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CHAPTER I
INTRODUCTION

The object of this thesis is (1) to demonstrate the
value of an electronic analog computer for the solution of
non-linear ordinary differential equations particularly when
a large family of solutions is required; and (2) to obtain
as a by-product results of practical applicability to servo-

mschaniam‘selactian and analysis.

The Electronic Analog Computer

An analog computer may be defined as a device similar
in mathematical description {but often in no way similar
phygically) t0 a gsystem under study such that experiments
may be performed upon this device and the measured results
directly related to the results that would have been obtained
had equivalent experiments been carried out upon the system.
The system itself might be of mechanical, electrical, hydrau-
lic, chegieal; pneumatic or aerodynamic nature (or any combi-
nation of these). The associated analog computer may either
be a. scale model of the system or mey have no relation what-
soever beyond a set of mathematical equations. Such special-
purpose analog devices date back to about 181&; while the

general-purpose electronic analog computer (sometimes called



an electronic differential analyzer) is scarcely a decade
0ld.} oOver 400 installations of electronic analog computing
equipment exist in the United States alone, representing a
capital investment of 50 million dollars.® A typical medium~
large installation is shown in Figure l.

The electronic analog computer consists of a number of
each of several basic "building blocks"™ or computing units.
To form an analog of the system to be studied, the differ-
ential‘aqunticns of that system are written and the computing
ugits interconnected in such & way that the mathematical
equatiana‘desaribing electrical voltage at various points in
the eiraaits set up are identical (except in scale factors)
to the eéﬁatianﬁ to be solved, One computing unit is required
for each additian; multipl;eatian; integrazian; or other mathe-
matical operation in the equation to be solved. Thus, the
more extensive the equations to be solved the more equipment
is required, but the time required for solution is not increased
because all computer units operate simultaneously. The bgarw
ation of various types of computing unita; such as integrat-
ing amplifier (”integraﬁar”); snmming.ampliﬂmn'(“samm&r“i;
coefficient potentiometer (“pat“); limiter and multiplier is
briefly explained in the Appendix.

1Jerry‘aa§del,,§§ Intrmduet;enrgg,inalgg Computers
(Boston, 1953}, p. 2. T

zJohn M. Carroll, *énala?'ﬁamputers for the Engineer,"
Electrohics, XXIX (June, 1956}, pp. 122-129.
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The computer solution of a simple problem is outlined
below as an introductory example.

Figure 2 depicts a mass "M" suspended from a fixed sup-
port by a spring "K" and a dashpot "C". At time equals
xara; a constant vertical force "F® is applied to the mass.
Find the displacement "X" of the mass as a fﬁnctiaﬁ of time
*n”; if &; e; K and P have values indicated.

LLLLLLS L) w2 s

G = 61550 lbs. per ft.
¢ per gsec.

K = 1.21 lbs. per ft.

S | M
’T | F = 19.4 1bs.

X

- -ima— S S S, A A - .

Equilibrium
position

F
Fige 2-~Oscillatory mechanical system.

The applicable differential equation is

2 i
Md“x+ Cdx+Kx=F (1)
dt

ds®

or 2 d%x + 0.550 dx + 1.2Ix= 19.4 (2)
dt® de



or d%x = - 0.275 dx - 0.605x + 9.70 (3)
de® dt

Note that in equation (3) the highest derivative is isolated
on the left-hand side of the equation; this is standard pro-
cedure, Fignre.B shows the computer wiring diagram required
to solve this equation; symbols used are defined in the Ap-
pendix.

+ 100

Fig. 3--Analog computer diagram for differential
equation of oscillatory mechanical system.

The starting point of the computer wiring diagram of
Figure 3 is Integrator "A", If the sum of the inputs to
Integrator "A® is assumed to be dzx/dtz the output of this
integrator must then be

f‘ d?x dt = .
T &



Next all right-hand terms appearing in equation (3) above
are produced and connected to the input terminals of Inte~
grator WA", |

?hé/cirﬁuits set up in &ccsrﬁane@'mithAtha computer
wiring diagram of Figure 3 will obey equation (3). Since it
is required to solve for the displacement of "x" of the mass
"M" as a function of timg; the raéardar is connected to the
output of Integrator "B®. When the ”ﬁpernﬁe“ switch is
thrnwn; the computer begins to solve the equation and the

recorder simul~ws»ss:lx plots "x¥ versus time.

Solution of the equation considered above could have
been done easily by hand; of course. DBut suppose that
several hundred.sclutions of the basic equation must be made
for different combinations of numerical coefficients and
initial conditions--~then the value of the cgmpntar~ix ap-
parent. Or suppose that the differential equation to be
solved was linear; and so admitted of a straight-forward
manual salati&n; but was of may; thirtieth order-~even a
requirement for a single solution would in&iaate electronic
computer applicability. Finaliy; all physical systems are
in some measure non-linear, and where the non-linearities
are of sufficient importance to warrant consideration a man-
ual solution of thé'applis&bla differentia;.aqgatiaaﬁ in
closed form is frequently im@esaible; whilﬁ naa~l;néar com-
puter units may be readily included in analog computer cir-
cuitry. Because the engineering design and the analysis of
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practical dynamic system, such as an automatically controlled
aircraft or guided missile, often requires the study of a
family of several hundred solutions of a heavily non-linear
system of differential equations of high degree, the elec~

tronic analog computer has become an essential tool in the
aircraft and related industries.

Servomechanisms

It is sometimes desired to change electrical voltage
to mechanical motion with an accompanying increase in power
lavel; without introducing errors arising from variations
of load af@y@wzr supply. Such a problem can be solved by
the use of a servomechanism ("servo®). For axamﬁle; an.
electric motor may be made to rotate a shaft on which is
mounted a potentiometer with fixed voltage across its end ter-
‘minals. Rotation of the motor causes motion of a "tap" con-
nection such that the voltage appearing at the %tap” or out-~
put of the potentiometer is proportional to the motor shaft
position. This output voltage is compared with the original
electrical valtaga; and the difference made to control the
electric motor. This is one type of servo. Such devices
are of considerable importance in guided missile and air-
plane simulators and flight traiaera; in gunfire control
eﬁaipmant; and numercus industrial applications. An example
is shown in Figure 4.



° Comparator
I%%ut Error | Ampli- |
{Electri- \«\/ E fier |{Electri<|Motor
cal) ~ cal) :
v
6,
(Elaeﬁriaai

Fig. a~~51ack diagram of sarvomeah&niam.

At each instant,\hhe comparator yields the difference
betwfaén input signal 6, md output position 6 This is
the ®error" signal E, since for output aguaia input the sig-~
‘nal would be zero. The amplifier accepts the electrical
error signal which is at lew‘paﬁar level and converts the
error signal to a voltage and power level suitable far con~
trolling the motor. The’mstar will then rotate in a direc-
tion to reduce the error to zero. The output of an ideal |
servo would follow instantaneously all changes in the iﬂgut
to the servo. Sﬁeanaa of motor inﬁrtia:and frinticn; as well
as the finite power available from the amplifier which con-
trols the m@tar; a practical servo may depart seriously from
the ideal. ‘

A linearized set of differential &qp&%iﬂaa3 describing
the servo illustrated in Figure 4 is shown below:

1. A Getting Theory of Servomechanisms, Vol. XXV of

« T. Radiation é%?maraﬁa Yy gerd ’ by Hubert M.
3&11&%& “Nathanlel B. Nichols, and Ralph S. Philg

ips, 28 vols.
(New irm:, 1947), p» 10. ,



E= 0 - 6 (&)
V=i E (5)
JO, +£0,=ky V (6)
where ‘
E = comparator or error voltage
v&rinble# % = input voltage
6, = output mechanical position or voltage
V = amplifier output
J = motor inertia
constants f = motor friction.coefficient
- kl; k, = proportionality factors.
an@var; for economy of power reguiramenta; practical
servomechanisms are almost always designed to operate largely
gunai&a the linear range of one or more components. The
feedback principle fundamental to all servomechanisms insures
that the steady-state or static accuracy will not be affected
by such aﬁn*linanritiea; but the transient or dynamic perfor-
mance may be seriously affected. Further discussion is re-
served for Chapter II.



CHAPTER II

SPECIFIC PROBLEM TO BE STUDIED
AND ITS IMPORTANCE

When choosing a servomechanism for a particular appli-
cation various practical criteria might be apyliad; some of
the more obvious being availahilit#; aast; siae; and gﬁwar
consumption.. These factors must be reaunailﬁé with acecuracy
requirements of the servo. If the servo motor and the anpli-~
'fiar‘will always operate within their linear dynamic ranges,
egquations (h}; {53; and (6) apply aaﬁ thaAayatam is linear
and of second order. Dynamic accuracy of the servo can then
be measured conveniently by one g&rﬁm@ter; the natural fre-
quency of the system. E@:aavar; the response of the servo-
mechanism to any input signal voltage can be calculated by
straight-forward analytical taehniqﬂea; such as Laplace
Transform methods. | |

As aescrihﬁd-aarliar; hawgvar;vprastiaal servomechan-
isms make use of the non-linear dynamic regions of motor and
amplifier performance for reasons of power economy. In this
case "natural frﬁqaeaey“ has a meaning only for the re-
stricted range of performance where linear differential
aégaﬁiena ayply; and other criteria such aaAmxximum‘méter
aéead and acceleration are often employed. Good analytical

10
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methods do not exist for handling the non-linear differential
equations and thus few results of general applicability to
the non-linear servo problem exist. Gaﬁaaqnantly; there is
little uaderatsﬁding in the field as to the implications on
performance of these rough criteria. Accordingly, it is the
purpose of this thesis to produce a family of servo perfor-
mance curves which will be illustrative of the capabilities
of the electronic analog computer in such problems and which
will also be of some immediate practical value in servo-

mechanism selection,

Motor Characteristics

For t&e "}inearized motor" where equation {6) apyliaé,
the motor charaétsriaties may be plotted as a family of
straight lines as in Figure 5 on the next page.

Jjo, +£6, =K,V (6)

The distinctly non-linear characteristics of the actual moter
are shown in Figure 61 for comparison.

The curves in Figure 6 follow no simpie analytical ex-
pression and in any case represent only one type of motor.
Consequently an attempt was made to find a fairly aimplé

means of taking account of the inherent non-linearities of

the motor in an approach of reasonably general applicability.

1 ,
Harold Chestnut and Robert W. Mayer, Servomechanisms
and Regulating System Design, Vol. II, 2 vols. (New York,

m5 i P" »
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D3

=0 6 =2

4 // .9.6;0
8,72
74
Rpm | Rpm | ////
‘ éo eo

Control Volts (V) Control Volts (V)

Fig. 5--Motor character- Fig. 6--Non-linear motor

istics of linearized motor. characteristics of actual motor.
The motor characteristics typified by Figure 7 were

chosen and for low speeds may be represented by equation (6),

with all constants set at unity for conveniences

6, +86, =V (7)
or § =V - éo : (7a)
i
i 2
Rpm
éo

Control Volts (V)
Fig. 7--Motor characteristics chosen for study.

To take account of the horizontal portions of the motor
characteristics shown in Figure 7, equation (7a) holds. And
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] 8,
g < A (1 - -5 (8)
{considering only positive velocities at the present) where

A is the maximum acceleration from zero speed and S is the
maximum steady~state motor speed.

Amplifier Characteristics
The linear amplifier described by equation (5) actually

has limits upon its ouzput; s0 that it should more accurately
be represented by |

E, 1E1<C

V = ¢, E>C (9)

..c; E<-¢C
where the constants have again been set at unity for con-
venience. The amplifier characteristic of equation (9) is
depicted in Figure 8, Gf‘caurae; an actual amplifier usually
exhibits less sharp transition into the limited-output region.

Fig. 8--Amplifier characteristic.



CHAPTER III
THE ELECTRONIC ANALOG COMPUTER PROGRAM

It was desired to produce a compact set of servo per-
formance curves that would have & rather general applicability.
This requires that the number of adjustable parameters be
held to & minimum, while making it possible to utilize the
curves (with proper scaling) for cases not specifically
considered. Setting the constants of equations (4) and (5)
to unity as was done in equations (7) and (10) results in a
dynamic system with natural frequency of one radian per second
and damping ratio of 50 per cent. Only the parameters as-
sociated with non-linear motor and amplifier characteristics
(3 and C) were varied in the computer study. |

Only one type of servo input was used; a step of 50 volts
occurring at time equals zero, as shown in Figure 9.

50

6.

\]

0 time —>
Fig. 9--3tep function of 50 wolts at time equals zero.

This input was chosen since the step function is the

most severe input 1ikaiy to be encountered by a servo, and

1k
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also because the response of linear systems to step inputs

i# well known and the results easily available for comparison
witﬁ sﬁn~linear systems. The value of A was fixed at 50
volts. The equations actually studied on the electronic

analog computer were, then,

0, t<0
o 50, t >0
E = 6 -0,
E, 1E1<C
v =4 ¢, E>C
-C, E<-C - .- (10)

e 5 .
(V =80, -Al1 + 22)<(V-, )<A(1- £2)
6, =jA(1- 32 ), (V-4)>401- £ )
-A(1+ fg” ) (V-8,)< -a(1+ Bo ),

The specific program is tabulated in Table I. Note that in
all eéaaé stc; since the amplifier must be e%pabla of an
output voltage at least high enough to cause the motor to
run at its maximum speed. » ; |

‘?igura 10 shows the electranig an&lag computer wiring
diagram used to solve the set of equations (10). The switch
#aad to insert the step input is ahown; and the coefficient
potentiometers controlling thargaramaters 3 and C are indi-
cateds The ®Brush" Eegerder was used to plot automatically

time histories of several quantities of interest as indicated



TABLE I

ELECTRONIC ANALOG COMPUTER NON-LINEAR
SERVOMECHANISM STUDY

16

Case No, | é 3 ] Cage No. | € 3
1 50 | 50.0 22 30 |1.875
2 50 40.0 23 30 |1.25
3 50 30.0 2l 20 0
L 50 20,0 25 20 E:.e
5 50 10.0 26 20 5.0
6 50 5,0 27 20 2.5
7 50 2.5 28 20 1.875
8 50 1,875 29 20 |1.25
9 50 1.25 30 10 }0.0
10 40 40.0 31 10 |5.0
11 40 20,0 32 10 2.5
12 W 10.0 33 10 {1.875
13 40 5.0 34 10 1.25
1 40 2.5 35 5 5.0°
15 4O 1.875 36 5 2.5
16 Lo 1.25 37 1.875
17 30 30.0 38 1.25
18 30 20,0 39 2.5 |2.5
19 30 10.0 40 2.5 11.875
20 30 5.0 41 2.5 |1.25
21 30 2.5 L2 1.25 [1.25
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in Figure 10 by R; where the subscript i denotes the

channel number.

al V "’00 Rig. had 90
R, -6, Rg ~-E
v
RB + 00 Ré + V
Results

A sample ¥Brush" Recorder result is shown in Figure 11.
Such records were obtained for all the cases listed in
Table I. They are of use primarily for éhecking purposes
and for more detailed analyses of servo performance than is
intended for this thesis. To plot the degired curvaé; a
"Variplotter" plotting board was used since this device
produces much larger plots, can plot a whole family of curves
on a single sheet witﬁ common axes, and éan produce cross-
plots of dependent variables (rather than only time-histories)
if desired. Figures 12, 13; 14, 15, 16, 17 and 18 presént
the time-histories of servo output in response to a step
input for all the cases of Table I. The response for a
linear system is eaaantially‘tke same as Case No. l«

These curves are of value in themsalvas; since they
make it possible to observe the response to a step input for
a specifiedlaystemg'ar; conversely, what non-linearities may
be tolerated for a given allowable response., However, other

servo system criteria of interest may also be calculated
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from the curves or by the analog computer itself. One such
criterion applicable to both linear and non-linear systems
of any order of complexity is

Integral-of-error-squared = ‘[ B2 dt, 1 .

It is desired that integral-of-error-squared be made
as small as possible, For each case of Table I; integral-
of-error-gquared was calaulaﬁed automatically by the analog
computer (circuitry not shown in Figure 10) simultaneously
with response calculation. Integral-of-error-squared is
ylstned in Figure 19. The value for the linear case is in-
dicatad; 80 that it can easily be seen for a given degree of
non-linearity how much‘déyarture from the minimum (iw@w;
that obtained in the linear case) is incurred.

A common tool in the analysis ef‘nonulinear differential
equatiana (eapecially of second order} is the phase-plane
plot, i.e., & plot of output 6, vs output time~derivative 8, .
Only qaaliﬁatﬁve analysis sf & system can be made from such
a plut; but because they are fairly easily constructed they
are often used. Without additional diacusaian; phase-plane
'plats produced automatically on the plotting-board during
computer solution of several of the cases of Table I are
illustrated in Figures 20 and 21 as a further demonstration
of elaeﬁrcnic analog computer cagahilini@a*

ta1pert c. Hall ?h@ Analysis and Synthesis of Linear
Servomechanisms (Cambridg 1dge, I@Eg}, Pe 23
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7 Future Recommendations

From the foregoing discussion it may be concluded that
basic data have been obtained which will permit the specifi-
cation of practical servo characteristics required for a
given performance description, and which will allow the
ready evaluation of a given servo. To be more representa-
tive of actual servo inputs, it is recommended the use of
random inputs of specified statistical properties be used
in future studies rather than a step input as was used in
this study. Then the primary calculation to be made would
be the integral-of-error-squared for the various cases.
Alsc recommended for future study is the ea1¢a1atian of the

average and maximum servo motor power required for both step
inputs and randem iayuts; to relate reduction in power re~-
quirements quantitatively to increase in integral-of-error-
squared. These power calculations can be made by additional
computer elements simultaneous with calculation of servo

output response time histories.
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APPENDIX
ANALOG COMPUTER COMPONENTS AND THEIR FUNCTIONS

The basic components are the integrating amplifier
(“integratar“); the summing amplifier (“samm&r“); the coef-
ficient potentiometer '(”pﬁt“); the diode limiter (”limitar”);
and the voltage source. To draw a wiring diagram for the |
computer using these components a set of symbols has become

standard. These symbols and their function are listed below:

COMPUTER ELEMENT SYMBOL INCTION
Integrating Ampli- x NS xmer Qutput is minus

the time~integral'
of the gum of the
inputs.,

fier ("integrator")

Summing lifier Output is minus

("summer® the sum of the
inputs.
Coefficient Potenti- Output is input
ometer (Ypot") X K X multiplied by a
_ gasibive congltant
less than 1.

$In;egraters also have provisions for inserting
"initial conditions.™

MHince a2 "pot" cannot multiply a factor greater than
1, the""integrators™ and "summers" have special input termi-
nals which effect multiplication by 4 or 10 while adding or
integrating; thus to multiply by 2, a "pot" set at 0.500
is used together with a special input terminal of 4, giving
an overall factor of (0.550) X (4) equals 2.

32
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COMPUTER ELEMENT SIMBOL FUNCTION
Limit

——¢n

Diode Limiter < ¥
(*limiter")

Output is input

| Xiim limited at value
set on + and -
limits.

Voltage Source : Together with
+ 100 [ "pot® supplies
additive constants.
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