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FOREWORD 

The Shippi  ngport  Atomic Power S t a t i o n  l oca ted  i n  Shippi  ngport ,  
Pennsylvania was t h e  f i r s t  large-sca l  e, c e n t r a l - s t a t i o n  nuc lear  power plint i n  
t h e  Un i t ed  States and t h e  f i r s t  p l a n t  of such s i z e  i n  t h e  wor ld  operated 
s o l e l y  t o  produce e l e c t r i c  power. Th i s  program was s t a r t e d  i n  1953 t o  con f i rm  
t h e  p r a c t i c a l  appl i c a t  i o n  o f  nuc lear  power f o r  la rge-sca l  e  e l e c t r i c  power 
generat ion. It has provided much o f  t h e  technology be ing used f o r  design and 
opera t ion  o f  t h e  commercial, c e n t r a l - s t a t i o n  nuc lear  power p l a n t s  now i n  use. 

Subsequent t o  development and successful opera t ion  o f  t h e  Pressur ized 
Water 'Reactor i n  t h e  DOE-owned r e a c t o r  p l an t  a t  t h e  Shipp ingpor t  Atomic Power 
S ta t i on ,  t h e  Atomic Energy Commission i n  1965 undertook a research and 
development program t o  design and b u i l d  a  L i g h t  Water Breeder Reactor co re  f o r  
ope ra t i on  i n  t he  Shipp lngpor t  S ta t ion .  

The o b j e c t i v e  o f  t h e  L i g h t  Water Breeder Reactor (LWBR) program has been 
t o  develop a technology t h a t  would s i g n i f i c a n t l y  improve t h e  u t i l i z a t i o n  o f  
t h e  na t i on '  s  nuc lear  f ue l  resources empl oy i  ng t h e  we1 1-estab l  i shed water  
r eac to r  technology. To achieve t h i s  ob jec t i ve ,  work has been d i r e c t e d  toward 
ana lys i  s, design, component t es t s ,  and f a b r i c a t i o n  o f  a  water-cooled, t ho r i um 
ox ide f u e l  c y c l e  breeder r eac to r  f o r  i n s t a l l a t i o n  and opera t ion  a t  t h e  
Shipp ingpor t  S ta t ion .  The LWBR c o r e  s t a r t e d  opera t ion  i n  t h e  Sh ipp i  ngpor t  
S t a t i o n  i n  t h e  F a l l  o f  1977 and i s  expected t o  be operated f o r  about 3  t o  4 
years. A t  t he  end of t h i s  per iod, t h e  core w i l l  be removed and t h e  spent f u e l  
shipped t o  t h e  Naval Reactors Expended Core F a c i l i t y  f o r  a  d e t a i l e d  
exami n a t i o n  t o  v e r i f y  core performance i n c l u d i n g  an eva lua t i on  o f  breeding 
c h a r a c t e r i s t i c s .  

I n  1976, w i t h  f a b r i c a t i o n  o f  t he  sh ipp ingpo r t  LWBR co re  near ing 
complet ion, t h e  Energy Research and Development Adm in i s t r a t i on  es tab l i shed  t h e  
Advanced Water Breeder App l i ca t i ons  (AWBA) program. t o  develop and d isseminate 
t echn i ca l  i nformat ion which would a s s i s t  U.S. i n d u s t r y  i n  eva lua t i ng  t h e  LWBR 
concept f o r  commercial - sca le  app l i ca t ions .  The program w i l l  exp lo re  some o f  
t h e  problems t h a t  would be faced by i n d u s t r y  i n  adapt ing technology conf i rmed 
i n  the  LWBR program. I n fo rma t i on  t o  be developed inc ludes  concepts f o r  
commerci a1 -scale prebreeder cores which would produce u ran i  um-233 f o r  1  i ght  
water breeder cores whi 1  e  producing e l e c t r i c  power, improvements f o r  breeder 
cores based on t h e  technology developed t o  f a b r i c a t e  and operate t h e  
Shipp ingpor t  LWBR core, and o the r  i n fo rma t i on  and technology t o  a i d  i n  
eval  u a t i  ng commerci a l - sca le  appl i c a t i o n  o f  t h e  LWBR concept. 

A1 1 t h ree  devel opment programs (Pressur ized  Water Reactor, L i g h t  Water 
Breeder Reactor, and Advanced Water Breeder App l i ca t i ons )  have been 
admin is tered by. t h e  D i v i s i o n  o f  Naval Reactors w i t h  t h e  goal o f  develop ing 
p r a c t i c a l  i mprovements i n t h e  u t  i 1 i zat  i o n  o f  nucl  ear  f u e l  resources f o r  
genera t ion  o f  e l e c t r i c  energy us ing  water cooled nuc lear  reactors .  

Technical in fo rmat ion  developed under t h e  Shipp ingpor t ,  LWBR, and AWBA 
programs has been and w i l l  cont inue t o  be publ ished i n  techn ica l  memoranda, 
one o f  which i s  t h i s  present repor t .  
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I n  var ious engineer ing d i  s c i  p l  i nes, a  g rea t  deal 
o f  e f f o r t  has gone i n t o  t h e  development o f  
r e a l  i s t i c  mechanist ic models o f  va ry ing  degrees 
o f  complex i ty  f o r  r e l a t i n g  t he  behavior  o f  
phenomena w i t h  many independent var iab les.  
Computer programs us ing  t h e  methods o f  regress ion  
ana l ys i s  have been success fu l l y  employed t o  
o b t a i n  "best est imates"  o f  t h e  c o e f f i c i e n t s  i n  
these models from an a v a i l a b l e  data base. Once 
t h e  "best  f i t "  func t i ons  have been obtained, 
engi neers a re  faced w i t h  t h e  chal  l e n g i  ng problem 
o f  determin ing design f a c t o r s  which are o b j e c t i v e  
and r e f l  ec t  q u a n t i t a t i v e l y  spec i f ied  r i s k s .  
Un fo r tuna te ly ,  t e x t s  which deal w i t h  s t a t  i s t i c a l  
regress ion  ana l ys i s  have ignored t h i s  impor tant  
area o f  app l i ca t i on .  Furthermore, even j ou rna l  
a r t i c l e s  which have d e a l t  w i t h  f i t t i n g  a  s imple 
f i  r s t - o r d e r  model i n  a  . s i  ng.le i ndependent 
v a r i a b l e  do no t  r e f l  ec t  t h e  r e c e n t l y  improved 
method01 ogy a v a i l a b l e  f o r  s e t t i n g  1  im i t s .  Th is  
r e p o r t  prov ides a  usable reference o f  methods and 
procedures f o r  t he  cons t ruc t i on  o f  bo th  one-sided 
and two s ided ylP s t a t i s t i c a l  t o l e rance  l i m i t s  
f o r  design a p p l i c a t i o n  t o  both l i n e a r  and 
non l i nea r  models i n  any number o f  va r iab les .  

THE DETERMINATION OF STATISTICALLY BASED DESIGN LIMITS 
ASSOCIATED WITH ENGINEERING MODELS 

H. Ginsburg 

I. BACKGROUND 

An age-old problem which has plagued engineers i s  t h a t  o f  determin ing 

design l i m i t s  f o r  a  response v a r i a b l e  which i s  expressed as a  f u n c t i o n  o f  one 

o r  more independent o r  c a r r i e r  var iab les.  For  those app l i ca t i ons  where no 

agreed-upon o r  mechanist ic model e x i s t s ,  t h e  development of best -est imate 

re1 a t  ionsh ips  o r  emp i r i ca l  mathematical model s  der ived from experimental  da ta  

i s  and w i l l  cont inue t o  be a  cha l leng ing  a r t .  For  app l i ca t i ons  where t h e  

f unc t i ona l  form o f  t he  model ex i s t s ,  good computer programs a re  a v a i l a b l e  f o r  

es t ima t i ng  t he  c o e f f i c i e n t s  i n  t h e  model from a  data base. P r a c t i a l l y  a l l  

computer i n s t a l l a t i o n s  have programs, u s u a l l y  based upon t h e  method o f  Least  

Squares, f o r  ob ta i n i ng  "best est imates"  o f  coe f f i c i en t s  i n  l i n e a r  and 

non l i nea r  models. ' However, once t h e  "best f i t "  f u n c t i o n  has been obtained, 

the  engineer i s  con f ron ted  w i t h  t h e  task o f  us ing t h e  i n fo rma t i on  i n  t h e  data 

base i n  t h e  determinat ion o f  design l i m i t s .  - 



Over t h e  years, a number o f  procedures have evolved i n  va r ious  

eng ineer ing .  d i s c i p l i n e s  f o r  o b t a i n i n g  design 1 i m i t s .  These inc lude :  a) 

back ing o f f  two o r  t h r e e  sample standard dev ia t i ons  from t h e  "best  f i t" curve; 

b )  i n v o k i n g  some rule-of- thumb which i s  be l i eved  t o  be conserva t i ve  such as a 

f a c t o r  o f  2 on s t r ess  o r  20 on cyc les ,  as 'descr ibed i n  Reference (1 )  ; and c )  

us i ng  t h e  extremes o f  t h e  con f idence  i n t e r v a l s  on each f i t t e d  parameter which 

a re  p rov ided  i n  t h e  computer output .  Perhaps one o f  t h e  most common 

procedures i s  t h a t  of  forming an envelope which con ta ins  a l l  o f  t h e  po in t s  i n  

t h e  e x i s t i n g  da ta  base. Al though these and o t h e r  m ~ t h o d s  a re  employed because 

o f  t h e i r  i n t u i t i v e  appeal t o  t h e i r  users, they  a l l  su f fe r  f rom t h e  f a c t  t h a t  

q u a n t i t a t i v e  assessments o f  t h e  r i s k s  assoc ia ted w i t h  these procedures a re  no t  

ava i l ab l e .  I n  add i t i on ,  t h e r e  a re  o the r  problems w i t h  these methods. For  

example, w i t h  t h e  envelope approach, a s i n g l e  most discrepant. p o i n t  i n  t h e  

data base cou ld  govern t h e  e n t i r e  des ign procedure. Furthermore, as 

a d d i t i o n a l  data a re  c o l l e c t e d  and improved est imates o f  t h e  parameters i n  t h e  

model a re  obta ined,  t h e  des ign l i m i t s  based upon envelop ing t he  combined data 

base must move f u r t h e r  and f u r t h e r  away from t h e  "best es t imate  curve." 

Perhaps some o f  t h e  ad-hoc procedures descr ibed above a re  outgrowths 

o f  s i t u a t i o n s  i n  t h e  e a r l y  stages o f  development where adequate data bases a re  

no t  ava i  1 ab le  t o  the  engineer  and eng ineer ing  judgment must t he re fo re  

p r e v a i l .  It i s  f a i r  t o  s t a t e  t h a t  these procedures coo t inue  t o  be ~rsed when 

v a l i d  da ta  bases are a v a i l a b l e  because o b j e c t i v e  procedures f o r  s e t t i n g  des ign 

l i m i t s  w i t h  q u a n t i t a t i v e l y  s p e c i f i e d  r i s k s  a re  no t  a v a i l a b l e  i n  t h e  

l l t e r a t u r e .  Theretore,  t h e  purpose o f  t h i s  r e p o r t  i s  t o  p rov ide  a usable  

rel .erence f u r  t h e  development o f  methods and procedures f o r  t h e  c o n s t r u c t i o n  

o f  bo th  one-sided and two-sided y / P  s t a t i s t i c a l  t o l e rance  1 i m i t s  f o r  des ign 

a p p l i c a t i o n  t o  bo th  l i n e a r  and non l i nea r  models i n  any number o f  va r iab les .  

11. STATISTICAL INTERVALS 

Based upon t he  i n f o r m a t i o n  conta ined i n  a random sample from some 

popu la t ion ,  s t a t i s t i c a l  methods p rov ide  t o o l s  f o r  p r o j e c t i n g  o r  i n f e r r i n g  

c h a r a c t e r i s t i c s  o f  i n t e r e s t  o f  t h e  remaining values i n  t h e  e n t i r e  

popu la t ion .  I n  a d d i t i o n  t o  p r o v i d i n g  "best est imates"  ( s i n g l e  numbers) o f  a 



c h a r a c t e r i s t i c  of i n t e r e s t ,  one may cons t ruc t  an i n t e r v a l  f o r  t h e  unknown 

value o f  t h e  c h a r a c t e r i s t i c .  The end-points o f  these cons t ruc ted  i n t e r v a l s  

a r e  known a v s t a t i s t i c a l  l i m i t s .  Associated w i t h  any type  o f  s t a t i s t i c a l  

i n t e r v a l  const ructed on t h e  bas i s  of sample data i s  a  conf idence 

c o e f f i c i e n t .  Simply s ta ted,  t h e  conf idence c o e f f i c i e n t  re f1  e c t s  t h e  re1 a t  i v e  

frequency o f  s i m i l a r l y  cons t ruc ted  s t a t i s t i c a l  i n t e r v a l s  which are indeed 

true--i .e., c o n t a i n  t h e  c o r r e c t  value o f  t h e  unknown c h a r a c t e r i s t i c  o f  

i n t e r e s t .  For a  g iven  sample o f  data, the re fo re ,  an i n t e r v a l  w i t h  a  99% 

conf idence c o e f f i c i e n t  w i l l  be wider  than t h e  corresponding one w i t h  a  

conf idence c o e f f i c i e n t  o f  95%. 

Three types o f  s t a t i s t i c a l  i n t e r v a l s  cons t ruc ted  on t h e  bas is  o f  

sample data which f i n d  wide usage a re  c a l l e d  conf idence i n t e r v a l s ,  p r e d i c t i o n  

i n t e r v a l s ,  and s t a t i s t i c a l  t o l e rance  i n t e r v a l s .  A simpl e nunierical exampl e  

w i l l  be presented t o  i l l u s t r a t e  t h e  i n t e r p r e t a t i o n  of these i n t e r v a l s .  The 

d e t a i l s  o f  t h e  methodology w i l l  be presented l a t e r  i n  t h i s  r e p o r t  f o r  those 

aspects which p e r t a i n  t o  design. 1.imit.s.. 

Suppose one were sampling from a Normal d i s t r i b u t i o n  w i t h  unknown 

mean 1 and unknown standard d e v i a t i o n  cr . To be s p e c i f i c ,  suppose a random 

sample o f  f i v e  observat ions were obta ined whose values were 114.16, 84.94,. 

94.06, 119.61, and 93.33. Based upon these. sample data, $ = 101.22 and & = 

14.868. 

I n  general , conf idence i n t e r v a l  s  r e f e r  t o  popul a t  i o n  constants  o r  

parameters, o r  a  f u n c t i o n  o f  these unknown parameters.. For example, one may 

cons t ruc t  a  conf idence i n t e r v a l  f o r  a  popu la t i on  mean, t h e  s lope o f  a  l i n e ,  o r  

f o r  t h e  model i t s e l f .  Our view here i s  t h a t  a  f i t t e d  eng ineer ing  model i s  an 

es t imate  o f  t h e  locus  o f  t r u e  means o f  a l l  poss i b l e  values o f  t h e  response o r  

dependent VUI-i able  expressed as J. f u n c t i o n  o f  i ndepcndcnt o r  c a r r i e r  

va r iab les .  For  t h e  simpl e  numerical exarnpl e  descr ibed, a  lower  one-sided 95% 

corif  idence 1 i ~ n i t  on 77 i s  101.22 - 2.132(14.868)/ f i  = 87.04. Thus, w i t h  95% 

conf idence, we asser t  t h a t  t h e  unknown mean 1 o f  t h e  e n t i r e  Normal popu la t i on  

from which t h e  random sample of f i v e  observat ions came has a va lue g rea te r  

than 87.04. I f  a conf idence c o e f f i c i e n t  o f  99% were se lected,  t h e  r e s u l t i n g  



1  i m i t  would be c a l c u l a t e d  t o  be 76.31. For a p p l i c a t i o n s  where bo th  low and 

h i g h  va lues o f  t h e  parameter a re  o f  t e c h n i c a l  i n t e r e s t ,  t h e  two-sided 95% 

con f i dence  i n t e r v a l  on 77 would be c a l c u l a t e d  t o  be 101.22 + 2.776 (14.868)/ 6 
o r  (82.76 < 77 < 119.68). The corresponding 99% confidence i n t e r v a l  t u r n s  out  

t o  be (70.61 < 7) < 131.83). A l l  o f  t h e  above statements . r e f e r  t o  t h e  unknown 

p o p u l a t i o n  parameter 1 and a re  based upon t h e  i n f o rma t i on  conta ined i n  t h e  

sarnpl e  o f  f i v e  observat ions.  The conf idence i n t e r v a l s  do not p e r t a i n  t o  

i n d i v i d u a l  values i n  t h e  popu la t ion .  

P r e d i c t i o n  i n t e r v a l s  p e r t a i n  t o  some c h a r a c t e r i s t i c  o f  i n t e r e s t  i n  a  

f u t u r e  sample o f  data f rom t h e  popula t ion.  That i s ,  on t h e  bas is  o f  a  g iven  

sample one migh t  want t o  cons t ruc t  a  p r e d i c t i o n  i n t e r v a l ,  f o r  a  f u t u r e  sample 

o f  s i z e  m  which w i l l  c o n t a i n  a l l  m  observat ions,  a t  l e a s t  r o f  t h e  m 

observa t ions ,  t h e  average o f  these m observat ions,  e tc .  The type o f  

p r e d i c t i o n  i n t e r v a l  most o f t e n  used i n  c u r v e - f i t t i n g  problems, as discussed i n  

References (2 )  and ( 3 ) ,  f o r  example, a re  f o r  a  s i n g l e  f u t u re  observat ion.  For  

t h e  s imp le  numerical example under cons iderat ior l ,  a lower  nne-sirled 9% 

p r e d i c t i o n  l i m i t  f o r  t h e  next  s i n g l e  observa t ion  i s  ca l cu l a ted  t o  be 101.22 - 
2.335(14.868) = 66.50. The corresponding 99% p r e d i c t i o n  1  i m i t  t u r n s  out t o  be 

40.19. A two-sided 95% p r e d i c t i o n  i n t e r v a l  f o r  a  s i n g l e  f u t u r e  observa t ion  

would be c a l c u l a t e d  as 101.22 f 3.041 (14.868) o r  (56.01, 146.43). The 

corresponding 99% p r e d i c t i o n  i n t e r v a l  i s  (26.24, 176.20). 

S t a t i s t i c a l  t o l e r a n c e  i n t e r v a l  s  p e r t a i  n  t o  a  , spec i f i ed  p ropo r t i on  o f  ' 

i n d i v i d u a l  va lues i n  t h e  e n t i r e  popula t ion.  Fo'r example, based upon a  g iven  

sample of data, one may want t o  c o n s t r u c t  an i n t e r v a l  which con ta ins  a t  l e a s t  

99% of t h e  e n t i r e  popu la t i on  o f  values o f  t h e  response var iab le .  For  t h e  

s imp le  numer.icd1 example, a  1  ower one-sided 95/95 s t a t i s t i c a l  t o 1  erance 1  i m i  t 

i s  c a l c u l a t e d  as 101.22 - 4.202(14.868) = 38.74 whereas t h e  lower  one-sided 

95/99 s t a t i s t i c a l  t o l e rance  l i m i t  t u r n s  out t o  be 15.86. That i s ,  w i t h  95% 

conf idence,  we asser t  t h a t  a t  l e a s t  9 9 m f  t h e  e n t i r e  Normal popu la t ion  from 

which t h i s  random sample came has i n d i v i d u a l  values which exceed 15.86. A 

two-s ided 95/95 s t a t i s t i c a l  t o l e r a n c e  i n t e r v a l  i s  c a l c u l a t e d  as 101.22 + 
5.079(14.868) = (25.71, 176.73), and a two-s ided 95/99 s t a t i s t i c a l  t o l e rance  

i n t e r v a l  i s  (2.59, 199.85). 



A1 1  o f  t h e  above sampl'e ca lc t i l a t ' i ons  are summarized i n  Table 1. S ince 

t h e  smal lest  observat ion i n  t h e  sample was 84.94 and t h e  l a r g e s t  was 119.61, 

w i t h  an average o f  101.22, some might view t h e  cons t ruc ted  l i m i t s  as be ing 

u l  t ra-conservat i  ve. However, t h e  reader should keep i n  mind t h a t  s t rong  

statements a re  being made on t h e  bas i s  o f ' o n l y  f i v e  observat ions. The 

i n t e r v a l s  become narrower w i t h  i nc reas ing  s i z e  o f  t h e  data base, b u t  t h e  
' .  

r e t u r n  i s  not l i n e a r .  

Since t h e  d e s c r i p t i o n  o f  s t a t i s t i c a l  t o l e r a n c e  1  i m i  t s  appears t o  

correspond t o  t he  engi nee& ng o b j e c t i v e  i n  s e t t i n g  design . l . im i t s ,  t h i s  r e p o r t  

w i l l  deal w i t h  t h e i r  const ruct ion.  I n  any g i ven  app l i ca t i on ,  techn ica l  

i n t e r e s t  may cen te r  on o n l y  a  1  ower 1  i m i t  o r  o n l y  an upper .l i m i  t . o r  both 1  ower 

and upper l i m i t s .  Therefore, t h e  c o n s t r u c t i o n  o f  bo th  one-sided and two-sided 

s t a t i s t i c a l  t o l e rance  1  i m i  t s  w i l l  be discussed. 

111. INTRODUCTION 

Suppose t h a t  t he re  e x i s t s  some mechanist ic model w i t h  a  .general 

represen ta t ion  o f -  7 = f ( X  -- ;P) , where - X represents  a  vector. o f  i ndependent o r  

c a r r i e r  va r i ab les  and - P represents  a  vec to r  o f  parameters. Then l e t  any 

observat ion o r  measured response t o  t h i s  system be Yi = qi + B where ci i 
represents  t h e  random v a r i a b i l i t y  associated w i t h  t h e  response. I f  t h e  se t  

of ci have a  common unknown var iance v2, then standard methods o f  Least 

Squares ,are used t o  ob ta i n  est imates o f  '& on t h e  bas is  o f  a  sample o f  data. 

That i s ,  t h e  "best f i t  curve" i s  obta ined through min im iz ing  t h e  sum o f  

squares o f  dev ia t i ons  between t h e  observat ions and t he  f i t t e d  func t ion .  

Several exce l l en t  computer programs a re  conta ined i n  Reference ( 4 )  and o t h e r  

commercial packages, as we1 1  as t h e  var ious computer manufacturer 's  users 

groups such as IBM SHARE, Control  Da ta 's  V I M ,  D i g i t a l  Equipment's DECUS, 

etc .  These programs not  on l y  prov ide est imates o f  - f l  and v2, b u t  they 

p rov ide  o the r  use fu l  s t a t i s t i c s  f o r  assessing t h e  f it. . 
. . 



TABLE 1  
S t a t i s t i c a l  I n t e r v a l s  

A. Confidence 1  i m i t s  on 7 , t h e  popu la t ion  mean: 

1 )  95% lower  l i m i t  

87.04 

2) 99% 1  ower 1  i m i t  

76.31 

3 )  Two-sided 35% conf idence i n t e r v a l  

82.76 119.60 

4 )  Two-sided 99% conf idence i n t e r v a l  

70.61 131.83 

B. P r e d i c t i o n  1 i m i t s  f o r  s i n g l e  f l l t u r e  observat ion from populat ion:  

1  ) 95% lower  l i m i t  

66.50 

2)  99% lower  l i m i t  

3 )  Two-sided 95% p r e d i c t i o n  i n t e r v a l  

56.01 146.43 

4 )  Two-sided 99% p r e d i c t i o n  i n t e r v a l  
- 

26.24 176 ;20 

C. S t a t i s t i c a l  to le rance  l i m i t s  f o r  p r o p o r t i o n  o f  i n d i v i d u a l s  i n  e n t i r e  

popu la t ion :  

1 )  95/95 lower  l i m i t  

38.74 

21 95/99 lower  l i m i t  

15.86 

3 )  Two-sided 95/95 s t a t i s t i c a l  t o l e rance  l i m i t s  

25.71 176.73 

4 )  Two sided-95/99 s t a t i s t i c a l  t o l e rance  l i m i t s  



As p rev i ous l y  mentioned, 3 represents  t h e  locus o f  t r u e  means o f  t h e  

re fe rence  popu la t ion  o f  responses corresponding t o  var ious combinat ions o f  t h e  

c a r r i e r  va r iab les ,  - X. . The Least  Squares f it prov ides 4 , an es t imate  o f  t h e  

locus  o f  popu la t ion  means. However, f o r  design app l i ca t i ons ,  one i s  no t  

concerned w i t h  t h e  mean bu t  w i t h  e i t h e r  lower  o r  upper p e r c e n t i l e s  o f  t he  

d i s t r i b u t i o n ,  depending upon whether low o r  h i g h  values o f  t h e  dependent 

v a r i a b l e  represent  l i m i t i n g  system cond i t i ons .  The s t a t i s t i c a l  method f o r  

determi n i  ng bounds on pe rcen t i  1  es o f  a  d i s t r i b u t i o n  i nvol ves t h e  cons t ruc t  i o n  

o f  s t a t i s t i c a l  to le rance  l i m i t s .  

I V .  ONE-SIDED STATISTICAL TOLERANCE LIMITS FOR GAUSSIAN ERRORS 

I n  o rder  t o  descr ibe  t h e  na tu re  of s t a t i s t i c a l  t o l e rance  l i m i t s ,  we 

beg in  w i t h  t h e  case o f  a  s imple popu la t i on  where t h e  c a r r i e r  va r i ab l es  a re  

absent. Suppose t h a t  Y i s  ~ o r m a l  ly d i s t r i b u t e d  w i t h  mean 3 and var iance u 2 

( o r  standard d e v i a t i o n  c ). I f  these popu la t i on  parameters a re  known, t hen  i t  

i s  a  s imple ma t t e r  t o  determine any p e r c e n t i l e  of i n t e r e s t .  For  example, 95% 

o f  t h e  popu la t i on  w i l l  be l e s s  than  3 + 1 . 6 4 5 ~  , t h e  95 th  p e r c e n t i l e  o f  t h e  

Normal d i s t r i b u t i o n ,  o r  95% o f  t h e  popu la t ion  w i l l  exceed 3 - 1.6450 , t h e  

5 t h  p e r c e n t i l e .  However, when these popu la t i on  parameters a re  no t  known b u t  

a re  est imated from a  random sample, c l e a r l y  one cannot s t a t e  t h a t  95% o f  t h e  

popu la t i on  i s  l e s s  than $ + 1.645; , since these sample est imates a re  random 

va r i ab l es  which may be g rea te r  than  o r  l e s s  than  t h e  corresponding t r u e  

popu la t i on  parameters. However, one may determine a  f a c t o r  K such t h a t  one 

may asse r t  w i t h  conf idence c o e f f i c i e n t  y t h a t  -- a t  l e a s t  a  p r o p o r t i o n  P o f  t h e  

e n t i r e  Normal ' popu la t ion  i s  l e s s  than  4 + K B  . As one would i n t u i t i v e l y  

expect, t h e  magnitude o f  K i s  dependent upon t h e  conf idence c o e f f i c i e n t  y , 
t h e  requ i r ed  p r o p o r t i o n  o f  t h e  p r o p u l a t i o n  P, and t h e  amount o f  i n f o rma t i on  

upon which t h e  sample est imates o f  t h e  popu la t i on  parameters were obtained. 

That i s ,  one would expect t h e  magnitude o f  K t o  increase w i t h  i nc reas ing  y 

and P, and decrease w i t h  i nc reas ing  sample s ize.  Indeed, K i s  a  f u n c t i o n  

of y , P, n, and f, where n  i s  t h e  sample s i z e  upon which $ i s  based, and f 

i s  t h e  number o f  degrees o f  freedom assoc ia ted w i t h  t h e  es t imate  o f  u . For  

t h e  case described, f = n-1. 



F o r  t h e  problem descr ibed above, t a b l e s  o f  K - f ac to r s  a re  a v a i l a b l e  i n  

t e x t s  and handbooks and a r e  very easy t o  use. These t ab les  a re  indexed by y , 
P, and n, s i nce  f = n-1. The K- fac to rs  f o r  t h e  s imple numerical example 

p r e v i o u s l y  presented were obta ined from such tab les .  However, f o r  curve- 

f i t t i n g  problems where $ depends upon some f u n c t i o n  o f  t h e  independent o r  

c a r r i e r  v a r i a b l e s  Xi, these s tandard t a b l e s  o f  K- fac to rs  a r e  no l onge r  

v a l i d .  For  example, i f  t h e  f i t t e d  f u n c t i o n  were 4 = bQ+blXl+b*X2+. . .+brX, and 

t h e  da ta  base cons i s ted  o f  n  observat ions,  then  s i nce  r + l  b ' s  a re  est imated 

f rom t h e  data base, t h e  degrees o f  freedom assoc ia ted w i t h  a re  n-r-1. 

Furthermore, t h e  n  data p o i n t s  were d i s t r i b u t e d  throughout t h e  r-dimensional  

f a c t o r  space, and t h e  ques t i on  a r i s e s  w i t h  regard  t o  t h e  number o f  

observa t ions  which are assoc ia ted  w i t h  4 corresponding t o  any p o i n t  i n  t h i s  

f a c t o r  space. W a l l i s  in t roduced t h e  concept o f  t h e  " e f f e c t i v e  number o f  

observa t ions"  o r  e f f e c t i v e  sample s i z e  a t  any po i  n t  i n  t h e  f a c t o r  space, 

Reference (5 ) ,  and we denote t h i s  by n*. The d e f i n i t i o n  and i n t e r p r e t a t i o n  o f  

n* w i l l  be p rov ided  i n  t h e  nex t  s e c t i o n  o f  t h i s  r epo r t .  Thus, f o r  curve- 

f i t t i n g  problems, t he  magnitude o f  K  depends upon t h e  magnitudes o f  y , P, n*, 

and f. Since n* and f a r e  uncoupled, one cannot use t h e  standard t a b l e s  o f  K-  

f a c t o r s .  We w i l l  show t h a t  t h e  values o f  K  may be r e a d i l y  ca l cu la ted  f o r  

models o f  va ry i ng  degrees o f  complexi ty.  

V ;  DETERMINATION OF n* 

To i l l u s t r a t e  t h e  concept o f  n*, t h e  e f f e c t i v e  number o f  observat ions,  

cons ider  t h e  problem of f i t t i n g  a  s t r a i g h t  l i n e  by t h e  method o f  Least 

Squares. The f i t t e d  f unc t i on  4 = bo+blX and an es t imate  o f  t h e  var iance, 8 ', 
are  ob ta ined  f rom a  sample o f  n  p a i r s  o f  p o i n t s  (Xi, Yi). Correspondi ng t o  

dr~y specifled value of X (say, X = Xk) t h e  best  est imate o f  t h e  l i n e  ( o r ,  t h e  

es t imate  o f  t h e  mean o f  a l l  poss ib l e  Yk corresponding t o  X = Xk) i s  
A 

s imp ly  7 = bo+blXk. Since 4 i s  a  f u n c t i o n  o f  X ,  t h e  var iance o f  $ i s  

a l s o  a  f u n c t i o n  o f  X. It can be e a s i l y  demonstrated t h a t  t h e  est imated 

var iance  



of t h e  Xi used t o  f i t  t h e  1  i n e  (e.g., see Reference ( 2 ) ) .  Note t h a t  t h i s  - 
q u a n t i t y  takes on i t s  minimum value a t  Xk = X ( t h e  Least Squares l i n e  passes 

through the.  c e n t r o i d  o f  t h e  da ta  base (1,  7) ) and- increases as 'one. moves away 

from 'X. Then ,  n* a t X  = Xi i s  de f ined  as [i + 
(x,-XIL I - 

. . I n  e f f e c t ,  = 1 ( X . - X ) ~  
1 

one i s  s t a t i n g  t h a t  f o r  any value o f  X, t he .  mean value o f  a l l  t h e  

corresponding Y 's  i s  determined as p r e c i s e l y  f rom the  f i t t e d  l i n e  as i f  n* 
- 

observat ions had been made a t  t h i s  value o f  X. Note t h a t  a t  Xk  = X, n* = n, 

and t h e  magnitude o f  n* decreases as Xk depar ts  from 'X. Reference ( 5 )  s t a t e s  

t h a t  " t he  e f f e c t i v e  number o f  observat ions f o r  a  c e r t a i n  s t a t i s t i c  i s  t h a t  

which, when d i v i ded  i n t o  t he  var iance o f  an observat ion, g ives  t h e  var iance o f  

t h e  s t a t i s t i c i ' .  

Since t he  f i t t e d  l i n e  was determined from n  p o i n t s  i n  t h e  data base 

through es t ima t i ng  t h e  Y- in te rcep t  and slope, bo and bl, t h e  degrees o f  

freedom assoc ia ted w i t h  a2  a r e  n-2. Furthermore, s ince  n* va r i es  w i t h  Xk 

whereas f = n-2, one cannot use t h e  e x i s t i n g  t a b u l a r  values o f  K- fac to rs  i n  

determin ing a  one-sided y l P  s t a t i s t i c a l  t o l e rance  1  i m i t  f o r  s t r a i g h t - 1  i ne 

model s. 

Rewr i t i ng  t h e  re l evan t  aspects o f  t h e  above d iscuss ion  i n  ma t r i x  

n o t a t i o n  f a c i l  i t a t e s  i z i  ng t h e  d e s c r i p t i o n  o f  n* t o  more complex 

models. Le t  x be t h e  nx2 ma t r i x  x = 1 :! , I e t  t h e  column vec to r  - b be 

'n 

b  = ( )  , and t h e  p o i n t  XI be & = - (ii) . The corresponding transposes o f  

x T  T  x, b, and & are  denoted by X , b , and -k , respec t i ve l y .  The i nve rse  o f  



xT a  square m a t r i x  i s  denoted by t h e  exponent -1. Then f o r  some p o i n t  - k  , t h e  

A X l) = -- bT X cor responding va lue  o f  t h e  f i t t e d  l i n e  i s  q k  = - k  k '  The es t imate  

A 
A [KT ( X ~ X ) - ' X  ] . (That i s, , 1  + - ( x , ~ - x ) ~  o f  t h e  va r iance  o f  T~ i s  cr k  k  S 1 (Xi- x ) ~  

T  T  -1 
may be denoted i n  m a t r i x  n o t a t i o n  as -k (' ') ) , Therefore n* i s  the 

x T  ( xTx ) - I  K r e c i p r o c a l  o f  -k k g  

Now cons ide r  t h e  ex t zns i on  o f  t h e  above t o  t h e  Least  Squares f i t  

o f  r)  = bO + b  X + b  X + . . .+ brXr. For  t h i s  case o f  r c a r r i e r  va r i ab l es ,  1 1  2 2  
t h e  cor respondi  ng rep resen ta t i on  i s :  

x A t t h e  p o i n t  -k , t h e  f i t t e d  value of t h e  f u n c t i o n  i s  

A - x ' b  bTx 
T k  - -k 

= - -  
k  The es t imate  o f  t h e  var iance o f  



A1 though t h i s  r ep resen ta t i on  covers polynomi nal  s  i n  mu1 t idimensional. space, 

t h e  m a t r i x  r ep resen ta t i on  i s  t h a t  obta ined f o r  t h e  s imple case o f  a  s t r a i g h t  

1  ine.  S ince t h e  n  observat ions were used t o  es t imate  bo, bl, . . . , b  ( i  .e. , 
r+l c o e f f i c i e n t s )  t h e  number o f  degrees o f  freedom assoc ia ted  w i t h  &' i s  n- 

( r + l )  o r  f = n-r-1. 

A l l  o f  t h e  preceding d iscuss ion  holds t r u e  f o r  polynominal models o f  

a r b i t r a r y  o rder  i n  any number o f  dimensions. A l l  such .models a re  r e f e r r e d  t o  

as l i n e a r  models i n  S t a t i s t i c s  s i nce  t h e  c o e f f i c i e n t s  t o  be solved f o r  e n t e r  

t h e  model l i n e a r l y .  I n  s o l v i n g  f o r  t h e  c o e f f i c i e n t s  which min imize t h e  sum o f  

squares o f  dev i a t i ons  between t h e  observat ions and t h e  f i t t e d  f unc t i on ,  one 

so lves a  se t  o f  simultaneous l i n e a r  equations. L e t t i n g  - Y represent  t he  vec to r  

o f  n  observat ions,  t h e  set  o f  s imultaneous l i n e a r  equat ions t o  be solved may 

T  T be represented as X X - b  = X Y. The . s o l u t i o n  vec to r  i s  t hus  b  = - - 

1 T  ( xTx ) -  X - Y . The fac t  t h a t  t h e  est imated var iance o f  - b i s  (xT)0 - l  g2 

was incorpora ted  i n  ob ta i n i ng  t h e  est imated var iance o f  4, and thus  i n  

o b t a i n i n g  n*. 

Any model which cannot be placed i n  t h e  above f o rmu la t i on  i s  r e f e r r e d  

t o  as a  nonl  i near model . I n  t h e  m i  n im i  z a t i o n  o f  t h e  sum o f  'squares o f  

d e v i a t i o n s  between t h e  observa t ions  and t h e  -t'i t t e d  nonl'i near f u n c t i o n  ( i  .e., 

i n  s e t t i n g  t h e  p a r t i a l  d e r i v a t i v e s  o f  t h e  sum o f  squares w i t h  respec t  t o  each 

o f  t he  c o e f f i c i e n t s  equal t o  zero)  t h e  r e s u l t i n g  se t  o f  s imultaneous equat ions 

t o  be so lved are no t  l i n e a r  i n  t h e  c o e f f i c i e n t s .  Thus, some t ype  o f  . i t e r a t i v e  

procedure i s  requi  r ed  f o r  t h e i r  so l u t i on .  

I f  7) = f (X ;  -- B ), where - X represents  t h e  se t  o f  c a r r i e r  va r i ab l es  

and - 0 rep resen ts  t h e  se t  o f  unknown parameters t o  be est imated from t h e  data,  

t h e  var iance o f  $ may be approximated, through a  ~ a y l ' o r  Ser ies  expansion 

( "p ropaga t ion  o f  e r r o r " ) ,  as 



where cov(b .  b  ) i s  t h e  covar iance between b .  and bJ . For  l i n e a r  models, 
J '  -e J  

t h e  express ion i s  exact and t h e  p a r t i a l  d e r i v a t i v e s  i n v o l  ve on l y  t h e  known 

X's,  no t  t h e  h 's .  Thus, n* = . For nonl i nea r  models, 

however, t h e  p a r t i  a1 d e r i  v a t i  ves i nvol ve t h e  b '  s. Nevertheless, f o r  nonl i near 

model s  one can d e f i n e  a  vec to r  & and t h e  m a t r i x  P such t h a t  

Reference ( 6 )  i s  a  widely-used computer program f o r  f i t t i n g  non l i nea r  

models and uses a  Tay lo r  Ser ies expansion o f  t h e  model i n  t h e  i t e r a t i o n  on 

parameter est imates t o r  m in im iz ing  the  sum o f  squares func t ion .  I n  a d d i t i o n  

t o  p r o v i d i n g  and t h e  c o e f f i c i e n t s  i n  .;) , t h i s  program p r i n t s  out a  m a t r i x  

1  abeled PTP INVERSE which i s  t h e  analogue of ( x T x ) - l  f o r  l i n e a r  model s. Some 

degree o f  approx imat ion i s  in t roduced i n t o  t h i s  l i n e a r i z a t i o n ,  and as always, 

t h e  v a l i d i t y  o f  t h e  r e s u l t i n g  t o l e rance  l i m i t  i s  dependent upon t h e  

cor rec tness  o f  t h e  assumed f u n c t i o n a l  form o f  t h e  model as we l l  as t h e  assumed 

e r r o r  s t r uc tu re .  

V I .  DEVELOPMENT OF K-FACTORS 

2 Suppose t h a t  Y i s  Normal l y  d i s t r i b u t e d  w i t h  mean 1) and var iance c . 
A 

Fru,,~ a random sample o f  s i z e  n, 1) and k can be ca lcu la ted .  4 i s  Normal ly ' 

2 d i s t r i b u - t e d  about 1) w i t h  var iance u In * ,  and 9' i s  based upon  f degrees o f  

freedom and i s  independent ly d i s t r i b u t e d  as x 2 ( f ) .  cr 'If, where x 2 ( f )  denotes 

a  Chi-Square v a r i a b l e  w i t h  f degrees o f  freedom. Then an upper ( lower )  one- 

s ided  y/P s t a t i s t i c a l  t o l e rance  l i m i t  w i l l  he o f  t he  form 
A 
1) +KC ( K ) ,  where t h e  magnitude o f  K i s  a  f u n c t i o n  o f  y , P, n*, and 

f. 



IZp exp (L$) d X = P .  Def ine  Zp such t h a t  - 
& -a 

Then, P r  --2 Zp]= y .  

A f t e r  some a lgebra ic  manipu la t ion,  one can express equat ion ( 3 )  as 

L e t  8 '  = -f i  Zp. Then s ince  <--q i s  d i s t r i b u t e d  as a s tandard ized 

c/vF 
Normal v a r i a b l e  and 81- i s  d i s t r i b u t e d  a s ( 1 2 ( f ) / f )  '/', equat ion  ( 4 )  i s  a 

noncentral  t ( f  ) '  w i t h  noncentra l  i ty parameter 8 ' . That i s ,  

P r  [ (noncentra l  t ( f )  w i t h  noncentral  i ty  parameter 

An equiva lent ,  and more convenient form o f '  t h e  equat ion i s  

P r  [(noncent r a l  t ( f )  w i t h  noncentra l  i ty  parameter 

Therefore,  i n  order  t o  so lve  f o r  t h e  requ i red  K f o r  a  one-sided 

Normal, y/P s t a t i s t i c a l  t o l e rance  l i m i t ,  d e f i n e  t h e  noncentral  i ty  parameter 

as 6 = f i  Zp and f i n d  t h e  1 0 0 ( y ) t h  p e c e n t i l e  o f  t h e  noncentra l  t ( f ) .  The 

requ i red  K, then, i s  equal t o  t h i s  value o f  t ( f )  d i v i ded  by t h e  square r o o t  o f  

n*. A1 though t h i s  i s  conceptual l y  very s t r a i gh t f o rwa rd ,  one needs t h e  

pe rcen t i  1  es o f  t h e  noncentral  t ( f )  w i t h  t he  p a r t i c u l a r  noncentral  i t y  parameter 

o f  6  = f i  Z,,. Even when t ab les  o f  t h e  cumulat ive noncentra l  t ( f )  are  

a v a i l a b l e ,  i n t e r p o l a t i o n  i s  o f t e n  requi red.  For  example, i n  Reference ( 7 ) ,  

values are prov ided f o r  P = 0.935 and P = 0.960, bu t  no t  f o r  P = 0.95. 



Furthermore, these t a b l e s  a re  based upon 8 =m Z Fo r  c u r v e - f i t t i n g  
P 

problerns, n* w i l l  no t  equal f + l .  

Reference (8 )  p rov ides  methodology f o r  ob ta i n i ng  approximate 

p e r c e n t i l e s  o f  t h e  noncent ra l  t ( f ) .  Some s i m p l i f i c a t i o n  t o  t h a t  f o rmu la t i on  

was in t roduced  i n  l i g h t  o f  our. in tended end use i n  ob ta i n i ng  K- fac to rs  f o r  

one-sided s t a t i s t i c a l  t o l e r a n c e  l i m i t s  f o r  y and P g rea te r  than  0.5. Thus, 

t h e  approximate p e r c e n t i l e s  may be abt.ained s imply  by so l v i ng  f o r  the  l a r g e r  

r o o t  o f  a  quad ra t i c  equat ion o f  t h e  form a t 2  + b t  + c  = 0, where 

b  = -2 E ( x ( ~ ) / & )  f i  Zp, and 

I n  t h e  above, n*, f, and Z have been p rev i ous l y  def ined,  Z y  i s  t h e  
P 

100( y ) t h  p e r c e n t i l e  o f  t h e  s tandard ized  Normal d i s t r i b u t i o n ,  and ( f )  5- y 

i s  t h e  100(1- y ) t h  p e r c e n t i l e  o f  t h e  Chi-Square d i s t r i b u t i o n  w i t h  f degrees o f  

freedom. The o n l y  q u a n t i t y  which i s  no t  known o r  a v a i l a b l e  i n  standard t a b l e s  

I s  t ( x ( t ) /  f i ,  t h e  mean o f  t h e  Chi d i s t r i b u t i o n  w i t h  f degrees o f  freedom 

d i v i d e d  by&. Th i s  q u a n t i t y  i s  w e l l  approximated by 

1 -  1 - 1  + -  5 +-  - 2  1 . Thus, t h e s o l u t i o n  f o r  tr ( f )  i s  
4f 32f2  128f3 2040f4 I 

eas i  l y  ob ta ined  on a  computer as t ,, ( f )  = 
-b  + J b 2  - 4ac 

CI - ~a . 
To check on t h e  v a l i d i t y  o f  t h i s  procedure, t h e  K- fac to rs  were 

c a l c u l a t e d  f o r  combinat ions o f  y and P commonly used a t  B e t t i s  and compared 

w l t h  t a b u l a r  values. These r e s u l t s  a re  presented i n  Table 2. Note t h a t  t h e  

c a l c u l a t e d  K - f ac to r s  a re  w i t h i n  a  f r a c t i o n  o f  a  percent  o f  t h e  t a b u l a r  

values. The e f f e c t  on t h e  t a i l  p e r c e n t i l e s  o f  t h e  d i s t r i b u t i o n  i s  even 

srna l ler  than  t h a t .  Al though Reference (8) a l s o  prov ides an a l t e r n a t i v e  more 



p r e c i s e  method f o r  ob ta i n i ng  p e r c e n t i l e s  o f  t h e  noncentral  t ( f ) ,  t h e  added 

complex i t y  o f  t h a t  approach i s  no t .  f e l t  t o  be j u s t i f i e d  i n  1  i g h t  o f  t h e  

i n t r i n s i c  approximateness o f  t h e  Gaussian e r r o r  model f o r  " rea l -wor ld "  

app l i ca t i ons .  The r e s t r i c t i o n  o f  f = n*-1 was imposed i n  Table 2  s ince  t h i s  

i s  t he  o n l y  case f o r  which t a b u l a r  values a re  avai ' lable.  However, t h e r e  i s  

no th ing  i n  t h e  development o f  t h e  appl i c a b i l  i ty of. t h e  noncent ra l  t ( f )  f o r  

c a l c u l a t i n g  K- fac to rs  which r e q u i r e s  any 1inka.ge between f and n* o r  which 

r equ i r es  t h a t  n* be an i n t ege r .  

V I I .  NUMERICAL EXAMPLES FOR ONE-SIDED LIMITS 

Consider t h e  data g iven  on page 8  o f  Reference ( 2 )  and presented i n  

Appendix A, where t h e  f i t t e d  1  i n e  was 6 = 13.6230 - 0.0798287X. Twenty- f ive 

observat ions were taken over t he  range 28.1 5 X 5 76.7, X = 52.60 

25 . 
A Z (xi-x) '  = 7154.42, and u = 0.89012 based upon 23 degrees o f  freedom. 

i = l  

Suppose one wanted t o  cons t ruc t  a  one-sided' l ower  95/99 s t a t i s t i c a l  

to1  erance 1  i m i t  f o r  Y cor responding t o  X = 70. For Xk  
7 

= 70, 

For y = 0.95 and 

P  = 0.99, one f i n d s  i n  standard t a b l e s  ZOeg5 = 1.645, ZOeg9 = 2.326, and 

A A 
(23) = 13.092. K i s  c a l c u l a t e d  t o  be 3.261. Thus ? - K c  = 8.035 - '0.05 

3.261 (0.89012) = 5.13. Thus, one may asser t  w i t h  95% con f idence  t h a t  a t  l e a s t  

99% o f  t h e  e n t i r e  Normal popu la t i on  i s  g rea te r  t han  5.13 when X = 70. A 

systemat ic  examinat ion o f  t h e  i n d i v i d u a l  dev i a t i ons  about t h e  f i t t e d  f u n c t i o n  

d i d  no t  cas t  doubt upon t h e  unde r l y i ng  assumption of Norma l i t y  of t h e  e r ro r s .  



T a b l e  2 

Cal c u l  a t e d  vs .  Tabu1 a r  K-Fac tors  

Cal c u l  a t e d  
n* f K 



To ill u s t r a t e  t h e  methodology f o r  more complex 1  i near models, cons ider  

t h e  i n c l u s i o n  o f  another independent v a r i a b l e  as was done on page 116 o f  

Reference ( 2 )  and presented i n  Appendix B. For t h i s  example, 28.1 - < X1 - < 76.7 

and 11 - < X2.(23. The data base cons is ted  of twen ty - f i ve  observat ions and t h e  

f i t t e d  model was 4 = 9.12689 - 0.072393X1 + 0.202815X2. Suppose one wanted 

t h e  lower  95/99 s t a t i s t i c a l  t o l e rance  l i m i t  corresponding t o  X1 = 70 and X2 = 

22. The f i t t e d  va lue of t h e  func t ion  i s  $ k  = 8.521 and & = 0.66157 based 

upon 22 degrees o f  freedom. I n  order  t o  determine n*, one needs ( xTx)-', as 

p rev ious l y  described. Most e x i s t i n g  mu1 t i p 1  e  regress ion  computer programs 

prov ide  t h i s  e i t h e r  as a  standard o r  op t i ona l  p a r t  o f . t h e  output.  For t h i s  

-k = 9.10. The systematic examinat ion o f  t h e  example, n* = X (X X ) -  X+ 

dev ia t i ons  about t h e  f i t t e d  p lane d i d  not cas t  doubt on t h e  under ly ing  

assumption o f  Normal i ty  o f  t h e  e r ro rs .  Thus, w i t h  ZOag5 = 1.645, ZOag9 - - 
2 .  2.326, and ~ ~ . ~ ~ ( 2 2 )  = 12.338 from standard tab les ,  K was ca l cu la ted  t o , b e  

3.331. Therefore, t h e  lower  one-sided 95/99 s t a t i s t i c a l  t o l e rance  l i m i t  

corresponding t o  XI = 70 and X2 = 22 i s  8.521 - 3.331(0.66157) o r  6.32. 
. . 

The c a l c u l a t i o n  o f  n* f o r  polynominal models i nvo l ves  m a t r i x  

m u l t i p l i c a t i o n  and i s ,  t he re fo re ,  more cumbersome than t h a t  assoc ia ted w i t h .  a  

s t r a i g h t  l i n e .  The c a l c u l a t i o n  o f  n* above was e a s i l y  performed us ing a  hand- 

he ld  c a l c u l a t o r .  I n  general, however, m a t r i x  m u l t i  p l  i c a t i o n  may be s imply  

performed on any computer. 

To il l u s t r a t e  t h e  ca l  cu l  a t i 'on o f  a  one-sided s t a t i s t i c a l  t o l e rance  

1  i m i t  assoc ia ted w i t h  a  non l inear  model, a  numerical example was' se lec ted  from 

bage 276 o f  Reference ( 2 )  and presented i n  Appendix C. Fo r t y - f ou r  

observat ions were taken over t h e  range 8 - < X ' <  - 42 and t h e  t h e o r e t i c a l  model 

- P 2  (X-8) 
was q =  P,+(O.49-P,)e . The f i t t e d  model turned ou t  t o  be 4 = 

deyrees o f  freedom. The computer output  a1 so conta ined 



Fo; example, cor responding t o  X = 20, Gk = 0.4196, 8G 0.70464, and 

= -0.35394, and 
-s6;= 

T 

Fo r  a  one-sided lower  95/99 s t a t i s t i c a l  t o l e rance  l i m i t  corresponding 

t o  X = 20, one uses t h e  t a b u l a r  values o f  ZOeg5  = 1.645, ZOmgg = 2.326 and 

~ : . ~ ~ ( 4 2 )  = 28.144, and t h e  r e s u l t i n g  c a l c u l a t e d  value o f  K i s  2.966. 

Therefore,  4 - K G  = 0.4196 - 2.966, (0.010913) = 0.387. 

One-sided lower  95% con f idence  and p r e d i c t i o n  l i m i t s  a re  a l so  g iven  i n  

Appendixes A, 0 ,  and C f o r  purposes o f  comparison. 

V I I I .  TWO-SIDED STATISTICAL TOLERANCE LIMITS FOR GAUSSIAN ERRORS 

F o r  c e r t a i n  a p p l i c a t i o n s ,  b o t h  h i gh  and low va lues o f  t h e  response 

v a r i a b l e  a re  l i m i t i n g ,  and f o r  problems o f  t h i s  type, two-sided design l i m i t s  

a r e  requ i red .  Two-sided y / P  s t a t i s t i c a l  t o l e rance  l i m i t s  a re  o f  t h e  
A 

form 7 + K G  , where K  i s  again  a  f u n c t i o n  of y ,  P, n, and f. I n  

c o n s t r u c t i n g  a  two-sided y/P s t a t i s t i c a l  t o l e rance  i n t e r v a l  , one asser ts  w i t h  

con f idence  c o e f f i c i e n t  y t h a t  a  l e a s t  a  p r o p o r t i o n  o f  P  o f  t h e  e n t i r e  

r e fe rence  Normal p o p u l a t i o n  i s  conta ined between 77 -Kg and $+Kg . 



Unfor tuna te ly ,  u n l i k e  t h e  one-sided case p rev i ous l y  discussed, t h e r e  

i s  no s imple exact s o l u t i o n  f o r  K i n  equa t ion  (8) .  An approximate s o l u t i o n  

was proposed i n  Reference (9 ) .  L e t  r be such t h a t  

Tables o f  K - fac to rs  f o r  two-sided t o l e rance  i n t e r v a l  s, indexed by y , 
P, and n f o r  f = n-1, were pub l i shed  i n  Reference, ( l o )  and i n  many t e x t s  and 

handbooks s ince  then. To handle cases where n and f a re  uncoupled, ex tens i ve  

t a b u l a t i o n s  of r(n,P) and u ( f ,  y )  were pub l i shed  i n  Reference (11).  

Reference (12)  prov ided improved approximat ions t o  K over  those i n  
2 Reference (1 I ) ,  p a r t i c u l a r l y  when f >> n . For two-sided l i m i t s ,  d e f i n e  

z1 + a  such t h a t  
- 

2 

' l+a - 
2 

L J  2 
exp ($)dX = a , and r e c a l l  t h a t  x i f )  i s  t h e  

J27; 1 - a  
. . -'l+a - . . 

2 

100(1-.a ) t h  p e r c e n t i l e  of t h e  Chi-square d i s t r i b u t i o n  w i t h  f degrees o f  

freedom. 

2 2 For, f < n ( l + l / Z l+y )  , - 
-2- 



T 2 
For f > n ( 1  + i/Zl+y), 

-2- 

Then, 

Note that t h e  va lue of K i q  g i v e n  i n  terms o f  w c l l  tabu la ted  functions 

such as t h e  s tandard ized Normal and t h e  Chi-square. 

To i l l u s t r a t e  t h e  ef fect iveness o f  these formulas f o r  K, t h e  f o l l o w i n g  

i n f o r m a t i o n  was abs t rac ted  from Reference (12). For t h i s  example, t h e  l e f t -  

hand s i de  o f  equat ion (8)  was evaluated f o r  y = 0.95, P = 0.95, n  = 13, and 

va ry i ng  values o f  f us ing  t he  approximat ion g iven  i n  Reference (9 ) ,  equat ion 

(9 ) ,  and equdl iur~ (10). That i s ,  w i t h  a  t a r g e t  value o f  y = 0.95, t h e  actua l  

conf idence c o e f f i c i e n t s ,  t o  t h e  number of places given, were ca l cu la ted  on t h e  

b a s i s  of t h e  t h r e e  a l t e r n a t e  procedures o f  Reference (9 ) .  equat ion ( 9 ) ,  and 

equat ion  (1  0).  



f - Reference (9 )  Equat ion (9 )  Equat ion '  ( l o )  

2  For  n  = 13 and y =  0.95, n  ( l+l/Z0.975 ) = 213. Therefore, t h e  * 

under l ined  values i n  t h e  above t a b l e  would have been obta ined us ing  t h e  . 

gu ide l i nes  suggested f o r  equat ions ( 9 )  and (10) .  Note t he  degradat ion i n  

e f f ec t i veness  o f  t h e  Wal d-Wol fowi  t z  approximat ion e x h i b i t e d  'abbve when f >> 
n2, as demonstrated by Howe. However, t h e  approximat ion i s  q u i t e  good f o r  t h e  

commonly used a p p l i c a t i o n  where f = n-1. 

Since i n  t h e  t h e o r e t i c a l  development o f  K- fac to rs  f o r  two-sided 

s t a t i s t i c a l  t o1  erance interva1.s one again assumed t h a t  i s  Normal ly 
2  d i s t r i b u t e d  about 7 w i t h  var iance u /n w h i l e  8* i s  based upon f degrees o f  

freedom and i s  independent ly d i s t r i b u t e d  as x 2 ( f )  02/f, t h e r e  is no i m p l i e d  

coup l i ng  between n and f. Therefore, f o r  t h e  c o n s t r u c t i o n  o f  two-sided 

s t a t  i s t i ca ' l  t o  l'erance i n t e r v a l s  f o r  c u r v e - f i  t t i ng problems, one should 

c a l c u l a t e  t he  K- fac to rs  by s u b s t i t u t i n g  n* f o r  n  i n  e i t h e r  equat ion (9 )  o r  

(10). (Note: n* was p rev ious l y  de f ined  i n  t h e  d iscuss ion  of one-sided 

s t a ' t i s t i c a l  to le ' rance l i m i t s . )  

I X .  NUMERICAL EXAMPLES FOR TWO-SIDED LIMITS 

Two-sided 95/99 s t a t i s t i c a l  t o l e rance  l i m i t s  a re  presented f o r  t h e  

models and data bases f rom Reference ( 2 )  used i n  t h e  one-sided case. Since 

f o r . each  o f  these t h r e e  examples f - <  n*' ( 1 + 1 / ~ ; . ~ ~ ~ )  , equat ion (9 )  w i l l  be 

used t o  c a l c u l a t e  t h e  'K-factors.  



For t h e  f i r s t  example which d e a l t  w i t h  a s t r a i g h t  l i n e ,  & = 0.89012 

and f = 23. Corresponding t o  X = 70, = 8.035 and n* = 12.15. S u b s t i t u t i n g  

i n  equat ion ( 9 )  w i t h  ZOegg5 = 2.576 and X EeO5(23)  = 13.092, one ob ta ins  

K-3.592 such t h a t  4 + KG = 8.035 + 3.592 (0.89102) = (4.84, 11.23). 

Therefore,  corresponding t o  X = 70, we asser t  w i t h  95% conf idence t h a t  a t  

l e a s t  99% of t h e  parent  Normal popu la t ion  i s  conta ined w i t h i n  t h e  i n t e r v a l  

(4.84, 11.23). 

For  t h e  second example which dea l t  w i t h  f i t t i n g  a plane, = 0.66157 

and f = 22. Corresponding t o  XI = 70 and X 2  = 22, 6 = 8.521 and n* = 9.10. 

Us ing Z0,995 = 2.576 and X0.05 ( 22 )  = 12.338, t h e  value o f  K was Calculated t o  

be 3.691. Thus 8.521 f 3,69'1 (n.66157) leads t o  (6.88, 10.96). 

F i n a l l y ,  f o r  t h e  non l i nea r  model, = 0.010913 and f = 42. 

Corresponding t o  X = 20, 4 = 0.4196 and n* = 23.13. Using 
2 

'0.995 = 2.576 and XOno5(42) = 28.144, t h e  value o f  K i s  3.230. Therefore,  

0.4196 f 3.230 (U.010913) o r  (0.384, 0.455) i s  t h e  r e s u l t i n g  approximate 95/99 

s t a t i s t i c a l  t o l e rance  i n t e r v a l .  

Two-sided 95% conf idence and p r e d i c t i o n  l i m i t s  a re  a l s o  g iven i n  

~ ~ ~ r r ~ c l i x e s  A, B, and C f o r  purposes o f  comparison. 

X. SUMMARY 

Excel 1 e n t  standard computer programs a r e  w ide ly  a v a i l a b l e  f o r  data 

reduc t i on  i n  ob ta i n i ng  "best f i t  curves" f o r  engineer ing models o f  va ry ing  

complex i ty .  I n  order  t o  p rov ide  des ign l i m i t s  w i t h  a q u a n t i t a t i v e  bas is ,  t h i s  

r e p o r t  descr ibed t h e  use o f  one-sided and two-sided y / P  s t a t i s t i c a l  t o1  erance 

l i m i t s  f o r  des ign app l i ca t i on .  For purposes o f  i l l u s t r a t i o n ,  y was se t  a t  

0.95 and P was se t  a t  0.99. I n  a p p l i c a t i o n ,  however, t h e  magnitudes o f  each 

o f  these q u a n t i t i e s  may be se t  on a case basis. The d e t a i l s  f o r  t h e  calsu- 

l a t i o n s  o f  these l i m i t s ,  a long w i t h  t h e  under ly ing  assumptions, a re  a l s o  

descr ibed. 

Since t h e  t o p i c  o f  t h i s  r e p o r t  i s  design l i m i t s ,  some . impor tant  t o p i c s  

concern ing model development a r e  not  discussed. Any good t e x t  such as Refer-  

ence ( 2 )  covers both t he  formal and in fo rma l  s t a t i s t i c a l  methods o f  l ack -o f -  

f i t  t e s t s ,  t e s t s  f o r  non-Normality, r e s i d u a l  ana lys is ,  etc.  



Furthermore, whether t h e  model i s considered a simp1 i f i e d  emp i r i ca l  

graduat ion over a r eg ion  o f  i n t e r e s t  o r  i s  viewed as a n~echan i s t i c  model, t h e  

imp1 i c a t i o n s  o f  t he  model should be c r i t i c a l l y  examined bo th  i n s i d e  and 

ou t s i de  t h e  range o f  t he  a v a i l a b l e  data base. F i n a l l y ,  be fo re  any model i s  

used i n  design appl i c a t i o n ,  p r e d i c t i o n s  should be made based upon t he  model 

and independent data should be c o l l e c t e d  f o r  model v e r i f i c a t i o n .  ( I f  i t  i s  

known t h a t  t h i s  carinot be done, a subsample o f  t h e  e x i s t i n g  da ta  base should 

be se t  as ide f o r ' t h i s  purpose and no t  be used i n  f i t t i n g  t h e  c o e f f i c i e n t s . )  

One t o p i c  which was i n t e n t i o n a l  l y  avoided i n  t h i s  r e p o r t  i s '  t h e  

sub jec t  o f  simultaneous t o 1  erance i n t e r v a l s ,  t h e  c o n s t r u c t i o n  o f  t o l e rance  
' I -  

l i m i t s  a t  a number o f  d i f f e r e n t  p o i n t s  i r  the'  f a c t o r  space based upon t h e  same 

data base. Experience shows t h a t  most design engineers want a s i n g l e  

adjustment t o  t he  "best f i t  curve", be i t  an a d d i t i v e  o r  a m u l t i p l i c a t i v e  

f a c t o r ,  u s u a l l y  c a l c u l a t e d  d t  a c r i t i c a l  o r  l i m i t i n g  combinat ion df t h e  
. . 

i ndependent v a r i  abl es. The method01 ogy descr ibed here i s  consi  s t e n t  w i t h  t h a t  

approach t o  design l i m i t s .  

F i n a l l y ,  t h e  d e t a i l s  descr ibed i n  t h i s  repor t ' inay g i v e  t h e  reader  t h e  

impress ion t h a t  these procedures a re  cumbersorne t o  invoke. However, s i nce  

p r a c t i c a l l y  a l l  eng ineer ing models a re  now f i t  us ing a computer, t h e  

procedures may be r e a d i l y  incorpora ted  i n t o  e x i s t i n g  programs as has been done 

i n  our Laboratory  f o r  some o f  t h e  programs i n  our s t a t i s t i c s  Package. I n  

f a c t ,  good approximat ions t o  t h e  re fe renced  p r o b a b i l i t y  d i s t r i b u t i o n s  a re  

a v a i l a b l e  so t h a t  t a b l e  look-up i s  no l onge r  requi red.  
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Appendix A 



Appendix A ( c o n t i  nued) 

A t  X k  = 70, qk = 13.6230 - 0.0798287(70) = 8.035 

2 "  (x,-1)' 
s ) = s [ + 2 ] =  (0 .89012)~ [$ + 

c (X, -X)  

A )  One-sided lower  95% conf idence l i m i t  f o r  mean 3 ( 7 0 )  : 
A v 3 )  
3, - s (qk )  = 8.035 - 1.714 (0.2554) = 7.597 

Conf (7(1u) > 7.60) = 95% 

8 )  Iwo-sided 95% conf idence i n t e r v a l  f o r  mean ~ ( 7 0 )  : 
A A 

(23)  w s (Tk)  = 8.035 2 2.069 (0.2554) = 8.035 2 0.528 'k ' t0.975 

Conf (7.51 < 3 
(70) 

< 8.56) = 95% 

C) One-sided lower  95% P r e d i c t i o n  l i m i t  f o r  Y(70):  

(23)  l s(Yk) = 8.035 - 1.714 (0.9260) = 6.448 'k - t0.95 

With 95% L U I I ~  icler~ce, Y 
(70 

W i  l l exceed 6.45 

D )  Two-sided 95% P r e d i c t i o n  i n t e r v a l  f o r  Y(70):  

(23)  ws(Yk) = 8.035 2 2.069 (0.9260) = 8.035 2 1.916 'k + t0.975 

Wi th  95% confidence, Y 
(70)  

w i l l  be contained w i t h i n  (6.12, 9.95) 
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Appendix €3 (cont inued)  

A 
At XI = 70 and X2 = 22, = 9.12689 - 0.072393(70) + 0.202815(22) = 8.521 

A) One-sided 1 ower 95% conf idence l i m i t  f o r  mean 3 (70,22) : 
A A (") 

0. s (Tk)  = 8.521 - 1.717 (0.2193) = 8.141 'k - t(0.95) 

Conf  (r) 
( IU  ,22) 

> 8.14) = 95% 

8) Two-sided 95% conf idence i n t e r v a l  fo r  mean 7 (70,22) : 
A A (") 

l s(Tk)  = 8.521 ?. 2.074 (0.2193) = 8.521 + 0.4548 
'k ' t0.975 

Conf (8.07 < 3 (70 ,??) < 8.98) = 95% 

C) One-sided lower  95% P r e d i c t i o n  l i m i t  f o r  Y(70 , . .- 

(") .s (yk)  = 8.521 - i . i i i  ( u . b w j  = 7.324 'k - t0.95 

With 95% conf idence, Y 
(70.22) 

w i  1 1 exceed 7.32 

D )  TWO-sided 95% P r e d i c t i o n  i n t e r v a l  f o r  Y (70,22) : 

(") l s(Y,) = 8.521 2 2.074 (0.697) = 8.521 2 1.446 'kt t0.975 

Wi th 95% confidence, Y 
(70,221 w i l l  be contained w i t h i n  (7.08, 9.97) 
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Appendix C (cont  i nued) 



Appendix C (cont inued)  

A) One-sided lower  95% conf idence 1 i m i t  f o r  mean 1 ( 2 0 )  : 
A A 

(42)  ~ ( 1 ~ )  = 0.4196 - 1.683 (2.269E-3) = 0.4158 'k - t0.95 

Conf ('(20) > 0.416) = 95% 

B )  Two-sided 95% conf idence i n t e r v a l  f o r  mean 1 ( 2 0 ) :  
A h 

(42) s (qk )  = 0.4196 2.019 (2.269E-3) = 0.4196 + 4.581E-3 'k ' t0.975 

Conf (0.415 < 7 
(20) 

< 0.424) = 95% 

C) One-sided lower  95% P r e d i c t i o n  1 i m i t  f o r  Y(20): 

(42)  s(Yk) = 0.4196 - 1.683 (1.1 15E-2) = 0.4008 'k - t0.95 

With 95% confidence, Y 
(20) 

w i  1 1 exceed 0.401 

D )  Two-sided 95% P r e d i c t i o n  i n t e r v a l  f o r  Y (20) :  

(42)  s(Yk) = 0.4196 2 2.019 (1.115E-2) = 0.4196 + 0.0225 'k ' t0.975 

With 95% confidence, Y(20) w i l l  be conta ined w i t h i n  (0.397, 0.442) 




