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CHAPTER I
DEFINITION OF CRTHOGONAL FUNCTIONS

in tais study the idea of orthogonality of two lines
will be generalized to the idea of arthogeonality of two
functions. In particular, the orthogouality of two lines
ugy be treated from the standpoint of the orthogonality of .
two vectors in two-dimensional spaces The point of inter-
section of the two lines may be considered as the origin of
a rectangular cartesian coordinate system and the coordinates
of a point different from the origin on each of the two lines
will be the coordinates of the two vectors which are orthog-
onale If P is one of these points (a,b), Q@ is the other
point {c,d}, and O is the origin, then the triangle POQ is
a right triangle. From the law of cosines it follows that

cos 90° = ac + bd .

Hence ac + bd = 0. Conversely, if VaZ? + b2 0, Vclva? # 0,
and ac+ bd= 0, then the two vectors (a,b) and {e,d) are or-
thogonal.

If two non-zero vectors {a,b) and {c,d} are orthogonal
and (e,f) is a non-gzero vector, then there exists numbers p
and q not both zero sc that p~{a,b)+qe{c,d)=(e,f). This
follows from the fact that the two equations ap+cg=ec and
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bp +dq=f have non-trivial solutions for p and q when

ac+ bd=0, Hence if two vectors are orthogonal in two~
dimensional space, any non-gere vector can be represented
by a linear combination of these two vectors. & convenient
method for solving pla,b)+ql{c,d)=(e,f) for p and q is to
use the vector dot product. If both sides of the equation
are multiplied by (a,b), then p(a,b)+{a,blrql{c,d}s(a,b)
=(e,f)+(a,b)s Since {a,b) and (e,d) are orthogonal,
{cyd)e(a,b)= ac +bd=0. Hence p(a,b)=(a,b)=(e,f)-{a,b).
pla?+ b2f= ge+bf.

poadsdl
ag—h‘?

Similarly qlc,d)s{c,d)={e,f)+{c,d}.

:

g=

L 2

¢2*_d2
8ince ae+bf # 0 or ce+ df # 0, there is no vector orthog-
onal to both (a,b} and {(c,d).

If two non-zero vaatara; {a,b) and {c,d), are arthngnnal;

then the two vectors

' PN and, ¢ . s oS
T SEee ) e W)

are orthogonal. The length of these vectors is one unit and
the dot product of each multiplied by itself is one. These
will be called an orthonormal set of vectors. Since any non-

zero vector in two-dimensional space can be represented by a
linear combination of two orthogonal vectors, any two
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orthogonal vectors in two-dimensional space will be called
& closed set. 8ince no vector is orthogonal to both of two
orthogonal vectors in two~dimensional a:m—@e; any two orthog-~
onal vectors in mmdimezzsmﬁal space will be ea;}.leei complete.
1f two non-zero vectors, {(a,b,c) and (é,,%,f}, in three-
dimensional space are orthogonal, then the triangle formed
by the origin, the peint (a,b,c), and the point (d,e,f) is
a right triangle., Again by using the law of w&i&wa; the
result
cos 90°_ _ad the + of
Va2 + 62 + 2 Vi + o2+ £2
can be obtained, Hence ad +be+-cf = 0, Also if
ad+ be+ef = a;
then the two vectors are armagmal

if (a, ,c}, {é,@,f,), and (g,h,i) are three non-zeroc
vactgw such that each is orthogonal to the other two and
(j;k;& ) is a non-zere th@r; then there exist numbers
Xy ¥, and % not all zero such tha&:
x{a,b,@}+yfé¢e,§:‘}+z{g,h,i) (j,k,lh

This is true because the three equations

ax+dy+ gz=]

bx +ey+hz=k

cx+fy+ iz =1
have a non-trivial solution for x; ¥y, and z if

ad+ be+ci= G;

dg+ eh+£1=0,

ag+bh+ci=0,
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and one of the numbers j, k; or 1 is not zero. ﬁgain, if the

vector dot prnduct is uaed; t;he salutim of tha equations is

simplified to, x(a,b,c)e {a,b c)-ry{d,e,f} {a,b,s)
+zlg,h,i)*(a,b,c) =(3,k,1) ia‘b,c}.

Hence x= altbktel
a+ b2+ c?

Y dj+ ek+fl
d'?w- az-r—fz

and z_Zithk+il .
gzd_hzr ;2

¥

Since one of these is not zero, the vector (j;k,ll is not
orthogonal to all. of the other three. Thus any three non-
zero mutually orthogonal vectors in three-dimensional space
form a complete set of orthogonal vectors. Since any non-
zero vector can be represented by a linear combination of
three mutually orthogonal vectors, any three mutually orthog-
onal vectors in three-dimensional space will be called a

closed set of orthogonal vectors. The vectors

s g )
ga + b ci

)
Vdié-r-sié-c— f Vd + e + Vd + e +—f

and ¢ 5. - )
1e2+ R + iz ’\/é h2+-i2 ’ng-{-hz-l-iz

are mutually orthogonal and the magnitude of each is one. -

Because of this they will be called an orthonormal set.



The idea of orthogonality of two vectors can be gen-
eraligzed to vectors in n-dimenaional space where n is any
Wsitim integer. Here two non-zero vectors "%‘,#2;3‘3 ;'“'Xn}
and (yl,yz,yg,,*";yn} will be called orthogenal if and only
if |

. ,
‘=QO
g%;% *»p

If a set of mutually orthogonal wtxtéra is such that any non-
gero vector in the space can be expressed by a linear com~
bination of the vectors in the set, the set of vectors will

be called closed. If a set of mutually orthogonal vectors is
such that no ather non~zero vector in the space is wthagmal
to each of them, the set will be called complete, If a set .

of mutually orthogonal vectors is such that if {,xl;xz,x:;;nuxﬁ}

then the set will be called orthonormal.

is one of them then

4 vector in n space can be considered as n ordered pairs
of numbersj the first numbers in the pairs being 1,2,3 ,*m,;n
and the second numbers being the first cmpenaat; second com-
panam; third cmp@mﬁﬁn; nth component respectively.
Similarly a function defined at each number in an interval
[,b] may be considered as a set of ordered pairs of num--
bers, the firss number in each pair being a number in the
interval [a_;b] and the second number being the ’sra;ua of the

function for this number. In the case of vectors, two
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non=zero vectors were called orthogonal if and only if the
sum of the }?reﬁaam of carraayméing second numbers was zero.
If two functions,f(x) and glx}, are defined on an interval
[a*b] s it is not possible to sum the products of the cor-
responding second numbers in general. To extend this idea
of non~gzero and orthogonality to functions , a function f£{x)
will be called a non-zero function on an interval [g;b] »

if and only if
2 .
E(x)] ax#o.
a

If f{x} and gix) are non~gzero functions defined on the inter-
val [a,b], then they will be called orthogonal if and only if

/B f{x)g{x) dx=0.
a

If a certain group of non-zero functieas,r,‘ defined on an inter-
val [a;bJ; is considered, then any orthogonal set of these
functions will be called closed if any one of the functions
can be expressed by a linear combination of this set. Also

a set of orthogonal functions will be called complete if no
other function in the group is orthogonal to each of them.

If a set of orthogenal fmntiws; defined on an interval
[a;b]; is such that if f£{x) is one of them then

f [£(x)] %= 1,
a

then the set will be called orthonormal.



CHAPTER II
DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS

In the study it is necessary to determine the set of all
numbers K for which the differential aquation Y- K2Y=0 has
a solution satisfying the conditions Y(a)=c¢ and Y({b)=d
when a is less than b or the conditions Y'(a)= ¢ and Y'(b)=d.

The general solution of the differential equation is

Y= 4ef* 4 pe KX
where A4 and B are arbitrary constants (4, p. 170). The in-
terest here is in those solutions only where Y is not iden-
tically zero. Hence, it will be required that either A is
not gzero or B is not zero.

In order to determine K, A, and B so that Y(a)= ¢ and
Y(b)= d, the only consideration will be of the two equations

Ak peKa= ¢ |

and 2efpe Kb 4

‘which are linear in A and B. In order to determine a value
for K so that these equations will have a solution different
from A=0 and B=0, the determinant solution of these equa-
tions for various values of ¢ and d will be investigated.
Case l.--If ¢z d=0, the determinant of the two equations,
eKag~Kb_ Kb, -Ka

»
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must vanish (3; ps 106). The resulting equation is
oKag-Kb_[Kb -Ka -
Kla-b)_ -Ela-b)_ 4 ,
e-K(b-a)_K(b-a)_ o

Now let K= P+iQ and the equation becomes
o~ (P*1Q)(b-a _o(P+1Q)(b-a)s g
o~ F(b-a) a—-iQ{ba-a )’&P( b-a) iQ(b-a) _ 0.
Since e** 1V = eX(cos y 41 sin y) (2; p. 326) and
e X2 e X(cos y - i sin y),
¢ P(b-a)g-1Q(b-a)_gP(b-a)¢iQ(b-a) ( can be written in the
form e~Plb-a) [cos(b-a)Q ~ i sin(b-a)q)
- gFib-al [cos(b-a)Q i sin(b-a)Q]= 0.
By factoring the left hand member af this equation the result
is [a“?(b“a)ve?(b“a)]cosfb*a}q
- [&‘P(b”a)-b GFlo-al] sin(b-a)Q= 0.
Since the left hand member of the equation is equal to zero,
the real and imaginary parts are equal to zero. By equat-
ing the real part to zero and the imaginary part to zero, the
imaginary part becomes
[e-P(b-a) +~eF(b"a}] sin(b-a)Q = 0.
Since both the exponential terms are positive, their sum is
positive. Hence, it follows that
sin({b-a)Q=0,
{b-a)Q=%n¥,

Q= *(b-a), {n=1, 2, 3, =+,



When the real part is considered, the result is

[e‘"?(b“a) - ef (h-a)] cos{b-a)Q =0.

When the value of Q is substituted in this equation, it is
found that cos(b-a)Q- + 1. Hence

[a-éﬂb-sa)' __gf’»fb«a}] (t1)=0,
e~P(b-a) = gP(b-a),
~-P({b-a} = P(b-a),
-p=p,
P=0.
Hence K must b&:%% and the general equation is
.&.[ees(i %%}"ﬁi sin{:%%}]

+B cas(:t%%} -1 3‘{3{:%«%}] =7
X
(A+Bleos(+ §7%) + (4 - B)i sin(x o) o y.

If 2~ is a whole number N,

T - S
b-a - N»

a =2bN —~al,
a{l+ N)=DbN,
1+ Nli=bl{.B
a(l+ )= bla),

j= D
i+H b-a '

and hence, b?a is a whole number. Under these conditions,

A=-B and y=2idsint %_%n If A ”-!‘-‘-21«&; then y=4, sin %,.@a

n= l’ 2’ 3‘ see
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Case II,~-If c=d and d does not equal zero, and either
numerator, c(ekb-e-Ka) or c{eKa-eKb) in the determinant
solution is zero, then K== %—g‘é‘- and bpth are zero. Under
these conditions , *bha ﬁanminamrs must be zero. Hence there
is a solution for the equations considered if K== -@211@-
1f K=+ f20-1hvi ,

boa the denominator is zero and tha nmaerators
are not zero. Hence, K= J:i%}%bi can not be used here.
Under the afore conditiens,
y=(A+B)eos(x £%), (A - B)sin(s gz,

If £8- is an integer then ﬁ—- is an integer. Hence, A= -B
and y= Anaiﬁ{%‘}, where A, =+ 2iA, (n=1, 2, 3, sese),

If X is not t %;—4:%, then the numerators of the deter-
minate sclution of the equations are not zero and the denom-
inators must be diff&rmt from zero. Hence, if K is dif-
ferent from r m there is a unique solution for A and B.

Case mv’mlf ¢= ~d and d is not zero, then each nu~
merator is zero, if and enly if, K=+ (20=LIWi  g3,00 ghe
denominator is zero for these values of K, there is a solu-
tion. Under these conditions,

y=(avB)eos(x AZLME ) 5 (4 p)sin( s (2azLlvx)
If g_,ﬁg is an integer, then 4= -B and 3!':%31&?{%) »
where A =+ 2iA. Since the numerators are not zero but the
denominators are zero when K<t %;g‘”, these values of K
can not be used. If XK is not :%; the numerators and the
denominators are not zero and there is a unique solution for
4 and B.
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Case IV.--If the absolute value of ¢ is not equal to
the absolute value of d, then either ¢ is not zero or 4 is
not zero and both numerators of the determinant seclution can
not vanish. Hmé@, for any K not egqual m, r %ﬁ' €haz*e is
a unique solution for A and B, but for K= +__,% there is no
aolution for A and B. |

In order to datmina values for K s Ay, and B 80 ﬁhat the
differential aqnatien y* - sz 0 will have a solution,

y—-&éﬁx*-ﬁeémx
which satisfies the condition y'{a)=c and yt{b)=4d fax* a
less Lhan b, the two equations
raek@ . gpeKa_
and
KAeK? - xBe Kb d"
will be determined. The éeteminam;s used in m}ﬁing 'théesa
linear smtiem in 4 and B are |
-K{ce BP - geKa),
-K{de k8 - ¢9~Kb)
and
_e2[K(b-a) | gK(b-a)]
If K is not equal to zero, these determinants vanish, if and
only if, the corresponding determinants considered for the
conditions y{a)=c and y{b)=d vanish.
Case I.~-If ¢=d=0 and K= :m
y= {A+B)cos{% m;+ i{&-vB}aia{r m)‘
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If _a_ . - - L
-5 18 an integer, then A=B and y-Ancas%-:ﬁ, where
A = A+B. |
Case }I.--If c=d and d does not equal zero, then
~ + 20T
K= ¢ el
and

y=(A+B)cos( %émw) + i{A-B)sin(x %‘%ﬁg}’

or K is notx%% and there is a unique solution for A and B.
If K= :%ﬂ—lgi and "6'&5 is an integer, then A= B and
y= Ancw{%}g&'}

where An= A+B.

Case IIl.--If ¢=-d and d is not zero, then
=« {2n-1)wi
~ b-a ’

and
y= {A*B)ces(ii@%}g&-)d- i(&«B)sin(i‘&%%m),
or K is not = %-%. and there is a unique solution for A and B.
If XK=z %& and 'E%é is an integer, then A= B and
y= Anccs‘i‘g%fl‘mx
where 4 = A+ B,

Gase IV.--If the absolute value of ¢ is not equal to
the absolute value of d, then either ¢ is not zero or d is
not zero and both the numerators of the determinant: solution
can not vanish. Hence for K=x %{% there is no solution,
but for any K not equal to * %’_{é there is a unique solution

for A and B.



CHAPTER IIIX
ORTHOGONALITY UNDER CERTAIN BOUNDARY CONDITIONS

Let ¥j be a solution of the differential equation

Igw E§Yi=0

and let Y, be a solution of the differential equation
T8~ K3¥,=0

on the interval from a to b. If the first equation is multi-
plied by the solution of the second and the second is multi-
plied by the solution of the first, the resulting equations
are

11 Y, - k¥ ¥, Y,=0,
and

L, Y - k2 Y, r,=0.
By subtracting the last equation from the preceeding one the
resulting equation is

Y)Y, - T Y+ (K2 - k2)Y,Y,= 0.

By integrating this equation over the interval from a to b
the result is

b
” "
[(me YoYy)dx + (K, - Kq) ﬁl"z""‘ 0,
: i ? 2‘” 2 -
A ;ﬁ-f‘i’lrg— T,¥, yax+(K3 Klf}g dx =0,

13



b
- b-k 2 _ w2 —
{Yle Yzyl}a (Kz E;z_)[ Y}_YE dx =0.

If K’% is not equal to K% and(Y{Yz - Y;Yl} 0, then

&

This by definition makes Yl and Yz orthogonal on the in-
terval (a,b).
1f (Y], - 117,)P is considered with either the set of
boundary condditions
Y, (a)=1,(b)=0
Yo(a)=T,(b)=0
or
Ti(a)=¥;(b)=0
T (a)=TY)(b)=0
the ¥y and ¥, are orthogonal on the interval ( a;b).
Tf the first set of boundary conditions are aatisfiad;
the solutions for the equation Y"+ (BTh)%y=0 are
1,5 ap[(1 - 2R8I )coslX +1(1+ BT o1ofllE], n=1,2,3,%00 .
These functions are orthogonal on the interval (a,b). Since

each Y, is a continuous function not identically zero

/Siﬁ ax#0
a

if A, does not equal zero. Hence if A, is equal to one
divided by plus or minus the square root of the integral
over the interval from a to b of
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[{1 - %;eoﬁa- i(1+ ezg.%g“&iﬂw]z

/b
2 —
/Xn dx=1
a

and the set of functions ¥, n=1, 2, 3, ++», is orthonormal
on the interval (a,b). If in addition, -535 is an integer,

¥n=t '\,% sin% .
Only the positive square root will be considered.

If the second set of boundary conditions hold, the set
of functions Y, is orthogonal on the interval (a;b) where
'n'-:lql 2, 3, s»+s, 3ince esach of these functions is contin-
‘uous and not identically equal to zero if 4, does not equal

b 2
Y5 dxF 0.
a

In particular, if Aﬂ is squal to one divided by plus or

then

zero, then

minus the square root of the integral over the interval from
a to b of
0 oz 10+

then

and the functions are orthonormal. If ﬁ;— is an integer,

Y =2 ‘\/% r:aﬁ .
Only the positive square root will be considered.



CHAPTER IV

EXPRESSIIG FUNCTIONS AS A SERIES OF
ORTHOGONAL FUNCTIONS

Now a special case of the equation A 5 -0 will be
considered where a-G, b—i&@ and K~:.Mi n= 1 22,3,

If T,(a)= Yn(b) 0, then the solution w:i.ll be of the form
B, 31:1% . If Eé{ab?é{b)r-ﬁ, the solution will be of
the form 4, cesEﬂL% . -
If there exist constants Bl, 82, 133 2*** such that
fix)= ﬁBn s:in@%?
on the interval (O,L) and such that the series

iﬁiﬂ% sing%z

can be integrated term by term to obtain

/Em&g.& flx)dx,
0
L - S
By= %[f{?&i sin&%-yh dx, k=1, 2, 3, *ee.

This follows from the fact that
f sinkfE g1niTX dx= 0
if k#n and 12
n [ [siﬂk%] ﬁx: %\.

16
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In a similar marxner; if there exist constants ‘&l; Az,
A3,°"* such that £(x)= }_ A coslE on the interval (0,L)
and such that the series i‘ tmskﬁ casa? can be integrated
term by term to obtain coakﬁ £{x) dx, then

Ak:% f{x} ﬁask? dx, k= l, 2, 3, ese,
Q

This follows from the fact that

/tcwk? coshi¥ dx= 0
if k#n and °

/tﬁkﬁsg‘%z] 2{3.’&:: gé
0

When a curve is symmetrical with respect to the Y-axis,
that is f(x)= f(vxl, the function is said to be an even
function and /;f{x)dx,- 2\Q/\ftx)dx. For example l, xz

¥, cas{m:); and x sin{nx) are even functions.

When a curve is sma%r:}.aal with respect to the arigm,
that is if f{»—x}—- wf{x}, the function is said to be an odd
function. x, 3:3 3‘ and x2 sin(nx) are odd i’unetiona‘ Al-
though all fam:tims are not necessarily even or odd, every
function can bé expressed as the sum of an even and an odd
function by the identity

£lx)= &-[e(x)+ £(-x)]+ [e(x) - £(~x)].

When f(x) is an odd function defined in the interval

(»L:,L):,. Ap= 0 and By %ff(x}sm(m)&. Hence f(x)
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corresponds to % }"‘:’a:{n{%} /i fiz)am(ﬁ%&}da where the
0

variaﬁle of integration is z. This series can be expressed
when £(x) is any function defined in the interval (0,L) pro-
vided there exist integrals which represent its coefficients.
When f(x) is defined only on the interval ( Q,L};, an odd
function exists in the interval (-L,L) which is identical to
f(x) in the interval (0,L). If that odd function is repre-
sented then so is f{x).

Wi{zen f{x:} is an even function defined in the interval
(-L,1), S | | |
A = % A f{x)cos{nx)dx (n=€}; 1, 2, vee)
and

By =0 (n=1, 2, 3, *==).
Then f(x) corresponds to

% O‘ ’fiﬁ}dz-r% ﬁaea{ax)dx f' fig}ces{aﬁ}(ﬂi&»
Since every term of the sine series is an odd function, it
must converge to an odd function with the peried 2L for all
values of x if it converges in the interval (0,L). Also if
the cosine series converges , it must represent an even
periodic function with the peried 2L. If f{x) is such that
flx+2L)=f(x) and £{x) is sectionally continuocus on the
interval {*L; L) then the series converge at each point where
£(x) has right and left hand derivatives, Furthermore the
series converge to %[ﬁ‘{x*—)-&- f(x~)]at these points. f{x=)
and f(x+) simply mean the limits of f(z) as z approaches x
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from the left and from the right respectively. Less restric-
_tive conditions on f(x) may be used but they will not be
discussed here. (Churchill, p. 70)

It is a simple matter to transpose the axis in such g
manner that the interval (a;b} will correspond to an inter-
val (0,L) by letting u=x-a and L=b~a and considering the

equation M
T,= a%‘% + B@:’% .
If ’
T, (a)=1, (b)=0,
then

Aelfid 4 pe=llB =0 and B= ,,,m%a'

By substituting this value for B

@.&w

b-'-a

When x=u+a is substituted the eqmtian becomes

A ]
Ta= ACTSR 28 - o2 o).
SIS Y - o
Let Wp= A@%; Then
Yﬁ:Wﬁ{@ﬁﬂ -

Yn—':%fn(cas%-n—i sin%?-'_g - ws‘g-g—ei airég‘-fg) ,
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and Yp= Aini sinflll,
By letting A= 2 i and substituting L for b-a, the funetion
becomes

| A, &hﬁ%ﬂs

When x= u+a is substituted, the aquatim becomes,

T= Aofilif (oIl 4 ooy,
Let Wy= Aefidd,  mnen v = Uy (oAU 1 o=imriu),
Y= Waiea%+ i smﬁ + cesﬁg - i 31%}.
| Tn= Zn(cosf®d),

By letting B,= W, and substituting L for bwa; the function
becomes ’
Ip = Bncos™2,

The set of non-trivial solutions of th@ differential
equation Y - {&532?— 0, n=1, 2, 3, **=, with the boundary
condition Y{a)=Y{(b)=0 or Y'(a)=Y'(b)= 6 is an orthogonal
set of functions.on the interval (a;b}. In partimﬁm'; if
a=0 and b= L, these functions are Tp= B,,aineg%f& for
T(0)=Y(L)=0 and Y= A,cosllE for Y'(0)= T'(L)=0. If £(x)
is sectionally continuous on the interval {0,L}, then there



exist constants
Bn-"% f{)ﬁ}ﬁiﬂ%ﬁ éx, n'-:l_, 2’ 3’ ‘tgaﬁ
4]

guch that :E ﬁinmx? converges to é[fimh f{xw}] at
every x such that f(x) has right and left hand derivatives.
1 ﬁﬁﬁsﬂxﬁ? converges for all x in the interval (&,L);
then it converges for all x and its sum is an odd periodic
function of period 2L. |

Under the same conditions on f(x) there exist con~
stants

| &n-.% [ﬂx}m&%&, n=0, 1, 2, **°,
such that ;f;&ncwﬁgﬁ converges to é[ﬂx) -rf‘{x-r}] at each x
where f£{x) has right and left hand derivatives. If

iﬁnw&% converges for all x of (Q,L) then it converges
for all x and its sum is an even periodic function of perioed
2L. If f£{x) is sectionally continuous on (JL,L); then it is
the sum of an even and an odd function. Thers exist con=-
stants Ap atd By such that Ag+ J~ [ApcosBliE+ Bﬁsirx&iQ] con-
verges to %[fix+}+f{x~ﬂ at every x of ({,L) such that £(x)
has a right and left hand derivative.
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