- (x,x )Et,z)W(z,x ),
0

(4.1)

0

where W replaces U and E replaces J. \V is a bilocal /f-valued field defined as a path
ordered product, as in eq.(2.9)
W(x,x )
a

X

= P e x p (ij dx!B
c

(I*))

(4-2)

= -iW{w,y)B(y).

(4.3)

To proceed we will need the identities
d \V(x,y)
t

= iB(x)W(x,y);

d„W(x,y)

We require B and E to have local PB's. The non-local term of eq. (3.21) is entirely due to
the non-locality of the Wilson line W.
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It is pc&ibh to avoid path-dependent terms in the Poisson brackets of the parafermions
expressed in eq (4.1) if we require P. and E to satisfy an affine algebra with correctly chosen
central charge. We introduce the free current
JF(X) = T<F<(X);

r'e«,

(4.4)

with the fallowing affine algebra
k

t

kt

{? (x),r {y)}

k

t

= -Zp{z-y)6 -i6{x-y)tT({T ,T ]F( )).

(4.5)

x

Define:
F

w

= 7°h«,

h' 6 h; ^

e

(4.6)

E = i? ,

(4-T)

(c)

x f<T , T< 6 g - h.

With these currents defined, we identify
B = 0F ;
m

le)

with constants a,°. and i to be determined. We need to compute the PB's of W and E.
as well as W with itself. Tn keeping with our policy of suppressing indices, it is useful to
introduce the following
Fp = fdxtT(? (x)P{ ));
{c)

W sjdxXt{W{x,x )Z(x))

X

z

(4.8)

0

with P{x) g g - h ; Z(x) € H. Letting A" be an arbitrary dynamical variable, the necessary
formulas take the form
{W ,K(»)}
Z

= i0f
{W ,W }
Zl

Zl

X

dzf dx'{F'{x'),K(y)}

tr(W(i,x')h°W(*',x ) Z(x))
0

(4.9)

1

=

-0 fdxfd fdx'fdy'{r°(x')..?<-(y')}
l/

r

r

• tT(W(x,x }h''W(x',xo)Z (x))ti(w(y,y )hf'\V(y',y )Z (y))
1

0

2

.

(4.10)

To avoid ill defined terms in eq.(4.10), we have temporarily introduced two distinct base
points xo and yo- To evaluate eq.(4.10), we substitute the PB given in eq.(4.5), and integrate
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the derivative of the delta function by parts. After some algebra, we arrive at
{Wz,, Wz,} = —

/ dxdy ( £ ( i - y) + s(x - yo) - e ( i - y) - e(x - «,))
0

a

• tr (W(x, yoWZi (x)) tr (tT(y, xoJA'Z^y))
0

+t y (a0 - 1) / didt/y" <fa' tr ( W ( T , r')'' W"(r', *o)Zi(*))
•«(w(y,x')[h°,7 {x')\w(x',yo)Z (yj)
w

.

2

(4.11)

The last term, which involves integration over i', cannont be reexpressed in terms of W
W

alone. If this term does not cancel, the PB of two V's M not dose. We are forced to
require
aS = 1 .

(4.12)

At this point, we drop the terms dependent on the base point. As in the previous section,
these terms would have cancelled after projecting onto color-singlet observables. With these
simplifications, we have
{WZLAVZ,}

% ~^

J dxdy s(x -y)tT(W(x,x )h!'Z (x))tr(W(y,x )h°Z (y))
0

l

0

(4.13)

3

Finally, we need to compute th# PB of E with W. Employing eq.(4.8), we have
{U' ,? }
z

P

= -±Jdxdytr(W(x,y)h<'W(y,xo)Z(x))tr(h°[F (y),P{y)}).

(4.14)

M

Putting together the above relations we obtain the result
S

{0P, 0 Q } = - 7 Q J dx tr {Pd Q) -i-,J
x

ds tr ([P, Q] «(r))

+± J dxdy t(x - y) tt([h',Pi 0]*(*))tr([k«,<3(y)]^( )).
S

(4.15)

Taking a = k/2ir ; 7 = -2, we have complete agreement with eq.(3.21). We note that the
central charge of the affine Lie algebra eq.(4.5) is the usual quantized value k/2x, k € Z .

Ill

as required by unitarity. This construction csu easily be extended to the model defined in
eq.(3.34). We define two commuting afflna algebras as follows
{*?,)(*),*&>«} = -fefl—v)?-

| *(*-»)tr([TJl,,r|i ]^ (*))
)

W

{^, (*),^f (s)} = - ^ ' ( x - } « " - i * ( i - ) t r ( [ r * , , 4 ] ^ ) ( a ) )
)

s)

9

9

(

)

2

:

(4.16)

Defining the diagonal subalgebra T =* .F(i) + / p j , the construction of eq.(4.1) realizes the
algebra of eq.(3.37) upon setting

In closing this section, we will check two simple consequences of our construction.
Consider the simplest gauge invariant function given by
0 (*, y) = tr (iK*Wv» = 4 tr (T (x)W(x, y ^ f o M f c x)) .
w

(4.18)

As explained in ref.[lS], we expect to recover the classical stress tensor as x —• y. This is
the classical analogue of the leading term in the operator product expansion. From eq.(4.1).
we have
0(r,x)»8 £

J*(x).F<(x) .

(4.19)

tGcett

Up to an overall normalization constant, this is the classical analogue of the Sugawara
construction for the coset model.
One other non-trivial check is to verify that all gauge invariant functions lie in the
coset. In operator language, they should all commute with currents that belong to the
subgroup H. The classical analogue is the following PB relation
{O,^)(i)} = 0 .
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(4.20)

for all observables 0 denned in eq.(2.15). Using eq.(4.13) and eq.(4.14), we have
{W(z,z ),Tfa{z)}
0

= -£(-Hx-*)h'W(x,x )-S(z -z)W{x,x )h°).
0

0

0

(4.21)

Using this result in eq.(4.17) for 0(x, y), it is easy to show that the PB's of W's with J ^ i
cancel against the PB's of ,F( , and -F^. The result generalizes in a straightforward fashion
C

to the complete set of obserrables given in eq.(2.15).
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V . Quantization of the Poisaon Algebra
We would like to generalize the realization of the classical parafermion algebra to a
quantum construction. We replace the classical variables T'{x) by operators and the Poisson
algebra eq.(4.5) by the corresponding commutator algebra. The resulting expressions are
divergent, and regularization and renormalization schemes are necessary. The relation a =
Jb/2ir , with k € Z clearly survives quantization. On the other hand, 0 and 7 of eq.(4.7)
may need renormalization. We will show that the classical relation

, = ! = £,
remains valid to at least first order quantum corrections. This relation may, however,
undergo finite renormalization at higher orders. Finally 7, which is classically an arbitrary
normalization constant, needs infinite renormalization after quantization. We will argue
that 7 is multiplicatively renormalized, and therefore il> is rendered finite by a multiplicative
renormalization constant. As it should be clear from the above discussion, our treatment
of the operator construction is still preliminary and more work needs to be done to put it
on a firm foundation.
When we replace the classical variables .f'(x) by operators satisfying the affine algebra,
we face the question of the ordering of factors in eq.(4.1) and in the definition of W (eq.(4.2)).
Even classically, F is a matrix in color space, where operator oredering is prescribed by path
ordering the exponential. When the classical /''(z) become operators, it is natural to impose
the same path ordering for these operators, treating the two spaces as a tensor product. In
this way, we also preserve the important semigroup properties (see eq.(2.10)). Clearly W
and 0 are riddled with infinities which come from the coalescing of the arguments of two or
more F operators. There are various ways of regulating these expressions. For example, one
could discretize the space variable "1", and write W as a product. Another method, which
we have found more convenient for our calculations, involves dampening the contributing
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modes in momentum space. We express the operator algebra in mode number

[J*.3i[ = | P 4 , - , + i t r ([r*,T<] Jj*,)
r

with J ( i ) = ^ E

e f P

(5.2)

I J

5

' >-

3

( - >

P

where p ranges over the integers, or half integers. To regularize, we replace eq.(5.3)

withrM = ±Z+~Mr

(5.4)

f

The regulator "e" is a small positive quantity, and the operators T still satisfy the algebra
v

eq.(5.2). However, the affine algebra in position space eq.(4.5) is repalced by a non-local
algebra. The realizations given in eq.(4.1) and eq.(4.2) remain unchanged, with the provision
that the regulated F's be used, and that operators should be path ordered in the same
manner as the classical Lie algebra generators.
We first investigate the structure of the divergent terms in W. We start with the
defining relation eq.(4.2), where F^ is given by the regulated expression eq.(5.4). We
expect the leading divergence to be present in the vacuum expectation value of IV. We
define the vacuum
J * | 0 > = 0 forp>0.
Set F(x) = f

M

(5.5)

+ .?(_), where "+" ("-") are positive (negative) frequency parts. (The

possible zero mode is not relevant to our discussion). By splitting T in this way, we can
express the vacuum expectation value of W in terms of a differential-integral equation
d < 0\W(z,y)\0>=
t

2

a

-0 ['dx'<O\h W(x,x')

[?? (x),J*(x'j\
+)

b

h \V(x',y)\0

> . (5.6)

where h" € h. Consider the commutator in the above equation in the limit s — 0, i.e.
without the cutoff
[*r M.*V)] = - f w
+ )

,

+

)

,+

k

( » - *')«•*+ J * ' ( x - *')tr([/i°,A ] * V ) ) ,
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(5.7)

1

where j'" *' indicates the positive frequency part of the delta function. We now repeat
the classical arguments leading to eq.(4.11): use integration by parts on thefirstterm of
eq.{5-7) with respect to i', and when the derivative operator is applied to W use eq.(4.3).
Just as in the classical case, the terms obtained in this way cancel against the contribution
from the second term in eq.(5.7) if aB = 1. This leaves us with the end point contributions
from the limits of integration at x and y. This argument breaks down when the regulator e
is reintroduced; there is no longer a complete cancellation between thefirstand the second
terms of eq.(5.7). However, on intuitive grounds, one may expect the terms singular in e
as £ — 0 will cancel in this way. We show in appendix B that this expectation is justified
to at least the lowest order in 1/k. What happens at higher orders is an open question.
However, assuming that the singular terms continue to cancel, we have the following result
+

6>x < OIH'd, j,)|0 >S - jC«< >(0) < 0|W(*,y)|0 >,

(5.8)

where C is the Casimir of the subgroup H
a

and 6,

J2 h°h = CI;
a
is the regulated delta function
+)

1 = identity matrix,

m

1

*i (») ir¥l
&"*-"; ^+'(0) = j - ,
. «;r- •
2ir £ * ' 2* 1 - e-« 2xs
v

(5.9)

(5.10)
V

'

In deriving eq.(5.8), we have only retained terms singular as c — 0, which come from
{+

integrating d 6 \x
x

- x') with respect to x' and picking up the end point contributions at

x = x'. Integrating eq.(5.8), wefindthe following singularity structure
< 0|W(i.y)|0 >Si exp ( - | | ( * - »)) • finite factor .

(5.U)

This formula supports our contention that the only infinite renormalization needed is a
multiplicative one. Physically, the result is quite plausible : the Wilson line carries an
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infinite amount of energy per unit length due to its infinitesimal thickness
energy per unit length = TT- .

(5.12)

This result is valid to lowest order in 1/k ; it may well be modified at higher order.
Finally, we would like to mention that the quantum analogue of eq.(4.20) can also be
derived, subject to the assumptions leading to eq.(5.8).

117

VI, Conclusions
In this paper, we have extended the results of our earlier work on abelian coset models
to rion-abelian cosets. As before, starting with the gauged WZW lagrangian, we have
shown how to define the parafermion fields and derived their Poisson bracket algebra. As
explained in the text, we were naturally led to introduce a non-associative algebra for
the parafermions which reduces to an associative algebra in the physical (gauge invariant)
sector. We have also given a simple construction for this sector in terms of free currents
that satisfy a classical affine algebra. Replacing the classical current algebra by its quantum
version gives a fully quantum mechanical construction, which is the natural generalization
of the free field realization of the abelian coset models. We have also taken the initial steps
in carrying out the program of renormalizing the quantum construction. Several problems
remain for the future, the most important one being the question of renormalization. Also,
generalization to non-compact cosets should be straightforward, perhaps making it possible
30

to investigate the unitarity of these models . Finally, it remains to be seen whether more
general conformal models

3 1

can be discussed within the framework introduced here.
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Appendix A
We show that the algebra given in eq.(3.21) satisfies the Jacobi identity eq.(3.22) after
projecting onto color-singlet observables. When we substitute eq.(3.21) into eq.(3.22), we
will get an expansion in k\ with i = -2,-1,0,1,2. It is not difficult to show that all of these
terms cancel even for single, color-full parafermions, with the exception of i = 0 and i = -2.
The term independent of k (i=0) has two contributions. One term where the k-independent
term of the PB is used twice, and one where the non-lccal term proportional to s(z — y)
is in the inner PB. and then the "central charge" term is used in the outer PB. These
terms combine to give a restatement of the Jacobi identity for the underlying semisimple
Lie algebra, and in this manner give a nontrivial restriction on the coefficients of the PB
of eq.(3.21). If we label the coefficients of the three terms of eq.(3.21) as a,b,c respectively,
this restriction takes the form (where the normalization of the trace takes the customary
0

6

i

form tr(T T ) = 26° )
2

4ac=-6 ,

(.4.1)

which is satisfied in our case. Let this expression fix c in terms of a and b. We can arbitrarily
scale the parafermions c to fix b. This leaves a single overall normalization constant for
the right hand side of the Poisson algebra. We now concentrate on the leading term (i =
-2), and work with the truncated algebra
U'PA'Q) = fdzdys(x-y)Y,tT(P[x){h ^(x)])tT{Q(x)[h ^(x)]),
a

^

(.4.2)

a

a

the sum being carried over the subalgebra h. With O(z) = 0 ( z , , x , . . . , x ) denned in
2

n

eq.(2.15), we wish to show that
£

{{O,(*),O (y)},O (*)} = 0 3

(.4.3)

3

cyclic

Define:
.Y? = TrW( )
Xl

• • • [h'^lxi)]
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• • • 0(r ))
n

(.4.4)

s

s

and similarly for Y and Z (involving ^(w)' and 0(*i)' repectively). We have
{O (x),0 <y)}
l

= ete-y )X?Y?

2

(A.5)

l

where "a" is summed over the subaJgebra h, and the dummy indices " f and " j " are summed
n

n

over the multivariable index range of "x" and y
{ { O i ( x ) , 0 , ( y ) } , 0,(*)} = e(

Xi

respectively. We can write

- y ) ( A ^ / Z ^ X , - x*) + X?Y<fZte(
;

- x ))

at

t

(.4.6)

b

tr (tf(x.) • • • [ft", 0 ( H ) ] • • • [A ,0(*j)l • • • 0(*»)) «jS J
!

u..Acre.Y= '={

V

L

J

y

(.4.7)

tr (*,(!,) • • • [ft", [ft\ ^(Xi)]] • • • <«*„)) i = i

A'?' aostiafies the identity : X$ - X$ = { ^

x f

j*j

(.4.8)

where /„!* are the structure constants of the Lie algebra g. Since we are summing over
permutations, we are free to permute the second term of eq.(A.5) twice in (x,y,z). After
rearranging dummy indices, and employing eq.(A.6), this expression reduces to
/•fcXTy/ZSefo-aOetri-xk)

(.4.9)

we sum permutations, and rewrite dummy indices to arrive at
c

{ { O „ 0 a } , 0 } = hbcX?Y>Z [e(zi
3

k

- y j M * - x*) + « ( » - * * ) * ( « - x ) + e{z {

k

x,)e(-'t - y,!
(.4.10)

Now employing the identity
£ ( i - y ) £ ( x - x ) + e ( y - x ) £ ( y - x ) + £ ( x - x ) e ( x - y ) = 1 Vx.y.xeR,

(.4.11)

we have

E «°iw-02(»».o»w> = E/**r*]fa = E/ftf^iE*? •
cyclic

i,j,k
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j,k

i

412

f- '

By color neutrality, the sum over T on the right hand side of eq.(A.lO) vanishes, giving
the desired result. We may also notice that if we had not used color-singlet observables. the
Jacobi identity would not have been satisfied in general, but if just one of the observables
is a color singlet, the Jacobi identity is satisfied.
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Appendix B
In this appendix, we verify the cancellation discussed after eq.(5.7), to lowest order in
1/k. First, expand W in a power series,

where W„ takes the form
W,
The cancellation referred to above takes place between W„ and W„_i; the c-number con
tractions between ^"s in W (first term of eq.(5.2)) cancel against the operator contractions
n

(second term of eq.(5.2)) of !V _i. Notice that these terms are of the same order in 1/k.
n

To illustrate the cancellation, consider the simple example of W4 and W%. As part of this
calculation, consider the c-number contraction between J>, and T

n

W, ~ f dz< H dz f

dz f

3

dz

2

£

l

cxp (iJ2Pi« - e £ iRl)

•9{pi)Pi6r,x+ h'?„h'F
n

,

pl

(B.3)

where we have suppressed some irrelevant multiplicative factors. Setting pi ~ id/,d~3 and
integrating by parts, we obtain
W~
t

Pdz fdz
Jv
Jv
3

3

j"dx
Jv

t
n

J2 S(pi)e»p{>Xp.%-£(2p, + |pi + P2l + IP3l))
„
\
)
n

.h'? +„h!>?„ .

(BA)

pi

7

Now compare this result with the q-number contraction between J ^ and T

n

in W

w ~ - r dzj* dzi r d j2 %!)«*(»£?«-*£w)
3

Sl

Jv

Jv

Jv

P 1 W P J
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\

~

/

3

Notice that the two terms given by eq.(B.4) and eq.(B.5) would have cancelled except for
different dependence on the cutoff e. To see what happens as e — 0, take the vacuum
expectation values of \V$ and \\\

<0,^ ^ ) , 0 > ~ J ( ^ i ^
+

> o

+

+ I

^^ ---.)-^e~)
e

P/0

(expl-mp

+ q+\p + <l\))-ezp<.-2q(p

+ q))) .

(fl.6)

A straightforward examination of this sum shows that as e —> 0, it is non-singular if the
difference x — y is held fixed at some finite value. This demonstrates that the singular terms
in c present in the cuntraction of U% and l\\ cancel. The only singular term that survives
is an end point contribution given by eq.(5.11).
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J. of Mod.

Contribution* and Interest!
This work is the logical extension of the previous paper to the case of a non-abelian
coset. The initial set up of the problem thus borrows heavily upon the formalism of the
previous work and besides checking many of the equations in the front sections, this authors'
main contribution to this work is in section IV where some of the set up of eq.(4.3) through
eq.(4.11) is displayed and again in section V where this author contributed to the discussion
of how to regulate these path-ordered exponentials as quantum operators and in particular
to the ideas and eq.(5.S) to eq.(5.12). Also much effort was made by this author to formulate
the proof of the closure of the (classical) algebra on the space of colorless operators that is
described in appendix A.
There are certain topics of interest not fully covered in this paper which interest this
author deeply. The most fundamental is simply in what way can one regulate path-ordered
exponentials to consider them as quantum operators. The present work only approaches
this idea which seems to be a central one for understanding this lagrangian approach to
conformal field theories. One is also forced to understand the meaning of path-ordered
exponentials of gauge fields as quantum operators to really fully understand the connection
between conformal field theory and Chern-Simons field theory. As of this writing this is an
ongoing project of this aiunor.
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C H A P T E R 4: Classical W-Algebras and Non-AbelUn Coset Model*

Coset models often furnish examples of conformal field theories with a group of sym
metries larger than the conformal group. This larger symmetry algebra, the so called
W-algebra or extended conformal algebra, may be understood classically in a universal way
from the Poisson algebra of the coset models developed in Chapter 3.
This paper concisely shows how to understand the universal features of W-a]gebras
from the Poisson structure of the underlying coset model. It also describes a natural gen
eralization of the W-algebras that is an algebra of multilocal operators.
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1-

Recently there has been much interest in IV algebras '. These algebras are generated
in the operator product expansion of the primary fields of rational conformal models, and
can be considered to be natural generalizations of the Virasoro algebra. The classical limits
3

of these algebras are of particular interest , and in this paper, we present a simple method of
generating a large class of classical W algebras. This class includes the already well-known
IV3 and W algebras as well as some new algebras which, to our knowledge, have not yet
t

appeared in the literature. We show that the generators of these algebras can be built out of
parafermion fields introduced in ref.[9,10]. The parafermion fields themselves satisfy a very
simple Poisson bracket algebra, which turns out to be the basic irreducible structure out
of which one can build the more complicated algebras. As a result, a great simplification
is achieved, if only at the classical level. ~ In this sense, the parafermions are analogous
to quarks and the primary fields are the composite fields formed from the "quarks". The
algebra of "quarks" is, not surprisingly, much simpler than the algebra generated by the
composite operators. We will then go on to show that the parafermion algebra suggests a
natural generalization of W algebras that involves multi-local operators.
Let us focus on those conformal field theories that can be described in terms of gauged
WZW models. As is well known, after integrating over the gauge field we will be left with
a conformal model defined over a reduced set of fields. These models are refered to as coset
models and in what follows we will consider coset models of a very particular type: we take
g to be the direct sum of two copies of an affine lie algebra with arbitrary central charges
&i and fcg, and take h to be the diagonal subalgebra
& = Rk ®gk,
l

h = gi,,ik,

diagonal subalgebra.

(1)

This choice is dictated solely by the fact that these cosets have been discussed at length in
3

5

many previous works ' '

M

and much of what we will do here can be easily generalized to

130

other types of coset models. The WZW action corresponding to the coset of eq.(l) is

1

1

3

h = i|y> tr(d r a-s>)+^/tr^sr ) ,
I

+ff

2

h = & / d i tr (cW0_S2) + ^

d

x

A.s = ^J ''

1

tr{« (*,(«_a, )ffr' + H9.92)g; )
+

/ tr

( « f .

l

- iA-(k,gi d+

gi

1

fc

+fci.4 SiA_jr + M + i M - S a ' ~ (*i +

+

2)^+^->

+

k g?d g )
3

+

2

(2)

Here gi and SJ take values in the adjoint representation of some lie algebra, and the gauge
field A± takes values in h, the vector sum of these two representations. Note however that
the currents of this model
(3)

with
D± = d ±

i[A ,
±

are neither chirally conserved nor gauge invariant. It is possible to construct "almost"
conserved and "almost" gauge invariant fields by attaching Wilson lines to the currents;
these are the "paxafermions" of ref.[9,10]. For simplicity we shall consider only J- and drop
the lorentz index. Thus with x m x- take
l

0 = 0-(x. r ) = -ET (*. x )J-(x)U(x, x ) ,
0

0
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a

(4)

where
U{x,xo) = Pexp (iJ'6xfA.(x'))

,

is the path-ordered Wilson line. One can easily show that
0+0- = 0

(5)

provided that in applying the equations of motion the contributions from the (fixed) base
point are neglected. Also, V is "almost" gauge invariant in that it transforms only under
the global group defined as gauge transformations evaluated at the base point XQ. In what
follows we will think of this base point as a'point at infinity. The "physical" fields are
constructed by forming invariant (i.e. singlet) combinations of the parafermions under the
remaining global color group h described above. They are (classically) base point independant and therefore truly conserved as well as gauge invariant. They are the classical primary
fields of the model and we wish to show that their Poisson brackets close to form a classical
W algebra. These algebras are generated by the basic Poisson brackets of the (i''s which
may be found by studying the lagrangian eq.(2) (see ref.[9,10] for a derivation). To avoid
confusion we use {,} for the Poisson bracket and reserve [,] for Lie algebra commutators.
With

,(.(*) = 2>"(*)r»
a

{*<•(*),&{y)}

l,

pB

- -l$fc 6° 6'(x
i

- y)

+$+$*(* -rtEcf'W*)

- V&Z**

(6)

- » ) £ - . P " * ^ ^ * W«(y)

where the indicies belong to the adjoint of h and the f*"* are the structure constants of
h. The first two terms are familiar from affine (current) algebras and the last term reflects
132

the non-locality due to the Wilson line attached to each field. In computing the Poisson
bracket of eq.(6) the base point contributions have again been neglected. This has the
peculiar effect that the resulting algebra seems not to be associative (the Jacobi identity
is not satined). However, as shown explicitly in ref.[10], the color singlet composites built
out of the 0's do satisfy an associative algebra. This is expected since these functions do
not depend on the base point classically.
The simplest neutral combination one can form is obtained by tracing an arbitrary
power of tl>. Switching to mode number and scaling appropriately to conform to the litera
ture we have
tas

JQ

where for convenience we set
a =

_ i * i * 2 L _ . fl. « * ! - * » ) .
P

»(*l+*2)'

(*1 + * J ) '

2
7

=

7

*

()
8

l

(*l+*j)

'

For concreteness we take g = su(N) and coiaputs the Poisson brackets of the operators in
eq.(7) from eq.(6)
{ w t \ «tf°} = (m(s' - 1) - n(, - l ) ) W ^ - » »
_to(.-lK.'-l| ^
2»N

w

£-.}•>"

l

(.-l) y(.'-l)
t

m-l

'

"n+

}

In the limit N -> eo only thefirstterm survives and we have the su(co), e.g., W^, algebra.
(

For finite values of N both terms are present and furthermore all W*> for s > n can be
J

expressed in terms of W<'> for 1 < s' < N. For example in the case of su(3) we have

w£i» = £ M X %
which follows from the trace identity
3

tr(#*) = 5(tr(^ ))

3

valid for traceless 3x3 matrices
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do)

We therefore find the closed algebra

3)

{Wg>, Wi ) = (2m - nW£l„,
{\v™,wg >}m&m-n)E v n wg

.

(11)

l

t

l

t

t

This agrees with the classical limit of the quantum VV3 algebra in which one retains only
the term with the least singular short-distance behavior. A similar algebra can be deduced
for H'«. We note that these algebras have the simple universal form given in ref.[2]. For
finite N, we see that the U'v algebra is nonlinear. This is simply due to structure constant
identities used to reduce algebra elements !!'(,) for a > N. It is interesting to note that these
algebras are insensitive to the second two terms of the algebra given in eq.(6). We now turn
to a generalized algebra that will involve the later terms of eq.(6).
We now discuss a generalization of W algebras that is suggested by analyzing WZW
models in terms of parafermions. The Poisson algebra of eq.(6) may be used to compute
Poisson brackets of gauge-invariant, multilocal functions. As described in ref.[10], the result
ing Poisson bracket does satisfy the Jacob! identity. In analogy to eq.{7) consider multilocal
functions of the general form
\V(x,x ...x )
2

n

= tr(<Kx,)[0(rj),r>(* ),...lMz )]...])
3

n

(12)

This is a natural generalization of eq.(7). As we saw earlier, the fact that the fields in eq.(T)
are all taken at the same point makes any Poisson bracket of these quantities not depend
on the second and third terms of eq.(6). For multilocal functions the Poisson brackets will
involve the second and third terms in a non-trivial way. Thus, although thefc-dependanceof
the Poisson bracket may be scaled out in the local case, there will be residual jfc-dependance
in the algebra of multilocal expressions.
We now illustrate this non-local algebra with a simple example. Consider the case of
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{SU(2)k X SU(2)k,)ISU{1)k^k,- In this case, the algebra closes on thefirsttwo functions
l

W(i,i2) = tr(0(i,)^(r ))
2

(13)
W(*i*2*3) = tr(0(si)[if>(*a),0(*3)])
We have the following algebra
{W(x )AV(y )}
lX2

= -Q«'(I, -»,)W(*2jft) +perm.

m

-i/36(xi - y^Wix-^x-iVi) + perm. +

2i9(xix \y y2)W{xix y y )
3

i

1

i

(14)

2

{W(x,x ), H'(yjy2»)} = -a«'(xi-y,)W(x2y2y3) + perm.
3

-i/3f(ii-y,)lv"(iiX3!/2ji3)+perm.

(15)

+2-y»(Xix ; yijoJl^rj^yiKate) + 27*(*i*a; SjSeJWfaiSifttoVi)
{W(ii*i*3). "'(yitaw)} = -a*'(xi-y )W(x X3y2y3) + P« m.
2

-

1

2

+ia«(x,-y )H'(x2X3yiyjy3) + perm.
:

(16)

+270(x,x ; yitolH'to^ny^to) + 27«(x x ; yiy3)W(i2U3iiy y y3)
3

2

3

I

!

+27»(xix ; yjys )«'(x3X2Xiy2y yi) + 27»(x *3i yjys) W(*2*3X y y y )
We have indicated by "perm." the terms obtained by symmetrizing or antisymmetrizing
3

3

2

1

3

3

1

with respect to the arguments in the appropriate way. Note that W(xjX2) is symmetric
in X] and r , and that W(xiXji3) is antisymmetric in x\,xj and X3. The 8 function used
2

above is defined as
29(xiX2iyiy2; = z(x\ - yi) + e(xj - yi)-e(n

- yj) - e{i2 - yi)

(17)

and measures the overlap between the intervals [n, xi] and [yi, m]. If one interval contains
the other or if they are disjoint, it vanishes. IT the intervals overlap, $ is ±1 depending on
the sense of the overlap. It is simple to extract a truly local algebra from the multi-local
functions by expanding in power series in the differences of arguments, as in the operator
product expansion. Finally, we need to show that the functions appearing on the RHS of
eq.(14), eq.(15), and eq.(16) can be written in terms of the functions given in eq.(13). This
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follows from elementary identities between su(2) structure constants. For example,
HT>i*J*3H) = \W(x x )W{x x )
2

3

i

-

A

\W(xiX )W(xiX )
3

4

W(I I2I I4X ) = ^f(l l4)W(UISX,) - |W(l3l5)W(l2l4ll)
1

3

5

3

(18)
Wixyxixzx^xt)

= } H ' ( i , i ) t f (xixJWixjXs)

+

3

{W(x x )W(,x x )W(x x )
2

3

4

i

t

t

,

-iH'(r r«)M'(*4i )IV(«,*3) - j M ( n r ) H ' ( n i 8 ) « ' ( x j i 3 )
3

s

s

Using these equalities it is possible to express eq.(14)-(16) as a closed algebra. It should
not be difficult to discover similar algebras for coset models based on other groups. These
algebras (like their local counterparts) talce on their complicated, nonlinear structure due
to these types of reduction identities.
In conclusion we have shown that the Poisson bracket of the gauged WZW model
(eq.(6)) suggests a multi-local generalization of classical W algebras.

We would like to thank E. Kiritsis for useful conversations.
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Contribution* and Interests
This work was initiated by a comment of Prof. K. Bardakci on the fact that since it
is known that there exists a representation of certain' W algebrar in terms of cosets the
classical structure of these theories should be understandable in term of Che general Poisson
bracket of the previous papers. This author's contributions include understanding the H'^
limit of the Poisson bracket (see eq.(7) through eq.(9)) and in computing some of the terms
of the algebra in the example of su(3) of eq.(ll). This author also worked on what operator
would be the natural one for the non-local generalization of the W-algebras (see eq.( 12)
through eq.(16)).
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C H A P T E R 5: C h e m - S i m o n s Q u a n t u m Mechanics, Modular Invariance a n d
Monopole*

Chem-Simons gauge theory is a general co-ordinate invariant field theory in threedimensions that is intimately connected with two-dimensional conformal theories. In this
chapter we use Chern-Simons theory to investigate properties of the related conformal field
theory.
One thing of particular interest is t o show how the modular properties of the confor
mal field theory may be understood in term of the Chern-Simons field theory. This paper
contains a construction of the space of conformal blocks at genus one, and then proceeds
to use Chern-Simons theory to conpute the matricies that represent the modular transfor
mations. Since this paper develops a realization of the operator approach, it is possible to
give explicit formulae even for the general non-abelian case. Finally, by including monopole
backgrounds, some properties of the conformal model in higher genus are understood.
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I. Introduction
1

Following the seminal work by Witten , there has been sustained interest in under
standing conformal field theory in terms of three-dimensional Chern-Simons gauge theory.
Many authors have explored the connection between the Hilbert space of the Chern-Simons
gauge theory and the space of conformal blocks. One particularly illuminating formulation
that has emerged from these investigations is that of the effective quantum mechanics of
2 3

1 5

the Chern-Simons field theory ' '' ' .
In other developments it has been noticed that introducing non-trivial backgrounds in
a two-dimensional field theory allow one to understand novel features of the conformal field
theory. For instance in ref.[6] it was shown that it is possible to infer the modular properties
of a theory in higher genus by doing a genus one calculation in the presence of a monopole.
In this note we will briefly review the use of monopole backgrounds for studying con
formal theories of free fermions. We then generalize this technique to study the modular
properties of the space of conformal blocks entirely from within Chern-Simons theory. Along
the way we develop an explicit operator construction of the Wilson lines which become the
Verlinde operators (of ref.[l7] for example) in the language of conformal field theory. This
5

4

extends the work of previous authors ' .
The methods employed in this paper are pedestrian and the examples provided are to
elucidate the properties of more complex cases to which this work trivially generalizes. In
keeping with that spirit, in section II we review the case of the king model (or a model
with any number of free fermions) in nontrivial gauge backgrounds. Section III contains
a lightning review of what has been done with Chern-Simons quantum mechanics and is
meruit to acknowledge the work of a few of the many innovators of Chem-Simons quantum
mechanics. It provides an introduction to the rest of the paper. Section IV combines the
ideas of sections II and III for Gaussian models and section V applies the techniques of
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section II to the case of arbitrary simply-laced semisimple Lie group. To demonstrate this
technique the cases of Chern-Simons theory of SU(2) and SU(3) are done in detail. Section
VI is a short conclusion and discussion of results.
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II. Monopoles, Modular Invariance and Free Fermions
In studying conformal theories it is often useful to imagine that the quantum degrees
of freedom of the theory are coupled to external (i.e. classical background) fields. We will
concentrate on the very particular case of non-trivial gauge connections. Free fermions
7

are perhaps the very simplest of conformal theories and the idea of coupling their U(l)
current to an abelian gaugefieldwas motivated by the coset construction of ref.[7,8,9]. The
resulting theory is still naively conformal because the gaugefieldis introduced as a Lagrange
multiplierfieldand has no kinetic term. In that construction one imagines that functionally
integrating over the gauge field eliminates certain degrees of freedom of the free fermions
and thus reduces the model of free fermions (i.e. a fermionized version of an SO(n) model
for example) to a coset model (in the case of SO(n) to the coset SO(n)/U(l)). Typically,
due to the equations of motion for .4„, one considers integrating over only flat connections
but if one is to take the functional integration seriously one must include contributions from
non-flat connections as well.
Coupling fermions to a non-flat abelian gauge field was perhaps first studied by Landau
and is of interest, for example, in understanding the quantum Hall effect (for a treatment
of that problem which shares some analogy with this present work see for example ref.[10]).
11

13

and has come up before in string theory - . Looking at the effect of monopoles directly
in Chern-Simons has been explored recently in ref.[13] which has a completely different
thrust than this present work. In ref.[6] an effort was made to understand how including
monopole contributions modifies a model of free fermions. One finds that for fixed genus
the integration over non-flat connections breaks into a sum over sectors indexed by the
monopole number i.e. first Chern class, N, of the connection. In addition tofindinga new
spectrum and correlation functions, sectors with different first Chern class (mod 2) had
different modular properties at genus one. Indeed it was found that for those sectors in
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which N was even one had the usual modular properties at genus one (here given in terms
of the spin structure for the minimal modular invariant set of sections)

+ +

-1- +

-

-

Txtvtn

-

+

but that in sectors in which N was odd the behavior of the blocks under T were quite
different:
+ +
+ ~

TscM-it
I - I t tj)I
w ( i I;)-(i

(2-2)

The transformations of the blocks under"S was found to"beIhe same for any N. Interestingly,
although the modular properties at one loop for the N=0 sector imply the (+,-), {-,+), {-,-)
sections form a modular invariant subspace, we see that including the monopole sectors
suggests that this subspace of sections is not modular invariant and that in order to write
a modular invariant theory it will be necessary to include (+,+) sections as well. This is
analogous to the Ising model in which at genus one the (+,+) sections do not contribute
but that for consistency of the model in higher genus one does need to include them.
There s«re many ways to understand this result. First, were we to study the problem
of free fermions in a genus g>2 surface S we might consider concentrating on a degenerate
case of the Ri»man surface S in which we have a series of tori connected with thin tubes.
Call Si just one of these tori with a piece of a single tube. In order to study operators and
determinants of operators on such an object it is of course sufficient to simply specify bound
ary conditions for each non-trivial cycle of the torus with a point removed. Furthermore.
operators involving derivatives must now contain covariant derivatives and since
R

2 2

hh ~ - *

(2.3)

for the whole surface E we know that where the tube connects to the torus there must be
curvature. This means th-.t the connection, w„, associated with transport on the torus with
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a point removed is non-flat. Furthermore since the Isometry group of the tangent space of
a Reimann surface is 0(2) the geometrical connection, v„, may be thought of as an abelian
gauge field A . Indeed "trading" w„ for A and thereby requiring A„ to satisfy
u

v

where F is the field strenght of A , suggests that the Gauss-Bonnet result may be under
u

stood as something like a monopole quantization condition. This is also suggested by the
form of the index theorem in two dimensions. Note that although in ref.[6] one always chose
the flux to be uniformly distributed we will show in the appendix that concentrating the
flux in one point will not change the modular properties under T. Thus we learn that for
studying the modular properties of sections we need only specify the first Chern class of
the bundle .4 . "Trading" u„ for A„ means that sections of operators such as the covariant
M

derivative D (involving just the geometrical connection) correspond to sections associated to
a charged species on the torus (geometrically flat) with monopole background.* Indeed, in
both cases, specifying boundary conditions will restrict one to a particular class of sections
and furthermore one sees that there is a natural relation between the norms defined on the
function spaces in the two cases. Using this result we may now explain why the modular
properties are modified by the presence of a monopole. For simplicity imagine spreading
out the abelian flux uniformly over the entire torus (which we now think of as the plane
modulo the lattice). The generator 5 of the modular group really only corresponds to a
rotation in the plane about a point and a little thought indicates that its action on sections
will not be modified by the presence of an ambient magnetic field (this is shown in full
detail in ref.[6]). The T transformation however really corresponds to a translation in an
ambient magnetic field and thus will be associated with a residual gauge transformation.
"Strictly speaking, introducingfluxwill not preserve the holotnorphic factorization of the theory but here
we will be only working with one half of the theory snyway and 10 do not have to concern ourselves with
this point further.
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In the case of odd monopole charge this will result in a nontrivial phase contribution to
the transport, i.e. the boundary conditions of the sections will change. Let's make this
concrete in a picture. Denote the sides of the torus as CI and C2 (as shown in Fig. 1), and
denote the boundary condition of a given section by (A,B) where generally A and B are
non-abelian phases (or group elements) but for the case at hand take the values +1 or -1.
Of course, when there is no flux one finds for T and 5
1

T:(A,B)-(A,BA- );

l

S :(A,B) - (B,A~ )

(2.5)

which leads to the usual transformation described in eq.(2.1). The natural way to think
about T in this context is that in the new torus after performing T the new cycle C2'
(see Fig. 1) is composed of the original C2 followed by the CI cycle and so to find out
how transport on the new torus compares with the old one we must simply compose the
l

respective transports. The fact that this results in A~ B instead of AB is really just
the difference between viewing the transformation as passive rather than active on the
transport. Here we choose it as in eq.(2.5) to be consistent with the convention of most
2

authors. Note that this convention gives, as abstract group elements S = C, the charge
3

conjugation operator and (ST) = 1. Now let's consider what happens when one includes
the background gauge field of a monopole. As seen from the figure, the transport along C2'
is no longer simply determined by the composition of the transport along C2 then Cl. In
addition to the composition of transport along those cycles there is an additional phase due
to the flux inside the triangle C2C1C2'. Since for connections with unit monopole charge
the transport around the entire torus is trivial, the additional phase acquired by transport
along cycle C2' relative to that of C2 is -1 (because the triangle C2C1C2' has exactly half
the area of the torus). Fo. those who feel uncomfortable with this analysis because of the
use of "uniform flux" we refer to the full result of the appendix which demonstrates that
for any flux distribution the additional phase under T is as described above. Thus with this
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additional phase we find that eq.(2.5) is modified
1

T:{A,B)-.(A,-BA- );

1

S: (A,B) - (B./l" )

(2.6)

Note that throughout S is unchanged. Eq.(2.6) yields the relations of eq.(2.2). Notice
that with larger monopole charges the above argument implies that for even monopole
charge one has the behavior of eq.(2.1) and for odd monopole charge one finds the behavior
of eq.(2.2). Again, since the N = l monopole corresponds naturally to a torus with a single
tube attached (seeeq.(2.4)) which is related to the boundary of moduli space for a genus two
surface, we rediscover the bit of string theory lore that if one satisfies the modular invariance
through to second loop then the theory is modular invariant for arbitrary genus. Thus
modular properties of the conformal blocks of a theory in higher genus may be understood
by using monopole backgrounds in genus one.
Another way to understand this property is through the fusion algebra of a theory of
free fermions. Take for simplicity the case of a single real fennion, i.e. the Ising model.
One knows that in the Ising model there are exactly three primary fields namely 1, i> and
a of conformal dimension 0, 1/2 and 1/16 respectively. These fields correspond to linear
combinations of the (-,-), (+,-)• (-,+ ) sectors. Note that these three fields form a modular
covariant set at one loop. The (+,+) sector has a zero mode (i.e. constant sections) and
so does not contribute to the partition function at genus 1. However were we to imagine
constructing a two-loop amplitude by using the fusion rules the natural object to study
would be the one point functions on the torus. There is a son-trivial one point function
on the torus that involves the insertion of the 4>. In order to see why this one point
function doesn't vanish it is necessary to include in the path integral the contributions to
this amplitude coming from the (+,+) sector'. Simply said, the zero mode is absorbed by
the insertion of the il> and thus the (+,+) sector that was formerly not included on the
'The Authors are indebted to £. Kiritsis for a clarification of this point.
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grounds that it was zero at genus one is needed to make the two loop calculation modular
invariant. Now, were we to construct Green's functions on the torus with a monopoly
background we would find that, as a consequence of the index theorem, the only non-zero
Green's functions involve an "additional'' insertion of the fermion. This means that every
non-zero Green's function has as a first approximation the same modular properties as the
zero modes. That this behavior persists to all orders is proven in ref.[6] in which it was
shown that all modes (zero and non-zero modes) have the same modular properties. Thus
it is not a surprise that we learn about the modular properties of the theory in higher loop
by studying the theory in the background of a monopole.
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III. Chern-Simons Quantum Mechanic*
Let us now briefly review the development of the effective quantum mechanics of Chern1

Simons theory. As described by Witten the Hilbeft space of Chern-Simons theory is
isomorphic to the space of conformal blocks of the underlying conformal field theory. This
identification follows from studying the degrees of freedom of the Chers-Simons theory after
gauge fixing, and understanding the action of the residual general co-ordinate invariance
of the theory in terms of conformal transformations. This was expanded upon in several
2 3

5

very readable papers for the case in which the spatial part of the 3-manifold is a torus ' '*' .
In essence these works suggest that .choosing the axial gauge (AQ — 0), one should first
satisfy the constraints classically (which are that the non-abelian flux vanishes everywhere
on the 2-manifold) and then proceed to enforce the quantum mechanical commutators on the
operators associated with the observables. As shown in the above references, the observables
are the nontrivial Wilson lines. For a torus (without a point removed) the Wilson lines are
the traces of the holonomies around the two non-trivial cycles of the torus. As before we
label the holonomies by A and B. These are the path-ordered exponentials of the gauge
fields along the paths CI and C2 respectively. Then the classical constraint that the flux
vanish reads,
1

ABA-'B- ^!,

(3.1)

where / is the identity. As was done in the above references, we satisfy tuis constraint by
taking A and £ to be in the maximal torus of the group and without loss of generality may
also take the gauge field to be constant and in the Cartan sub-algebra. Let
to

r

4 =e - ;

fl

w

=# -

r

(3.-.M

where the r's are generators of the Cartan sub-algebra. Now one implements the canoniral
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commutation relations implicit in the Chern-Simons theory and finds
1

1

[a ,?] = ^ V ' =* ABACS' = f /

(3.3)

? = 1

(3.4)

where

and where n is a number that depends on the normalization of the generators and * is
the coeficient in front of the action. This is the naive result. This relation is amended
in the non-abelian case in that k is shifted to k + c where c is the quadratic casimir in
the adjoint. These points are discussed at length from the point of view of Chem-Simons
theory in ref.[4,19,20,22,23] and j understood from the two-dimensional action functional
s

approach in a non-perturbative way in ref.[14,15]. At any rate, we save the complexities of
the non-abelian case for later. For the abelian case we have n = 1 and it is easy to see that
we may represent A and B in the above algebra in terms of fc-dimensional matrices.
For completeness we compute the 5 and T matrices of the abelian Chern-Simons theory.
This is often called the Gaussian model because it is equivalent to a free compactified
boson. Although T and S are computed in ref.[4,16], we wish to display them here as
finite dimensional matrices on the space of conformal blocks because these matrices .will
be useful for comparison later when we develop the theory for the case of the non-trivial
backgrounds. Viewing T and 5 as residual general co-ordinate transformations we now
write how the components of the vector field A transform,
u

T:(a,f3)-*(a,0-ay,

S: (o,/3) --. (,9,-a) .

(3.5)

S:{A,B) - . (B,A~'),

(3.6)

In terms of the bolonomies we find,
1

T:(A,B)-(A,TBA- );
where
J

r ={ .
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(3.7)

Because these are symmetries of the underlying confonnal model we expect that T and S
may be represented in terms of unitary transformations on the ^-dimensional subspace of
the conformal blocks. In the basis where A is taken to be diagonal (and B is thus a raising
operator) we find
2

T,j = a C * ' ^ ;

S = -^fO

(3.8)

tj

where a is a phase that is to be determined in terms of the central charge of the conformal
theory (see for example [16]) and the phase in S called b may be partiallyfixedby requiring
2

that the S and T form a representation of the modular group, namely that as before S =•
3

2

C and (ST) = /. VVithout loss of generality we take 4 = 1. Again note that S is only
equal to / for fc=l and fc=2.
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IV. Monopolet in Abelian Chern-Simom Theory
Having developed some intuition about monopole backgrounds and knowing the for
mulation of the Gaussian model, we now explore some features of this model in higher loop
by using monopole backgrounds. We begin by studying abelian Chern-Simons theory on a
manifold with topology R x Sj where Ei is a torus with a point removed. If we consider
only trivial sections of the abeliar. line bundle over Ei we recover the case studied in the last
section (the flux is zero everywhere on the torus, even at the point removed.) Instead con
sider non-trivial sections of the abelian line bundle. We implement this as follows. Imagine
c

holding fixed a classical background gauge field A that is the gauge field of a monopole
u

whose flux is entirely concentrated at the missing point, and then use Chern-Simons theory
to study the behavior of the quantumfluctuationsabout that background. For convenience
we restrict the quantum fluctuations to be in a trivial bundle i.e. we allow for no non-trivial
operator insertions at the point removed. This restriction makes the problem solvable but,
as described in section II, unfortunately makes the connection of this technique with the
one-point functions indirect. Also note that the analogy between geometrical connection
and gaugefielddescribed in section II is not so direct because we have started with a theory
that was metric-independent and so we should generalize the earlier argument to this case.
Furthermore we suspect that it is necessary to include the sectors with non-trivial bundles
for the theory to have well a well defined cluster decomposition. With these points in mind
we write the total A for the abelian case as
u

A

C

U

= A „ + Al

(4.1)
1

C

This may be simply generalized to the non-abelian case by taking A„ = A1+U~ A U where
IX

U is just the path-ordered exponential of the 4J, a flat connection with trivial homotopy.
That this is a consistent decomposition of A may be seen by writing out thefieldstrength
u

F, for this A or just recognizing that if j4J was a pure gauge (which is true classically)
u
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A„ and A£ would be gauge transforms of one another. At any rate, when considering
nontrivial backgrounds we will always simplify the problem by puting the A£ in the same
Caxtan sub-algebra as A* and so the decomposition of A„ will indeed become linear. Also
note that when this decomposition eq.(4.1) is substituted into the action functional, and
A* is treated as a classical field, that the commutator of the AJ components is the same
as in eq.(3.3). Furthermore, as far as quantization of the monopole is concerned, for the
abelian case we imagine working with U(l) compact. As usual the non-abelian case takes
care of itself because path-ordered exponentials are charged and thus defining monopole
charge in the non-abelian case is unambiguous. The monopole quantization condition is of
course the same for every genus. For an excellent review of monopoles the reader is referred
18

to the monograph of Coleman . A little thought convinces one that the moduli space of
the A* is again (for the torus) two-dimension&l and that eq.(3.1) holds with A and B the
path-ordered exponentials of the full A„ of eq.(4.1). Notice that although A° is not single
valued on the torus, because of the quantization condition the holonomies A and B axe well
defined.
Although the operator algebras with and without the monopole look identical, they
differ in their behavior under modular transformations. As explained in the appendix, and
as discussed in section II, the monopole introduces an additional phase in the definition of
T on the operators A and B. We find that for the case of odd monopole charge we again
have
1

- 1

TNOM '• (A, B) - (A, -rBA' );

S: (A, B) — (S, A ) .

(4.2)

Notice that TNOH is different than the T in the case of even monopole charge given in
eq.(3.6). As a matrix on the space of states Tfieid is (compare with the T of eq.(3.8))
fi/2

T «Uti = ^{-lYr Sti
N

(4.3)

Notice that this new T is still diagonal and that the vacuum-vacuum matrix element
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(given by T ) is unchanged. In general we expect that adding the monopoles does not
M

change the central charge of the theory and one shouldn't take the -l's as a sign that the
conformal dimensions of certain fields have jumped in the presence of the monopole. After
all, we are including the nontrivial monopole sector to study the behavior of T and S in
higher genus and so the conformal dimensions are not necessarily equal to the phases of
the diagonal elements of T. At any rate we do learn the amusing fact that 5 and Tsodi
do, in general, form only a projective representation of the modular group. By "projective"
3

we mean that (ST)

= dl where d is some phase that cannot be removed by unitary

transformations of the operators. For the abelian case at even it this is detailed in Table 1.
The case of k odd is more difficult to characterize and will be commented on later.
k

.

d

2

-i

4

-1

6

i

8

1

10

-i

12

-1

14

i

16

1

Table 1 : the abelian case, even k
3

Note that computation suggests (ST)

/3

= (-»')* /.

The fact that the monopole in this Gaussian model acts the same as in the Ising model
case (introducing a -1 phase in the T action and neatly falling into classes of odd and
even monopole charge), and the four-fold periodicity of the projective representation of the
modular group in the Gaussian model, at this point seem mysterious. They will in fact
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be neatly understood from the operator construction of the SU(2) Chern-Simons theory
discussed in the next section.
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V . Monopolaa in Non-Ab«lian Chern-Simons Theory
We now discuss some generalities of the operator approach to Chern-Simons effective
quantum mechanics for a non-abelian gauge group. The motivation for much of the discus
sion comes from ref.[4 ,19],
Generalization of the simple techniques used above for the abelian case to the nonabelian case is not completely obvious. First, although the commutator of the two compo
nents of the gauge field naively looks the same as above, one knows from general conformal
field theory results that the relevant parameter for the description of the conformal blocks
is not k but k + c where c is the quadratic casimir in the adjoint representation (normalized
so c = n for SU(n)). Furthermore, the conformal blocks are indexed over a specific set of
the integral representations, which are a set of fundamental weights all displaced from the
4

19

30

origin by p which is half the sum of the positive r o o t s ' ' '

22,33

. It is not completely clear

how these shifts are to be implemented in the Chera-Simons effective quantum mechanics.
Here we present an unambiguous and pedestrian implementation of these shifts in a manner
which makes sense of the Verlinde operators entirely in the context of Chern-Simons field
theory.
In short we find that one may represent the individual elements of the path-ordered
exponentials as products of operators of Gaussian models. This is vaguely reminiscent of
the conformal field theory lore that ultimately conformal theories are theories of free fields
with unusual statistics. Although we represent the terms in the Wilson line by products of
Gaussian models the theory is not a simple product of Gaussian models. Instead, enforcing
gauge invariance of the Wilson line and modular invariance will result in a truncation of the
Hilbert space of the product of the Gaussian models that will, in a sense, give the resulting
theories :heir non-trivial statistics.
We first represent the Wilson line operators on the trucated Hilbert space. We must
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then relate this to the gauge invariant observables of the Chera-Simons field theory. Since
the observables are already in the torus of the group, the only residual gauge transformations
are those associated with the Weyl action. We find that requiring the observables to be
gauge invariant is equivalent to representing them on a subspace of states, each state of
which is odd under all involutions of the Weyl group. Since T and S commute with the
action of the Weyl group, these states form a modular invariant subspace. This will all be
made explicit in the examples below. Finally let us remark that after finding these states one
will be left with a natural way of interpreting the shift A —> \+p.

The construction of T and

5 for the non-abelian case has been outlined in ref.[4]. This reference has a simple abstract
formula for T and S and is unclear about the actual representation of T and S as matrices
on a finite dimensional Hilbert space. This is due perhaps in part to the fact that there is
confusion about actually understanding the Wilson line as a regulated quantum mechanical
19

operator . Below we construct an operator approach to the observables in Chern-Simons
effective quantum mechanics and will explicitly construct the T and 5 matrices of the
conformal theory entirely within the context of Chern-Simons gauge theory. This will be
necessary for understanding how the non-abelian monopoles change the modular properties
of the non-abelian theory. Once this operator construction is completed we obtain the T
and S matrices for any monopole background.
The fundamental group of the torus has two generators, CI and C2. The only gauge
invariant quantities of the theory are the traces of the Wilson lines about these two loops.
Again, classically these Wilson lines must commute since CI 'C2 is homotopically equivalent
to C2C1. As described earlier, this implies that we may require the gauge field A„ to take
values in the Cartan sub-algebra. Define the algebra elements
a(t) = (t)j
ai

b(.t) = b (ty
i

= J^dx-Ajy
. . =
j dx"Aiw

(5-1)

C2

where the t/i (i = l,...,r ; r = rank (G)) are the simple roots. The components along the
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diagonal of the path-ordered exponentials arc then given by products of operators of the
type,
* ( t ) = e"*");

£i(r) = e»<<'> .

(5.2)

With these variables, the effective action takes the form
S = ^-fdta (t)C i> (t)
i

ij

(5.3)

i

where C'a = < i/i\i/j > is the Cartan matrix. This action is linear in time derivatives and so
give the following C.C.R.

K»i] = - & ( ^ - %
AiBjA-iBr^tzp^iC-X)

'

To realize these commutation relations, ws diagonalize the r commuting Ai matrices. Their
eigenvalues for a given state will label the position of that state in the weight lattice. The
B, matrices will act as raising operators along the r primary weight vectors.
Let's now explicitly study the case G = SU(2). The the rank is one and the quadratic
Casimir e = 2. The Cartan matrix is just a number (2 in our convention) which implies
l

that C~ ij = 1/2. Thus the Gaussian model we use to represent the elements of the pathordered exponential has 2(k+2) states. Figure 2 contains a diagram of the lattice of integral
weights of the model for * = 4.
For convenience of exposition define k' = 2(*+2). The T and 5 of the ^'-dimensional
Gaussian model is as described in eq.(3.8) in which k is replaced with k\ We now im
plement gauge invariance by using the Weyl group, W, to break this space of states into
Weyl covariant subupace*. The key reason why this is a sensible thing to do is that Weyl
transformations always commute with T and S (since one corresponds to gauge tranformations and the other correspond to co-ordinate transformations they commute classically in
the Chera-Simons lagrangian and thus here are taken to commute quantum mechanically)
and so constructing the characters of the Weyl action in the Gaussian Hilbert space will
158

automatically yield modular invariant and Weyl covariant subspaces. Thus representing the
algebra of observables on these subspaces will correspond to implementing gauge invariance.
In the case of SU(2) level k there are two subspaces
Odd under W; \i > - \k> - i > for 0 < i < *'/2
Even under W; |0 >, W/2 >, \i > +W -i> for 0 < i < k'j2
' Now we may implement the shift A -» A + p by realizing that ( corresponds to the state
i =1 and so this state should be thought of as the "shifted vacuum". We can thus rule
ojit relating the states even under W to those of SU(2) level k because they mix with |0 >
which, if 11 > is to be the new vacuum, |0 > has negative relative conformal dimension. The
states which are odd under W form a modular invariant subspace and are the correct ones
T

for realizing the SL (2) level k model. Indeed, they correspond to spins i < k/2. Writing
the T and 5 of the Gaussian model on this subspace we find the expected result
( m
iitfi \ .
T - er (-J + 2(fcT2j] «*
tl

_
F~
. f tin \
* = \/fcT2 '" U + 3J
5

P

(

" '

Note that as expected the central charge is 3k/k+2.
We now consider what happens when we include monopole backgrounds on the worldsheet. In SU(2) there are strictly speaking no topological monopoles since the group is
homotopically trivial. Instead, were we to consider the group SU(2)/Z2 = S0(3) we would
have two distinct monopole sectors. It is not difficult to see that in terms of the operators
above, the monopoles in this case simply modify T exactly as in ecj.(4,3) of the Gaussian
model (the two monopole sectors in the SU(2)/Z model correspond to charge even and
2

•Jiarge odd in the abelian case). It is well known that the SU(2)/Zs model is only well
defined for k = 0 mod(4) and the periodicity of the projective representation found (s<»
Table 2) is suggestive of that fact*. Furthermore, including the monopole modifies the 7°
'The authors thuik K. IntriliJBfttor Tot a diiauwion of thii point.
159

eigenvalues of those states of the SU(2) model that are contained in the SU(2)/Z model
2

all in the same way. This is a phenomena we will see occur in the SU(3)/Z model, and is
3

probably generic. We feel it is suggestive of the fact that these models are modular invariant
in higher genus but clearly much work remains to be done on this. We will comment further
on these observations later.
k

d

1

-i

2

1

3

-i

4

-1

5

i

6

1

7

-i

8

1

Table 2:
3

Note computation suggests (ST)

SU(2) level k

= -(-:)*/.

Next we consider the group G = SU(3) at level k. We have c=3 and G is rank 2. The
Cartan matrix is,

-(::)• - a -

C = I

Ii

C-' = ^ |
3

1 .

(5.6)

+c

Let £ be a primitive root of unity of order 3(fc+c), i.e. { <* ) = l. We have,

A B,A,-\B -\
AtBiAC *3

3

1

1

AiB^Br
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1

= ?
={ '
=?

(5.7)

Now define the basis v, such that
;

(5.8)
The commutation relations of eq.(5.7) give
Bit/lij = lto+2J+l

(5.9)

•Sj^ij = &'+l,i+2

We thus need keep only the connected sector of states ^j that satisfy the condition i +j =
0 mod(3). Implementing periodicity of the canonical variables leaves a finite set of states
(the dimensionality of which is 3(fc + c)*). We have thus created a fundamental cell of
(Aw/(k + c)Afl) where Aw is the weight lattice of G and AH is the root lattice.
The next step is to calculate the S and T operators of this Gaussian model. To
accomplish this, we again implement
1

T:(A,B)-(A,rBA- );

l

S :(A,B)-(B,A~ )

(5.10)

2

where r m {. We find,
T « =^rfH*'+i'-'»
t t

s^u =< <MWw >= . * [i<*+i<H!**it,]
V3(* + e)
<r

(5.11)

( 5

.i

2 )

2

These matrices satisfy the defining relations of SL(2,Z).
Finally, we need to implement the anomalous shift A -> A + p where p is one half the
sum of the positive roots. Thus p indicaties the new vacuum state (conformal dimension
zero). We first identify the Weyl orbits of (Aiv/(fc + c)A/j). As expected we find that the
number of orbits with length equal to the order of the Weyl group is equal to the number
of modular invariant states in the theory. The general formula for SU(n) is,
(n-!)!(*)!
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( 5 1 3 >

We identify each Weyl orbit of maximal length with a different primary field. We then
construct a modular invariant sector by choosing one linear combination of states from each
of these special Weyl orbits. To achieve this we employ the identity (i.e. T and S again
commute with Weyl transformations)
< ( / | 5 , T | 0 > = < wtf\S,T\w>l/>

(5.14)

where w is an arbitrary element of the Weyl group. For SU(3) the orbits are of length 1.
3 and 6. To reduce T and S to the modular invariant sector, we choose coefficients for
the six states of a given orbit of length six to be a nontrivial character of the Weyl group.
This necessarily will be orthogonal to states in the orbits of shorter length. For k = 1
the resulting 3-dimensional vector space is in fact modular invariant. We now give explicit
details.
The Weyl group of SU(3) is generated by the reflections u»i and vi2. As unitary matrices
on the basis given above we have,
(»l)ii,W = 6jX^i.t-k\

i

•

i

(""2)jj,M = i.k i.k-t

•

(5.15)

There are three Weyl orbits of order six in (Aw/(k + C)AR) at k + c = 4. These are shown
below in Figure 3. In Figure 3 states related by the Weyl group are labelled with the same
letter. Note that then; are 15 = 6! / 2! 4! different Weyl orbits. The three orbits of order 6
are labelled a,b,c. Each maximal orbit is isomorphic under the Weyl group, with the action
shown below in Figure 4. If we choose the coefficients (also defined by w,<l> = —i!> ; i =
1,3) given in the diagram for each of the three sets of states, we obtain a modular invariant
subspace, with the following 5 and T matrices (the ordering of the basis is a,b,c)
/I
5*
U

1

/l

1

1 tf

r,

1

2

T=

r,
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0

0
3

with i} = 1 ,

(o.lii

These satisfy the defining relations of SL(2,Z). The effect of a classical monopole back
grounds is easily calculated using the above techniques with the simple result
/l
T„ = J 0
\o

0
i7

0 >

1 + 2 u

0

0

;

with rj* = 1

(5.17)

1

f) *"/

where the monopole number n runs over the set 0,li2(£ Za). It is simple to show that
3

(5?n) is proportional to the identity for the three choices of n. Note that T and 5 are
similar to the 7 and 5 of the Gausian model at (odd) k=3 but that here it is simple to
characterize the sectors with monopoles. Also note that the only state whose T eigenvalues
doesn't change with the inclusion of the monopoles is the state in the SU(3)/Z model.
3
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V I . Conclusion
We have shown the modular properties of a conformal field theory at genus one change
in the presence of a monopoie in a way that is indicative of the modular properties in higher
genus. Furthermore with an explicit operator construction of the algebra of observables in
Chern-Simons theory we have used monopoles to provide insight into the center-moded
models of ref.[24,25]. Work under way includes understanding the orbifold constructions
(for example see ref.[26]) from the point of view of Chern-Simons theory with classical
backgrounds and better understanding the connection between monopole backgrounds and
the general theory in higher genus.
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Appendix
In this appendix we show that the r.jdular properties of the confonnal blocks under
T depend only on the first Chern class of the gauge bundle and not on the distribution of
the flux. We simply compute the line integrals along CI and C2 (see Fig. 1) of an arbitrary
flux distribution and will find the behavior under T to be that described in the text. As
usual, the gauge field for the monopole, A£, has been gauge transformed into the Cartan
sub-algebra and therefore it will be enough to consider the abelian case. Furthermore we
ignore possible additional classical holonomy. Note that since -4J is not periodic we expect
that we will not be able to represent it as a theta function on the torus. Instead we do a full
;

analytic calculation of the line integrals in a non-holomorpl. c gauge. In Coloumb gauge,
cu

dA
u

= 0

(.4.1)

we may solve the equation,
F = ^ T ^ = m6™(x - x ) = mS<*\z', y')

(A.?)

0

in the plane and find for A^,

4

• i = ,I
x

+

v

,

S

+

£

i

^

= ,2
x

+

y

,2

+

£

'

(-4-3)

where the e has been added to regulate the singularity at x' = y' = 0, the position of
c

the flux. Now we gauge transform this result to A j = 0 gauge. This will be a convenient
gauge for competing the line integrals after we dice up the plane into tori. At any rate, in
the plane in thi. gauge we have

At =

"*'

- d, f - ^ a t a n f -J£L=) 1 + 3,f;

A\ = 0

(A41

where f is a function of x only and will be determined by physical grounds that will be
described shortly.
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Now we imagine drawing in this plane the lattice generated by two discrete translations
where we, without loss of generality, take one translation to be z —> z + 1 and, per usual,
the other to be generated by z —• z + r where r = c + id. In order to now have an gauge
field that is still not periodic but respects the symmetries of the gauge field of a monopole
on a torus we imagine solving eq.(A.2) for a delta function in each cell of the lattice. Since
we are interested only in whether the line integrals of A^ are dependant on the distribution
of the flux we restrict ourselves to computing them. Simply translating and summing the
.4£ we have above will not lead to a well defined sum and so we regulate it in the following
natural way. In the chosen gauge eq.(A.4) we see that the integral along sides 2 and 4 (see
Fig 5) are indeed equal and that therefore the condition on the total flux is given by
c

c

f A -f

A = 2xm,

{A.5)

-vhere m is some fixed number which represents the flux at x and is not necessarily an
0

i.oeger. Actually computing this from an .4° found by performing a lattice sum over
individual translated A^'s of eq.(A.4) tells us how to regulate the sum by converting it to
a line integral from — oc to +oc with a single source and then systematically including the
other poles in the plane in a consistent way. . One finds that in eq.(A.5) only the last two
c

terms of A t contribute and that the integral of the term involving / contributes exactly
half of the right hand side of eq.(A.5). Now in computing the line integral along path 2
in the same way as for eq.(A.5) one finds that the contributions from the first two terms
cancel and that one is left just with the contribution from the / term. Since / is only a
function of x and since the path has advanced only c units per cell to the right we have
c

]A

= Tmc.

(.4.6)

Now note that this result did not depend on where one placed the flux. Also, since this line
integral occurs in an exponent, one finds that under T (in which c goes to c+ 1) the new
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phase acquired by the exponential is,
additional

phase

1

= e'*" ,

(A.7)

and now summing up contributions from many diiferent fluxes at various locations so that
the total flux, m, is integer (i.e. requiring monopole quantization) we find the additional
phase acquired under T is precisely that described in the text. Note also that T will in
general move the flux around but will not change the first Chera number (the total monopole
charge) of 4 ° .
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Figure 2: Arrows indicate states realated by Weyl group
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Figure 3: Weyl orbits of SU(3) level 1 Gaussian model
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Contributions and Interests
This author initiated this project and was motivated by the intriguing connection
between confonnal field theory and Chern-Simons theory that was pointed out by
Witten in ref.(lj. The bulk of that which Is new in this paper, with the exeption of
the pleasingly general formulation of eq.(5.1) and eq.(5.3) and some of the details of
the SU(3) case (both of which were done by S.A. Hotes), is this author's contribution.
As of late there has been additional work done on understanding the observeables as
operators on the Hilbert space constructed here. A simple picture of the fusion rules
and the Verlinde conjecture emerges. This will appear in the new version of the paper
to be published.
Open questions of interest are, for example, how to prove the Verlinde conjecture
from this point of view and whether one might understand the geometrical structure
behind coset constructions. These and other questions are currently under scrutiny.
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CHAPTER 6:

Conclusions and Outlook

Although each of the preceding chapters have concluding sections, here we wish to
point out some of the unifying themes and results of this work and also to connect
this work to some of the recent investigations by other authors.
One underlying idea of this work is understanding Wilson lines as quantum mechani
cal operators. In typical higher-dimensional gauge theories trying to understand the
Wilson lines as quantum mechanical operators is a troublesome task. However in lowdimensional gauge theories of the type studied here (both the two-dimensional WessZumino-Witten model and Chern-Simonsfieldtheory) one has an infinite-dimensional
symmetry group which acts to organize the physical degrees of freedom of the theory
and possibly allow one to understand the Wilson line as a quantum mechanical opera
tor. Indeed, recently Alekseev, et.al. have understood the Wilson lines of particularly
simple conformal theories as quantum operators by using a lattice regularization.' Not
suprisingly the Wilson lines form a realization of a quantum group. In their approach
they start with Poisson brackets that are very similar to that of eq.(5.16) of Chapter
II, section a. It seems that a promising approach for further study would be tofinda
continuum regularization of the Wilson line.
Interestingly enough, one may study the particularly simple conformal theories inves
tigated by ref.[l] as Chern-Simons field theories. Then, as shown in chapter V. it is
possible to understand the Wilson lines quantum mechanically at least for the torus
without introducing a lattice regularization or indeed any regulation at all! Unfort in
nately this approach is not as general as the approach of ref.[l] and much work remains
to be done to see if it is profitable to use techniques from Chern-Simons theory to
understand the quantum mechanics of Wilson lines for a general situation.
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Another theme of this work has been to try to understand conformal models from
a lagrangian point of view. Here of particular interest is understanding the gauged2

WZW model as a type of non-linear a model. Recently Mandal et.il

and Witten

3

have tried to understand what string propagation on various two-dimensional back
grounds is like by studying resets of sb WZW model. As would be expected, the
resulting lagrangian is very similar to that of eq.(6.7) chapter III, section a. It would
be interesting to pursue the two-dimensional spacetime interpretation of various coset
models to get a glimpse at the nature of stringy gravity.
Low-dimensional field theories, although an old subject that has been intensely stud
ied, continues to be a rich testing-ground for some of the most interesing questions
and intriguing ideas of physics. This author feels that much is yet to be learned by
the continued vigorous efforts of many researchers in this topic.
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