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CHAPTER I
IHTHODUCTION

Thie paper will be concerned with the convergence of
complex power series, Information concerning infinite and
finite power series for reel and complex numbers that is not
1isted below will be assumed, In the course of presenting
these proofe several theorens and definitions will be used
without proof.

hroughout this mm, the aﬁm&e of mvmmm of a
series will be denoted by iz\= r" r' will denote the radius
of gonvergenee and z' will denote a point on the ¢irele of

Definition lul. If o each positive integer,
nwl, 2, 3, ***, there corresponds a definite number z,,
then the sum of these numbers — z, is said to be a series.

Definition l.2. A series of the form E aaa "
%*ﬁlu*%uzﬁﬁﬂ "”hm‘a’&l* &2' * % s oare cOnw
stants and ¢ is a variable, is sald to be a power series,

Beginition a3 The power series = a,s" converges
waww&m g = 5, if, x'wwaam is a positive
integer H such that if n > N, = apx@mh\<e* A will
be ealled the sum of the series,

1




= a ? gonve:
= %

mah érasmumﬂm&tm ifm > a = N, then

P=“ "‘FI <€,

The power series = a,s" is abse-
. Ifriamma<w'<l,wm
w“ eonverges abselutely and Elaﬁ‘“l »f"—‘*la

It == a 5P convorges shen 1% jaye?| = 0.

0 Lok If Z%mgawmsafmmm@zw
terns which converge %0 £, and 12 0 =< by =&, for every n,
then bamwmm

uGa The power series = a " is uni-

ly convergent for a set M if, (1) = a,s" gonverges
for all s in M, (2) if <> 0, then there ia a miuiw intee
wﬁmh'&k&%ifm>ﬁgﬁiam¥§ = st = A

== ﬁj% - A|<é .

Dafinition 1.6, Any serdies that doss not satisfy the
conditions mmé for convergence is said to diverge.

Lheorem 1.6, If E by is a series of non nmtim
terms which dimm and if a, = by for every n, then = 'n
diverges,
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afinition 1.7, The e¢irele of convergence of the power
series — a,ﬂ is the greatest e¢ircle about the origin for
which the power series will converge for any s interior to
the eircle,

The ¢irgle of convergente of the sew

ries 2 ? :l.n the smallest cirecle about the origin for
for all points outw

which the series 2 % will converge
#ide the ¢ircle,

ries Apﬁ or é % is the radius of the cirecle of
eonvergence.

Jefinition 1,10, If to each positive integer
n=1, 2,3, ***, there exists a definite number a,, then
these numbers are said to form a sequence,

afinition l.1l. The sequence (x,] converges to X if
Mﬁag ghosen < > o, there exists a positive integer N such
that ifn > W, |x, - Xl <<,

If 0 = =% < 1, then the sequence

x, X2, 13, * ¢ + gonverges to szero,

finitior Za A set H is bounded if end only if
umiaamuwwkmghthat* for every element z in
K, 8| <k,




egrem 1,8, A convergent sequence is bounded. That
is, if{ap] — a, there is a number k such that |a,| < k for
all n,

efinition 1,13, A set M is not bounded if and only
Mt’wm«hml& number k there ie an element z in M sueh
that |s| > ke

efinition 1,14, The set of pointg M is a neighbor-
hood of m@ !.f and only 4if there 18 & positive Rumber ¢ sugh
that = belongs to M if and only if |2 - gy <<

Definition 1,18, The peint L is a limit point of the
set M if every ms.mﬂrhmd of L containe at least one point
of ¥ other than L,

sorem 1.9, If 8 is an infinite bounded set, then it
has at least one limit peint 5,

mmwkzsmwwﬁbméeftm

Definition 1,17, The upper bound H is & least upper
bound of the set L if, for every <-0 and for every upper
bound x of L, x > H - €,

Every bounded set has a unique least
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Definition 1.8, If {s,| 1is a bounded sequence of real
numbers, the limit superdor, lim sup s, of {sp} is the
largest limit of a subsequence of {8y .

Dheoram 1,11, 1If 5&“} is a bounded infinite &m&m&e;
then there is a subsequence of ja,| which has a sequential
ldmit,

Theorem l.12s Iif Z‘n} =8y, 8 83 * ¢ %y Ay i
is a bounded sequence then lim sup a, exists.

Proof: Consider the set L gonsisting of points x if
and only if x is the limit of a sub sequence of {a,l, There
exists a number k such that every number in 1 is less than k.
Let H be the least upper bound of L,

Case I, Suppose H is in L, H 1s a limit of a subse~
quence of {a,] since L consists only of limit points, U is
also the largest limit of a subsequence of 5%} and is thus
lim sup an.

Case 11. Suppose H s not in L, 3ince H is the least
upper bound of L, if ¢> 0, there is at least one point in L
greater than H - ¢, Since H is not in L, and sinee H is the
least upper bound of L, there are no points of L greater
than H, 3Since for every ¢- 0, there exists a point of L
contained in (H - ¢, H), there is a point of L, eay Xy such
that [x; = Bl < %.. Since xy 1s a limit of a subsequence of
5%; there is an integer ny such that xy ~ 'k Sag, < f * %‘%
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tius [a, = H| < 1. There 1s an x, in L sush that |x, - <.
Siuce x7 1s a limit of a subsequence of ja,[, then there is
an infinite number of elements in the inmterval (x, *kﬁ&g ‘*i’)
and there 18 an n, > n, sush that x, ~§ < 8y, < X, + 4
thus |ag, = B < &, There 1 an x; in L sueh shat [x, ~ H <
$ince x, is a linit of a subsequence ofja ), then there is an
tafinive mumber of elements in the interval (x, = §,%y * &)
mawnmag>n2mhumx3~§<ua3<x’¢%; |
Wltgamxwaiafmzamuthmmwmhmnv%,
nyy * ¢ ¢ such that, 4f p s a positive integer greater than
1, there 1 an x, in L such that |x, = H| < 35 and an tne
teger n, > B,y such that l%*%l‘%mm
\;‘pwﬁl‘.is m»aznzmeemmmmmwmg
and therefore belonge to L, H 1s the largest linit of a
subsequence of {a,{ and is thus the lim sup ay,. In either
case, there is a lim sup a, = H < k,

Definition 1,19, flz) = w is a single-valued function
if, for every value of %, there is one and only one value
for W,

ofinition 1 A pingle~valued function £{z) is con-
tinuous at a point sy if, for each pesitive musber <, there
exists a number S, such that \ﬂa) - ﬂaﬁkh <€ when|s = 8g/<S,

Theorem 1,13, {Cauchy-lsdamard): The power series

‘ ; | et et
%aax“mmemd&%afmmmur * Tin wup Tiag




1f 1in sup Yjay # 0. 1If lin sup ja,| does not extst,

then the power series diverges for any ¢ ¥ 0, If

1im sup 3}\%\% 0, then the power series converges for any

g, The power series diverges for all avmh that |z > »r'.
Proof: Censider the sequence \'1\ ¥ W@ 37 |Bg) 4% *s

Mi this set of numbers M, Suppose M is not bounded, that

is, if k is a number, then there is a g, such that le“%\7k

and lim sup \’7}.,,‘«“ not exist, Let |z| = h # 0, There

is a £ such that W >%, ’\1{‘@&1];1& > 1; QS }agﬁmhl;
or [Q] i“ﬂx]’“rl = |a 2| > 1, There 1s 2 positive in-

teger g, such that

Wﬂﬁ‘ 0@& {’“};\‘ * W *o e **W*ﬁ
8y > sll thus ]ggxm@)n* There is a positive integer

53 > sﬂ such that

W>l¢1‘ *WO m * m Qttwbw i:%*
Thus 'ug’tnl > 1. For each positive inbeger a; there is &
g, Such that g =g . and %ﬁ%nl >1. Henge 38 [a@“{ £0
and, by theorem 1.3, the series cannot converge for any s ¥ O,
Suppose M 1s bounded, that is, there is a k @ ch that
m « k for every positive integer n, By theorem 1&3;
1f k is the le#st upper bound of M, lin sup Yoy = ¥ =k,
Rmmm wa; then let |z| = r # O, There is
at most & finite mumber of the terms of Ujay > o=




There is a positive integer N such tiat if n > K, then
r<%m Yagl o < 4o Honce |as®| =<z, stuce
2 ? eonverges by theorem hz, = \ays"| converges and
Elunﬁ”l converges,
If H¥ O, let pt =

1““@&% and let O < |g|=p < v,

wm% >§’MWM§§)@;'#%§4 #o There are at most
i %4

xﬂnzmmatmwmmwamw There~
fm&hwamﬁﬁamﬁwmﬁfwa7ﬁﬁﬁl o5l Mﬂ v

s'&*"%”<3“”wz &imw<w'g| l<@-’;-5—§—'

- (‘g‘ * 1)“ o |
L-z—- < 3+ Thus the series E( ) converges

M=o
n o ﬁ +
by theorem 1,2, ' 2 1’) converges
by theorem 1.4,
If i1z| =r > »t, thm%: < )": and lim mymm§*>§'
Since 11n sup Yla | *%’ >§ r! is a linit peint; thus

there are an infinite number of terms of M greater than %
wmmmmmmmmm«fwwm By ¢ &

oy o > %"*’ =1, Howlags? > 1, Henge 42 \nuﬁ”!;‘ 0
and by theorem 1,3 == a,a" diverges for all z sueh that
lw > wt,




CHAPTER 1X

COHVERGENCE OF PONKR SBRIES WITH POBITIVE BXPUNENTS

Thegrem 2.1, If 2«,& senverges for all |2/ < h
and 0 < g < h, then 2 \a &p! gonverges uniformly for
Bl = g

Te prove!

(1) Zl s*| converges,

(2) 3:# ¢ -0 there 43 8 positive integer N sueh that
if 1) =g, andm > n >ﬁ, then ﬁ)%ﬁl <€,

Proof: Singe S5B <h, then == a@t&*ﬁ"hi converges
and there is an M such tha ]%WJF\ < ¥ for all p. Now
~ B3 ana o< 7R - ggé—,; < i, How the geometric

sertes = (F43)"  converges
if <> @, there is a mﬂ:&w mam i guch uhma if
m -n - N, then == fg&rgl
&w&tlu\<g,aﬁn>u>m ,.,,,Ia,u%l

ZhE = P < 0 25T

4%& ﬁ m €
. The power series ? nyﬁ is uniforauly
and ahm'amﬁ.y gonvergent overmny ¢losed set of points § in-

serior to its cirele of convergence
9
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Proof: Since 3 48 cleosed, let the shortest distance
from any point in S to the eircle of convergence be denoted
by %, If ¥' 4s the radius of convergence, then all the
peints of 3 are within a eircle of radius r' « 3, Now by
tmzﬂ.;mh*r*melgwﬂ -*%;ﬁmwi‘h
inmediate,

Theerem 2,2, If the power series == apﬁ” converges
mnmﬁ ﬁ*#r*(mw*ismw}m&% ¢eirele of cone
vergence, then ga,v"émw*imx pe) converges uni-
formly for 0 < r < »' and 4f the arg < = @, and |=|<p?
then Mﬁ-%%ﬁ - %a’,:w*

Te provel

(1) If ¢-0, there is an N such that ifm > n > N
and 0 < r < r', then IMW(Mwﬁgmwﬂz_e

(2) Ifé>ﬁ,umiaa8>@m§x%m&£)«ww<8,
arg mﬂ, and \dl<»' then I%fﬁ?ﬂ?ﬁ ,,ua,,x*pl < €,

Proof: Let aj = ar'?, low “%(Wﬁ*iﬁnpﬁhp
is a power series whose radius of convergence is 1, Let
ep a,(mwummn,r"’(mwumpﬂu How
lpﬁ converges for 0 < q =1, If < >0, then since
dp sonverges, there 1is a mﬁzﬁm mw B such that
ifn > H, then )“§”¢,I<e for p=l,2, 3, * ¢+ Let
Bpey ™ )% )<€My#6,1,2,3, §¢ Itm >n~u
and 0 < q <u vhen [52= 4P|

= |8y + (s, = a,;q“"”-ﬂu - 8y)q¥% 40 e
* (s, Wiimz, * {8y.pey = umm)q‘l

P-o
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" ‘ﬁ(q‘ - qnﬂi + ‘ggqﬂ*l ﬁm} + 5 {ﬂ qn*s; PP
RPN SR

“llku ﬂ) *\3 Fqnﬂ . M‘% *\tsﬂqnm - m; v

* o™ - @) * fog gy |
Aék R I T I

To grove that =0 én,n’imwumw

- ér*’%tmw*inﬁnw),m& €>0, If0 <» ér*
then let q = F'e Now 0 < q = 1, Sines 3= 4 converges
uniformly for 0 < g =< ), then there is a positive integer N
such that

\ga,v”tmnﬁ*im po) = zaﬁﬁzmwumml

[T - Ee - )ﬁ%‘*’?‘*mma<x<w
_Hu7n7nhm)2a,mmwmmm) ,,_apq?]m%

Ie %]g,’wtw = 6; let &= p!, Obherwise let §

be the minimum of r' and 3%\‘;\%“%

Henge 1€ liw 5% < S, args = 0 and M= ¢ < p!, then
< £ P.,., fy
0 <rter 8, How |§ ayd\ = Gpﬁ ‘

I%a’« - zupu %.pg#? * 2.;»,,@
- 2& NPI
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= |’ - ﬁ%«”f = e = =

Ve Zaps
<-§§-* I%a?rpiwapﬁ*i&m pe)

- == rPa(cos po + 1 sin po)
P=o0

25+ | Za P - pP)(e0s pO + 1 sin p)| =
iyl - 21 - 8
+ %)&M(w - r) (prP-L + wu"f’z PN} S T o B
et - o 2 fapr e 12 Zjalee™ = 0 then §
* e - vyl = 50 < < o ounervise g6
R

3?1th”1 ‘P=o B

' ow ’
Theoren 2.3, If O0< =< "" P = 'y 8 = gins+ {4 ﬁ%e(

aw *+ ;w - 2 gin«g = G; and aw * aw ~ 2 sind = 0, Farthermore,

if w satisfies the above inequalities, and w ¥ 1 then

1 «nm‘l < secP, — .
Proof: The region w + W > 2 1 Al + gqn%

is a half plane whose bhoundary is perpendicular to the resl

axis, The distance from the origin to this boundary is

l f W* ‘:""
tan*yp

+ gin%; , Since O<~ < & < :;{, then
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w+VW > El" ot + gin%(  intersects the real axis

Since sin « <] the distance from the origin to the

v of the half plane Bw + aW ~ 2 sin = 0 45 less
than 1 and the boundary intersects the unit cirecle &t twe
places, Since a(l) *+ @(1) - 2 sin= 2®R(a) ~ 2 sin«

= 2 sind= 2 sin« = 0, the boundary intersects the cirele
at 1.

Itwinvmmﬂ
then w * ¥ = 2&w) > 2

Twtad-2@inx= wla*F) -2sing = 2w sino - 2 sind
=2sinx =~ 28in« = 0, Also aw + BW = 2 sin o« = wla * @)
«28ino = 2weing - 2 gino=2 gin« - 2 sin« = 0,

These conditions give an isosceles triangle such that
the boundaries are deseribed by the three lines

B

02 + gin? , @ * &3 - 2 8in = = O and

aw ¢+ 8% » 2 ainx = 0, This triangle lies in the unit eirele
with ene vertex at 1 and the epposite side perpendicular to
the real axis.



If w satisfies the conditions of the triangle, let
|2y | = m«,ma - ein? + gin® + i{coa<~ siny
- aﬁm‘iﬁda - mé:()& ]”:J = |w| and Ts, * ¥~ 2 sinc= 0.
Lot 5, = |w| + 4(1 ~ |w|)tans .,
Consider the mmsm
£llwl) = a%; - sin cos X + sin e = lw!}* {1~ lwl) mgdw
| £(1) = 0,

ﬂﬂﬂ)*gﬁyf'f~~1IM$&m\ﬂ§M§¢s
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and fu{|y|) = 3{““34’ -

£llw|) = 3{]\#’[3 - 8in%x 008 x * 8in?< - ‘Vl} .
+ (1~ lwi)’san’p

| _

= «2lwl + 2|wl{eonx ﬁm%*%* (1 = Iw/)?san2s
' 2

«1 2w ¢ |wl®- jw?e zmt[maJ:. «fﬁi*%ﬁ-]

A+ (1~ lw))sand

= (1~ lwD?e (- fw)sans - §1 - alw@ow’l - %
lw| ] "ﬂg}
- }(a. - w)* {1 lwlimﬂa g wz}ul}l;saacetl .Jtﬂ%-

=2

" m)] Pal Z

35‘ Il‘“"”g) »]zwm&\‘>eﬁ‘

o ngf* - 1 - 2R+ gy

Hemee |1 = 3y > |1 - 5y]s _
Consider R(w) ~ ma\zlm? - amaa - sin’x .
Case I, If {w) = O then Gw * aW « 2 sinx = 0,
2R(8w) = 2 amqg
H(Gw) = sin,
sin~R(w) * cosxL(w) = sinc,

0 = Lw) :&5—[&” @w}]*
I.;Q‘w}:ﬁ = gﬁ%‘i E" - @{”,]ﬁ*
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Case 1I, If Uw) < O then aw *+ &W ~ 2 gin « <0,
2 Rlaw) < 2 aiaq;
Klaw) = sin=,
sin<xR{w) - cos=R(w) = um«;
- cosx(w) = sin=]l ~ @(w}]; |
0 < » w) S%B - ®Rw),

2 e [odt)]? = %f:"[i - @w}]ﬁ
In either case, |X(w)] 2 < %P’ - Q|2

How R(w) - WM\, w2 - sin’ - sin®x

» K(w) - m«JW!vﬂz + [wf - 810’ - ain?

> @{w3 - 008 Ni['& twﬂ 2 + "‘,

T~ @]~ st - st

il - @(\i"}lz - sin

= R -] costu[R ]2 ¢ 2L
- Mﬁgq

|
= Rlw) - j mgxI@Z iﬁ}]z + gin« fl - @Rle)]? - sin% coa®
— - gin?o N
=Hw) - Jem"x[cﬂw}]@ + ﬂmgo(%l - 2Rw) * [®(w)]? ~ sintcos
. - sin’ _
= Qls) =|o0sA AT +6102 = 2 stn2eR) *s12RR(w)] 2 - sinkoos?<
- 8in?x

= @(w) - sin’x
- Jleos%x + stn?x ) [Rw)]? + sin®e - 2®(wstn® - etn(1 - s10%)
- @(w)—ﬁﬂwﬂ 2 | 2@(w)ein« * sin’x ~ sin’« + sinb«

- sin’x
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= &) - J[@cw;]”*‘ ~ 2 Rwisin®x + sinbd’ - sin’

w &w) wﬁ@(w) - m%]“ - 3in? o

= ®lw) = Riw) *+ sinx - sin® = 0,
Therefore R{w) = Md&ta - gin% - gin®y =0, 8ince
Rlw) = Rizy) = Rw) = cosa|Wi? - sin’t - sin® = 0,
then 22(w) - 2&imy) = 0, But 2€w) - 2 Rlny)
wwl *2R(w) - w?+1-2R(ny) * |w?
e (1-2R0n* w?) +1-2R(s) ¢ by)*
- 1 wlg* |3.mual) > 0, Hemee L ~w/? <[ = aﬂz
= 1 -s,/3,

~]£'*ﬁgl \uﬂ E-»w
1- v 3,-Iwi 1.«th
R~ s )3» - v

T Tw 1= Twl*

secy =

sorem 2.4 IF 0 < x< g*aﬁamx*iwqg and
if the series %%ﬁxzmwm at the point z = 1 of
its eirele of convergence, then it is uniformly convergent
in the triangle bounded by the lines Ww + a¥ - 2 sin « = 0,

”
Proof': mqm«"-(-%z; since the serles == aeP
converges at 2 = 1, z ap gonvarges, that is, for every
€> 0, there 1s a p&ﬁi‘&'&w integer N such that ifa >n > K,

+ Smo(n

[~

&€ n+ P .
2 o< T Whopn o | Zafpm0 1, 200

m%ﬁ<m fwy*@,l;ﬁ,},‘*‘* if z 4e



ig

any point in the triangle, z # 1, g ,.vaﬁ
= gy + (s, ~81m””‘*la ~$33x“ e
* (8gen - %ﬁ-&.}aﬁ’ + ‘M"’}. %ﬂu)ﬂa

= al“n % Wﬂ*& - ”Eﬁn *1 4 asﬁn*z P

LT R
= 8y(1 - 2)s® ¢ 6,(1 - 3)a8%L # gyl - z)g™E 4 v o e

=8 e (- ) e gy T,

o | = as?] < \3- - ole 'ﬁ%"’“’“l C—
< |1 - 5)lsY g T = /,?‘*/ Co—y

} 2| €
<= n!lﬂ”‘lw - e e [# e

<l@m = ‘ : ‘ heorem 2,
MWW by Shascen 2.3

I - I & &
%—-—L" %] < gee, low Q" P 1*“4“? + TV rps

) & €
< st Tv5es * TV sees ond

m p € 3 4 a 2 ]
l% gﬁﬁ l < W{l secd) = <, Hence %&pﬁ is
uniformly convergent for m % mm the triangle, If

_ . P €
%2 = 1 then léﬁt ‘ mm .
23 — apn gonverges at the wims g =1
on its amxa of gonvergence, 0 <« < 4~ and i * 1 ocos
N 14 P -
a® aw«*iﬁ@tx,mwiﬁ}gnpr P:b%wmm is

any point on & eurve in the triangle bounded by the lines
Wt aW ~ 2 sinx =0, aw * WW - 2 sinx = 0 and
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Proof: By theorem 2.3, E%ﬁ‘* is uniformly con=
vergent at all points S,n the triangle, Since o is M&MMM
to be in the triangle, = ays” 1s unifornly convergen
over any value o may take on,

If < -0, then sinoe zapn’ is uniforml
there is snisuch that }§ apsP « 2 apa?/ grw % on
the ourve.

case In If c>3H é;%/* let S= 1,

case II, If ¢ <3N == |agh Ghen & > mosmesSommey Lot
;‘pb 3” %’%/
W:g«z;ﬁ In either case U <« S < 1.

Hence if |-~ 1| <§, lci<l, and ¢ on the curve, tiwn

0 < 1=lo/<8, ﬁw}% a,,aﬁw up\
- }P,o‘w - =k E‘w - %“p* :,,“r” é“v\
=17 ;‘M”%“v” =% tIZE =
<-g 3 /;‘ﬂ?(dp 1}/ ’ )
cF | el (P e PR Py

%‘ e I A e IR P I P R ¥

ld‘*ll;iﬂplﬁ <% Sﬁ;_zolav In case I,
.§.§ WZ’%I"‘@%’*K%’% <§-§*“’#ég In case iI,

%M&Sﬁ )gy}m%ﬁ WP—.; h,["”%ﬁ mc,



Ul PTER Lid

G« Bosituly OF POWBR sheded wlbs wndGal oVe BEKPUHLNETS

If the series — —B converges for all

|lg) >hand @ < h < g,
for |8 = g+ That is:

(1) ‘;%f:‘ $ l gonverges.

\amwms uniformuly

(2) If €>0 there is an H such that if |@| Zg, and

=8
b
Proof: Since .,..T@ 7hy then 2 ..,..m;g_, ¢
B e

P /4 ﬁfwmm How

EFP]

> 1. %mﬁ.;zh < 1 and the geo-

mo>n 7%*

and there is an M sueh that

metric series - +
;=r Czg converges.
If ¢ >d, there (8 a positive integer N such that 1f

m >an - H, ampﬁg&mﬁgh

How if lzg| Zgandm > n > ¥, then é!%\
P=mn

20




P bpiﬁ“ﬁipl

1 5’49; * hiP_ Mg = €
Rl e e
wn 3.2, If the series ?;wavm at a point

g' = rt{ees ¢ * 1 sin @) on its circle of convergence, then
@
%WW«M p:z 1 sin pa)
and if arg < = @, and || >p? wm,,\_,z 2-& 2%%
To prove! |
(1} 1If €>0, there is an N such that'ifm > n > &
and * = ¥, then ),,.,.2 b

econverges uniformly for r = »!

L€ »

S AT——
mmwmm:ﬁ’

(2) If <0, there 18 a S >0 such that if | < « 8{<§,
argx = 0, and j|>r' then | = ﬂ%%/46*
Proof: mb*wj% Now 2= e bp
‘ P r! * = 0leos 50 ¥ 1

is a aamm whose radius of convergence is 1. Let

. I =2
5 " Tleos po + 1 stm 70)" = 3

canverges for ¢ = 1, If < >0, then since = ¢, con-

P=t
verges, there is a positive integer W sueh that ifn 1§,
@hw lﬁ-agl<é fﬂ?&“l, 2* 3‘; , '* M

Sp+y ® ]?«51<e for p = 0, 1, 2, 3** *r*, Ifm >n> N

m
‘ Z 1, then W——
and t s b %r, Fra




€>0, Ifr >r‘ then

let t =T, Nowt = 1. Sinee %3 converges uni-

formly for ¢ = 1, then there is a positive integer N sueh
N by = bp |

shat ‘ : . A N « ) S
P=1 rPleos p0 * 1 sin p8) P rPlcos pd + 1 sin pd)
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W >n > ﬁ’ﬁhﬁﬁlz e

I Z‘h,[ (p = 1557 = O, et § = r's Obherwise let
€

§ be the minimum of r' and T T
3 =Iopl (p ~ 2IT7per"
Henge 4f |d = uY<S args = @ , and (2| = » > r', then
- t 5 i g 'w l
0 <reprt <o, M\Pw ' %

. L.ty ,ﬁé‘,‘%ﬂ Zh -5

P:, oA

=

i UipPl ¢ Pl o 2Pl g0 v ee bl
N
m%*ﬁ%{wyu)ﬁd b MR N




n%*sﬁ\bﬂ%, 1* b \%nauhma%s
\%uw-&é, %MMN%Q*E‘!; i%w—

=lopl Bt =<

] 0 «x<« .5,47 *-"-*3 8= gin -« i cosx

tmgmuswmhmam*& 2 sins =0 and
awv * T » 2 sinx = 0, Far more 1f w satigfies the

above enequalities and w # 1 then lM < @geed.

Proof: m%‘ )ul(wm{ lwl %,—*—

and 25 = |w| * 4(lwl = 1) tanch, Jow |3,/ = |ul.
Consider the funetion
£|w|) = zgem,l We - gin% * sin® lw\f* (wl - 1)%an%
| £(1) = 0,
z YISO8 o .30 + 2(lw]| - 1)tan,

all ,w, =z 1*
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Hence r(w|) =0 for al;lwl =1 and
£llw)) = 2%%&0\,1*!3 - sin® * gin®x - lwl} + (lw] « 1)%6an?e

® - 2w * glwl?mﬂ}:t - % * %* {lwl- 1)san®s

=1 - 2w * b - lwla*alw(ewllmglh;l%.*m%wl

Iwl

+ (lw| ~ 1)%san’p

= (lw|e 102 * (jw| « 1)%0an%p |
- {1 -2 ;’«AJ; ﬁ.més&.*m%,» |,,,z}

| v W)
- \(th - 1) * z%lw‘l wuwaﬂizw "x_*‘"’m

-)s, - 12 . 2y - 3.13 > 0,
ma}ag*llﬁﬁin :
mx\ [wl? = 8in?l + gqn « R(w). |
Case I, If X(w) = O then aw * & - 2 ain< = 0,
2 Kaw) = 2 sin .

Rlaw) = sin , v

stn«R(w) - cosallw) = sin <,

- coa<tiw) = sin<[L - Rlw),

»

Case 11, If L(w) < O then @w *,ﬁ“' 2 sino = a;
2 K(8w) = 2 sin<,
Rmw) = sin q; |
sina ®w) + gostdiw) = am*;
» gind Rlw) « cosxLw) = - umd;
-« gosLL{w) = sin «[@w} - 3.];
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In either case, [&iw)]

How ma(j ji? - sin® * < = Rlw)

- f’é&{w}]g + [L2w)]? - awaoi + gin® < = Zlw)
w%[&?(wjz [@(w} &]g - sin?< = Rlw)

- j;m% @ﬁwf_\g + M“;z‘{@m - 1] - am%} + gind - Rw)

Jmﬂmao( Riw)] 24 gin® [RAw) - 1]% - 810 con2x  * sin’=t
« Rw)

- MQX[@iw}]g ¢ a1n?[R0ul]? - 2000 + 1{ - win’ sos’
* sm?“ < w Flw)

- J m&[ﬁ?(wﬂz + gin?< » 2 Riw)sin® *+ amgﬂ[f (wi] 2

—_—
- a:t,nzd 008" * gin®e - R (w)

- itnmzo« ¢ sﬁnﬁA)\:(??{wﬂz + am@ - 2 R{w)sin®
- sinfo (1 - sinR) * sin® = R{w)

- l\[@(wﬂz + gin®s - 2@(wisin?® - sin®x + sinks+ gin?e
- ®w)

.J[;ﬂm] 2 | 2 &iwisin®< + sin*s + sin’x « R (w)

- jk{'ﬂ - m&]ﬁ + sin%l « £ w)
o Rlw) =~ ;siazo( * ain%‘ - Elw)} = 0, Hence



.

ﬁ@&'(llﬂl - sin?y * ﬁiazd - ®R{w) <0, Since R(zy) ~ Klw)
= mm\jgrla - tﬁ.n@ - * gin?« « Rlw) = 0, then 2 @‘1}

- 2Rw) =
But 2 Ksy) ~ 2 Rlw) = - w2+ 2@8y) =1+ w2 - 2 @w) *2

*ﬁ)suz“*a@{ullml*lwﬁz.[ -~ |a, -2 '
,W"'"MR Oy
Iw-uila lﬁlmﬂ s
|ay = 1] = zlw=-1.

|2, = 3 lagwlf W -3

S -

lwle 1) 7 el =1 7wl » 1

qu*ﬂl} Iﬁ*l‘; ’
Jw(«-l lwl = 1 *

se¢d 7,&“‘:“&“"

Theorem 3eks I£ 0 < < < 15’ a = sin« *+ i cos«, and
if the series %g is @fmwvwm at the pois z = 1 of
it circle of convergence, then it is uniformly convergent
for all values of g which lie in both of the half planes
aw * aW - 2 sin« ’amdmc*‘?«» 2 sin~< = Oy

Prooft Let "Tz w &, Binee the u&ﬂw% is
convergent at z = 1, ‘2% econverges, That is, for

every <> 0, there is a positive integer ¥ such that if
&

m>-n = N |==b]<. ,
i’%y} Y“fmﬁ




‘ v+ .
mﬂpﬁ*)%bs!i‘w}a“m, 3»’ 23 3& .. ** Hﬁ%
any point in the regions , % #1,

m_ bp .8 (sp.s) (83 .35 |
_PZ“;% ?i%*%ﬁﬁ*%
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- € 'gundg. + 1 ot

I ¥ 8665 )|y - 1} |4 “] l'iﬁ’”% - T 4>§|§z'~»‘ ¥ ;’% ' ﬁ
. € -1l 2 -

< rvm-é}:r:% ;";%" * "‘%ﬁ%' By theorem 3.3,

,u< sec P, How ﬁmcpglglul’”lg“ ;:%Eg

ﬂ-m-?”,n % < W@wacp *1) = €,

Hence é2-§ i3 uniformly convergent for all s within the
=1 B
regions, .

in the prm%wwwmuzmdzam

aw * W -~ 2 sin< = 0,

Proof: Dy theorem 3.4, PE: % is uniformly convergent
at all points in the triangle, Sinece 7 is restricted to be
in the triangle, é 3 is uniformly convergent over the
set of values ¢ nay take on,

If ¢>0, then since 2 is m&fmly convergent,
%hmiaanliaa@hﬁm’z %) ﬁfa@ams
on the curve.

Gase I, If ¢ z3W -;%apmsnz.

Case I, If ¢ < 3N —=by thenl > Ml' Let

“ml* In eithey case 0 < 5 = 1,

%ﬂ'

=1
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ence if |0~ - 1/= S, |o|>1, and o on the curve, then
D <l w1l < s, low

I%ﬁ~§,b§)“§%* =3 z“gu“zw

O R s N
<5+% /ém?(ﬁ 1) n%*‘%% ﬂ

B P§¢ (° - 1)

cF R 0P e PR ey

= 34 *%13*)«1« y f[rp"‘l"*]apﬂzl* 'crym‘a/"P Trrel)
<55 Z B 202 PP e
f§§*\5”;|&2”"bp\.p = 35+ su é)bp}« In case I,

254 sséib,\w %‘*ﬁZ}bM‘%‘ =<, In case iI,

AL ZF,} == MRS 8 At
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