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CHAPTER I
INTRODUCTION

When using the word "number" we will mean a compleX num~
ber unleas otherwise stated or unless the size of the number
is mantibnsd,

If g is a number not equal to Zero, then

(1) g divided by zero is equal to infinity,. ‘

(11) a multiplied by infinity is equal to Infinity.

If g is a number not equal %o infinity, then g divided

oy infini%y is equal to zero.

if ey, ﬁ%, 8%, » « . 8nd bla bg, h3, . « s« 8re sSeguence
of numbers then we will call the sequence

t o - h’ 4 - e az -
L= -ﬁé_ &}' PO
bt
A,
ﬁm __ﬁ, = ’ al p & *
by + ‘2
}33.;_ aﬁ
b+,
0’+ a’n
bﬂ



If ot most a finite number of B, vanish rnd the sequence ¥, has
a finite 1limit then the continued fraction is said to converge
to this 1imit or to be convergent.t

Since a continued fraction may be considered &s a sequence
of linear fractional transfarmatiéng we will prove some gen-
eral theorems of linear fractionsl transformationa.

Theorem ;ﬁ_g_«xrlz - Qliﬁ and w = bZ, b#£0, then there
exists a number ¢ snd e real positive number r such that
|w - ¢|£r. Mlso if |w - ¢]< r, then |Z ~ Q[ R.

Let ¢ = bQ and r = R|b| . Since w = bZ, then Z = —p— °
Ir ,Z - Q¢ R then | -5 - Q< R, or |w - m]ﬁ R|b[, or
|w = ¢| ¢ r. Therefore w is in a ecircle with center ¢ = bQ and
radius r = R|b]

If |w - ¢|<r, then since w = bZ, ¢ = Qb, end r = R [blwe

have [bZ - @b|$ Rpl, or |2 - q|< R,

4. s. Wall, Continued Fractions, p. 16.

gIhid-, Pe 19,



Theorem 1.2--If |Z = Q[ZR snd w = bZ, b # 0, then thers
exists a number ¢ end a real positive number r such that
|w - o/zr. Mlso if|w - ¢|2r, then|Z - Q|ZR.

This csn be proved by the same method a8 used in
Theorem 1.1, ( '

Theorem 1.3--If w = bZ, b # O, and &Z +aZ<2p, & # O, then
there exlsts a number ¢ # O and @ real number q such that
©wi oW £2q. Furtharmrs if "é’w-&-e’wé&, then ‘3:2.;-;‘5-’-3;:

:&at'&'z"’ﬁ e = ab, anéqr»?lb] Sinwwabz, then

W
b B
I wz+aZl2p then — X 8% 22p,
or b"'&[ aw ﬁ—}zp\b
or ebw4 3w < 2p || %,

Therefore w 1s in the half plane ow+ ew <2q.

if aw-l—ew‘-ﬂq, then since w = bZ, W = 'ﬁ T = ab, c = ab,
nd q=p [p|, wehave 3T b Zia b Zizp 11 % o
az teZ S2p.

Theorem 1.4--If (2 - Q[tR end w = ZiH, then there oxists
& number ¢ and & real number r such thet|w - ¢|er. Also If
|# - elsr, then|Z - Q[:R,

Let ¢ = Q+H snd r = R. Since w =2 H, then Z =w - H,
1£|Z - Q|£R, then|(w - H) - Q[tR or,|w - H - Ql<R, or



|w - (8 Q)lg R, or|w - ¢/<r. Therefors, 1f 2z is in the
cirele |2 - Qlﬁ R, then w is in the cirals\w - e]f-_xu

If(w - e|4r, then since w = Z+H, ¢ = éﬂi, end r = R,
we have [(Z+H) - (Q+H)|4R, or|Z - Q[ <R,

Theorem 1,8-~If|Z -~ QZ R and w = Z +H then there exists
& number ¢ snd a real number r such that|w - ¢/>r, slso if
\w - o= r, then|z - q|=&.

This cen be proved in the same method a8 used in
Theorem 1.4. .

Theorem 1,6--If w = Z+H, & £0 snd 8Z+ aZ 2p then there
exists & number c¢# 0 and a reel number q such that Sw+t c¥ Z2q.
Furthermore 1f &w+eW <2q then aZtaZ<2p. ‘

let ¥ =%, a = ¢, and K (&H)+ p = q, Since w = Z tH,
then Z =w - Hand Z = w - H, If ;Z-I-z'iéep, then

% (w8l al¥-H|2ps
iw-ﬁﬂ-;—n'ﬁ-aﬁﬁﬁp;
awtaw - (@H o) < 2p;
aw+taw - 24 (3H) < 2p;
wwtews 2[R @)+ g
Therefore 1f Z is in the half plane 8% +aZ 42p then w is
in tim half plene Tw+ oW $2q.

If ew+cw<2q, then since w = Z +H, w = 2+H, ¢ = &,

¢ = a, and ¢ =R (sl )+ p=ywe have

i [z+u]4 a (Z+E]< QE@\(uﬁl—};ﬂ;



or BZ+EH taZ +aHZ 2R (aH)+ 2p,
or B2+ 8z + 2R {iﬁ}.‘:g@{’ﬁHRp,
or BZ+ aZ<2p.

Theorem 1.7--If |Z - Q< R and w = 3&,
then B | |
(1) it |Q|~ R = 0, then thers exists a number &;(0 and a
real number q such that Ew+ a¥ =2q. Furthermore if
Fw+ aW <2q, then |Z - Q|<R.

(11) 1if |Q| - R>0, then there exists a number ¢ and a real
number r such thet |w - ¢|< r. Also 1if \w -cl&r,
then |z - Q[£R. |

(111) 4f |Q| - R%0, then there exists & number ¢ snd & resl
number r such thet \w - e|z r. Also if |w - clz »,
then |z - Q< R, o
Simewa?’- ’ then Z = %. it (5-*@,‘.‘:3,

then \F - Q[<ER; ‘

W (G - R°) = wQ = W<~ 1. (1.1) |
(1) 1£|Q|- R = e;» then [Q] = a; emlqﬁ = xz; end IQF -8 =o0.
Butsz*ﬁ;t%-ﬁlw}éﬁiﬁlﬂ?- _
Thus from egustion (1.1) we =~ Qw = @!" - 1.
Hence if Z is in the ecircle '2 - Q|4 R, then w is in the
helf plane Bw+ a¥ <2q.



E?z,zrt”zmrmﬁire 1f 2w +aW<£2q, then since @& = - a’ re IR
and g = - Y/2 we have - Qv - WS - 1. Since /&f%- % = o,
then w# ( @ % = R®) - qw - W<~ 1. *.?htw/%“ - Q/éﬂ,

and since 2 = % s then /Z - Q/f R.

(11) Ir /Q/ - Rp0O, then /Q/ 2. Ra>(}, Let ¢ = q
+ * AP -
and r = R e« The equation (1,1) becomes
[a]? - r2
- < W - ’(:i W + /{%’/2 2

[of? - &® Je]? - R® @2-12?3 -

[ .1
T T

ST Y.y XY AN T
Jof? - [(f-+9°  @%-F
g ] R
_77)05 /'-‘i“lala-az | él:g]z-ﬁﬁ .

Therefore if Z 1s in the eircle /Z - Q} fR, then w 1s in the
circle ]v - /‘Er.
If /w - 9}.‘.1", then sinee Z =

1. .= 3
-

R
/Q/?‘a - R®

and r = wg have



Q)2 - 82 -z - & +[elFZ 0
ol - - T AR

|2 - o]?5R°

Jz - ol €&,

: 2 2
(111) If Jqo] - RK0, then 1@[2 - R <0, and R% ")Q[ 7 0.

Let ¢ = 3% = end radius r = R - .
[a] € - R r% - Jo]

The equation (i.l) becomes

ﬁ‘; - Q W - — ,__.Q,\_ it ; —a ""1
2 2




N 1 [of?
= 32 i /ng Lo : >
[ - [of]
Hence / ¥ S 2 __E + Therefore if Z
e - [ - e
is in the region )Z - Q/fﬁ; then w is in the reglon /w~ - a/i‘ T
If Jw ~ ¢/2p, then since Z =1 5 C & ,é}'ﬁf ]
[ - o2w, vt
and r = R we have
R® - )Q/g

S o

- Q R .
/ fa)? - 7% /Z R® - [a/?

E

2 o -8 fof? - 8°

}/Qlﬁ-ag /::»1-;1/2/

[Q/z-rﬁ? - R fal? - 5 @ +[o (21 2202
[sz_aﬁ @12,, ]'Qz [Q/E" ‘7@4.[,‘@‘[ ~&J}zzz.0

[af? - &% -T2 - @ + J2)*& 0

|z|2 - @& - GZ + qf |P4R?

|z - oP 8" Thes /z -a/%®



Theorem 1.8~~If |Z = Q|Z.R and w = ;
then | | .

(1) 1 |Q| =~ R = ¢, then there exists e number a ¥ 0 and &
real number ¢ such thet @w &W 2q. Furthermobe if
‘i’w+u§_€%aq, then |Z - Q|ZR.

(411) if Q| = R>0, then there exists a number ¢ and = real
number r such that |w - clzr., Also if \w - ¢|= r, then
|z - Q|= R,

(111)1f |Q| - B 40, then there exists & number ¢ ‘nd a real
number r such that (w - ¢J<r. Also 1f \w - ¢|< », then
\z - q|Z R, _
sinea_wm%,shmﬁw%. Ir l%wﬁi\?.ﬁ then ,
\é - Q\ZK. Then by the seme method es used in Theorem 3.1
we got wi( Q % - B®) - WQ - wQ= 1.  (1.2)
(1) 1r Q| ~r = 3; then Ing-n Eg =0, Let a = ﬁ;
T =Q end q = 1/2, Then from equation (1.2) we have
-Qw - Qw Z~ 1
w+w = 1
@t aw £ 29 | u
Hence if Z 1s in the reglon |2 - Q= R, then w is in the half
Plane 8w + oW < 2q. '
If 8w+ oW < 29, then since a = Q, 8 = Q, snd @ = 1/2,
we have Qw+ QW < 3.; ‘
or -~ Qw -QFZ =1, Since R\Z - 8% = 0, then wi([e|? - &%)
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-Qw -G8 =1, Thus /};-gi‘ﬁ, and since Z = 1 ,
w W

then /2 - q/3 R. |
(11) 1r Ja/ - R>0, tuen [af? - RE>0. Let ¢ =

q_
| jf -8
snd v = . Then by the same method used in

/Q/ﬂ - EE

Theorem 3.1 (11) we have |wW = Q N R
2

JE - l4]

Therefore if Z 1s in the reglon / Z - Q/ >R, then w is in the

- Rz

region [w = of2 r.

If [w = ¢ D p, then by the ssme method a8 used in
Thworem 3.1 (i1) we have }2 - QIE R, |
(111) 1r |@] - R<O, then |w - of€r. Also if /w - c{.‘: r,
then IZ - G*I 2 R. This can be proved by the ssme method as
used in Theorem 3.1 (iii).
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Theorem 1.,9~-If w =% end a2 8% <2p, a%ﬁ then

(1) 4f p = 0, there exists a number b}‘l) and & real number
q such that gw-ﬁlﬁ&f%. Furthermore if bw +bWwZ 2q,
then BZ+ aZ<2p.

(41) if p>0, then there exists a mumber ¢ and e real number
r such that |w - e[zr. Also 1.flw - oz r, then
82t aZ <2p.

(111) If p£O, then there exists a number ¢ and a real number

| r such that /w - e/é r. Also if /v - e/-‘f r, then

wZ+aZ<2p,
S8ince w z% , then 2 m%%‘—'lz—j-—/-g aﬁd‘f#ﬁfg .
Ir ‘EZ+a§ 529;
then ’ﬁ‘«-—-—r + a,._.;'f.z..ﬁ
A [*/
W aw < 2pwW (1.3)

(1) If p = 0, Let p = q, &m;, gnd & = b. Thus from
equation (1,3) we get aw ®WZ 0. Thus w 1s in the half
plene bw+ bW < 2g = O.

Fuprthermore if bw bW Bq; then since g = p = 0,
b=aand b=a we have

aw+89S2p = 0 = 2pfw(® ,

or a......-_.. + W.. 2p.
/w/ w[?
Since Z = = , then BZ +8z<2p,

/ "/
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A

(11) If p>0. Lep ¢ = %}; , and r = Iég[. . From equation

{1,3) we have

a ¥ = &8 -
2p 2p 4p° 4p®
a a_,h ng
w - — ‘ s or|w - B
P 2p 2p

Therefore if Z is in the reglon 2 aZ 2p, then w is in the

region /w - a/?:r.

ir /w -c/2r, tiéen ainafawz% * cz% andr*%[

we have |1 _ _;g___/> 8 ’
z 2| 2

/sp az/= )2/
4p2 - 2p8Z - 2pel +[a / /2/23 [a] [zl
FZ +aZ = 2pZ0

wZ+eZ < 2p.
(111) If p<O. Let ¢ = %. end r ""lg‘%j" . Then

/ ..2:... / < .Z.%L. nu.y be proved by the seme method as used

in (11) above. Therefore if Z is in the reglon o7 +02% 2p,

then w is in the circle /w - c./ =r.
Also Iw - c/ér, then aZ +8Z%2p. This can be proved by
the ssme method es used in (ii) above.



Theorem 1,11«-::*/2 - /SR ana 1t w = 2{%{% > where

LK~ ¥B#0, then
(1) 1£ ¥ = 0; then there exists a number ¢ and a real
number v such that /w - c).é r. Mlso if [w - o€ r,
then [z - Q/=r.
(11) 17 X;é 0, then
a) it ¥ 2&-‘-3’6’}-)6’/ %R = 0, then there exists a
number a0 =nd a real number p such that
Bw4a¥W S2p. Also if Bw+ ¥ < 2p, then Jz -~ <R,
b) ir F2%+¥J - IX/QR>G, then ther: exists a |
number ¢ snd & real number r such that )w - qlfr,
Also if fw - % r, then /z - 4/ =R,
¢) irf lK 2Q+ b’é’)-]b’{2ﬁ< 0, then there exists a
number ¢ and & real number r such that /’af - {:l'}.‘ T
Also 1f [w - e/.‘?:r, then )2 - o/<nr.

(1) 1r Y= 0, menw'-—:%_llz +.§_ * Let wy ==.552_LZ and
W= ..gB,m « Since /Z - Q/-‘-H, then by Theorem 1.1
thers is a c, and an ry such that [wr a{ €ry. By

Theorem 1.4 there :;a g ¢ and an » such that }w - e\[f b o
I - @[.‘. r, then /Z - ﬁfﬁ'my be proved by the
ssme method of reasoning as above.
(11) &= I b‘;éO_. Let wp ﬁ?fﬁZ, vz = Wop+@8J , wy = L/ws »
vy = (BY ~of Jlwy, and w = wg _.?.. Since )Z - Q{éﬁ, then by

Theorem 1.l there 1s a ¢p and an rp such that /w2 - -ad;‘_ Tos

where cp ’-’XQQ md rp = ’KJBR. By Theorem 1.4 there 1is a ¢,
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end an r, such that IW3 - Csl..‘. Tys Whore cg =¥
a) If leal -ry =0, +nen by Theorem 1.7 (1} there

is an a@é 0 snd a p, such that a,w,+e,w, S 2p,. By Theorem 1.3
— ‘ -
there is =n as#ﬁ and & Pg such that '55155&5'«5- zp%‘ By The

orem 1.6 there 1s an a;éc} end & p such that @w+aw £2p.

If ww +e%w =2p, then )Z - q <R mey be proved by
the same method of reasoning as above,
b) If )"5[ - r3)0, then by Theorem 1.7(11) there is
a ¢4 and en r, such that )wé - %/:E r,. By Theorem 1.1 there
- <
is a oy end en rg such that )ws cg| L7y By Theorem 1.4

there 18 & ¢ and an r such that /w -eoZr.

i /w - e/f.z*, then {z - Q/éﬁ may be proved
by the ssme method of reesoning as above.

e) If /c;s/ - £y <0, then by Theorem 1.7(1i1), there

, - >
is & ¢, end an v, such that )w4 c&l":’é’ By Theorem 1.2
ti}ere is & ¢y and an ry such that \wﬁ csl Ar,. By Theorem
1.5 there is a ¢ and an » such thet |w - ¢|37.

ir ,w - a,?:r, then ‘Z - QJ €R may be proved

by the same method of reascning a3 above.
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Thoorem 1.12:= If [2 - Q™R ana 1f v =%&1EB_
- Tz+7%

where K& ~ ¥BF#0, then
(1) 1f ¥ = 0, then there exists a number ¢ and a real number

r such that |w - e/ér,. Also if /w - ¢/>r, then
|z - oJ=R.

(11) if¥# 0, then
| a) 1t ¥ 2%0+5% - Jfl % = 0, then tuere exists a
number a#ﬂvax&d & real number p such that
swdeavw S2p. Also if &w + aw -“3'2@‘, then }Z - Ql?‘-li.
b) if ’5 EQ-)-KS'I - )X/aﬂ 0; then there is a number
¢ and & real number r such that jw - s) >,
Mso if |w - ¢|=r, then 'Z - Qlém
c) if b’aca-o- 5% -\l 2&}@ then there exiats
8 riwnber ¢ and a real number r such that
/w - cf/£r. Also if Iw - ¢f/=r then /Z - QI 2R,
(1) 10 & :)G; then w = —%—-Z +-%—-——ﬂ Let w = -—%—z and
W= W, +.§_ o E£ince IZ - Qf >R, then by Theorem 1.2

| TS
tuere is a ¢, and an ry such thet #1. cl’ =7y By

Theorem 1,5 there 18 & ¢ and an r such that Iw - eli‘rf
If [w - e—/ér, then )Z - Q/?.E may be proved
by the seme method of reasoning as above.
5
(11) 1£4#0. Let wy = ¥'2, wg =vg X5 » W = 1/wg,

W, = (BY -0f8‘)w4, and W = w5+-%§.. Since /Z - Q/E R,



then by Theorem 1.2 there is a cy and an rg such that

lwzucglér; where cawKQQanérzz‘Klg R.; By

Theorem 1.5 there ig n es and an zﬁﬁ such that

‘wa - 33""‘!‘6’ where c, = x Q+JF and Ty = ’8}2 R,

a)

b)

It ,aal = vy = 0, then by Theorem 1,8(1) there

i&aﬂa#ﬁanﬂapésuchthataw+ 29

By Theorem 1.3 there is en as'.?ﬁ(} and a p_ such

5
that ‘é"aws-{-as’is < 2pg. By Thoeorem 1.6 there is
an a Q; mnd 2 p such that &w+ a¥ £2p.
If BwHeW £ zp; thon [Z = Q[ = R may be proved
by the seme method of reasoning &8 the above,.

If P3’ = ry >0, then by Theorenm 1.8(11) there is
a%anéanréaueh‘chat/ -34}_4 By

Theorem l.2 there is a 05 and an r5 suech that

/wg - aﬁ/é r.. By Theorem 1.5 there is & ¢ and

an r such that [w - ¢[2r,
ir [w - c/ér, then [z - Q[}. R mafy be proved
by the same method of reasconing as above.

ir /GSI - r3< 0, then by Theorem 1.8(1ii), there

is an r, such that /w - ¢4‘ +« By Theorem l.1
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there 13 a cg end an vy such that |ws - e5|< rg.
By Theorem 1.4 there is a ¢ andan r such that
\w = e\ < r. |
ift|lw - e|s r, tﬁmlz - Q[fza' may be proved
by the same method of reasoning as above.
Theorem Mm},‘f aZ4 aZ < 2p where e#0 snd if w =
whereXS -8+ 0, then
(1) 1£ X= @; there exists s number ¢ 0 and a real number
q such that Bw+ o £2q. Furthermore if Bw+ oW £2g,
then ¥ * aZ 2p. |
(11) 1£X# 0, then _
a) if \‘(\ é;}-r-,@, (E\’@ 2‘(‘&} = fﬁ; thent there exists

L Z+&
X2+

a number ¢ 74 0, end 2 resl number q auch that
Tw +cW 229, Furthermore if Tw+ oW £2q, then
w2+ 82 <2p.
b) 12 |\ 4p+R (@ \'(2‘(% )>0, then there exists
a number ¢ and a real number r such that \w - ¢|Zr.
Also if \w - o|zr, then EZ +eZ 2p.
e) if \\{\4 P +R {’E?S‘{i'}<€’:, then there exists
a mumber ¢ snd a real number r such that |w - ¢4 r.
Also 1if \w - c|< r, then 8% * a2 < 2p.
(1) Ir ¥= 4&, then w z*-%--«z-:--g-—f Let wy w-%:—»z and
v = wg +-§—-. Since 8Z *eZ< 2p, then by Theorem 1.3 there
is @ ¢;#0 end & q; such that T;wy +¢,%; £29. By Theorem

1.6 thers 1s a ¢£0 snd a q such thet ®w TcW £2q.



18

If Tw+ e@&%; then 3Z+ eZ2< 2p mey be proved by the seme
method of reasoning as abeva.
(11) IfY+ 0. Let wg = %z, wg = wg+\(§, wg = 1/vs,
= @\(»-{'S)w&, end w = Wg+ . since 8% -\1@429,

then by Thearam 1.3 there is a ag:ﬁ{} end 8 q, such that
‘gzwg"rﬁgwa 1—2@2, where cp = & \( and qg = \([49’
Theorem 1.6 there is a o0 and; a gz such that “&“;5*‘*5“5‘%5
where ¢z = s.\( and Qg = m p—p@{" Y29
a) If a3 = 0 then by ‘rheorsm 1'9 (1) thera is a ¢4
and 2§y such thet céwé-r e{séﬁﬁq&. By Theorem
1.3 there is a cg and a gg such that BgWgtegls < 25
By Thecorem 1.6 there 18 & ¢#0 and a q such that
Tw +cW <29,
If Cw +cw< 29, the ad+ Jifep may be proved by the same
method of reasoning es above.
b} If aﬁa?a; then by Theorem 1.9 (il) there is a o4
end an r, such that |w, = c,> r,. By Theorem 1.2
there is a ¢y and an ry such that \wﬁ - ”5{3 Tge
By @h@r@m‘i,s there is & ¢ snd an r such that
\w;* e|=xr.
ir |w - ¢|z », then 8Zt eZ < 2p mey be proved by the same

method of reasoning as above.



19

e) If 9y 40; then by Theorem 1.9 (1i1) there is a ey
and en ry such that \wg - ¢¢\§iw@, By Theorem
1.1 there 1s & o5 and an rg such thatlwg = cgsrg.
By Theorem 1.4 there is a ¢ and en r such thab
\w ~ ¢ £r, |
If \w - a‘ﬁ r, then 8Z +aZ Z2p may be proved by the

same method of resscning as above.



CHAFTER II
CONVERGENCE OF A CONTINUED FRACTION

2 2
Theoran 2.1:- If 0KK<1 and |ay | £ K and I"‘ep-dﬂl -%,

wheres p = 1, 2, 3, +» « s , then the continued fraction

1 ‘ (2,1}
14 a1

1+

1+ o

1+

Converges

~ Let fn be the nth approximate of the continued fraction
(2.1), Let ‘bpﬁu) = 1+apu and ’i‘P(u} = tl ﬁg % P t:?(ui,

Whﬂr&pﬁl,ﬁ,ﬁ,,,qw Then

?1(11} = tl{u} = » and Tlig) =1 = 1*

1 ain

Tolu) = & [ew)] = tplu) = 1+1 = and

1 4azu

20



2l

Ta(0) = —3 . = F

l1te, 2.
1Y = ‘ - and
‘I‘a(u} = by t, tg (u) -
R
8
142
1+B.3u
1
‘1'3(0) = = fi&t
8
14
14 8,
1
Tolu) = t7 By t5° * *tp.y tplu) = -
1+ 1
a8
1+ f
1< S
1+,
“Lm
a8
14 p-l

1l +a,u



and ‘I‘p{i}) =

e2

b

1+

i+

3.&?,_1

W:fp where p = 1,8,3, oo

If ¥ is & set of numbers, let Tp(%} and tp(ﬁ} be the sets of

numbers which can be obtalned from the elements u of M by |

trensformations ‘.}?p{u} end tp(u) respectively, where p =

1’ g’ 5’ b hd - Q-

Lemma (2.1). If w = 1 0 K 1,
l1ta u
2p+1
and ,u’_‘_— 1, then ws l.,
1~k K
S1NCe W = —eeimeee s then )&/ = |Ao¥ R
1+ u a
o041 2p +1
Since /&/5-3?«-3-'--«12 then 2o ¥ £ .. and
- egp_’_l W 1 - K

/1 - w/‘..‘.. /a%’ 1w) .

(1 - K)
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2
[%esa] *
- 2ptl
(1 ~K)3
l
a
1 - 1291-1]3 wg“wﬁ':&é ““1:
(1 - K) J
- 1 =-K) o - (lﬁ‘- x)? . 72
(1- m ) (1 - K)°- \s,zp,'_l\
(1 - K)® |
2 -
TN
2 - -
(1 ~ &) agp_'_l (1 - X) \agp 41
- )9 £ - K
(1 - K) - p % ;1 ) .
1 - x)®
2
(1 - K) lagp_nl
2 -
w - (1 - X) (1 K)
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_Ex -0t . -x? )a@ +1rl

2
2
2 1 -x /a%_{_l/

2
7

1 -x%-

)

/"zp +1

(1 - k)% - la ;,_1‘2 a-x2 -
% 2p +1

B
v - (1 - )% , 4,_,5_:«_,-11}/*“’?*1/
- 2

' ' 2
2 - - $ 3 -~
(1 - X) /afip-l-J (1 - K) 811

Therefore w is in & cirecle with center ¢ = (1 - X)

2 2
(1 - K)° - azp+1

{1 ~X)|a

]

2
2

and radius » = . How ¢ is reaml and

since (1 =~ K)2 [ s then ¢ 1s positive. Hence

, I‘i-’p+1
/c/-{-r = c+r.

- K? 1 - ¥) /“apﬂ/

+
)2 . |, 2 1-k2-|a 2
(1 - K)* - &zp-{- ep+ 1

@ -x) (1-&?/&2p+1ﬂ _ a-x

' 2
2 - -
{1 - K) - /aap_'_ll (1 -~ K) /a2p+l

et =

=
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Therefore /e/ -{-ré 1 - X) = 1 = _1
g “ »
(1 - 8) - (1 ~K) 1~ {1 =-K) K

Since w 18 in the circle with center ¢ and radius r, then
/w - 3/5.?, or /w/ - /a/fz', or /w/f. e +rZ1/K .

Let L be the reglon /u < 1 and S be the region /w /é...%.. s
1-K

then t‘ﬁp +1 (L) is contained in S,

Lemng (2.2) If w = —2% » 04K<L1, and /u/-.%-. s

1 &gpu
then |w/<._.L .
1~k
Since w = —t- ., ‘then /u/ /l;i’— Since
1-}&@& aﬁpw
a v
/u/c......... mnllmwlz-; md/ / /91?/// .
Q'p K
ﬁ»w-"ﬁf-lé!‘igp
Kﬁ
%
a’ i
1~LE§L.§ W - w -7l
K
2 2 -
W’a"' B w - K w-‘_‘* K2
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..ggn/azp/z wﬁa*/agp/‘?‘ 5 E{ﬁ&/s&ﬁ]r
o . ;;ple - 2 ,K/‘EP/B s

v X \24[ & ] . K- [ra
ool L Pl ol T

5 —
- 2 . 2
K2 agp[ 1 E: /gep(f
K /a
v . Kg / z Rp/ .
2 I"" 2 2
- K* -
[ e 2, fec] 2
Therefore w is in 2 cirvele with centér ¢ = 3 3 and
K° -
®2p
i
2p ) 2
radiue r = . Now ¢ is real and since K é/agp‘
»

o luf

then ¢ is positive. Hance /e/-}- r = Ccf P
Kz K &BP/

ot =
K° - /agp/ K° - azp\

ctr =




:udx-l—\&gpiﬁ _ X o ’

2 2 |
ST \#2) K = |ag|
But \aep\‘; K« Therefore |c|+rsc B EPR S
| K - K° 1-K

Since w is in the circle with center ¢ and radlus r, then

\w = e|ler, or |w| = lelar, or \Wigle|4re 2, as
1-K

\w| < s then ¢ (8) 1s ecmtaimd in L. Hence

1~-K

2p

T5(S) = ¢y t, (8) which is contained in t,(L) which is con-

tained in 8. Suppose ‘1‘2?(3} ia contained in 8, Then
’f%(p +1) (8) = ’fﬁp tap+1 Popir2 (8) which is contalned in

1 (L) which is contsined in T_ (8) which is contalned

T
2p #2p+ 2p
in 8, Therefore §2n (S) 1s contained in 8, where n = 1, 2,

3, « « o, Lot tg, _y tp,(8) =S§?, wheren =1, 2, 3,° - *

and let ton - gp - 1 ten - zp (p) = Spi i p=1,2,5 - -
(n = 1)s Then Tﬁpis}‘z ﬁ?, where p=1, 2, 3, * * *, Let
the redius of the reglon &ﬁp = Rp , where p = 1, 2; Sy = »
end ths radhus of the region Sﬁa = Rpm , where n = 1, 2, 3; s s

end p =1, 2, 3, *« * * n,
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1
1 -I-aapu

Let fu ~ ¢/ £r be 2 region contained in S and w =

en /u/z /—L—’—'—'—/. Therefore /Ll——'l-"—-- /& r.
32};;& agpw

Then /l -w - cay W <y /‘zp"/
/1~v(1 eazp)_‘.r/azy//w/ .

1 - w(l+tcay,) - F(1+Tap,) +9W [14 capy <

2
r/atjﬁ
2 e
we |[1 ca —n - w(l4ca,,) =
2p 2p 2p

mz,-;.'a'azp}_‘_- 1

1l+ce 1 +CH
2p - 2p W
1 - s W ‘ A?_.w
2 5 2 2
/1-{-&&@ -y /agp /1+cagp{ - /agp/
2 2
1403 1+ca2PI
2 2
[: 1 ea;% agp!] (:1 cay,| - r {azp

2 2
/1 +aazp{ - rg {agp’
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R < * /a2¥4 ?
- 2
1"'“2?/2 -rajngpfg ﬁl-l-cazplz - rz/aapﬁ
1+'&7£2P f< r /azp/

)l'f"“zp}g - re/aap/a I“}1+cagp ®. r‘a/a?‘{a

Therfore w 18 in a circle with center

W ow

W -

r /a ]
end redius R = %p .

A

/1'('ca2p/2 - 2 ‘%F
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By Lesms (2.,1), since [u = e/iér is in reglon &, then
/ - Q/<R 1is in region L. |
ir /a - Gysa is a region in L snd w = 1 »

. 2 2
1+Qa - R [a

2p - 1 2p -~ 1
Therefore w 18 in a circle with center

1+R %, .
= = Tep -1

g 5 2
/11"%2?"1/ - R a%_’l

Rle /
end mdius/f = %p - 1.
2 2 2

1 %ep—ul' - R azp-}.

Now the ratio of the radii /9 =B » R .
r R r
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Since [u = Q/SR is conteined in the region L, /Q/-[-R‘-‘-‘-’....}.-.....
1-K
1

‘ 2
ar/Q,/__laK - R, Also /‘29~1Jé{1”m .

Now B < [2s - 1]
R 2 -
2
[l“ Jo] (azp ~xﬂ - R l“zp»l,
< (1~K)2
2
(3 R a-n° -r2a - 0t
1-K
{1- E.«afl-mj (1»3@2--32(1 - x)%
= 1 - K)?

2
[}. -(1 - X)+R(1 ~ Kﬁ - R%(1 - K)é
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: 2
B KtR(1 - K)a.;} - R%(1 - K)&
- (1 - k)2

2+ er(1 - X)2+R2(1 - ©)% - B2 - )4

o a-x? o @-x?
K +2r(1 - K)® K
™ e
ThuS i Z 1 - K)Q s Also R = { ol
R =~ k? 2 2

21 i
gl +°&2p! o lagi"%

i) , .
Then R_ = ‘QM . Since ;u-'ei:r is
r : 32 o | e
}1 Fe8op| I“zp;

conteined in region L, e+ T sk, 0r je/ = A o,

K K
also a__ = K end = 2pl .
: gpi r - S, 2 2
1 Ec) PE})\ ‘ ™" (Bep|
r —
2 2
1-Lpx?®  -rxt ~1 -1 - rﬁm; - oot
N S
- Y
- Kz = K°

2 2 _ 5 24
2 _ 34 1 - 2K ek -erkerTK

EKJ&
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K2 <

(1 - 2K+%2) +2rk?(1 - X) (1 - K)®}, 20k2(1 - K)

Thus B_ <L K / K
b o — e
1 -8)2r2rk®(1 - %K) (1 - k)%
Now - =2 R - -K)® K
r K r 2
K 1 - K2 2rk®(1 - K)
= (1 - K) 1.

(1 - K) 2rk®

Now Rip ieg the radius of tzp -1 tap {8). Hence the ratio

ap ’ - ¥ -~ [
R%&..s\ 2 - X) =_1-K _=1-K.1
K qa-r)re/mr® (1 -K)+t2K 1+ K

¥

P
1s the radius of b, _ g0 -1 Yoy - ag (\%() where

2p
Ra 1y

p=1,2,3, * *» *andg=1, 2, 3, » + + ,(p ~1), %he retio

2? : 1 - K r
@ Q@1 ~-E&) +2R K

4

. A - - 4 . :
Thus l{ K ;>R§ = R1 » l/K /)R§>RQ = Rg » ?&/ K ;"’Rg p”gg :’*Rg = R;s >
. .on. 2n. . 2n , , , .2n .en '
1/K. Ry 82 ) ﬁﬁ s . ﬁn = Rn +» Since Sn = Tﬁn (s) ,
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| 2n)\
Ton ) = Ton - 1) Bgn - 1 b2n ) = Tp(n - 1) (‘?*z j Woieh is

e

_ Szin - 1) - &251
contained in Tgy _ 4,(8) =53, 4 + Thus 8 1s contained

2{n - 1)
n -1

= ":" *’} :f" . % = ;E”_‘ )
. Then 1/K T R, “R,“R, R .

Since the sequence zﬁm is o monotone non-incressing sequence

"

of positive numbers then the sequence 1 En

a0, then R 2d, where n =1, 2, 3, * * * , Also :L/;i?‘fap =

R,~>d, where n =1, 2, 3, * *+ *and p =1, 2, 3, * * * , n,

2p | |
Th&n R@ Fl) Rep %\\ (1 - K} ,»\ (1 - K) - G‘“Q\lp
, 1 «K)fﬂﬂipa (1 - )+ 28K

where p =1, 2, 3, * * *endg=1, 2,3, * **, (p~-1).
Therefore Bné 1/K G" ﬁhara n=1l, 2, 3, * * * + Thers exists

a‘positiva integer ssy p such that &p

-
Kd. Thus Rpg\_.g..
P J1/K * K4 = d., This contradicts ﬁ;i’ de Therefore 4 = 0.
. a en
Let ¢, be the center of the reglon Ip with radius R

where n =1, 2, 3, * * *, If n m M, then &n is contalned

Zm i g d h | (<
in 3m which is contained in Sy an ence ;““n -~ cﬁi R%
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and ’em - eﬁliﬁm. If & 7 0, there exlsts an integer N >0,
; o > - . re
such that RH"‘“é"‘ . If n>m>N, then /en ml_.,ﬁ There~

fore the sequence of centers ¢_ eonverges to some number

n

88y A,

Suppose there is one reglon B:P which does not contain

- L R g B - ‘% - IR Lo H
A, then A ePi Rp Let ‘A c,p‘ Rpa There is an

such that if n N, then i& - ¢/~ X+ Let @ = N+p. Since

' 2
g = N +p, then the reglon Sqq is contained in the region 3;;

and §cp - aqé'z;ﬁx}. Since q.-N, then EA - aﬂj < X, Therefore
|
J} P ( q ,cq P q / 4 P

L}

»;.x+az§5.-  «R+R = A=c¢
Y I ,

|
P pl °*

Hence 'A = emf o ;,& - cpi which is a contradiction and there=-
i
fore the region S:p containas A, Hence A is in all of the
reglions Sn , Where n = 1, 2, 3, * * * ,
2n
Suppose that B is a point in all the regions Sn s Where
n=1, 2,3, ** * . Since A 1s in all the reglons,

/ ‘ ; ‘ * A
| - Y ! - N - ‘o & - : «
A-epy e R,snd B -, - Ry, Thus }a Bj< 2R . Since



{Rﬁ},@, then &1& - B\ = 0 and therefore A = B, Hence

13

on’
there 1s only one point contained in all of the regions 8, ,

Wh@!‘&ﬁml, 2‘5" ’.‘l

Since zero is in the region 8, end fa’? = Tap(a) and
TQP(S) contains %Ep(f}), then fzy is in ’rsp(ﬁ}. Also zero
is in the region L and hence fzp +1 s eontained in ‘513? 4 1{1«).

(Ly =17 (L) which is contained in T@(S}.

But Top 41 2p Sep+a
Thus §,, and ¥, are in T, (8) = 3% ynich nas radius Rye
2p 2pt1l 2p P B
I&‘( > 0, then there 1s a positive integer N such that R,< -’fg.
. oN )
I‘i‘.n> 2N, then fn is in the reglon SK , and \& -.('N S\ & - ag +

aﬂ—-‘fn\él B - eg\.} \ag - {n\ﬁﬁgg <{ + Therefore the ceni;inu@

frection (2.1) has the value A,
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