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FOREWORD 

These Proceedings were prepared as a result of the Workshop on 
Mathematical Modeling of Roofs held in Atlanta on November 3-4, 1981. 
This Workshop was convened as part of the Building Thermal Envelope 
Systems and Insulating Materials Program (BTESIM), managed for the 
D~partm~nt of En~rgy (DOE) by the Oak Ridge National Laboratory (ORNL). 
A copy of the Workshop program follows this section. Nearly all the 
papers whi.ch wer.e presentee! at the Workshop are included in thi:;; volume. 

Low-slope roofs comprise a signif'icant portion of the thermal en
velope of buildings and a major opportunity therefore exists to increase 
energy conservation by improving design, construction, and durability of 
the roof system. The roofing system includes the structural deck, ther
mal insulation, and the roofing membrane. 

Conservation of building energy is one. major result of j_mproved r.oof 
performance. In addition, more efficient roofing systems can reduce 
damage to building interio-rs, reduce the need for replacement rna terials, 
including the energy expended in their production and installation, and 
can reduce the expense involved with litigation that accompanies failure 
of roofing components and systems. 

In some instances as much as 25 percent of all heat loss occurs 
through the roof. A leak in a roof not only allows water into the building 
and thus damages the contents, but also decreases the effectiveness of 
the insulation. Flaws in the roof are often difficult to locate and repair. 

The magnitude of energy conservation realized by improving roofing 
systems justifies special attention to this element of the building en
velope. Prototype roofs are costly and improvements in the specification 
and construction of roofing are needed. Mathematical modeling of roofs 
can be less expensive and can provide guidance to manufacturers, designers, 
and constructors. In fact, however; systems models for roofing are not 
well-developed. Existing analyses mostly describe single properties of 
separate roof elements, for example, stress-strain relations of membranes 
or heat transfer in insulations, whereas, roof models that will be pre
dictive must account for a range of important, related properties such as 
heat transfer, moisture migration, permeability, and mechanical and visco
l"l<!stir: r:h"!r.<~rtPristirs .<~s wP.ll .<~s thP. r:nnpline hP.twP.P.n roof elements 
(decks, insulation, and membranes). This is a formidable task; some work 
has been started, much remains. This Workshop was convened to recognize 
and extend the importance of mathematical modeling in roofing research. 
The purposes of the Workshop are (a) to better define the state-of-the-art 
of roof modeling, and (b) to identify efforts in which future coordinated 
efforts should proceed. For these purposes, a group of individuals who 
hav~ b~en active in roof moueling were invited to participate in a two-day 
wurkohop ou Lllio ouuje~.:L. 
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The authors of papers presented at the Workshop also made abstracts 
of their papers available to participants before the Workshop. The 
number of participants was intentionally small to permit thorough 
discussion of the papers and related issues. Participants representing 
academic institutions, the private .sector, and government were present 
in approximately equal numbers. There was ample time for questions and 
discussion. A forum on model validation was held after the formal 
presentations. 

Some of the major summary comments made by forum panelists are in
cluded here. All the panelists agreed that the Workshop was productive 
and timely. It was noted that some technical presentations lacked field 
validation; however, the models served well as tools in analyzing systems 
and components. Additional experimental analysis and instrumentation is 
needed. It was suggested that the modelers work together and perhaps 
invite European counterparts to join them in common efforts. Additional 
work in systems modeling is needed to complement the component modeling 
that was the dominant subject of this Workshop. 

The requirements of the roofing membrane are still largely unquanti
fied and destructive environmental forces must be quantified. Then addi
tional tests/models should be developed further to enable manufacturers 
to develop products to meet these criteria. It was generally concluded 
that additional validation and use of models was needed to serve the 
interests of manufacturers, designers, and owners. 

The Workshop helped disseminate more comprehensive knowledge about 
roof modeling and will assist further work of those who attended the 
presentations. It is our hope that those who read the Proceedings will 
continue development and applications of mathematical modeling of roofing 
to further improve understanding of roofing materials and systems. Building 
energy conservation will result from technological improvements in roofing. 

Herbert W. Busching 
Department of Civil Engineering 
Clemson University 

George E. Courville 
Energy Division 
Oak Ridge .National Laboratory 

Workshop Coordinators 
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MODELING COOLING TIME OF HOT BITUMEN DURING 
BUILT-UP ROOFING CONSTRUCTION 

by 

Walter J. Rossiter, Jr.* 
Robert G. Mathey* 

Herbert W. Busching** 
William C. Cullen*** 

ABSTRACT 

Construction of bituminous built-up roofing systems in the United States 
generally involves the application of hot bitumen to the roofing components, 
including deck, insulation, and felts, to adhere them to each other and to 
form a waterproof membrane. Adequat~·adhesion of the bitumen to the roofing 
component materials may be obtained only when·the hot bitumen is applied at 
a viscosity sufficient to flow uniformly, to cover the component surfaces or 
substrate completely and to provide the proper thickness. during construc
tion, rapid cooling of hot bitumen increases its viscosity significantly. 
If the viscosity becomes too high, poor adhesion between components, voids 
within the bitumen, and an excessive and non-uniform thickness of the 
bitumen may result. 

This report describes a mathematical model based on finite-difference equa
tions for calculating transient heat flow to estimate the cooling time of 
hot roofing bitumen. Estimates of the time required for hot bitumen to cool 
from its application temperature to 300°F (149°C) were computed as a function 
of material and environmental factors, including: quantity of applied bitumen, 
bitumen application or contact temperature, air .temperature, wind speed, and 
thermal properties of the bitumen and of the roofing components. The model 
was used to predict cooling times expected for hot asphalt applied to typical 
substrates with thermal properties representative of those of polyurethane 
foam and glass fiber insulation boards, .insulating concrete, plywood, con
crete and steel decks, and roofing felt on decks or insulations. In addi
tion, the model was used to predict cooling times for hot coal tar pitch 
applied to concrete and to felt adhered to. glass fiber insulation. The re
sults of the calculations demonstrate the widely varying bitumen cooling 
times which depend upon the component material to which the bitumen is applied 
and the environmental conditions during application. Under certain environ
mental condition$, hot bitumen applied to some substrates cools extremely 
rapidly. In these cases, sufficient time for proper application may not be 
available. 

Key words: Bitumen application temperatures; bituminous roofing; built·-up 
roofing; cooling of roofing bitumens; mathematical model; 
roofing. 

*Center for Building Technology, National Engineering Laboratory, 
National Bureau of Standards, Washington, D.C. 20234. 

**Department of Civii Engineering, Clemson University, Cleu~uu, SC 29GJ1. 

***Office of Engineering Standards, National Engineering Laboratory, 
National Bureau of Standards, Washington, D.C. 20234. 
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1. INTRODUCTION 

Th~ most widely accepted waterproofing system for low-sloped roofs in the 
United States is bituminous built-up roofing. Construction of bituminous 
built-up roofing systems generally involves the application of hot bitumen 
to the roofing components, including deck, insulation, and felts, to adhere 
them to each other and to form a waterproof membrane. Bitumens commonly 
used.as waterproofing materials and adhesives in built-up membranes are 
asphalt and coal tar pitch. 

Roofing bitumens must be applied at elevated temperatures so that their 
viscosities will be sufficiently law to enable uniform flow, complete cover
age of component surfaces, and proper thickness. After hot bitumen is applied 
to the substrate, it cools rapidly. Little time is available to place 
roofing felts or insulation on the hot bitumen while its temperature is 
sufficiently high and its viscosity is sufficiently low to provide for ade
quate adhesion and proper thickness. Laboratory data are available on th~ 
relationship between temperature and viscosity of roofing asphalts [1,2]. 
However, little data were found in the literature on the cooling time of hot 
bitumen during built-up roof construction. A field study has been reported 
wherein the cooling time of asphalt during cold weather construction was 
determined [3]. 

Since the rate at which roofing bitumens cool is important to the quality 
of built-up roofing construction, a mathematical model was developed to 
enable quantitative assessment of the effects of various factors on the 
cooling time of roofing bitumens. The mathematical model is based on well
known heat transfer principles, uses finite-difference equations [4-6], and 
makes use of representative roofing materials and their properties. It also 
incorporates the principal environmental variables associated with roof con
struction. The mathematical model to predict the cooling time of bitumen 
assumes one dimensional heat transfer; that is, the roof is taken to be a 
flat plate with its components at uniform temperature across the horizontal 
planes of the plate. During built-up roofing construction, hot bitumen is 
applied over large areas of the roof. Because large areas of the roof are 

· considered to be at uniform temperature under these conditions, the heat 
transfer was assumed to occur in the direction perpendicular to the plane of 
the roof and not laterally within its plane. 

Cooling time of bitumen can in principle be determined experimentally by 
means of field studies. However, measurement of cooling times applicable 
to many different types of roofing systems under a variety of environmental 
conditions are precluded in practice because of the excessive time and 
expense required to conduct investigations involving many variables. Never
theless, selective field studies to obtain data on bitumen cooling times 
are needed to assess the validity of the model presented. 

* Figures in brackets indicate references list~d in .Section ~. 
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1.1 BACKGROUND 

Rossiter and Mathey (1] measured the viscosities of ASTM Type I and Type Ill 
roofing asphalts from different sources over a range of application tempera
tures. They recommended that roofing asphalts be applied at temperatures 
based on viscosity rather than on empirically determined temperature limits. 
From a similar investigation, Ducy recommended that roofing asphalts be 
applied based on.an equiviscous temperature (EVT) [2]. It was suggested 
by Rossiter and Mathey [1] that in order to maintain the recommended viscosity 
range during application, consideration should be given to factors affecting 
the rate of cooling such as air temperature, wind speed, substrate tempera
ture, and the·specific heat of the substrate. A viscosity criterion for the 
application of asphalt.has not generally been used in roofing construction 
nor included in specifications. It is noted, for example, that the National 
Roofing Contractors Association (NRCA) [7] recommends a minimum application 
temperature of 350°F (177°C) and a maximum heating temperature of 475°F (246°C) 
for asphalt. Likewise, the Tri-Service Roofing Manual [8] states that asphalt 
should not be heated above 450°F (232°C) and should not normally be lower 
than 350°F (177°C) when applied to the roof. Current trends in the roofing 
industry indicate an acceptance of the selection of application temperatures 
based upon the viscosity of the bitumen. 

During application, if bitumen cools too rapidly with an accompanying 
increase in its viscosity, the bitumen layers may be too thick, uneven, con
tain voids, and result in inadequate adhesion between roof components. These 
effects result in unsatisfactory built-up bituminous membrane performance. 
A thick or uneven application of interply bitumen can lead to poor adhesion 
between plies [1]. Voids between plies or between the membrane and insulation 
are sources of blistering [9]. Excessive thickness of between-ply bitumen 
under certain conditions may contribute to membrane slippage [10]. Since the 
bitumen has a larger coefficient of thermal expansion than other membrane 
materials, excessive thickness of bitumen between plies may result. in higher 
thermally induced forces in the membrane. Lee, Dupuis, and Johnson [11] showed 
that temperature-induced forces measured for 2-ply membranes increased as the 
quantity of interply asphalt was increased. Temperature-induced forces due 
to a temperature change from 70 to -20°F (21 to -29°C) at an unspecified 
rate, measured for "thin, normal, and thick" interply thicknesses of asphalt, 
were about 54, 55, and 80 lbf/in (9.4, 9.6, and 14.0 kN/m), respectively [11]. 

In a field investigation of cooling times of asphalt applied during cold 
weather, Dupuis, Lee, and Johnson [3] measured temperatures of hot asphalt.in 
kettles and the contact temperatures (temperatures at the time the asphalts 
came in contact with the substrates). They reported that during asphalt 
application, peak contact temperatures* were usually 50 - 7 5°F (28 - 42°.C) 
lower than the temperature in the asphalt kettle. Asphalt cooling times 

* Peak contact temperature was defined as the highest temper~ture recorded 
during asphalt application [3]. 
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were recorded at various locations withifi insulated roofing systems under 
construction in four cities in Wisconsin with air temperatures ranging 
from about 20 to 40°F (-7 to 4°C) and wind speeds from about 3 to 14 mph 
(1.4 to 6.3 m/s). Under those weather conditions, they found that th~ 
asphalt cooled rapidly. For example, in the application of asphalt to 
insulation, the asphalt temperatures dropped from the contact temperature 
to less than 300°F (149°C) in about 2 to 7 seconds. 

The rapid cooling of asphalt observed by Dupuis, Lee, and Johnson [3] raised 
a question about adhesion of roofing components. They reported that rapid 
temperature decay of hot asphalt makes good adhesion extremely .difficult to 
attain. They also stated that hot asphalt applied at subfreezing tempera
tures to light gauge steel decks congeals so rapidly that mechanical fasten
ing is probably the only effective technique for securely anchoring the 
insulation. With regard to membrane application, they indicated that raising 
peak asphalt contact temperatures during cold weather may increase the time 
the asphalt remains sufficiently hot to adhere a ply of felt adequately. 

In presenting the rate of heat loss (time dependency) of roofing asphalts, 
Dupuis, Lee, and Johnson [3] expressed the temperature of the·asphalt with 
time as: 

where T • the asphalt temperature at time T 

Ts • the temperature of the surroundings 
T

0 
• the initial temperature of the asphalt at application 

K • an empirical constant 

It is noted that this model was empirical and did not include terms for all 
the factors which affect the cooling time of asphalt. The cooling data 
obtained by Dupuis, Lee, and Johnson have not been compared with data 
generated by the model presented in this paper. 

The roofing industry in the United States has not employed mathematical 
models to predict the cooling time of hot bitumen during construction of 
built-up roofing systems. A mathematical model would benefit the roofing 
industry since it would provide guidelines for the proper application of 
hot bitumen without excessive cooling on various components under a range 
of environmental conditions. Mathematical models were developed by Dickson 
and Corlew [12,13] for predicting temperatures of hot asphaltic concrete 
pavement layers placed in cold weather. These layers must be compacted 
while the viscosity of the asphalt is low enough to enable compaction of 
a pavement of proper density. Dickson and Corlew [12,13] used established 
finite-difference equations as a basis for evaluating temperature profiles 
in the hot asphaltic concrete pavement layers. Several references [14-18] 
identify the rationale for preheating the base to permit cold weather high
way'and airfield paving. The techniques used in estimating temperatures 
of paving mixtures are adaptable, with some modification, for use in esti
mating the cooling times of bitumen during the application of ·built-up 
roofing systems. 
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1.2. OBJECTIVE 

The objec.tive of this study was to develop a mathematical model for 
predicting the cooling time or time interval for hot bitumen to cool from 
its application temperature to a specified lower temperature during construc
tion of built-up roofing systems. This paper presents examples of tempera
ture decay charts generated from the model to enable the. prediction of 
bitumen cooling times for various environmental conditions and for some 
roofing systems typical of those encountered in built-up.roofing construc
tion. The computer program based on the model is given to make it available 
to those individuals who wish to calculate bitumen cooling times for built-up 
roofing systems other than those presented here. Busching [19] has presented 
some early results from this study in a paper concerning the effects of 
moisture and temperature on roofing membranes. 

Data developed through the use of the model may be useful in applying 
viscosity criteria and specifications effectively. Iq addition, information 
on the time of cooling for a wide range of variables may be used to help 
assure proper application of hot bitumen and other roofing components to 
improve construction practice. Data may be obtained from a computerized 
model at much lower cost than would be encountered if the same data were 
obtained through field experiment. However, before full reliance is placed 
on the results of the model calculations, data should be obtained as recom
mended in section 1 through selective field studies to assess the validity 
of the model. 

2. COOLING OF BITUMEN 

Hot bitumen is normally applied to roofs by mopping or by mechanical 
application. The method for applying hot bitumen was not a consideration 
in the development of the model to predict cooling times of .bitumen. The 
model assumes that the temperature of the hot bitumen at the time of contact 
with the surface to which it is applied is known. The hot bitumen begins 
to cool immediately upon contact with the surface. The cooling time is 
dependent on factors associated with environmental conditions and materials 
properties. 

2.1 FACTORS AFFECTING COOLING 

Many factor& affe~t the cooling of hot bitu~en during roof construction. 
These factors include application temperature and thermal properties of the 
bitumen, quantity of bitumen applied per unit area (spread quantity), ambient 
air temperature, wind. speed on the roof, and temperature, thickness and 
thermal properties of the component materials below the hot bitumen. · 

Thermal properties of the bitumen, substrate, and other component materials 
which affect the cooling are thermal conductivity, specific heat, and density. 
The application temperature of the hot bitumen is defined as.the temperature 
at which the bitumen makes contact with the surface to which it is .applied. · 
The factors which affect cnn.l:lng were ;incorporated in the mathematical model 
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for predicting the cooling time of hot bitumen occurring in the construction 
of built-up roofing systems. 

Most individuals experienced with roofing construction would attest that 
many of the factors listed previously affect the cooling of hot bitumen. 
However, the effect of these factors on bitumen cooling is only understood 
qualitatively. For example, a decrease in either the ambient air or sub
strate temperature will result in a decrease in the cooling time. The 
time of cooling will also decrease with an increase in wind speed. In 
addition, an increase in either the application temperature or quantity of 
hot bitumen will increase the time available to apply component roofing 
materials before the viscosity of the bitumen becomes too high to enable 
good adhesion. A mathematical model to predict cooling time of bitumen 
would quantify the effect of these factors. 

The effect of the thermal properties (thermal conductivity, specific heat, 
and density) of the substrate and component materials on the cooling of 
hot bitumen may not be as evident to those experienced with roofing con
struction as for the environm~ntal factors. Calculations using the mathe
matical model also allow quantitative determination of the effect of these 
thermal properties on bitumen cooling. Definitions of these thermal 
properties and related parameters are as follows: 

o Thermal conductivity (k) - Time rate of heat flow through a homogeneous 
material under steady-state condit2ons through unit area, per unit 
temperature gradient. Btu•in/h•ft "°F (W/m•K) 

o Specific heat (Cp) - The quantity of heat required for a one degree 
temperature change in a unit mass of mater~al. Btu/lbm"°F (J/kg•K) 

o Density (p) - The mass of a material per unit volume. lbm/ft3 (kg/m3) 

o Heat capacity (pCP) - The quantity of heat required for ~ one deg~ee 
temperative change in a unit volume of material. Btu/ft "°F (J/m •K) 

o Thermal 
thermal 
Thermal 

diffusivity (a) -The ratio of a material's capacit2 to c~nduct 
energy to its capacity to store thermal energy. ft /h (m /s) 
diffusivity is defined by the relationship: 

a = k 
pCP 

2.2 MODEL FOR PREDICTING COOLING TIME 

2.2.1 Assumptions in the Development of the Model 

Assumptions made in the development of the mathematical model using 
finite-difference equations for predicting cooling time of .hot bitumen are 
as follows: 
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o heat transfer from the hot bitumen is one-dimensional perpendicular to 
to the plane of the roof; 

o the values of the properties of the bitumen and other roofing system 
components remain constant with time as the bitumen cools; 

o the thickness of the bitumen does not change as it cools; 

o absorbed solar radiation during bitumen application is negligible and 
neglected; 

o heat is lost from the bottom of the substrate by radiation and 
convection unless the substrate contains _more than 100 eleQents; 

o the elements for each of the roofing system components have the same 
thickness except for the half elements at the top and bottom surfaces 
of the system; 

o the temperature of the bitumen was taken as the average of the temperature 
of all elements in the bitumen component; 

o the temperature of the air and sky are taken to be the same; and 

o the thermal resistance at the interfaces of the roofing system components 
is taken to be zero. 

2.2.2 Finite-Difference Heat Flow Equations 

2.2.2.1 Description of the·System 

During the construction of built-up roofing systems, hot bitumen is applied 
to cooler roofing materials and components such as decks, insulations and 
felts. Figure 1 shows schematically the modes of heat transfer that are 
considered in the analysis. Heat is lost from the hot bitumen to the cooler 
surroundings by convection and radiation at the top surface, and by conduc
tion at the bottom surface which interfaces with the roofing component to 
which the bitumen is applied. In addition, as heat is lost from the surfaces 
of the bitumen layer, heat is transfered by conduction from the interior of 
the bitumen layer towards the cooler surfaces. 

As shown in figure 1, heat flow from the hot bitumen is directed up from 
its top surface and down into the substrate. The heat flow from the upper 
surface of the bitumen is dependent on environmental conditions at the 
surface and on the temperature of the bitumen. Heat flow from the lower 
surface of the hot bitumen is dependent upon the temperature and thermal 
properties of the substrate as well as the temperature of the bitumen. 

Radiant energy from the sun may also be incident. on the roof and partially 
absorbed by the surface of the bitumen during built-up roofing construction. 
The quantity of radiant energy is negligible during bitumen application 
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because of the relatively short time (usually a few seconds) during which 
the hot bitumen i~ exposed to solar radiation prior to being covered with 

"insulation boar4·or ply of felt. 

The mathematical model to predict the cooling time of hot bitumen uses 
well-known finite-difference equations to calculate heat transfer. The 
treatment presented is based in general on that described by Dusinberre [5,6]. 
The calculations incorporated one-dimensional balanced heat flow between 
discrete nodes at specific locations within the hot bitumen. One-dimensional 
heat flaw'equations were developed that included terms which account for heat 
transfer by conduction, convection, and radiation depending upon the location 
of the discrete nodes selected. Figure 2 presents a diagram of the hot bitumen 
layer divided into elements for development of the finite-difference equations. 
The diagram in·figure 2 shows the location of the nodes, the distance between 
nodes, the thickness of the elements, and the notation used to describe the 
temperature of t~e elements. Finite-difference equations were developed for 
three types of elements: the elements within the bitumen and the two boundary 
elements of the top and bottom surfaces. The development of these 
finite-difference equations is given in the sections which follow. 

2.2.2.2 Heat Flow Within the Bitumen 

Heat transfer by conduction within a material can be described by the part~al 
differential equation for one-dimensional heat flow: 

(1) 

where G is the thermal diffusivity of the material. 

As applied to the cooling of hot bitumen, this equation describes the 
relationship between bitumen temperature, Tb, time, t, thermal diffusivity 
of the bitumen, ob, and a position coordinate, y. The finite-difference 
form of equation (1) for the cooling of bitumen can be expressed as: 

~ 

Tbi - Tbi • G (Tb(i-1) - Tbi) + (Tb(i+l) - Tbi) 
b 

6t 6y2 
(2) 

where Tb(i-1)• Tbi• and Tb(i+1) are temperatures !n adjacent bitumen elements 
having a thiCkness of 6y (figure 2). The terms Tbi and Tbi are the tempera
tures in bitumen element i at times t + At, and t, respectively. Substituting 
Gb • kb/Cpbpb into equation (2) and rearranging the equation gives: 

~ 

kb(Tb(i-1) - Tbi) + kb(Tb(i+l) - Tbi) 
. 6y 6y 

Cpbpb(Ay)(Tbi - Tbi) 
6t (3) 

where subscript b refers to bitumen. 
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Equation .(3) can also be interpreted as- the one-dimensional. heat flow balance 
between three adjacent nodes whereby heat flows from the two outer nodes into 
the center node, as shown in figure 3a. The sum of the heat flow into node i 
from node i+1 and node i-1 must equal the energy stored in node i during the 
time, At, of heat flow. The heat flow per unit area into node i f-rom either 
outer node is the temperature difference between.nodes (ATb) divided by the 
thermal resistance between nodes (Rb = Ay/kb). The energy stored.in node i 
·during the.time of heat flow (At) equals the heat capacity (CpbPb) times 
the volume of the element of node i (Ay•1) times the increase in temperature 
of node i <!hi - Tbi). 

Equation (3).may,be rearranged to yield equation.(4) and then equation (5):. 

Cpbpb(Ay) 2 (Tbi - Tbi) 

khAt 

(Tb(i-1) - Tbi) + (Tb(i+1) - Tbi) = Mb(Tbi - Tbi) (5) 

The term Mb = C bPb(Ay) 2/kbAt contains thermal, geometric and time 
parameters. Inporder to provide a stable solution using the finite-difference 
method for conduction, values of the modulus, Mb•· must be chosen to be equal 
or greater than 2 [5,6]. The requirement, Mb ~ 2, assures that.in the heat· 
flow calculation, the second law of thermodynamics is satisfied whereby heat 
flow is from a warm to a cold node. Because of this restriction on Mg• 
values of Ay and At can not be selected independently. Solving for Tbi 
in equation (5) yields the equation to calculate the future temperature of 
the bitumen interior element after heat flow during the time, At: 

(6) 

2. 2. 2. 3 Heat. Flow at the Surface Boundary of the B~tumen · 

The finite-difference equation describing heat flow per unit area at the 
surface boundary of the bitumen is obtained by performing a heat balance 
on the surface node 1 (figure 3b)'. It is noted that the thickness of the 
first element is only one hal,f that of the other bitumen elements. Conse
quently the volume of this element is equal to (Ay/2).1. For a heat balance 
at nqde ·1 (figure 3b), the. heat Uo"i' from node a to node 1 and the heat flow 
from node. 2 to node 1 must equal the thermal energy stored at node 1. ·The 
hea~ flow from node a to node i is expressed as the product of the bitumen 
surface coefficient of heat transfer (hb) and the temperature difference. between 
the air and the surface element (Ta - Tbi). Heat flow per unit area from · 
node 2 to node -1 is the temperature difference of the nodes (Tb2 - Tb1) 
divided by the thermal resistance (Rb = Ay/kb). The expression for stor~d 
~hermal·energy at node 1 in ¥igure 3b considers that the volume of the ele-
ment containing node 1 is onl,y half that of the element containing node 1 
(figure 3a). The equation for heat balance at the surface boundary is· 
expressed as follows: 
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(7) 

Equation (7) may be rearranged: 

hi)AY ( - T ) • CpbPb (Ay)2 (T~l - Tbl) kb Ta - Tbl) + (Tb2 bl 2k1J6t (8) 

Nb(Ta - Tbl) + (Tb2 - Tbl) .·~ (Tbl - Tbl) (9) 

The term, Nb • hi)Ay/kb, defines a Biot or Nusselt number. The term, Hb, has 
been previously defined and must be chosen such that Hb ~ (2Nb + 2) in order 
for equation (9) to provide a stable solution and to satisfy the thermodynamic 
requirements concerning the direction of heat flow [5,6]. Rearrangement of 
equation (9) results in the expression to determine the future temperature 
(Tbl) of node 1 after heat.has flowed during the time, At: 

For this study, the surface coefficient of heat transfer, h, is taken as: 

h • he+ hr 

where he 
hr 

where a 
£ 

Ts 
Tsky 

• convection coefficient ·Btu/h•ft2•°F (W/m2•K) . 2 2 
• radiation coefficient ~ ae(Ts + Tsky)(Ts + Tsky) 

• Stefan-Boltzman constant, Btu/h•ft2• 0 R4 (W/m2•K4) 
• emittance of the surface, dimensionless 
• temperature of the surf~ce, 0 R (K) 
• sky temperature, 0 R (~); for purposes of this model, the sky 

temperature was taken to be the same as the ambient air 
temperature. 

In the appli~tion of the model, th~ C9JlVect1,~n coefficient, he, was 
ma~ntained constant for each set of given conditions an4 changed only to 
account for the effect of different "'ind sp~eds on. "the bitUJII8n cooling. The 
radiation coefficient, hr, was clu~nged at each time increment to account for 
he~t radiation which is nonlinearly dependent upon surface temperature. It 
ls note~ tha·t.the _value_ of the convection coef~icient~ he, may. be difficult 
~o approximate~ The surtace coeffictent ~Y vary according to the rate of 
air move~n~ acro~s the surface, the surface length~ and-roughness. 

2.2.2.4 Heat Flow at the Bottom (Interface) B.oundary o~ the Bitumen 

The finite-difference equation for heat flow at the bottom boundary element 
of ti)e bitumen is deterl!lined by consiclering l;he heat balance at this element. 
!be bo~tq~ ~oun4ary element interfaces wtth t~e top element of the roo~ing 
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component to which the hot bitumen is ~pplied, and the thermal resistance 
across this interface is considered to be zero. Figure 3c indicates the 
heat flow at node n. The expressions for heat flow· from node n-t to node n 
and for stored energy at node n may be determined similarly to the expres
sions given in figure 3a. The heat flow per unit area from roofing component 
node xt to node n is the temperature difference (Txt - Tn) divided by the 
thermal resistance between the nodes (Rbx) as shown in figure 3c. The 
resistance Rbx is the sum of the resistance of the bitumen (6y/2kb) and 
that of the component element (6y/2kx) and may be cxpreGsed as: 

(
k + k ) R =~+&_=& b X 

bx ~ 2k 2 k k 
b X b X 

From Figure 3c, the heat balance equation at node n is expressed as: 

kb(Tb(n-t) - Tbn) + .L ( kbkx ) (T - Tbn) 
t:.y 6y kb + kx xt 

Rearrangement of equation (t2) gives: 

Cpbpb(6y)(Tbn - Tbn) 
6t 

(Tb(n-t)- Tbn) + 2kx (Txt - Tbn) = Mb(Tbn- Tbn) 
kb + kx 

(lt) 

(12) 

(13) 

(14) 

The term Mb has been previously defined. Solving for Tbn' the future 
temperature at node n after heat has flowed for time, 6t, results in the 
finite-difference equation for heat flow at the bottom boundary element of 
bitumen: 

Tbn = Tbn + ~b [ Tb(n-t)- t +(kb
2
:\x) Tbn + (kb

2
:\x) Txt] (15) 

2.2.2.5 Heat Flow within Lhe Ruuflu£:, Components Other than Bitumen 

The mathematical model, as developed here, is applicable to roof systems 
which may contain two, three, or four components. In the four component 
system hot bitumen is applied to a felt which is bonded with a bitumen 
(referred to as bitumen-cement for purpose of classification of the model) 
to a substrate. The three-component system contains hot bitumen, felt, and 
substrate; and the two-component system is applicable to hot bitumen applied 
to a substrate. The finite-difference equations used to describe heat flo~ 
in the typical elements of the felt, bitumen-cement, and substrate components 
may be derived from heat balance ettuaLlotU:i similar to those prcacntcd in 
sections 2.2.2.2 through 2.2.2.4. For the convenience of the reader, the 
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typical finite-difference equations used to calculate cooling time of hot 
bitumen in the four-, three-, and two-component systems are given in appendix A. 

2.2.2.6 Solution to the Model 

To calculate the cooling time of hot bitumen during roofing construction, 
each roofing component was divided into a number of elements each with · 
the same thickness, 6y, with the exception of the top and bottom surface 
elements which had thickness of 6y/2. The number of elements for the indi
vidual components was based on the thickness of the component. Each element 
was assigned an appropriate finite-difference equation for calculating the 
change in temperature with time within that element. Each element was also 
assigned an initial temperature. The temperature of each element as a 
function of an increment of time, 6t, was calculated sequentially from the 
top surface element of the bitumen to the lowest element of the substrate. 
This process started with the initial bitumen temperature and continued 
iteratively until the bitumen temperature reached a limiting value. The 
temperature of the bitumen was taken as the average of the temperature 
of each element in the bitumen component for each increment of time, 6t. 
In order to satisfy the condition that the limiting value of the modulus, 
M, be greater than or equal to 2, values of 6y and 6t cannot be chosen 
independently and must be chosen relatively small to provide a stable solu
tion for the heat flow calculation (section 2.2.2.2). 

To facilitate the calculations, the model was computerized. The listing of 
the computer program is given in appendix B. The program uses the finite
difference equations for two-, three-, and four-component roofing systems 
given in appendix A. It is noted that the program contains a control state
ment that directs the calculation for roofing systems depending on the 
number of components. 

3. APPLICATION OF MODEL FOR PREDICTING BITUMEN COOLING 

3.1 VALUES NEEDED TO SOLVE MODEL 

Because the mathematical model was developed to predict cooling time of hot 
bitumen applied to specific roofing components and under specific environ
mental conditions, the program prepared for the solution of the model requires 
values for each of the factors discussed in section 2.1 which affect cooling. 
In this regard, values for the following factors are read into the program 
for each set of calculations: initial temperature, n~ber of elements, ther
mal conductivity, and thermal diffusivity of the roofing components; air 
temperature; and convection coefficient for the top surface of the bitumen 
and the bottom surface of the substrate. Emissivities of the bitumen and 
substrate are constants included in the program and the values of emissivity 
must be changed as appropriate for different bitumens and substrates. The 
initial temperature of any component is taken to be uniform throughout 
its thickness. Other values for operation of the program are the minimum 
temperature to which the bitumen cools and the maximum time allowed for 
bitumen to cool during program execution. Values are also needed for the 
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number of components, the thickne~s of the elements, ~y. and the increment .. 
of time, ~t. 

Although not directly included as part of the program input needed for the 
cooling calculations, values of the following parameters are necessary since 
values of input are dependent ·on these parameters. The thermal diffusivity 
of a material is dependent on its density, thermal conductivity, and specific 
heat. The convection coefficient is related to the wind speed. The number 
of finite-elements of each component is determined by dividing the component 
thickness by the t~ickness of the element, 6y, with the exception that at 
a surface a half element is used in the calculation. It is noted that the 
computer program limits the number of substrate elements to 100. 

In order to illustrate the applicability of the mathematical model, specific 
values of material, environmental, and physical properties for selected model 
roofing systems were needed for use in the cooling calculations. Values 
for materials properties and convection coefficients as a function of wi~d 
speed were obtained from literature sources. Environmental factors 
influencing cooling (air temperature, roof component temperature, and wind 
speed) were chosen to represent a range of conditions encountered in built
up roofing applications. Roofing component thicknesses were selected on 
the basis of current roofing practice. 

The thermal properties of the roofing component materials considered in this 
study are given in table 1. Selected values for roofing component tempera
tures and environmental factors are given in table 2. Table 3 gives thick
nesses of roofing component materials and the number of finite-elements for 
each material used in the calculations. The element thickness, ~y. for com
puter program input was selected as 0.003 in or 0.00025 ft (0.076 mm). Values 
of the time increment, ~t, ranged from 0.000000045 to 0.000001 h (0.000162 
to 0.0036 s). These values of time were selected to satisfy the conditions 
for heat flow calculation by finite-difference techniques [5,6) and to 
minimize computation time. 

Using input data in tables 1, 2 and 3 and selected values of ~y and ~t 
within the ranges given above, the average bitumen temperature was computed 
as a function of time for various model roofing systems (configurations) 
given in table 4. The model roofing systems contain two, jthree, or four 
components and included bitumens, felts, insulations, and ·,deck materials. 
The solution of the mathematical model for a given set of.conditions was 
a tabular listing of bitumen temperatures corresponding to half second time 
intervals. The te~peratures of the applied bitumen during the cooling 
period were computed over a range beg!nning with _the selected application 
temperature (table 2) to the selected lower limit of :l>0°F (149°C). 
Tabular data from the model were used to prepare the bitumen temperature 
versus cooling time plots given in figures 4-17. 
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3.2 RESULTS FOR SPECIFIC ROOFING SYSTEMS 

This section presents the results (figures 4-17) of the calculations for 
various two-, three-, and four-component model roofing systems (table 4) con
ducted to illustrate the applicability of the mathematical model. The results 
in figures 4-15 give the temperature-time relationships for the cooli2g of 
hot bitume2 applied at an application quantity o~ about 20 ~bm/100 ft 
(0.98 kg/m ) for asphalt and about 25 lbm/100 ft (1.2 kg/m ) for coal tar 
pitch, at temperatures of 500, 450, 400, and 350°F (260, 232, 204, and 177°C) 
to a lower temperature of 300°F (149°C) under specific environmental condi
tions. These environmental conditions were air and initial component tem
peratures of 120, 70, and 20°F (49, 21, and -7°C) and wind speeds of O, 10, 
20, and 30 mph (0, 4.5, 9.0, and 13.5 m/s). The asphalt and coal tar pitch 
application quantities correspond to a thickness of 0.04 in (1.0 mm). 

Figure 16 gives results for the three-component roofing system of asphalt 
applied to felt on polyurethane foam insulation and shows the effect of the 
quantity of applied asphalt (asphalt thickness) on cooling time for applica
tion temperatures of 500 and 400°F (260 and 204°C) and a wind speed of 
zero. The air and initial component temperatures in this figure were also 
120, 70, and 20 °F (49, 21, and -7°C). Figure 17 compares the cooling 
time of asphalt applied at 500°F (260°C) to various substrates. In this 
figure the air and initial substrate temperatures were 70°F (21°C) and 
the wind speed was zero. 

A comparison of the results given in figures 4-15 indicates the influence 
of the various factors that affect the cooling rate of hot bitumen. The 
time for the bitumen to cool from 500 to 300°F (260 to 149°C) ranged from 
less than 4 to more than 50 seconds depending upon the wind speed, air tem
perature, initial component material temperatures, and the type of roofing 
system. As expected, the cooling time decreased for a particular roofing 
system with a decrease in application temperature, an increase in wind speed, 
and a decrease in the air and initial component material temperatures. 

The type of substrate to which the hot asphalt is applied may have a signi
ficant effect on the cooling time. Figures 4-9 illustrate this effect. In 
comparing these two-component systems, the cooling time was much longer for 
the cases of asphalt applied to low thermal conductivity and low heat capac
ity polyurethane foam and fiber glass insulations than the cooling time for 
asphalt applied to the more conductive and higher heat capacity concrete 
and steel. The cooling times for asphalt applied to insulating concrete 
and plywood, figures 6 and 7, were about the same, and fell between those 
for the low and high thermal conductivity and heat capacity materials. It 
is noted from table 1 that insulating concrete and plywood have comparable 
thermal properties. 

Because steel has a higher thermal conductivity and heat capacity than 
concrete, it might be expected that asphalt applied on steel would cool 
faster than on concrete. From figures 8 and 9 it can be seen that the cal
culated asphalt cooling times were shorter for a concrete substrate than 
for a steel substrate. This can be explained in part by considering the 
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thickness of the substrate. The thin steel substrate rapidly heats upon 
application of the asphalt until its temperature is nearly uniform through 
its thickness. At this point, the steel is less of P heat sink for the 
asphalt than the concrete. In the case of asphalt applied to the thick 
concrete substrate, the concrete has a considerably larger volume, heats 
more slowly, and continuously absorbs heat from the hotter asphalt. 

A comparison is made from figures 8 and 10 of the cooling times of asphalt 
and coal tar pitch applied to concrete. The slightly longer cooling time 
for coal tar pitch is attributed to its lower thermal diffusivity and higher 
heat capacity. It is noted that identical values of thermal conductivity 
and specific heat were assigned for these two bitumens. The lower 
diffusivity of the coal tar pitch is accounted for by its higher density. 

Figures 11 and 12 illustrate the use of the mathematical model for 
three-component systems, whereby hot bitumen 1.s applied on a felt which is 
attached to a substrate. In these examples, the bitumen was asphalt, the 
felt was type 15 asphalt organic, and the substrates were polyurethane foam 
insulation (figure 11) and plywood (figure 12). The plots in figures 11 
and 12 indicate that the felt and substrate combination influence the cool
ing of the applied bitumen. For these three-component systems, the asphalt 
cooled faster when applied to the felt on the substrate with the higher 
heat capacity and thermal conductivity (plywood). In these two cases, the 
thermal properties of the felt were identical. 

The substrate in these cases influences the cooling of the asphalt because 
the felt is relatively thin. Heat flowing from the asphalt into the thin 
felt flows into the substrate before the asphalt cools to the lower tempera
ture limit of 300°F (149°C). Since heat flows from the hot asphalt first 
into the felt and then into the substrate, the substrate below the felt has 
little effect on the cooling time in the initial seconds after application 
of the asphalt. In comparing figures 11 and 12, it may be seen that the 
temperature-time cooling curves for the asphalt applied to felt on polyure
thane insulation or to felt on plywood are essentially identical during the 
first two to three seconds after application. Then the time of cooling 
increases for the case of asphalt applied to felt on polyurethane foam. 

The effect of the substrate below the felt on the cooling time of the 
applied asphalt may be seen by examining the temperature distribution of 
the eleru~11l~ within the roofing oyctem as a function nf time. Figure 18 
presents temperature profiles through the thickness of the three-component 
roofing systems, asphalt applied to felt on either polyurethane foam insu
lation or plywood substrate. In figure 18, asphalt at 500°F (260°C) was 
applied to the felt and substrate at 120°F (49°C) with a zero wind speed. 
The temperature profiles are obtained by plotting the temperature of the 
element versus the number of the element. The thickness of the substrate 
was limited to 100 elements. The temperature profiles given in figure 18 
are for times of 2, 4, 6, B, 10, and 20 seconds after application of the 
asphalt (figures 18a through 18f, respectively). 
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It can be seen_from figure 18 that the temperature profiles for the two 
three-component systems are very similar at times corresponding to a few 
seconds after application of the asphalt. For example, 2 seconds after 
application (figure 18a), the distribution of temperature through the asphalt 
and felt components are almost identical for the two systems. The tempera
tures within the polyurethane substrate are seen to be only slightly higher 
than those of the plywood substrate for a few elements below the felt
substrate interface. Four seconds after application (figure 18b), the tem
perature distributions within the asphalt components remain similar for 
the two three-component systems. As the time after application increases, 
the temperature profiles of the two three-component systems exhibit greater 
disparity. The temperatures of the asphalt applied to felt on plywood are 
lower than the temperatures of asphalt applied to felt on polyurethane. In 
addition, the temperatures within the polyurethane foam insulation substrate 
rise higher than the temperatures within the plywood substrate which has 
greater heat capacity and thermal conductivity. The result is a slower 
cooling of asphalt applied to felt on polyurethane foam in comparison to 
asphalt applied to felt on plywood. 

A comparison may be made between figures 4 and 11, or figures 7 and 12 to 
show the effect of the felt on the time of bitumen cooling. Figure 4 gives 
the calculated results for asphalt applied directly to polyurethane foam, 
while in figure 11, the asphalt is applied to felt on polyurethane foam. 
The asphalt applied to felt on foam cools more rapidly than that applied 
directly on foam, because of the effect of the relatively high heat ~apac
ity and thermal conductivity of the felt compared to the heat capacity 
and thermal conductivity of the foam. The cooling time for asphalt applied 
to plywood, figure 7, was essentially the same as that for asphalt applied 
to felt over plywood, figure 12. The thermal properties of the felt and 
plywood were considered to be comparable (table 1). 

Examples of asphalt cooling time for two four-component roofing systems are 
presented in figures 13 and 14. The cooling time for hot asphalt applied 
to felt on asphalt on concrete was essentially the same as for hot asphalt 
applied to felt on asphalt on polyurethane foam, even though the thermal 
properties of the concrete and polyurethane foam differ significantly. The 
cooling time to reach 300°F (149°C) for these four-component systems was 
influenced only by the felt and asphalt and not the substrate. 

Figure 15 allows a comparison to be made for a four-component system 
containing coal tar pitch instead of asphalt. The cooling times for coal 
tar pitch in figure 15 were slightly longer than for the asphalt cooling 
times given in figures 13 and 14. Assuming that the substrate has little 
influence on the cooling time for a four-component system, this observation 
is consistent with the previously noted comparison between figures 8 and 
10 for the case of these two bitumens applied to the same substrate. 

The effect of the quantity of applied asphalt on the cooling time is 
illustrated in figure 16. In figures 4 through 15, the bitumens were applied 
at a constant thickness of about 0.04 in (1~0 mm). Thi2 corresponds to an 
application quantity of about 20 lbm/100 ft (0.98 kg/m ) for asphalt and 
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25 lhlD/100 ft2 (1.2 kg/m2) for coal tar pitch. As noted in figure 16, 
increasing the. amount of applied bitumen significantly increased the cooling 
time to reach a given temperature. For example, in figure 16 the cooling 
time· to reach 300°F (149°C) for asphalt at 500°F (260°C) applied to com
ponents at 20°F (-7°C) ranged from about 8 to 45 seconds for application 
quantities of about 15 and 30 lbm/100 ft2 (0.73 and 1.5 kg/m2), respectively. 
These quantities correspond to asphalt thicknesses of about 0.03 and 0.06 in 
(0.7 and 1.5 mm). 

Figure 17 shows the effect of the substrate on asphalt cooling time for a 
specific set of environmental conditions, application temperature, and 
asphalt thickness. The air and substrate temperatures are 70°F (21°C) 
with a zero wind, speed and with an asphalt appl~cation temperature

2
of 500°F 

(260°C). ~e asphalt thickness corresponds to ·about 20 lbm/100 ft 
(0.98 kg/m ). In general, the curves·in this figure are grouped according 
to the thermal properties of the substrate, and in particular, the heat 
capacities of the substrates. Table 5 presents the heat capacities of the 
substrates and the times for the asphalt to cool to 300°F (149°C) for the 
specific set of environmental conditions in figure 17. It can be seen from 
table 5 that the asphalt cooling times generally decrease as the heat capac
ities of the substrates increase. The thickness of the steel substrate is 
considerably less then that of the other substrates (table 3). This accounts 
for the cooling time being comparable to that for concrete, as shown in 
table 5. ·It is noted that the cooling time of asphalt applied to felt is 
influenced by the polyurethane foam insulation substrate. Cooling time of 
asphalt applied to felt alone was not calculated, since this is not 
applicable to roofing construction. 

3.3 USES FOR·MODEL 

The model for predicting the cooling time of hot bitumen has practical 
application to the construction of bituminous built-up roofing systems. The 
model can provide quantitative information about.bitumen cooling time with 
regard to the time available to apply insulations or felts properly. Bitu
men cooling is a complex process which depends upon a combination of envi
ronmental factors and thermal properties of the materials in the roofing 
system. 

The model has shown in section 3.2 that for certain roofing systems under 
specific conditions bitumen will cool extremely rapidly. Tn r-AReR where 
cooling may be more rapid than expected, there may be insufficient time to 
place insulation or to broom felts to achieve adequate adhesion between 
roofing components. The model permits a quantitative determination of 
bitumen cooling time as opposed to empirical or intuitive approaches. Use 
of the model indicates that under some conditions, the application tempera
ture may have to be raised above normally accepted limits to provide suffi
cient time to apply component materials, or hot bituminous roofing should 
not be applied under some conditions.· 

Althuush the use of th£ model wao dcmonotrated :Ln thi• paper for epec1f1r 
roofing systems and environmental conditions, it may be applied to other 
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roofing systems and environmental conditions as well. This paper presented 
the results of the cooling calculations as plots of bitumen temperature 
versus time for specific bitumen application temperatures at vario~s wind 
speeds and at specific air and substrate temperatures. Other types of 
plots may be used to express the results of the cooling calculations. Ope 
such plot relates the dimensionless temperature parameter, (Tb - Tac>l 
(Ta - Tac>• to time. The term Tb is the bitumen· temperatu~e at a given time, 
Ta is the application temperature of the bitumen, and Tac is the temperature 
of the air and the initial temperature of components other than bitumen. 
Figure 19 is an example of a plot of dimensionless temperature versus time 
for the application of hot asphalt to steel, and was generated from the 
results of the cooling calculations from which figure 9 was prepared. 
Whereas figure 9 contains forty-eight curves, figure 19 contains only four 
curves. These four curves may be used to approximate the bitumen tempera
ture (Tb) at any given time for any bitumen application temperature (Ta) 
and air and initial roof component temperature (Tac> for each of the four 
wind speeds. 

4. SUMMARY 

This paper presented a mathematical model using finite-difference equations 
to predict the cooling times of hot bitumen applied during the construction 
of built-up roofing. The application or contact temperature of the hot 
bitumen was taken as the temperature at which the bitumen made contact with 
the surface to which it was applied. The quality of built-up roofing is 
dependent upon the application of bitumen which is hot enough (i.e., has 
the proper viscosity) to provide a uniform continuous layer of bitumen and 
adequate adhesion between roofing comppnertts. A model for the prediction 
of cooling times was needed, since it woul9 not be practicable to meas~re 
these rates for the numerous roofing systems to which hot bitumen may be 
applied under many different environmental conditions. Up to now, mathe
matical modeling of the cooling of bitumen has not been employed in the 
roofing industry. 

The effect of various factors on the cooling times of hot bitumen was 
investigated. These factors included materials properties and environmental 
conditions. The materials properties were the initial temperature, thermal 
conductivity, specific heat, density, and thickness of. the roofing components. 
Environmental conditions affecting cooling were air temperatu·re and wind 
speed. Values for each of these factors were incorporated in the model to 
determine quantitatively their effect on the cooling. The model was com
puterized for application to roofing systems having two, three, or four 
components. 

Examples of the use of the model to predict the cooling times of hot bitumen 
applied to various roofing components were given. These components included 
felts, insulations such as fiber glass and polyurethane foam boards, and 
typical decks such as concrete, steel, and plywood. Times for bitumens to 
cool to 300°F (149°C) were computed for bitumen application temperatures 
ranging from 500 to 350°F (260 to 177°C). For the selected examples, cooling 
times ranged from less than 4 to more than 50 seconds depending upon the 



19 

type of model roofing system in question, environmental conditions, and 
component material temperatures. Cooling times of the hot bitumen were 
graphically presente~ usin~ computer-generated plots of bitumen temperature 
versus time. 

The model indic~ted that for some systems under certain envirq~mental 
conditions, hot bitumen cools extremely rapidly. In these cases, sufficient 
time may not be available to place insulation or felts properly. To provide 
adequate time for proper application, the temperature of the bitumen may need 
to be increased above normally accepted limits, or hot bituminous roofing 
should not be applied under some conditions. 
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Table 1. Thermal Properties of the Roofing Component 
Materials for Use in the Model. 

Thermal Properties 

Thermal Specific Thermal 
1 Conductivity Heat Diffusivtty< ) 

k cP II 

Btu•ft/h•ft2••F Btu/lbm••F ft2.fh 
(W/m•K) (kJ/kg•K) (mm /s) 

o Bitumen (Hot) ( 3) 

Asphalt 

Coal Tar Pitch( 4) 

56 
(896) 

72 
(115 3) 

0.067 
(0.12) 

0.067 
(0.12) 

0.5 3 
(2.22) 

0.5 3 
(2.22) 

0,002 3 
(0.059) 

0.0018 
(0.046)-

o Felt 

Type 15 - Asphalt 
Organic 

Type. 15 - Coal Tar 
Pitch Organic 

63 
(1008) 

69 
(1105) 

0.047 
(0.08) 

0.047 
(0.08) 

0.27 
(1.1 3) 

o. 35 
(1.46) 

0.0028 
(0 .07 2) 

0.0019 
(0.049) 

o Bitumen'- Cement 

Asphalt 

Coal Tar Pitch(4 ) 

64 
(1025) ' 

80 
(1281) 

0,089 
(0.15) 

0.089 
(0.15) 

0.42 
(1.76) 

0.42 
(1.76) 

0.0033 
(0.085) 

0.0026 
(0.067) 

o Substrate 

(l) 

(2) 

( 3) 

(4) 

Steel 

Concrete 

Insulating 
Concrete 

Plywood 

Glass Fiber 
insulation Board 

Polyurethane Foam 
Insulation Board 

489 
(7829) 

140 ' 
(2241) 

40 
(640) 

34 
(544). 

6.5 
(104) . 

1.5 
(24) 

26.2 
(45. 3) 

0.75 
1.~ 

0.096 
(0.17) 

0.067 
(0,12) 

0,021 
'(0,036) 

0,013 
(0.022) 

Calculated from the relationship, 11 • k/pCP, 

Calculated from the values of density and specific heat. 

0.12 
(0.50) 

0.22 
(0,92) 

0.21 
(0.88) 

0.29 
(1.21) 

0.2 3 
(0.96) 

0.38 
(1,59) 

0.45 
(11.61) 

0.024 
(0.62) 

0,011 
(0.62) 

0.0068 
(0.18) 

0,014 
(0. 36) 

0.023 
(0.59) 

Density, thermal conductivity, and specific heat values have been adjusted for the 
elevated bitumen application temperatures. The adjustment was made for a temperature 
of -450°F (232 °C), 

According to Hack (20], the thermal conductivity and specific heat of coal tar pitches 
are of the same order of magnitude as those of asphalts. Thus, for purposes of this 
paper, vaiues of thermal conductivity and specific heat of coal tar pitch were chosen 
to be identical to those of asphalt. 

j 

Heat Cspacity< 2> 
pCP 

Btu/f~ 3•°F 
(kJ /m .•K) 

~ 
(1989) 

38 
(2560) 

17 
(1139) 

24 
(161 3) 

27 
(1804) 

34 
(2255) 

59 
( 3915) 

31 
(2062) 

8 
(56 3) 

10 
(658) 

1.5 
(100) 

0,57 
( 38) 

Data 
Source 

Reference 

(20] 

(20] 

(21] 

(21) 

(20) 

(20] 

(22) 

(23) 

(23) 

(23) 

(23) 

(23] 
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Table 2. Values of Roofing Component Temperatures and Environmental 
Factors Used in the Calculations 

Factor Units Numerical Values 

Bitumen Application OF 500 450 400 350 
Temperature (oC) "(260) (232) (204) (177) 

Felt. Bitumen-Cement OF I20 70 20 
and Substrate Temperatures (°C) (49) (21) (-7) 

Air Temperature OF I20 70 20 
(oC) (49) (2I) (-7) 

Wind Speed mph 0 IO 20 30 
(m/s) (0) (4.5) (9.0) (13.5) 

and 

Corresponding Btu/h•~t2•°F I.O 3.6 6.1 8.5 
Convection (W/m •K) (5.7) (20.4) (34.6) (48.2) 
Coefficient (I) 

(I) Wind speeds are those blowing across the surface of the cooling bitumen. 
The values of the convection coefficient corresponding to the selected 
wind speeds were estimated from the curve for smooth surfaced materiaia 
in figure I. chapter 22 ~f ASHRAE Handbook 1977 Fundamentals [24). The 
radiation contribution to the overall surface coefficient has been 
subtracted to estimate the convection coefficient. 
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Table 3. Thickness of the Roofing Cc•mponent Materials and Corresponding Number 
of Elements Used in the Calculations. 

Roofing Component Material 

o Bitumen 

Asphalt( 2 ) 

Coal Tar Pitch( 2 ) 

o Felt 

Type 15 Asphalt Organi~ 

Type 15 Coal Tar Pitch 
Organic 

o Bitumen-Cement 

Asphalt 

Coal Tar Pitch 

o Substrate< 3) 

Steel(Z) 

Concrete 

Insulating Concrete 

Plywood 

Glass Fiber Insulation 
Board 

Polyurethane Foam 
·Insulation Board 

Component Thickness 

in 

0.0285 
0.0405. 
0.0495 
0.0585 

0.0405 

o.o 33 

0.033 

0.042 

0.042 

0.0285 

6.0 

4.0 

o.15 

1.0 

1.0 

mm 

o. 7 2 
1.0 3 
1.26 
1.49. 

1.0 3 

0.84 

0.84 

1.1 

1.1 

o. 72 

152.4 

101.6 

19.1 

25.4 

25.4 

Number of Elements(!). 

10 
14 
17 
20 

14 

11· 

11 

1~ 

14 

10 

100 

100 

100 

100 

J .. 100 

(1) 
The numbe~ of finite elements is in general determined by dividing the component 
thickness by the thickness of a single ·element, 6y. In this report, 6y was · 
chosen equal to be 0.003 in (0.076 mm). 

(2) 

( 3) 

The component thickness considers the ha~f-thickness element at the surface. 

The computer program limits the number of substrate elements to 100. 
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_Table 4, Configuratio~s of Roofing Components fo~ Which the 
Cooling Time of the Applied Bitumen wae calculated. 

Roofing Configuration Figure Number<2> 

Number of 
Components 

Applied Bitumen Other RoQfing Components(!) 

(1) 

(2) 

2 asphalt 

asphalt 

asphalt 

asphalt 

asphalt 

asphalt 

coal tar pitch 

3 asphalt 

asphalt 

4 asphalt 

asphalt 

coal tar pitch 

polyurethane foam insulation board 

fiber glass insulation board 

insulating concrete 

plywood 

c!)ncrete 

steei 

concrete 

felt on polyurethane foam insulation 
board 

felt on plywood 

felt on asphalt on polyurethane foam 
insulation board 

felt on asphalt on concrete 

felt on coal tar pitch on fiber glass 
inst,~lation board 

4. 

5 

6 

1 

8 

9 

10 

11, .16 

12 

13 

14 

15 

For roofing configurations which contain three and four components, the components 
are listed in the sequence in which they are located in the system, the first 
listed being uppermost. 

The figure numbers refer ·to the figures of bitumen temperature versus cooling time 
given in section 3.2. 

••.:: '. '· . 

.. . •'):., 

.I 
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Table 5. Heat Capacities of Various S~bstrates ,nd Cooling 
Times for Asphalt When Applied on Them~a} 

Substrate 

Polyurethane Foam 
Insulation Board 

Glass Fiber 
Insulation Board 

Insulating Concrete 

Plywood 

Felt on Polyurethane 
Foam Insulation 

Concrete 

Steel(d) 

Heat Capacity 

pCP 

Btu/f~3o°F 
(kJ/m "K) 

0.57 
(38) 

1.5 
(100) 

8 
(563) 

10 
(658) 

17 
(1139) 

_(c) 

31 . 
(2062) 

59 
(3915) 

Asphalt Cpoling 
Time(a) 

s 

59 

49 

16 

17 

_(b) 

28 

4.5 

6.5 

(a)Time to cool to 300°F (149°C). Asphalt applied at 500°F (260°C) with 
air and initial substrate temperatures of 70°F (21°C) and zero wind speed. 
The asphal! application quantity corresponds to about 20 lbm/100 ft2 

(0.98 kg/m ). 

(b)Asphalt is not applied to felt alone, and felt is not considered to be a 
substrate. 

(c)Heat capacities of the felt and polyurethane foam are l.isted separately. 

(d)The thickness of the steel is considerably less than that of the other 
substrates (table 3). 
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Figure 1. Modes of Heat Transfer During Construction of Bituminous Built-Up Roofing 
Systems. lhe Effect of Solar Radiation was not Included in the Mathematical 
Model. Heat Transfer due to Convection and Radiation from the Underside 
of Thin Decks Without Insulation was Included in the Model· 
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RADIATION T NODES a L_L LOSS 
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p· 
Key: T a = temperature of the air 

Tb1 =temperature of the first bitumen element 

Tbl =temperature of an Interior bitumen element 
. ' 

T bn = temp~rature of the last bitumen elem~nt · 
1 

Tx1= temperature of the first element of the roofing component 
below the bitumen 

A y =the thickness of an element and the distance between nodes 
~ • *' . 

Figure 2. Diagram of the Elements Within the Bitumen and Top Elements 
of the Roofing Component Below the Bitumen. 
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nodes 

node temperature J 

Tb(i-1) 

Tbi 

Tb(i+1) 

Ta 

Tb1 

Tb2 

_i_ 
i-1 

b.y 

T 
i 

i 

b.y 
i+1 

T 

• 

• 

• 

Qi-1 , 1 • heat flow from node 1-1 to node i 

- (Tb(1-1) - Tb1) D kb(Tb(i-1) - Tb1) 
Rb . b.y . 

Stored heat at node i • Cpbpb(6y)(Tbi - Tbi) 
/).l 

Qi+1,i • heat flow from node i+1 to node i 

(Tb(i+l) - Tbi) 

Rb 

kb(Tb(i+l) - Tbi) 
b.y 

3a. Heat flow within an element within the bitumen 

a • 

! 
·~rn 2. 

Qa, 1 ., heat flow from air node a to surface node 1 

• hb(Ta - Tb1) 

Stored heat at node 1 .·Cpbpb(b.y/Z)(Tbi- Tb1) 
H 

· Q1 ,i • heat fl~~ from node 2 to surface nod~ 1 

• '(Tb2 - Tbl). D kb(Tb2 - Tbl) 
Rb b.y 

3b. Heat ·now at the surface boundary element of. the bitumen 

n-1 

• 

n • 

flu-l,n • ·heat flow from .node '-n.-1 to node n 

• (Tb(~~1) - Tbn) kb(Tb(n-1) - Tbn) 
Rb b.y 

Stored heat at node n ~ Cp~b(b.y)(T~n- Tbn) 

in t ert'ace --!f-+-~ 
. . ' /).t 

• 
n+l 

3c. Heat flow at the bottom b~undary element of the bitumen 

Figure 3 Diagram of the Elements and Nodes Used to Develop the Finite
Difference Equations for Heat Fiow Within the Bitumen, at the 
Surface of the Bitumen, and at the Bottom Boundary of the Bitumen. 
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Relationship Between Bitumen Temperature and Cooling Time for the 
Two-Component Model, Asphalt Applied on Polyurethane Foam 
Insulation. The Quantity of Applied Bitumen is Approximately 
20 lbm/100 ft 2 (0.98 kg/m2). 
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~DEL -- ASPHALT ON FIBER CLASS In5ULATIOH BOARD 
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Figure 5. Relationship Between Bitumen Temperature and Cooling Time for the 
Two-component Model, Asphalt Applied on Fiber Glass Insulation2 The Quanti~y of Applied Bitumen is Approximately 20 lbm/100 ft 
(0.98 kg/m. ). 
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"ODEL -- AiPHALT ON INSULATING CONCRETE 
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Relationship Between Bitumen Temperature and Cooling Time for the 
·Two-Component Model, Asphilt 'Applied on Insulating Concret~. The 
Quantity o~ Applied Bitume~ is'Approximately 20 lbm/100 ft 
(U.98 kg/m ). · · · 
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IIODEL -- ASPHALT 011 PLVYOOD 
' '. 

28 

____ II_I_H_!) __ S!_E_E_D ____ _ 
SOLID • 0 IIPH 
DOTTED • 18 IIPH 
DASHED • 20 IIPH 
DASH/DOT • 30 IIPH 

38 

'cOOLIHC TI,.E. SECONDS 
AIR AND PLVIIOOD TEMPERATURES ARE 128 F 

____ II_I_N_!) __ S!_E_E_D ____ _ 

SOLID • 8 IIPH 
DOTTED • 18 IIPH 
DASHED • 28 IIPH 
DA9H•'DOT • JO llf'lt 

18 38 48 
COOLIHC TIME. SECUHU~ 

AIR AHD PLVIIOOD TEMPERATURES ARE 28 F 

58 

58 

Relationship Between Bitumen Temperature and Cooling Time for t',he 
, Two-:-Compo~P-,nt. Model, Asphalt Applied on, Plywoo~. The Quan2ity of 
Applied Bitumen is Approximately 20 lbm/100 ft (0.98 kg/m ). 
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Figure 8. Relationship Between Bitumen Temperature and Cooling Time fot the 
Tw9-Component Model, Asphalt. Applied on ~oncrete.·2 The .Quanti~y 
of Applied Bitumen is Approximately 20 lbm/100 ft (0. 98 kg/m ). 
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MODEL --·ASPHALT ON STEEL 
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Figure 9o Relation~;hip Between Bitumen Temperature and .C 0 oling Time for ·t.he 
Two-Component ~!odel, Asphalt Applied on Steel. The .Quantity o'f 
Applied BitumE~r, is Approximately 20 lbm/100 ft 2 (.Oo98 kg/m2). 
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. . . : 't1fo-C~mponent MOdel, Coal T~r Pitch Applied ~on Concrete. · Jbe 

·· Quantity ~f Applied 'Bit~n ~8 ,,Appro~imately 25 lbm/100 ft 
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PIODEL -- ASPHALT CH r£LT ON PUF INSULATION BOARD 
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Relationship Between Bitumen Temperature'and Cooling Time for the 
).'hree-Component Model, Asphalt.Applied on Felt o.;,er Polyurethane 
Foam Insulati~IJ.· The Qua~t,it:Y of .~J>plied Bitumen i!i Approximately 
20 lbm/100 'ft (0.98 kg/m )~ · 
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Relationship Between Bitumen Temperature and Cooling Time for 
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Piaure 13. Relationship Between Bitumen Temperature and Coolin& Tt.e for the 
Pour--component Model, Aaphalt· Applied on Pelt over Asphalt on 
Polyurethane Foam Insulatio!• The Quan~ity of Applied Bitu.ea ie 
Approxiutely 20 lbm/100 ft (0.98 ka/m ). . · 
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20'lb~/100. ft (0.98 ~g/m.). 
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Figure 16. Effect of Asphalt Thickness on the Cooling Time for the Three-Cpmponent 
Model, Asphalt App~ied on Felt over Polyurethane Foam Insulation. 
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APPENDIX A. LISTING OF FINITE-DIFFERENCE EQUATIONS 

The mathematical model for predicting the cooling times of hot bitumen 
during built-up roofing construction, as developed here, is applicable to 
roof systems which may contain two, three, or four components. The model 
contains three types of finite-difference equations for each component of 
the roofing system; that is, the model uses· 6, 9 or 12 types of equations 
for calculating cooling times for systems containing two, three, or four 
components, respectively. For the convenience of the reader, this appendix 
presents the types of finite-difference equations used for the two-, three-, 
or four-component roofing systems. These equations may be developed by the 
treatment given in section 2.2. The subscripts b, f, c, and s in the equa
tions which follow refer to bitumen, felt, bitumen-cement, and substrate, 
respectively. It is noted that the types of finite-difference equations 
for similar elements in different components (e.g., the equations within 
the bitumen-cement and within the substrate) are identical in form. The 
difference between the equations is the values of the constants for the 
thermal conductivity, specific heat, and density properties of the components 
in question. · 

Figure Al presents a diagram of the elements and mathematical notation used 
to denote the temperature of the elements for the four-component·' roofing 
system. This figure was prepared for development of the finite-difference 
equations for the four-component system. Similar diagrams may be prepared 
for the three- and two-component systems. 
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Fisure Al. Diagram of the Finite-Elements Within the Components of the 
Roofing System Used for the Calculation of Bitumen Cooling 
Time by Finite-Difference Techniques. 
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A.l· FINITE-DIFFERENCE EQUATIONS FOR THE FOUR-COI-Ii'ONENT SYSTEM 

0 At the bitumen surface, Tbl 

Tbl = Tbl[l.O- ~(Nb + LO) + 3__(Tb2 + NbTa)] 
Mb Mh 

0 Within the bitumen, Tbi 

0 In the bottom elemental layer of b.iLu1ncn, Tbn 

0 

T .. 
bn 

In the 

Tfl = 

o Within 

top 

Tn 

the 

elemental layer of the felt, Tfl 

+ 1 [( 2kb y -e 2k . ) . 
- bn + ___ 1.> _ T fl 
Mf kb + kf kb + kf 

felt, Tfi 

0 In the bottom elemental layer of fcl.t, Tfn 

+Tf2] 

T;n = Tfn + ~f[Tf(n-1) - ( 1 + kc 2:\JTfn + ( k:k~ kfYclJ 

0 In the top elemental layer of bitumen-cement, Tel 

T~l = Tel + ~ ~( 2kf )Tfn - ( 1 + -~ 2kf . )Tel + Tcz] 
Me ~ kc + kf kc + kf 

0 Within the bitumen-cement, Tci 

0 In the bottom elemental layer of bitumcn-·cement, Ten 

(Al) 

(A2) 

(A3) 

(A4) 

(AS) 

(A6 ). 

(A7) 

(A8) 

(A9) 
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0 In the top elemental layer of.the substrate, T 1 . s . 

T;1 .. T8 1 + ~[(kc 2:\JTcn ,- ( 1 + 
2
kc )T + T J sl s2 

kc + ks 

0 Within the subtrate, T
8

i 

T;i a Tsi + l (Ts(i-1) - 2Tsi + Ts(i+1)) 
R; 

0 In the bottom elemental layer of the substrate, Tsn 

T;n"' Tsn[l.O - ( ~J(Ns+ 1)] + ( ;J(Ts(n-1) + NsTa) 

A.2 FINITE-DIFFERENCE EQUATIONS FOR TilE THREE-COMPONENT SYSTEM 

(AlO) 

(All) 

(Al2) 

The nine types of finite-difference equations for the three-component system 
are: 

o At the bitumen surface, Tbl 

T;1 • Tbl[l.O - ( ~b/Nb + l.O) J + ( ;J(Tb2 + NbTa) 

o Within the bitumen, Tbi 

T;i • Tbi + l_(Tb(i-1) - 2Tbi + Tb(i+l)) 
~ 

o In the bottom elemental layer of bitumen, Tbn 

o In the top elemental layer of felt, Tfl 

o Within the felt, Tfi 

T;i. • Tfi + _L(Tf(i-1) - 2TH + .Tf(i+l)) 
Mf 

(Al3) 

(Al4) 

(A15) 

(Al6) 

(Al7) 
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o In the bottom elemental layer of' felt·, Tfn 

.. ( 1 1- + ( 2k~ ) 1'. J ---- sl 
. kf + ks 

(A18) 

o In the top elemental layer of t:h£' ::>uk-tr.<\t<.:, \;l 

(Al9) 

o Within the substrate, T51 

t;i = Tsi + l_(Ts(i-1) - 2Tsl + T ) 

Hs 
s(i+l) (A20) 

0 In the bottom elemental layer of the substrat<:!, Tsn 

T;n .. Tsn[l.o -
( ~8 y N s + l) J + ( 3-..yTs(n-1) + NsTa) 

r\. . 
(A21) 

The six types of finite-difference ·equ.:li:.HHls for the two component system 
are: 

o At the bitumen surface, Tbl 

(A22) 

(A23) 

o In the bottom elemental layer of bitumen, Tbn 

(A24) 
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o In the top elemental layer of the substrate·, Tsl 

-T~ 
· sl Tsl + ~s [ ( k:k! kJTbn - ( 1 + k:k! kJTsl + Ts2] 

o Within the substrate, T81 

r;i = Tsi + !_(Ts(i-1) - 2Tsi + Ts(i+l)) 
Ms 

o In the bottom elemental layer of the substrate, T sn 

APPENDIX B. LISTING OF COMPUTER PROGRAM 

(A25) 

(A26) 

(A27) 

The complete listing of the computer program can be found in NBS 
Technical Note 1135, Cooling of Bitumen During Construction of Built-up 
Roofing Systems- A Mathematical Model, by Walter J. Rossiter, Jr., 
Robert G. Mathey, Herbert W. Busching, and William C. Cullen, March, 
1981. 
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MODELING OF THE MECHANICAL PERFORMANCE 
OF BUILT-UP ROOFING MEMBRANES 

James Pommersheiml/ 
Robert c. Mathey_!/ arid James R. Clift.onY 

ABSTRACT 

The mechanical performance of built-up roofing membranes, fully bonded to 
an underlying deck or sub~trate was modeled. Both.linear and nonlinear stress
strain behaviors were considered in the model development. The model is com
pared to previously developed models. ·It was found that the equality of the 
complementary strain energy of the fabric or felt layer with the strain energy 
of the bonding adhesive or bitumen layer governs both the conditions under . 
which membrane integrity is lost and the mode of failure. ·. Failure can occur 
either by membrane splitting or adhesive disbanding. The testing criteria 
developed are applied to a sample case. 

Keywords: buiit-up roofing membrane, complementary strain energy, models, 
roofing membrane, roofs, strain energy, stress. 

!/ Bucknell University, Lewisburg, PA. 

2/ National Bureau of Standards, Washington, DC. 
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1. INTRODUCTION 

A roofing membrane should be waterproof and be able to sustain building 
movements. Larger than anticipated movement can lead to failure of the mem
brane. The me~hanical function of a built-up roofing membrane is to prevent 
failure by effectively transferring shear stress from one adjacent layer of 
the membrane to the next without loss in membrane integrity. 

Existing analytical models for describing strains and stresses induced by 
substrate movement are discussed in this-report. Then the development of a 
more predictive model is outlined. For simplicity the roofing membrane is 
considered to consist of a single ply of roofing felt whfch is fully bonded 
with a·bitumen (asphalt or coal tar·pitch) layer to an underlying substrate. 
Most bituminous built-up roofing membranes consist of asphalt saturated organic 
felts and air-blown asphalt. The substrates over which membranes may be 
applied include rigid thermal insulation ·materials such as fiberboard~ perlite 
board, glass fiber or foamed plastic, or, if no insulation"is used, a roof 
decking material such as concrete, wood or metal. Usually built-up roofing 
membranes consist of more than one ply. However the mechanical performance of 
a single-ply membrane is not unlike that of a multi-ply·or built-up roofing 
membrane (1]. 

Splitting of the membrane is one of the principle modes of failure of a 
built-up roof [1, 2]. Loss of membrane integrity and penetration of water is 
the inevitable result. Splitting often occurs over the insulation joints 
where the membrane is subjected to the greatest amount of stress. Staggering 
of the insulation boards helps to minimize the potential for lengthy splits in 
the roof membrane, as does placing the membrane with its strongest direction 
(the machine direction) ·perpendicular to the continuous joints in the insula
tion. Although such measures help to minimize membrane failure, they cannot 
prevent failure when sufficiently large joint movements occur. Such movements 
can occur because of sudden temperature changes either inside or outside the 
building. Wetting and drying of some membranes will also induce stress in 
these membranes as will wetting and drying of the underlying insulation or 
other substrate. The movement of the roofing membrane relative to the sub
strate is important in determining if membrane failure may occur. Koike [2] 
reported that membrane failure occurred in single-ply membranes for joint 
spacings or widths between 1.0 and 1.7 mm. Maximum movements of roof joints as 
high as 4 to 5 mm have been observed by Marijs and Bonafont [3] with a maximum 
movement rate of 0.3 mm/h. 

Bonafont considers fatigue failure to be a more likely mode of mechanical 
failure t·ha,n splitting due to overstressing [1, 4]. Slip between fibers in the 
felt is irreversible so that cycling and repeated movements can cause failure 
sooner. Thus, failure by fatigue occurs at much lower values of joint spacing 
than does failure by overstressing. Bonafont found that if the felt is able to 
survive the fir.st fatigue cycle it will survive a comparatively large number of 
identicai cycles, because the greatest stress occurs in the first cycle. In 
developing his analytical model, Bonafont considered that the bitumen was a ·' 
linear visco-elastic material. However, he did not consider the stiffening of 
the bitumen which often occurs as ·tht:! .membrane ages;.· 
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2. ANALYSES OF EXISTING MODELS 

There are two basic approaches in modeling the mechanical performance of 
roofing membranes subjected to stresses and strains induced by the movement of 
the underlying substructure; one developed by Koike [2), and another developed 
by Bonafont and co-workers [1, 3, 4]. 

Koike [2] derived a relation between joint movement in a substrate which 
is fully bonded to an elastic adhesive layer (generally a bitumen) and the 
resultant stresses and strains induced in the adhesive and membrane. He pre
dicted the joint movement (or gap spacing) g needed to rupture a fully bonded 
fabric or felt layer having a tensile strength P and an elastic modulus M. The 
relationship is: 

h 1/2 
g = 2 p [MG] 

(1) 

where h is the thickness of the adhesive (bitumen) film between the substrate 
and the fabric and G is the shear modulus of the adhesive (bitumen). It is con
ventional in roofing system studies [1-3] to define both P and M based on the 
lateral felt width. G is based on the adhesive shear area. 

The physical situation is illustrated in figure 1. The system is shown 
both before and after substrate movement. Each substrate element moves hori
zontally a distance g away from the gap center line. Thus the total gap width 
or spacing is 2g. 

The most critical assumption involved in deriving Koike's relation is that 
both the fabric and the adhesive are linearly elastic or Hookian materials. 
This presumes that a direct proportionality exists between stress and strain 
and that the moduli M and G are constant. It is well known, however, that the 
moduli of roofing materials are not constant [1, 5]. Marijs and Bonafont [3], 
for example, have suggested that a model which allows for both viscous and 
elastic properties, the so called linear visco-elastic or Boltzmann model, is 
adequate to characterize roofing systems. Linear stress-strain diagrams for 
roofing materials seem to be the exception rather than the rule. Only at low 
temperatures (generally below -l8°C (0°F)) do these materials show linearly 
elastic behavior, and then over only narrow ranges of stress application which 
are ~enerally lower than those that cause splitting failure in actual buil~-up 
roofing systems. · 

The stress-strain data obtained by Koike [2] are distinctly nonlinear. 
Figures 2 and 3 present stress-strain data collected by Koike [2] at three dif
ferent temperatues. Figure 2 is for asphalt-saturated roofing felt (coated 
type) while figure 3 is for bonding bitumen (a blown-petroleum type). The 
curves bend upward for the bitumen, while for the felt the curves bend downward. 

"Bonafont [1] extended Koike's work to fabric or felts with non-linear and 
visco-elastic stress-strain behavior. Bonafont considered the rheological 
behavior of the bitumen to be that of an ideal Boltzmann-type (linear visco
elastic) body. In addition he presented a more general theory for linearly 
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FIGURE 1. SCHEMATIC REPRESENTATION OF ROOFING MEMBRANE BEFORE AND AFTER 
SUBSTRATE MOVEMENT Ill 
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elastic fabrics and adhesives which allowed for the finite length of the 
substrate elements. The equation he developed for the joint movement is 

g "' 2 w p 
M[aW coth{aW)-1] 

with 

where W is the half width of one substrate element. The bitumen is presumed 

(2) 

(3) 

to be fully bonded.across two adjacent parallel substrate elements of total. 
width 2W. Bonafont stated that equation 2 reduces the Koike's relation (equa
tion 1) under ·the condition that (aW) >> 1. Because substrate element widths 
are much greater than bitumen film thicknesses, the dimensionless group (aw)· 
will usually be much larger than unity. Under this condition equation 2 becomes 

g = 2 w p • 
M(aW-1) 

Equation 4 further reduces to Koike's relation, equation 1, 
conditions the quantity {"aW - 1) can be approximated as aW. 
relation satisfactorily treats all two-ply membrane systems 
with linear stress-strain behavior. 

(4) 

because under these 
Therefore, Koike·' s 

composed of materials 

For non-linear membranes Marijs and Bonafont (3) derived the following 
expression for ~he joint movement at which rupture should occur 

g = 2 
2hU l/2 
[-] 

G 
(5) 

where U is the complementary strain energy of the felt, defined as the integral 
under its strain-stress diagram [6], i.e., 

p 

U = 1/2 f e d a 
0 

where e_is the strain and a is the stress in the felt. 

3. DEVELOPMENT OF ANALYTICAL MODEL 

3.1 Stress-Strain Relationships for Felt and Bitumen 

{6) 

For materials with Hookian or linearly elastic stress-strain characteristics 
the standard relatonships for the stresses in the felt and bitumen film layers 
are, respectively, 

{7) 
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and 

T = G '( 

where T is the stress in the bitumen (adhesive) and '( is the bitumen strain. 
By convention T is based on unit bitumen area, and a is based on unit felt 
width. 

(8) 

Before a model can be developed and used to calculate joint movem~nts for 
non-linear materials, .it.is necessary to derive similar constitutive relations 
for the stress-strain behavior of these materials. 

The moduli M and G are constant only for a purely elastic membrane and 
film. But as was pointed out in the previous section, membranes are usually 
far from elastic, therefore, the relationships 

a = M(c) c (9) 

and 

T = G(y) y (10) 

will be used to represent the shear stresses, in the membrane and film, 
respectively. The moduli in these equations are then the ratio of ordinate to 
abscissa of their respective stres~-strain diagrams. They vary contih~ously 
with the strain level • 

. If experimental data are available, constitutive relations can be derived 
for the stresses and mo~uli. Using the data of Koike (refer to figure 2) as 
well as data from NBS roofing membrane tests [7], the simplest formulas which 
were found to adequately characterize the stress-strain behavior of roofing 
felts had the form 

(11) 

substituting M = ale the following is obtained 

(12) 

M0 and a are empirical constants. M0 is the zero-strain modulus for the 
roofing fell. Graphieally it is the slnpP of the stress-strain (a,c) diagram 
(figure 2) at the origin. The constant a is a measure of the deviation of the 
felt from linearly elastic behavior. Higher absolute values of a give larger 
deviations. 

The constants M0 and a were obtained from the linearizing plot of the 
logarithm of the ratio of stress to strain versus the strain, using the log
arithmic form of equation 11 

log (£) = log M 
c 0 

(13) 
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The intercept of a plot of log (a/E) versus E is equal to log Mo while the slope 
is given by (-a/2.303). Figure 4 shows ~he fit of equation 13 to data taken 
from figure 2 at temperatures of -3°C, l3°C and 20°C. The lines shown were 
obtained by the method of least squares. Confidence bands (+ tsr) are drawn 
about each line. -

Table 1 summa·.cizes the· least squares values obtained for M0 and a at the 
three temperatures together with the correlation coefficients and error band 
(~ tsr), of the linearizing plots, and the 95 percent confidence bands on the 
values of a and M0 , (+ tsa) and (+ tsM ),. respectively. Also included are the 
predicted maximum stress and the straiR at this stress. The high values of the 
correlation coefficient r and the narrowness of the confidence bands indicate 
that equation 13 fits 'the data reasoriably.we11. · 

The function G(y) can be evaluated by a similar proce~l1re.. The equations 

T = G ye-SY (14) 
0 

and 

(15) 

represent the bitumen shear stress and bitumen shear moduli, respectively. 

G0 and S are empirical cons_tants , .. evaluable from ·.experimental data. G0 is 
the zero-stress modulus for the roofing bitumen. Graphically it is the ~lope 
Of the stress-strain (T,y) diagram '(fig~re 3) at the origin. The parameter 6 is 
a measure of deviation of the bitumen from linearly elastic behavior. 

The logarithmic form·of equation 14 is 

log (T/y) = log G - _e_y 
0 2.303 

(16) 

Equation 16 was fitted to data taken from figure 3, at temperatures of 20°C, l0°C 
and -2°C. TAble 2 summarizes the least squares values obtained for G0 and e at 
.the three temperatures together with the correlation coefficients r of the 
linearizing plots, th~ 95 percent confidence. bands c:;m S and G0 , at (~ tse) and 
(~ tsG

0
), respectively, and the error band on the best line (~ tsr>· The fairly 

high values of r and the narrowness of the confidence bands on the slope and 
intercept indicate good agreement ~etween the data and equation 16. 

Note that both equations 11 and 14 each contain two empirical constants 
(a, M0 and S, G0 , respec.tively) •.. Both equat;l.ons become.~constants at low stress 
levels, reducing to the Hooke's ~aw forms given by equations 7 and 8. This is 
in accord with both theoretical predictions and with most experimental data, 
wh.ere an initial linear portion of the stress-strain diagram is observl:!d. In 
addition, equation 11 permits the existence of a maximum stress at the point 
where E =1/a. The corresponding maximum stress is [0.368 M0 /a]. An analogous 
maximum bitumen shear stress of [0.368 G0 /S] at y =1/S exists when e is positive. 
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Table 1. Analysis Using Equation 13 of Stress-Strain Data 
of Koike (2] for Roofing Felt]/ · 

Temperature 
Symbol Definition and Units -3°C 13°C 

r correlation coefficient 0.998 0.990 

'!:_tsr!:../ error band on best line 0.011 0.045 
(equation 13) 

a felt constant, mm./mm. 0.325 0.336 

+ts l:_/ 
- a confidence band on a, mm./mm. 0.004 0.011 

Mo felt zero-stress modulus, N/mm. 15.41 7.82 

'!:_tsM '!:../ 
0 

confidence band on M
0

, N/mm. 0.04 0.08 

a 1/ m predicted maximum stress, N/mm.2 17.46 8.58 

£!:../ m predicted strain at om, mm./mm 3.08 2.98 

Based on 18 equal-spaced data points extra~ted from figure 2. 
Student's values, 95 percent confidence bands. 
Calculated from [0.368 M

0
/a]. 

Calculated as 1/a. 

20°C 

0.982 

0.058 

0.332 

0.015 

5.82 

0.08 

6.44 

3.01 
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Table 2. Analysis Using Equation 16 of Stress-Strain Data 
of Koike (2] for Roofing Bitume~/ 

Temperature 
Definition and Units -2°C l0°C 

correlation coefficient 0.974 0.963 

error band on best line 0.054 0.035 
(equation 16) 

bitumen constant, mm/mm -1.786 -0.882 

confidence band on S, mm/mm 0.098 0.056 

bitumen zero-stress 
N/mm2 

modulus, 0.571 0.550 

+ts Y 
- Go 

confidence band on G0 , N/mm2 0.008 0.004 

1/ Based on 17 equal-spaced data points extracted from figure 3. 
2/ Student's t values, 95 percent confidence bands. 

20°C 

0.961 

0.018 

0.493 

0.033 

0.632 

0.003 
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3.2 Mathematical Models for the Mechanical Performance of Roofings Membranes 

The development of an analytical model predicting the strains and stresses 
in roofing membranes induced by substrate movement is described in this section. 
The prediction of these stresses and strains is important since they can lead to 
rupture or splitting of the membrane or to shear failure by disbanding of bitu
men from the underlying substrate. Disbanding begins at the location of the 
joint (see figure 5) and can lead to the.bitumen peeling from ~he substrate sur
face. Peeling is promoted by increased air and water vapor pressure which 
develops at the disbonded joint between the membrane and substrate due to temp
er~ture and humidity changes within the roofing system. Peeling can lead even
tually to the formation of ridge blisters which have been observed to develop 
over insulation joints. 

Consider the roofing section depicted in figure 5. The bitumen coated 
felt is taken to be fully bonded to an underlying substrate. The substrate is 
generally some type of roofing insulation or.roof deck material. External 
forces such as those induced by temperature changes or shrinkage. can cause fis
sures in the bitumen bonding layer and gaps to_develop or widen between adjoin
ing insulation boards or substrate elements. Strains are then transmitted to 
the overlying membrane. These in turn give rise to membrane stresses. 

Expressions are derived here for the joint movements which will cause 
either splitting of the felt layer or the disbanding of the bitumen layer from 
th~ substrate. The derivation differs fundamentally from the models of Koike 
[2] and Marijs and Bonafont [3] as it applies to both bitumens and felts 
having non-linear stress-strain behavior rather than to just felts alone having 
non-linear behavior. 

The derivation is based on mechanical force balances made on the membrane 
elements (bitumen and roofing felt) covering one idealized substrate element 
(insulation board), located somewhere in the middle of the roof (refer to figure 
5). The prediction of the movement of the substrate itself is not considered, 
but is taken as known a priori. In general such movements are caused by tem
perature differences within.the insulation in a direction perpendicular to the 
roof deck (along the centerline in figure 5). Such temperature differences can 
be quite high, especially for today's well-insulated roofs! Calculations based 
on the heat-transfer model for roofing systems developed by Rossiter and Mathey 
[8] showed that temperature drops as high as 72°F (40°C) could occur across an 
insulation element on a hot, sunny day. For mechanically.uriconstrained elements 
this could cause potential substrate movement as high as 0.4 in (10 mm). 

The basic assumptions involved in the derivation of expressions for the 
joint movements include: 

1. strains and strain rates are small and equal at ever~ adjacent position 
in the bitumen and felt, 

2. ·the membrane has low Poisson's ratio so that dominant stresses are 
only in the direction of the substrate movement, 
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3. joint movements are produced by the translation of one substrate 
element relative tQ another, r~ther than by the deformation of the 
elements th~mselves, 

4. joint movement is small compared to both ~he length of the substrate 
element· and to its width. 

The first ass~mption is valid when there is no relative movement between 
the felt and the bitumen, while the second and third, which are va~id, imply 
that the problem can be treated ~athematically using a single 4i~ension. The 
last assumption is true in practice and assists in simplifying th~ m~thematics. 
The derivation which follqws also presumes that the properties of the materials 
do not change with time. This assumption may not be true over the service life 
of a roof. 

The shear stress in the bitumen film is given by 

-r = da/dx 

where, 

and 

x is the coordinate in the direction of the membrane displacement, 
measured from the center'of the fissure or gap (figure 5) 

-r(x) is the shear stress in the bitumen or adhesive film 

o(x) ·is the stress in the felt or fabric. 

Membrane strain E and ~ub~trate strain ~ are defined, respectively, by 

E = du 
dx 

dv 
dx 

(17) 

(18) 

(19) 

where u(x) is the membrane displacement and v(x) is the substrate ~.i~plac~~~nt. 
Both u and v are measured relative td the cente~ of the gap (x ~ Q?· 

The ~ovement of the film is defined in terms of the separate movements of 
the m~mbrane and 'substrate.by y(x), the shear deformation of the bitumen film 

y(x) = u(x) - v(x) 
h 

Combining equations 10 and 17 

do = G(y) y 
dx 

(ZO) 

(~1) 
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Differentiating equation 21 using equation.20 

d2o dG d d h- = [G + y -] [~ ~ .....!.] 
dx2 dy dx dx 

(22) 

or 

2 
h d a = dT [ e: _ r,;] 

dx2 dy 
(23) 

Equation 23 follows from the strain definitions given by equations 18 and 19, 
and from equation 10. 

Equation 23 is a non-linear equation of the second order and needs two 
boundary conditions which are given by 

and (do) 
dx x=W 

, G(O) g 
-h-2 

0 

(24) 

(25) 

where G(O) is the value of G at x = 0. The first condition follows since there 
is no membrane displacement at the center of the joint. The second condition 
results because at x = W a plane of system symmetry exists and thus i~ a line 
of zero bitumen shear ~tress. 

The complementary strain eqergy U is defined by [9] 

(26) 

U does not have the obvious physical meaning that the regular strain energy does, 
but is a useful mathemati~al constrqct for solving stress-strain pr0blems involv
ing non-linear materials or structure~ situation~. 

Intro~ucing equat~qn 26 into equation 23 and rearranging 

Substituting equation 17 and the following relationship iqto equ~tion 27, 

gives 

42a d d "i'_.!.=T T 
dx2 dx do 

hT dT = dT dU - ~ r,; 
do dy do dy 

(27) 

(28) 

(29) 
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Dividing through by d</dy and using the relationship 

gives 

r; - -g 
2W 

h< dy .. dU + L 
da da 2W 

Multiplying by do gives an exact equation which on integration becomes 

h JY , dy = u + g a+ c1 0 ~ 

(30) . 

.(31) 

(32) 

Equation 32 is expressed· in terms of the strain energy for the bitumen film, 
J<dy, the complementary strain energy for the. felt U and the membrane stress 
a. It must be true at· each and every position x within the system. At posi
tions far from the joint the strain energies and stress levels will be small. 
This implies that the constant C1 may be taken equal to zero so that equation 
32 becomes 

h Jy T dy "" U + g 0 
0 2w 

(33) 

When the gap spacing is much less than the membrane Width W the last term in 
equation 33 can be dropped. As dis~ussed previously, this is a reasonable 
assumption for all practical situations of interest. Thus 

g 
y(O) = 2h a(O) 

h J • dy = J £ da (34) 
0 0 

Equation 34 is ~·major result~ 'It equates the product of the bitumen film 
thickness times the strain energy for bitumen shear with the complementary 
strain energy for felt or fabric shear. Since· the greatest stresses occur above 
the joints (at x = 0) this equation.is of.greatest applicability there. This 
is demonst~ated by. the use of the.integration liinits y(O) and a(O) which repre
sent the bitumen strain and,,membrane stress; respectively, at the joint. The 
corresponding maximum.bitumen shear stress at the joint is 

<(0) ., G(O)g • 
2h 

(35) 

Equation 34 can be used whenever separate stress-strain data for the 
bitumen and the felt are available. The gap spacing g that will cause rupture 
of the felt is the one which would first give rise to the ultimate stress. 
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Therefore equation 34 can be s9lved grap~ically, or analytically if equations 
are available, to find the value of g which will first cause stress a(O) corre
spond~ng to P. Since equation 34 can be used to predict the incidence of mem
brane failure it can be considered to be a general criterion for membrane 
failure. 

In some· cases the bitumen itself will not be able to transfer stresses T(O) 
corresponding to P. An ultimate shear strength Y is reached which destroys the 
ability of the bitumen film to transfer4 shear stresses. T will generally be 
the lesser of (a) the shear required to break the bond at the interfaces between 
dissimilar materi~ls, or (b) the shear required to rupture the adhesive itself. 
In both cases the integrity of the fabric will be maintained at the expense of 
the adhesive. 

4. APPLICATION OF MODELS 

In this section the model derived.for the mechanical performance of roofing 
membranes is applied using the constitutive stress-strain relations previously 
developed. Results are. discussed in terms of the mechanical conditions causing 
membrane failure and the mode of failure. Methods are presented for analyzing 
data to determine the incidence and mode of membrane failure. In addition, com
parisons are made with the model. of Koike [2] based on a linear elastic 
approach. 

It is easy to understand whether the strength of the felt (P). or the 
strength of bitumen (f) controls failure. The stronger material is whichever 
one has the greater strain ener.gy as determined by the integrals in equation 
34. 

Quantitative predictions of the incidence and mode of failure can be 
obtained. Substituting equations 11 and 14 into equation 34, and integrating 

hGo [1 - (~ + 1) exp -Bg] = 

82 2h . 2h 
(36) 

Equation 36 can be considered to be the working form of equation 34. The 
term before the equals sign in the equation-represents the bitumen strain energy
film thickness product, while the term ~fter the equals sign represents the . 
complementary strain ener:gy for the felt (U) •. 'of course the validity of. tJ'te 
equation is conditional on the applicability of the constitutive stress-strain 
laws (equations 11 and.l4) to th~ materi~ls being conside~e~. 

All terms in equation 36 are evaluated at x = 0 where the greatest stresses 
act. If felt tensile strength P c~ntrois failure, equation 36 'can be ~olved 
for the critical spacing g needed for rupture. The strain E is ~eplaced by the 
ultimate strain Ep corresponding to P on the stress-strain diagram. If the' 
bitumen film yield strength Y controls failure the g calculated from 

. ·-g .. 2h y (37) 
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will be less than that calculated from equation 36. y is the bitumen shear 
strain corresponding to the stress T· Use of this value.of g will allow calcu
lation of the felt strain from equation 36 and the felt stress from equation 19. 
This calculation is of importance for determining the residual stress present 
in the felt. At high stress levels, felts having positive values of a can 
exhibit two different strains (£) at the same stress. This is because they may 
not rupture at the point of greatest stress. 

The solution is similar for material's with linear stress-strain diagrams. 
Substituting equations 7 and 8 into equation 34, integrating and solving for the 
gap spacing g needed for rupture, yields Koike's relation (equ_ation 2) which is 
valid for linearly elastic materials only. As previously noted, Bonafont [1] 
developed a more general theory for membranes with linear stress-strain behavior, 
a theory which reduces to Koike's relation for small h/W. Since h/W is small 
in all roofing applications of interest, Koike's relation is valid as long as 
the membrane materials are linearly elastic. 

In some cases the felt may be linearly elastic while the bitumen remains 
non-linear. For this case a = O, M0 = M and equation 36 reduces to (in the 
limit) 

P2 = 2hMG
0 

[1 - (Bg + 1) exp -Bg] 
2h 2h 

if the felt has non-linear stress-strain behavior but the bitumen is a 
linearly elastic material, B = 0, G0 = G and equation 36 reduces to (in the 
limit) 

g
2 = 8hMo -a£ [e p 

G a2 

2 2 (a £p + a £p + 1) -1] 

(38) 

(39) 

Equation 38 and 39 can be used to calculate the gap spacing g which governs 
failure of the roofing membrane by rupture of the felt. If the g calculated 
from equat~on 37 is less than that calculated from equation 38 or 39, the bitumen 
film strength controls failure. 

It is possible to design a single-ply system such that the bitum~n and 
felt layers have equal strength according to the criterion for failure developed 
in this report. In such a case the bitumen and felt would be predicted to fail 
at the same joint substrate movement, g*. The design thickness of bitumen to 
use such that bitumen and felt have equal strengths is denoted by h*. 

For linearly elastic membranes, equation 2 can be rearranged to give 

2 g* .. _P __ 

MT 

or, equivalently 

h* = p 2 G = ! ££. 
[:-T) -M 'f y 

(40) 

(41) 
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The last form (equation 41) is more useful whe~ onl'y ultimate stress data 
are available. Equation 41 was first presented in a slightly different form by 
Koike [2] who used it to predict modes of roofing failure. For values of bit
umen film thickness less than h*, failure is predicted to occur by bitumen dis
bonding, while for values greater than h* it is predicted to occur by membrane 
rupture. Based on Koike's data and methods of obtaining moduli, equation 41 
predicts that failure should occur by membrane rutpure. Koike found that this 
was true for all six samples at the higher temperatures (13 and l8°C) but at 
the lowest temperature (-3°C) he found that bitumen disbonding occurred instead. 

Jones [9] applied Koike's theory to some of his own data obtained for a 
two-ply asphalt-asbestos membrane bonded with asphalt between two adjacent 
aluminum plates. In all cases the mode of failure agreed with that predicted 
by equation 41. For example, with an asphalt thickness ·of 0.020 in (0.5 mm) 
Jones found that failure occurred by bitumen disbonding, while with a thickness 
of 0.042 in (1.1 mm) it occurred by membrane rupture. 

For non-linear membranes the value of h* can be obtained by substituting 
equation 37 into equation 36 

h* 
M0B2 [e-aEP {a2 E~ + aEP + 1) -1] 

G
0 

a 2 [1 - (B.r + 1) e-By] 

The corresponding value of g* can be found from equation 37. 

(42) 

Using equation 36 and equation 37, data can be analyzed to determine the 
incidence and mode of membrane failure for non-linear materials. A convenient 
way to analyze data is to rewrite equation 36 in the form 

where 

and 

1 - (1 + e)e-e = k e 

e = Bg 
2h 

k 
2 Moa -aE 
---..

2 
[e P(a2 E~ + aEp + 1) -1) 

g G
0

a 

(43) 

(44) 

(45) 

In equation 43, e is a dimensionless group defined by equation 44 and k is a 
constant defined by equation 45. 

To evaluate the hi tmnP.n film thickneoo h which is an:t!llt!d to prevet\t rupture 
of the felt for a given gap spacing g, a plot of the left-hand side of equation 
43 versus e is made. A line of slope k is drawn on this plot and where the line 
intersects the curve a solution for e is obtained. Equation 44 can then be 
solved for the h corresponding to this value of e. 
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Figure 6 illustrates the method. Depending on the numerical value of the 
constant k and the sign of the bitumen strain rate a three kinds of solutions 
are possible. If a is negative (region A in figure 6) k and e will be negative, 
and a single solution is present, denoted by eA in figure 6. If a is positive, 
k. and e will be positive and. either two solutions or no solution is present. 
No solution is present (region B. in figure 6) when k is greater than 0.2984 
while two solutions are present (region C) when k is less than 0.2984. The 
value of e at this value of k is 1.793. The two solutions in region C are 
denoted as eel and ec2· 

When no solution is present this indicates that failure by membrane 
splitting can not occur at the gap spacing considered regardless of the value 
of h. The membrane is strong enough to sustain appreciable substrate movements 
in region B of figure 6. Further increases in gap spacing g·will lower the 
value of k until k = 0.2984 at which failure is predicted if it happens that 
h = gS/3.586. 

When two solutions are present (region C) this means physically that two 
different bitumen film thicknesses are capable of sustaining the same substrate 
movement. Treating this as a design problem, one where h is to be specified, 
the solution with the smallest value of the film thickness is preferred provided 
bitumen disbanding does not occur. This will be the one with the largest value 
of e (indicated as ec2 on figure 6). 

This procedure may also be used to treat the problem of determining at 
what gap spacing failure by felt rupture will occur for an existing membrane, 
for which the value of h is fixed. ·In this case there will be only one solu
tion, which corresponds to either eel or ec2 on figure 6 but not both. 

Bitumen disbanding will occur if 

(46) 

considering this as a design prcibiem~ a large value of h should_be chosen in 
hope that.the yield strain y of the bitumen will not be exceeded so that the 
bitumen will be capable of sustaining more'iateral movement before disbanding. 

Figure 6 illustrates how the selection of the ·mode of failure can be 
quantified. A vertical line is drawn at value of ed = Sy, where ed is the 
value corresponding to incipient failure by bitumen disbanding. If the roof
ing membrane is designed for equal strength felt and bitumen layers then e = ed. 
The value of the bitumen· film· thickness to us·e in thfs case is h* as given, by 

.equation 42. Since these correspond to. small values of a the smallest-value of 
e is preferred (eel in figure 6). For an existing membrane the value of e 
calculated from equation 44 may either be larger or smaller than ed• If e < ed 
then failure by felt rupture is predicted whereas if e > ed then failure by 
bitumen disbanding should occur. 

Table 3 presents the major results of the present study. At temperatures 
of -3°C, l3°C and l8°C and three different bitumen thicknesses the experimental 



:.!:', 

··,;.1 . 

. ' ~ 

,.:. . ' . 
. , . 

~ 
I 
cu 

® 
+' 
::::. 

I 

0.4 

0.2 

·2 ' ·1 0 

73 

. REGION. B 
(n~· solution) 

0=1.793 

2 

0 
3 

• ! . 

4 '5 

FIGURE 6 .. REPRESENTATION OF POS~IBLE SOL~TION TYPES (EQUATIONS 43, 44, 45) 
. . . ... . . . .. ~ . . : . ; . . . ·: 



74 

results of Koike [2] for the substrate joint movement needed to cause felt 
rupture are compared with the theoretical predic·tions for both linear and non
linear membrane materials. Experimental results at -J 0 e were not available for 
comparison with the theoretical predictions since bitumen disbanding occurred 
[2]. Also given in table J are the joint movements which are needed to cause 
bitumen disbanding {third.column from the right in table J). The last two 
columns in table J present the joint movements g* and film thicknesses h* at 
which the bitumen and felt would have equal strengths, i.e., the condition 
under which failure by bitumen disbanding and felt rupture would be equally 
likely. 

For linearly elastic membranes the theoretical predictions of substrate 
joint movement g (fourth.c6lumn from the left in table J) were obtained in the 
same manner as that employed by Koike [2], i.e., by an application of equation 
1. 

Table J indicates that the models produce a wide variation in predicted 
joint movements. ·The non-linear model of the present study predicts that the 
value of the joint movement g rises with the value of the bitumen film thick
ness h. According to the linear theory (equation 1) the joint spacing for a 
given linearly elastic membrane should rise in proportion to the square root of 
the film thickness. For membrane materials with non-linear stress-strain beha
vior this was found at lJ 0 e, but at -J 0 e the predicted gap spacing increased 
more rapidly than that predicted by the linear theory, while at l8°e it increased 
more slowly. 

Table J also indicates that as the temperature falls the substrate is able 
to sustain more movement.' This is a consequence of the greater complementary 
strain energies of the felt at the lower temperatures. Predictions of the non
linear theory gave permissible substrate movements· which were 5 percent higher 
at lJ 0 e than at l8°e and over 20 percent higher at -J 0 e than at l8°e. 

Koike [2] found that bitumen disbanding was the mode of membrane failure at 
-J 0 e. This result is not consistent witQ prediction. In the 7th column of 
table J is presented the predicted substrate joint movement needed to cause 
failure by bitumen disbanding. These values were calculated from equation J7. 
In all cases the joint movements calculated exceeded the experimental values 
and those predicted from the linear and non-linear theories. This indicates 
that the bitumen film should be stronger than the roofing felt, but such was 
evidently not the case at -Joe. Koike [2] attributes this anomalous result to 
a difference in experimental technique. 

Note from table J that failure by bitumen disbanding is more likely at 
lower temperatures where g values for bitumen and felt a~e closer. At some 
temperature lower than -J 0 e the g values for bitumen and felt may become equal 
in which· case.failure by either bitumen disbanding or felt rupture wquld be 
equally likely. In thts event the felt and bitumen can be considered to have 
equal strengths. 

The last two columns in table J summarize for each temperature the 
predicted values of joint spacing (g*) and bitumen film thickness (h*) which 



Table 3. Comparison of Test Results of Joint Movements [2] with Predictions of Models 

Calculated Substrate 
Joint Movement g Equal Strength 

Joint Movements g* 
Temp. Film Thickness of Felt of Felt-Linear of Felt of and Film Thicknesses h* 

oc hmm Test [ 2) Linear Half-Height Non-Linear Bitumen Predictions of Models 

£:_1~ ~~~ g]_l~ i:.-1~ g*~'~ h*Hmm --
1.5 7/ 0.86 1.14 1.27 1.44 

-3'!../ 2.0 71 1.00 1.32 •1.51 1.92 1.05 1.10 
(-2) 2.5 71 1.11 1.48 1.73 2.40 (1.04)~ (1.08)~/ 

1.5 1.0 0.81 .1.03 . 1.11 1.57 
13 2.0 0.9 0.94 1.19 1.30 2.10 0.71 0.68 
(10) 2.5 1.0 1.05 - 1. 34 1.46 2.62 (1.23) (1.17) 

2.0 1.0 1.15 1.21 1.24 1.98 
18 2.5 !.L 1.29 1.35 1.38 2.48 0.81 0.82 
(20) 3.0 1.7 1.42 1.48 1.50 2.98 (1.71) (1.72) 

1/ Calculated using relations for linear materials (equation 1)-based on data of Koike [iJ and 
equations 7 and 8. 

2/ Calculated using equation 1 with half-height method to obtain moduli M and G. 
3/ Results for present theory for non-linear materials, calculated from equation 36. 
4/ Joint movement needed to disbond bitumen from substrate, calculated from equation 37. 
S/ Results for the present theory for non-linear materials, calculated from equation 37. 
6/ Results fer the present theory for non-linear materials, calculated from equation 42. 
l/ Bonding bitumen was separated from the surface of the substrate, without rupture of the felt [2). 
B/ Results in parentheses in these columns are for linear materials, calculated using equation 40 

and 41. 
9/ Felt temperatures [2], bitumen temperatures in parentheses. 

-..J 
1./1 



76 

would be needed to give equal strengths of bitumen and felt layers. These were 
calculated using equations 37 and 42, respectively. Also included in parenthe
sis below each value are the corresponding values calculated using equations 40 
and 41 for membrane materials with linear stress-strain response. At -3°C the 
values of g* and h* are equivalent (1 mm) regardless of whether the membrane had 
linear or non-linear stress-strain characteristics. At higher temperatures, the 
values of g* and h* are about twice as high for membranes with linear behavior 
as for membrane materials with non-linear behavior. As pointed out in the last 
section g* and h* are useful for membrane design. At the higher temperatures 
gap widths or spacings are greater than predicted for membranes with linear 
stress-strain behavior. In practice an actual membrane would not sustain 
nearly as much substrate movement before failure. 

To quantify the differences between the different methods or models for 
predicting substrate joint movements equation 47 is used 

n 
E 

i=l 
(47) 

where s2 represents the sample variance of the difference between the predicted 
(gti> and experimental (gei> values of the joint width, and n denotes the number 
of data points at each temperature (three here). Relatively low values of the 
sample variance indicate good agreement between experimental and predicted 
values. 

Table 4 summarizes the results of the calculations. Each of the linear 
models are characterized in terms of the assumptions made to obtain their moduli 
from the stress-strain diagrams for the roofing felts and roofing bitumens. 
(second column of table 4). In the third column of the table variances between 
the predicted and experimental joint widths calculated using equation 47 are 
presented. Examining table 4 indicates that a wide range in variances was 
found depending upon the method adopted for choosing the moduli. For roofing 
materials with non-linear stress-strain characteristics no assumptions are 
involved so that this forms a convenient basis for comparison. The last column 
gives the ratio of the variance of the linear model to that of the non-linear 
model. Variance ratios are generally greater than unity indicating that the 
non-linear model usualJy gives a closer fit to the experimental results, espe
cially at the higher temperature (l8°C). 

Comparing the variances of the linear to the non-linear model, only the 
linear model of Koike [2) (second row in table 4) and that based on the values 
of M and G obtained from the coordinate ratio of· the point at half the ultimate 
stress (last row in table 4), called the half-ultimate stress point,!/ gave 
better results than the non-linear model. This latter model works well because 
it partially accounts for the non-linearities in the stress-strain curves. The 
method of drawing a line from the origin through a point on the stress-strain 
curve located at half the ultimate stress (last row in table 4) tends to give 

1/ Denoted as the half-height method. 
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Table 4. Statistical Results· for Methods Used to Predict Substrate Joint 
Movements Needed for Felt Rupture (Data from [2]) 

.Model 
Linearity 

Non-Linear2/ 

Linear~ 

Linear~ 

Linear~ 

Assumptions Made to 
Obtain Moduli from 

.Stress-Strain Diagrams 

None 

M zero-stress slope,1/ 
G from ultimate stress 
coordinate ratio 

G from zero-stress slope, 
M from ultimate stress 
coordinate ratio 

M and G from zero-stress· 
slopes 

Variance of Joint 
·. Movementl./, mm2 

(Theoretical-Experimental)!/ 

0.19 o.os 

0.02 0.06 

1.91 0.30 

0.12 0.14 

Variance 
Ratio'Y 

1.0 

0.1 

9.5 

0.6 

1.0 

1.2 

6.0 

2.8 

Linear~ M and G from ultimate 
stress. coordinate ratios 

0.64 o. 72 3.3 14.4 

Linear~ M.and G from coordinate 
ratio of point at half 
th~ ultimate stress 
(half-height. method) 

1/ Defined and calculated from equation 47. 

0.10 o.os o.s 

2/ Ratio of variances of joint movements relative to the non-linear model at 
the same temperature. 

3/ Results for present theory for non-linear materials (equation 3o). 
4/ Results of previous theory for linear materials (equat·ion 1). 
""§_1 Method used by Koike··[ 2-] in his data analysis. 

1.0 
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strain energies equal to the non-linear values. This is because. for the 
stress-strain data used in this study. the line subtends and excludes about 
equal areas when drawn with the stress-strain curve. and by the mean value 
theorem of calculus. approximately equal strain energies result. In systems 
where non-linearities are more pronounced this may not be the case. 

All of the models examined (refer to table 4) involve assumptions about 
the choice of moduli except for the non-linear model. The non-linear model is 
more general because it reduces to the linear models for roofing materials 
which have linear stress-strain characteristics. As discussed. the method 
adopted for choosing the moduli for the linear models is arbitrary. and. in 
fact there is no theroetical basis for adopting one linear model compared to 
another. In addition. it would seem to be more consistent to define the moduli 
M and G in a similar fashion either as the zero-stress slopes of their respec
tive stress-strain diagrams (4th row in table 4) or as the ultimate stress 
coordinate ratios (5th row in table 4). However. these models generally give 
larger variance ratios when compared to the non-linear model. especially at 
the higher temperatures. 

In general. the non-linear model is preferred because it is more exact and 
does not depend on any assumptions about the moduli. However. in some specific 
cases. it may be preferable for estimation purposes to use a simpler procedure 
such as the half-height method (last row in table 4) which may account satisfac
torily for non-linearities. If such a procedure is used it should be checked 
against the criterion for failure given by equation 34 or 36. 

S. SUMMARY AND CONCLUSIONS 

Rupture of built-up roofing membranes resultings from movements of the 
underlying deck or substrate is an important cause for water leakage in roofs. 
Similarly bitumen or adhesive disbonding without membrane rupture is a potential 
cause of the formation of roof blisters. which themselves often lead to water 
penetration and subsequent rupture. 

In this report visco-elastic theory is used to develop a model for 
calculating membrane and adhesive stresses and strains in a single-ply fabric 
or felt. which. except at the joints between adjacent substrate secti9ns. is 
fully bonded to the substrate with a layer of adhesive or bitumen. The model 
can be applied to fabric and adhesive layers with both linear and non-linear 
stress-strain behavior. 

A method was developed for accurately fitting non-linear stress-strain 
data for roofing materials to a constitutive equation having only two adjust
able constants. The method was applied to stress-strain roofing felt and 
roofing bitumen data from the literature [2] obtained at three different tem
peratures. The constitutive equation was shown to reduce to Hooke's law for 
linearly elastic materials at low values of stress. 

The joint width between substrate sections. the bitumen layer thickness. 
and the mechanical properties of the felt and bitumen. were important parameters 
in the mathematical models developed. while the dimensions of the substrate 
sections were not. 
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A criterion for failure indicating either rupture of the felt or disbonding 
of the bitumen was established. Specifically, it was found that failure was 
predicted when the product of the strain energy of the bitumen with the bitumen 
thickness was equal to the complementary strain energy of the felt. The higher 
strain energy that either material can accommodate was one corresponding to its 
ulti~ate stress. In accord with the criterion, whenever the lower· of these two 
energies was reached, failure was predicted in that mode. 

The model developed for predicting the mechanical performance of roofing 
membranes was applied at three different temperatures to non-linear stress
strain data obtained for roofing·felts and bitumens bonded to a concrete deck 
[2] •. Predicted results agreed well with the theory. Also, as predicted by the 
failure criterion, at temperatures of l8°C and l3°C failure occurred by mem
brane rupture. At -3°C it occurred by bitumen disbonding although the model 
also predicted failure by membrane rupture. 

Based on the criterion for failure an equation was developed which 
predicted the bitumen interply thickness at which the adhesive and fabric (bitu
men and felt) were. equally likely to. fail. Substrate movements necessary to 
produce failure were presented as a function of system parameters. 

For the best mechanical strength, it is recommended that, within other 
constraints, roofing membranes be selected or designed which have strain energies 
and interply thicknesses compatible with one another according to the criterion 
for failure. 

This paper summarizes a recently completed study [10] to model the mechanical 
performance of built-up roofing membranes. 
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A.MATHEMATICAL MODEL FOR 

THE STRUC'fURAL BEHAVIOUR OF A BUILT-UP BITUMINOUS 

MEMBRANE SYSTEM 

Roger L. Bonafont, Ruberoid Ltd., Enfield, Middlesex, UK 

1 MEMBRANE CONCEPT 

A conceptual model of a built-up bitumjnnus membrane system 
is required in order that its mechanical action may be 
prescribed.inmathematical language. 

An abstract and mathematically tractable model has been 
described by Marijs and Bonafont (1) (2), The built-up 
membrane is viewed as a single ~ayer of bitumen, 
repr·esenting the total finished thickness nf the membrane, 
in which is embedded a number of euperimposed layers of 
reinforcing fabric each separated from the other by a 
finite thickness of bitumen. 

The reinforcing fabrics correspond to the felt or other 
bases used in the manufacture of flexible roll.roofing 
sheetings. 

The ~ction of the finished membrane is regarded as that of· a 
reinforced layer of bitu.men in which : 

(i) 

(ii) 

(iii) 

the tensile and compressive forces in the plane of 
the membrane are carried by the reinforcing fabrics, 
the bitumen normally contributing a negligible 
tensile resistance~n the plane of the membrane, 

shear stresses are, in the absence of delamination, 
transmitted through the bituminous layers from one 
reinforcing fabric to the next, and 

the load or stress at any point in the reinforcing 
fabric is the result' of the shear stresses acting on the 
fabric plus any self induced force arising from restraint 
impu::;t!u Ly the contiguouo bitumen to tempPrFttnre or 
shrinkage movement in the fabric. 

Stresses in the membrane system are generated by 

(i) external forces applied to the top or bottom surfaces 
of the membrane, 

( ii) relative displacement of points on t:he bottom ::;ul·face 

(iii) 

of the membrane caused by movements in the substrate 'to 
which the membrcil'l~· is attached, or by movements in any 
surface treatment applied and attached to the top of the 
membrane, and 

self induced stresses arising from the total or partial 
restraint of natural membrane movements caused by 
temperature or shrinkage effects within the components of 
the membrane itself. · 
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2 GENE?~ MEMBRANE SYSTEM EQUATIO~S 

2.1 , Reinforcement Equ~tion 

The.equations relating to the mechanical behaviour of 
a built-up membrane system derive from a consideration 
of (a) the equilibrium of. forces acting on a small and 
arbitrary element of reinforcing fabric, and (b) the 
physical continuity of the medium from which the 
element and its immediate surroundings are formed. 

The mathematical steps relating to a single layer 
·membrane (one reinforcing fabric only) are.given, for 
example, in references (1) and (2). 

The corresponding equation for a fabric embedded 
within a built-up layer and interposed between other 
layers of reinforcing fabric contains an additional 
term.not present in the single layer case. The 
a9ditional term allows f~ the shear stresses 
generated by the reinforced bitumen layers above the 
fabric and compliments those generated.by the layers 
beneath it. Clearly, the additional term does not 
apply to the upper most layer of any multilayer system. 

Tqe following terms relate to the ith layer of 
reinforcement. 

Let u.(x) 
1 

E. 
1 

h. 
1 

m. 
1 

G. 
1 

a. 
1 

D 

= disp~acement of a point x 
from its or1ginal position 

= 

= 

= 

= 

= 

= 

elastic (hookean) modulus. 

thickness of bituminous layer 
separating the ith fabric from 
the nearest one beneath it 

shear modulus of bitumen 

G/E.h. 
1 1 

differential operator a;ax 

The convention·is that i = 1 relates to the first 
fabric lo~ated immediately above the substrate to 
which the membrane is bonded. 
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The displacement u ( x) therefore relates to the relative 
movec.ent in the subgtrate surface itself, which movement 
is an external cause of membrane deformation. 

The equation representing the physically compatible 
equilibrium of an element of fabric is : 

2 
a.u~ 

1 
+ {D - a.(l + m.)}u.+ aim, .u

1 
= 0 (1) 

1 1- 1 1 1 1 +r +1 

The equation holds even when there are temperature 
fluctuations and shrinkage in the fabric, provided that 
such effects are independent of the position co-ordinate x. 
Where temperature and shrinkage vary in the fabric from 
point to point, the right hand gide of (1) becomes D(ae- C), 

where 

a = coefficient of expansion of fabric 
• 

S(xt) = fabric te.mperature 

c(xt) = fabric shrinkage 

The strain in the fabric is given by 

e:. ( x) = Du. 
l. 1 

2.2 System Equation 

A built-Up system comprising n superimposed reinforcing 
fabrics therefore generates n second order differential 
equations, each g~ven by eq(l) and obtained by successively 
writing i = 1, 2, 3 •••.•• n. it is convenient, for the 
purposes of notation, to have the oniy term involving u 

0 on the right han~ side of the set of equations so 
formed. 

A n x n system matrix A 
coefficients of u .• It ~v 

is formed from the array of 
is also appropriate .to regard 

a system 'displacement' vector ~ 
l. u. as a component of 

l. a 

Fabric displacements from an initial position of equilibrium 
are the result of effects represented by terms appearing ~n 
the right hand.side of the equation. For notationai 
convenience; such tern~ will be l'epr-esented by v.. Together 
they constitute an. 'excitation' or 'stress generafing' vector, 
v 
a 

The action of a n-layer built-up system is represented 
symbolically in matrix notation by : 

A U = v 
~a a 1.1 

( 2) 
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where 

a is summed from 1 to n 

lJ is any nu~er chosen from 1 to n 

and v = -a u 61 
. 1 0 lJ 

( 61 is Kronecker's delta) 
lJ lJ 

The last of these states that v1 = -a1u
0

, and 
for all values of p greater than 1. 

v = 0 
lJ 

Eq(2) is the membrane system equation as written ip its most 
concise and generai form, in which external effects, 
represented by the v vector, give rise to displacements 
u. (and therefore lJ stresses) in each of the n· fabrics. 
THe connection between v and u. is governed by the system 
matrix A; the elements lJ of .1 which are the coefficients 
in tte reinforcing fabric equations typically given by eq(l). 
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3 ·GENE~AL SOLUTION OF SYSTEM EQUATION 

Well known techniques exist for the solution of a ~et of 
simultaneous differential equations represented in matrix 
form by eq( 2). 

Two ::Jethods, in particular, lend themselves to analytical 
solutions in closed form. They both relate to the use of 
transforms with respect to functions of x with the prime object 
of converting the system matrix A to a~ algabraic array 
of terms unencumbered by the operator D. 

The ~irst method.utilises finite Fourier transforms which 
are cf particular advantage in dealing with problems· 
involving systems,.or subsystems, of .finite dimension with 
kno~ boundary conditions at each extremity. 

The second method makes use of Laplace transfo~s which are 
well suited to problems involving a localised· effect in a 
semi infinite membrane system otherwise in equilibrium. 
For example, a continually varying opening or joint in a 
substrate may be regarded as such a localised effect 
pro~ded that the ra.::-.ge of movement at the opening is small 
in relation to the c:mensions of the system extending on 
either side of it. 

A further advantage is that when the origin of the 
co,-ordinate sys"tem is chosen to coincide with the centre 
line of the opening, the boundary conditions at x=o then 
relate to the peak fabric strains whose magnitud.e may be 
dete~ined directly without of necessity solving 
u.(x) explicitly. 
~ 

The Laplace transform of a function of x, say u.(x) or 
~ v.(x) will be written as U.(x) or V.(s), where : 

~ ~ ~ 

"" 
Ui(s) = J e-sxui(x)dx 

0 

(3) 

U.(x) is the image function of the object function u.(x), and 
similarly for V. and other functions of the x co-ordinate. 

~ 

The transform of eq(l) leads to a corresponding algebraic 
equation : 

. 2 . 
a.U. 

1 
i· {s - a.(l+m.)}U. +a.m. 

1
u

1 1 
= V. 

1 ~- ~ ~ 1 ~ ~... + ~ 

where V. = -a1u (s)6~ +b. 
1 0 1 ~ 
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u.(o) = movement of fabric at ~=o 
l. 

£.(o) = strain in fabric at x=o 
l: 

The component b. is an additional term related to the boundary 
conditions of u.tx) at x=o, which term is generated by the 

f . l. t. trans ormat1on opera 1on. 

If an imaginary line through the membrane at x=o divides the 
membrane into two mirror images, then u. (o) = o applies to 

•]. 
any fabric w~ich is not ruptured at that point. 

If, on the ot~er hand, a fabric is ruptured at x=o, then it clearly 
is unrestrai~ed at that point, in which case u.(o)>o and 

l. £.(o) = o. ~us, b. involves either u1(o) or £,(o), but not 
btSth where t~e co-orainate.origin is on an axis of Jiembrane 
syrranetry. 

The membrane system equation eq(2),, in operational form following 
to Laplace t~nsformation of eq(l) becomes : 

A (s)U (s) = V (s) 
}.Ia a lJ 

(4) 

The solution =or the displacement vector is therefore giyen by : 

U (s) = V (s)K (s)fiAI 
lJ a all . 

(5) 

where K a~e the cofactors of the determinant IAI. 
a }.I 

The inve~se t~ansform of U (s) gives the required fabric displacements, 
and may be ot~ained by meaHs of Heaviside's expansion theore~. 

The inverse t~ansform of the operational membrane equation (5) by 
means of. the ~eaviside expansion theorem involves the determination of 
values of s which satisfy IA(s)l = o. 

The roots or eigenvalues of IAI = o will be in pairs, s = !Ap, and 
there will be n such positive and negative pairs in an n-layer. 
membrane system. 

The solution of u.(x) will, according to the Heaviside theorem, take' 
l. the general form: 

u.(x) = Ic.(A)eAx 
l., ). l. 

6 ) 

A: +Al' +A2 , ••••••••• +A 
- - - n 
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4 PARTICt"LAR CASE OF GENERAL INTEREST 

Consider a solitary substrate joint beneath a c'ontinuous 
membrace extending for an indefinitely large distance on 
either side, and consider the origin of the x-co-ordinate 
to coi~cide with the centre line of the join~. 

The bo•~dary conditions at x = o clearly relate to u.(o) if 
the it~ fabric is ruptured,or to E.(o) if it is not. 1 

1 

The fatric strnins decrease as one moves away from the origin 
of dis~ess caused by movement of the joint, and this·condition 
determ.i:::tes the boundary condition at point remote from the 
joint. 

In that particular case, the solution of eq(S) can only 
comprise negative roots A in order that u.(x) and its 
derivatives may remain fin~te for all values 1of x. Hence, 
for any A > o, C. (A ) = o. 

p 1 p 

Now frc~ eq(S) and the Heaviside expansion theorem, C.(A ) is 
1 p 

propor~ional to : 

K .V a1 a = K .b a U K a1 a - 1 o li ( 7 

Hence, ~y substituting any positive A for sin eq(7), a new 
set ·of equations is generated by : p 

b K .(A ) = a1U (A )K1 .(A ) (7a) a a1 p o p 1 p 

where ~~e boundary conditions vector at x = o is'given in full 
by : 

b = " u (o) + £ (o) + se ·- r,; a p a a a a 

in which expression the mutually exclusive alternatiyes are 
£ (o) = o or u (o) = o according to whether the ath fabric 
.a d a 1s rup":'.lr'e or not. 

Eq(7a) ~olds for each positiv~ root. A new matrix B is thus 
created for any arbitrary and fixed value of i in P~he 
cofactcrs K ... Writing B = K .(A), equation (7a) becomes a1 pa a1 p 

B. b = a
1
u (A. )B .

1 1a a o 1. 1 
(8) 

For a solitary substrate joint opening of g, the trnnsforrn of 
u (x) approximates to g/2s. The~~fore Lhe special case reduces 
t8 a set of equations given by : 

B. b · = n1gB. 1 /2A. 1a. a 1 1 (Sa) 

Where 3 is summed from 1 to n for each and every positive root 
A •• 

1 
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The ele::ents of the boundary condition vector, ba., will require 
to be selected according to the particular condition of the 
membr~e _system. The practical conditions of interest will 
gener<L..ly be. : 

1 No fabric ruptured 

ui(o) = u2(o) = u3(o) =·o 

2 Fabric 1 ruptured 

3 Fabrics 1 and 2 ruptured 

Ei(o) = E2(o) = o; u3(o) = o 

The sc::..:tion of eq( Sa) gives a direc;t determination of the 
strains in the unruptured fabrics at x = o. Elsewhere the 
fabric strains are of lesser magnibude and therefore presumed 
of lesser importance in design. · 

. ~ -. . ... ,, -; 

., 
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5 .. ?OLE. OF BITUMEN SHEAR MODULUS G 

it has been assumed in the preceding sections that the 
shear modulus, G, of bitumen is a material constant~ 
It will be important to note, for the. purposes of 
later ~ections, that the roots of IA<s>l= o may be 
written as ~ = IG ~' , where ~' is independent of G. . p p p . . . .. 

Furthermore, since all elements of the matri~ A are 
themselves proportional to G, one may write : .. 

A •• = GAlj l.] 

IAI = G
3 IA' I 

K •. = G2 K~. l.J l.J 

Nhere A', K', ~' etc indicate that the terms are 
independent of G~ 

P~ inspection of eq(S) will show that p is proportional 
~o I!G, and that &3(o} is likewise prop~~tion~l to 113. 

7he strain in. the top layer 9f a memhrane system is 
~herefore given by : 

Ej(o) = ~~gai N' (9) 

A~ere N is a calculable case factor independept of G, 
~d determined solely by the configur~tion of the membrane 
system and by the boundary conditions pertaining to the 
::abrics at x = o. · · · 

:n the case of a single layer membrane ·system N = l. 
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6 .!.!...LOWANCE FOR A VISCO-ELASTIC BITUMEN 

~e assumption that. bitumen behaves elastically is 
~either correct nor generally satisfactory as a realistic 
'!::.asis .for mathematical modelling. 

:he rheological behaviour of bitumen, as described by 
7an der Peel, Heukelom and others, suggests that bitumen 
~y be more accurately described as a thermo-rheologically 
simple Boltzmann body\3). This idealised rheological 
JOdel for bitumen simultaneously admits both arbitrary 
~itumen temperature and loading histories, and gives the 
=onsequent strains history as a function of the previous 
~o. 

:be essence of the model is that response functions (such 
as flow, relaxation or shear moduli), which depend upon 
:oading time t and temperature 0, may be expressed in 
~erms of a single temperature adjusted time variable ;, 
:mown as the 'reduced' time ~hich then automatically 
allows for arbitrary temperature variations. 

~us, the shear modulus of bitumen under a constant stress 
~(t,e) may be expressed as G(;), where the bar denotes a 
:~9-nge of co-ordinates from {t,e} to{;} and where : 

G(t,e> = G(;> 

~e co-ordinate transformation from t to ; depends upon 
-:~e temperature history of the bitumen 0(t) and is given 
=y the shift function ~(0) according to : 

d; = ~{0(t)}dt 

dt = d;"fHEi<ol 

(10) 

(lOa) 

_!_ shift function for bitumen, where deformation is 
governed mainly by the delayed-elastic component of flow, 
~s proposed in reference (3). 

:be temperature history may itself be expressed in physical 
~ime or in reduced time subject to : 

e(t) = e(E;) 

·:ariations in system temperature are therefore dealt with 
=y expressing all time dependent variables in terms of 
~educed time. Bitumen temperature is thus relegated to 
-:r.e role of linking physical time and reduced time as 
though this was a factor related to the observer rather 
~han one belonging to the membrane system under observation. 
:bviously, a given temperature history permits one to move 
=rom one time co-ordinate system to .the other according to the 
transformations (10) or (lOa). 
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~e rheological model for bitumen furthermore 
;resupposed that : 

(i) it is incompressible and isotropic, and 

(ii) the Boltzmann visco-elastic characteristic 
relates to behaviour expressed in the reduced 
time, ~. co-ordinate. 

~e rheological equation fo~ bitumen may then be 
~xpressed in tensor form as : 

:e = 3a r(t) + 3 Jtrc~-~)a d~ + 28(0-0 )o (11) rs rso rso o rs 
0 

·~·:-:.ere e = strain tensor rs 

a = a -a ~ = stress.deviator rso rs rs rs 

a m = Eo .. /3 
l.l. 

= mean isotropic stress 

o = Kronecker's delta· 
rs 

0 = aa(T)/aT or acr(~)/a~ 

~e rheological equation in reduced time is 

:E (~) = 3a (o)F(~) + 3 J~rct~~)a d~ + 28(0-0 )o (lla) rs rso . , 
0 

rso o rs 

?·.1rther simplification of mathematical form is obtained· by 
~xpressing (lOa) in terms of the image functions obtained 
=y the Carson transform with respect to ~ of corresponding 
:~ject functions. An asterisk will denote the transformation 
:peration : 

r*(p} = P Jme-p~F(~)d~ 
0 

:'b.e rheological equation in operational form hecomes 

-* . -*-* 2t = 3F c rs rso 
_,'t 

+ 2s<e - e >o o rs 

ft~ the bitumen between fabrics in a built up system is 
primarily in a state of pure shear, q, eq(llb) reduces 
to : 

-* -* = G (u. 
1 

-* u. 1)/h. 
J.- ·1 

(llb) 

(12) 
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where = relates to the·shear stress in the bitumen 
layer beneath the .ith f~ric 

and -* G -* l/3F 

The corresponding expression for a bitumen offering a 
constant shear modulus G is 

q. 
~ 

= G(ui-u.· 1 )/h. 
. ~~ ~ 

and is an expression used among others to determine 
the fabric differential equation (1). 

(12a) 

An important mathematical cOnsequence to note is that the 
adoption.of a thermo ~heologically simpl~ visc9-elastic 
model for bitumen does not· change· the general form of 
the membrane system equations nor that of particular 
solutions •. However, it must be remembered t.hat the 
solutions are now in operational form and expressed in 
terms of t~e image fu~ctions of corresponding object 
functions in reduced time. In this way~ temperature, 
stresses and visco-elastic effects are simultaneously 
taken into account. 

The only remaining additional task is the inverse 
transformation qf the operational solution, say ·from 
f:*(p) to E( 0 and then to £( t), subject to a given 
temperature history 9(~) ·which must he known to complete 
the last step. 

In the case of the proposed bitumen model, the strain, E, 
in the top layer of a ·membrane system becomes : 

I 

N 03) 

and this is to be comp~red with equation (9) 
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HETHODCL:: GY 
•t 

The gene!'al methodology for the mathe.matical solution of 
particul3r cases may be summarised as.follows : 

1 Solve the problem asstiming that the bitumen is elastic 
(Eookean). The solution so obtained may then be 
transposed into operation~l form for a thermorheologically 
si~ple hitumen by adding bars and 63terisks over all time 
de?endent functions. 

This simple procedure is made possible because the 
ri-.eological equation for an elastic (Hookean) material 
t~~es the same form as that for a thermorheologically 
si=pie material when expressed in terms of the Carson 
transforms with respect to reduced time E;, of c.orresponding 
ti=e reiated object functions. 

. ? . . . 

Tte' rheolo"gic.al equation fo-r an incompressible and 
isotro·pic Hooke,an bi tum.en is: 

2e: = 3F a rso 

Tte corresponding expression for the more complex visco 
el~stic model is·: 

-* . -~·( -
2e: = 3F crrso 

wh:ch is seen to differ only in respect of bars and 
as-:erisks. 

Ir. the case· of a solitary substrate joint beneath a fully 
ac.:-.ered built-up membrane system, the critical strain in 
the uppermost layer, for the elastic case, is : 

Tr.e corresponding 
ttermorheological 

-if , Jl!* 
e:3 = ;p'G 

,; 

equation in operational form for a 
simple bitumen is : 

-* g a' N' 
1 

-* 

(13) 

2 The operational shear modulus of bitumen, G , is derived 
·. frcm the flow function F( t) = F( E;,), according to 

_,.. -* 
G = l/3F 

For example, if the deformation of bitumen is deemed to be 
go\Terned mainly by delayed elastic behaviour, then· 

-if a 
from which G (p) = kp /3r(l+a) 
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3 Given a ~ernperature history e(t), or e(~), the relationship 
between =-eal and reduced time is automatically c'letermined 
from eq (10) or eq (lOa). 

Thus any function expressed in real time, t, may in principle 
be expressed in terms of reduced time, ~' and vice versa. 

Hence, the joint movement function g(t) may be expressed as 
g(~), ar.d_;he latter is then transformed to give the image 
function g (p). 

The inverse tra~sform ~f the ~roduct of two or more image 
functions, eg g((p) pa 2 , is standard mathematical work for 
which text books give many methods. 

4 In practical mathematical analysis~ it will often be more. 
convenie~t and just as instructive to examing the effect on 
a syste~ of input functions expressed in reduced time rather 
than inp"..:t functions expressed in real time. 

For exa~?le, the investigation of periodic temperature 
fluctuations is possibly best undertaken by considering the 
effect o= e(~) = A sin w~ rather than 0(t) = B sin wt. 

Obviously the two cases are not identical but can be made to 
fit comrr.on amplitude of fluctuation ~nd a given period in real 
time. 

5 Finally, attention is drawn to the point that the reinforcing 
fabrics =reassumed to have a negligible Poisson's.ratio, such 
that stress in one direction does not generate a stress in 
another :irection. This assumption is reasonable for most 
reinfor~.~~g fabrics, although less so for polyester fabrics 
whose s '::=-etching is generally accompanied by a lateral 
contract~on. Such effects can be taken into account by an 
appropri=~e adjustment to the value of the modulus E. 
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MODELING OF HEAT AND MOISTURE 
TRANSPORT IN A GLASS FIBER ROOF INSULATING MATERIAL 

R. J. 'onega 

arid 

W. C. Thomas 

Mechanical Engineering Department 
Virginia Polytechnic Institute and State University 

Blacksburg, Virginia 24061 

One-dimensional steady and transient conditions are considered for 

a relatively high density glass fiber material. The moisture is assumed 

to be confined between layers of impermeable material above and below 

the insulation. Moisture andctemperature distributions are calculated for 

ranges of average moisture content and applied temperature differences 

across the slab. 

A progression of increasingly comprehensive models are investigated 

to explain experimental observations. 

The primary purpose of the investigation is to gain insight into the 

phenomena observed from a supporting experimental program. Experiments 

were conducted in a guarded hot-plate device on f.ibrous specimens sealed 

in impermeable plastic film to maintain a constant average moisture content 

during a test. Temperature and moisture concentration distributions 

were measured for ranges of applied temperature and average moisture 

content. 

The primary mechanisms for heat and moisture transfer in a high-

density roofing insulation are identified. The results show that the 

heat transferred through the slab is more sensitive to the distribution 

than the average amount of moisture. 
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NOMENCLATURE 

c 
p 

c 
v 

specific heat at constant pressure, kJ/kg-C 

specific heat at constant volume, kJ/kg-C 

binary diffusivity for water in air, m2 

fraction by mass of liquid water to dry insulation material 

gravitational acceleration, m/s 2 

h. specific enthalpy of constituent i, kJ/kg 
1 

k. 
J 

k 
e 

k' 
w 

L 

m. 
1 

n'.' 
1 

p 
c: 

s 

t 

T 

u. 
1 

u 

v 

v. 
1 

z 

z 
c 

thermal conductivity of dry insulation, W/m-C 

effective conductivity of partially wetted insulation, Eq. 6, W/m-C 

conductivity of insulation saturated with liquid, W/m-C 

insulation thickness, m 

specific mass of constituent i (per unit· total volume), kg/m3 

2 mass flux of constituent i with respect to fixed coordinates, kg/m· -s 

capillary pressure, kPa 
. 2 

heat flux, W/m 

-1 
average specific surface area, Eq. 24, m 

time, h 

temperature, C 

specific internal energy of constituent i, k~/kg 

2 
apparent conductance of wetted insulation. Eq, 23, W/m -c 

1 3 vo ume, m 

volume fraction of constituent(~) i (per unit total volume) 

coordinate, m 

capillary rise height of liquid~·m 

liquid phase permeability, m
2

· 

diffusivity co.effic:i.~nt, kPa 
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diffusivity coefficient, kPa/C 

£ porosity of dry insulat:f,.on (fractional void space) 

j..l3 dynamic viscosity of liquid, kg/m-s 

d . f . . k/ 3 ens1ty o const1tuent 1, g m 

T tortuosity 

Subscripts 

c cooler side 

h hotter side 

i initial 

1 water vapor 

2 air 

3 liquid water 

INTRODUCTION 

Ma~hematically modelt~g h~at and moi~ture transfer through built-up . . .~. . 

roofs with fibrous insulation can a~s~w~ ya,r~ous levels of sophistica-

tion. The value o.f a tractable-but·adequate model for simulating the 

effects of moisture on thermal performance is clear. Many roofs have 

water within the insulation material because leaks have occurred. The 

heat loss through wetted fibrous materials depends on the amount and 

distribution of the water"as well as on the temperat\.lre gradient. A 

reliable heat transfer model would be a highly useful additional t_ool 

for calculating-the economic penalty of moistu~e in roof insul~tion. 

Such calculatio~s can show when repair or rep),.acement may be les~ expen

sive thari the incremental heating, or air-conditi9ning, cost~. integr4t~d 

over several years. 
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In this paper, the heat and moisture transfer processes are modeled 

for the case where an arbitrary amount of water is trapped in highly 

porous, fibrous insulation materials as a result of impermeable barriers 

forming the top and bottom bounding surfaces. This specific case, for 

which limited experimental data are available, is used to inve~tigate 

the dominant transfer mechanisms which are associated with an applied 

temperature difference across moist insulation. 

A survey of the available literature shows that various analytical 

models have been developed for determining heat transfer and moisture 

migration in fibrous materials [1-5]. The heat and mass transfer pro

cesses are strongly coupled, i.e., the analysis of moisture transfer 

under isothermal conditions is an unrealistic idealization. 

The present mathematical model was developed, to a large extent, on 

the basis of the principal e~perimental observ~tions reported by Bal 

[6]. He obtained results for a typical roof insulation with a density of 

48 kg/m3 , a (dry) thermal conductivity of 0.0332 W/m-C at 25 C, a 

porosity of 0.978, and a glass density of 2190 kg/m3 . His extensive 

experimentation showed that the thermal conductance of wetted insulation 

is a highly transient phenomenon which depends strongly on the moisture 

distribution as well as the av~rage moisture content. The primary 

transfer mechanism for muderate liquid water content (0.1 < f
3 

< 

1.5) was shown to res~lt from an applied temperature gradient rather 

than liquid flow, i. e., moisture i$ transferr~d as a result of evapqra

tion~ diffusion of the vapor, and su~sequent condensation in a cooler 

regio~ of the material. After a temperature difference is applied ~o a 

typically wetted insulation, steady-state conditions are achieved only 
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after an extremely long period of time -- of the order of one or two 

weeks. The dominant modes of energy transfer were observed to be con

duction and the enthalpy transfer associated with vapor diffusion. 

Model Evolution 

The modeling of heat and moisture transfer described iri this paper 

has evolved in three stage·s. The first stage (Model A) was based on the 

assumption that no matrix material was present. The essential feature 

was a thin layer of liquid water on the bottom of an impermeable surface 

which was at a higher temperature than the upper surface. The heated 

liquid was assumed to evaporate, the vapor migrated upward, and conden

sation occurred on the cooler upper surface. The condensed liquid then 

returned to the lower surface. Figure l(a) is a diagram of this pro

cess. The transfer of heat in Model A resulted primarily from the 

temperature gradient in the liquid (conduction) as well as energy trans

port due to vapor motion (diffusion and bulk flow). This model did not 

adequately account for the effects obtai~ed by Bal [6]. The calculated 

conductance was significantly higher and measured moisture distributions 

did not support this moisture recirculation assumption. 

The second level of develo.pment (Model B) in the modeling process 

was to assume the matrix material is present but that moisture transfer 

occurs only in the vapor phase. Vapor tran.~fer ·is by. both diffusion and 

convection. Again, the lower impermeable surface is at a higher tempera-: 

ture so that evaporation takes place. The water vapor moves upward and 

condenses at some higher cooler point in the insulation. The condensate 

is assumed immobile and remains where it condensed until the changing · 

temperature distribution causes re~e~aporation of· the liquid.· Gravity 
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and capillary effects are ignored •. Eventually, all the liquid is trans

ferred from its initial position to the cooler upper region. Figure l(b) 

shows this process. 

Upon comparing Model B calculations and measured results, it was 

found that the calculated results tended to diverge from the data at the 

higher moisture fractions (f3 > 1.5). It was thought that.liquid 

motion resulting from gravity and capillary forces may be the reason for 

the lack of good agreement at these higher moisture concentrations. The 

third step in model formulations (Model C) was thus to provide for 

liquid motion. Figure l(c) depicts this model. 

In addition to liquid mass transfer, heat transfer by the liquid 

phase is possible along with heat transfer by conduction and the enthalpy 

transfer by water vapor and air. 

The details of Models Band Care givenin the next section. The 

purpose of all these models is to correlate the experimental data so 

that a better understanding of the important heat and mass transfer 

mechanisms can be obtained. After such understanding is reached, then 

the simplest model commensurate with the requirements for predicting 

heat loss through roofs will be incorporated into a procedure for cal

culating energy losses from buildings. 

MATHEMATICAL ANALYSIS 

The mathematical expressions which collectively form the models are. 

based on heat and mass transfer theory, thermodynamic relationships, and 

equations of state for the constituents. The analysis applies to highly 

porous insulating materials with a specified initial distribution of 
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liquid water and temperature between relatively impermeable surfaces. 

The system was modeled for one-dimensional geometry under transient 

conditions for the case where the two boundaries are suddenly subjected 

to applied temperatures. A flat horizontal assembly is considered in 

order to avoid anisotropic effects associated with liquid migration in 

sloped roofs. The approach is to build the model from basic physical 

principles rather than starting with general mathematical relationships 

as found in the literature [7]. This approach is taken to identify the 

dominant transf~r mechanisms and to minimize the number of material 

properties that would be required in solving generalized differential 

equations. 

Several simplifications supported by the available experimental 

results are incorporated in the model. At a given location, the tempera

ture of the gas (air plus water vapor), liquid water and fibrous matrix 

are assumed to be equal. Water vapor transfer is assumed to be governed 

by Fick's Law applied to the gaseous region of the wetted considered 

space. Consequently, the effect of the presence of matrix material on 

vapor transfer is neglected. While this assumption is compatible with 

high porosity insulations (£ > 0.95), the relative importance of radia

tion heat transfer may become significant at very high porosities. Here 

heat transfer in the dry insulation material is assumed to be dominated 

by conduction and the presence of water vapor in the gaseous region is 

assumed to not alter significantly this dominant mode. Further simplify

ing assumptions are noted in the following development. 
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Analytical Relationships 

·, 

In the wetted region of the system shown in Fig. l(c), a water 

vapor concentration gradient results from an applied temperature 

difference across the upper and lower surfaces. In order to use a 

tractable form of Fick's Law, the total density of the air-water vapor 

mixture is assumed constant. (The actual maximum density variation for 

composition extremes over 10 - 35 C is less than 12 per cent.) With 

this assumption, the vapor flux is given by 

n" 
1 

3P1 P1 
D + [n" + n"] - 12 ~ Pi + p2 1 2 (1) 

or 

(2) 

Another independent relationship involving'nl and nz is required. A 

relationship was first developed by taking the l;:otal pressure constant 

in the gaseous region across the relatively thin materi?-1. Using this 

criterion, subsequent calculations for the range of te;st parameters 

considered in this paper showed that the effects of air flow (n") in 
2 

the confined wetted region are insignificant. Consequently, a sub-

stantial simplification can be effected with negligible loss of accuracy 

by considering the air to be stagnant, i.e., 

n" = 0 
2 

(3) 

Reference 2 recommends relating liquid flow to capillary, thermal 

diffusion, and gravity effects by an expression of the form 

n" 
3 

(4) 
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This matrically induced liquid mass flux is often used in soil analyses 

except that the gravitational term is sometimes ·neglected [8],' The 

relation has the implication that t?~ capitlary pressure Pc is func

tionally dependent only on the volumetric moisture content v3 and the 

temperature T. Equation 4 introduces three a~ditio~al.material proper

ties, that are generally not well documented, into the mathematical 

model. 

The time rate chan~e of the temperature distribution is determined 

from an energy balance on the differential eleme~t in Fig. l(c). Con-· 

sidering conduction, convection by vapor, air, and liquid diffusion, and 

energy storage, the energy equation is 

a (k (z) aT) 
az e az 

a 
at 

a (n"h ) az 1 1 
a (n"h ) az · 2 2 

a 
az (n"h ) 

3 3 

(5) 

The local' conductivity of the wetted insulation is calculat~d from the 

"parallel:" thermal resistance analogy considering heat flow through the 

liquid and gas phase-insulation matrix, i.e., 

As noted.· ea·rlier, the third term in Eq. 5 :j.s negligible! The enthalpy 

oi the wAt~r vapor and li4uld were taken as linear functions of tempera-

ture. The right side of the energy equation can be expanded to give 
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where the terms ~~) correspond to Cv and the specific heat of the 
v 

fibrous matrix is assumed constant. The time deriva~ives of p1v12 , 

p2v12 , and p3v3 are r.elated to n]:O n2, and n) by the mass balances 

an" 
2 

az 

(7) 

(8) 

The term s
1 

accounts for evaporating liquid and is eliminated by con-

sidering a liquid mass balance, i.e.; 

an" 
(p3V3) = - az

3 
- 51 

Adding Eqs. 7 and 9 gives 

am av3 ap· an" an" 1 3 1 3 
at= - P3 at- v3 at- az.-- a;-

Next, consider 
av3 . 
at :J.-n Eq. 10. The relation 

is differentiated· and rearranged to obtain 

( 9) 

(10) 

(11) 

(12) 
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In principle, the two density derivatives can be evaluated u(:dng the 

equation of state for saturated water, i.e., the "steam tables," where 

for convenience 

apl dpl aT 
(13) at dT at 

Clp3 dp3 aT (14) -at= dT at 

Equations 2, 3, 4, 5, 8, 10, and 12 along with the equations of 

state for the vapor, air, and liquid and appropriate boundary condHion 

constitute a cotnpleLe ::;ystem th!it can be solved for the dependent 

variables. The full set of equations constitute Model C while Model B 

corresponds to taking n" = 0. 
3 

The boundary and initial conditions are 

T(O,t) 

T(L,t) 

T(z,O) T. 
]_ 

(15) 

(16) 

(17) 

(18) 

The mass transfer boundary conditions depend on.the permeability of the 

moisture barrier at the upper and lo~er surfaces. In the following 

RPrtinn., ro;>~ults are chown for the case where moi::.Luu~ .i.::; t.:uuflued 

between impermeable surfaces. The mass transfer boundary conditions are 

then 

n3 (L, t) 0 (19). 

n3(0,t) 0 (20) 
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CALCULATED RESULTS 

Equation 12 is simplified considerably by taking the density of the 

liquid constant. Consistent with this ass~mption, the last term in Eq. 

12 was also neglected. The system of equations was then solved numeri-

cally using explicit finite-difference formulations. An upstream differ-

ence scheme [11] was used to account for convective energy transport. 

As the calculations proceed, the liquid in the warmer nodes pro-

gressively vanishes. When a node became "dry",· i.e., ·V 
3 

+ 0, the effect 

of additional vapor transfer at·that point was shown to be small and 

therefore neglected. Consequently, these nodes were treated as dry 

insulation. The alternative of calculating the nonsaturated vapor 

content of a node would require prohibitively small time steps and does 

not warrant the additional computation time involved. 

Representative calculated thermal conductances, temperature distri-

butions, and moisture distributions are presented and compared with 

experimental data for the case where the moisture is confined between 

two impermeable vapor barriers. 

Results for Low Moisture Concentration 

Previous experiments on wetted fibrous insulation [6] suggest at 
). . . 

sufficiently low conc~ntrations, the primary driving force for moisture 

transfer results from vapor diffusion induced by a temperature gradient 

rather than by liquid phase migration. The "apparent" thermal conduc-

tance, defined by 

u a 
(23) 

was shown to be nearly independent of the direction of heat flow (upward 
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or downward) and gravity force. Calculated results using Model B (n" 
3 

= 0) are shown and compared with measurements .[q] in Fig. 2-4 for a 

test piece 40.6 mm thick with an initially uniform moisture concentra-

tion f
3 

of 50 per cent. In these tests, T. was 25 C and T and Th was . . . 1 c 

held at.9.7.and 31.7 C, respectively. The agreement between measured 

and calculated temperature distribution is good as shown in Fig. 2 at 

an elapsed time of 18 hours. (Comparisons at 28 and 43 hours also 

showed the same good agreement.) .Figure 2 also shows that the calcu-

lated temperature distribution is relatively insensitive to the node· 

spacing. The latter observation is of practical importance since the 

times required for steady-state conditions are so long and computa-

tional time increases greatly with the number of nodes. Subsequent 

calculated results are based on selecting the node spacing to corres-

pond to the distance .bet~een adjacent temperature sensors (thermo-

couples) used in the experiments [6]. 

Figure 3 shows that approximately 50 hours is required to reach a 

steady state for the test condition described above. Again, the agree-

ment between calculated and measured conductance is excellent although 

no data are available for the initial highly transient period. The 

sharp changes in ·the calculated points results from the effects of 

using only six nodes. (The smooth solid line was simply £aired through 

the calculated values shown.) While the conductance of the wetted 

insulation is several times larger than the conductance of dry insula-

tion during the transient. period, the steady-state conductance is only 

about 15 per cent higher for an average moisture content of 50 per 

cent. Clearly, the distribution of moisture has a strong affect on 
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"thermal eonductance. Figure 4 shows a compa:rison between the calcu

lated and measured moisture distributions at steady-state conditions. 

The moisture distribution was measured by disassembling the test speci

men and weighing each of six identically thick slabs that formed the 

test piece. Based on the mathematical model, all the moisture should 

be trausf~rred to the upper (coolest) finite region. The measurements 

show, however, that only about 70 per cent of the moisture is in the 

uppermost region. This result suggests that the assumption of negli

gible liquid phase flow starts to hr.eak down when the local moisture 

concentration becomes sufficiently large. 

Results for High Moisture Concentration 

Moisture distribution data from reference 6 is shown in Table 1 

for an initially near uniform moisture concentration of 198 per cent. 

These experimental moisture distributions are clearly affected by 

gravity forces and possibly by capillary action. During the first 

three hours of the test, the liquid concentration in the bottom (hottest) 

region increases while the concentration in the top region decreases. 

This trend reverses after 10 hours but the uppermost region contains 

only 45 per cent of the total moisture at steady conditions (198 hours). 

Using Model c, calculated and measured mniRtlJTf" distribution differ 

significaittly as the average moisture concentration increases beyond 

approximately 100 per cent. At 200 per ceht moisture, the calculated 

thermal conductance at steady-state conditions is about 30 per cent 

higher th.<~n the measured value. The most likely L~asum; for .t:he lack 

of closer agreement are uncertainties in the thrPP additional material 

properties required and, possibly, inherent shortcomings in the 



Table 1. Moisture distribution as a function of elapsed time for a sample with an initial 
moisture content of 198 .per cent 
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physical model that Eq. 4 represents. These problems as related to 

modeling the thermal response of moist roof insulation are discussed 

below. 

Estimation of Liquid Mass Transfer Coefficients ct
3

, 133 , and y 3 . 

The parameter a.
3 

is the liquid pha~e permeability (assuming an 

isotropic matrix). In terms of the liquid capillary pressure P , 
c 

133 ( = :: :J and ~ 3 ( 
aP J . 
aTe are diffusivity coefficients. Other inves-

tigators have argued that moisture transfer resulting from temperature 

gradients in extrP.mely wet and nearly dry porous media is negligible 

[2]. Consequently, y
3 

is zero in these extreme cases and was taken as· 

zero in the-present calculations using Model C. 

The permeability ct
3 

is related to the porosity £ of the insulation 

matrix as well as the average pore ?ize. Liquid flow through a porous 

material is governed by a potential force rather than inertia effects. 

Scheidegger [9] tabulated permeability values and his results suggests 

. -11 -11 2 
a value in the range of 2.4 x 10 to 5.1 x 10 m for a fibrous 

glass matrix. An elementary capillaric model [9] indicates 

(24) 

where T is.the tortuosity and S is the average specific surface area, 

i.e., the area of the capillaries to the volume of the matrix. The 

values given above indicate the expected range of ct
3 

but more precise 

values are likely to depend on the particular matrix material porosity 

and geometry. 

For approximating 13
3

, the change in capillary pressure with the 

liquid volume fraction can be- estimated using the· data from Dunn and 
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Reay [10]. For a glass fiber material, they indicate a capillary rise 

. -11 Z of 0.25 m and give the permeability as 0.061 x 10 . The maximum c 

capillary head increases with decreasing pore size. If it is assumed 

approximately that 

(25) 

then 

(26) 

These estimates for a3 , a
3

, and y
3 

are, of course, subject to 

considerable uncertainty but indicate the order of magnitude for these 

required properties. Further experimentation on typical materials are 

clearly needed. 

Liquid Flow Modeling 

While an evaluation of the adequacy of Eq. 4 obviously depends on 

obtaining more accurate property data than is now available for specific 

materials~ experime~tal observations· suggests the possibility of ~n 

additional effect on liquid flow. rh~.effect is related to liquid 

phase adsorption, in the form of di~crete droplets, by the matrix 

·fibers. The liquid droplet size likeiy increases until gravity over-

comes the retention force and causes an abrupt downward flow that 

entrains more ·liquid ·~iong the. flow ·path> ·This. postulate is based on . . . . . . 

the following inconsistency between experiments and the present liquid 

flow model. The experiments show that even at relatively high moisture 

concentrations (200 .Per cent), most of, the liquid eventually reaches 

the upper cooler regions. On the other hand, if Eq. 4 is used to 

effect an init·ial downward ·flo~ of liquid water that exceeds the upward 
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flow of water vapor, the steady solution gi\i-es the: highes·t moisture 

concentration in the lower regions. Consequently, the mathematical 

model describes a strong'moisture recirculation pattern 'where steady

state liquid and vapor flows counterbalance with a higher than measured 

thermal conductance. This inconsistency has been observed for the 

expected ranges of the parameters a
3 

and s
3

. Further experimenta-

tion is required to investigate the mechanism and significance of this 

postulated liquid hold-up mechanism. 

CONCLUSION 
'·' 

The present mathematical model, even with drastic simplifying assump

tions, gives results in excellent agreement with experimentation at average 

moisture contents of less than 100 per cent: The agreement diverges as 

mo·isture content increases and the most likely reasons are shortcomings 

in accounting for liquid migration. 

The thermal conductance of'wetted in:suiation depends more strongly 

on moisture distribution 'than oil mekri' inofsture content; Long times, up 

to weeks, may be required 'to reach· steady' 'c.onditions for 'moderate , 

amounts of moisture confined between impermeable barriers which are 

subject to a constant temperature differenc'e. 

The sequence of models o'utlined indicate that further investiga

tions are iu order to correlate experimental data more accurately. 

Considerable success has already been obtained using Model B in·which· 

the liquid mass transport is assumed·· to be zero. More experim'ental· and 

analytical developments are required for cases when the liquid mass 

fraction f3 is greater ·than 1. s; 
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A SIMPLIFIED REPRESENTATION OF THE THERMAL BEHAVIOR OF FLAT-ROOFS 

by 

Roland Fauconnier, UTI 
Translated into English by 

Joel P. Porcher, Jr., Clemson University 

ABSTRACT 

: . 

We present a study, financed by the DAEI and carried out by the 

UTI, the aim of which is to simplify the calculation of the temperature 

in flat-roofs. 

On the basis of the results of digital simulation of the thermal 

behavior of four types of insulated flat-roofs subjected to the climate 

of ten weather stations distributed throughout France, we have attempted 

to link the maximum·thermal load effects at the different levels in the 

roofing with simple weather data. 

The meteorological magnitude selected is the equival·ent temperature 

and its extreme variations. The fairly good homogeneity of the French 

climate has made it possible to take into account only the differences in 

amplitude of these magnitudes, the other parameters being then the thermal 

resistance and the inertia of the flat roof. 

We were thus able to establish correlations between the thermal loads 

in a variable state on the one hand and the load effects in a steady state 

provided with a corrector coefficient depending only on the types of 

roofing studied. 

for presentation at the 

DOE-ORNL WORKSHOP ON MATHEMATICAL MODELING OF ROOFS 
Novemh~r 1, 6, 1981 

Atlanta, Georgia 



120 

INTRODUCTION 

Design of low-slope. roofing is often t:-.e result of a compromise between 

knowledge of physical phenomena material properties of the components, and 

knowledge of the "previous. cases':'. One~ s rationale goes by the following 

points: 

•treatment of the singular points; 

•knowledge of mechanical and thermal properties of the 
component materials; 

•mechanical and thermal function of the system. 

The most general problem now suits the subject of the Action Th~matique 
/ . 

Progranunee between the Ministere de !'Environment a_nd the. Cadre de Vie 

(Direction des Affaires Economiques et Internationales DAEI) ~nd the Centre 

Scientifique et Technique du Batiment (CSTB), 1' Union Technique Interpro

fessionnelle des Fed;rations Nationales du B~timent and of the Travaux Publics 

(UTI), le Centre Exp~rimental du B~~iment et ~es Travaux Publics (PEBTP). In 

conjunction with the ATP, a study ~i~anced by the DAEI_and .carried out py 

the UTI, concerning simplificati.ot)._ regarding calcul,ation of the temp~.rat1,1res 

in low slope roofing was undertaken. We present here the principal results. 

1. Climatic Parameters 

Low-slope roof~ng, like anY. opaque. part. of the building envelope, is 

subjected to convective, long wave radiation, and short wave radia~ion heat 

exchange. For simplification, all of th~se modes of ~~change were regrouped 

into a quantity called ."equivalent ex.terior temperature." f,.Je will recall 

briefly ~he.dif~er.ent definitions that were presented. 

1.1 The First Expression for ~quivalent Temperature (1943) 

Starting with the conventional formula for cumputing thermal exchange at the 

exterior surface of a building, Mackey and Wright (1) were the first to express 

the equivalent ground-air temperature in the following manner: 



where· 

with 

where· 
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q H (t - t ) 
o sa s 

q thermal gain or loss ·at the exterior surfac·e level 

H'·= exterior coefficient qf thermal exchange 
0 

t = equiv~lent temperature 
sa 

t = exterior surface temperature 
s 

ta exterior air temperature 

a surface absorptiqn factor with respect 
to short wave ratiation 

I intensity of short wave radiation falling 
on the surface. 

This formula assumes the following hypothesis: 

.0) 

(2) 

the sky ··arid surrounding envtronment are considered as bl~ck bodies with respect 

to radiation,·the surface temperature of the black body being the same as that 

of the exterior air. 

The equivalent temperatures calculated from'thts method are, therefore, 

too high, the largest errors for a horizontal exterior surface taki~g place 

on clear ·weather in winter~ 

1.2 Second Expression for Equivalent Temperature (1967) 

Hoglund and his team (2)·expressed thermal exchange in the following 

way, while taking into consideration the exchange due to long wave radiation: 

q = h (t 
c a 

(3) 



where 

h 
c 

t 
a 

t 
s 

<l 

I 

<t>lr 

4> 2r 
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convection coefficient for the exterior 

exterior air temperature 

temperature of the exterior surface 

absorption factor for short wave radiation 

intensity of solar radiation 

cr•£~(T ) 4
, the long wave radiation received 

by thersurface 

-cr•£•(T ) 4
, the long wave radiation emitted 

by the §urface (note: T is absolute temperature 
in °Kelvin, whereas t is temperature in °C, fqr 
the above formulas). 

One then defines a radiant equivalent temperature for the sky and for 

the ground, T . Thus T is the hypothetical temperature of an absolutely 
r r 

black surface that surrounds the exterior surface and that has the same re-

flectivity as the actual surrounding. 

where 

In general, one can describe the exchange by long wave radiation by: 

cr•£•(T 4 

r 
T 4) 

s 
h (t - t ) 

r r s 

h (t - t ) + h (t - t ) 
r r a r a s 

£ emissivity of the exterior surface 

cr Stephan Boltzman constant 

(4) 

h ~·£•cr•(T ) 3 where ·T is the absolute air temperature 
r a ' a 

in °K, 

It remains to express (t - t ), which is a function of: 
r a 

humidity 

cloud cover 

exterior temperature 

tne orientation of the surface. 
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The compilation of many measured and calculated results (Brown, 1971; 

Hoglund and his team, 1967; Bruni, 1952) gave the following results, for 

emissivities on the order of 0.9: 

for a horizontal surface: 

0.2t 
a 

< - 18 - (t 
r 

- t ) ~0.2t - 10 
a a 

(5) 

One will choose the following ave~age values, which includes a. correction. 

that takes into consideration the cloud cover:. 

t t "' 9-m Q.2•t - 14) 
t" a 9 a 

with 

m 0 for an entirely clear sky 

m 8 for a completely overcast sky, 

which gives for the expression of the equivalent temperature: 
h 

ai r 9_m 
tsah =t:a + H o + H o (-9-) (0. 2ta -14). 

1.3 Third Expression for the Equivalent Temperature (1961) 

(6) 

(7) 

Taking again the heat transfer equation which includes the occurrence of 

long wave radiation: 

R. W. Bliss [3] expressed ~lr and ~ 2 r in the following manner: 

'*'1r = E R • fJ. • (T a) to 

where: 

T absolute temperature of the outside air (°K) 
a 

E apparent emissivity of the sky 
a 

~ 0.004·t + 0.8, whQre t ts the dew-point 
a ros ros 

temperature. 

~ = -E•<J•(T ) " 
2r s 

(8) 



where 

where 
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T =; exteri·or surface temperature (_°K) 
s 

£ = emissivity of the exterior sufface 

Makin:g the fourth degree expression linear: 

H0 (t - t ) 
sa s. 

h 
r 

Ho 

5.68€ 

h + h c r 

h (t - t ·) + ai+5.68£ t -5,68£t +312.4(€ -€) (9) 
c a s aa s a 

from which the expression for the equivaleqt temperature is: 

with 

t sa 

312;4 
+ ar + Ho 

€ 0.004 t +0.8 (for a clear sky): 
a ros · 

This expression is useful for any emi~sivity, but the hu~idity data must 

also be known to compute the apparent emissivity of the sky. 

For. an ·example, we ca~ give some measure.d results. for long wave radiation 

from the Cadarache site. (results of the CEN. of Saclay, service of the Etudes 

Energetiques, see ref~rence [4]). 

For the simulation, we have chosen the second exp;ession for equivalent 

temperature (Hoglund's qefinition, given by equation (7) ). By the following, 

we have characteri~ed a .station by the variations of t~is temperature. The 

following magnit~des were calculated month by month, then summarized for the 

y~ar starting with meteorological data files:. 

TE. MAX: . Mflximum equivalent temperature 
TE. MIN: Minimum equivalent temperature 
EC. MAX; Greatest difference between the maximum and 

minimum daily tempera~ure 
EC • MOY: Average of tqe daily variations (maximum 

temperature - minimum temperature) 
VI. MAX: Largest difference between two temperatures 

calculated at hourly intervals 
VI • MOY: Average· difference between two temperatures calculated 

at ~ourly intervais. 
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Magnitudes are given month by month in TAble I, as well as the annual 

comparison, for an absorption coefficient of 0.9. These same magnitudes are 

given in Table II for an absorption. coefficient of 0. 5 .. . The values were 

derived directly from meteorological reco~ds, and ~ere thus readily accessible. 

We were interest~d in investigating whe~her statistical correlations existed 

between the exterior data and the homologous data at different levels of the 

flat roofing. 

We have investigated five types of low-slope roofs. The model designated 

as Number 0 is a self-protected roofing, poorly insulated, whereas the four 

others are well insulated roofings, with more or. less gravel protection, (model 

4 being self-protected). The description of these models is given in Table III. 

2. Research into'General Correlations 

The number of data being very important, we have attempted to condense them 
. . 

in order to be able to study the greatest number of correlations possible. 

In the first approach, it appeared interesting to kno~ if the large differ-

enc$taken annually would be represe~tative of the general "behavior, or if these 

data ~votild represerit only an anomalous occurrence in cl.imate, To this end, it 

was sufficient to reip~esent the monthly extremes of the equivalent temperat~re 

as a function of the homologous temperatures at the differ~nt leveis in the flat 

roofing. This protedure was used for all stations. 

The correlations shown in Figure 1 relate monthly eq~ivalent temperature 

to maximum monthly'·terhper~tur~. Data' are .given. for the suiface of the water-

proofing membrane and for the midpoint of the insulation of" model Number 0. 

Minimum monthly temperatures in the·membr~ne are represented in Figure 2. 

We can note that the difference petween. stations is negliole. All of the 

points lie on~ straight line with an excellent ccirrelatio"n' coefficient of 0.989. 
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The same correlations that were depic·ted in Figure 1· are shown in Figure 3 for 

roof system number 4, which was well insulated and self-protected. In order tc 

better support these ideas, we have reported in Figures 4 and 5 the maximum and 

minimum daily temperature variatior • .:> for models ·1 and 4 at the station in 

Trappes. Thus, we see that the extreme (annual) values are not ·entirely problema-

tical and can very well be placed on a sinusoidal curve of 365 day period. These 

annual extremes could, therefore, be considered as significant magnitudes (within 

the framework of precision needed for the design of a low-slope roof), more so 

for the climate than for the model. Therefore, we have reported in Table IV the 

annual climatic magnitudes which are going to serve as the base for the.correla-

tion tests which follow (Figures 6 to 9). We have next attempted to link the 

results from a steady-state system to those in a variable state system. 

2.1 Temperature Calculations in the Steady-State System 

If Rr is the total thermal resistance between TE and TI, and if ~I is the 

thermal resistance between level, N, and the interior, I, then the temperature 

TN in the steady-state system can be written: 

llri 
TN =Rr (TE - TI) + TI 

or: 
• Tr 

TN - TI ~I 
~ TE - TI Rr (11) 

where 

~I thermal resistance from the interior up to level N 

RT total resistance (see Table V) 

TE annual equivalent temperature, maximum or minimum 

~ ratio of thermal resistances, a definition. 
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For the flat roofs 1, 2, and 3, the levels are: 

Level 1: gravel surface 
Level 2: surface of the waterproofing membrane 
·Level 3: underside of the membrane 
Level 4: center of the first layer nf, i.nsnlati.on 
·Leve.!. 5: interface between the two layers of insulation 
Level 6: center of the second layer of insulation 
Level 7: interface between the second layer of insulation 

the slab. 

For the flat roof 4, the levels are: 

Level 1: surface of the waterproofing membrane 
Level 2: underside of the membrane 
Level 3: center of the first layer of insulation 
Level 4: interface between the two layers of insulation 
Level 5: center of the second layer of insulation 
Level 6: underside of the second layer of insulation. 

2.2 Correlations Between the Temperatures Calculated 
in the Variable-State System and Those Calculated 
in the Steady-State System 

and 

We have defined a coefficient ~ (equation 11) for the steady-state 

syst.em .. Likewise,. if is possible to compute a similar coefficient, correspond-

ing to the results given by the variable-state system. This coefficient will 

be defined as follows: 

BN (12) 

where 

TVN the maximum or minimum annual temperature 
at level N 

TE the maximum or minimum annual equivalent 
temperature. 

The coefficient ~ being easy to calculate, we have selected it as the 

independent starting magnitude. For example, Figures 10 and 11 show the 

scattering of deviations between the extreme temperatures calculated in the 

variable-state system and those calculated in the steady-state system. This 



128 

scattering is most cert.ainly due to the climatic diffe"rences between stations 

as well as thermal property .diff·erences. between the flat roof models. The 

absolute error· EAN reported in. these two figu·res co;-responds to the following 

definitions: 

(13) 

In Figure 10, a positive value of EAN signifies a reduction of the sign, 

whereas in Figure 11, the reduction corresponds to a negative value. 

The coefficient BN (defined by equation (12~ varies as a function of ~ 

(defined by-equation (11ij , as shown.in Figures.12.and 13. 

The q1,1estion then arises, .''how can one describe this dispersion?" 

Some authors [s, -~ have studied the effect of mass on the" flux transmitted 

in affecting the results of a steady-state system with a.coefficient "N". Others 

[ 7}. studied the temperatures and maximum flux. as a function of multiple harmonics 

of temperature. All of these studies are, in· general, relative to. homogeneous 

panels. Numerous studies ha~e attempted to find a homogeneous panel having the 

same properties as a composite panel of many different layers-. Medvedev [6] 
examined application .of the law of addition·for •thermal re~istances in a variable 

state system. In a steady-:-state system, ·the law is written simply: ·. 

with 

n 

Eel Ae =i~1 (Ei/Ai) 

E 
e 

E. ,A. 
~ ~ 

A 
e 

n 
E 
i 

the total thickness of the wall 

the thickness and the conductivity of each layer 

equivalent conductivity. 

In the variable-state system, the equivalent conductivity X' can be expres
e · . .,. 

sed in the following manner: 

A' rnA 
e e 
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where m is a correction coefficient that· depends on the nature of the temper

ature field and, of course, on the order of assembly of the layers. 

In order to be able to apply similar reasoning, one must ascertain if 

all stations studied comprise a homogeneous temperature field. Speaking of 

homogeneity does not imply equality of instantaneous temperatures, but rather 

the importance of each harmonic at the time of the decay of the equivalent 

temperature in·a Fourier series. If one considers only the extreme temperatures, 

one can observe that the extreme temperatures at different.~evels of the roof

ing depend linearly on the equivalent extreme temperatures. This relationship 

is true regardless of the station, as shQwn_ in Figures 14, 15, 16 and 17. 

This observation would allow consideration of the important parameters for 

a station as statistical magnitudes (maximum temperatures, minimum temperatures; ... ). 

It is equally interesting to compare,_ on one hand, Figure 18 with Fighres 19 and 

20, and the other hand, Figure 21 with Figures 22 and 23. 

In all the· figures, we have taken the ratio ANIBN as the ordinate and the 

magnitude ~ as the. abscissa. 

Correlations between the maximum temperatures are represented in 

Figures 18, 19, and 20. We observe a better correlation when the results are 

grouped by roof system. 

Concerning the minimum temperatures (Figures 21, 22, and 23), the difference 

between the two types of classifications is weaker, doubtless because of the 

weak absolute variations between the temperatures calculated in the variable

state system and those calculated in the steady-state system. 

Seeing that CN= AN/BN, _the exterior temperatures can be expressed in the 

following man,er: 

(14) 
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Therefore we recover only one parameter frqm the variable-state system in 

this formula, the parameter CN. 

The parameter CN depends on the temperature field and on the type of 

panel studied. In. the case of low-slope roofing, the geometry of these flat 

roofs, or rather, of the layers is the same: a concrete slab, insulation, and 

protection (this layer may be deleted). In the precise case, CN can be ex

pressed easily as a function of two parametercs, the thickness of the protection 

and the ratio ~· 

In Figure 24, we can state that the form of the curves is the same as that 

which one sees in the roofs: increasing the thickness of the protection trans-

lates the curves entirely toward increasing values of CN. 

In.view of these results, we have looked for an expression for CN in the 

form of a polynomial function of ~· such that: 

C - A ( ) 2 ( ) n-1 N = ~1 + a2 ·-~ + a3' ~ + ••• + ~n • AN ' 

a 1 , a2, an being functions of the ~oof, o~ more precisely, of the thick~ess 

of the ~rav~l layer. The degree of the polynomial is: two for roof 4( a single 

conc~vity), and three for roofs 1, 2, 3 (two concavities). 

are reported in Tables VI and VII. 

The coefficients a 
n 

2.3 Application to the Calculation ·of Daily Variations 

The daily variation is, by definition, the difference between the maximum 

and minimum daily temperatures. Therefore, it corresponds to a period of 24 

hours. 

If this variation is constant during several successive days, the system 

is called "periodically stable;" if not, the system is in a transitory phase 

[ 10] The limit between the two systems is linked, on one hand the period of 

solicitation (in this case, the period is 24 qours), and on the other hand the 

time constant of the wall, T . Iq principai, at the extreme of 3 to 4T, the 
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system has reached a periodically stable condition, so that one would say 

that the amplitude and phase no longer change as time progresses. 

Study of the periodically stable system takes on great importance, since 

one learns that any solicitation can be reduced to a harmonic series. Mean-

while, the calculations are often tedious when the J.Hinel is multi],ayered. 

Recently, some authors [ ll, 12) , have proposed some interesting methods of 

calculation. We see that the periodically stable system is fairly accessible 

directly. This phenomenon is not the same for the transitory phase, even when 

it is relatively frequent. 

Application of the results from the preceeding paragraph allow an empirical 

approach to the result, such that 

EeE daily .variation of the equivalent temperature 

a regression coefficients for the maximum temperature 
n 

a' regression coefficients for the minimum temperatures. 
n 

' The parameters eN and eN corresponding respectively to the maximum and 

minimum temperatures, are written: 

The extreme temperatures at each level of the roof can be expressed as a 

function of the equivalent extreme temperatures: 

T' 
VN 

~ 

~ 
TVN = TI + eN (TEMAX - TI). 

The variation at level N in the roof is written: 
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If one knows the minimum and maximum daily temperatures, one can deduce 

from them the variations at each level. 

One may just as well express ECN as a function of the averag~ equivalent 

temperature and of the daily variation: 

where TM is the average equivalent temperature. 

Equation (15), therefore, allows calculation: 

being the maximum tariation, or 

being the average variation. 

3. Conclusions 

~·] N . os) 

Beginning with results of the simulation of the behavior of low-slope 

roofing subjected to the climate of ten meteorological stations, we have 

deduced some simple meteorological magnitudes .. These magnitudes perm~tted easy 

calculation of thermal solicitations at any level of a roof. The signif~cant 

magnitudes are all related to the e~terior ·equi~alent. temperature; these are 

the minimum or maximum temperatures for a daily, monthly. or yearly period. 

Furthermore, these magnitudes are related statistically to the real solicita-

tions in the roofing under a variable state, by means of the thermal 

resistances in a steady-state system and the reduction coefficient. This for-

mulation is simple. Thus, .the· .maximum and minim~m temperatures at level N can 

be expressed:· 

a) Maximum Temperature 

TVN = TI + 



with 

with 

b) 
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total thermal resistance of the roof system 

thermal r2sistance between the interior and the level N 

Minimum Temperature 

~ 
T' = T VN I 

C' 
N 

a' + a' • 
1 2 

These two equations are applied only to. panels composed of a concrete 

slab (or inte,rior side); insulation, and protection. 

They can be applied for computing exterior temperatures and daily 

variations with a very acceptable precision, of the order of the degree 

centigrade. 

'; 
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Daily Variation ·of the Temperature at the Surface of the Membrane 
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The coefficients a' and a are functions only of the thickness 
n n of the gravel layer. \-le nave facilitated the calculations by 

graphing: 
a = f(e), arid a' = f(e) 

n n 
where e is the thickness of the gravel protection 
(see Figure 26). 
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RESULiATS AHNUELS 

TE.11AX I TE.11IN I EC.IIAX! EC.I10Y I Vl.MX I Vl.IIOY 
95.15 : -J3.97! 86.57' 38.47 <10.70 14.93 

PROGRA1111E TEMF'S!l 
STATION TRAPPES ANtiEE !972 
A8SQ: 0.10 EM!= 0.~0 
·--------· ---------------

JAN 
n:v 

liARS 
AVR 
IIA! 

jur11 

TE .. ~AX 
24.94 
37.26 
58.06 
61.~::? 

67:13 
70 . .)9 

77 .:a 
7'2.70 
59 . .;13 
~2 • .>7 
37.90 

I TE..1III I 
-!5.04 
-s.oa I 

JU!L 
AOUT 
SEf'T 

OCT 
HOV 
DEC 

RESIJL T ft T!) MINUELS 

I 
TE.I1AX 
n.:s 

-J .66 I 
-3.35 1 

1.10 I 
3.00 
4.!81 
4. 38 I 

-o. -.s I 
=~: ;~ I 
-&.06 

::c .. 1AX ' EC .. ~OY I 'J I. MX i 'J I ./lOY 
33.•6 13.03 !3.991 6.04 
35.?6 19.43 21.!1 8.04 
55.~:? 35.461 21.JJj 12.!5 
62.~0 I 37.1~ I 23.66115.09 
6:.:.61 40.72! 27.73 14.62 
62.~4 •6.oB .

1 

35.46 1S.49 
6~. 1 o I • 7. 99 :9.92 i 17. 40 
)3.14

1

, H.95. 24.261 15.47 
~.J.JQ 38.83 ~3.91 I lJ. 75 
~0.21 I 31..;8 17.1~ I 11.11 
33.91 te.o1 14.~7~ 8.o; 
2.:..eC? J 1..s . .:s 11.-?1 7.ot 

FROGRAME TE:~.PEO 

STAT!OII MACON ;:IIIEE : ?72 
ADSO= 0.90 E/1!= 0.90 

RESULTATS 11EIISUELS 

TE.MAX TE./1!11 EC.MX EC.MY 11l.11AX Vl.MOY 
JAil 25.76 -8.82 29.12 18.o0 12.81 8.16 
F'EV <\0.35 -5.12 38.74 22.87 18.59 9.96 

liARS 58.75 -2.45 5~ •• 5 37.33 23.64 13.93 
~VR 68.22 -0.49 59.90 36.93 :!1.87 t6.o9 
MAl 76.J6 2.90 OO.l~ 47.04 32.03 18.:3 

JU!II 8!.23 6.68 68 .l i' .52. 78 37./2 .:4 . .3V 
JUIL 8!.U 7.49 66.63 53.63 34.23 :o.S4 
AOUT 79.12 8.57 64.05 49.59 33.!3 19.31 
SEPT 68.99 2.60 56.25 44.43 22.35 16.20 

OCT 55.39 -2.76 50.71 35.93 21.46 11.96 
NOV 39.97 -5.56 35.67 18.71 13.27 e.1s 
DEC 30.82 -6.88 27.40 11.87 12.06 s.:::s 

RESULTATS ANIIUELS 

I 
TE.11AX I TE./1!11 EC.MX I EC./1CY I Vl.MAX IV!./10Y 
81.41 -8.82 68.17 3!5.82 37.72 14.H 

PROGRAMME TE11PEQ 
STATION REHNES AHNEE 1972 
ASSO= 0.90 EHI= 0.90 

RESULTATS HEilSUELS 

TE.MAX TE.MIII EC •• ~AX ~C./10Y VI.MX I •JI.IIOY 
JAN "9.08 -9.61 31.78 13.75 1l. 74 6.04 
F'EV 4!.05 -3.01 37.54 !9. !3 16.47 9.05 

MARS 58.23 -4.07 56.97 34.32 "0.73 10.90 
AVR 60.88 -\.86 62.53 37.22 24.93 14.50 
HAl 68.44 -1.06 60.99 42.29 22.97 16.03 

JU!II 78.96 3.47 71.d7 •7 .18 33.42 19.18 
JUIL 80.05 5.69 69.38 49.12 22.19 16.55 
AOUT 72.73 ~-0~ 67.03 46.57 27.13 17.07 
SE?T 67.51 -1.28 .15.92 42.SO 21.66 i.4.2l 

OCT s:;.oo 

1 

-1.~0 49.96 31.25 2~.08 11.S9 
NOV 39.10 -4.89 39.99 18.18 18.91 9.22 
DEC 29.89 -6.49 ~9 . .)6 14.d7 12.13 7.70 

RESULTATS ANHUELS 

TE.HAX I TE.IIIH I EC .MAX I EC .. 10Y V!.HAX I VI. HOY 
80.05 -9.61 71.97 33.06 33. <\2 12.61 

I 

PROGRAMME TE/1PEQ 
STATION AGEH AHNEt: !97:: 
ABSO= 0.90 EHI= 0.90 

RESULTATS HEIISUELS 

JAN 
F'EV 

MARS 
AVR 
HAl 

JUIII 
JUIL 
AOUT 
SEPT 

OCT 
NOV 
DEC 

TE./1AX 
35.58 
~8.03 
64.40 
68.94 
76.66 
80.22 
91.45 
78.47 
05.83 
59.02 
43.41 
36.32 

RESULTATS AHNUELS 

T:.11111 I EC~IIAX 
6.03 3-.15 

-~ .19 49.03 
-2.94 61.73 
-2.29 71.23 
-2.09 72.81 

1.59 73.43 
4.19 70.73 
3.57 72.08 

-2.94 62.95 
-2.51 53.93 
-7.09 .;o.i8 
-7.67 36.0~ 

EC.IIOY 
:o.s3 
28.05 
43.94 
43.09 
51.05 
53.19 
~9. 40 
<8.35 
•?.;!0 
41.!8 
23.71 
:2.10 

VI .. 1AX I 'Jl.MOY 
15.79 8.08 
19.59 .•l.i4 
:9.03 15.33 
31.94 15.9~ 

37.09 18.32 
24.76 :7.62 
22.23 17 0 7() 
32.38 19.17 
"8.:6 16.30 
23. 97 ' :4.93 
:9.86: :0.63 
13. iS I i. '}O 

I 

I TE.HAX ITE.11IN I EC.i1AX ~~c.~~Y I'J; .Mx I''; .11o: 
81.~5 -7.67 73.43 40.~7 .7.J8 -~·•• 

Table I. Meteorological Data for Carpentras, Limoges, Trappes, Macon, Rennes, and 
Agen 
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PROGRAMME TEHF'EO 
STATION LA ROCHELLE ANt/FC !97::! 

-ABSO= 0.90 Ei'II= 0.9<' 

RESULTATS HENSUELS 

I TE.MAX 
TE.t1IN EC •• 'iAX EC.I10Y VI.M~X I 'JI./1GY 

JAN 32.21 -4.50 31.35 !7.29 !6. -6 7. 48 
FEV 44.62 -1.68 39.22 23.99 22.71 10.88 

MRS 90.74 t. 7J 83.64 41.58 59.02 !5.48 
AVR ~5.17 3.79 60.86 41 .20 ~3.7~ 14. !8 
MAl 77.02 5.68 66.83 48.90 49.62 !9.12 

JUHI 79.26 to.:o 67.84 52.82 34.55 19.51 
~UIL 79.4 7 !2.00. 66.40 53.4~ 26.65 18.8~ 

AOUT 74.58 !0.65 59.00 46.95 31.48 !8.65 
SEPT 64.92 5.!4 53.31 42. 42 !9.83 !5.67 

OCT '!j8. ~5 -0.84 45.89 32.341 20.85 12.98 
NOV 44.39 -3 .. ";7 34. 79 !9.74 !.!.31 10.30 
DEC 3:.88 -j_ 18 29.at !8.32 ! ! • 95 8.74 

RESULTATS ANNUELS 

"·I TE.MX I TE.11!11 IEC./1AX IEC •• ~OY IV!.,,AX IVI..~OY 
1 90.74 -•.so 83.64 36.63 ~9.02 14.3: 

PROGRAMME TEI1F'EG 
STATION AJACCIO ~NNEE 197:1 
ABSO= 0.91) E11!= 0.90 

RESULTATS HENSUELS 

I TE. MAX TE.IHN EC.,,AX EC. ,,OY 1Jl.I1AX VI.110Y 
JAN 42.36 - t. 41 •t. 31 24.78 ~0. !5 10.48 
rEV ~5-~8 -!. 96 53.!;7 35.02 17 .1~ tS. 48 

MARS 66.41 -1.62 59.69 48.01 37.52 18.48 
AVR 71.19 -0.861 68.30 52.87 40.52 19.96 
MAI- 77.81 :.H 70.82 6!.40 28.07 19.04 

JU!N 83.74 5.09 7:.52 63.87 .~s.:o 18. 7! 
JUIL 83.08 8.66 7~.31 63.71 31.69 20.!9 
~OUT 78.95 7.90 67.70 .so. 14 :~.33 18.!! 
SEPT 71.46 ~.01 61.42 5~.56 27.23 !7.~9 

OCT 69.09 o. 40 59.:0 ·~.95 27.83 IS .17 
NOV 51.30 -4.05 47.55 35.130 13.19 12.67 
DEC 45.14 -1.89 ~2.!7 :?.!5 18.0? 11.31 

RESULT~TS ANNUELS 

I TE.MAX TE.MIN j::c.Mx1EC.MOY Jvr..,AX I 'J!.MOY 
83.74 -~.05 72.52 47.72 •5.20 ' :6.36 

PRCGRAnM£ TE11PEQ 
STATION Ml L LA U 4NIIE:: 197c 
ABSO= 0.90 En!= 0.?0 

RESULT~TS MENSUELS 

TE..~AX TE.:j!N i:C.~A:< £C .. 10'!' I '!! .. ~AX V! .. ~OY 
JAN 31.72 7~-12 36.38 i..l.92 !7.03 a.as 
FEV 45.50 -•.eo •o.:t ~O.SJ ~:.ot 9.29 

MARS 65.31 -c.3• 63.7:? 34.21 .3:.-t9 1c. 76 
AVR 72.:9 -1.1'2 67.96 41.98 31 .59 "!6 .~0 
Ml 7•.sa .o. 41) 70' :3 .l9 .03 J4.J8 ·1S.av 

JU!N 78.06 5.~9 6o.82 •9. 78 :7.64 16.66 
JUIL 8!. 99 6.13 i'~.~7 5.).60 29.37 17.as 
~OUT 82.17 6 0 4 t 68.~0 ~!. 2~ 3!.33 !7.J5 
SEPT 95.07 0.99 76.45 •6. 23 :7.16 17 .. :!9 

OCT Oi.~O -3.60 59 .:J 34.:9 lS. 48 12. i"; 

NOV 45.~7 -6.17 41.13 :!.96 25.05 !0.33 
DEC J5.34 -s . .:iS 38.31 :tJ. ·?9 18.~9 9.=~ 

RESUL TATS A/INUELS 

I 

TE.MAX TE..~!N I EC.MAX I EC.MY I·J~.;,~x IVI.MOY 
85.07 -6.17 76.4~ l 3;'. ~~ 1 ;4.;9 !4.0J 

Table I (continued). Meteorological Data for La Rochelle, Ajaccio, Nice and Millan 
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r'I\OGf.·~.n!"!F.: : Er.;'£•:i 
STATION LIMOGES .;NNEE :972 

-ABSO• o.~o ou• o.9o 

RESULTATS IIEIISUELS 

TE.IIAX TE.HIN EC.MX EC .MOY VI.IIAX 1Jl •• ~OY 
JAN 19.63 -13.97 30. !9 13.73 13.84 6.14 
FEV 31.10 -9.19 34.51 16.13 12.~0 7. 17 

liARS 39.76 -5.71 41.92 ~&.23 16.71 8.80 
AVR 44.09 -2.96 41.4~ ~-~ .18 15.04 9.80 
IIAI 47.49 -1.13 48.31 ~8.52 !8.61 !1.60 

JUIN 58.11 2.38 55.37 .3~.84 ~~.55 !3.07 
JUIL 64.78 2.20 ~6.:0 37.31 22 ... 4 !5.J5 
AOUT 55.17 o.os S0.49 31.28 20.79 !4.45 
SEPT 44.30 -4.45 44.02 30 . .15 16.51 10.91 

OCT 40.68 -4.41 40.87 26.33 15.29 9.13 
NOV 31.29 -9.4!i ~9. 70 16.30 !3. 44 a. 76 
DEC 35.79 -10.32 42.21 20.21 17 . .17 a.n 

RESU!. TA !S ANNUELS 

I TE./tAX I TE.ItiN I EC.ItAX 
64.79 -13.97 56.:0 

I EC.ItOY I 11!./tAX I VI. /tOY 
25.48 22.~5 !0.27 

PROGRAMME TEMPEO 
STATION TRAPPES ~NNE£ 1972 
A&SO= o.~o C:nl• o.~o 

REoULT~TS ~ENSUELS 

TE •• 1AX TE.II!NI C:C.nAX t:C .,"!QY 1J!.MX 
JAN 15.39 -t5.04 ~3.39 9.23 :3.99 
rc.v ::;.:s 

-5. ~81 :;5.00 !:.s-a !: .14 
liARS 38.:3 ·-3 . .56 37.29 23.06 t~.~a 
~VR 40. ~ 1 -3.35 ~ 1. 09 23.06 !~. 77 
/lA! ~~.7: 1.10 I 4l.S9 :5.37 t5.~6 

JU!N .. 9.59 3.!)0 39.65 ~9 .10 i9 .68 
JU!L 54.32 -4.:e 4~.!4 30.02 ~! .03 
~OUT : l. 44 •. i9 41 .sal ~~-!7 l7.84 
SE?T ~ 1 0 ~5 -1. •5 j~.48 :5.09 l6. 14 
ocr 3J.S9 -2.51 36.431 2!. 27 !3.0~ 
~ov ::.7 • .I•) -:) 0 :!8 :!4 . .59 12. !i4 !0 .02 
~EC :s. 2? -9.06 !8 .15 I 11.59 9.79 

.;'ESULTATS ri:lllUELS 

I TE.MAX I TE.r1IN J EC .. 1AX 
~4.J2 -tS.04 ~~-~4 

I EC •• 1QY I'J !.II AX 
:o.so :1.03 

PROGRAMME iEIIPEO 
STATION CARPENTRAS ~NNEE 1972 
ABSO= 0.50 EM!• 0.90 

RESULTATS r1EUSU£LS 

TE.MX I TE.IIIN EC.IIAX I EC.r10Y I V!.MAX 
JAH :9.6? -5.<? 30.33 15.82 I 11 •• :12 
FEV 33.6~ I -·).23 31.71 I !7.67 I !6.3B 

"ARS 44.17 -1.44 <3.33 29.37 :~.09 

AVR 50.:1 1.72 4'7 .22 i 34.98 ' !5.!3 
/lA! 57.531 3.72 48. 77 I 37. 75 2". 73 

JU!H 50.17 7.89 47.19 i 34.87 19.69 
JU!L 034::9 1l.09 •7 .93 ! .q .i7 ~3.9~ 

AOUT 53.69 10.03 43.051 35.94 :1.57 
SEPT 50.99 l.H 40.931 

32.22 I :a. 91 
OCT .-:! .~2 0.19 35.<8 :s .15 !6.86 
NOV 33.~5 -·. 371 :7.051 !8. 44 !3.23 
QEC :6.~0 -0.~~ 23.9• 1o.OS 12. iO 

RESULTATS ~NNUELS 

~I .MOY 
4.56 
5.64 
7.68 
9.49 

' !0.06 
t:!.47 
l4·. •9 
!3.64 
10.55 
8.S4 
6o!~ 

s . .sa 

l'll.MOY 
9' 11 

Vl.MOY 
7.:3 
9. 43 
9.69 

10.39 
L:?o!;O 
15.61 
~a. o9 
16.<0 
!2.85 
10.73 
a. 9! 
7.20 

I rE.nAX J TE.IHN I EC •• 1~x 1l ::c .. 1oY! 'J!.MAX j•Jt •• ·.ov 
I 03.~9 -o.2: •8.77 :9.34 I 23.15 11.50 

?ROGRAt-:~t ~:.f:P£1j 

;;~TION RENN ES .;NNEE l'/'1~ 

.;&SO= v.::o Eli!= ~.70 

RESULTATS MENSUELS 

TiE. MAX TE.HIN EC.r1AX EC.~OY I V!.HAX i V!.ltOY 
JAH 19.82 -9.61 21.41 9.3~ a.n 1 5.1" 
FEV 26.82 -3.01 23.24 !2.14 1 9.591 5.89 

liARS 40.08 -·1.07 39.72 22.16 I 11.54 • 7.86 
AVR 39.40 -!.86 41.04 23.3S! 13.94 I 9.~7 
HAl 45.03 -!.06 37 .~a · 26. ~1 I ! •. 01 ~0.~9 

JUIH 51.52 3.47 43.87 29.05 l lD. i5 ; 12.58 
JUIL 54.71 5.69 ·~.04 3L1~ i 19.22 13.83 
AOUT 50.91 4.04 44.76 29.94 I 18.83 12.99 
SEPT <5.31 -1.28 42.66 21.94 1 16.60 1 I. 04 

OCT 39.32 -1.60 33.79 20.82 I 14.94 ~.47 

HOV 27.98 -4.89 29.98 ti.oo I 13.85 7. 79 
DEC 21.05 -6.49 21. n I tO. 44 12.13 6.93 

RESULTATS ANNUELS 

I 

TE .. ~AX ITE.IIIN IEC.ItAX I EC.IIOY I VI.IIAX I'JI..10Y 
54.71 -9.61 44.78 I 21.31 !9.22 9.47 . i 

PROGRAMME TEHP~O 

STATION AGEN AHNEE 1972 
A&so~ o.5o £/1!2 0.90 

RESULTATS MENSUELS 
I 

EC •• ~OY! 11I.;A; TE.MAX TE .. ~!H EC .~AX 1!1 .. ~OY 
JAN 25.19 -~.03 21.76 

!3.8: I !0.00 6.00 
FEIJ 31.66 -5.19 32.o5 18.60 1!.52 7.83 

11ARS 42.18 -2.94 42.03 28.52 16.59 9.86 
AVR 45.53 -2.~9 47.S2 ~7.20 17.79 10.30 
/lA! ~2.51 -2.09 -18.~5 32.46! 20.71 12.07 

JUIN 55.70 !.59 49.80 ;;3.67 : 17.95 12.93 
JUIL 57.37 4.19 •7.02 37.31 22.!2 15.58 
AOUT 57.!8 3.57 \8.74 31.01 ~1.48 14. sa 
SEPT <6.31 -2.94 •:.15 32.12 16.18 it. SO 

OCT 42.57 -2.51 38.80 28.03 :3. '17 !0.<1 
NOV 31.19 -7.09 28.48 16.52 13.85 ·1.08 
DEC 25.50 -7.67 26.01 IS. 49 10.01 5.77 

RESUL TATS ~NiiUELS 

I TE.ItA~-~TE .. ~INj EC.11AXJEC.iiOY I'H.iiAX Jvr..~OY 
57.59 -7.67 49.80 26.23 22.12 10.52 

PROGRAIIIIE TEMPEQ 
STATION AJACCIO MINEE !97:: 
ABSO= 0. 51) EM!= o. 70 

P.ESULTATS MENSUELS 

j rE .. ~A.x E.~!ll EC.MX IEC.MOY VI .11AX I VI.ItOY 
JAN 30.65 -1.41 :e. 4~ \7.37 1: -~a : '0 ;-s 
FEV 37.43 -1. 0.~ 35. 42 I :3.0:! ~ s. 913 ~ ~ 0 0 7:! 

MARS ~4.41 -L..S2 -!0.~0 I H.J4 :~.93 I : l. g.r. 

AVR 47o63 -Q. 8.1 45.71 33.4.5 23.33 I !2 ol8 
~3.31 ~.·H 46.23 

I 
39.14 I 

I~. 52 I ~~.sa IIA! 

I 
JUIN 57 o02 5.09 46 • .!5 40.54 24.98 i ~ 0::9 
JUIL 60.40 a.66 47.20 40.36 ~". :7 I ··~. 63 
AOUT ~8.14 7 o'?O 44 .S3 39.60 :3.cS :•,.19 
SEPT 50.·1'2 '.01 .;oo:3 :!4.:2 

I "·., I l-1. :J 
OCT ~8o3~ •i.-'V 39. 11 !0 ... 4 :o.H :: oO~ 
NOV 37. as -4.05 14. 1~ ::s.o7 I 1~.63 : '". !9 
DEC 32.31 - t.S9 31. I 4 :1.15 :::.~1 ~.88 

RESULT MS .~NIIUELS 

TE.IIAX 
60.40 

rE .. ~IN JEc.MAx jEc.~or jvt.11AX j·n .IIOY 
-~.05 47.::0 ~1.:~ ~4.98 :2.3~ 

Tab .I.e II. Meteorological Data for Limoges, Trappes, Carpentras, Rennes, Agen anq 
Ajaccio 
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·PROGRAMME TEMPEO 
STAT!OII LA ROCHELLE ~NIIEE 1'.'72 
ABSO= 0 .~0 EM!= 0. '?0 

RESULTATS MEIIWELS 

TE.MAX TE .. 'l(ll 
JAil :1. ;'4 -4.!;0 
FEV 30.40 . - !.68 

MARS . ~4. 44 I. i3 
AVR • I. 90 J.79 
MAl 52.33 5.08 

JU!N ~3. ;a 1o.:o 
JUIL ~.L28 1:::.oo 
AOUT :;1.10 10.-JS 
~E?T 44.79 • :08 
ocr 42.3C -•j, 34 
NOV JZ. 46 -3 ..5'~ 
CIEC 2J.~l -3. t~ 

~SUL .I_~_s_::I!IUELS 

P~OG!lAMME TEIIF'EO 

EC .. 1AX I EC. ,•;or 
:0.31 !1.:5 
:!4.51 I !4.30 
47.J4 2S.Sl 
37.00 =~.45 
42.1~ 29.93 
42.3* 31,.09 
H.66 3~.19 
30.65 28 • .:!0 
33.84 26.02 
:9.74 20.76 
23.29 13.05 
:'l.J7 12. ~6 

'Jl. MX 
9·.17 
t~.S6 

33 .oz 
13.82 
~7.47 
1?.59 
'21. •3 
!9.>9 
17.92 
~~. 49 
1!.81 
11.45 

VI.~OY 

5.69 
7.94 

10.57 
!0.19 
12.8~ 

l-'.41 
17.4'.' 
16. 2? 
13. 44 
I!.Sd 
~-~1 
7.19 

VI.IIOY 
II. 40 

STAEON MACON AllNEE 1972 
ABSO= 0.50 E~l= 0.90 

RESULTATS MENSUELS 

}'• 

TE.IIAX TE.H!H EC.HAX I EC.IIOY Vl..~AX VI. HOY 
• :JAU 19.02 -8.82 19.96 12.40 7.15 5.46 

FO'J 28.97 -5.12 24.S9 ~4.?1 12 . .54 7.16 
MARS 39.42 -2.45 37.92 24.85 14.53 3.83 

AVR 45.85 -0.49 38.04 23.40 17.86 10.•8 
Ml 51.96 2.80 43.78 29.60 !0.54 12.51 

JU!N 56.63 6.68 43.88 J3.o: 21.20 15.88 
JU![ :58 . .31 7. 49 •2.63 33.53 20.98 16.76 
AOUT 56.75 9.!7 41.31 ·31.11 10.41 16.08 
SEPT . .,.,. I , ... 35.46 ~9.45 17.76 12.05 ·ac+ 39.93 -2.76 JS. 70 24.16 13.29 8.67 

HOV 29.o7 -5.56 25.37 1~.71 11 .34 6.SS 
DEC 21.46 -6.36 ~1.03 a.oo 10.~5 4 .3~ 

RESULTATS ANNUELS --·---------
EC.HOY lvr.i1A~ I vt .. 10Y 
23.0~~ 2!.20 10.41 

PROGRA~HE TEIIPEO 
STATION NICE ANNEE 1972 
ABSO• 0.50 £HI= 0.90 

RESULTATS MENSUELS 

TF;,MAX T~.M!H EC.MX 
JAN I 28.73 -2.78 ~6.06 

FEV 

I 
34.94 2.21 :9.21 

MARS H.30 ~.~3 36.92 
AVR 47.63 1.1& 41. 43 
MAl 62.78 4.89 4~.12· 

JUHI 56.~1 7.63 42.94 
JUIL 56.98 1~.71 39.90 
AOUT 55.65 11.65 ;o,.:;a 
SEPT 49.33 4.01 36.57 

OCT 42.73 5.10 34.30 
NOV 37.20 -0.75 31.08 
DEC 28.41 --2.29 24.1ll 

RE:SULTAT5 MINUELS 

£C .. ~OY V!.MX V!..~OY 

14.27 1~.13 8.37 
16.55 14.31 9,00 
25.10 15.85 9.5~ 
31.79 17.64 II. 48 
34.~7 19.07 12.92 
32.93 21.1.2 15.06 
3~.96 23.~1 18.67 
34.04 23.70 17.?4 
23.ll7 :0.80 t4.i'! 
2J.a~ t.l. ~9 !~.40 

:~.~1 ~6. 31 :0.61 
16.82 ll.dO s. i:: 

I TE.IIAX I TE.MIN I EC.ItA~ I ~C..~OY I'.'!.~AX I'Jl..~OY 
62.78 -2.79 .. 9.1:;:: :.L~4 t 13.70 !2.45 

PROGRA/tlt( TEHP£9 
STATION MILLAU 4:111£~· 1972 
ABSO= 0.50 En!~ 0.?0 

RESULTATS .~EIISUE:.;; 

iE .. 1AX TE .. ~IN EC. .~AX I ::c. MY 'il. .1AX 'I! .110·r 
JAN 19.n -6. i.: . 2: . .31 !0.~~ 9.40 ~-~~ 
FEV :9.79 -•.so ~$'.57 1:.91 l: . .3o ~.ao 

MARS 41..31 -2 . .54 j9.i~ 21.~1 :9.49 7.97 
AVR 48.73 -I. 72 43.29 "".:' ;). 

-J•v..J !?.Sl 9.~3 
Ml S0.?5· 0. 40 .\S~JJ J0 . .!4 19.39 II.:~ 

JU!II 53.99 ~.59 -l2. 74 !0.:35 1~.35 11.9~ 
JU!L S7.JZ 6.13 .-~.17 -.- I-

,J.J, • ..J :o.:o :• .·>e 
AOUT 58.46 o.41 H.SO ~l. ·?6 19.J.4 :J.;9 
SEPT :;6.92 0.99 .t8.30 :9.;::i !:.J! II . .; l 

OCT 46.61 -3.~0 38.33 :2. !::J l:J.:;o ~.;. 

NOV 33,49 -·. 17 :7.75 :5 .. , 1 :4.! ~ 7.a~ 
DEC 24.16 -5. ·hl :7.!~ ~ 4. ! 4 ~.).32 6. 44 

~ESULTATS rlHNU~LS -·-------

1 r~.rtAX IrE:"!~ IEc."~x 
I 

~a.4o -~ .. , . 4~-~o 
. . ! I EC.~OY 1

1
ui.MAX ,~l.MGY 

~~ ,. ~~ ~~ ? I' --·a• I ••·-~ .. • 

Table II (continued). Meteorological Data for LaRochelle, Macon, Nice,' and Millan 



Table III. Descriptions of the Flat-Roof Svstems Used in This Stud~ 

Model 0 

Hodel 1 

}~odel 3 

Model 2 

Morlel 4 

Geometric DescriPtion 

t:.:::·::::.:.~::.:~.:~::~::f=~~::r~~·:::! 

iro.f.:~fi_;:r-.i.~.i-~:::..·.~2;00 

~s! 
~~:2::·:k::~·rss:o:..Y:~~;: 

- v glass canvas B bitumen F 

Composition of the Roof System 

Material Thickness 
(M) 

Membrane (lV + lB + lF) 
Insulation (Fescoboard) 
Concrete Slab 

Gravel 
Membrane (lV + lB + lF) 
Insulation (Fescoboard) 
Polyurethane (S.I.S. 35B) 
Concrete Slab 

Gravel 
Membrane (lV + lB + lF) 
Insulation (Fescoboard) 
Polyurethane (S.I.S. 35B) 
Concrete Slab 

Gravel 
Membrane (lV + lB + lF) 
Insulation (Fescoboard) 
Polyurethane (S.I.S. 35 B) 
Concrete Slab 

Layer 1 
Layer 2 
Layer 3 

Layer l 
Layer 2 
Layer 3 
Layer 4 
Layer 5 

Layer 1 
Layer 2 
Layer 3 
Layer 4 
Layer 5 

Layer 1 
Layer 2 
Layer 3 
Layer 4 
Layer 5 

Membrane (B.TV.B.FA) 
Insulation (Isover) 
Concrete Slab 

Layer 1 
Layers 2 & 3 

Layer 4 

0.010 
0.030 
0.140 

0.060 
0.010 
0.030 
0.060 
0.140 

0.100 
0.010 
0.030 
0.060 
0.140 

0.030 
0.010 
0.030 
0.060 
0.140 

0.010 
~X 0.050 

0.140 

Lambda Density 
(W/H,K) (Kg/m3

) 

0.230 
0.080 
1.750 

0.820 
0.230 
0.080 
0.029 
1.750 

0.820 
0.230 
0.080 
0.029 
1.750 

0.820 
0.230 
0.080 
0.029 
1.750 

0.230 
0.041 
1.750 

I 050 
ISO 

2 450 

I 500 
I 050 

180 
35 

2 450 

I 500 
I 050 

ISO 
35 

2 450 

I 500 
I 050 

180 
35 

2 450 

I 050 
lOS 

2 450 

felt TV canvas of glass · FA reinforced felt 

Specific 
Heat 

(J lltg;Y.) 

I 715 
940 
940 

840 
1715 

940 
I 400 

940 

840 
I 715 

940 
I 400 

940 

840 
I 715 

940 
1400 

940 

I 715 
800 
940 
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Tahle IV. Yearly Metenrnlo~icnl Data (1972) 

Abso = 0.9 Emi = 0.9 

, __ ·s_'_"'_;,_,,_s __ ,_,_._"_·'\_''_'x_- ITE. ,\>liN ,~,_._r._c_. '_"'_A_x_JI cr. MOY i,!_v_r._M_A_x_,l VI. c\·lOY 1-D_.J_._c_o_·--·_loJr:. 20 ·-1 

Carp.:nlras I 87.66 I - 6.22 nxs I .~~ .. 0.'141 ,1. ·10.65 J.l.(i) 28·10.8 2194.2 
l.in1og.::; ''' 1; ! - 13.'.17 . ~n . .'i7 "' 40.711 I 14.9.1 J6n.o 2g90'l 
rr:q>p•:~ ,, ;~::\;) I -- 15.11·1 i (,).ill I 3Z.31) .I 35.50 I 12.27 3829.8 3077.23 

Macon Rl.40 i - ~.H2 j (:R.I7 I .~5.82 37.72 ! 14 . .f.l 3648.0 I 2855.21 

Rc11m·s ·1· XO.Il.'i I - •J.cil ! 71.90. 

1

. .1.1.06 :l.l.42 I 12.nl · 3-175.0 
1 

2Ai1fl .. ' 

A~··n HI 4'> -· 7.('7 j 73.4.\ ¥UII .~7.118 l 14.4.\ 3182.R 1 2513.5 

La Rochdk i 7 1!:4~ I - ·l..il) 1 1'7.R4 .16.60 I 49.62 1 14.-'2 .1021..\ i 2157.6 

,\_i;,ccio I X1 74 I -- 4ili ' 7n2 I 47.72 I ·15.20 ,

1

. ln.3n 

1

: 2241.6 'I I!Jil8.0 

:-.:ice I 8~:4~ 

1 

- 2:~:~ ! 7-1.82 J 41.11 I .HTi Li.l(, 2192 .. 1 

1 

1831.0 

Mill:lll 85.117 ·- 6.17 I 76.45 I .'7.46 ! 34 .. 1~ I 14.03 I .19·105 2'1')8.1 

Ahso :.:.~ 0.5 Emi ~-= 0.9 

; 

I MOY\ 

I 

I 
Stations TF.. MAX Tl' .. 1\·11 :-.1 I F. C. MAX cc. VI. ~lAX VI. MOY I D . .1. 20 0.11:.: 20 I 

I i- I I i 
i I 

Carpcntras 63.110 6.22 48.77 I 28.34 23.9S li.SO I 2840.00 233X.70 ·-
I I 

i 
l..irn(,gcs M.78 I 22.55 10.27 

l 
.~678.60 3119.90 ·- 1.1.~>7 56.20 ., 2.1.4{\ I 

I ! 
Trapp.:s 54.32 -1.:;.t'J.I I 42 .. '>4 20.M 

I 
21.03 9.11 

I 
3329.$0 .12lJ.J.OO 

Macon .i3.31 ~.82 \ 4HX ! 23.01 I 21.10 10.41 3048.00 i 3063.6.1 - I 

.~4.71 

I 
' I Rcnrws - <J.61 4-L7S 21.31 19.22 9.47 

I 
.1H.i.OO 2R7UO 

,\g..:n 57 .. iR ·- 7.67 41J.~f) i ~6.23 

I 
22.1 ~ ! IO . .i2 3182.80 269•!.40 

I I La Rochdk 56.2R 4.Stl 
I 

42.36 I 22.43 27.47 11.40 3021.30 2326 .. 10 I - I 

I 
I 

Aja(·cio 60.40 - ·I. OS i H.20 I 31.20 

I 
24.98 12.32 2241.30 199.1.10 I I 

Nice 112.n -- 2.7R I 49.12 I 26.24 2.1.711 12.4.i 2192.10 1'134.70 

I 
I 
I 

Millau SSAG - 6.17 I 4X . .l!l 2.;.~,, 

I 
20.20 I 1).03 I .11141).50 1?.\.'l.71i 

I I I I 
I I I I 

,, D.J. 20 = Degree - Day, base 20 
D.IE. 20 --= Equivalent Degree-Day, base 20. 
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Table V. Calculation of the Thermal Resistances of Roofs 1, 
2, 3, and 4 

Roof 1 

Layer 
Ilayer 2 
Layer ·3 

Layer ~ 
Layer 

Roof 2 

0.073 
0.043 
0.517 
2.069 
0.080 

6 em gravel 
• 1 'm concrete 
> em fescoboard 
b ·,m polyurethane 

14 ' 111 cm,crete 

l
·---·-----··-----·-------··-··--

I{ESISTAN_n: : 2.71>2 ml. 1</W J 
-· ••• <>••• .• -·-···-·····--······-····· ···-·----~--

Only the first l9-yer is charged 

Layer 0.037 

Roof 3 

10 em gravel 

Roof 4 

Layer 
Layer 2 

Layer 3 

0.043 
2 .4.39 
0.080 

em gravel 

1

---·--·-···-···------·- ·------1 
. I{ESISTANCE : 2.746' m1 .1</W J 
•-·--•W•-•••·-----~·--·•------·-----

Layer 0.122 

~--;;ESI~~:~~~~~-: 2.831 m2. K/W 
'---·---.. -....... _.. ·--~ 

·1 em bitumen 
10 em fiberglass 
14 em concrete 



Table Sa 

I 

2 

3 

4 

6 

7 

I 

------·--- ·-----

R.v, A.v 

2.8767 0.9700 

2.8000 0.9457 

2.7600 O.LJ322 

2.5100 0.84778 

2.2600 0.7633 

1.2256 0.41196 

0.19 II 0.0645 

2.960634 

157 

3 

-------------------

Rs, A.v 

2.9220 0.9710 

v~ooo O.lJ'\04 

2.7600 0.9170 

2.5100 (U\340 

2.2600 O.i51 0 

1.2256 0.4070 

O.I'J91 I I 0.0635 
; 

3.009414 

2 4 

----------- ---------

R,,., Av R~., 

I 

As 

2.8365 0.9700 2.6736 0.91400 

2.8000 I O.LJ576 2.630131 0.8l)lJ48 
I 

2.7600 I 0.9439 2.0203 79 

I 
0.6tJ091 

2.5100 0.8584 1.410623 0.4(1240 

2.2600 0.7729 0.800867 
I 0.27390 

1.2256 0.41914 O.ICJIII 0.06536 

0.1911 0.06535 I 
2.92405 . 1.'14028 

NOTE: The surface coefficients are taken as 15 W/m2 •°K for the exterior and as 
9W•m 2 ·°K [sic] for tne interior . 

. _\ .· 
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Minimum Temperatures 

COEF iER .1 TER. 2 TER.J j TER.I 
·····- . -· -· - .. . . . . . ----···- -----------

1 .531852 

··I 
1. 501950 '1.6691.83 1.1.3661.9 

I····. .. -· ·-·----- -----··· --·---
- 1.601.30 ! -1.597&0 1 -1.s85oo ~ _,_ s2211 

i ,_ ·-·-···· ··---- ·--------
I . 155255 I 

1 I I, i, 58 9 I I. 31.3338 . 1. 093915 ., ·- ---·-····---------------·--·-
1 . 216353 1 . 0 I. 9919 ' 1 . 1107 65 1 . 18 351.9 

Maximum Temperatures 

TER.1 TER.2 TER.·3 TER.I. 
--·-·-- ----·-------·- ·- --·-------;-·-------
A 1 I 2.631650 2.508059 I 2.9681.82 2.226905 
-·-- ··-r··-····-··· ·-- ---- --1 ··-· · ---·· ··--· -·-1"·---·------ ------j 
A 2 1-1..52121 ! -1..1.1.059 '-1..721.66 I -1..01795 

A 3 I :·; ·i'_'' 0 -~- ·-~,~~d~· ·;;;" .-j_, -; 15 39~ 
DET 1. 091.231 1. 0571.18 I !. 098150 1. 11.1.196 

Table VI. Coefficients ·Evaluated for a Second 
Degree Polynomial. 

Minimum Temperatures 

COEF T ER. 1 I TER.2 ! TER.3 TER.I. 
-----·· ----- ·- -- --,-- .. ________ .. ________ j·------------------~-----_-----

A 1 1. 592071. , 1. 551.308 1 1. 751,907 i. 555335 

-~ 2 -2.501.51 i--2.37815 r~-·;·_;-;;-;~-;··-r~-3·:·~-;~1;-
----·· . i---·---·-----··-·-·-·-------·--

.A 3 ' J.35781.7 3.01.906" i 1 •. 1.63661 I 5.158776 
--···- .. -~---·--·--· -· --· "! -··· --·- .. ·-·- -·- ·!--··- ------···----;---------

A I. · · -1. 1.01.01 . -1.20900 ! -1.991.81. i- 2.H969 ! . - ·-·-- ; ___________________ L.. _____ _ 

DET 1.1871.62 i 1.031285 11.073655 ,1.102185 

Maximum Temperatures 

COEF I 
f-····--· 

.I A 1 

A 2 I 

A 3 
·I· 
i 
i 

A I. ! 
f----· i 

DET 
I 

i 

' ': ~. :, I ' T;E; :ili~ 1-_;: ~ ;; ;~~~--[-_; T5 :~'~'-
- '1 . 65 9 !, 9 -_7_._ 2~~~~--J-~-~~~-~27~---~-~~ 27:-:_ 
10.83650 9.931089 I 13,59026 I 11.. 661.01 

.. . .. -·-· ;" ---··-··-·--··--"";-·-·---·-·-
-1..891.59 I -1..33618 ~ -6,62860 ! -7.92710 

1. 058798 :· ~ ·_-;;-~,-~ ;··-·r-, ~-~-~-~;~~---;-,-·~;-
• I 

Table VII. Coefficients Evaluated for a Third 
Degree Polynomial. 

For the second degree polynomial, the coefficient of 
determination varied between l.u6 and 1.21; the nearer this 
coefficient is to 1.00, the better the precision. 

For the maximum temperatures, this coefficient was 
better, since it was between only· 1.06 and 1.14. The curve: 
CN = a 1 + a 2~ + a 3~ is represented in Figure 25, as well 

as the curve: C~ = aJ + a2~ + a;~, for the minimum 
temperatures. · 
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PROGRAMMED THEMATIC OPERATION ON WEATHER-SEAL: Mechanical Behavoir 
of Weather-seal .Roof Coverings. 

By Ministere de l'Environnement et du Cadre de Vie, DAEI, Chambre · 
Syndicale Nationale de l'Etancheite, Direction de la Recherche 
de l'UTI, Centre experimental de Recherches et d'Etudes du Batiment 
et des Travaux Publics (CEBTP), Centre Sd.P.ntifique et Technique 
du Batiment (CSTB), Institut Technique du BatimP.nt et des Travaux 
Publics. 

Translated from the French* Annales de l'Institut Technique du 
Batiment et des Travaux Publics, No. 394, May 1981. 

ABSTRACT 

In response to a call for tender issued by the Construction 
Plan in 1975, a programmed thematic operation has been carried 
out on the "weather-seal" theme with a view to determining 
experimentally the characteristics as well as the mechanical 
behavior of the insulation+weather-seal covering binomial, 
followed by the building of a mathematical model of the mechanical 
behavior of the weather-seal coverings, associated or not with 
their non-bearing panel backing. 

The present publication constitutes a synthesis of these studies. 

Many numerical applications of the model have been made, which 
show the influence of the various parameters and its limits 
of application. 

In conclusion, improvements. in the experimentation and the model 
are suggested that could broaden the field of application 
and increase the reliability of the model. 

GENERAL INTRODUCTION 

To a large extent:, buildings ~.:uverings are realized nc flat terrar:P 
roofs or sloped roofs with a weather-seal membrane. The initial 
advantage of this process is to make horizontal exterior surfaces that 
are water-proof so as to limit the height of construction, and therefore 
its cost, and to have a floor for many activities. If the surfaces 
are sloped, the slope is very slight, which allows roofs with a very 
large surface, since the exterior skin is continuous. 

The various elements of the flat terrace roofs have evolved greatly 
over time. We have gone from the "massive" roof of the 1920's to the 
"light insulated" roof of the 1970's tn SP.veral more or less productive 
steps. The least productive step consisted of using the same weather
seal membrane for all the buildings. The result was an increasingly 
markP.d inadequacy, to the point that the last great generalized 
accident set off the present research, which was desired by the 

*Translated by LANGUAGE SERVICES, Nashville and Knoxville, TN 
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contractors as well as by materials manufacturers and the public 
authorities. Parallel to this research, several technical solutions 
have been elaborated that have allowed us to respond remarkably 
[well] to the questions that had aris.en. The only problem remaining 
is that of understanding the phenomena which would allow us to 
avoid in the future, when new technical developments and ne~v flat 
roof designs are sure to be seen, any "fudging" on the allowable 
performance of the systems without a very clear knowledge of what 
is being done. 

All of the failures that have happened have a common origin: the 
dimensional instability of the supports of the weather-seal coverings, 
under the effect of temperature variations, which leads to the rupture 
of the weather-seal coverings to which they are bound. All of the 
materials present this instability (specifically because of their 
coefficient of expansion), but the amplitude of the movements, which is 
almost proportional to temperature variations, varies considerably from 
one product to the next. 

In response to the bid tender made by the Plan Construction in 1975 
on the theme "Covering--l~eather-seal" and at its initiative, the Union 
Technique Interprofessionnelle (on behalf of the Centre Experimental 
du Batiment et des Travaux Publics, the Comite Scientifique et 
Technique des Industries du Chauffage, the Chambre Syndicale Nationale 
de l'Etancheite) and the Centre Scientifique et Technique du Batiment 
began during the same year a.Programmed Thematic Operation that was 
devoted to [both] an experimental study and a theoretical study. 

The experimental research, which was carried out from 1975 to 1979, 
was devoted to: 

1) The characteristics of the weather-seal coverings in question-
multi-layer coverings with an axyoized asphalt base--in the temperature 
range; 

2) The characteristics of weather-seal supports when they were not 
known (insulation panels, weather-seal supports); 

3) The behavior of the thermal insulation panel + weather-seal 
covering binomial. 

The theoretical research consisted of constructing two mathematical models: 

1) One for the determination of the thermal range of the various 
components of a flat roof of any composition located in any region 
of the metropolitan [French] territory (from 1976 to 1979); this 
work was successful because the real thermal range to which the 
various components of a flat roof were exposed was known, since it 
had been the subject of a previous experimental study carried 
out from 1972 to 1978 at the initiative of the UTI. 

2) The other for the determination .of the mechanical behavior o.f a 
weather-seal covering (in conjunction with its support), with the 
basic hypothesis being that.the.covering has an elastic behavior 
(1979-1980). 
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The first model gives the thermal conditions to be applied in order 
to use the second [model] •. 

The present publication synthes,izes the ATP [Programmed Thematic 
Operation] experimental work and the mathematical model of the 
mechanical behavoir of the·weather-seal coverings and proposes 
the possible developments of this latter model. 

PART ONE: SYNTHESIS OF EXPERIMENTAL STUDIES 

INTRODUCTION 

Currently, the great-majority of flat roofs are constructed according 
to the following design: 

--a resistant support element 

--an insulation, very generally in the form of factory-manufactured panels 

--a weather seal covering placed on the insulation, either independently 
under heavy protection, ·or semi-independently, or even cemented by 
hot asphalt cement, 

The experimental portion, which is the subject of this first part, studied 
the problem of differential movements between the insulation and the 
weather-seal covering, as well as their interaction. It so011 became 
apparent that the products involved in the Insulation+weather-seal 
binomial should no longer be characterized by weighted or dimensional 
definitions of even mechanical ones, but rather by physical characteristics 
in direct relation to their on site behavior with respect to this problem. 

Tests were therefore made on the weather-seal coverings and on the 
insulation material takeri separately, on the one hand, and on the complex 
insulation + weather-seal covering, on the other hand. 

A.l. TESTS ON TilE WEATiiER-SEAL [COVERINGS] 

The.weather-seals studies are the "multi-layer" systems; that is, the 
association of petroleum asphalt and various reinforcements palced in 
successive layers to form a monolithic membrane. That is the system 
used for most weather-seal coverings for flat roofs. 

The examination of the f.:ti.lnr.es and the lab studies have shown that the 
weather-seal coverings wear out under the repeated effect of traction 
and compression stresses that are imposed by the thermal movements of the 
insulations·that support them• 

It; therefore·,_ becomes interesting to try to use the materials outside of 
their fatigue· zone or within their conventional elastic ranges. 

A first series of tests consisted, therefore, of determining the limits 
of this elastic.range, which are: the elastic limit, the deformability 
threshold where movement is reversible. 
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A second important point, which conditions the first, is.the transmission 
of stresses induced by the movement of the insulating panels to the 
tightness covering. Two physical magnitudes are useful for that: 

--the coefficient of friction in the case of a tightness covering placed 
independently; 

--The coefficient of transversal elasticity G of the asnhalt cement 
in the case· of a covering cemented with hot as.phalt. 

Other characteristics of the tightness [coverings], particularly with 
respect to temperature, turned out to be significant: The coefficient 
of dilatation a of the asphalts. 

[80] A.l,l. Determination of the elastic limit 

A.l.ll. Of Asphalt 

A.l.ll. Generalities 

The stress-deformation graph of a material subjected to a simple 
traction stress can be of various types, depending on the material. 
(Fig. 11). 

a) Hooke body cr=E e: b) Visco-elastic Body 

F~g. A.l-Stress-deformation graphs 

In the case of a Hooke body, the stress is proportional to the deformation. 
The so-called instant elasticity is independent of time. 

In the case of the visco-elastic body, asphalt type, the elastic 
return after loading is p~rtially instant, partially a function of time. 

These materials have a stress-deformation graph that depends essentially on 
the speed of the stress. At a given temperature, only the elastic 
elonganion is a constant magnitude. 

A.l.ll2 Experimental Apparatus 

Given the small complex vd!~co-elastic modulus of asphalt, the us·e of 
a dynamometer with a classical gantry working vert:i,ca,lly is· impossible 
in this specific case·where the asphalt sample exceeds the elastic limit 
under the effect of its own weight. 
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In order to eliminate this major problem it became necessary to make 
the stress on the horizontal plane. A mercury bed was chosen in order 
to limit the friction as much as pQssible (Fig. A2). 

The design of the apparatus allows continuous recording of the deformation 
under constanrl loading. 

i. Displacement sensor bracket 
2. Eddy current sensor 
3. Steel reverberation plate of the sensor 
4. Sample 
5. Anchoring and stress transmission ball 
6. Stress guage 
7. Bronze beryliium blade 
8. Support ball 
9. Mercury bath 

10. Conditioning coil 
11. Stainiess container 
12. Monolithic polyurethane foam 
13. Wood 'box 
14. Traction wire. 
15. Tray and weighting load 

Fig. A2.--Bench: for measuring the elastic liinit of asphalts. Transversal 
view to the right of a sample. 

A.l.ll3. Results 

The tests l1'".de on asphal-t samples in th·e shape of a halter 2S0mru X 401lim X 5imn 
led to the results· given in Table Al. 

The values· obtained are obtained at s·tabi·llzati:on after ten days of tens:!:on:i.ng. 
From them the values of E and G of the asphalt under these conditions are 
derived (Table AI bis·): 
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E =-. 
3 

(taking v = 0.5 for a body considered as incompressible). 

TABLE AI 

Conventional Elastic limit of oxided asphalts 

Temp. Elastic Limit ... 
(in °C) Elongation Stress2 Force 

(in %) (in N/m ) (in daN/em) 

'"' 4 Q.l 
0.5 to 0.6 .0.01 to 0.015 .... 0 ..... -10 0. 2 to 0. 3 . 10 · ...... -:r ..... 

co ....... ..-4 
..c: 0"0 
c. 0 
Ill ........... . 4 
co 0 0 0.5 to 0.6 0.10-0.2 . 10 0.005 to 0.01 

0 Ill 
"0 ..:tU"IS:: 
Q.l ............. ..-4 

...... 0 ....... co ...... 0'\U"l..-1 
4 ..... I .-I "' 20 0.5 to 0.6 0.001 to 0.002 ..... U"l..-10 0.03-0.05 . 10 

I N 
s:: ....... ., .... 
0 "" c:: s:: ;;; 00 co Q.l 

Ill -10 0.5 
4 0.015 Q.l 0.3 . 10 

~ s:: co Q.l 

""'" (.J 
N ..... a '"' 0 ::l 4 + Q.l '"' 0 0 0.5. 0.15 • 10 0.007 s:: ..... Ill 
.... 0 .......... 0 Q.l. 
''II Ill -:r ...... ..c: Q.l ........ co 4 c. a 0 s:: 20 0.5 0.1 • 10 0.005 Cll..-4 0..-1 
<.-I ...... Ill 

-· --·--- -------- ---

TABLE AI his 
Moduli of elasticity E and G of Asphalt. 

Temp. ... E 2 G . . 2 
(in °C) (in daN/m ) (in daN/m ) 

-
"0 l 
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[81] A.l.l2. The reinforcements 

(82] 

A.l.l21. Experimental Apparatus and Test Methods 

The difficulties noted in the case of the asphalt do not exist in this 
case where the resistance to breaking of the reinforcements is on 
the order of several daN. 

The apparatus used is therefore a gantry dynamo~eter, Instron type 
(model TTDM). The 200mm X 50mm sample's between vices are subjected 
to a traction test at· the speed· of lrnrn/min. 

The elongation ·of the sample takes place by plateaus of 1% with 
return to the original position each time. 

The el·astic limit is exceeded when there is permanent deformation of the 
sample.· 

The inf.luence of the temperature, examined at 0°C and 20°C, is negligible. 

A.1.122: Results 

. The results for the elastic limit and breaking, according to the standard 
NF G 07.001, are noted in Table AII. The "weft" direction corresponds to 
the transversal direction, the "watp" direction corresponds to the longitu
dinal direction. 

TABLE A II 

Conventional· mechanical characteristics of reinforcements at zoac 

Elastic Limit Breaking point 
Reinforce- Direc Mass I Elongation Stress Elongation! Sfres§ 

rnents tion (in g/inf) (in id) (in daNLcm) (in %) (in daN/em) 

Glass ·cloth weft 70 
0.4 - 1.0 1.6 -7. 1.4 -2.1 10 -18 

warp 05 - 1.0 1.4 -·I.':J • 1.7 ...2.J 11-JO 
.. 

HR Glass .weft 0.3 - 0.4 0.2 -0.6 0.7 -1.5 2 - 4 
80 

cioth Warp 0.4- 0.5 0.4 . ...0.7 0.9 '.,..1.9 3 - 7 

Burlap weft 240 
1.3 -. 1.6 0.2 .,..{1.3 4.2 • 5.3 . 10 .,..12 

warp lJ - 1.4 0.5 _.0.8 2.7 .,.,3.1 12 .,..17 

Cellulose weft 390 
0.3 0.3 -0.5. 1.6 ,...2.3 2 .. 4 

.. feltc: warp OJ_ 0.4 0.8 .,..u I. I -1.5 1 ~ 5 

Glass mesh weft 60 
0.2 0.1- 0.2 1.3 I .,. 3 

warp 0.3 0.2 ... 0.4 1.5-. 2.1 .2 - 4 

non-woven weft 115 
15 -2.0 0.3 ·-1.6 ~.,.i 61 (**) 2 - 3 

·polyester warp I. .,..IJ 05...;. 2.4 40-.. 45 2- 6 

*Large differences ~ound are due to great supply diversity of glass.cloth. 
**buring one test, slight peak prior to complete break. 
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[82] A.l.l3. Weather-seal strips 

A.l.l31. Experimental Apparatus and Test Method 

The apparatus as well as the test methods are the same as those that 
apply to reinforcements (see paragraph 1.121). 

The test temperature selected is 20°C, because of the very heavy influence 
of the reinforcement during this test. 

A.l.l32. Results 

The results for the elastic limit and breaking point according to Standard 
NF G 07.001 are listed on Table A III. 

TABLE A III 

Conventional mechanical characteris·tics of weather-s·eal strips at 20°C 

i 
Elastic Limit ; Breaking point ; 

Weather-seal strip Dir. Elongation f Stre" 
Elongation Stres.s 

(in %) in daN/em) (in %) (in daN/em) 

Reinforced asphalts weft 0.2- 0.4 0.1 -0.3 2.5- 5.8 12-21 

40 TV warp 0.3 "': 0.5 0.5 - 1.0 2.5 ,.. 5.2 IS ~ 23 

Asphalted felts 36 s weft 0.2 "'l 0.3 0.4 - I 1.9 -2.4 5 -6 

L VV. HR Warp 0.3 0.4 ..,. 0.7 1 .. 8 -2.4 8 ·~ 9 

! A;phalted felts 36S weft 0.2 0.2 -0.3 3.2 ..,-4.2 6.5 

' I Cellulose felt warp 0.3 0.4 ~ 1.0 1.5-2.7 9.5 ........__ 

i Asphalted felts weft 0.2 a o.4 0.3.;;. 'l.S * 2.5 45 6 .. 7 4-9 

36 s py vv warp 0.3 0.7 """"J.8 . * 2 0.3 41 49 g.., 12 7~9 

Reinforced asphalts weft 0.3-0.4 0.2 12 ~ 14 14 ... 17 

40 TJ warp 0.3- 0.4 I. 4 ;- 5 20 

R~inforced asphalts I weft 0.3 0.4 > 3.5 > 22 

SO TV VV HR warp 0.3 0.5 > 3.5 >22 

*The first value corresponds to the breaking point of glass m,esh. the second 
to that of polyester ' 



TABLE A IV 

Characteristics of Weather-seal shingles 

Wea=her-seal strip (finished product) Reinforcement(s) 

Traction test at 20°C Mean ~ass of 
longitudinal directio Mean Mass/m 

Name 
1 m · (Nf GO 7 001) · Nature ') 

w/o sur~acing ~reaking force -Elonga-
(;i.n kg/m-) 

(kg/m ) 
~ percmwidth tion 

(in%) 

Asphalted felts 
(light products) 

36 s felt cardboard 1.8 55 3.5 cardboard 0.40 
(NF p 84 302) felt 

36 S Asbestos 1.8 50 1.2 Asbestos 0.39 
(NF E 84 309) 

36 S Glass me.sh 1.8 40 2.0 Glass me~t~ 0.05 

i 
(NF P 84 307) 

36 s Glass mesh 1.8 70 2.0 jGlass mes~ 0.06 

high ;resistance 
(NF P 84 313) 

Reinforced as2halt 
coating (Heavy dt:ty) 

40 Burlap 4 140 4 Burlap 0.28 

(NF P 84 3Gl) 
40 Cardboard 4 70 2.5 Card boar< 0.45 

(NF P 84 301) felt 

40 Glass cloth 4 120 3 Glass 0.052 

(NF P 84 303) cloth 

40 Glass cloth & mesh 4 130 2 Glass 0.052 

(NF P 84 311) cloth 
0.050 

40 High resistan.ce 
glass cloth & mesh 

4 600 3 Glass mes 1 
0.28 

(NF P 84 312) o.os 

·--·--· .. 

Asphalt covering 
. 

2 T.B.A. Penetra-
NF T 66008 ion(NF T 

o6004) irl 
(in °C) /10 mm 

>80 ;;;. 25 & :::;;; ~5 

> 80 ;;;. 25 & :::;;; 45 

> 80 ;;;. 20 & :::;;; -'5 

> 80 ;;;. 20 & :::;;; 45 

> 80 ;;;. 25 & :::;;; 45 

> 80 ;;;. 25 ·&:::;;; 45 

>80 ;;;. 25 & ,.;;;; 45 

> 90 ;;;. 25 '&:::;;; 45 

I 

>90 ;;;. 25 ·&,.;;;; 45' 
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[84] A.l.l4. Weather-seal coverings 

Using the same apparatus and the same methods, tests were pe~formed 
on weather-seal coverings implemented from the shingles previously tested. 

The results are shown on Table'A V 

TABLE A V 

Conventional elastic limits of Weather-seal coverings 

Weather-seal covering Elastic limit 

Elongation (in %) Stress (in daN/em) 

36 s VV HR + EAC 0.3 0.4 

2 X 365 vv HR + 2 EAC 0.3 1.3 

3 X 365 vv HR + 3 EAC 0.4 1.8 
-
365 Cardboard + EAC 0.4 (!).7 

2 X 365 cardboard + 2 EAC 0.3 1.4 

3 X 365 Cardboard + 3 EAC 0.3 1.7 

40 TV+ EAC 0.7 1'.2 

A.l.2 Determination of coefficient of friction 

The coefficient of friction.Tbetween] the weather-seal and the insulator, 
which is the ratio, ·for unit of. surface·, of the stres's induced by the 
slipping of the weather.seal under a vertical load applied to it has been 
determined with the apparatus pres~nted.in Fig. A3. 

The sample, dimensions 150 em X-50 em, is composed of: 
--an insulation panel, attached to a fixed table, 
--an indepencance screen, if necessary 
--a· w~ather seal composite ·( 3 X 36 X cardboard felt cemented tog~ther with 

EAC 
--a v.ertical loading constituted by variable quantities of gravel 

The weather-seal is drawn at a slow speed on, the horizontal plane with 
an Instron dynamometer. 

The results, obtained at ambient temperature in the laboratory, are shown 
in Table IV. 

Additional tests were made ~s a function of t~mperature and hureidity 1 They 
did ·not produce very different results. 
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Figure A )--Measurement of the Coefficient of Friction 
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TABLF; A VI 

Dynamic friction coefficients at 20°C 

Independence Screen Coefficient 

No screen 0.7 

Kraft paper ceme~ted to sub-face 0.4 

3/100 Aluminum cemented to sub- 0.2 
face 

Silicone paper 0.3 

lo screen 0.9 

Kraft paper cemented to sub-face o·.9 

p/100 Aluminum cemented to sub- 0.2 
face 

~ilicon paper 0.3 

of Fri.ction 

[S5] i\.1.3. · Measurement of the coefficient of cubic expansion of asphalts 

The coeffici~nt of expansion allows evaluation of the ditfere~tial ~xpan
·sions of the various asphalts in the weather-seals: 

The coefficient of expansion determined with a picnometer, by measurement 
of the densities at various temperatures produced, for two asphal.ts of 
different origins, the following results: 

--100/40 Asphalt: 

--90/40 Asphalt: 

coefficient of expansion: 6 • 10-4 

Coefficient of Expansion: 6 ·• 10-4 
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A~2. TESTS ON THE INSULATING MATERIALS 

As in the case of the weather seals, determination of certain parameters, 
which are the result of the stresses of the weather-seals on the thermal 
insulator, became necessary: 

These parameters are: 

--the coefficients of transversal and longitudinal elasticity, G and E, of 
the insulating panels; The stress that an insulating panel induces on 
the associated weather-seal is directly related to these coefficients. 

--the coefficient of thermal expansion, which totally governs the movements 
of the insulating panels. 

--.the influence of humidity on the movements of the insulating panels. 

A.2.1. Determination of the coefficient of transversal elasticity G 

A.2.11. Measuring method 

We based our tests on Standard NF T 56.118 "Determination of resistance to 
shearing of cellular plastics": The specific test conditions were the 
following: 

--Sample dimensions: 
Length: 150 mm 
Width: 50 mm 
Thickness: variable 

--Speed.of relative displacement of the faces: 1 mm/min. 
--Enclosure temperature: ·ooc, :woe, 70°C 
--Measurement interval: zone of deformation proportional to the stress 

The apparatus used is a gantry dynamometer, Instron type (model 1026). 

A.2.12. Results 

They are recapitulated in Table A VII: 

A.2.2. Determination of the coefficient of longitudinal elasticity E 

A.2.21. Measuring method 

We based our tests on Standard NF T 56.101 "Compression test for rigid 
materials:. The specific test conditions were the following: 

--compression is exercised in the longitudinal direction, perpendicular to 
the thickness. 

--Cubic samples of the same thickness as the panels, 

-~Compression speed: Smm/min, 

--Test temperature: 20°C 
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The test apparatus is a gantry dynamometer, Instron type (model 1026). 

A.2.22. Results 

They are recapitulated in Table A VIII. 

A.2.3. Measurement of the dimensional stability of insulatj.ng mat~rials 

A.2.31. Measurement of the coefficient of. thermal expansion between -10 and 
+20°C and between +20 and +70°C, and of the residual shrinkage 
after stabilization at 70°C. 

A.2.311. Measurement method 

A sample 720mm X 200 mm X e mm of the material is placed horizontally on 
a low-friction base (silicone paper) in .an enclosure ~here the air temperature 
can vary from -l0°C to +70°C at the rate of l0°C/hour. The air temperature 
of the enclosure and the temperature of the sample faces are measured 
continuously with thermocouples. · 

The length variations of the sample are·measured continuously with 
comparers at 1/100 mm, placed outside the enclosure and with an INVAR 
rod leaned against the ends on a dividing plate 15mm X 8mm at mid-thickness. 

The following temperature variations are performed: 

--first cycle: from ambient temperacure to -l0°C then from -l0°C to 
+70°C; next, holding at +70°C until stabilization of the length; 
finally, return to ambient temperature. 

--second cycle, third cycle and subsequent cycles if necessary: from 
ambient temperature to 70°C'until stab~lization of the length at 20°C. 

A.2.312. Results 

They are recapitulated in Table A IX 

A.? .. 12. Meas1.,1rement of the dimensional variations. as a function of the 
humidity of the surroundings 

A.2.321. Measurement method 

The samples are stabilized at 20°C, 65% relative humidity until constant 
length-to 5% of the total variation (a basis of measurement equal to 20cm 
is considered to allow sufficient precision). They are then. placed: 

--at 20% ·relative humidity at 20°C 
--at 90% relative humidity at 20°C. 

The dimensional variations in these new surroundings are measured after 
return to 20°C until stabilization at 5%, with the measurement interval 
in days being a geometric progression of 2. 

Th~ dimensional variations are expressed is rnm pe~ meter. 
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[86] 
TABLE A VII 

Transversal modulus of Elasticity G of Insulating Panels 

Volum. (in 
. 2 

Thickness G daN/em ) • 

Nature m~ss (in kg (in mm) :at 0°C I a:t 2009 at 70°C 
m ) 
I 

a:ellulose•:Perlite 170 20 :.so 9 ':""IS 9 -15 9-. IS 

w/one Glass wool side -
asphalted g"!ass mesh 110 25 --60 2 .,. s 2 - 5 

not measurabl~ 

and kraft 
disturbed by 
SJ.u:fa.~ing 

Rock wool 160 25 -,o 10 10 10 

f-······--······-- ! 
' 100 40 10 10 

Cork i 
10 

Expanded polystyrene I 25 IS 13.5 12 

bloc~s, cut in panels: 30 IS 14 12 
40 16 IS 14 

! 2S 80 21 16 IS 
100 21 20 17 

Expanded polys·tyrene 25 13.5 12 10 

in molded plates 40 18.S IS 13 

i 2S so 19 17 13 

! 60 - 16 12 
i 100 21 19 14 
I 
..... .............. ........ ·············• ·········-····································· ..................... _,,,,_,, ... _, ..................................... ....... ,_,,., .. ,,.,_ ................................... 

30 so - 20 -
···-·······-··································· ···············-··-·-·-········-··········· ...................................... ........................... . ........ ·····------·························-···· 

35 40 - 26 -
1--··--·--

Ex-panded polystyrene 
30 60 17 

continuous, dry proc. 80 12 

Extruded polystyrene, 2S 17.S 16.S 13 
American Process 3S 30 - 18 16 

40 22.S 20 17 
60 26 24 19.S 

obtainec Polyurethane 20 10.5 9 
by double conveying 

s 
35 40 14.5 12.5 9 

60 18 16 8 

-·---·-·"··············--······ ···························-··············· .. - .................... ................ ···-·····-···-····················· ··············-·····--·-···--··--··-
30 20 - 8 5 

so 13 II 6.5 
f--... 

Composite, polylNe- PUR 35 PUR 40 
thane foam on agglom Pcrli tc cellulose !'crlite cellulose 10 

cellulose perlite 180 20 

r 
---.~ 

Composite polyurethar PUR 35 PUR 30 
fo~lll on fiber glass ;Fibre '(a~) ltil!~(. (rja~5 

i 
5 

panels 110 30 
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[87] TABLE A VIII 

Longitudinal modulus of Elasticity E of insulating panels 

.. . . 
Nature yol. Mas3 Thickness E at 20°1; 

(in kg/m ) (in nun) (in daN/em'") 

' 

Continuously heat- 30 40 75 
expanded polystyrene 

Polyurethane obtained by 
. double conveying surfaced 30 40 20 with glass mesh+ polyethy-

lene 

Extruded polystyrene 35 40 75 

•• r 
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TABLE A IX 

Coefficient of reversible expansion and irreversible shrinkage at 70°C 
for usual insulators 

Coefficient of 
revyr.sihle therma, . 

Usual Thicknes! e~~ansion (in 10- Shrinkage at 70°C 
TYPE length (nun) c ) (in nun/m) 

used 
(m) 

1
Betw. -10 ~etw.+20 

land +20°C ~nd +70°C 

Aggl. Perlite Cell. 0.90 20 -:-50 I 2 I not meas~ 2.,.., 5 . . b ol jnepending on ~nit~al ra e , · 
Composite PUR/Perli Zach face of the 

. dr,ness e composxte behaves· practically 
0.90 . 

1ike tne base material alone 
~--

covered glass wool bVariable d~pending on 

1.20 25 - 70 6 ;-12 6- 12 
ryness· of surf. paper 

0 .,. 2 

in usual cases 

. Rock wool 0.90 .:..uo 30 :.,.60 approx. 2i approx. 21 approx. o· 
I--· ····-·· ·-- I I . 

Cork 1.00 approx. 2 I approx. 2 approx. 4 

Expanded Polystyren~ 

sheets 
1.00 30 5.3 6.3 (0.6) Cut 80 4.6 4.7 (0.8) 

100 4.9 5.5 (1.0) 

always below· 2 
Molded sheets 1.00 20 -100 approx,S 5.;. 6 5-8 depending on raw:s 

mat.·.and factory stab 

Extruded polystyret1 e 
~rxzat~on. 

1.25 40 5.6 5.3 (0.2) 
Am. process 80 5.4 6.4 (0.3) 

• always below 3 
lshrinkag~ or elongati' 
depending on thicknes 

Paper-coveren 0.80 40 4.5 1.5 .I 
polyurethane 60 

Glass mesh covered 
1 Residual swelling 

poly~rethane 0.80 50 9 - 10 7 
0.8 

1----· ... --· 
Phenolic foam 0.80 80 1.4 1.4 

n 
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TABLE A X 

Dimensional variations of insulating panels as a function of humidity 

Length Dimensional vari;:~t:i.ons in mm/m 
Type USI!lally at stabilization between 65% Rel. Hum. 

used 
(m) and 20%RH and 90%RH. emersion in wate 

Agglom perlite cellulose 0.90 -2 +1 +2.5 

Composite polyurethane 
foam on cellulose perlite 0.90 The perlite cellulose face behaves I panels like the base material alone 

I Cover.ed glass wool 1.20 Practically nil 

I Rock wool 0.90-1.20 Practically nil 

Expanded polystyrene, 
all processes 1 - 1. 25 Material insensitive to humidity 

variation at 20°C i 
! 

Polyurethane, paper at 5%FJI-2 I covers 0.80 

I 0.60 -5 to -8 +0.6 
depending on I 
face 

,-
Polyurethane, glass. 
covers 0.80 at 5%R..li I -0.2 to -1 +0.5 

A.3. TESTS ON THE BINOlHAL "INSULATING WEATHER-SEAL SUPPORT--WEATHER SEAL" 

A.3.1. Principle 

The dimensional variations of the surface of insulating panels in place 
(in contact with the weather-seal) are different from those that could 
be measured on totally free samples, for the following reasons: 

1) The temperature is not uniform in the thickness of the panel, uuL 
decreases proportional to the thickness; 

2) Cementing if the sub-face slows down movement, which is also a 
function of the thickness and the quality of the cementing; 

~) The friction of the weather-seal membrane slows down movement, a 
function of the states of the surfaces in contact, its own weight 
and the weight borne. 

The stress exercised by the weather-seal on the insulating panel is equal 
to that exercised by the insulating panel on the weather-seal. The visible 
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and measurable effect of this stress is the reduction of-surface movem¢nts 
of covered panels compare~ to non-covered panels, everything else ~eing 
equal. 

Measurement of the reduction of the displacement of the pane~ ends (that 
is, the variation of opening of the ~earn between panels) thus constitutes 
an indirect measurement of stress in the weather-seal. 

The method consists of measuring the movement of non-covered insulating 
panels, which are called potential movements corresponding to a material, 
a thickness, a panel length, a cement quality and, on the other hand, 
under the same conditions, [measuring]the move~ent of the same panels 
covered with a weather-seal, either independent or semi-independent, or 
adhering. 

A.3.2. Experimental apparatus 

The experimental apparatus used for measuring the variations of the seam 
opening between the panels in shown in figure A 4. 

I~ 
a) 

Enclosure with regulated temperature 

ambient temperature 
2 meters 

Longitudinal cross-section 

Regulated temperature 

ambient temperature 

b) transversal cross-section 

Fig. A4--Measurement of dimensional variations of the surface of insulating 
panels which support weather-seals. 
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It allows measuring the movements of insulating .panels placed in a tradi
tional manner on a concrete slab, uncovered or under weather-seal, 
under the eff~ct of temperature variations reproducing a temperature 
gradient between the panel surface and the sub-face of the bearing 
slab which is in contatt with ambient air. 

A.3.3. Presentation of:results 

Representation of the movements 

At each temperature plateau, low (-l0°C) and high(+ 60°C), the variation 
of the seam opening compared to the initial opening is measured and 
noted on a graph (Fig. A 5)~ The movements of the seam opening are 
assigned a+ sign, and closing is assigned a - sign. 

In this way, for each test and· depending on the number of cycles, two 
lines more or less parallel are obtained, one for the closing of the seam 
with heat, the other for the'opening of ~he seam with cold, always 
compared to the initial opening, reference 0. 

mm 
1,0 

a) POLYSTYRENE P~T\IELS 

0,5 

-····1 00 ,· thermal ....... -
t: 
·~ pansiot t: 
Q) 
0. 
0 0 

.... .. ---....___. 
10 20 

I 
10 20 10 zo JO num er of 

cycles 

. oo ·~ i>OiNTS <\t so•c I 
C-05 · 
·~ ' . non-covered Pariels covered 1 Panels covered 
~ panels lw/ independent! w) adherent 
v weather-s~al i we~thRr-RR~l 

. I 

Figure A 5--0pening and closing of seam between· -l0°C and +60°C 
a) for polystyrene paneis under various conditions: non-covered 

panels, panels covered with an independent weather-seal, 
p::.uiels cov~r~d wi t.h ~n adhering weather-seal 
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b) PERLITE PANELS 

Dry_ing 
shrinkage 

sr no. _of cycles 

Fig. A 5--0pening and closing. of seam between -l0°C and +60°C 
b) for non-covered perlite panels 

The distance between these two lines measures the amplitude of the total 
~ovement during a cycle, between extr~me low and high t~mpera~ures, the 
.so-called "reversible movement. It depends only on the temperature 
differences and the various test par:ameters (thickness, pre~enc~ or absence 
of weather-seal, etc .... ). In addition, the residual deform~ti0n of the 
panels (irreversible) is shown by the evolution of the seam op~ning 
at a given temperature, as tqe cycles ~re carried out. 

A.3.4. Results 

A.3.41. Generalities: types of movements presented. 

The following types of movements are distinguished in the panel planes: 

1) irreversible movements, such that the···def.ormation experienced is permanent 
whatever the return to the initial temperature-humidity conditions. 
That is the case of shrinkage by internal rest-ructuring of reticulated 
or non-reticulated plastics. 

2) reversible movements, such that tqe deformation is suppressed by a 
return t9 the initial conditions. Two cases are distinguished: 

a) reversible movements directly related (proportional and simultaneous) 
to temperature variations. Since temperature can •:aty frequently 
and quickly, these movements are frequent and rapid. That is again 
the case with reticulated or non-reticulated plastics. 

b) reversible movements related to the hygrometric state of the material. 
That is the case with shrinkage due to drying and swelling due to 
humidification of cellulose materials. These materials generally 
show a··cert_ain inertia from this standpoint: The effect of temperat,,. .. 
variations is tempered and the periodicity of movements with maximal 
amplitude is practically seasonal. 



179 

ORNL-tr-4789 

A.3.42. Results relative to installation under independent weather-seal 

A.3.421 Area explored 

The insulating materials studied were the following: 

1) Expanded polystyrene, thic'Y.nessl up to J.OOmm, sheets with straight seams 

2) Extruded polystyrene, thickness up to 60mm. 

3) Rigid polyurethane, thickness up to 60mm, covered with paper, asphalted 
felt or glass mesh + polyethylene. 

/1) Phenolic foam, tM.ckness 80mm 

5) Perlite cellulose panels 

6) expanded pure cork, thickness 40mm 

7) Composites of polyurethane and perlite cellulose reconstituted ~n situ 

8) Industrially manufactured composite panels of polyurethane and perlite 
cellulose 

9) Industrially manufactured composite panels of polyurethane and fiberglass. 

A.3.422. Amplitude of movements observed on the straight of the seam between 
insulating panels 

The re~ults ~re summarized in Table A XI. 
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[93] A.3 .43. Results related to installation under adhering weather-seal 

A.3.43 •• Area explored 

On the one hand, there are the insulating' panels currently used in this 
technique: 

--Expanded perlite base and asphalt-bonded cellulose fiber panels, 30mm 
thick; 

--mineral-wool base panels, covered or not, up to 60nnn thick; 

--Cork panels, 40mm thick 

--Composite panels, one perlite cellulose .face and one covered polyurethane 
face•or covered mineral wool face and a covered polyurethane face, up to 
70mm thick 

On the other hand, insulating panels which are not used in this technique but 
whose characteristics are such that the experimental determination of their 
behavior is relevant for the application of the mathematical model: 

~-expanded polystyrene panels, up to lOOmm thick; '--...... 
--covered polyurethane panels, up to 60nnn thick. 

A.3 .432. Amplitude of movements observed along the. ·seams betwe~n 
insulating panels 

The results are summarized in Table A XI. 

A.3 .44. Results related ·to installation under semi-independent weather-seal 

A.3 .441. ·Area explored 

·On the one hand, insulating panels whose use in this technique is being 
developed: Glass-mesh and polyethylene covered polyurethane paneis 
up to 80mm thick. 

On the other hand, the insulating panels which are not used in this 
·technique but the study of which, because of their· ·thermal origin 
movement is probably of interest: Phenolic foam panels up to 80nnn 
thick and expanded polystyrene panels 80nnn th.ick.. · 

The test program performed is given in Table A XII·, 

A. 3.442. Results 

The test results are given in Table A XI. 

A.3.5. Interpretation 

A.3.51. As a function of the type of insulating panel 

Among the insulating material tested, it is obvious that there are two 
families of materials with very different behavior: The plastic foam-
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based insulators and the mineral insulating materials. 

The plastic insulating materials, which are very sensitive to temperature 
variations, manifest the following movements: 

--on the horizontal plane, variations of seam opening between panels 
which· refl8~§ an ·apparent c;oeff:l.ci.ent of thermal expansion of from 
3 to 6 • 10 . 

--on the vertical plane movements of curling that are often considerable 
appear (up to lcm). 

The mineral insulating materials, only slightly sensitive to temperature 
variations but·often to hygrometric conditions, are characterized by: 

--only on the horizontal plane, movements of shrinkage or swelling, in 
the case of perlite panel~6 with a coefficient of thermal expansion on 
the order of 2 to 5 • 10 , the movements become difficult to measure. 

[94] --On the vertical plane, some curling movement is noted in the case of 
perlite panels. 

Paper shrinkage movements can be noted in the case of surfaced mineral 
wool panels. 

TABLE A XII 

Test Program at semi-independence [of panals] 

Type of insulator Thickness Type of semi-independence 

(in mm) 
Perforated Perforated EAC contacts 
Kraft corked 36S on glass 2 felt mesh50g/m 

~raditional weather seal 

Poly.urethane(glass mesh+ 60 X X 
polyethylene surface) 

Phenol foam 100 X 

~xpanded polystyrene 80 X 

Pual la~er elastomer 
~eat her-seal 

Polyurethane (.glass mesh+ 
polyethylene) 40 X X 

Poly.urethane(glass mesh + 
polyethylene) 60 X 

Pol)n.1rE'th<mP (glRRR meRh +. 
polyethylene) 80 X 
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A.3. 52. As a function of the geometric charact'eristic's of the insulating 
material and the method of cementing-it to the support element 

In the case of plastic foam-based,insulating materials, the geometric 
characteristics of the insulating materials have a great import~nce for 
their thermal-origin movements. 

The parameters are: . 

1) the length, to which the movements are proportional; it follows ~hat 
an apparent coe.fficient of thermal expansion can be defined. 

2) the thickness, to which the movements are approximately proportional; 
the coefficients of pt-portionality bet~Jeen the thickness and 
the coefficient of thermal expansion vary depending on·the 
quality of cementing the insulating material to its support. 

The influence of the cementing on the sub-face of the insulating material 
is therefore preponderant. • The movements can be doubled , depending on 
whether the cementing is good or poor. 

A.3.53. As a function of the covered or un-covered state of the insulator 

The movements of the insulating material are different, depending on whether 
it is installed by itself or covered with a weather-seal covering which 
limits its movements from above 

The tests performed, the results.o£ which are shown on Table A XI, 
emphasize this phenomenon. 

A.3.531. Independence under heavy protection 

Compared to the uncovered state, the insulat~ng panel that is covered 
has its movements decre~se in amplitude. 

This phenomenon is amplified in the case of pane+s·which have a 
tendency to curl when uncovered and can no longer curl under the 
weight of the covering and its heavy protection. 

A.3.532. Adherence 

The case of adhering [covering] is even clearer. Qn. the one hand, 
practically all movement is blocked by the rigidity of the cementing 
asphalt at temperatures below ambient temperature. On the other hand, 
the movements remain hampered by the viscosity of the asphalt at 
higher temperatures. 

A.3.533. Semi-independence 

The appearance of the semi-independent panel movements is ~ifferent, 
depending on the system of semi-independence selected and it is 
between that of uncovered panels and that of panels covered by an 
adhering weather-seal. 
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Thr~e systems of semi-independence, among the most currently used, 
were test~d: ' 

--on perfor~ted kraft paper; 

--on perforated, corked 36 X 
. . 2 

--by EAC contacts on 50g/m glass ~~sh. 

The behavior of the first two approaches that of adhering cases, 
while the latter approaches the independent case, even that of an 
uncovered panel. 

A.3.6. Conclusion 

The exper·:lmentation performed allowed us to reveal the influence of 
numerous parameters that act on the dimensional behavior of insulating 
panels that support weather-seal ·~overings for flat roofs: 

--length; 
--thickness; 
--quality of cementing on the sub-face of the insulating panel 

.. --type of the bonding between t~e insulating panel and the weather-seal 

In addition, the experimental apparatus that was developed should allow 
us to determine the dimensional·behavior of insulating panels installed 
in various ways, in association with a weather-seal on a flat roof. 

Finally, the experiment~! results obtained are apt to refine a~d 
disqualify, if nec~ssary, the mathematical model developed elsewhere 
to determine the stress~s underg~ne by a weather-seal covering on 
an insulating support, a model.that is presented in the second part 
of the present publication. 
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PART n-10: SYNTHESIS OF THE MATHEM.ATICAL MODEL 

B .. l. Purpose 

The purpose of the present synthesis is the present a simplified 
mathematical model of the mechanical behavior of roof weather-seal 
coverings, under the effect of stresses parallel to. the plane of 
the covering (friction, shearing) and subjected to a temperature 
variation. 

The roofs covered with a weather-seal are constructed in various 
different ways as to the stacking, the type and the bonding between 
the elements that constitute the roof. 

1) As to the stacking of· the ~oofing elements with a weather-seal 
covering, one finds, from bottom to top: 

--a structural bearing element, a weather-seal covering and a 
heavy [or heavy-duty] protective element. 

--of a structural bearing element and a self-protected weather
weal covering; 

--or a structural· bearing element, a thermal insulation panel, 
a weather-seal covering and a heavy protection; 

--or a·structural bearing element, a thermal insulation panel 
and a self-protected weather-seal covering; 

--or a structural bearing element, a weather-seal covering, a 
thermal insulation panel and a heavy protection. 

2) Th~ weather-seal coverings can be of various types: 

--poured asphalt 

--multi-layer asphalt (oxided asphalt base, with internal reinforcements) 

--single layer synthetic polymer ba-se or polymer asphalt base (without 
reinforcement, that it; homogeneous single layer that can be cemented 
with a cement of another type.) 

3) The bonding between the component elements is as follows: 

a) The covering is bonded to its support in one of the three following 
ways: 

--by adhesion(no relative displacement at support-covering interfaces) 

--independently 

either by direct friction of the covering on its support 

or via an independence screen placed between the support and 
the covering. 

--semi-independently: combination of the two preceding systems. 
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b) the covering is bonded to the construction above. it in one of 
the following two ways: 

--by adhesion (case of insulation panels placed above the covering); 

--independently 

via a desolidariza~ion scre~n 

by friction of the element above the covering 

via a layer of sand 

c) When there is an insulation panel supporting the weather-seal, 
it is bonded to its direct support.: 

--by adhesion (asphalt cement = absence of relative displaceme~t 
at the cement-insulation interface) 

--independently (direct friction of the insulation on its supp~rt) 

--semi-independently, combination of the two preceding systems. 

[96] B.2. SYSTEMS THAT CAN BE PROCESSED BY THE PROGRAM 

The program gives· the forces a (normal stresses) and T (shearing stresses) 
as well as the displacements u, of the covering reinforcements, the 
screens and· the insulation panels in. the following cases: 

Covering alone:. 

The program must receive as data the conditions at the sub-face and 
surface of the covering in the form of ±moosea shearin• or imposed di~place-
ment (fig. B 1). · ~ 

Insulation panel alone: 

The program must receive as data the conditions at the sub-f·ace and 
surface of the insulation, in the form of imposed shearing or of 
imposed displacement (Fig. B 2). In the case ·of asphalt-cemented insulation, 
the displacement of the cement support is introduced as limit conditions. 

1:, or u _ 
I ___. "f. 
~- -. -----1} 
1-------~ 
I I 

-=-.1: 2 '(_ 

Surface 

Covering 

I . -------...4 I I 

1--------1 
I I 

l:z or u --• I 

0~--------~ 
1---------1 

u' 
I 

-- ~ Independence screen 1:, 
Fig. B 1: Covering alone 
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Figure B 2-~Insuiati~n panel alone 
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r---(- : . ~~) 
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Figure B 3--Insulation panel.+ weather-seal covering, 
independent ~ystem · 
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~or u - I 
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t·. 

:·: :j.n$"Q1,at.inn .. :·.·,.= .. : 
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Figure B. 4--Insulqtion panel + weather-seal covering, 
adhering system 
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Insulation panel supporting weather-seal covering: 

--Independent system 

The irisu~ation and the covering ~re treated separately, as above, by 
intr,oducing a shearirlg stress between the insulation and the covering 
(Fig.· B 3). 

--Adhering system 

The conditions at the sub-face of the insulation and the surface of the 
covering are introduced as data in the form of imposed shearing or 
imposed displacement (fig. B 4). 

Insulation. panel above t'he weather-seal· covering 

Same as preceding, only reversed. 

B.3. CALCULATION PROGRAM 

B .. 3.1. Pirea of application of the program 

·,~B.3.11. Systems studied 

The systems studied ·include a weather-seal covering (made of layers 
:of bonding, reinforcements and cement) and an irisulation panel. 

The program allows the interaction between the panel and the covering 
in the case of perfect adhesion between the two of them to be studied. 
The panel and the. covering ·can be studied independently. 

. . ··'· . ' .. 

B.3.12. Behavior of the components 

The covering (Fig. B 5) is made of materials characterized by two 
types of behavior:. 

a) Tht! rEdnforce:mcnto and th~ i.nciependenc~ screens which only 
support the normal stresses of traction and compression; 

'•' •••• • • • • • <:> 

.. b) t;~~.),axe~~:J· of bonding and c~ent which. ?iily support shearing stresses 

... .It is. ,B,$.s~ed that the reinforcements adhere .. perfectly to the bondings. 
·.· 

Screen 
Bonding 

Reinforcement 

Bonding 
Cement 

Support 

Fig. B 5--Make-up of a covering 
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[98] The panel is made of a homogeneous material. The model takes into 
account the longitudinal traction .. and compression stresses, the 
shearing between the fibers as well as the presence of a thermal 
gradient along y (Fig. B 6). 

B.3.2. Characteristics of the mathematical model 

1) The geometric model is rectangular, therefore-plane in two dimensions 
(Fig. 6). 

2) The laws of behavior are those of simplified elasticity: small 
displacements with a single component (u along y) and small deforma
tions(·: ou and ou) 

ox oy 

3) The model accounts for the elongation due to the thermal expansions 
in the reinforcements and in the panel (unit elongation = ou = cr + at) 

ox T 

y 

E D 
F ~------~c~o~v~e~r~~=n~g~--------------1 c 

panel 

A 8 

Figure B 6--Panel + covering unit studied. 

4) The conditions at the limits along the boundary are sufficiently 
general to allow treatment of all cases with a single program. 
On AB nnd ED (Fig. 6) on can impose a known friction or a dis
placement. on AFE and BCE, on can impose normal stresses on 
the pan.-~1 or stresses on the reinforcements or displacement. 

B.3.3. Setting up the equations 

b.3 .31. The covering <~•ithout insulation panel) 

a) the reinforcements and Lhe screens undergo lateral shearing and are 
the site o.f normal stresses. The equilibrium of a small element dx is 
~vritteL (Fig .. -~. 7): 

d N (x) + (-:inf (x) + <.P (x)) dx = 0 

where N(x) represents the normal stress along x on the reinforcement 
(or the screen). The positive sign ill selected for a tension. T. f(x) 
represents the shear~1g stress ~xercised on the lower part, eithe~ 
by the bonding or b·;' an external friction when ·there an independence 
screen on the sub-face of the covering. 

T corresponds to the upper part of the reinforcement or the screen. sup 

(1) 
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Fig. B 7--Equilibrium of a small 
segment dx 

b) In the bonding the normal longitudinal stresses are neglected and only 
the shearing is accounted for. We then have 

since: 

e 
xy 

-o = -2 Ge xy xy 

=_1(~+~) 
2 oy ox 

-G ou 
8Y 

with v 0. 

Since there are no normal stresses, from the equilibrium equation 

EOT + ocr)= 0 we deduce that l is independent of y and therefore that 
0 y 0 X 

u is a refined function of y. 

T = -G ou = -G 6u 
6Y 6y 

[99] Therefore, if e is the thickness of a layer, u1 and u2 the displacements 
at the base and at the uooer part. we have: 

If the layer of bonding is constituted by a group of layers of thickness 
ek of shearing modules Gk (Fig. B 2), we have 

T = K1 ( ~ -u2) 

w:!,th ~ = 4 
ek 

From this we derive: 

I• {G_)-r---.,---.x.t __ •i (G i ) 
_ e, (Gi) 

ien\Gnl 

and G 

K (u -u +l) n n n 

K * Ee k 
K e 

Fig. B 8--Bonding layer with 
several layt!rs 

(2) 

c) The normal stress in a reinforcement (or a screen) with a modulus E, with 
a coefficient of expansion a undergoing a temperature rise t is taken: 

N = E ( ~~ - at) 
where E has the dimension of a force (and not of a pressure). 
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d) By combining the equations in paragraphs a), b),c) the differential 
equation in u is obtained 

32 u 
E ---a'X2 + 'tinf (X) + •sup (x) = 0 

dN --cr;- + 'tinf (x) + •sup (x) = 0 

(3) 

T. f (x) and T (x) can be expressed as displacements using (2) . If u. (x) m ~P 1 

designates the displacement along x in the reinforcement i (see Fig. 9), 
we have: 

I 'tinf (x) =. K; [u; _ 1 (x)- U; (x)] I 
'tsup (x) = ....:.... K; ;., [u; (x) - U; +I (x)j 

i£ there is a layer of bonding on either side . 

. 
18 27 36 45 ; 

( K4) 
' 

17 26 35 " i+ i 

( Ki+1) '( K3) 
16 25 34 43' •I 

' '\f ., 
( K;) . (K 2) 

15 24 33 . 42 i-1 
,. .. 

( K 1 ) 14 23 32 41 

13 22 31 40 

12 21 30 39 

11 20 29 38 ·, 

10 . 19 18 37 

I. h .1 

Fig. B 9-..:.Lattice and notations ~.sed. 

B.3.32. The Panel 

I 
Reinforce'"-
ment 3 I ,. 
Reinforce-
.ment 2 1 

Reinforce-
IW~Ul. .1. ., 

90 

89 I 
88 

37 

86 
.. -

as 

81. 

83 

81 

) 

(4) 

( 5) 

Cover ing 

Interf ace 

f Pariel 
( 
) 

The general framework is ·that of the hypotheses exposed in paragraph B.3.2. 
The displacement u of a small portion of in~lation _is a function of x and y. 
If a designates the coefficient o.f expansion and t the temperature rise, the 
stresses this small portion undergoes are: 
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-,rz.t) 

The equilibrium ~qtiation ocr + ~ = 0 gives: 

ox oy 

2 2 ·2 2 
Eo u/ox --a E o~/ox + G o u/oy 0 

since t depends only on .Y. we have: 

[ 
82 II 82 u 

E axz + G iJy2 = 0 

B.3.33. Interface between the panel and the covering 

The cont~uity of the shearing stress is written as follows: 

G( ou) = 
\ oy panel 

G{ ~uy) 
\ u .bonding 

B.3.34. The conditions at the limits 

a) Imposed displacements: at all points of the boundary, the value 
of the displacement can be set. · (For example, we will take u = 0 
for a portion of the boundary cemented to a support that is assumed 
to be indeformable) . 

( 6) 

b) Imposed shearing! tf the shearing is applied to a panel or a bonding 
we writei 

G ou 
.. oy ·= value of '! 

If it is applied to ari independence screen, we write: 

-E· o2u -''!inf(x) = '! (x) 
~ sup 

or: 

depending on whethe~ the screen is on the sub-fR~e or the surface. 

It should be noted that·the shearing stresses can only be applied 
on the faces AB, ED and FC. This does not constitute a limitation because 
in fact there· is no shearing on EA and DB. ··. · 
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c) Imp(i).sed normal . stresses 

We write simply• (•:) • ± .{ :~ - at) 

N for the reinforcements and ~for the panels. 

This condition is applicable only on EA. and DB. 

B.34. Discretization of the problem 

B.3.41. The lattice (Fig. B 9) is rectangular and the interval along h 
is constant. A line of vertices is created on each reinforcement, a line 
at the lower portion of the covering and a line at the interface. 
The lines of vertices of the panel are equidistant (interval k). 

B.3.42. Discretization of the equations by finite differences 

a) Case of the internal points of the covering (i.e., vertex 25 on Fig. B 9) 

The equation of this vertex is written in conformity with (3),(4) and (5). 

E1 ( ~~ ~ ) + K1 (11 1~- Uzs) - K3 (Lizs- U:6) = 0 
ur 25 . . 

with: 

whence·: -+ u 16 -K2 u~4 + ( 2. + + K1 _+_K_3_)_u_zs __ K_,J_u_z6 ___ !_:_u_J_4_=_o__,\ (7) 

b) Case of lower and upper boundary points of the covering 

Vertices on the lower boundary (witnout panel) with independence screen. 

Equation (3) gives: 

In finite differences, with the notations from Fig. B 10. we obtain: 

-+ u;"_p + ( 2 --:r-·+ K1 ) u1-K1 u1 + 1 -··-~ II;Lp = ~;;,; (8) 

i+1 

_i 
i- p i i+p 

Fig. B 10: Notations around 
vertex i. 

Vertex on the lower boundary, without either screen or panel 

We have: ( 9) 

Upper boundary: we have the same type of equation as 8 and 9. 
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c) Case of vertices of the lateral boundaries of the covering 

The unit elongation is expressed with the normal stress and the 
temperature rise. 

For example, at verteX 7 (Fig. B 9): 

In order to ensure the symetry and the homogeneity of the set of 
equations, the preceding equation is multiplied by - E , which gives: 

h 

(10) 
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d) Case of interior panel points 

We write equation (6) taking at vertex 21: 

and: 

az u u30 - 2 ull + U11 --axr- = hZ 

which , after multiplying all of equation (6) by k,(which allows 
the symetry and the homogeneity of all of the equations to be 
preserved) produces: 

- I~- k Uu -( ~ ) llzo + 2 ( 1~ k + ~ ) Uzl- ( ~ ) u~- ( J~Z k ) u 30 = 0 

e) Point of the interface between the panel and the covering (see paragraph 
B.3.33) 

In finite differences at vertex 23 (Fig. B 9), we obtain: 

- ( ~ ) Uzz + ( ~ + K; ) Uu - K1 Uz~ = 0 

f) Conditions at the limits on the panel edges 

--edge AB, for example, at vertex 19 (Fig. B 9): 

--edge AF, vertex 3: 

This ·equation is multiplied by -E k to ensure symetry and homogeneity. 
ll k k 

E 7i2 (u1 - u12) = (a- E ~I) T 
B.3.43. Particularity of the method 

a) At points F,C,D, E on figure B 6, it is not possible to write a 
condition at the limits of the 11given shearing 11 type, that is: 

t;nt = K (u1-ui+ 1) 

or t••P = K (ui-ui-1) 

and to retain the symetry of the matrix. 

For example, at vertex· 5 (Fig. B 9), assuming that there is no 
insulation panel, we have: t 5 = K1 (u,- u6) 

This expression involves the displacement of vertex 6, whereas the 
equation of type (10) corresponding to vertex 6 only involves vertex 
15. The symetry of the general matrix cannot, therefore, be respected 
since the coefficient of u 6 in the equation of vertex 5 is not 
equal to the coefficient of u5 in the equation of vertex 6. 

The solution adopted to preserve symetry is to eliminate the equation 
of vertex 5, or the vertex itself. This assumes that the lattice is 
sufficiently fine, or h sufficiently small, so that this elimination 
does not upset the model too much. 
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b) Likewise, at the panel angles, if a condition of normal stress (or 
a shearing condition) is imposed, the symetry of the matrix cannot 
be preserved. In the case of Figure B 11, we have: 

--Equation (A) coefficient of u .. 0 
p 

--Equation (B) coefficient of u .. - G p-1 k \ 

The solution adopted consists again of not accounting for vertex p. 
1: 

p - 2P 3P 4P 

• • 
P-1 · 2P-1 3 p -1 

k 
-G=-E( 
h 

Fig. B 11--Notation in the 

P-2 

U2p-1 -Up-1 

h 
-:(). t ) k panel angle 

h 

® 1: = G 
k 

B.3.5. Accounting for known displacements 

The equations described previously lead to writing an equation system in 
the following form: 

with: A: 

U: 

S: 

A U = S 

matrix of coefficients [a .. ]; 
. ~J T 
displacement vector = (u1 , u2 , •.• , u., •... , u ) ; . J n 
second mEli!lber composed of n.o: terms Si (including only 
stresses) and a term s

2
-depending on Ehe temperature. 

If the component u of u is known, we write: v 

--For i <f v: l:ai.u. + 0 Xu si - a u j " .v 
J J v iv v 

---For 5 (avj - 0 vj) 1 = v: .uj = u 
VJ v 

The system obtained in this way is solved by the Gauss method. Once 
the displacements are known, all the stresses are calculated: 

--normal stresses in the reinforcements; 

--shearing stresses in the bonding; 

--reactions at the vertices where the displacements are imposed 

--stresses T and cr·in the panel. 
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B.3.6. Program Diagram 

-Data Readout 

-Number of layers, length studied, no. of vertical slices NX of lat_tice 
--Characteristics of panel E, NY G thickness, a 
--Temperature gradient in the panel 
--Characteristics of the sub-face independence screen (E, a, t) 
--Read-out of the characteristics of the layers of asphalt and bonding agents 
--Characteristics of the surface independence screen 
--Read-out of conditions at the limits (a, T or u) 

Data print-out 

Calculation of K coefficients 

Formation of the second member of the linear 
system without accounting for deformations 
imposed 

I Placing the general matrix at zero I 

Formation of the equation matrix 
--interior points 
--boundary points 
--interface points 

Accounting for imposed deformations 

I Resolut~on or .l~near system I 
Subroutine GOS 

'-------r-----__J 

I Calculation of forces and stresses I 

I 
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B.3.7. Precision of the method 

The user can select the number of horizontal slices NY'and the number 
of vertical slices NX. The calculations show, for combiriations of values 
of NX and NY (NX=20,40,80 and NY= 8 and 16): 

1) that the displacements are not very sensitive to the density of 
the lattice (in fact, there is scarcely 3% difference); 

2} that, on the other hand, as concerns the normal and shearing stresses, 
the.precision is less good. This can be explained by the fact 
that the latter [shearing stresses] are calculated by taking · 
differences in the displacement of two neighboring vertices and 
that the precision on a difference is generally lower than that on 
the quantity itself. 

Concretely, an imprecision on the order of 25% on the maximal shearing 
stresses and 10% on the normal stresses is noted. 

B.4. RESULTS 

B.4.1. Convention on signs 

Displacements: Since the origin is placed on the free edge of the panels, 
displacements to the right of the lines (or towards the center of the p~nels) 
are positive. 

Normal stresses: The positive stresses are traction stresses (and the 
compression stresses are therefore negative). 

Shearing: A positive shearing indicates that the lower face of a 
small segment presents a positive displacement in relation to its 
upper face. 

B.4.2. Systems studied and data to be .supplied 

' 
B.4.21. Systems studied 

Insulation alone: Installed free, cemented with a non-deformable cement, 
cemented with asphalt, subjected to a thermal gradient, subjected 
to a homogeneous temperature rise (these various variables have been 
crossed). 

Insulation + single- and multi-layer asphalt covering: Adhering covering 
on independent insulation or one cemented by a non-deformable cement, or 
independent covering with and without independence screen (everything 
was calculated with a thermal gradient). 
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B.4.22. Data to be supplied (nomenclature and units) 

Covering 

--moluli of elasticity of the reinforcements (daNim). 

--Thickness of mass layers of covering (m) 

--Modulus of elasticity of the independence screen when there is one(aaNim) 

--Modulus of elasticity of the desolidarization screen when there is one 
(daN 1m) 

--Modulus of shearing of the mass asphalt covering (daNim2) 

--Coefficient of !f?ear thermal expansion of the reinforcements and 
the screens (°C ) 

--Temperature rise of the covering (°C) 

Insulation 

--Thickness of the panel (m) 

--Coefficient of linear thermal expansion (°C-l) 

--Panel length (m) 

2 --Modulus of transversal elasticity (daNim ) 

--Modulus of shearing I I faces (daNm2) 

--Temperatu~e gradient between faces 

Conditions at the limits (at points of the boundary of the lattice) 

a) sub-face and surface 

--if indipendent of the covering: value of T at the covering sub-face 
(daNim ) 

--if covering i~ independent on screen: value of T at sub-face of 
screen (daNim ) 

--if heavy-duty protection: 

2 mobil: T = 0 at the surface of covering (daNim ) 

hard: value of T at the ·covering surface (daNim2) 

--if adherence: 

imposed movement: values of u at covering sub-face (m) 

2 value of T (daNim ) at insulation sub-face or 
value of u (m) if it is cemented. 
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b) lateral (free edge and center of insulating panel) 

--u = 0 along seam for the cove~ing and the screens (or T = 0) 

--a_ = 0 along seam for the insulation; 

--u ~ 0 along panel center for the covering, the insulation and 
the screens (or T = 0) 

B.4.3. Selection of numerical data (c.f. experimental section) 

The values are selected, on the one hand, to include the 
qUasi-totality of cases and, on the other hand, to allow comparison of the 
results with ·a."<perimental results.· 

Insulation: 

--E between 210 000 and 750 000 daN/m2 

--G between 140 000 and 190 000 daN/m2 

--Panel length between 0.80m and lm. 

--Panel thickness between 0.025m and O.lOm 

-5 -1 
--Coefficient of linear thermal expansiO'fl between 5 and 7 • 10 °C· 

Coverings: 

--Reinforcements: 

modulus of elasticity between 10 000 and 40 000 daN/m; 

coefficient of linear thermal expansion: 10-6 to lo-5oc-1 

Coating mass: 

--thickness between 0.001 !11 and 0.004 .m; 

2 6 2 
--modulus qf shearing between 10 and 10 daN/m ; 

Independence screen 

--Modulus of elasticity 25 000 caN/m; 

--Coefficiznt of _friction approx. 1, giving a shearing on the sub-face of 
90 daN/m for a vertical load of 90 daN ( = we.ight of covering + · 
heavy-duty protection 4cm of fine gravel). 

As was announced in the experimental section, the valuP.s of the modulus 
to be taken into account in the calculations must account for the 'speed 

.and duration of the stresses. The speeds of experimentation on the 
. ·':i..n~ulation were in general .higher that' those which allowed the values 
.9f the modulus to be defined in the ·experimental section, the range 

. ' of mod'\lles above expresses the range of speeds: (see Van Der Poel 
abaccus). ·· 
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B.4.4. Expression of results 

The model gives as results: 

--the displacements of each point in the lattice (in m) 

--the shearing in the insulation or in the asphalt layers, between 
each point of the lattice and t~e point located immediately above 
ic in the same column (in daN/m ). 

--the stresses between each point of the lattice and zhe point located 
immediately to its right on the same line (in daN/m for the 
insulation, in daN/m for the reinforcements and the screens). 

B.4.5. Stresses and deformations of the insulation alone 

B.4.51. Presentation of results 

Table B I gives the characteristics of the models calculated. 

Table B.II gives the results of the stresses and gross deformations (that 
is, for the values of t-0 and a. as th=~ f!~'Ire in table B.I) and 
corrected (for t.B = l0°C and a.= 5.10 °C ). 

The curves adopted are as follows, knowing that the panels are cut 
in eight horizontal slices and twenty vertical slices: 

Horizontal displacements o of various points of the lattice 

Two representations were adopted 

--One showing the appearance of the insulation deformation 

abscissa: longth of the insulation panel, from the right of the 
graph where the center of the insulation is found; 

ordinate: Thickness of the panel 

--The other showing the displacements of the surface and sub-face of 
the insulations: 

abscissa: length of fllsulation, with the free edge at the graph le;ft 

ordinate: value of the displacem~nt (in mm) 

Normal stresses cr between the various points of the lattice 

These various points a~e located on the same line (that:':i;s, in a 
horizontal slice of the insulation): 

Abscissa, insulation panel length from the left of the graph where 
the free edge of the insulation is found; 

Ordinate: V~lue of the stress in daN/m
2 
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Shearing 

Two representations have been adopted: 

--One showing the shearing existing between the vertices lqcated in 
the same vertic~l slice: the shearing of the sub-face with the 
surface of the insula~ion, vertical slice after vertical slic~. 

--on an axis (abscissa in general): value of shearing (in daN/m
2
); 

--on the other axis: panel thickness 

--The other showing the shearing existing in a horizontal slice: The 
shearing of the· entire panel, horizontal slice afte·r horizontal slice, 
is explored: 

--abscissa: length of the insulation, with the free edge at the le.ft 
of the graph 

--ordinate: value of the shearing, in daN/m
2

• 

Some of these curves are given in figures B.l2 to B.l5. 

B.4.52. Test of the behavior model of the insulation alone 

The types of deformations and distribution of stresses in the insulation 
vary depending on whether the insulation is subjected or not to a 
temperature gradient and depend±ng on the mode of connection to its 
support (free installation, cemented by non-deformable cement, asphalt 
cemented). 

The typical cases that can be encountered and whose results are presented 
on figures B 12, 13, 14 and. 15 are as follows: 

--Sub-face of panel free, without gradient: Case #10 (with stresses 
and shearing being nil,.there ·is no graph) 

--Sub-fa~~ uf panel free, with gradient: r.~se #1 

--Panel cemented by non-deformable cement on sub-face, without·. thermal 
gradient: Case #8. 

--Panel cemented by non-deformable cement on sub-face, with thermal 
gradient: Case #11-1 

--Panel partially cemented on sub~face by non-deformable cement, with 
gradient: Case 1113. 

--Panel cemented with asphalt on sub-face with gradient: Case 1114. 

The cases without gradient were purposely limited, since they do not 
represent reality in the great majority of cases. 

B.4.531 Influence of the parameters 

From the analysis ot all the cases shown on Tables I anrl TT, one can draw the 
following observations with respect to the max. values of the displacements 
and the stresses: 



Limit conditions 
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Sub-face 
No. 

Asphalt cemented 
-··· 
e.asphal G asp~. 

(rom) (daN/m ) 

I 

:! 

3 

4 

5 

6 

7 

II 

9 

1U 

11-1 

11-:! 

12-1 

12-2 

IJ 

14 I IO• 

15 4 IO• 

16 I 106 

17 I 104 

18-1 4 104 

18:2 I .. 
18-3 

19-1 I . 
19-2 4 " 
19-3 

20-1 
~ 

TABLE B I 

Characteristics of calculation models for insulation alone 

at face vertices Temp. conditions Characteristics of insulation panel 

Surface Ampl of Ampl. of L=lgth. 
temp. homo. of a c " E 

not as- u(m) gradien temp. half 
phalt or 1 

2 
rise panel 

cfmynted ~,daN/m ) ( oc) ( oc) (m) (mm) ('C-tl (<.laN/m2 ) 
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.. . Jll .. . .. . . .. :!ll .. .. . » 
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.. » -IU . » » 750000 . . :!ll » .. . » 
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.. 
» 

» 

» 

» 

. 
» 

» . 
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180000 

.. . 
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Ref.no. 
·in ex pet 
imental 
section 
(see 

iTable A 
! XI) 

-65 

50 

50 

-so 

57.-!S 

16 

-48 

17 

-24 

48 

42 

42 

-42 

43-47 

43-47 

26-37 

48 

N 
0 
-I>-



TABLE B II 

INSULATION ALONE: STRESSES AND DEFORMATIONS 

The coordinates of roints are given by placing the length with respect 
the panel center as abscissa and with respect to sub-face as ordinate 

free Mge 
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.( ..... q,Jqc. 
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TABLE B II (cont.) 

INSULATION ALONE: STRESSES AND DEFORNATIONS 

Gro~§_]lOrmal stresses Gross ShearinQ 
-5 

Values for~0=+10°C,a= 5.10 

minimal maximal!! minim.c:a::_l:=------1:-_;m;;;a;;;x"'l.Ill;;;:. o:.a=l ____ 1 ! 
i " coordin. -··-,- ·:;-.. r·-c:~~~-~n.--··,l,--1 :~,---,·-r- coordin. r ;I coordin. ii ''""" I 
J ,t;,:-.;jm 2 da'iln1 2 i. _ "'"Ill da"\/m 2 1110 ; 1111 J 
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I
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Coefficient of expansion and temperature difference(Calculations No. 
2,3,4 and 5): 

The stresses and deformations are proportional to the coefficient of 
expansion and to the temperature spread. The calculations can 
therefore be carried out with a given 68 and a given a and extrapolated 
to another ~8 and another a by a simple rule of three. 

Temperature gradient (Calculations no. 1 and 10, then 2 and 8) 

--It divides by two the displacements of the non-cemented panel 
surfaces in relation to the state without gradient (with homogeneous 
temperature rise of the same amplitude, of course). In has much 
less influence on the displacements of cemented panels. 

--It divides by four the shearings of cemented panels. 

--it does not change the stresses of the cemented panels. 

Cementing (by non-deformable cement) (Calculations no. 1 and 2) 

--The stresses and shearing of cemented panels are double those of 
non-cemented panels. 

--The displacements of the non-cemented panels are 300% higher 
than those of cemented panels. 

Asphalt cementing (calculations No. 14, 15 and 16) 

6 2 --If the modulus is high (10 daN/m ), ~he stresses and deformations 
are identical to those of a model with non-deformable cement. 

4 2 
--If the modulus is low (10 daN/m ), the thickness of the cementing 

has a great influence on the displacements, little on the stresses. 

It should be noted that a lmm thickness of asphalt (=lkg/m
2

) 
produces an

2
almost non-deformable cementing and a thickness of 

4mm (=4kg/m ) a very deformable cementing. 

Longitudinal modulus of elasticity E 
(Calculations 7 and 2 then 18-2 and 19-3) 

--For cemented panels, a relative variation x% of the modulus E 
causes a variation x% of the normal stresses· in the same direction 
and a variation ~% of the displacements and shearings in the same 
direction. 

--For non-cemented panels, the variation of the modulus has no 
influence on the displacements, but causes a variation of the same 
amplitude of the stresses and of half the amplitude of the shearings, 
in the same direction. 

MOdulus of shearing G (Calculations no. 9 and 6) 

A variation x% of the modulus G of cemented panels causes a variation ~% 
of the displacements in the opposite direction, does not change the 
normal stresses, gives a variation~% of the shearings in the same directinn_ 
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Panel length (calculations 20-1 and 12-1) 

An increase of 25% of the length of a cemented panel causes practically 
no variation of the displacements, no variation of the shearings.and 
an increase of 5% of the stresses. 

Panel thickness 

Free panel (calculations 1, 11-2 and 12-2) 

--An increase of 250% of the thickness causes practically no increase 
of the displacements. 

--There is no variation of the stresses and a slight decrease (20%) in 
the shearings. 

Cemented panel (calculations 2, 11-1 and 12-1) 

--An increase of 250% in the thickness causes doubling of the displacements 

--An increase of 250% in the thickness causes a 10% decrease in stresses. 

B.4.54. Additional comments on cementing 

Displacements (Fig. B 16) 

When the panels are installed free, the displacements are almost 
proportional to the distance in relation to the panel center. 

When they are cemented by a non-deformable cement or asphalt, the 
displacements are very slight up to 3/4 L and increase very quickly 
near the seam edge. 

Normal stresses (Fig. B 17) 

When the panels are installed free (case Ill), the stresses are 
practically constant up to 3/4 L and become nil at the free edge. 
They are symetrical in relation to the mid-thickness of the panel 
(1/2 thickness in compression and 1/l thickness pulling). 

When the panels are cemented by a non-deformable cement (case 112), 
the stresses are doubled and are established more gradually towards 
the panel center. In addition, if the cement is non-deformable, the 
entire panel is in traction or compression. 

If the cement is deformable (Case 1114) the distribution of stresses 
is intermediary between the free case and the case cemented oy non
deformable cement. 

Shearings (Fig. B 18) 

When the panels are installed free (case fll) , the shearing is 
practically nil up to 3/4 L and hit the maximum at the free edge. 
The shearings are symetrical on either side of.the mid-thickness of 
the panel but have the same sign, 
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When the panels are installed with a non-deformable cement (~ase #2).r 
the shearings are almost doubled and are established more gradually 
towards the panel center. Moreover, the shearings are decreasing 
from the surface towards the sub-face of the ··panel. 

If the cement is deformable (case #14), the distribution and the 
value of the shearings are intermediary between the two above cases .. 

Pal'.ticular case of partial ceme~ting (case #13). 

The panel is free for 15 em starting with the free edge and cemented 
by a non-deformable cement on the following 25cm or to the center of 
the panel. This case can be compared to cases numbers 1 and 2: 

--the displacements are two and a half times higher than those of 
the cemented model and two times lower than those of the .free model; 

--the stresses are the highest encountered in all the tests and take 
place on the sub-face of the panel along the discontinuity of cementing. 

--the shearings are practically of the same value as· for the cemented 
test and go from a maximum at the sub-face of the'panel along the 
discontinuity. Along the free edge a second maximum p·ractically 
equal to that of the free model is found. 

In summary, partial cementing, even greatly extended towards the 
edges, is almost the equivalent of independence of the panel. 

B.4.55. Comparison with similar experimental cases 

The experimental verification applied to the dimensional variations 
of insulating panels at the upper edge , free edge side. Table s· III 
gives the values of the opening of a seam between two panels, fo·r 
temperatures varying between -10 and +25°C and between 25 and 60°C, 
as the result of experiments, gross calculation and corrected calculation. 

The coefficients of correction applied to the gross calculation are 
as follows: 

--Correction of the temperature and seam opening: the gross calculation 
is multiplied by: 

2 X 70 

60 of the gross calculation 

--Correction of temperature, seam opening and coefficient of eXpans-ion: 
the gross calculation is multiplied by: 

-~for expanded polystyrenes 

2 X 70 X 7 • 10~5 
c2 = 

ae of the gTOSS· calculation X CL of gross calculation 
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We note a poor correlation between the values measured and the 
calculations, the movements measured ·being higher than the ones that 
were calculated. 

The experiment, however, has shows that, except for model #50, the 
panels had a tendency to become uncemented around the free edge. 
It. is possible to calculate the -in!luence of this uncementing [or 
loosening] of the measurements in a simplified way. 

Let us assume that the panel undergoes loosening of a circular 
deformation up to a distance ~ from the free edge (fog. 19). 

Fig. B 19: Loosening close to free edge 

pane~= .e = 09 
AC = f 
AD= e 

D 

We also assume that the free edge of the panel remains perpendicular 
to the sub-face and that the panel does not undergo any other 
deformation. It can be seen on figure B 19"that the distanced 
separating the upper angle of the panel from its original position 
is equal to the sum of the two deformations: d = d + d , where d 
expresses the deformation due to rotation and d2 the de~ormation aue 
to the thickness of the panel. 

d = dl + d2 (1) 

If the length of the arc OMA is assimilated to its cord OA, it can be 
said that OA· "' i and that: 

f
2 = dl(l~-dl) = 2~dl " d~ 

or, if d1 is very small compared to f and ~: 
. £2 

dl "'21-

0n the other hand, we can write d2 = e sin 20 , or: 

with: sin0 OA 

Or: 

2 sin 0 cos 0 =e. 2 sin 041- sin2 

f 
0!-~-

2ef 

(2) 

(3) 
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. . whence,. by carrying (2) and (3) into (1): 

Since f. is very small compared to Q. ,- we cau. wcite 

Example_of the application 

do:~ 
Q, 

The experimentation showed that the uncementing [or·loosening] generally 
took place over approx. 10 em, with the arcs being on the order of 
several milimeters. 

Taking a 50mm thick panel, loosened for lOcm: 

--if the is lrmn, d 2 50 1 
d "'lmm arc 100 

--if the is 2mm, d 
2.50.2 

d "' 2mm. arc 100 

--if the is 5mm, d 
2 . ·50 5 

d "' Srmn arc 100 

--if the is lOmm, d 
2 50 10 d "' lOmm arc 100 

Which produces the following seam openings j: 

lmm arc .... j 2nun 

2nun arc .... j 4mm 

5nun arc .... j lOmm 

lOmm arc+ j = 20mm 

Therefore, it can be seen that, for very slight: ·arcs (1 to 5% of the 
length of loosen tng) ~"e can have parasite openings larger than· ~he 
seam movement from the effect of temperature alone. That explains,irt part, 
~he great dispersions observed in the experimental measur~ents on 
uncovered panels and their high value compared t.o the theoretical calculation. 

B.4.6. Deformation stresses of the pair : insulation+ covering 

B.4.61. Numerical values, presentation of results 

Table B IV gives the model characteristics (insulation, c:overing, independence 
screen). 

Table B V gives the results of stresses and deformations: 

--in the insulation (Table B VI); 
--in the covering and screen (Table B VII); 

All of these results are goven for a thermal gradient of +10°C 
between the surface and sub-face of the insulation. The insulations 
selected have a coefficient of expansion of 5 . lo-Soc-1, with the 
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exception of cases If 20-17, 20-18, 20-19, 20 .... 20, 20-21 and 20-22, for 
which a = 7 . 10-Soc-1 The covering is subjected to a temperature 
rise of +l0°C. 

The curves resulting from the examination. of interesting poL~ts 
are appended to the report with the same numbering as the calculation 
models. 

The cutting qf tho~ insulation into slices is the same as that 
adopted for the insulations alone (eight Rorizontal slices, twenty 
vertical slices) . The means of representation adopted are also the 
same (see paragraph B.4.51) to which we add: 

--the displacements of the reinforcements and independence screens 
as a function of the distance from the center of the panel (at graph 
right ) ; 

--the stresses in the reinforcements and screens, as a function of the 
distance from the panel center (right of graph); 

--the shearings between the insulation and reinforcements and between 
reinforcements, in continuity with the shearings in the insulation 
(only the representation by vertical slice has been retained) . 

Some of these curves are given on figures B 20 to 24. 



TABLE B IV 

INSULATION + COVERING 
Make-up of calculation models, thermal gradient60= l0°C (cont.) 

! f.;rs..d.-n.;.._ \characteristics of insulati~ Characteristics of weather-seal covering Shear 
">llb-f4<<! 

1 ~Reinforcem'ts & screens Asph.~hick- Asph. ing 
(:·(:~i;.~ impos1 Test L(m) 

E G u E'.sc~:l. Ere,;.- t ... ~,.. shear nr,ss thick e (j 

(mm ("C-1) (daN/m'J (daN/m'J (''C'-1) a ~ ... ..X . f d 1 o ll<1fJ..i e under 'J4 AJj. ) , reo. o•(t- mo u s n ss 
screer No. f ••L 

[half · • r) ••-' daN/;~~j·~ betw. 
if_.or un 

d,.~; ... ~) !Panel 
_d.,tJI...,) . daJv,!.,) i .. ;:·,f. 2 r-ein P,engt~ d'er i 

I · · (nun) (nun) 
<;Qyer 

0.5 100 I 5.10 ~ 750000 170000 I 
I .1333 1333.1 J()6 ) .5 .1 ¥f«t.i(-) 20-2 u=O I0-5 

" >> 10-6 " " " " " 20-2 bis .. " " " 
20-2 l~r " .. " " " " I0-5 " .. lOS " " 
20-3 .. .. .. .. " " " " " 

J()4 " .. 
20-3 bis " " " " " .. " " " IOJ " " 
20--l " " " " " " " " " 10' " " 
20-5 t=O 0.5 100 5.10-~ 750000 170000 I0-5 13333 13333 106 1.5 3 

20-li " " " " " " . " " .. 104 .. " 
" " " IOJ " " 20-1\ bis " " " " " " 

I 
" " .. 102 

" .. 20-7 .. " " " " " 
.1 20-X u=O 0.5 100 5.10-5 7500<XJ 170000 J0-5 25000 25000 106 1.5 

" " " 104 " .. 20-9 .. .. .. .. " " 

" " 

I 
" 102 .. " 20-10 " " " " " " 

.1 ::!0-11 t=O 0.5 25 5.10-5 75!Xl00 170000 i0-5 25()()0 25000 1()6 1.5 

" " " 104 " " 20-12 " " " " .. .. 
" " " IO' " " 

I 
20-!3 " " " " " " 

.1 20-1-l t=O 0,5 100 5.10-5 750000 170000 I0-5 25000 251XXl 11)6 1.5 

" " " 104 .. " 20-15 " " .. " " .. 
20-16 .. " " .. " " " " .. 102 .. " 
20-17 t=O 0.4 60 7.10-5 210000 180000 1()-5 13333 13333 J(l6 1.5 3 

20-18 " " " " " " " " " 104 " " 

" " " IO' " .. 20-19 " " " " " " I 
7.10-~ 210000 I 180000 I0-5 25000 25000 1(16 1.5 J 20-20 t=O 0.4 (i(J 

" " " 104 .. " 20-21 " " .. .. " " I >) " " 10 2 
" " 20-22 " " " " " " 

21-1 t=O I 25 S.J0-5 750000 170000 J0-5 25000 250(Xl 1()6 1.5 3 

" " " " " 104 
" " 21-2 " " " " I 

" " " " 102 
" " 21-3 " " " •> " 

21--l t=O I 60 5.10-5 750000 170000 J0-5 25000 25000 106 1.5 3 

21-5 " " " .. .. j()4 .. I' 
E " " " " 

" " " " " 1112 .. .. 21-6 ' " " " " 
22-1 i t=O 0,5 25 5.10-5 750000 170000 J(J-5 25000 .. 104 1.5 .. 

I " " " " 3 .. 22-2 " " " " " " 
5.10--5 751XJIXJ 170000 J(}- 5 10000 50000 104 1.5 3 23 

I 
t=O 0,5 25 

5.10-5 75(XXXJ 171Xl<Xl I0-5 25000 25mo • 251X)O 104 0.5 3 -'I:J ~-1-1&2 t=O 0.4 -10 

I J04 0.) J -90 5.10-5 751X11JO 170<Xl0 J0-5 ·25000 25lXlO 2-1·3 T 0 0.4 40 

I-' 
N 
N 

Ref. No. f:omparative I 
Experimenta . 

1 
. 

d 1nsu at1on test 
!model from 
Table B I j 

(see Table I 

d. A XI) 

lng 
--l~ 20-1 .. .. 

" .. .. " 
" " .. " 

- 4~ ou I 7 - 1:!-2 .. .. 
.. .. 
.. .. 

-4X 20-1 .. " 

" " 
--!2 I 18-3 

" " 
" " 

- -lX ou 17 - 12-2 
... .. 
>• . .. 

26-,H-47 
; 

19-.1 

" " 

" .. 
.. " .. .. 
.. " 

-42 ll!-3 

" " 
" " 

-65 I 
» » 

N 
N 
w 



TABLE B v INSULATION + COVERING 
1-' 
N 
w 

BV-I INSULATION 
thickness 

TE Numerical values for 60=10°C Coordinates for location: fref edge 

fength L center 

.Disnlacements Nnrm;:t 1 ,:::· ·rp,:::,:::p,::: C::h.,;.<~rin, "'· 

mjn. rn:J.x. min ma~ 
hmax of ~ max. 

T min 

I iocation 

I Test n nun tl lll:t~ T 111~1\ 

of sur- in thic -o~:":tm 2 daN/m 7 d:t~im 2 I 
!face location d:t~/m2 

location I location ness of 
~(10-5m) insul.)_ No (to·> .... _ I 

I 

I J t•= o. "r.::l I 20-2 -O.X5 -.l.l 

I 
-);i) <=E. I~ L I) t I= l..r< E -)XII r =E. I= L liM I •·=0./=L 

{ e = o. V/ 
I 

~0-2 hi' -O.X5 -.1.1 ·-54) •:= E. I=!. I) I= l..e< E -.1X4 •·= E. I= I. 1111 e=O.I= I. 

{ e = n. 'II 
20~:! ICr -0.92 -.l.:! I - • .lllh <=E./= L II I= l..t•<E -.1.1X ,. =E./= I. 10~ r= 0.1= I. 

{ (' = tl. "' 

20-.1 -2.5 -J.7 - ~65 <=E. I= 0 I) I= l..t·< E -11111 ··~E.i=L Ill r = 0.1 =I. N 
N 

J t•=-= fl.~! -I" 

20-3 his -4.7 -~.9 -.11\5 o =E./= 0 II t /= l..e< E - .11.5 ,·~E./= I. 1~6 e = 0.1 = L 

{ (' = 0. "' 0 
2()-4 -- 5A2 -5.45 -.104 ,. =E. I= 0 II I= l..c<E - .l.n J <'=E./= L iJ.' { r=O.I=l. ~ z 

t r =E./= L II I= 0. Ve t-' 
20-S -l.ll7 -4.1\ -1>711 c =E. I= I. t )(~ e=0./=1 -50.1.1\ r= E. I= L .~X c =E.·/~ I. I 

rt 
-I. 4 '"I X I 

20-6 -.1.1\.1 -5.K -.1.1.< c=E'./=1 '15 e = 0./ = 7 -2~:! ,. =E. I= I. Jl •·= E. I= I. -1'-
-I. -L '-.J 

K K (X) 

20-6 bis -X,'I -9 . .1 --17.1 ,. ~E./= 0 1.11 r ~o.l~ .1 --59 ,. =E. I~ L· 5-l •·= E. I= I. 
1,() 

-L 
4 

20-7. --12,R ·- 20X <'=E. I= 0 lh') ··=0./=0 -X.5 ,. =E. I= I. 66 e =E. I= L 

e=O. 'II 

20-!1 -0:51 ·-2.ll5 -.11\7 e =E./= 0 II I= l..e< F. -.15: e ~E.!= l '17 •·=0.1= L 

20-9 -0.6 -3 .. '\:! -:<o7 t·= E./=0 II 
{ r = 0. 'II 

I= l..<' <: E -loll ,.·=E. I= I. 1117 e=O.I= I. 
,. = o. 'I' I 

20-10 -- 5.42 -5.-1~ ·- .104 e =E./= I. II I= l..r< E --.1 ,. =E. I= L 1.1-1 e=O.I= L 

20-ll --0.25 -1.5 -- Jll.' •·= E. I~ I. h5 e=O. 'I'= I. -7511 e =E. I= I. 'Ill e= E./= I. 

I 
4 

20-12 -- 1.1> -2.45 -- .11>7 e = 0.1 =0 '17 ··=0.1= I. -145 c= E. I= L lJ4 e =E. I= L 

I 
I 

4 
20-13 -10.3 -:!.~0 r =E./= 0 IM.5 

I 
r= 0./ = 7 -5 e= E./= L 1111 e =E./= L 

-L 

I 
X 

I 
20-14 -1.2 -4.1 --541 e= E./= I. XI ,·= 0./- L -43.1 e =E./= L .15.2 e =E. I= L 

~ 



Displacements 

Test ~max. of ~max.ij 
surfac·e insula 

No. 
(lo-Sm) tion I 

thickn. 
. (1 o-Sm)! 

20-15 -3,25 -5.~5 

20-16 -12.X 

20-17 --II.~ -~.05 

20-18 -~ . .1 -3 

~0-19 -11.8 

20-20 -0.::!2 -I.'J 
~0-21 -~.15 -:!.K 
20-22 - 11.75· 

21-1 -11.~2 -2.7 

21-2 -3.1 - .1.5 

21-.1 -14.~ 

21-1 -1.1 -3.7 

21-5 -3.\1 -'5 

21·6 -IX.XS' 

22-1 -:!.J -2.t.. 

2:!.:~ -2.'14 -.1.1 

~3 -2..13 -2.6 

24-2 + 17.9 ; 

j 

TABLE B V 

INSULATION + COVERING 

BV-I-INSULATION (cont.) 
Numerical values for t0 

Normal Stresses 
minimal I maximal. 

omin 
:j - "·11:1\T-· 

. ~-
daN/m2 

i J~a:"/m2 I 
location I location 

I I 

1- I 
-.1.17 ,. =E. I= J 

I 
'1l. c ~ 0. I -1. 

~I. 

-~'"'' ,. =E. I= .1 

I 
171 . c ~ o. I= 7 

--1. -·I. 
~ X 

--1-1-1 e =E. I= .1 ~l) .. = 0. 1-1. 
-L 

I 
~ 

-1~.1 e =E. I= ·.1 .In ··= 0.1 -I. 
-L 
~ 

-~7 •·=-E./=0 ~ c; 0. I= 7 

X 

·-.1t.2 '=E./= 3 
-L 

<J4 ,. = 0. 't/L 

4 
-· .15'1 e =E. I= 2 1117 ,. = 0. VI. 

-L 
.1 

-.167 r =E. I= 0 <J<J ··= 0.1 =I. 

- 137'1: ,. = E./=0 7X ,. = 0.1 = L 

Shearinl!s 
+·- Jl!in:imal I 

T min 
daN/m2 

location 

-~17 ,. = 0, I= L 

-····X.:' c = 0. I= I. 

--..WlJ ,. =E. I= I. 

- 15~ ··=E. I= 1.-

-7 ,. =E. I= I. 

-13!l~ ··~0.1= I. 

--:!()l) ,. = 0. I= I. 

_tJ.5 ,. = 0.1= I. 

-7% ,. = 0, I= I. 

-~5l) i ,. = 0.1= I. 
I 
! 

- 1~.5 

I 
c = 0.1= L 

-15:1 I •·=E.I=L 

- <JX I ,. =E. I= L 
I 
I 

-155 I ,. =E./= L 

- 'M 

I 
r =E. V/ 

maximal 
T lll<t.'{ r 

lht:":/m 2 

I 
location 

I 

~II 
,. 

,. =E./= L 

~ 

hh i ,. ~E. I= L 
I ' 1 

~h i ,. - 0. I= L 

~'I ('==E./:: L 

7 
no ,. =E. I= L 

' 

1711 ,. =E. I= L 

~ 

1711 ,. =E. I= I. 

7 
lXII I = 1.. ,. = 0 <1 E 

7~ •·= E. I= L 

7 
77 e =E. I= I. 

7 
'17 e ~ 0<1 E. I= L 

lJ:! e= E.f= L 

7 
•17 r=E..'=L 

4 

'1.1 e =I:. I= L 

7 
511 e =E./= L 

7 

N 
N 
V1 



Test 

No. 

i -· .. 

20-2 

2U-2 bis 

20-2 ter 

20-3 

20-3 bis 

20-4 
20-5 

20-6 

20~ bis 
20-7 

20-8 

20-9 

~0-10 

20-11 

20 12 

20-13 

20-14 

20-!5 

L.. 

TABLE B V - INSULATION + COVERING 
B V-II-COVERING 
Num~rical values for 60 = l0°C 

thickness 

Coordinates for location: 

free edge 

len~6"""n-------{ 
Maximal displacements Stresses in reinforcements portion of stres ~ Max. shearing Screen 

due to temp. 

lower reinforce upper reinforc lower reinforc rise 
a-= Ee1t 

botW(.e.. lot<+;;;;::._ 
""'~- (T upper reinforc '-~,v..la.l.~tot.. ""Ja..r. <r, 

~f"~;ll'\fD•<."· (aqtJf ... (ciQN(,.,)i 
~.:.,.~a.:._ ....... :t ~~~.~ ... d•<p~aa. .... ~~ lo"-"-f,~ .... 

<t -\,.:st ,., .. ~~~ ,.;~.r (.:Jf,d ~ti.JC. (T n,i .... cr (4..t """-'- cr lower U.fJ.' .. .-q,,\orcq .. •l .( • ._.. ·.tr. (ced~v (10-5m) !10-5m) @qe) ~ t cJ1.._4e•) fru. <1d.<jt. ) a.t<e.d~) rei~fof"Cf'WA.f rQi ... bl"rl""+ 
(daN/m) (daN/m) !daN/m) !<laN/m) (uaN/m) idaN/m) (dqN/.,..~) (d ... N(,..•) 

-O.Il5 7 
'i!L 

-O.!l5 7 
'i!L 

-4.47 -0,'12 -4.39 -0,'12 -1.333 -I.JJJ -JXO -75 - -

-·<J.ls5 7 
'ii-L 

-0.85 7 -L 
8 

-3.2M + 0.27' -3.2 +0.27 -0.133 -0,133 -3X4 -76 - -

-O.X6 7 -0.81 7 -4.62 -1.17 -4.02 -1.17 -1 . .133 -1.333 -3.1X -5fi - -
'i!L -L 

8 
-O.HK 2L 

4 
-0.675 2L 

4 

,-4,45 -0;92 -2.8 -I -1.333 - 1.3.l3 -166 -17 - -

-0.56 2L -0.23 3 -2.735 - 1.14 -1.62 -1.1\1 -1.333 -1.3.13 -JI -l.lJ - --L 
4 4 

-0.13 3/4 L -o VI -1.5\1 -1.26 -1.34 -1.325 -1.333 -1.333 I -.1.6 II - -
-1.87 2L -1.87 3 ,-6,l!l -0.54 -6.7 -0.54 -1.333 -1.333 -503.6 -107 -

I 
--L 

4 4 

-2.18 2L -1.9 3/4 L -7.36 -0.348 -4.62 -0.35 -1,.,33 - 1.33.' -2-t:! -JO - -
4 I 

-2.17 3/4 L -1.03 3/4 L -5.35 -0.136 -2.43 -0.61 - 1.333 -1.33.1 -5'} -6.2 - I -
-0.8 ~L -o VI -2.38 -0.832 -1.3K -1,282 -1 . .13.1 -1.3.13 -X.5 () - i -

2 
-0.56 4 

SL 
-0.56 4 

-L 
5 

-6,1 -2.05 -5.\1 -2.05 -2.5 -2.5 -352 -75 - -

-0.6 4 -0,;12 2L -6,22 -2.05 -3.95 -2.15 -2.5 -2.5 -160 -14 - I -
SL 4 I 

-0.08 ~L -o VI -'2.75 -2.45 -2.5 -2.5 -2,5 -2.5 -4 -o - -
2 

-0.25 7 0.25 7 -4.42 -2.35 -4.27 -2.75 -2.5 -2.5 -756 -50 - -
KL -L 

X 
-0.41 4 0,27 2L -5,08 -2.24 -3.34 -2.25 -2,5 -1.5 -145 -7 - I -

SL 5 
-0.35 2L -o VI -3,38 -2.07 -2.52 -2.48 -2.5 -2.5 -K.5 -o - -

5 
-1.2 2L -1.2 2L -8.35 -1.5 ,- X.25 -1,5 -2.5 -2.5 -43.1 -'!'! - -

4 4 

' 

-1.45 2L -1,15 2L -9,35 -1.2K -5.7 -1.38 -2.5 -2.5 --217 -~-1 - -
4 5 

N 
N 
0\ 



B V - III - COVERING (cont.) 

?---~-..-----------------··--------------·-···-···-··--· -······-------···---· -·-·-------r-------...,-------1 
Maximal dis.placements Stresses in reinforcements lnortion of strec-c 

Test 

No. 

20-16 

20-17 

20-18 

20-19 

20-20 

20-21 
20-22 
2.1-1 

21-2 

21-3 

21-4 

21-5 

21-6 

:!2-1 

22-2 

23 

2~-1 

:!J-3. 

ld~ -=Max. shearings Screen 
-------1 ue to temp. 

lower reinforc. ~pper reinforc. lower reinfo-~l~~er reinforc. ,._iscg= Eat petw. in~ betw. TI~in ·.Q max .cr 
ulation 2 ~ein_f~ee cent. 

dis-gl. ocation disQl. o~atiior1 fin. crd max.o tjn.o d ~ax.o · lower upper :.1st reil ~orce._; edge daN/m 
(lo-=>m) (1o-5m) ree e gE cent· · ree e gf_' cent· reinfor. reinf. daN/m2) (da.N/:m- (dc;WmO.<:.ente 

(daN/m) (daN/m (daN/m) ~daN/m) 

-0.45 L 
2 

-0.4 

-0.55 

-0,42 

-0.22 

-o 
-o 
-0.42 

-0.6 

-1.23 

-1,12 

-1.5 

-.1.92 

-0.6 

-0.64 

-0.57 

-2.4. 

-~.1 

2 

-o 

-0.4 

-0.4 

-o 

--0.22 

-o 
-o 
-0.42 

-0.45 

-0.1 

-1.12 

-1.27 

-0.22 

-l·.24 

-1.66 

-2.9 

'\II 

~L 
8 
L 
2 
L 

-3.6 -2 -2.52 

-3.05 -1.16 -2.98 

-3.53 -1.08 -2.27 

-2.11 -0.96 -1.36 

-4.26 -2.31 -4.13 

-4,89 -2.2 -3.3 
-3,3 -2.15 -2.51 
-4.42 -2.38 -4.36 

-5 -2.33 -3,66 

-4.295 -1,79 -2.63 

-6.83 -2.145 -6.73 

-7.85· -2,01 -5.25 

-5.16· -2.335 -2.7 

-5.876 -2.062 

-5.711 -1.96 

-2.78 -0.8 -6.59 

-7.19· + 3,19 -5.61 

-12.3 + 8.26 -8.22 

-2.47 -2.5 -2.5 -l\.5 -o 

-1.16 -1.33 -1.33 -450 -50 

-1.08 -1.33 -1.33 -153 -II 

-1.31 -1.33 -1.33 -7.8 -o 

-2.31 -2.5 -2.5 -420 -47 

-2,25 -2.5 -2.5 -144 -8 
-2.49 -2.5 -2.5 -7.8 -o 
-2.3M -2.5 -2.5 -1362 -33 

-2.33 -2.5 -2.5 -209 -9 

-2.39 -2.5 -2.5 -9.5 -o 

-2.145 -2.5 -2.5 -7% -62 

-2.01 -2.5 -2.5 -259 -17 

-2.335 -2.5 -12.5 -o 

-2.5 -153 

-2.5 -91! 

-4.54 -I. -5 -155 -14 

+0.97 -2.5 -2.5 -57 -25 -8,15 + 7.37 

+ 3.6 -2.5 -2.5 -90 -41 

N 
N 
--..! 
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Test Calcula 
tion 

No, 

I 
No. 

-48 20-2 . 20--3 . 20-4 

.. 20-5 .. 2().6 
,. 20-7 

: 

" 20-8 

" 20-9 

" 20-10 

-42 20-11 
» 20-12 
,. 20-13 

-48 20-14 
» 20-15 
» 20-16 

on 
20-17 
20-18 
20-19 

» 20-20 
» 20-21 
» 20-22 

-42 22-1 
» 22-2 
» 23 

TABLE B VI 

DISPLACEMENTS-INSULATION WITH ADHERING COVERINGS 
Seam opening--Stresses in the.reinforcements 

.. --···-··~--:···· ..... '--·--· ...... -·- . -··--·-·----·-·· 

Exper. displacements Calculated.displacem'ts Max. stresses 
of insulation of insulation reinforcem'ts 

-IO'C +25 'C lower upper 
i, J· 

.~ TOTAL ·Gross Hot Cold rein£. rein£. 
+25'C +60'C (AG=+to"c.) A~·= 1o"c.) ~9: 1o•c.) (daN/m) (daN/m) 

6 ... 1o·". .. ) (,.,to~ (, = lo .. 
.U.tJf ... 2. cl4~; ... .. 
~;:-... --;.;. ( ;il·. ri;.)· r-· 

<0.1 0,7 -07 0,85 23 22.4 
» » » 0,88 
» » » 5,42 0,76 

» » » 1,87 0.26 47,7 46.9 
» » » 3,63 
» » » 12.8 1,8 

» » » 0,57 0,0!1 42,7 41.3 
» » » 0,6 
» ·» » 5.42 0,76. 

<0.1 C,4 -0,4 0,25 1),035 30.9 29.9 
» » » 1.6 
, » , 10.3 1,44 

<0,1 0,7 -0,7 1.2 0.17 58,5 57,75 
» » » 3.25 
» » » 12.8 1,8 

<0.1 0,05 -0,05 0.4 0,056 21.4 20.9 
<0.1 0.~. -0.4 2.3 
<0.1 0,4 -0.4 11.8 1,6 

» » » 0,22 0.03 29.4 28.9 
» » » 2.15 
» » » 11.8 1,65 

<0.1 0.4 -0,4 2.3 0.3 41,16 -
» » » 2,94 0,4 40 -
» » » 2.33 0.3 19.5 46 

Displace- Recall of calculation 
ments of conditions 
insulati.o 

•. 

calct!iat -
from equi. E onditi.on Asp hal 
librium !reinforce. sub-face modult 
at 20°C (daN/m) nsulatio (daN/r 

l 1()6 
0.44 13333 u=O 10" 

102 

l J06 
1.03 !3333 T=O 10" 

J02 

l )()6 

0,42 25<XX> u=O 10" 
)()2 

l J06 

0.72 25<XX> 1:=0 10" 
1()2 

l )()6 

I 25<XX> T=O 10" 
)()2 

l )()6 

0.82 13333 1:=;0 10" 
102 

l ,., )()6 

25<XX> 1:=0 10" 
)()2 

si :1gle rein£ )()4 

- lo ;.rer 25<XX> '1:=0 » 

up per .'. IUXXJ » 

. 50<Xl0 

I 
! 
i 
' ! 

I 

N 
N 
00 
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panel r 
thicknes 

Case f/20-2 s b-1' . . -o Displacement Scale 
u au'!. u- 6 2 10-~m 

Asphalt G: 10 daN/m ........, 

. 
11' n in'2l 

10' 10:22' 22 

. reinforcement upper 
+----------------~~--------
1 
I 
I . lower reinforcement 

I 

.! 

I panel surface 
I 

,. g :2'1. 21 
,,,---~~-------+~--------------~~------~~-----------T 

e~' J : 

,,' ,' I 

after 71 f 7 before : 
displacement\ ~ 6 displ. ·: 

5' ... ,. 
,.\. 

' 3'\ 

o I 

' I \ I 
\ I 

' I \ I 

\ J ~ 

I 
i 
1 
~ . 
t 

panel sub-fa4e 
'\ I 

2'\\ 2 \., \ 

·-----·--------~·~~·~------~~~----------------~~----------------~ r lf free ~r 
edge 

!::1se /12-=4 ORIGINE 

Sub-face: u=02 112 124 TJ6 T48 to 
Asphalt G: 10 daN/m2 

12' . 24' 60' 

Panel center 

___________________ ) 
I 
I 

I . 
I 
i 

1' 1]' 49' 
1 u free 49 pane'! cer.ter 

edge 
Figure B 20--Deformations uf insulations covered .with 

~dhering covering 
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Case 1120-5 
Sub-face::r=O 

6 
., 

Asphalt G: 10 daN/m-

11'.J-:-jf-------- ------··-···- ··--·-··--·--------; "] ·o 

10'+-...;---<
0
------------

g· ,,, . -W-+-- ··-·- ··-··--· ---- --·--·--··-------·--~ . . . 
8', . . 

T . ! 
' l . 

1'L . 
I ' 0 

a" 
0 
0 .. T 

I : s'l ~ T 0 
I 0 

'!! + 0 0 

J'!. 
I 0 

2' ~ 
0 

0 l-
0 0 _ _, __ 

•• I' IJ' 125'1] 

Case 1120-7 
Sub.:..face: ~ = I) 

Asphalt G: 102daN/m2 

25 

12 2' 
11' 2" 

'';--- -2;. r- ::-.:=:-.-:.-::-.-: -::=----·:::: ::' :.-.-:.: =---=--=--=--==:--- 9 ~21 
a·t i 

\ I 

7'\. ~ 
' 0 5'\ '.. 

\ . 

j 

·-----------j 

~·\, \ I 
,.\ \. I 

\ . 
l'\ \ 

' . I 
2' + t 2 

I 0 i 
~---r.--~;-------------------------~~~1]~-----------------------------~-J 

Case fi2Z-1 
Sub-face: .,... ,;.0

4 
T .... 10-5 m 

Asphalt G: ·10daN/m2 ~ 
II I 
;~·r---------------------....J 
IO"t------'---------"----------__; 

ri······ 
1a· 
I 

t?· 
tt-''·' . 
~ s' 
' v 

I 

~)' 
I 
~ 1' 

I' 

Fig. B 20 (cont.) 
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Jisplacement 
L ~ 10·5 m 

r.asc II 20-2 

3 

.~mid-thickness, insulation 
2 

free 
edge 

insulation sub-face 

displacement 
i510· 5 m 

Case f/20-4 

3 

• ......--i!'!s,1lation surface 

2 

panel center 
~ 

Panel length 

~ower reinforcement 

o~==~~==~====~~~~~~~._H 
upp~r reinforcement + insul. sub-face 

Fi~ure B 21--Disolacements n.f cnvP.,-i.n~s !'.nr! insulations 
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_,,.,/mid-thickness of insulator 

/ 
ower & upper 

reinforcement & 
insulation surface 

Jillo-sm 
3 . 

insulation 

• ..-insulation surface 

Case 
.. -insulation surface 

sub-face 

lower reinforcement 

o~· ~==~~~~~====~~~ 
upper reinforcement 

Case II 20-5 

panel center 

Case II 22-1 

Fig. B 21-(cont.) 
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Case /120-2 

and lower reinforcements 

-1 

-2 

-3 

-6 

-7. 

Case /120-4 J udoN/m 
or~----~-~ _.1---11---<--+--->--41-··1 __. -+----<--·---<----<----

, 
I 

-I I 
T 
I 

i 
~ 

-·l 

Case 1120-5 

,.--lntJer re:i.ni;or.cement 

''-upper reinforcement 

~·pper and lower reinforcements 

Figure·B 22--Normal stresses.in the reinforcements 
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G""doN/m Case II 20-7 
or-._----~--------------~--~--~--~~ 

reinforcement 
-1 

" upper reinforcement 
-2 

-3 

a- doN/ m Case 1122-1 
0 t----+--+--t---+---t--+--+---+--l - ·-'--1-

-1 

-2 

-6 

Fig. B 22 (cont.) 
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T 6"'doNtmZ Case f/20-2 

f sub-face panal length 
I 

't~==--==-~-' ~ '_,, __ ~-; 
-sooV surface panel center 

T 

fr.ee 
edge 

r 6"'doNtm2 Case f/20-4 

0~-a-c_e ________________ ·--~ 

-500~ ,-uR:-:F-AC_E ____________ .c.361. 

T U" doNtm 2 

+100t 

I 

-300~ 

I 
-400~ 

-700 .. 

Case 1120-5 

sub-face 

SURFACE 

Figure B 23-Distribution of normal stresses 
in the insulations 
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Case 1120-7 
sub-face 

· Case 1122-1 

sub-face 

SURFACE 

Figure B 23 (cont.) 
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.. Distribution of shearing depending 
on thickness of models insulation+ 
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ell 

iii 
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1: ..... 
f• 
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I oa~el 4·-Between upper r~inforcernent 
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Figure B 24-Distribution of sheari..."lg stresses 
in insulations and coverings 
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_ J "C doNim
2 

+1~~-

Case /122-1 

0 ~=::::;:.-...c:::~-4-\--b::i--'----i; ____ _. 

Fig, B 24 (cont.) 
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B .4. 62. Test of the model of behavior of insulation + covering 

The types of deformations and distribution of stresses in the in~Jlation 
and the covering vary depending on the pairs of insulations and coverings 
and depending on how the insulation is attached to its. immobile support. 
Figures B 20 through 24 present the results for the following principal 
types: 

--Panel cemented at the sub-face with non-deformable cement with 
two-layer aqhering covering: 
--Case II 20-2 (asphalt with high modulus); 
--Case II 20-4 (asphal.t with low modulus) ; 

--Panel free at sub-face with adhering two-layer covering: 
--Case 1120-5 (asphalt with high modulus); 
--Case II 20~4 (asphalt with low· modulus). 

--Panel free at sub-face with single-layer adhering covering:· 
--Case II 22-1. 

--Panel free at sub-face with independent two-layer coveting with 
independence screen: 
--Case # 24-1 and 2. 

--Panel free at sub-face with independent two-layer covering without 
independence screen: 
--Case II 24-2 and 3. 
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Cases without gradient were not studied, for the reasons already 
discussed in paragraph B.4.52. 

B.4.63. Influence of the parameters 

From the analysis of all the cases shown pn tables B IV and B V, 
The following observat:ions ou the maximal values of the displacements 
and stresses can be drawn: 

1) Concerning the stresses and deformations of the insulations compared 
to those without covering 

The shearing modulus of the asphalt has a considerable influence 
on the value of the stresses and the deformations of the insulations. 

In fact, if the models 20-1 (insulation cemented on the sub-face 
free on the surface) are compared with models 20-2, 3, and 4, the following 
values are found: 

Model I Asphalt I '"~·l•Cinn rl;,nlac~tj Nnr.m;~l r&'t:r"!!"-"l"'!" Shearines 
(modulus 

(10-'m) (da /m') (daN/m') 
No. 

(daN/m') Max. at Max. if no 
:J'min Om:.• ":'.nin 

Al',..f=eco t- ", ..... .f',('p 

20.1 - -5.7 -363 0 0 

20.2 10' -0.85 -3.1 -545 0 -380 

20.3 10' -0.88 -3.8 -365 0 -166 

20.4 JO' -5.42 -5.45 -364 0 - 3.6 
I 

If models 12. 2*(free insulation at sub-face and free on surface) 
are compared with models 20.5, 6 and 7, we find: 

a!';Rat+t 
! Insulation disolacem •-ds Nnrm.<~.l stresses Shearing 

Model 1110 u s 1 (10-' mm) · ~ (daN/m') (daN/m') 

No. (daN/m') max. if 1 max. if n t 
:J,nln J I cr .... ";'min 

CD ~nx-Fi!~ CD sur~ac;:_e 
I 

12.2 - -11.4 - -187 187 0 
20.5 10' - 1.87 -4.6 -670 82 -503 
20.6 10' - 3.63 -5.8 -333 95 -242 
20.7 10' -12.8 - -208 169 - 8.5 

On can deduce from these tables and from the comparisons that can 
be made with the other cases (20.1 with 20.8,9,10; 12.2 with 20.14, 
15,16; 18.3 with 20.11,12;13 and 22.1,2; 14.3 with 20.17,18,19,20, 
21,22) the following conclusiuu::; : 

•tu:l'l 

135 

100 

10 

133 

't .... , 

66 

38 

41 

66 

*Model 12.2 is 0.40 m long, whereas model-s 20.5, 6 and 7 are 0.50m long, 
.all other characteristics are equal. This explains that the deformations 
of model 20.7 are slightly higher than those of model 12.2. 
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--for the insulation panels cemented to the support, the modulus 
of shearing of the asphalt and the resistance of the reinforcements 
practically does not influence the normal stresses, influences 
the shearings moderately, but considerably influences the displace
ments of the insulations. 

--for the insulation panels free from their supports, the modulus 
of shearing of the asphalt has an average effect on the stresses, 
considerable effect on the shearings, very great effect on the 
displacements. 

2) Concerning the stresses and deformations of the reinforcements 
of the adhering coverings 

Modulus of shearing of the asphalt 

The modulus of shearing of the asphalt has a considerable influence 
on the value of the stresses and deformations of the reinforcements. 

In fact, if the models 20.2, 3, 4 (insulation cemented at the sub-face) 
are compared, we remark that: 

--the displacements and stresses of the upper reinforcement are in 
direct proportion to the modulus of the asphalt; 

--the displacements and stresses of the lower reinforcement are 
maximal for an asphalt G on the order of 105 or 104 daN/m2; 

--at a high modulus, the displacements of the reinforcements are 
identical and the stresses are distributed au prorata o.f the moduli; 

--the portion of the stress due to temperature rise of the reinforcement 
(o = E.a.t) is considerable. When the asphalt modulus is low, 
that is the only cause of stress in the upper reinforcement and 
the major cause for the lower reinforcement. There is no insulation
cove ring interact_iQn 

I Reinforcement dis-~einforcement stresses 
asphalt ~cet~O-'m) (daN/m) 

Model modulus 

I 
I 

No. 
(daN/m') loHer unner 

lower upper 
I ~min "'";>'. 

11!"'0 Omu 

--- --- ---
20.2 10' -0.85 -0.85 -3.28 0.27 -3.2 0.27 

20.3 10' -0.88 -0.675 -4.45 -0.92 -2.8 -1 

20.4 10' -O.Oll 0 -1.59 -1.26 -1.34 -1.325 

The sa me ooservat:~ons can oe made tor models .lu .... ,b,t\..tree insulati on 
at sub-face)· 

I !teinforcrrw~"m) 
Reinforcement stresses 

rlis~lace 
(daN/m) 

Model As~ halt I 
mtil~»J·,~r 

ments lower upper no. 

lower I upper ~min '3mn :l',nln ·::1mu 

- --- ------
20.5 10' -1.87 -1.87 -6.81 -0.54 -6.7 -0.54 

20.6 10' -2.18 -1.9 -7.36 -0.348 -4.62 -0.35 

20.7 10' -0.8 0 -2.38 -0.832 -IJS -1.282 
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. Cementing of the. insulation .on the sub-face 

I£ models 20.2~ 3·, 4 are compared with 20.4,5, 6 and then 20.8,9 
with 20.14,15,16~ one notes that the stresses and deformations are 
almost doubled when the insulation is free. 

0 

I 
a (dnN/m) (10-'m) 

N• G I I 
(daN/m') 

I I lower upper 
lower upper 

O'rnin :1..,., ,-min Om;.~ 

--- --- --- ---
20.8 !()' -0.56 -0.56 -6.1 -2.05 -5.9 -2.05 
20.9 10' -0.6 -0.42 -6.22 -2.05 -3.95. -2.15 
20.10 10' -0.08 0 -2.75 -2.45 -2.5() -2.50 
20.14 10' -1.2 -1.2 -8.35 -1..'5 -8.25 -1.5 
20.15 10' -1.45 -1.45 -9.35 -1.28 -5.7 -1.38 
20.16 10' 0.45 0 -3.6 -2 . -2.52 -2.47 

Coefficient of expansion of the reinforcements 

The stresses are expressed by the formula: 

a = E -- - "<:t I = E -,- - E <:t I ( 
ou ) 3u 
ox ox 

where a is the coefficient of thermal expansion of the reinforcement, 

M9dels 20.2 and 20.2 bis.allow us to show the influence of this 
coefficient of expansion on the results: curve.20.2 bis is derived 
from curve 20.2 by a translation of value = E (a - a•)t. 

In addition it can be seen that the quantity E a t is large compared 
to the total stress, even of the most stressed reinforcement. 

--Cemented in~ulation 

G = 106: 
G = 104 : 
c· = 102·: 

E a t represents 30-40% of the maximal stress. 
E.a t represents 30-40% of the maximal stress 
E a t represents 100% of the stress 

--Free insulation 
G 106: E a.t represents 20-50% of the maximal stress 
G = i04: E ci i: represent~ 17-50~~ of the maximal stress 
G 102: E a t represents 25-75% of the maximal stress. 

~~efficient of thermal expansion of the insulation: (calc. 20.2 and 20.2bis) 

The stresses and deformations are not proportional to the coefficient 
of expansion of the insulation nor to those of the components of the 
adhering covering, except if the variation of the coefficients is 
the same. The values found could be extrapolated only from the 
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insulation~adhering covering binomial whose coefficients of expansion 
have varied in the same proportion compared to the initial calculation. 

Temperature gradient 

The stresses and deformations are proportional to the temperatU're· 
difference between the surface and the sub-face of the insulation, 
piovided this difference is equal to the variation of the covering 
temperature and that there is not initial stress or displacement. 
The calculati9ns were carried out for a temperature gradient of 
10°C. They can then be extrapolated to any other temperature gradient 
by a simple rule of three. 

Thickness of the asphalt cement 

Models 21.1 and 22.2 give the influence of the asphalt cement 
thickness on the reinforcement. Doubling the asphalt thickness 
only changes the displacements and the stresses· a· .few percentage 
points. 

Modulus of elasticity of the reinforcements 

Let us compare models 20.2,3,4 and 20.8,8,10: We see that doubling 
the modulus of elasticity of the reinforcements causes the coverings 
on a cemer:ted insulation to change.as follows: 

--a decrease of the deplacements of 34%; 

--an increase of stresses from 50-100%·. 

On the other hand, models i0.5,6,7 compared to 20.14,15,16. show that 
doubling the modulus of elasticity 6f th~ reinforcements br:i,ngs about 
the following changes for coverings on a free insulation: · 

--a decrease of displacements of 35%; 

--an increase of stresses of 20-25%. 

If models 23 and 20.12 are compared, one sees that: 

--the stresses in model 23 are almost proportional to the modulus 
9f the reinforcements; 

--if the stresses due to the expansion of the reinforcements are 
subtracted from. the two models: 

--the· stresses in the two reinforcements in modle 23 are practically 
identical; 

--the lower reinforcement in model 20.12 absorbs stresses three ti:mes 
higher than the upper reinforcement. 
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Reinforcemen 
I Reinforcem 't 

Test 0 

/. 
o, = (o- E.a t) modulus (daN/m') E.xt (daN/m') 

(daN/m) No. 
(daN/'!!') 

O'mla "~· I :::Simla a, .... 
10000 23 -2.78 Lower -0.8 -I ...,. 1.78 + 0.2 25 000 20.12 -3.08 -2.24 -2.5 -2.58 + 0.26 .. 

Upper 50 000 23 -6.59 -4.54 -5 -1.59 + 0.46 25 000 20.12 -3.34 -2.25 -2.5 -0.84 + 0.25 

Thickness of the insulation panel 

Models 20.11, 12, 13 compared .to 20.14, 15, 16 show that for a 
quadrupling Of the li1~ulation thickness: 

--with a low asphalt modulus, nothing .changes; 

--with an average asphalt modulus, the displacements are quadrupled 
and the stresses almost doubled; 

--with a high asphalt modulus, the displacements are quadrupled and 
the stresses doubled. 

Thicknes~ J Reinforc. displacem't normal stresses, reinfor. 
(10-' m) (d:iN/m) 

(; 

of panel •Test: of asphalt: 
lower upper No. (daN/m') (mm) lower upper 

O'min O'mu :l'mio "~· 

25 20.11 10' _:..-0.25 -0.25 -4.42 -2.35 -4.27 -2.75 
100 20.14 )0' -1.2 -1.2 -8.35 -1.5 -8.25 -1.5 

25 20.12 10' -0.41 --0.27 -5.08 -2.24 -3.34 -2.25 
100 20.15 10' ~ 1.45 -1.15. -9.35 -1.28 -5.7 -1.38 

25 20.13 

I 
10' -0.35 0 -:3.38 -2.07 -2.52 -2.48 

100 20.16 10' -.0.45 0 -6.3 -2 -2.52 -2.47 
.. 

The warne reasoning can be applied to models 21.1, 2, 3 compared to 
21.4, 5, 6 (these models are lm long): 

?a~el I T~::st I · 1 Reinfor. displacements. Normal stresses, Reinfor. 

I oo-• m) I (daN/m) 
G 

th~ckness N 
bf JUjp,~l lower upper I o. ' (a m·) 

(rnm,l 
lower upper 

alliin .-:r,,...1 Q"''" :l'mu 

-.-
25 21.1 10" ,., 0.42 -0.42 -4.42 -2.38 ,.... 4.36 ...,.2.38 
60 21.4 10' -1.12 -1.12 -6.H3 -2.14S -6.73 ·-114~ 

--- ---
25 21.2 10' -0.6 -0.45 -5 -2.33 -3.66 -2.33 
60 21.5 10' -1.5 -1.27 -7.85 -2.01 -5.25 -2.01 

25 21.3 10' -I.~ I 
-0.1 -4.29 -1.79 -2.63 -2.39 

60 21.6 10' -1.92 -0.~ -5.16 -2.335 -2.7 -2.335 
I 

~ 
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The increase of thickness in only 140%,'which provokes increases 
for the most stressed reinforcement: 

--at a low asphalt modulus, 50% of displacements and 20% stresses; 

--at average asphalt modului, 150% [increase] in displacements and 
60% [increase] in stresses; 

--at high asphalt modulus, 170% increase in displacements and 54% 
of stresses. 

Length of insulation panel 

Models 21.1, 2, 3 compared to models 20.11, 12, 13 show that, for 
a doubling of the length (from. 0.50 m to lm) for the most stressed 
reinforcement: 

--at a high asphalt modulus, the displacements are doubled but the 
stresses unchanged (this is normal since the stress results from 
relative displacements. .The displacements have doubled but, since 
the length has doubled, the relative displacements have not changed}. 

--at an average asphalt modulus, the displacements have only increased 
50%. The stresses have moved only a few percentage points; 

' --at a low asphalt modulus, the displacements have increased 250% 
and the stresses 27%. The.se stresses are practically equivalent 
to those absorbed by the reinforcement when the modulus of the 
asphalt is maximal. It can therefore b~ said that, for long panel, 
the reinforcements are stressed both when hot and cold. 

Reinfor. displacements Normal stresses, reinforc. 

Panel 
(10-'m) (daNim) 

c. Test length t of aspha t No. lower upper 
\M) (daN/m') lower upper 

a.nln am:n :l',nin o ...... 

0.5 20.11 10' -0.25 -0.25 -4.42 -2.35 -4.27 -2.75 

1 21.1 10' -0.42 -0.42 -4.42 -2.38 -4.36 -2.38 

0.5 20.12 J()' -0.41 -0.27 -5.08 -2.24 -3.Z4 -2.25 

1 I 21.2 10' -0.6 -0.45 -5 -2.33 -3.66 -2.33 

0.5 20.13 10' -0.35 0 -3.38 -2.07 -2.52 -2.48 

1 21.3 10' -1.25 -0.11 -4.29 -1.79 -2.63 -2.39 

Modulus of elasticity of insulation panels 

Models 20.14, 15, 16 compared to 20.20, 21, 22 show the preponderant 
influence of the modulus of transversal elasticity of the insulation 
panels. In paragraph B.4.53 we saw that a difference in length of 
25% practically changed nothing in the phenomena. It can therefore be 
considered that~ from the standpoint of length, models 20.14 and 
20.20 are comparable. 

' ; 
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If we interpolate stresses and deformations between models 20.11 
(thickness 25mm) and models 20.14 (thickness lOOmm) to find the 
stresses at 60mm, the following table can. be given: 

Insulatio Reinforcem't displace. Reintorcem't (daNt•n) 
Thick- jmodulus Model 

Asphalt (10-'m) stresses -ness of· modulus lower upper (mm) elasticit No. (daN/m') lower upper 

60 
60 

60 
60 

60 
60 

(daN/m') I 

:l'rnin a_, ::7mlo O'm.., 

--- --- --- ---
750 000 20.11 bis 10' -0.69 -0.69 -615 -1.95 -6.13 -2.17 
210 000 20.20 10' -0.22 -0.22 -4.26 -2.31 -4.13 -2.31 

--- --- ---
750 000 20.12 bis 10' -0:94 0 -7.07 -1.79 -4.44 -1.85 
210 000 20.21 10' 0 0 -4.89 -2.2 -3.3 -2.25 

~-- ---
750 000 20.13 bis 10' -0.40 0 -3.48 -2 -2.52 -2.84 
210 000 20.22 10' 0 0 -3.3 -2.15 1 -2s1 -2.49 

The modulus of elasticity of the insulation therefore has a considerable 
influence on the stresses and deformations, and increasingly so as 
the asphalt modulus is increased. 

B.4.64. Comparison with the similar experimental cases (Table B VI) 

The experimental verifications were devoted to the displacements 
of the extreme points of the insulation panels (located on the upper 
part of the free edge). 

Table B VI gives the values of the experimental and calculated 
displacements, as well as the stress~s in the reinforcements, for 
a temperature gradient of 70°C from the equilibrium state at -l0°C; 
then at 60°C, then at 20°C for a panel seam. 

The initial equations governing the stresses are: 

cr 

'( 

E (0u - a . l:.0) 
ox 

=~ oY 
Thetr result is that knowledge of the stresses and deformation~ ~t 
a given temperature is only a function of the moduli of elaSticity 
and shearing at this temperature and of the temperature variation l:.0 
between the initial state of equilibrium (stresses and displacements 
nil) and the final state. 

We have seen elsewhere that the stresses and deformations are proportional 
to t:.0. The calculations have all been carried out with a t:.0 of l0°C. 

The result is that, in order to know the stresses and deformat.ions. 
at the seam for l:.0 = 70°C (-10°C to .+60°C) from the state of equilibrium: 

--at -l0°C, the calculated value (for a l:.0 of l0°C) with the asphalt 
modulus. at +60°C is multiplied by 14; 

--at 60°C, the value calculated (for a t:.e of 109 C) with the asphalt 
modulus at -l0°C is multiplied by 14; 
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--the stresses and displacements of the hot reinforcements (60°C) are 
obtained by multiplying by 8 the calculated value (for a ~0 of l0°C) 
with the asphalt modulus at +60°C; these values cold are obtained 
by multiplying by 6 the value calculated (for a ~0 of l0°C) with 
the asphalt modulus at -l0°C. 

--the amplitude of the insulation seam displacements is obtained by 
taking the sum in absolute value of the following two magnitudes: 

1. displacement calculated with the asphalt modulus at 60°C, 
multiplied by 8; 

2. displacement calculated with the asphalt modulus at -10°C, 
multiplied by 6. 

Adhesion 

One notes that the displacements of insulation panels calculated are 
on the same order as those of experimental panels for a state of 
equilibrium at 20°C. 

The values of the stresses calculated are relatively close to the 
stresses at the elastic limit of finished products (from SO to 120 
daN/m measured on the finished products, from 20 to 60 daN/m calculated) 

Independence 

The model gives the stresses by excess in the coverings and the screens. 
It does not allow confrontation with the experimental cases for the· 
deformations of the insulating panels, to the extent that the 
hypotheses selected for the friction stresses are too rough (constant 
friction over the entire panel). 

The stresses in the covering (and the independence screen) were 
therefore maximized and those of the insulation supports were 
rendered absurd. 

In reality, the covering (or the screen) only rubs on its support 
when the shearing between it and its support exceeds the friction 
stress. Below this limiting value, there is elastic shearing. 
Above it, there is friction shearing, or constant shearing = friction 
shearing. 

If we assume that the. insulation always develops the same stresses, 
we can therefore go from the adhering state, where the distribution 
of these stresses is known perfectly, to the independent state by 
the following artifice (Fig. B 25). The solid line curve represents 
the shearing between the covering and the insulation in the case 
of adhesion (as ordinate, the shearing value, as abscissa, insulation 
length from the free edge). The discontinuous line represents the 
shearing between the covering and the insulation in the case of 
independence, established in such a way that the surface S2 is equal to 
the surface Sl. The shearing curve has been smoothed for all values of T 
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Fig. B 25--'Shearing between insulation 
and covering. 

0 b.._ ==::-_---J~b~~------------~~===:==-::::;-· 
Free t" at. 

enae all noints 
value oft' at each point panel center 

in excess of the .friction stress 'o• Then the displacements and 
the· stresses in the covering and the· insulation are calculated 
separately. by assigning as conditions at the limits the values 'i' 
at each vertex·: of the lattice of the suo-face of the covering and 
of the surface of the insulation. 

The result obtained will be an approached result.· The program does 
not allow making the direct calculation of the insulation + covering 
hinnmi.nl since interventions within the matrices of coefficients 
were not planned. In order to perform the real calculation, new 
data for the insulation + covering binomial, the values of T up 
to point 1 (Figure B 26) will have to be introduced, then tRe 

.condition of shearing continuity between the insula~ion and covering 
beyond.l must be given and the new curve -r

2 
mustoe redrawn at 

each point of the lattice. 

If a pQak ~ 'o remains, the process of distributing the surfaces and 
calculation is begun again and so forth ~ntil the peak disappears, as 
shown in figure B 26. 

In reality, it is not necessary to establish the curves 1" •·. The only 
·thing that matters is the abscissa of.points 1, (•, 1", etc., since 

the calculation beyond these points is made automati~ally. 'The abscissae 
of these points will however be given • with a gr~ter charice of 
being close to the equilibrium state i.f the surface from which the peak 
ras been removed is carried·into the portion where the peak has not 
been removed. 
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Ad.hering 

Manually made curve giving the abscissa 
of point 1 (Sf== S1) 
Curve resulting from these conditions at limits 
Manually made curve giving the abscissa 
of point 1' (Sz::: Sz) 

Curve resulting from these conditions at limits 
~~nually made ~urve giving the abscissa 

-- of point 1" (S~ == s3) . 

etc. 

t' at all 

Figure B 26--Shearing between 
insulation and independent covering . 

. . 

PART THREE: GENERAL CONCLUSIONS 

C.l.l. Review of mechanical hypotheses 

The initial hypotheses are the operation in the linear elastic 
zone along a single direction of the horizontal plane, as well 
for the insulation that supports the weather-seal covering as for 
the covering itself. The .coating masses only transmit shearing 
stresses. The reinforcements of the coverings undergo normal 
stresses of both traction and compressipn. 

C.1.2. Resul~s of the application of the model. compared to the 
experUnental results 

The comparisons which took place on the displacements of the edges 
of the ·surface of the insulation panels (covered or not covered 
with a weather-seal covering) have shown: 

--For insulations with a free surface: displacements of the panels 
calculated are 10 to 80% lower than.those measured experimentally. 
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However, the bending due to uncement ing (loosening) of the 
panel edge causes very great variations in the measurements, 
especially since.the deformation of the uncemented portion is 
not known. The measurements were performed on either panels 
cemented with asphalt over. their. entire sub-face but having 
loosening at the edges, or on pauels cemented only in the center 
portion. Therefore, there was al-:rost always bending.. Consequently, 
it is normal that the calculated values are lower than the measured 
values. The most reliable measurement (experimental model cemented 
with cement "[not asphalt]) prod.uces a 27% spread· in the displace-
ments. 

--For insulations with adhering coverings: the displacements 
calculated [were] on the same order ·of magnitude as those measured 
experimentally. The values calculated with conditions at the 
limits of nil displacement (panel cement~d by a non-deformable cement) 
and nil friction (panel installed free) are at elther extreme of 
the values measured experimentally .on insulation cemented with 
asi>halt. ' 

--For insulation with independent covering: The .method of accounting 
for the friction in tl)e ~alculations led to results that do not 
conform with the experiments and are contrary to the hypotheses and 
allowed us to.de.fine new hypotheses for calculation producing a 
better correlation and the principle of which is given later (see 
paragraph C.2.2.). · 

--The calculations were not made with semi-independent coverings, where 
we admit that the stresses are lower than those of adhering 
[covering]. The experimental verifications have shown that the 
stresses in the self-protected coverings that are semi-independent 
because of cementing at the panel center are lower than those of 
independent coverings under heavy protection. This seems to be 
essentially due to the fact that, since the coefficient of friction 
of the independent portions is identical in the -two systems, it 
is the lightest covering that is the least stressed by its insrilation 
panel support, 

The results are coherent- overall and of a permissible order of magnitude, 
especially in the case of adhering coverings, which is the area 
of the experimentat-ion -'truit is the most easily reproducible (absence 
of bending of the panels in particular) . · 

It appears useful to·refine: 

--the experimental methods, 'in order to limit parasite stresses 
and deformations and to increase the number of possible correlations 
with the results of the calculations; 

--the values of the various physical and mechanical characteristics 
at various temper_atures of the model eompo.pents; 

--the model itself, in order to account for the"asphalt cementing of 
the insulations, to account for the variations of the var·ious 
moduli of the ·insulations and cov-erings as a function of the temperature 

. l .• 
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and of time and tQ ~llow ~ simple calculation of the independence. 
Accounting for th.e asphalt cementing~ however, does not appear 
to b:e an absolute necessity, since· p-racti·ce snows that tne loosening 
often takes· place and lrrings· the system closer to that with an 
unceaiented sub-face, which produces the ·maximal stress and displace
ment values. 

C.2,2. POSSIBLE DEVELOPMENTS OF THE MODEL 

C.2.1. On the Data 

Specifically by use of the model established by UTI, definition of 
the periodicity of temperatures (annual, seasonal, daily) in order 
to know the number of cycles and their amplitudes, so as to approach 
the fatigue point (definition of the temperature zone for each cycle, 
perfection of the safety margin in relation to the gross calculation) 
and to use the comples asphalt modulus. 

Better definitions of the modulus of the coated reinforcements, 
for traction and compression, particularly at low speed (on the order 
of a mm/h),as a function of temperature. 

Better definitions of the expansion coefficient of the coated 
reinforcements (specifically the influence of temperature). 

Better definitions of the characteristics of the insulation panels 
(G, E,a.) as a function of temperature0and the nature of the stress 
(for E, verify the homogeneity of response between traction and 
compression). 

Definition of the law G (0) for the binders, in new and aged. state, 
for all of the temperature range and for the speeds and ·real durations 
of stresses. The complex modulus may have to be explored. 

C.2.2. For the calculations 

In order to solve the case of independence, use of the adhering model 
by smoothing (chopping)· the shearing values above the friction stress 
measured experimentally on the curve expressing the shearing between 
~he insulation and the adhering covering. The smoothed portion of 
the curve is then carried into the unmodified portion of the curve 
in order to define a new-distribution of shearing that does not exceed 
the value of the friction stress at any point and that preserves 
the totality of the stress applied to the adhering weather-seal covering. 

Since the modulus of shearing of the asphalt varies as a function of 
temperature, it is necessary to have recourse to exploration of 
the temper.ature zone by incremental ~ncreases. This is possible 
without modification of the program, provided that there are enough 
values of G(0) (for each step of the calculation}; a pass is repeated 
for each 60 with each value of G. 
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Relate the mechanical model to the model of tnermal behavior of 
flat terrace roofs established by UTI. 

Improve the presentation of results. Plan to provide curves in 
addition to the tables of values. 

C.2 .3. On t:he Experimentation 

Increase the number of measuring points for the displacements in the 
insulation and the covering and record them continuously. 

Measure the stresses at various points of the insulation and covering. 

Eliminate the bending in the measurements of panels with free surface, 
without introducing parasite stresses. 

Introduce the.thermal cycles from the study made by UTI on the ·thermal 
behavior of flatt roofs. 

While developments envisaged above do not allow accounting .for all 
t.he operational modes of a roof weather-seal, it is still possible 
to envisage more complex models with, specifically, behavior laws 
of the asphalt visco-elastic type. 
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A review of ~elevan·t data and analyses for aging and effective con-

ductivin oi rigid urethane and i;;ocyanurate foam. Simplified theoreti

cal models were formula~ed which indicate· the order of magnitude and 

limiting bounds for exact re;;ults. ~isting heat transfer models ~nder-

predict the meas~red.effective ~onductivity.by 25%.· The discrepancy is 

most probably due. to thet'lDal radiation transmission through cell walls. 

Effective diffusion coefficiefltS -~eported in the literature for different 

foam S~ples vary by an ~rder of magnitude. The differences are due to 

variations in cell ge6met~y and· cell wall permeability. 

Key Words:. Urethane f<;>am, insulat~on, thermal properties, aging, review, 

analysis. 
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Nomenclature 

D Effective Diffusion Coefficient 

d Diameter of Foam Cell .. ~ . ; 

F Shape Factor for Radiation 

f Fraction of Area Normal to Heat Flow Occupied by Solid 

J Mass Flow Rate per Unit Area 

k 
cd Effective Conductivity Due to Conduction 

kF E=fective Conductivity of Foam 

k 
g Conductivity of ~as Mixture 

k 
r Effective Conductivity due to Radiation 

k 
s 

Conductivity of Solid 

M Molecular Weight 

N Mole Fraction 

Pe Permeability of Cell Wall 

R Gas Constant 

T Temperature 

T Average Temperature of Cell 
m 

B Geometrical Factor for Diffusion 

c Volume Fraction .of ·Gas 

e: Surface Emissivity 

p Density 

a Stephan-Boltzmann Constant 
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I. Introduction 

Rigid urethane and ~socyanurate polymer ·foams are widely used due to 

their good thermal and uiechanical characteristics. Nevertheless, there 

still remain uncertainties ip the prediction of the thermal ·conductance~ 

of rigid foam insulation under operating conditions and over extended periods 

of time. The objective of this preliminary study was to identify the speci

fic areas in which more work is required in order to resolve these uncertain

ties. The relevant literature was surveyed for applicable data and predic

tive techniques. Limiting physical models were used to establish the proper 

magnitude of heat transfer and diffusional mechanisms. The work also high

lighted the major deficiencies of the current state-of-the-art and ident.ified 

areas for future research. 

The problem of predicting the insulation characteristics of urethane 

foams over extended periods of time is compl~cated by the fact that the 

thermal properties of the foam change with time. This change is due mainly 

to changes in the composition of the gas inside the foam. Initially the 

cells contain a high molec~.lar weight gas (usually R-11) which reduces the 

conductance of theroam. With time, however, air diffuses into the foam 

and the h_eavy gas diffuses out,and as a result, the conductance of the foam 

can double. Although the entire process may take several years, there are 

already significant changes in the thermal conductance of foam without 

diffusion barriers during the first year. The gas diffusion and the heat 

transfer processes are coupled since the conductivity of the gas is a 

ftmct:ion of its composi.tion, ancl at the same time, the gas diffusion coeffi

cient is a strong function of temperature. The time scales of interest for 
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each process are, however, quite different. Their ratio is inverseiy pro-. 

portional to the ratio of the effective thermal diffusivity of the foam 

-7 2 ' 
(a ::: 10 m Is) and the effective diffusion coefficient of the gases through 

-13 2 
the foam (D = 10 m /s). The t~e scale of the heat transfer process is 

therefore much smaller than that of the diffusion process~and even,for 

transient heat transfer calculations the gas composition can be considered 

constant (although not necessarily uniform). The solution ttl the problem 

can thus be divided into two par-ts: 1) determining the effective _conduct-

ance of the foam given the gas composition in it, and 2) determining the 

change in gas composition with time given the temperature history of the 

sample. 

The first segment of this review deals wit.h the heat transfer through 

the foa~ and the second segment with the mass transfer. In each case the 

relevant literature in the field was reviewed and simplified theoretical 

models which indicate the order of magnitude and Hn~iting boun_ds for the 

exact solution, were formulated. v1henever possible, the pred'iction$ of the 

;nodels were compared with the available experimen-tal data. 

II. Heat Transfer 

The heat transfer process in a closed cell foam can be characterized 

as heat trans£ er through a thin walled gas filled cavity. The gas normally 

occupies between 95% and 97% of the total volume. There are three possible 

heat transfer mechanisms: (1) conduction through the walls and the gas, ·· 

(2) radiation across the cavity and (3)" naturai co~vecd:on ins'ide the 

cavity. The standard assumption made by researchers in the field is that 

all three mechanisms act in .. parallel and, therefore, the effective conduct-
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ance of the foam is given. by the sum of the individual contributions; that 

is: :'" 

.. , - kcd+k +k r cv (1) 

The actual beat transfer process in the foam is more involved than 

suggested by Eq~ 1: The different beat transfer mechanisms operate in 

series in so~e regions of the foam and in parallei in others. It will be 

shown later that the convection contribution is negligible and the conduc-

tion contribution is mainly· ·due to conduction through the gas. Furthermore, 

since the gas is ·transparent to radiation, the coupling between the radia-

tive and conductive components of the heat transfer process·may not be a 

first order effect-. 
I . . . 

Eq. 1, therefore, represents a good first approximation 

to the actual ~6nductance of the foam. The three mechanisms (conduction, 

radiation and. convection) will be analyzed separately, and the resulting 

theoretical mod.el. wili then be compared with the available experimental 

data. 

A. Heat transfer mechani~s 

1. Conduction 

As noted by Stephenson and Mark [1], the absolute maximum . . ... - ' - -

conduction heat; .transfer .for the foam will be _obtained if all the solid is 

alligned in t,he d.:irection o; heat flow .so that conduction through the gas .. 

and the solid i.s in parallel .. The absoiute _minimum conduction occurs if 

all the solid ... is .perp~ndicular to the ·direction of heat flow, and the . ~. ' . . " . . 

conduction through the gas a~d solid is in series. These bounds can bE' 

express~d as:, 
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1 
< 1 - o'fk + o/ k 

< (1-o) k + ok 
s g 

(2) 
s g 

where cS is the gas volume fraction, ~~d kg and ks are the conductivities .Qf 

the gas and the solid, respectively. For a typical foam density of 35 

3 
kg /m , the range for ked is quite large, as shown in Fig. 1. If the average 

value between the two bounds were chosen' the uncertainty would be about ±23%. 

The uncertainty in the prediction of ked can be reduced by modeling the 

cell structure of the foam. Doherty et al. [2] presented a s~p~e model in 

which the cells \.•ere assumed to be parallelepipeds in line as shown in Fig. 

Z.a. The resulting expression for the conductance of the foam is: 

= 

(1 - f) k + f k 
g s 

f + o + (1-f-o) k /k 
g s 

(3) 

where f is the fraction of the area normal to the direction of the heat flow 

that is occupied by the polymer. A stm~lar eXpression was derived by 

Russell [3] for the case of cubical cells. 

In the real foam not all the cells are in line, as assumed in this 

mociel, but rather some of them will be staggered as shown iii Fig. 2b. The 

staggering of·the cells has the effect of increasing the effective conduc-

tion length. through the polymer ·and thus reduce the conductance of the foam. 

Consequently, Eq. 3 represents ~ upper bound to the conductanc~ of the foam. 

It has been frequently assumed in the literature that the ~as an4 the solid 

conductivities. act in parallel [4-8]. This assumption overpredicts ked by 

more than 10% over the results of Doherty's model which is already an J.lpper 

boU:nc of ked, (see Figure 1). 
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In a typical foam the cells are not spherical but elongated 

in the direction of the rise of the foam during the blowing pro~ess. Ex-

perimental measurements;indicate that the overall foam conductance is 

significantly higher c~ 15%) ~ the rise direction (i.e. along the larg~r 

dimension of the cell). This effect· is partly due to a larger ked in the 

rise direction, resulting from a higher value of f in that direction (Eq. 

3). 

Harding '[9] proposed a different model for the conduction contribution. 

He in·troduced a II conduction.-efficiency" for the polymer to take into account 

~he fact that the cell walls are at an angle with the direction of the heat 

flow. He the~ treated the conductances of the gas and the polymer as being 

in parallel. This model predicts values of ked slightly higher than those 

predicted by Doherty's model (Which already represents an upper bound). 

In the absence of a more elaborate model that would account for the 

actual shape and distribution of the cells in the foam, the best est~ate 

of k d is given by Eq. 3. c . 

2. Rr:idiation 

Although conduction is the principal mechanism for heat transfer in 

the foam, radiation is also important (except at very low temperatures). 

The existance of radiative he~t trans~er in the foam is clearly evidenced 

by the linear variation in ovet:all conductance with cell size reported by 

Ball et al. . [5]. Since conduction should only be a function of cell sh~pe 

and volume fraction of polymer, it should be independent of cell size. 

The rac~ation process has most frequently been modeled as radiation 
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across a matrix of parallel plates with a separation equal to the cell 

size [2,6]. The cell walls are assumed to be opaque, although no values 

for the absorption coefficient of polyurethanes are given. The resulting 

expression for the radiation cqntribution is: 

(4) 

wher~ cr is the Stephan-Boltzmann constant; ~. the surface emissivity; T , 
m 

the average cell temperature; and d, the cell diameter. Doherty et al. [2] 

suggest a value of ~ = 0.85. 

In the foam radiation takes place in closed cells rather than between 

parallel plates. That can be taken into account by introducing- a shape· 

factor into Eq. 4. 

(5) 

F has a value of 0.6 for a cubical cell model under the assumptions that 

(1) the polymer.behaves as a ·black body(~= 1) and (2) the side walls 

(i.e. the.walls parallel to the direction of the heat flow are at the 

mean temperature T ) . Eq. 5 with F = 0.6 is shown in Fig. 3. In the :case . m 

of opaque walls this value represents an upper bound on F since the real 

emissivity of the foam is less than one and there is a temperature grad

ient along the side walls. Both these effects would tend to reduce the 

net radiative heat transfer. Eq. 5 with F = 0.6 will be used in the com-

parison of the model with experimental results. As is the case with the 

conduction model, this radiation model represents an upper bound for k 
r 

if the cell walls are opaque to radiation. If the walls were not opaque, 
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however, the effective radiation path length would be larger than the cell 

dimensions and Eq. 5. could underpredict the radiation contribution. 

3. Convection 

Thera is agreement in the literature on the fact that convection does 

not play a significant role in the heat transfer pro·cess. There is no 

agreement, however, on the maximum cell size for whiCh convection can .still 

be neglected. Doherty et al. [2) cite Jeffrey's [10) criteria for onset of 

con.vection between horizontal plates and concludes that convection is im

por:ant only for cells larger than lOmru in diameter. Harding [9] suggests 

that Jeffrey's criteria is conservative since in a closed cell there are 

also side ~alls inhibiting the motion. Russell [3), on the other hand, 

sta~es that convection can only be neglected for cells smaller than 6mm, 

and ~kin tire and Kennedy [11) speculate that convection currents could still 

be significant in cells smaller than 3mm. 

The experimental results of Skochdopole [12] show that iri air filled 

foam insulation convective effects are ·negligible when the cells are smaller 

than 4 lll:il. For a one-inch thick sample with an overall temperature differ

ence of 60°F, this corresponds to a virtual Rayleigh number of 50, certainly 

a conservative luwer limit. For other geomet ri.es filled with ·air researchers 

have found that convection is negligible for Rayleigh numbers less than ··about 

1500. iro experimental results for freon filled fo'am insulation have been reported 
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in the literature. Ho~er, since the magnitude of the natural convection 

heat transfer in an enciosed space is closely related to the magnitude of the 

Rayleigh number (Ra -= g6p2c b.T d3/klJ). we can assume that convective effects 
p 

in freon filled foam can be neglected as long as the Rayleigh number is 

smaller than that corresponding to air filled foam with 4mm cells. The 

Rayleigh nuinbers of air and freon filled cells are equal when the cell dia-· 

meters are in the ratio: da/dt = 2. 7 . (for equal temperature gradients in 

both foams). Conseq\lently ,·-convection can be neglected in freon filled foams 

as long as the cell diameter is less than 1.5 mm. Typical foam cell diameters 

are under 1 mm and, therefore, convection can indeed be neglected. 

B. Comparison with Experimental Data for Heat Transfer 

The upper limit for the overall conductance of foam insulation can be 

expressed in terms of the results derived in the previous sections .as: 

(1 - f) k + f k s 

f + 0 + (1 ~ 

- r - c) k /k 
g s 

+2.4CJT
3

d 
m 

This expression Will be compared with the experimental measurements of 

Ball et al [4,5]~ Two sets of data will be compared: one corresponding 

(7) 

to the initial values of the foam conductancessand the other to the values 

measured after the air diffussion into the foam is complete (1-3 years 

later). 
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Ball and his co-workers measured the overall. conductance of· seven 

foam samples which differed only in their average cell diameter. All 

measurements were made at 0°C, which is below the boiling point of Freon 

at its initial pressure(= O.S·at). Vapor and liquid Freon were,therefor~ 

in equilibrium inside the cells. This fact allows us to calculate the 

partial pressure of Freon in the cells after the air diffusion is complete. 

KnOw-ing the partial pressures of air and Freon ( 1. e ~ knowing the cas com

position) one can calculate the thermBI conductivity of _the gas mixture 

using "Wilke's [13] formula:·-

k 
g 

n 2 [ -1. _+_<....;kl=-/-k..=.2_> l_/_2_<M-=2:.../":"'M~l)=-l-/-4] 
(8 + 8 M /M ) l/ 2 

1 2 

nz ~2 
+ 

n1 [1 + (k /k )
1

/
2

(M fM-)l/Z] 2 1 1 2 

where n is the mole fraction and M the molecular weight of each gas. After 

the air diffusion is completed the air mole fraction at 0°C is 0.71, and 

the thermal conductivity of the gas has increased from an initial value of 

2 . 2 
0.0082 Wfm °C to a.value of 0.0143 Wfm °C. 

The predictions of the theoretical model (Eq. 7) are compared with 

the experimental results in Fig. 4. It can be seen that the model under-

predicts the experimental ·measurements by about 25%. 

Note th~t the value of ked used in Eq. 7 is an upper b.ound to the con

duction contribution and, therefore, the discrepancy between the model and 

the experiments can only be due to the value of the radiation co~onent used 

in the model. This is corroborated by observing that the absol~te differ

ence between the model and the data remains constant and independent of the 

gas composition. ~~ereas, if the conduction model were erroneous, larger 

(8) 
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values of the gas conductivity would cause larger absolute differences 

between the model and the data. 

For opaque walls the radiation component is already at its upper .limit. 

Thus, it appears that the walls are not opaque to radiation; there is a 

significant transmission of radiation through the walls which increases the 

net radiation heat flux. These conclusions were not found in previous 

analyses presented in the literature because these earlier models included 
. I 

adjustable constants used to fit the models to. the data or the mode1s were 

not directly compared with experimental results. 

III. Mass Transfer 

The overall conductance of foam insulation is closely related to the 

cond~ctivity of the gas inside. the cells. Gas diffusion through the foam 

and becween tne foam and the surrounding ambient air is the primary cause· 

for the variation of the foam properties with age. 

Although tne .foam is made up of discrete cells, it can be shown [15] 

that if the cells are much smaller than the sample size, the· mass transfer . 

process through the foam "is equivalent to diffusion through .a homogeneous· 

media. Such a ?rocess is governed by Fick 's mass transfer equation: 

J. = -D. grad (p.) 
-l. l. l. 

(9) 

where J is the mass flow rate per unit area; D is the effective diffusion 

coefficient; and p is the gas density. The subscript .i refers to the particular 

gas being considered (02 , N
2 

or Freon). Ballet al. [5] have.shown that 

the experimentally observed variation of the foam conductance can indeed 

be reproduced analyticalLy by calculating the internal gas composition from 

Eq. 9, using s~~table values for the diffusion coefficients. The problem 
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is, therefore, reduced to finding the values of the·different diffusion 

coeff;cients. 

A. Effective diffusion coefficients 

To calculate diffusion, the foam can be considered a homqgeneous 

media with an effective diffusion coefficient. ~wever, details of the 

foam properties and geometry must be known to properly predict the @ffective 

diffusion coefficient D. Experimental observations have shown that D varies 

with polymer permeability for the gas being considered, temperature, foam 

density, and cell geometry. What is required is a model that explicitly 

predicts the influence of each of these variables. 

· 1. Theoretical Model 

For the simplified cell structure shown in Fig. 2. a, the mass 

flux through the foam can be expressed as 

J . = 
l. 

(10) 

where Pe. is the polymer permeability; 6p, the partial pressure difference 
l. 

between adjacent cells; and W·; the cell wall thickness. With the perfect 
I 

gas assumption, t.he partial pressure of a given component is related to its 

mass fraction by p1 =pi (Mi/RT). Furthermore, when the cell size is sma11 

relative to the overall foam dimensions, the partial pressure gradient is 

ap.protimated by 

dpi 
-= 
dx 

(il) 

where b is cell dimension in the gradient direction. The ratio b/w is re-

lateci to the foam density through the surface to volume ratio of the cell 
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structure 

(12) 

where pF and pp are the foam and polymer densities respectively, and a 

is a nondimensional parameter which depends only on the cell geometry. 

For a cubic cell a has the value of three. 

-Substituting Eqs. 10 through 12 into Eq. 9, an expression for the 

effective diffusion coeffic.~ent is obtained 

= Pe. 
~ 

The cells in rigid foam insulation are usually elongated in the rise 

(13) 

direction of the f"oam during manufacture. This elongation can have a signifi-

cant effect on the value of a, as shown in Fig. 5. For a typical cell elong

ation of 1. 5 the effective diffusion coefficient in the rise direction is 

SO% larger than the coefficient normal to the rise direction. The pre~ic-

tion of a is further complicated by the fact that in the real foam not all 

the cells will be in line as shown in Fig. 2.a; rather, they will exh~bit 

different degrees of staggering. When the cells are staggered in the :di-

rection of the mass flow, .the effective- diffusion coefficient is greatly 

increased, as shown in Fig. 6. Thus, to accurately predict the value :of 

the diffusion coefficients a more sophisticated model of the foam cell 

structure is required. 

2. Experimental measurements 

Several researchers in the field have determined the effective diffu-

sion coefficients experimentally. Their results are summarized in Table 1. 
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Ball et al. [5] did not measure the diffusion coefficients directly; 

rather,they monitored the thermal conductance variation with time and 

then used Fick's eq~tion to fit the results and extract from them the 

diffusion coefficients. Their samples were aged at 70°C and l00°C. l'he 

diffusion coefficients at 25°C were extrapolated from those at 70°C and 

100°C using the results of Cuddihy and Moacanin [16] for the temperature 

dependance of the diffusion coefficient, that is: 

(14) 

where A and B are constants \o.'hich depend on the geometry of the cells 

a..'"'ld ·the polymer-gas combination. Norton [8] obtained the diffusion co

efficients by analyzing the gas composition inside a foam sample which 

bad been standing in air (or vacuum) for a prescribed length of time·. 

Cuddihy and Moacanin [16] calculated the diffusion coefficients from 

the rate of weight loss of samples kept under vacuum. The theoretical 

value for the diffusion coefficients of N2 was computed from Eq. 13 

assuming a cubiGal array of cells in line (8 = 3) and using the value 

for the polyurethane film permeability given in Ref. [ 7]. The values 

shown in Table 1 from different sources only agree, at best, within an 

order of magnitude for a given gas. Clearly, a more detailed under-

standing of the process is needed which explicitly relates foam geometry 

and solid properties to diffusion performance. 

B. Aging of foam insulation 

The diffusion coefficients of o2 and N2 are much larger than that 

of Freon and, consequently, the initial increase in conductance of the 
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foam is due ·primarily to inward diffusion of air. · .Aftet the diffusion 

process is complete the foam conductance has incr~a$ed'by about 50%. 

The r~te at which the foam conductance increases 'is mainly a function 

of the· sample dimensions ·and temperature (owing t~· th'~ strang temperatute 

dependance of D). In addition, the aging process can b~ slowed 'down 

substantially by providing diffusion barriers ·at 'the foam surface. 

These barriers can be thin plastic or metal films, 'or o'ther type of 

coating that has a much lower diffusion coefficient· than the foam. 

To illustrate the order of magnitude of the time periods involved, 

the characteristic aging times for a 2" slab were calculat~d. The re

sults are sho~'Il in Table ·2. The effective diffusi~n· coeffici.ent for air 

. . . . ., ' . . . -11 :2 
~as assumed to be equal to that of N2 and a value of 1.6 x·lo · m /s 

~·as used. This value corresponds to a· foam density of 3;5 kg/m3 and an 

aging temperature of 0°C. It can be ~een that withdut diffusion barriers 

the aging process is quite fast; in less than a year the foam conductance 

has increased by 40%. The presence of vapor barriers, however, slows 

down the aging process significantly. By varying the thickness of the 

barrier any desired performance can be obtained. 

The effectiveness of any diffusion barrier can be diminished by the 

presence o·f pinholes. However, when the barrier is bonded to the foam, 

the effects of pinholes will be severely diminished. Details of :the 

diffusion in the foam near the pinholes must be considered. 

Conclusions 

In order to accurately predict the performance of rigid foam insul-

ation over extended periods of time it is necessary to model the heat and 
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mass transfer procesl!les in the foam~ Neithe.r one of. these processes 

is yet fully understood, •.. 
. •'. 

The existing heat transfer model underpredicts the experimental .. . .. -.... . . 

measurements by .roughly 25%.... The discrepancy is due mainly to the in-

adequacy of the radiation model. Contrary to the standard assumption 

that the cell walls ar: .~paque to thermal radiation, the experimental 

results suggest t~.at there is significant transmission of radiation 

through cell walls .. In order to resolve this question, the radiative 

properties of the polym~·r must be determined. 

~ffective diff~sio~ coefficients reported in the literature for 

different foam samples vary by an order of magnitude, Experiments and 

analytical models of diffusion are needed to relate the effective diffusi-

vity .to cell wa~l permeability, cell wall ruptures, cell geometry, 

temperature, _gas composition. and diffusion barrier permeability . 

. !. 

·'. :. ; 
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TABLE 1 

E~erimental measurements of the ·effective diffusion coeff~cients 

., 10 2 of a polyurethane foam x 10 m· Is) . . . 
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TABLE 2 

Approximate Aging Times for 2" Polyurethane Foam Slab 

with and without Diffusion Barriers 

Ta Tb 

No facing 0.18 0.62 

1 mil Saran 2.7 18 

1 mil Tedlar 2.4 16 

1 mil Mylar 0.82 4.6 

0.7 mil Alum. Foil 0.60 3.0 

1 mil Polyethylene 0.20 0.69 

Ta- time .in years for the.effective conductance (w/o 
radiation) to increase by 10%. 

Tb - time in years for the effective conductance to 
increase by 40%. 
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Fig. 1. Conduction Contribution to the Effective 
Initial Conductance of Rigid Foam Insulation. 
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Fig. 2. Simplified Model of the Foam Ce·ll Structure. 
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CELL DIAMETER (in) 
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Fig. 3. Upper Limit to Radiation Contribution to the 

Effective Conductance of the Foam (Blackbody 

model). 
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Fig. 4. Comparison of Heat Transfer ~lodel with 

Experimental Measurements. 

-l.L. 
0 

i 
.-t-J 

't-
I 

'-.c -::l .,..., 
en 

I"') 

'o ...--
lJj 

u 
z 
<{ 
1-
u 
::::> 
Q 
z 
0 u 
w 
>' 
1-
u 
w 
Li. 
l.L. 
w 



~ 

0::: 
0 
~ 
u 
~ 
I.L 

w 
~ 
<! 
:c 
l/) 

4 
0 
l/) 

~ 
IJ.. 
IJ.. --0 

.. 

278 

7r---~-------.------------

6 

5 

4 

3' 

2 

1 

0 ., 

~I 

d"'l 

~0~ 
lim T 

D.L b E-+ oo 
I 

_,L 

o,, ~ =0.97 

.2 3 

E = b/a 

Fig. S. Effect of Cell Geometry on the Effective 

Diffusion Coefficient. 



~ 6 
0:: 
0 
1-
u 5 
~ 
w 4 c... 
4: 
:r: 
(j) 

z 
0 
(j) 

::) 2 
1.!_ 

LL 

0 
1 

0 0.1 

279 

Q2 0.3 
c/a 

j_ 
u 

i 

0.4 0.5 

Fig. 6. Effect of Cell Staggering on the Effe~tive 

Diffusion Coefticient. 



280 

THEORY OF ELASTIC MOVEMENT OF A HATERPROOFING MEMBRANE IN A ROOFING SYSTEM 

Dr. Jean-Yves Meynard, Siplast, Inc., Paris, France 
(Editorial revisions by Mr. Joel P. Porcher, Jr., Clemson University) 

1. INTRODUCTION 

Construction techniques have evolved very rapidly in many countries 

during the last ten years resulting in diversification of flat-roof sub

strates that are waterproofed. A wide range of waterproofing materials was 

offered. However, these materials sometimes gave unsatisfactory results 

eventhough their laboratory properties were often satisfci"ctory. 

One of the difficulties encountered in waterproofing would seem to 

result from incomplete kno~ledge of the phys1cal laws that govern the be

havior of the membrane. In this presentation we explain a hypothesis of 

elastic working of materials and then make use of the hypothesis by: 

defining a simplified practical formula that explains splitting 

defining a practical formula that explains accumulation of 
thermal .deformation · ·· 

drawing conclusions from this approach regarding development 
of roofing materials. 

2. WORKING HYPOTHESIS 

2.1 CAUSES OF WEAR 

Th~re are a number of direct and indirect causes of wear of water

proofing surfaces. The principal ones are: 

1) action of water, heat, wind and ultraviolet radiation; 
these phenomena are combined ~nder the. name, CLIMATIC STRESSES; 

2) movements of the underlying materials, whether structural of · 
climatic; these movements are grouped under the name, 
MECHANICAL STRESSES. 

The change in the properties of the waterproofing surface under the action 

of these stresses is called AGING. 
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2.2 HYPOTHESIS OF HORK WITH MINIMUM !~EAR OF 1-JATERPROOFlNG r~EMBRANE 

We shall now deal only with mechanical stre_sse~. We have triec! to 

determine the limits within which a membrane can be deformed under the 

action of substrate movement and return to its initial position when the 

stress is removed. Consequently the material behaves elastically and is 

able to withstand considerable cycles of movement without significant wear. 

Ideally, the membrane should be designed so that in-service stresses are 

within the elastic area of its stress-deformation. characteristic. 

Two main lines of research were followed. The case of stresses 

caused by movements of a substrate joint were studied first. For example, 

the joint movement of an insulating panel stresses the membrane. The 

second case related to stresses ~aused by general. movements of roof com

ponents. Examples of this latter case include movement of surface layers 

in the waterproofing membrane, or·of deeper layers, or of insulation. The 

second case is often confused with the first. However, these cases are 
. . 

two distinct problems for which there are different solutions. It is 

therefore important that we have full knowledge of these two problems. 

2.2.1 SPLITTING INDUCED BY MOVEMENT OF A SUBSTRATE JOINT 

2.2.1.1 PROBLEM STATEMENT 

A simplified model of a strip of waterproofing membrane is shown in 

Figure 1. The membrane extends in the direction of x and is of unit width. 

The following quantities were ·defined: /' 

v = movement of a point A located in the substrate; this movement 
creates a fissure with an open·ing of X 

u = movement of point D located in the coating ;~nd caused b.Y the 
movement of A 

£ = elongation per unit length in, the coating ,. 



where 

du 
e: = dx 
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h = height of coating and is assumed to·be small so that the 
movement is the same through the entire thickness of the 
coating. 

X 

'B --L!-~ 

.A~ 

Figure 1. Simplified Model of a Membrane Spanning 
a Joint in the Substrate. 

According to Hooke's law, the force, N, in the coating is: 

N = AEe: 

E = elastic modulus 

A = area stressed 

e: =strain in the material. 

Thus for a strip of unit w1dth and of thickness, h,: 

d" N = Eh e: = Eh ( d~) . 

( l. 1) 

( 1. 2) 

( 1. 3) 

The membrane strain, e:, is transferred from the moving substrate by a shear 

force, '• between the bitumen and the substrate. 

Equilibrium of an ~lement dx of the membrane is expressed by: 

N + dN + ,dx - N = 0 

dN crx=-•. ( 1.4) 

The shear stress, ,, can be related to membrane displacement by combining 

Equations (1.3) and (1.4): 



2 
- T = dN = Eh ~ . 

dx di 
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By assuming T to be constant, Equation (1.5) was integrated to yield: 

2 
Eh ~ = 

di 

Eh du 
dx 

- T 

TX + a N 

1 2 Ehu = - - TX + ax + b 2 . 

in which a and b are integration constants that must be determined. 

In the case of a fissurable substrate of great size: 

( 1. 5) 

( 1.6) 

( 1. 7) 

( 1.8) 

X = 2v. ( 1 • 9) 

At the crack, x = 0 and the movement, u, ·is also equal to zero. Therefore 

Equation (1.8) gives: 

hu = b = 0 • 
0 

If we designate by N
0 

the force when x = 0, then 

a = N · 
0 

from which 

Ehu 

and 
N = - TX + N

0 
. 

(1.10) 

(1.11) 

( 1.12) 

(1.13) 

At a certain distance J, called the slide length, movement u in the coating 

reaches v = % ; at this distance the coating no longer moves in relation to 

its substrate. It is therefore no longer subject to stress. 

Therefore when x = J, u = v, and 

( 1.14) 

Moreover, 
(1.15) 



from which 

No I 
J = -:r = 2 
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where I is the accessible measurement magnitude and ii, in effect, the 

distance that separates two immobile points of a waterproofing layer when 

it is subject to splitting. 

The Equation (l .15) is important because it enables us to calculate T, 

the friction constant of the coating on its substrate under conditions of use, 

on the basis of J and N
0

. Substituting Equation (l .15) into Equation (1.14) 

gives: 

and noting that 

leads to 

and finally, 

Ehv 

X 
v = 2 

EhX . T 

By use of the Equation. (1 .. 3): 

NoE:o 
X= --• 

(1.16) 

(1.17) 

( 1.18) 

(1.19) 

The tolerable joint movement, Xt' can thus be related to the ·elastic limit 

of the coating, Nee:e' and the friction force, •. 
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2.2.1.2 CONCLUSION TO SPLITTING PHENOMENON 

A relation was derived for predicting the behavior of a material for 

which the elastic limit, Ne£e' has been measured on a substrate in which· 

there has been a movement· X, resisted by the force L· 

It should be noted that Equation {1 .19) is rigorously exact only in 

an extremely precise case in which the two sides of the joint move uni-

formly over an infinite distance .. 

Despite its 1 imitations, however, Equation .( 1.19) can be a very useful 

tool. Some merits are listed below. 

1) It provides a means for classifying the coatings and determining 
the extent of their aging by measurement of their elastic limit 
with a traditional dynamometer. It provides a means of replying 
to questions from users and manufacturers of materials on the 
most suitable method, economically and technically, for water.
proofing a roof. 

2) It provides a means of measuring the friction force, T, and 
the effective elastic limit of the membrane by means of a 
laboratory machine that creates mechanically, with great 
precision, a fissure in a substrate with a given opening. It 
should be noted that the effective elastic limit is of the 
same order of magnitude as that measured with a dynamometer. 

3) The imprecision resulting from use of Equation ~1.19) in the 
cases most often encountered is less than the reproducibility 
of materials used for waterproofing roofs. Because we know 
the limits of the equation and because we use processes for 
precise measurement of the elasticity limit, the equation 
seems to us to be well suited for practical use. 

2.2.2 ACCUMULATED DEFORMATION INDUCED BY DIFFERENTIAL THERMAL EXPANSION 
OF ADHERED COMPONENTS . 

Accumulated thermal deformation is a general and complex phenomenon 

that occurs globally between the waterproofing material and the substrate. 

As a non-limited example, this deformation may develop between: 

a) two components of the.same material {aluminum sheet and glass cloth), 

b) two different materials in· a membrane, 

c) the waterproofing membrane and the substrate (a very frequent case), 



d) 

e) 

2.2.2.1 
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the waterproofi.ng substrate and the thermal insulation 
(when insulation i~ ~xtensive), 

the thermal insulation and the substrate. 

PROBLEM STATEMENT 

A simple case is the ·system composed of ~ waterproofing·membrane (1) 

bound to a substrate (2) by a thermoplastic adhesive such ·~s bitumen (3). 

This three-component·system is shown in Figure 2. 

;----------------) 
I (1) Membrane 

(3) Adhesive 

(2) Substrate 

Figure 2. Simple Model for Evaluating Accumulated Thermal 
Deformation as the Membrane (Component 1) Moves 
Relative to the Substrate (Component 2) 

Hhen the system is subjected to temperature cycles, .the membrane may 

move on the substrate. It is necessary to determine if the movement is 

irreversible, and to what extent it is d~maging. 

2.2.2.2 DESCRIPTION OF MATERIALS· 

2.2.2.2.1 BEHAVIOR OF THE r·1EMBRANE (1) AND SUBSTRATE (2) MATERIALS 

The membrane materfal (1) and the substrate material (2) are assumed 

to obey a linear law of thermal expansion: 

e:T = {a)( liT) (2 .1) 

where: 

e:T = thermal expansion 

a· = thermal expansion coefficient 

liT temperature variation. 
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Moreover, the membrane (T) and'substrate (2) materials are assum~d to be 

linearly elastic. Therefore, by Hooke's law for one dimension, 

where: 

and 

= F/A EF -E-

£F = mP-chanical expansion 

E = elasticity modulus ( _!!__) 
m2 

F force exerted on material 

A = cross-section of material 

a = F N A = stress (2 ) . 
, m 

(2.2) 

(N) 

(m2) 

( ~. J) 

It is also assumed that expansi~ns £rand EF are so small that they can 

be added with a good approximation when the material considered is simul

taneously subjected to a variation of temperature ~T and to a force F: 

where: 
E = expansion of a material subjected simultaneously 

to temperature variation ~T and to force F . 

ET = part of expansion caused by t.T 

EF part of expansion caused by F. 

(2.4) 

We should note that the two characteristics of the material, a and E, 

are positive. On the other hand, the other terms mentioned above can be 

positive or negative: 

~T > 0 = temperature increase 

~T < 0 = temperature decrease 

F > 0 = tension (2.5) 

F < 0 = compression 

E > 0 = expansion 

E < 0 = contraction 
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Figure 3. Action of a Temperature Cycle ·on the Composite When ~lone of 

the Materials Exceeds its Elastic Limit; Material 1 Passes 
Through OAB1C1B1R1 and Material 2, OABiC2B2Rz; the Arrows 
Indicate Tens1on and the Reversed Arrows Ind1cate Compression. 
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2.2~2.2.2 BEHAVIOR OF THE ADHESIVE 

The behavior of the adhesive was assumed to be represented by: 

a null expansion/contraction modulus (the adhesive can 
therefore follow the expansions and contractions of 
materials 1 and 2, without stress); 

an infinite distortion modulus, ·up to temperature Tb and 
a null modulus above. 

By applying these assumptions, it follows that materials 1 and 2 are adhered 

perfectly one against the-other up to ·a temperature of Tb and that the two 

materials move independently above this temperature. According to this law 

of adhesive distortion, materiali 1 and 2 shall move ~s a unit at any 

temperature less than Tb (temperature of fusion of the adhesive). 

2.2.2.3 BEHAVIOR OF THE ADH.ERED t1EMBRANE AND SUBSTRATE SYSTEt4 

Forces and deformations were calculated by first considering materials 

and 2 separately, i.e. when not _adhered together. When $Ubjected to the 

same temperature rise liT, they expand._to different strains because their 

expansion coeffici~nts, a 1 and a 2 , ~iffer. Therefore: 

e: ·= 
Tl . 

(2.6) 

( 2. 7) 

If the two materials 1 and 2 are adhered together,. they. are constrained 

to expand the same amount, so that: 

(2.8) 

This is possible only if the more expensive material exerts a tensile force 

on the other. Assuming that material 2 has the higher coefficient of 

expansion: 

(2.Y) 

the result is that material 2 exerts a tensile force of F1 on material 1 and 

conversely, material 1 exerts an opposite compression force, F2, on material 2: 
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(2.10) 

Applying the sign conventions indicated previously in Equations (2.5), we 

have: 
(tension) 

(compression) 

Force F1 causes expansion of material 1 and force F2 contraction of ma

terial 2: 

(2.11} 

(2.12) 

(2.13) 

We can deduce the equation for elongation of materials 1 and 2 in 

accordance with Equation (2.4}, under the combined effect of temperature 

rise ~T and of the force exerted by one material on the other. Thus, the 

total strain in materials 1 and 2 is, respec;tively, 

(a 1 }(~T) 
Fl 

(2.14) e:l +--
ElAl . 

( (12 )( ~ 'r) 
F2 

(2.15) e:2 = +EA. 
2 2 

Recalling tha~, according to Equation (2.8), 

e:l = e:2 

and, according to Equation (2.10), 

Fl = - F2 

it is possible to eliminate either e: or F from Equations (2.14) and (2.15}. 

The combination of these equations leads to: 
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Fl - F2 = 
(a2 - a1 )(liT) 
_,_ + _,_ 
E1A1 E2A2 

(2.16) 

and 

alElAl + a2E2A2 
[sic] e:l = e:2 = ElAl + E2A2 

(2.17') 

When materials 1 and 2 are adhered together, the movement occurs as if 

the composite has an overall expansion coefficient of a, where 

and, thus, the strain is: 

(2.18) 

2.2.2.4 ACCUMULATED THER~~L DEFORMATION 

It is possible for the membrane to move on the substrate. Thus, the 

amount of residual deformation should be estimated. 
c . 

If the composite of the two adhered materials is subjected to a tem-

perature rise, it expands in accordance with the law represented.by Equa

tion (2.18) until the adhesive reaches its melting temperature Tb. This is 

illustrated by curve OA in Figure 3. 

The state of the composite is i.llustrated then in Figure 3 by states 1 

and 2. When it reaches temperature Tb' the two materials separate and each 

then expands in accordance with its own law; material 1 expands in accordance 

with Equation (2.6) and material 2 in accordance with Equation (2.7) 

(state 3). Material 1 then follows curve AB 1c1 and material 2 curve AB2c2. 

Points c1 and c2 correspond to maximum temperature of the cycle Tc (state 4). 

~~hen the temperature drops, from Tc' material 1 follows curve c1s1 
and material 2 follows curve c2s2. At temperature Tb' the adhesive becomes 
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solid again and, when the temperature continues to drop, (state 5) materials 

1 and 2 contract together following the law illustrated by Equation (2.18). 

(state 6). This means that materials 1 and 2 then follow the parallel 

curves of slope a, B1R1 and B2R2, to temperature T
0

, the initial cycle 

temperature. 

It can be seen on Figure 3, at the end of the first cycle, that there 

is a residual elongation, Er2 , of material 2 and a residual shortening, Erl' 

of material 1. It is easy to calculate Erl and Er2 after noting that: 

oR1 = AB 1 and OR2 = AB2 
from which: 

Erl = (a1 - a){Tb- T
0

) 
(2.19) 

. Er2 = {a2 - a}{Tb- T
0

) 

There is therefore a movement of the two materials one in relation to 

the other, and this movement is irreversible since it is always in the 

same direction. These movements can be estimated in accordance with Equa-

tions (2.18) and (2.19), and the following deduced: 

(a2 -a1)E2A2 
Erl - - E-A +CA (Tb-To) 

1 1 2 2 
(2.20) 

(a2- al)ElAl 
(Tb-To) ·. Er2 E1A1 + E2A2 

(2.21) 

According to these two equations, it can be seen that: 

Erl = < 0 and Er2 > 0 (if a2 > a1) (2.22) 

Note that in accordance with the sign conventions expressed by Equations 

(2.5), Equations (2.22) indicate th~t Erl. is a contraction and Er2 is an 

expansion. 
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At the end of the first heating/cooling cycle; and before starting the 

second, we see that the composite may react in two ways: The firsi manner 

of response occurs when the elastic limit, Ee' of the two materials 1 and 2 

is greater than the imposed elongation or the imposed contraction, tnat is 

to say: 

( 2. 23) 

(2.24) 

In this case and during the second cycle, material 1 follows curve R1 s1 c1 
when heated and c1 B1 R1 when cooled. However, Material 2 will follow 

curve R2 B2 c2 when heated and c2 B2 R2 when cooled. The following cycles 

will proceed in the same way. It is seen in this case that the phenomenon 

is stabilized after the first cycle. 

T_he second manner ·of composite response occurs· when the elastic limit, 

t:e' of one of the two materials 1 or 2, is less than the· imposed elongation 

or the imposed contraction. For example, taking material 2: 

Ee2 < Er2 · 

At the end of the first cycle, material 2 will therefore creep to dissipate 

the siress corresponding to elongation OR2: At the start of the second 

cycle, the stresses in the material are eliminated and it will be in a· 

state similar to that which existed before the first cycle. Material. 2 

wiil then follow curve R2 B2 B3 c3 when heated and c3 B3 R3 when cooled. 
I ' . ' . . 

The new movement of material 2 is given by Equation (2.21). 

Because the material is subject to an elongation that exceeds its 

elastic 1 imit, it is at the same ·point as at the end of the first cycle. 

Material 2 is going to extend by creepiug at each cycle~· until it teaches 

its rupture point (Figure 4). 
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2.2;2.5 CONCLUSION TO THE PHENOMENON OF ACCUMULATED THERMAL DEFORMATION 

It can be seen when analyzing Equations (2.20) and (2.21) that: 

The only means of eliminating the phenomenon of residual 
deformation is to have two materials with the same ex
pansion coefficient (i.e. ·erl = er2 = 0 if a1 = a2); 
this is an efficient means of eliminating accumulated 
thermal deformation. 
If the elasticity modulus of one of the two materials 
is much greater than the other, its residual deforma
tion will be negligible (i.e. erl :::0 if E1A1 » E2A2). 
This corresponds to laying the waterproofing membrane 
on substrate materials that are much more rigid than 
itself or, conversely, to laying the waterproofing 
coat on a substrate that is much more flexible. 

These equations are independent of the maximum cycle temperafure, Tc' 

on condition that this is greater than Tb. Conversely, if the temperature. 

is less than Tb, accumulated deformation does not occur (for example, in 

the case of heavy roofs, non-insulated roofs or a roof under a heavy 

protection system that is very thick and prevents temperature ris.ing). 

For the record, this .temperature Tb is of the order of 40°C for a 100/40 .. 

It can be seen when examining Equations (2.23) and (2.24) that the 

only means of preventing the phenomenon of accumulated deformation is to 

provide materials with a high elastic limit. This elastic limit was 

defined earlier by: 

3. FINAL CONCLUSION 

Tne approach of defining the elastic limit of waterproofing membrane 

materials is suited well to solving problems encountered in roofing. When 

the materials are subjected to elastic deformation under the effect of 

substrate movement, they will then return to their initial dimensions whe~ 

the stress is removed. 
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This hypothesis associated with a voluntarily simplified mathematical 

development of the problem of splitting and of the problem of accumulated 

deformation has provided two equations which are extremely useful in 

prac~ical problems. The quality of materials ·or of waterproofing systems 

can thereby be assessed and classified, even when they are totally 

different (for instance, rub~er sheets, traditional or modified bituminous 

membranes), on the only condition that the· materials are not purely plastic 

and have an elastic limit. These equations are not absolutely precise 

but are adequate for the roof and the materials employed. 
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PRELIMINARY.STRESS EVALUATION 
OF THE EFFECTS OF GAPS 

BETWEEN ROOF INSULATION PANELS 

by 

J .. E. Lewis 

Research and Development Division 
Owens-Corning Fiberglas Corporation 

ABSTRACT 

Technical Center 
Granville, Ohio 

The results of a study comparing double-layer to 
from a membrane stress standpoint are presented. 
lysis is discussed with emphasis being placed 
studies completed using finite element analysis. 

The primary conclusions of this work are: 

single-layer insulation 
Prelimin~ry stress ana
on several parametric 

1) Failure to overlap double-layered insulation panels (also as in 
single-layered applications) can cause at least a 14 percent 
increase·in membrane stress. 

2) High insulation modulus and increased insulation thickness can 
adversely affect membrane stress levels in both single and 
double-layer applications. 

3) Finite element stress analysis techniques seem to apply well to 
built-up roof problems but still need field verification and 
further refinement to increase accuracy. · 
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INTRODUCTION 

Roofing failures carry very serious potential liabilities. 
Besides the costs of roof repairs themselves, failures such as 
leaks can cause significant damage to building interiors and 
equipment. Consequently, there is much interest in the 
development of an analytical model that can handle both heat 
transfer and stress analysis problems for built-up roof systems. 
Better understanding of these problems is a key to preventing 
roofing failures. , 

In·a preliminary study of the stress analysis problem reported 
here, , we have concentrated on the unwanted but commonly occurring 
gaps between adjacent insulation panels, just as in previous work. 
We have found the widths of these gaps, voids, or cracks, as they 
are often called, to range from 0.07 inches (1.8 ~illimeters) to 
as much as 0.27 inches (6.9 millimeters) or more. , They result 
from the cumulative effects of liberal panel construction 
tolerances, installation errors, and in-place thermal 
contractions. Unfortunately, gaps between insulation panels are a 
fact of life in the built-up roofing industry, and we need to 
better understand their effects to improve design. 

NOTE FROM THE AUTHOR: This work represents a continuation of work 
initially reported on in "Thermal 
Evaluation of the Effects of Gaps Between 
Adjacent Roof Insulation Panels" on page 80 
of the Octobe.r, 1979 issue of the Journal 
of Thermal Insulation. We recommend that 
readers review that article, whi~h will 
help in developing a, picture of overall 
modelling concepts and in tying the heat 
transfer part of this problem to the stress 
analysis discussed here. 
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Two types of joints are commonly used between roof insulation 
panels. Gaps occur in both. The first type, shown in Figure 1(a), 
is an "over-lapped" joint found in double-layered insulation 
applications. The second, shown in Figure 1(b), is a "non
over 1 apped" joint, norma 11 y found in sing 1 e- 1 aye red app 1 i cations, 
such as a single layer of fiberglass or a fiberglass/urethane 
composite. In order to reduce the number of variables in this 
preliminary stress evaluation, two layers of non-overlapped 
insulation panels were studied. This is essentially the same as 
one extra thick layer. 

All work described in this paper was based on the first of several 
analytical models developed at Owens-Corning Fiberglas using an 
in-house preprocessor plus a commercially available finite element 
program. As explained by I.J.Bence, a numerical methods expert, 
"The finite element method is a technique of creating a· 
mathematical model of a complex structure which is an assemblage 
of small, well-defined structural elements. Knowing the behavior 
of an individual element when ·subjected to mechanical and thermal 
loads allows the capabilities of modern, htgh-speed, digital 
computers to be used to solve the large matrix of e~uations that 
result from the model." These models fOrm logical steps in an 
overall analysis strategy progressing from the simplest to the 
most complex analysis. 

In th~s description, membrane stress considerations are held as 
most important. Insulation stresses and deflections are not 
summarized, since the primary concern now is whether or. not the 
roofing membrane fails. Failure in this case is defined as either 
ultimate structural failure or the leakage of water through the 
membrane, whichever occurs first. For the purpose of this study, 
we s·elected a "most likely" roof design candidate in order to 
study the predicted effects of various parameters upon membrane 
stress levels; Figure 2 shows the basic roof design geometry 
studied. This design was arrived at following numerous contacts 
with roof deck manufacturers and engineering design professionals. 
Note that the study described here summarizes only this one 
particular design case. Several other designs should be and are 
being evaluated. 

Since a large percent of the roof structures found under a typical 
built-up roof consist of open-span steel joists of varying depths 
spaced at 5 to 6-foot (1.5 to 1.8 meter) intervals and 1 1/2-inch 
(38 millimeter) deep, 22-guage, corrugated steel deck welded so as 
to be continuous, we chose that case to evaluate. Above the metal 

I 
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deck, we selected a double-layered· fiberglass roof insulation 
system to meet a fairly high R-value requirement of approximately 
17 (C-value = 0.06). The two individual roof insulation layers 
are each 1 7/8-inch (47.6 millimeters) thick. Various conditions 
of 3/16-inch (4.76 millimeter) wide gaps were assumed to exist 
directly over the metal deck's support point. A three-ply 
fiberglass membrane was chosen with a 30 pound ·(133 Newton) 
asphalt interply layer and a 60 to 70 pound (267 to 311 Newton) 
asphalt flood coat. For initial structural weight considerations, 
a gravel topping was assumed to be present. · 

Membrane stress, due primarily to thermally induced loading, can 
be considered as almost uniform throughout the roofing membrane 
except for areas of high stress concentration around the gaps 
between underlying insulation panels and around miscellaneous roof 
penetrations. Only the high stresses near gaps are discussed in 
this paper. Membrane failures in actual roofs very often occur at 
or near the location of these underlying gaps. 

OBJECTIVES 

The primary objective of the phase of the roof system modelling 
effort described here is to conduct a preliminary stress analysis 
of one typical built-up roof system. This initial stress analysis 
concentrates on the roofing membrane directly over the numerous 
gaps between adjacent roof insulation panels. 

,' 

Very early in the program, we found that accurately determining 
absolute stress values in a viscoelastic built-tip roof system was 
too complex a problem, with too many unknowns, to attempt in a 
single analysis. Therefore, we undertook the preliminary 
analysis, using a conservative approach to predict stress levels 
that we feel are higher than actual stress levels, yet accurate 
enough for relattve comparisons of one gap configuration to 
another. 

A second objective is to develop and encourage the use of an 
analytical tool to supplement normal testing practices. For many 
years, the roofing industry has relied heavily on basic testing 
procedures to solve design problems -. basically a trial and error 
approach. This approach requires costly detailed testing both in 
the laboratory and on field test roofs for any new concept or 
idea. Any slight design modification requires additional testing. 
Conducting these tests is time consuming and costly. Hopefully, 
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using an analytical approach to problem solving will reduce the 
number of tests required and open the door to muc~ faster and more · 
efficient design. 

Next, to be most.effective, an analytical tool must be completely 
evaluated to see if the results are indeed reasonable. Therefore, 
the third objective of this phase is to establish the potential 
validity of the structur~l model by varying the key input 
variables and key assumptions and measuring the effect on final 
analytical output. In· doing this, the results of these 
evaluations are checked for reasonableness. Experimental model 
verification is also underway both in the laboratory and at field 
test sites. However, this· ~ork is not discussed here since it was 
not complete at the time of publication. 

The final objective of this program phase is to form a basis for 
the more detailed and comprehensive roof system stress analysis 
efforts to follow. This particular preliminary·.stress study and 
the initial heat transfer· wqrk are considered the forerunners of 
more comprehensive future studies. Much effort was taken to 
develop a sound foundation for that future work. 

TECHNICAL BARRIERS 

Several significant problems stand in the way of any effort to 
structurally model built-up roof systems. Apparently no real 
attempt has been made to appJy modern analytical techniques to 
this type of problem on such a large scale. Since this is a 
pioneering effort, we have had to take particular care to avoid 
several barriers to a·practical solution. 

First, we had to recognize that the exact solution to the problem 
can become too complex and costly for practical use if not 
approached properly. Therefore, proper use must be made of 
appropriate simplifying assumptions. Stresses in a roof system 
are not just direct functions of strain but are also functions of 
time (creep nnrl stress relaxation effects), strain or loading 
rate, and temperature. For example, strain rates in actual 
roofing systems are. much slower than those commonly used for 
material tests. Since the final material property value tends to. 
vary with strain rate; the actual stress values on a roof are not 
the same as those simulated in the laboratory. Figure 3 shows the 
effect of strain rate on elastic modulus and ultimate strength of 
a typical three-ply fiberglass/asphalt composite. The 0.01 
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in/in/min (mm/mm/min) rate is similar to a commonly used test 
cross-head rate of 0.07 in/min (1.8 mm/min). The 0.00005 in/in/min 
(mm/mm/min) rate is the average actual strain rate measured by C. 
E. Nutter and S .. E. Johnson at Owens-Corning Fiberglas between 
1976 and 1978 on an actual built-up test roof (See Appendix B). 

A second technical barrier is that the material property 
information necessary for complete· structural analysis of a 
roofing system is generally not readily available. Normally, only 
a few values of load/strain modulus (the slope of the load/strain 
curve) and ultimate load are found for roofing membranes. 
Material property variations with temperature, such as shown in 
Figure 4, are not normally considered in enough detail. For this 
typical fiberglass/asphalt membrane, as in most roofing 
composites, the material's elastic modulus and strength are seen 
to change drastically with temperature. This sort of information 
is not generally available, so any analytical program must include 
a materials characterization program to provide the necessary 
property data. This additional work greatly increases time and 
cost requirements. 

Model verification is another barrier to developing a successful 
roof system model. As seen in the photoelastic study of a dogbane 
under axial load in Figure 5, the actual stress field in a 
felt/asphalt composite varies greatly from point to point so that 
location of peak stress points is exceedingly difficult. Thus, 
emphasis upon strain averaging techniques becomes important. 
Photoelastic studies have also shown that strain gages are 
ineffective on the relatively soft roofing membranes; strain gages 
actually stiffen the roof membrane making results unreliable. 
Much stress variation in actual installations also occurs because 
there are no tight controls on field construction of membranes 
(membrane thicknesses commonly vary by 50 percent). Statistical 
approaches, therefore, become necessary. 

Because of the inherent complexities of analyzing roofing products 
and the difficulties encountered in field verification, a final 
significant barrier occurs- that of field acceptance. Although 
the approaches used in this paper are widely and successfully used 
in highly technical fields such as aircraft and automobile design, 
they are new to the roofing industry and, therefore, will require 
much validation and re-validation. As confidence in results is 
gained, we feel certain that this type of analytical approach will 
prove itself quite valuable to the industry. 
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TECHNICAL STRATEGY 

The overall approach we are using to solve the complex problem of 
roof system stress analysi~ is a logical step-by-step procedure in 
which various types of analysis are completed, one at a time 
working from the simple to the complex. As each type of analysis 
is done, work is completed to quantify and evaluate the importance 
of that step. The steps used in the complete roof analysis are: 

Isotropic Linear 

Orthotropic Linear 

Probabilistic 

Temperature Dependence 

Non-linear Isotropic 

Time Dependence 

Fatigue 

Moisture Dependence 

As mentioned previously, this paper concentrates on isotropic 
linear analysis, the first method in this step-by-step sequence. 
In this analysis, we assume that materials do not vary with 
direction, temperature, or time. ·Fatigue and moisture effects are 
ignored for now. 

In addition to showing the specific roof system chosen for this 
study, Figure 2 also indicates the preliminary two-dimensional 
finite element model. The model consists of four layers of 
isoparametric plane strain finite elements. Isoparametric 
elements are advanced elements that allow for multiple mid-noding 
or subdivision along the element's edge or face. In this way, one 
can model a structure in greater detail using fewer elements. 
Effectively, the model has four t1mes more el~nents than are shown 
in the figure.· The plane strain assumption simply means that the 
strain is zero in-and-out of the page. 

The bottom layer of elements simulates the effects of a corrugated 
steel deck. Calculations ·were made to determine an equivalent 
thickness rectangular element to simulate the proper moment of 
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inertia of the deck. Thus, the 22-guage; corrugated deck is 
simulated by a 0.391 inch (9.93 millimeter) thick rectangular 
element. This increased thickness, which is necessary to simulate 
the bending stiffness of the deck, could possibly create an error 
in system loading due to thermal contraction effects, since in 
this case increased element cross-sectional area becomes part of 
the stress equation. To quantify the effect of this potential 
over-loading tendency a study was completed and the results are 
summarized in the parametric studies section of this paper. 
Basically, since the deck does not change temperature very much 
from the room temperature zero stress state, it does not place 
much load on the insulation system. Furthermore, the insulation 
is soft enough to absorb the small contraction of the deck. As 
will be seen later, the normal thermal contractions of the metal 
deck have little or no effect on the final membrane stress. 

The next two layers of elements represent the fiberglass 
insulation. The finite element grid density of the model increases 
at or near the deck support points since high stress gradients are 
expected near the support. The leftmost model element can be used 
to simulate various gap configurations using the techniques 
described in my previous paper. The top layer represents the 
fiberglass/asphalt composite membrane. The model elements have a 
rather high aspect ratio but have been found sufficiently accurate 
as a result of a parametric study on grid density. 

Initially, for discussion purposes, fiberglass products are used 
both for the insulation and for the membrane. Table 1 summarizes 
the initial material set used. The values given represent average 
properties obtained from Owens-Corning Fiberglas literature and 
the work of Cash, Lacosse, Polychrone, Griffin, and Jacoby (See 
appendix B). Reported properties vary greatly, depending upon the 
type of test used and the people reporting the results. This is 
especially true for fiberglass roof insulation where reported 
elastic moduli varied from 10,000 to ·50,000 psi (68.95_5o 344.8 M 
Pa) and coeffi5ients ob expansion from 4 to 10 x 10 in/in/°F 
(7.2 to 18 x 10- mm/mm/ C). This large variation in insulation 
properties is also addressed in the parametric study section of 
this paper. 
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Table 1: Material Properties Used For Preliminary Analysis 

MATERIAL ELASTIC MODULUS COEF. OF EXPANSION PO I SSON S RATIO 
( psi ) -.-(in/in/oF) 

Membrane 1.35xl05 25.Clxlo-6 0.30 

Insulation 2.0x104 ?.Oxl0-6 0.30 

Deck 30.0x!06 6.Sxl0-6 0.30 

Note 1 psi = 6.895 kPa 
lin/in/oF= 1.8 mm/mm/oC 

As more refined material information is made available, it will be 
put into the model, with its effects easily and quickly 
quantified. Eventually, various other materials will be studied, 
using the model as its capabilities become obvious. 

PARAMETRIC STUDIES - MODEL CHECKOUT 

To initially verify the model, the effects of several parameters 
of the roofing system have been studied. All studies were 
completed using a typical winter lriad condition selected from 
actual roof test data. This load case is described in the 
preliminary stress analysis section of this paper. 

Insulation Modulus 

As mentioned in the previous section, elastic modulus varies 
greatly in fiberglass roof insulation. The question arises as to 
how this variation in insulation material behavior affects the 
solution to our problem of determining the· membrane stress. In 
order to address this i~sue, three entirely diff~rent . elastac 
moduli were !valuated for th~ insul~tion§. 2.0 x 10 4 2.0 x 10 ; 
and 2.0 X 10 psi (1.4 X 10 , 1.4 X 10 , 1,4 X 10 kPa). The 
output from this step is shown in Figure 6, which plots maximum 
membrane stress at the centerline of the panel gap versus elastic 
modulus of the insulation. As the insulation becomes stiffer, the 
maximum membrane stress on the lower surface increases from 520, 
to 807, to 2841 psi (3.585, 5.564, 19.590 M Pa). The next section 
of this paper explains why the maximum stress at the joint is on 
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the lower surface. Note that th~ increase in stress accelerates 
for modu4us values that5exceed those of fiberglass , greater than 
2.0 x 10 psi (1.4 x 10 kPa). For example, urethane insulations, 
which are significantly stiffer than fiberglass, may cause some 
concern in the critical membrane stress. This fact needs, and is 
getting, a fu~ther and more detailed investigation. 

Support Width 

The worst possible location of any panel gap was found to be 
directly over the roof deck structural support beam. Support 
beams vary considerably in width, and there was some concern 
regarding the effects of width on membrane stress. For purposes 
of analysis, a zero width (knife-edge) support, which represents 
the worst possible case, was used. Figure 7 summarizes the effect 
of support width over a wide range from zero to over 6 inches (152 
millimeters) on membrane stress. There is only a 7 percent 
decrease in stress from 807 to 754 psi (5.564 to 5.199 M Pa) on 
the bottom surface and only a 4 percent decrease from 468 to 451 
psi (3.227 to 3.110 M Pa) on the top surface. Most of the 
variation occurs within 2 inches (51 millimeters) of the support. 
Therefore, the knife-edge support assumption seems reasonable, 
yielding a slightly conservative answer. 

Deck Simulation 

The use of a steel 11 pseudo 11 deck has been explained as a necessary 
simplification for the model. Much structural detail is 
eliminated by using the 11 equivalent 11 thickness rectangular cross 
section. To establish if the increased steel thickness would 
cause unreasonable effects on membrane stress, the model was 
executed using three orde5s of magnituge for the steel c~efficie9t 
of expansio~~ 6.5 x 10- 16 6.5 x 10- , _Jnd 6.5 

0
x 10- in/in/ F 

(11.7 x 10 , 11.7 x 10 , 11.7 x 10 mm/mm/ C). Figure 8 
reveals that the extreme changes in coefficient of expansion for 
the deck (which change system-induced loads by the deck due to 
thermal contractions) cause no noticeable change in membrane 
stres~ on either the top or bottom membrane surfaces. Evaluation 
of the thermal aspects of built-up roof systems without highly· 
insulated interior ceilings show that the deck actually sees very 
little seasonal temperature change. Even if the steel experiences 
moderate temperature changes, such as when interior insulation is 
added under the steel, no substantial membrane stress change is 
expected. 
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Panel Gap Width 

During previous field and theoretical studies, we determined that 
a 3/16-inch (4.76 millimeter) wide gap would ·be appropriate for 
design studies. However, there has been some concern that this 
gap width.may be excessive. The predominant thought is that the 
wider the gap, the higher the membrane stress. This fact was not 
verified when several gap widths were evaluated using the mod~ 
As the gap size increased from just a sl1t to a noticeable 
opening, say 1/16-inch (1.588 millimeter), the stress increased 
primarily due to the change in temperature caused by heat loss 
through the gap and the complex thermal bending moment induced. 
But as the gap ~eaches a certain width (yet undefined), this 
change in temperature effect is overcome by a reduction of peak 
bending stress due to the cushioning of the soft insulation. The 
maximum peak stress occurs due to a combined prying and bending 
action on the joint. Figure 9 summarizes the maximum membrane 
stress for gap widths of 0, 1/16, 1/8, 3/16, 1/4, and 5/16-inches 
(0, 1.59, 3.18, 4.76, 6.35, and 7.94 millimeters). This finding 
warrants a more detailed investigation. 

Insulation Thickness 

The final parametric study (see Figure 10) addressed the problem 
of increasing insulation thickness. As economic considerations 
force people to make buildings more and more energy efficient, 
increased thickness has been seen to cause increases in membrane 
splits. Part of this problem may be explained by the increase in 
stress from 692 psi (4.771 M Pa) for two layers of non-overlapped· 
1 1/16-inch (26.989 millimeter) insulation to 864 psi (5.957 M Pa) 
for two layers of non-overlapped 2 7/16-inch (61.923 millimeter) 
insulation, which is a 25 percent increase. This increase in 
stress is explained by an increase in prying action on the 
membrane at the joint. 

Other Studies 

Additional parameters were studied, although results are .not 
shown here. One !;tudy was to locate the panel gaps away from the 
assumed critical location directly over the support. Results 
verified that this is the worst possible gap location. The effect 
of increasing model grid density (the number of finite elements 
used) was also studied, with the conclusion that the present 
model is sufficiently detailed. 
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PRELIMINARY STRESS ANALYSIS 

Design thermal loads are not defined by the building codes for 
roofing membranes. For purposes of this study, statistical data 
collected from a test roof located in Granville, Ohio was used in 
establishing the critical design load. Of course, any other 
desired temperature case could just as eas~ly be tssted using the 
model. The typical

0
winter 19ad case was 75 F (23.9 C) inside room 

temperature and -25 F (-31.7 C) outsid0 ambiens temperature. The 
zero stress reference temperature is 75 F (23.9 C). A 25 psf (172 
kPa) snow load was added to meet local building codes. The final 
roof surface temperatures, as indicated in Figure 11, were uniform 
throughout except within 4 or 5 inches (102 to 127 millimeter) of 
the panel gaps. 

In the first pass stress analysis of the critical roof section 
membrane stress increased significantly when insulation layers 
were not overlapped. Figure 12 shows the deflected shape of the 
typical roof section under combined winter temperature and snow 
loads. No effects of an ex~anding or contracting ice layer are 
included in the model, since this is only a preliminary analysis. 
The effects of ice buildup may very well be significant and will 
be included as the model develops. 

In this analysis, the roof section deflected like a normal multi
span beam under the downward pressure load and a temperature 
gradient. Maximum negative bending moments (negative bending 
moment causes tension in the membrane while a positive bending 
moment causes compression in the membrane) were found over the 
panel support point, while the next most severe positive bending 
moment was found at the midspan point. The midspan bending moment 
w~s found to be approximately one half the value of the support 
point value and was positive rather than negative. Thermal 
contractions due to the temperature gradient and compression due 
to pressure on the fiberglass roof insulation caused a vertical 
deflection of the membrane down towards the metal deck. This was 
found to actually exceed the deflection of the deck itself due to 
pressure. The analysis indicated that the total roof system, 
assuming all bonds between layers were adequate, was fairly stiff 
under mechanical loads such as pressure, but that the insulation 
itself was fairly "soft". 

An interesting effect was noted over the support point and 
adjacent to the total 3/16-inch (4.76 millimeter) gap. The roof 
insulation actually compressed more in this area or "caved in" 
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around the gap due mainly to the thermal gradient's uneven action 
through the roof. Later, it will be shown that the.increased 
deflection causes a significant change in membrane stress at this 
location. Figures 13 and 14 indicate the membrane stress profile. 
for a typical built-up roof section for no gap, a total 3/16-inch 
(4.76 millimeter) gap, a lower 3/16-inch (4.76 millimeter) gap, 
and an upper 3/16-inch (4.76 millimeter) gap, respectively. 
Approximately 95 percent of the stress in the roof membrane in all 
four of these cases resulted from the thermal loading and only 5 
percent was caused from the pressure loading. Thus, the membrane 
can be designed primarily from thermal considerations. 

Table 2 summarizes the baseline no-gap stress values:for thermal 
and pressure loads considered separately. The difference between 
thermal stresses at the top and bottom surfaces of the membrane 
results from a slight difference in top and bottom membrane 
surface temperatures. The difference between the ~op and bottom 
surface pressure stress is caused by the relative distances of the 
surfaces from the overall system neutral axis for bending. By far 
the mo0t significant contributor to membrane stress is the -25 F 
(-31.7 C) outside air temperature (winter condition). 

Table 2: 

Location 

Over Support 

Top Surface 

Bottom Surface 

Midspan 

Top Surface 

Bottom Surface 

Critical Baseline Membrane Stess Values 
No Gap Test Case (Psi) --

Thermal Load .Q.!!..!1 Pressure Load ~ 

466 

461 

466 

461 

36 

33 

-21 

-20 

Note : 1 psi = 6.895 kPa 
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Figure 13a shows the net effect of thermal and pressure loading if 
no gaps are found within the system. Membrane stress actually 
decreases slightly at midspan due to the combination of loads, and 
increases slightly over the support point, also due to this 
combination. The difference between the midspan stress and a 
support point stress is approximately 12.6 percent on the top 
surface and 12.0 percent on the bottom surface. Stress values 
increase as the support point is approached. The slight peak in 
the membrane stress at the support is due to the narrow, knife
edge type support. This peak could be reduced by widening the 
support area, as was verified in a parametric study. A narrow 
type support is, once again, used to simulate the most critical 
type of support possible in the field. In practice, this 
situation could occur where the metal deck does not sit squarely 
on the underlying support beam. 

Figure 13b also summarizes the worst case of membrane stressing 
which is over the total 3/16-inch (4.76 millimeter) gap located 
above the support. Stress values increased 84.7 percent on the 
b9ttom surface and decreased 6.1 percent on the top surface from 
the values at midspan. The most predominant cause of this stress 
reversal is the eccentric system load near the gap and the 
resulting increased bending moment. Another cause is the collapse 
of the roof insulation in the vicinity of the gap, as indicated in 
Figure 12 and discussed earlier. This soft support for the 
membrane causes significant membrane bending over the gap. Also, 
the effective span over ·Which the membrane must carry the downward 
25 psf (172 kPa) snow load becomes much larger than just the 
3/16-inch (4.76 millimeter) width of the gap. The overall effect 
is added tensile stress on the bottom membrane surface and added 
compressive stress on the top surface. The maximum membrane 
stress is then 807 psi (5.564 M Pa) in the case of the total gap. 

Effects of the lower J/16-inch (4.76 millimeter) gap are indicated 
in Figure 14b. There are no sharp stress peaks in the membrane. 
The maximum stress over the support increases by 14.2 percent for 
the top surfa~e and 14.5 percent for the.bottom surface, as one 
moves from midspan to the support point; however, this increase is 
slow and smooth compared to the other cases. The lower gap tends 
to cushion the membrane from the peaks and stress due to the point 
support and no local membrane bending occurs. The upper layer of 
insulation is supporting the membrane. The lower gap only 
increases stress slightly from 501 to 507 psi (3.454 to 3.496 M 
Pa) as compared with the no gap case. 
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When an upper gap of 3/16 inch (4.76 millimeter) .is included over 
the support, stress values increase significantly (Figure 14a}. 
Bottom surface stress increases 68.6 percent from the midspan 
value, while the upper surface stress increases 4.5 percent from 
the midspan value. Stress peaks, due to the point support and 
local membrane bending, occur just as iri the total gap caie, 
although they are not as severe. 

Table 3 summarizes changes in membrane stress from the baseline 
stress values. Except for the lower .gap case, all gaps tend to 
decrease top surface membrane stress s 1 i.ght ly (from + 1. 2 percent 
to -7.6 percent), due to local bending of the membrane, as 
discussed earlier. The lower surface ends up being the critical 
design location. A total of 3/16-inch (4.76 millimeter) gap 
causes a stress increase of approximately 63.4 percent above the 
baseline values, while the upper gap increases the stress by 49.8 
percent above baseline values. The lower gap increases stress 
only 2.2 percent above the baseline. In order to finally compare 
non-overlapped (single layer) to overlapped joints (double layer), 
one should subtract· the values due to the overlapping of the 
joints from the more critical values due to not overlapping 
joints. The net effect of overlapping insulation panels ranges, 
therefore, from a 13.6 percent increase for going from upper gap 
to a total gap, to a 61.2 percent increase for going from a lower 
gap to a total gap. Since an over-lapped system has both upper 
and lower gaps, a final comparison shows that there is a 13.6 
percent increase in stress in a non-overlapped system over an 
overlapped system. 

Table 3: 

Joint Condition 

Bast:!lirre (no gap) 

Total 3/16-in gap 

Lower 3/16-in gap 

Upper 3/16-in gap 
Note : 1 psi = 6.895 

Net Membrane Stress Values (Psi) 
---(Over Panel Gap) 

Top Surface Bottom Surface 
Stress Percent Change Stress Percent Change 

From Baseline From Baseline 

. 501 494 

468 -6.6 807 +63.4 

507 +1.2 505 +2.2 

463 -7.6 740 +49.8 
kPa 
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PRIMARY CONCLUSIONS AND DISCUSSION 

Based on this preliminary study, conclusions have been drawn and 
recommendations made in three general areas, as discussed below. 

1) Preliminary Stress Analaysis 

Within the limits of this preliminary stress analysis, 
membrane stress is shown to be adversely affected by not 
overlapping insulation panels and by increasing either 
insulation thickness or stiffness. In the case of a 
3/16-inch (4.76 millimeter) wi~e gap between two layers 
of 1 7/8-inch (47.63 millimeter) fiberglass . roof' 
insulation mounted on a 22-gauge steel deck of 6-foot 
(1.8 meter) span, the maximum stress level in a three-ply 
fiberglass membrane is seen to increase by 14 percent. 
This non-overlapped case would most likely occur when 
using single-layered composite products. The greater 
stiffness of most composite products compounds the 
problem, further increasing membrane stress. The use of 
softer, double-layered (overlapped) products seems to be · · 
advantageous, but note that this conclusion is made 
withi~ t~e limits of this preliminary study. Other 
factors, such as membrane puncture requirP.ments or more 
sophisticated material property considerations, may. 
influence the·.optimum "softness" of the insulation 
d~sired. 

£) Improved Stress Analysis 

The analysis of built-up roof systems needs to be refined 
by more detailed application of the structural analysis 
techniques shown herein. Although the effects of many of' 
the simplifying assumptions used in the preliminary 
analysis have been evaluated using parametric studies, 
more material testing and analytical analysis is need~d · 
to include studying the effects on membrane stress of: . 

Non-isotropic behavior 

Scatter in material properties 

Thermal dependence of material properties 

Non-linear behavior 
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Time dependence of material properties 

Mechanical and thermal fatigue 

Moisture (including ice formation). 

More information also needs to be obtained to better 
define additional typical roof design considerations such 
as: 

Design geometries 

Loadings and load histories 

Failure criteria 

l) Model Verification 

To this point, no experimental verification of this model 
has been completed except for advanced material property 
characterization. Both laboratory and field validations 
are needed. and are underway, to gain confidence in the 
model. By approaching the problem of roof system 
modelling in a logical step-by-step manner, we hope to 
avoid any surprises as the program develops. We believe 
that a positive step has been taken, but that much work 
lies ahead. 
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APPENDIX A 

Unit Terms, Abbreviations, and Metric Equivalents 

Te~m 

lengt~ 

Weight 

Strain 
Rate 

Cross Head 
Rate 

Elastic 
Modulus, 
Stress, 
and Pressur~ 

Coef. of 
Expansion 

Temperature 

English 
Uri it 

x Conversion 
Factor 

inches (in) x 25.40 
feet (F) X 0.3048 

pounds (p) X 4.448 

incties per 
inch per X 1 
minute (in/in(min) 

. 
inches per X 25.4 
minute (in/min) 

pounds per X 6.895 
square 
inch (psi) x 0.006895 

i~ches per 
inch per x 1.8 
degree F (in/.in/oF) 

degrees 
Fahrenheit {of) (of-32)/1.8 

' . 

= Metric Unit, 

= mi 1 i imeters :(mm) 
. - meters (M) 

= ·newtons {N)'· 

millimeters per 
= millimeter per 

minute (mm/mm/min) 

= millimeters per 
minute (mm/min) 

= kilopascals { kPa) 

= megapascals (M Pa) 

mi 11 imeters per 
= millimeter per 

degree C { mmt:mm/ oC) 

degress 
= Celsius (oC) 
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·THERMAL EVALUATION OF THE EFFECTS OF GAPS 
BETWEEN ADJACENT ROOF INSULATION PANELS 

by 

J·. E. Lewis 

Research and Development Division 
. Owens-Corning Fiberglas Corporation 

Technical Center 
· Granviile, Ohio 

The. results of a study comparing double-layer to single-layer roof . 
insulation from a heat transfer standpoint are presented. The study 
concentrates on the joint or gap between adjacent fiberglass roof · 
insulation panels, but the techniques used are equally applicabl~ to 
othli!r types of insulation. Although the results are prim·arily an 
an~lytical solution, some verifying empirical data are also presented. 
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INTRODUCTION 

With energy costs for heating and cooling buildings r1s1ng rapidly, 
designers of built-up roof systems are increasingly considering factors 
generally ignored in the past. One such design consideratiqn is 
determining if it is significantly better to overlap insulation panels,· 
as in Figure 1 (A), or to simply use butt joints between panels, as in 
Figure 1 (B)? 

(A) 011!11-t...U' JOIIfT (a) !UTT JOIIfT 

FIGURE 1: ll£FIJIIT1011 ~ PMEL JOINTS 

The panel joi"nt, also referred to as a gap, a void, or a crack, becomes 
especially ·important when co~paring double-layer roof insulation 
systems with overlap joints to single-layer systems with butt joints. 
Another important consideration may be to determine if it is worth the 
additional manufacturing cost to develop a ship-lap or tongue-and
groove, single-layer product to better seal the inevitable gaps between 
panels. 

Such considerations are vital because panel gaps are an unwanted fact of 
life in the. built-up roofing industry. There are several causes. The 
first has to do with construction practices. Although most roofing 
contractors attempt to place panels carefully, a 1/16 to 1/8-inch (1.6 
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to 3.2 millimeter) space between panels is common in the field. Shabby 
construction practices can, of course, lead to even wider gaps. A· 
second cause is thermal contraction of the roof insulation after 
installation. As indisated in Table · 1,. · under· normal expected 
temperature changes of 50 F (28°C) 4~foot (1.2 meter) insulation panels 
mdy contract from 0.011 inchas (0.28 millimeters) to 0.144 inches (3.7 
millimeters), depending upon the type of insulation. With larger 
panels, 4 by 8-foot (1.2 by 2.4 meter), for example,. there would be 
fewer gaps but the gaps would be larger. Also, the gaps would be larger 
with greater temperature changes. Other possible causes of gaps between 
panels are roof penetrations, material shrinkage or aging with time, and 
possibly in some undesirable cases, dimensional changes. caused by 
moisture effects. 

Even with careful construction practices, the cumulative effect of all 
these dimensional changes could be gaps ranging from 0.07 inches (1.8 
millimeters) to as much as 0.27 inches (6.9 millimeters) o~ more. For 
the purpose of evaluating heat loss in this study, a 3/16-inch (4.8 
millimeter) gap was considered typical and was used as the main test 
case for detailed analytical and empirical evaluation. Several other 
cases were also evaluated, however. 

TAU 1: rREE ~ANSION VALUES :=t'JR 

VARIOUS ROOF !NSUUT!ONS 

Oua Ta SUCF Te~~P'!JUTURI! CiwcGi! 

,"'ATaiAL COE?. OF ::<FANS ION 
<lO-'j t:t/t:t _.Fi ( lliCMI!S) 

!.) ta' ., 1 R G~ ~.s ;'0 5' .Cllro .au. 
<:ouss .=~) 

ZJ F' r!JIIlus G~ss s ;'0 3 .au oo .OlS 
(~. ~l3L~OARD) 

n Ft311R 3oARD 7 ';'0 !.0 ,:ll] 1"0 .024 
(~SIC Ft311R) 

~) h'll.!T! lO -ro13 

:1· ?0:1.. YST"fll!.'ll! 5 ;'0 i.IU .an :-o .css 
Sl ?'!Jl..'!Ull!'n!Aiil! :u oosu . .:2. T'O .l~ 
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OBJECTIVES . 

The primary objective of this program was to quantify the heat loss due 
to gaps between. adjacent ~oof insulation panels through the use of. 
advanced analytic~l modeling techniques. Some back-up empirical testing 
was performed to establish that the model used was reasonably -accurate 
for certain commonly. expected cases. Complete experimental verification 
of the.model would have been very costly and of questionable value. The 
accuracy of· the various heat transfer correlations necessary to solve 
the problem has been verified by others (see references in Appendix A), 
while the accuracy of finite element techniques used to solve the 
problem hava also been well proven. No attempt was made to develop new 
heat transfer correlations~ 

A second program objective, not discussed in this paper, was to quantify 
the the effect of underlying gaps between adjacent insulation panels on 
membrane stress. Very early in the program, we found that 
predetermin-ing accurate absolute stress values in a viscoelastic built
up roof system was too complex, with too many unknowns for initial 
studies. Therefore, many assumptions- were made in order to perform a 
~first pass~ stress analysis. Accurate stress prediction , using fewer 
assumptions, is being explored. · 

A third objective was to see if well established finite element modeling 
techniques could be effectively applied to built-up roofing systems 
which include the roof deck, the insulation, and the membrane. The 
Structural Dynamics Research Association•s Superb Finite Element Program 
had proven quite useful on other Owens-Corning Fiberglas (OCF) projects 
and was used again here. · 

The final program objective was to lay the groundwork for the more 
detailed comprehensive roof system modeling efforts to follow. 
Application of modern heat transfer and stress analysis techniques to 
built-up roofing was known to be lacking throughout the industry. This 
particular study was considered as the forerunner of other similar 
studies. Therefore, we decided to put much additional effort into 
establishing gen~rally applicable procedures rather than mere)y solving 
this part i cu 1 ar prob 1 em, with the thought that any_ ·mode 1 s deve 1 oped 
would be easily adaptable to further concerns. This concept will be 
further explained in the-. anlaytical procedures section .of this paper. 

JUSTIFICATION 

There was considerable evidence to justify the need for this study. An 
extensive survey of current literature indicated that the level of heat 
loss through various joint configurations is unknown. Information was 
found concerning open gaps between conventional home insulation batts; 
but these values were considered to be much too severe for application 
to a situation where the gap is enclosed, such as in built-up roofing. 
A typical built-up roof gap is enclosed on the top by the asphalt/felt 
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membrane and on the bottom by concrete, wood, or steel substrate, while 
insulation batts have no top enclosure and a marginal bottom enclosure 
since the batt is loosely laid. Figure 2 further illustrates the 
difference b'etween clased·gaps and open gaps. 

(A) CLOSED GAP (g) OPEH. GAP 

FIGURE 2: . DIFFERENCE BETmlt OPEN & CLOSED GAPS 

The most significant effect of this difference is the air filtration 
that occurs through the open gap. This greatly increases the amount of 
heat transferred through the roof system. No air infiltration should 
occur in the typical built-up roof system, since the gap is sealed both 
top and bottom. 

Although not intended to be a scientific portrayal of heat loss through 
a roof system, the photograph in Figure 3 shows qualitatively why joint 
heat lass is suspected to be significant. The photograph was taken 
during the morning hours after a light frost formed on the roof surface. 
The underlying gaps between the nan-overlapped insulation panels can 
easily be seen as melted areas of frost, indicating a significant amount 
of heat may be escaping. An overlapped type joint construction could 
conceivably result in measurable energy savings and therefore 
significant cost savings. Locations of mechanical fasteners are also 
seen as melted areas of frost. 



FIGURE 3 PHOTO OF FROST (·1ELTINGmi1~m~m 
OVER PANEL GAPS 



336 

ANALYTICAL PROCEDURE 

General Analytical Philosophy 

Selecting a single model configuration to represent built-up roof 
systems in general is a monumental task. On the surface, it appears 
that no two roofs are the same. Specifications and constructions vary 
with different geographic locations, materials, material combinations, 
basic structural details (spans and thicknesses) and loadings. All vary 
from roof to roof, making the task of "generalizing" very difficult. 
The philosophy behind the analytical approach used in this study was to 
select a "most likely" roof candidate, perform detailed analysi.s on this 
candidate, and do this analysis in such a way that any models used could 
easily be adapted to other less likely roof candidates. 

In selecting the "most likely" roof, and working from the underlying 
substrate up to the built-up roof membrane, the first choice was that of 
deck material, span, and size. Numerous contacts were made with roof 
deck manufacturers and engineering design professionals to determine the 
most common deck type, deck thickness, and deck span. 

Figure 4 presents the typical roof system resulting from this survey. 
It appears that perhaps more than 80 percent of the roof systems found 
under a typical built-up roof consist of (1) open span steel joints of 
varying depths spaced at 5 to 6-foot (1.5 to 1.8 meter) intervals and 
(2) 1 1/2-inch (38 millimeter) deep steel deck welded so as to be 
continous. Structural considerations such as foundation conditions, 
column sizing, and main beam sizing below the steel joists were assumed 
to not affect the built-up roof system. This assumption could be 
suspect, since there are instances where conditions such as abnormal 
foundation settlements have been found to adversely affect a built-up 
roof membrane. Such analysis is beyond the scope of this particular 
study but will be an area of concern in future work. 

Above the metal deck, double-layered fiberglass roof insulation was 
chosen as the initial construction. The two individual roof insulation 
layers, chosen were 1 7/8-inch (47.6 millimeter) fiberglass to represent 
a commercial roof with an overall R-value of approximately 17 (C-value = 
0.06). This thickness was used because of its high availability. 
Fiberglass roof insulation was chosen because it represents the majority 
of double-layer applications. A three ply fiberglass membrane was 
chosen with 30 pound (133 newton) asphalt layers, with a 60 to 70 pound 
(267 to 311 newton) asphalt flood coat. For initial structural weight 
considerations the presence of gravel topping was assumed but it was not 
directly included in the finite element model. 



FINITE. ELEMENT MODEL No.1 

IU 0 I I EE-B±J 

a lo 6FT &PAN 
I TYPICAL I 

FIBERGLASS I ASPHALT MEMBRANE . 

2 LAYERS 1ta•FIBEROLASS 
ROOF INSULATION . 

11f.l"22-0AOE 
STEEL DECK 

FIGURE4 TYPICAL BUILT-UP ROOF SECTION 
8UOWINO LOCATION Of FINITE ELEMENT MODEL 



338 

Input, Processing, and Output Descriptions 

The process us'ed .to analyze this model included three components: · (1) 
an interactive input preprocessor, (2) a finite element heat transfer 
model, and (3) a finite element structural model. These components 
were tied together for ease of use and utmost flexibility. The 
preprocessor may be used alone for screening or for one-dimensional 
effects. For more. complex analysis, it provides input to the finite 
element models. 

Preprocessor 

Data input to a finite element program can be laborious and time 
consuming. Since a simple unidirectional cut through a roof system 
would be expected to yield much important information for various roof 
configurations at minimum cost, we felt it would be possible to 
"gen~ralize" the model. Various configurations would then be rapidly 
changeable, minimizing receding of input. 

An interactive preprocessor was developed, which asks the user a series 
of questions once the program is executed. Once the user answers these 
questions, the model is automatically generated •. No further knowledge 
of the model is required and no cumbersome input is necessary. The 
program makes many calculations, as will be seen later and the user can 
either trace back through these calculations or go directly to final 
output. 

Once the geometry of the problem is defined; the preprocessor program 
uses an iterative heat transfer soiution technique to converge upon the 
"first pasr steady state temperature values. The program iterates to 
within 1/2 F (0.28°C) or performs ten iterations, whichever occurs 
first. R-values and necessary air properties are calculated as a 
function of temperature. Appropriate convective heat transfer 
GOrrelations are chosen in a form, as indicated in Table 2; for the· 
upper panel surface, the lower panel surface, and the panel gap (if one 
exists). Conductive effects are also calculated. Radiative effects are 
estimated by use of a basic equation for radiation: 

Radiation Flux= 0.9k (T1
4 - T2

4) 

Where k = Stefan-Boltz~ann consta~t 
= 0.1714. x 10- BTU/H-FT - 0R 

T1 and T2 = Temperature values in °R 

This value is only a rough estimate of radiation effects but was 
considered sufficient for this study. · FurtHet complexity was ·thought to 
be undesirable. 

Preprocessor output is given at two 
midspan. It includes surface air 

locat1ons•the gap and the panei 
film coefficients, "equivalent 
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conductivity" of the gap, and R-values for each system component, as 
well as the final temperature profile. "Equvalent conductivitl' of the 
void or gap space between panels is defined as the value of conductivity 
used for the gap space finite elements, which would have the same 
thermal effect as if one considered conduction, convection, and 
radiation separately. This technique is used because the finite element 
progr.am does not handle convection or radiation effects di.rectly •. 

TABL£ 2: CORRELATIONS USED FOR CONVECTIVE 

HEAT TRANSFER IN SURFACE FILMS 

AND PANEL GAP 

GENERAL EQUATION 

Hu • C (GR x PR)H 

DIMENSIONLESS NUMBERS 

NY • IIIIUolt N.-.r • ~ 

C l n • C4CISUAU ..,jcli vir, wltll 
lleat now dlnct1cm, range, 
&IICI M9nl t&IOe of 6r • P r 
(cleu,..lned by oa..,uterl 

PI"'I<Jraa 

G • Gfonllof -r • ~ 
r I"' 2 

~ • mncltl -r • ~ r K 

WHERE THE I HD IV I DUAL TERI'IS AR£ : 

h • lleat tranator oodf1c1aat 

L • :llanctartsuc lon9CII 

K • tlloniol oDnducUvlty 

11 • grawltat1anal oonaUAt 

8 • vaJ ... Cr1C U!""niiOft COifflc1onC 

T• cllaa91 In t-rawn 

P • d4!111CY 

t' • •Daoluto viscoSity 

CP" 1poe1ftc llaat .c «lnltanc prossuro 

Overali thermal transmittance is calculated with and without the 
presence of a panel gap and includes the percent decrease in thermal 
transmittance value. This preprocessor form is formatted as·an input 
fiie for use in the finite element program. Each element, as seen in 
Figure 5, must normally be input separately as a series of nodal points 
and elemental connectivities. Automatic generation of this geometric 
information greatly reduces the amount of work required to make a model . 
and saves time oh solving any additional sizings or loadings. Surface 
film coefficient values are also put into a form suitable for use in the 
finite element program. 
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Finite Element Models 

Complete roof definition would require several finite element models, 
such as: 

A simple unidirectional cut through the roof .(as in Fig~re 5) 

A three dimensional general roof section ( not shown 

Roof edge detail ( not shown ) 

Other critical details 

Figure 4, discussed previously, and Figure 5 indicate the location of 
the simple unidirectional cut through the roof system that was used in 
this study. Four layers of plane strain type finite elements were used 
to represent the deck, the two layers of roof insulation~ and the 
asphalt/felt membrane. A portion of the model is shown in an exploded 
view in Figure 5, since it will be used to show many of the analytical 
results in the vicinity of the gaps. Later, we will demonstrate that 
the most significant information in this problem is obtained from the 
area encompassed in this exploded view. The effects of the gaps "'die 
out" as one moves 6 to 10 inches (150 to 250 millimeters) away from:the 
gap; 

It should be re-emphasized at this point, ·that thi.s model can easily be 
adapted to any· new material, material thickness, or exterior loading 
condition (such as various insulation types). Another easily simulated 
occurrence woul~ be the disbanding" of· components~ such as roof 
insulation f.r·om the deck structure, which would be especially important 
to the stress solution o~ the problem. · 

. .· 
Compared to the preprocessor, the finite element solution provides more 
accurate information and a wider variety of output.. This refined 
analysis is required when a user desires high accuracy on heat transfer 
analysis or material stress information, which is ncit obtained from the. 
preprocessor. The preprocessor alone acts as a reasonabl~ screening 
tool. Inputs for the finite element program, which are properly 
formatted by the processor are: 

Material Properties 

Boundary Conditions 

Geometry Conditions 

Elemental Couplings 

Structural Supports 

Loading Definitions 
.... . ~ .. 
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Materiql property information consists of both material conductivities 
and mechanical properties, all of which may be functions of temperature. 
Tab1e 3 shows the final material conductivities obtained from the· 
iterative analysis of the preprocessor for the various conditions 
analyze~ and later tested in t~i~ study plus an actual roof aimulatign .. 
The var1ous valu~s for conduct1v1ty result because of the 50 F (27.8 C} 
difference in mean temperature and the change in system substrqte from_· 
'HOOd, for the test specimens, to steel, for the actual roof simulation,.' 

TABL£ 3: 

DESCRIPTION 

SUI'WRY OF STRUCiURAL I".ATERIAL 

CONDUCTIVITIES INPUT INTO 

FlrtiTE EW!EifT ."!lnas 

<BTU-IN/H-FT2.of) 

BUILT-uP 
ROOFING 

ROOF lltSULAT!ON 

UPPER LOWER 

OCF l TWIN C'TY TESTS - 75oF ~EAN TEMPERATURE 

Au. PANELS l.ill 0.21!5 0.251 

Tw'" c,TY TEsTS - zsoF KEAN TEMPERATURE · 

Au. PAN£1.,$ l.ill 0.220 0.236 

AcTuAL Roo, SIMULATtON - 250f ~!AN TEMPERATURE 

SUBSTRATE 

0.300 (WOOD) 

0,300 (WOOD) 

ACTUAL Roo, l.ll 0.222 0.238 313.21!0 (STEEL) 

Thermal boundary conditions are applied to the model, using surface air 
film coefficients on the free surfaces. Table 4 summarizes the film 
coefficients used in zh~s study. 2iJm coefficient values vary from as 
low as 9.926 BTH/H-FT .- F (5.258W/M - K) for the top surface of the Twi~ 
City 25 2 &-3.9 C) mzan temperatur~ test specimen to as high as 1.492 
BTU/H-FT ~ F (8.475W/M -°K) for the bottom surface of .the same specimen. 
Th! gctual roof2 s~~ulation used the ASHARE default values of. 1.64 BTU/H- · 
FT- F (9.31W/M- K), which applies to still air films. No convection 
correlations were obtained for this range. 
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ln general, the. finite element heat transfer r.esults' are used in three 
ways; First, a series of tables and ~lots are provided, giving final 
temperature profiles and heat flux profiles. Second, more accurate 
valu~s for base-line heat flows .and estimated gap effects are obtained· 
than from the preprocessor. And third, should stress analysis be 
~esired, ·a thermal profile is ·produced in proper format for input·as a 
ioading case into the stress analysis part of'the program. The primary_ 
advantage of finite element analysis over the preprocessor output is the 
inclusion of lateral heat flows near the gap. The finite element 
approach handles the three-dimensional effects, while the preproces~or 
is basically one-dimensional. 
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TEST ARTICLE CONSTRUCTION 

The photograph in Figure 3 showed numerous areas of possible heat loss 
over the gaps between adjacent roof insulation panels. Comparison of 
actual gap widths with the wider areas of melted frost, showed that the 
effects of gaps probably spread laterally for a few inches on either 
side of the gap. Panel corners are also seen as exaggerated areas of· 
increased melting. The finite element program verifies t.his·effect, as 
seen in Figure 6. Heat flux is shown to gradually decrease as one moves 
away from the gap. The case of a total gap 3/16 inchzs (4.8 
mil~im~ters) wide, shows a peak heat flux of 6.73 BTU/H-FT (21.2~ 
W/M K) • 2 The upper layer gap has a peak heat flux of 3.721 BTU/H-FT 
(11.730W/M ) ~hile the ~ower layer ·gap has a peak heat flux of only 
2.645 BTU/H-FT (8.338W/M ). The total gap also clearly affects more of 
the panel, affecting an area 6 inches (150 millimeters) from the gap 
compared to just 1, and 3 inches ( 25 and 76 millimeters) for the Tower 
and upper gap cases, respectively. 

g 

7 

6 

5 

2 

1 

l 

PREDICTIONS : AVEF.AGE ELEi':ENTAL HEAT FLUX 
<BTU/H-FT2) 

PEAK FLUX 2 6.730 
PEAK FLUX • 3.721 
PEAK FLUX • 2.645 

2 3 4 
1.DlSTANCa Fi\011 GAP (!NCliES) 

No GAP 
o----o--o T 0 T .:.L. 3/16 IN • GAP 
a-o--o UPPER 3/16 IN •. GAP 

~ LowE!~ 3/16 IN. GAP 

NoN-GAP F1..ux 2 2.233 

5 6 

FIGURE 6: TYPICAL BUILT-UP ROOF SECTION 
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Placement of surface mounted heat flux transducers would have resulted 
in questionable heat flow measurements in areas of such large flux 
gradients. Therefore, two tests not ordinarily used to make this sort 
of measurement were modified to acquire empirical data.· The.first was a 
modified ASTM procedure C687 (loose-fill heat meter), which was 
performed at Owens-Corning Fiberglas (OCF) Product Testing Laboratory .. ·· 
The 20 by 20 inch ( 508 by 508 mi 11 imeter) test samp 1 e construction is· ·
shown in Figure 7. A plywood base was used instead of the typical steel ·· 
deck for ease of construction and better test arti c 1 e handling · 
characteristics. · · 

INSULATION BLOCKS 

WOOD DECK 

INSULATION FILL 

COLD PLATE 

<r=5SOF> 

HOT PLATE 
(T=950F) 

FIGURE 7 OWENS~CORNING TEST ARTICLE 

. Two layers of 1 7/8~inch (47.1 millimeter·) thick fibe·rglass roof 
insulation were then attached by a 30-pound (133 newton) asphalt coating 
and a three-ply fiberglass membrane was added. With the exception of 
the wood deck,· this construction is the same as the ... most typical ... 
built-·up roof section discussed earlier. In order to acquire 
temperature profiles-through the panels, copper-constantan thermocouples 
were placed as indicated in Figure . 8. Thermocouples 1 through 7 
provided a temperature profile far enough from the gap to be isolated 
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from the effects of the gap. Thermocouples 8 through 14 allow~d 
measurement of the temperature profile within the gap. 

GAP BETWEEN 
PANELS -----

L • PANEL SIZE L 

FIGURE 8: THERMOCOUPLE LOCATIONS· 

UPPER 
INSULATION 

LOWER 
INSULATION 

DECK 

A second set of test articles was constructed at the same time, using 
the same materials for a separate test at Twin City Testing Laboratory, 
~t. Paul, Minnesota~ The purpose was to get an independent set of test 
results. The test procedure here was ASTM C236 (guarded hot box). The 
te~t configuration shown in Figure 7 was used, except that the panel 
sizes were 5 feet by 5 feet 6 inches (1.5 by 1.67 meters) and the air 
spaces above and below the panel were increased from 1/2-inch (13 
millimeter) to 6 inches (152 millimeters) thick. This increased 
thickness was standard for the different testing techniques used. 
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TEST RESULTS AND COMPARISON 

Thermal Transmittance Comparisons 

Table 5 summarizes the results of all testing for thermal transmittance. 
For convenience, the majority of testing was done on the 20 by 20 in8h 
(508 BY 508 millimeter) test specimens at a mean temperature of 75 F 
(23.9 C). Widths of 0, 3/16, 5/8, 3/4 inches (0, 4.8, 15.9, and 19.1 
millimeters) were studied. for gaps extending through the total 
insulation thickness. A gap·width of 3/16 inches (4.8 millimeters) was 
used to

0
study the

0
effects of lower and upper gap confi8urations. Both 

the 75 F (23.9 C) mean 'temperature (49°F (26.2 C) temperature 
diff3rence) sondition and the·~ore severe 25 F ~-~.9 ~) mean temperature 
(100 F (55.6 C) temperature d1fference ) cond1t1on were used on the 5 
feet by 5 feet 6 inch (l.S·by 1.67 meter) panel. Values for predicted 
thermal transmittance obtained from both the preprocessor (in-house 
program) and the _finite e1ement model compared closely to the measured 
values. 

Predicted transmittance valu·es were corrected for edge losses. All 
panels were constructed from common materials and tested in the same 
fashion. The tests were believed to have measur~d relative effe~ts of 
the presence of gaps with r~asonable accuracy, but the accuracy of the 
absolute heat flow values is still undetermined because of the non
standard test pocedures used. 

Once thermal transmittance values ·were adjusted for baseline 
inaccuracies (for example,. ·edge losses), experimental and predicted 
values compared nicely. The largest d~fferenc0s occurred for the 
3/4-inch (19.1 millimeter) total gap :at 75 F (23.9 C) mean temperature 
and the 3/16-inch (4.8 millimeter) total gap at 25°F (-3.9°C) mean 
temperature. The measured ·values align exactly in the order that one 
would expect, i.e., no gap bt baseline case, 3/16-inch (4.8 millimeter) 
lower-gap case and 3/16-inch (4.8 millimeter) upper-gap case, 3/16-inch 
(4.8 millimeter) total gap case, 5/8-inch (15.8 millimeter) total gap 
case, and the 3/4-inch (19.1 millimeter) total gap·case. All values 
were within reasonable experimental accuracy. 
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TABLE 5: TEST COMPARISONS BETWEEN PREDICTED 

AND M£~SURED HEAT LOSS DUE TO· CRACKS 

IN FIBERGU\SS ROOF INSULATION . 
' ; 

·SAMPLE DESCRIPTION THERMAL TRANSMITTANCE 
PREDICTED 1'1EASURED 

VALUE ,,VALUE 

OCf TESTS - 20 IN. X 20 IN. PANEL. <BTtj/H-FT2-•F) ·. 

<7S0F ,"'EAN T!.\1PERATURE) 

3/4 IN. ToTAL GAP 0.0755 

3/16 IN. ToTAL. GAP 0.0693 

3/16 IN. lowER GAP 0.0676 

3/16 IN. UPP~R GAP 0.0676 

5/8 IN. ToTAL GAP 0.0741 

TWIN CITY TEST - 66 IN. X 60 IN. PANEL. 

(JSOF MEAN TEMPERATURE) 

0.0468 

TWIN CITY TEST - 66 IN. X 60 IN. PANE~ 

~F MEAN TEMPE.~ATURE) 

3/16 IN. ToTAL GAP 0.0463 

0.0830 

0.0713 

0.0679 

0 .·Op93 . 

0.0734 

0.0516 

0.0516 

PEHCENT 
DIFFERENCE 

<PtqcENn 

9.9 

2.9 

0.4 

2.5 

-a.9 

10.3 

ll.4 
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Thermal Profile Comparisons 

Figures 9 and 10 show the predicted and measured thermal profile values, 
along with the percent difference between predicted and measured 
temperature values. Perc~ntages are c~lculated using the temperature in 
degrees Fahrenheit. The··use of this type of calculation, of course, can 
be deceiving at temperatures· near zero. ·-

The baseline (no gap~ t~erm~i prof{les compared quite well for both the 
Twin City test, not shown, and the Owens-Corning Fiberglas (OCF) test, 
shown in. Figure 9. The maximum percent difference for the baseline 
test was approximatley 8 percent. This difference occurred near the 
upper boundary, which differed · by about the same percentage as the 
boundary t~mperature0 . ·The gwens-Corning Fiberglas (OCF) te0t upper

0
air 

temperature was 59.4 F (15.2 C), instead of the requested 55 F (12.8 C). 
Control of this boundary seemed to be difficult at both testing 
locations. Spot checks were made with the in-house preprocessor, using 
actual measured tnerma 1 >t~perature boundary conditions in p 1 ace of the 
theoretical value ob 55.F &12.8°C). Resulting comparisons improved 
greatly near the 55 F (12.8 C) . boundary. Over~ll accuracy also was 
improved by applying actual boundary conditions.. It was decided, 
however, not to influence test comparisons by measu-red results, so the 
initial values only are used in thi~ paper. 

The values for the various gap conditions, as shown in Figures 9 and 10, 
were within reasonable-accuracy. For the Owens-Corning Fiberglas (OCF) 
test, the total 3/16-inch (4.8 millimeter) gap case had a maximum 
difference of 5.5 percent at the extreme lower end .of the panel gap. 
The maximum difference for the upper gap test was 4.1 percent, while in 
the lower gap test it was 3.4 per.cent. For other tests, not shown, the 
total 3/4-inch (19.1 millimeter). gap tested within a 5.5 percent 
difference. Once again this maximum

0
differegce was at the extreme end 

of the panel gap. The Twin City -75 F (23.9 C) meari· temperature test 
value differed slightly more from the predicted values than the Owens
Corning Fiberglas (OCF) test. A 9.1 percent difference was found at the 
top extreme of the total 3/16-inch (4.8 millimeter) gap. 

Generally, the largest differences were at the upper and lower 
boundaries. This is ·due to the difficulty in accurately achieving the 
upper and lower temperature boundary during testing. 

In addition to emphasizing the difficulties in obtaining requested 
boundary temperatures, the fact that the larger differences occurred at 
the end of the gap probably signifies a small error caused by the 
"equivalent conductivity" method used in the finite element analysis. 
Nonetheless, this approach does seem to provide reasonable accuracy. 

The 25°F (-3.9°C) mean temperature case showed larger percentage 
differences, as in the thermal profile baseline case. The equivalent 
conductivity approach .is probably not as accurate at the higher 
temperature ·difference, due to the simplified radiation equ·ation used in 
the analysis. The method does seem to be adequate for realistic values 
of temperature difference. 
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MEASURED BE SUI IS: TrnPFRATURE COMPARISONS 
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PRIMARY CONCLUSIONS AND DISCUSSION 

Several conclusions have been drawn from the results of this study. 
These conclusions should be directly applicable both to evaluation of 
existing roof systems and to desigr. of future systems • . 
(1) Concerning Heat Loss 

The most important finding of this study is that heat loss, as measured 
by the percent increase in total heat flow caused ·by gaps between 
adjacent insulation panels, is much greater ·than the percent of gap 
area. It was previously believed that the percent of heat loss was 
equal to the percent gap area. For example, for a roof system that 
included a 1 percent gap area, the heat loss would logically increase by 
1 percent. However, this significantly underestimates the effect of the 
gap area for, as indicated in Figure 11, a 1 percent gap can actually 
cause a 3 to 9 percent increase in thermal transmittance, depending upon 
insulation thickness. The higher percentage is for the commonly used 
thicke~ insulation panels, ·such as an overall R-value of 20 (C-value = 
0.05). Thus, the significance of the gap and,the need for control 
during installation is actually increased by today's· trend towards 
higher R-values. 

Figure 11 plots the percent increase of thermal transmittance versus 
the gap size in inches. Gap size: as a percent of overall roof area, is 
also shown. As indicated previously, a 3/16-inch (4.8 millimeter) g~p 
is probably common in -most careful constructions. This fact 1s 
especially true in urethane applications because of urethane's higher 
coefficient of thermal expansion compared to fiberglass roof insulation. 
The prob 1 em is compounded s i nee urethane· is most commonly used in 
single-layer applications, -which have a .total depth gap. Greater gap 
width would be expected if ·less than optimum construction quality 
control was practiced. The plot shown was derived for two equal layers 
of-the six most common sizes in fiberglass roof insulation. tt is 
approximately applicable to other thickne~ses of fiberglass roof. 
insulation by use of linear interpolation. The curves were derived·for 
a total gap in 3 by 4 foot (0.9 by 1.2 meter) fiberglgss insulation 
panels. Inside air temperature was assumed as 75°F (23.9 C6 while the 
outside air temperature was assumed as a -25°F (-3.9 C) winter 
condition. To convert these values to a lapped-type insulation joint, 
such as normally found in double-layer roof applications, an approximate 
c:onversion factor of 0.19 was used. Although the curve was derived from 
the most common 3 by 4 foot (0.9 .by 1.2 meter) panel sizes, conversion. 
factors of 0.86 for a 4 by 4 foot (1.2 by 1.2 meter) panel size, and 
0.64 for a 4 by 8 foot (1.2 by 2.4 meter) panel size can be used. 
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To illustrate use of this plot, consider a double layer of 2 1/4-inch 
(57.2 millimeter) fiberglass roof insulation using a 4 by 4 foot (1.2 
meter by 1.2 meter) panel size. The following procedure could be used 
to determine if lapping the joints in this system will significantly 
affect heat loss. 

Step 1 

·Step 2 

Step 3 

Step 4 

Step 5 

Estimate Gap Size 
Assume 3/16-inch gaps (no measured values 
avai 1 ab 1 e) 

Enter curve to find percent increase in 
transmittance for total gap 
Loss value = 5.25% increase 

Adjust value for panel size 
Loss value = 5.25 x 0.86 = 4.52% increase 

Calculate value for lapped system 
Loss value = 4.52 x 0.19 = 0.86% increase 

Determine net effect 
Loss value = 4.52 -0.86 = 3.66% net increase 

Thus, it can be conc1uded that not overlapping insulation panels of this 
construction would cost approximately a 4 percent increase in heat loss. 
Remember that this calculation is based upon a small gap size that we 
know commonly exists. Some refer~nces have indicated that design values 
as high as 5 percent gap area, over a 1 1/2-inch (38 millimeter) width, 
are justified in loosely laid batt applications. This would represent 
much· too severe an extreme for fiberglass roof insulation. Design 
values any greater than 3 percent gap area, ·or about a l-inch (25.4 
millimeter) gap width, are not recommended. This high value would 
represent very poor construction techniques. · Following the same 
procedures as above, the resultant advantage of overlapping insulation 
joints would be about a 19 percent decrease in thermal transmittance, 
using the l-inch (25.4 millimeter) gap· size. These two examples indicate 
that overlapping insulation joints could possibly result in a 
significant energy and cost savings. 

(2) Finite Element Heat Transfer Techniques 

The use of finite element heat transfer techniques appears to be quite 
applicable to the built-up roofing area. The methods have been proven 
accurate in great detai 1 during extensive past applications at Owens
Corning Fiberglas (OCF) and in some detail in brief testing in roof 
system applications. The importance of this, technology 1 ies in the 
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ability to very rapidly analyze new and unusual cases and to act as a 
guide for other development techniques. The model should be readily 
applicable to gap analysis of higher R-value roof insulations and such 
use is recommended. 

(3) Comprehensive Roof System Analysis 

Due primarily to the lack of complete mater1a1 property information, 
structural modeling of built-up roof systems is limited at this time. 
Asphalt/felt composites are known to have directional properties that 
are functions of both temperature and time. These composites commonly 
demonstrate large scatter in measured property values. These facts 
make any analytical effort more complex. All of this non-standard 
material information is required for accurate structural analysis and is 
not readily available at th1~ time. The effects of each complication 
must be quantified before it may be included in the analysis. 
Therefore, many conservative assumptions must be made to estimate stress 
values. Even so, it is felt that a positive step has been completed 
toward comprehensive roof system modeling. A basic model necessary for 
further, more refineq, analysis has been developed. A minimum of model 
revision will be required for stress analysis as the necessary material 
information is made available. 

RECOMMENDATIONS 

As a direct result of this work two major recommendations were made: 

(1) Improved Thermal Analysis 

The methods used for determining surface convection and radiation sho_uld 
eventually be upgraded for improved boundary condition accuracy. If 
increased accuracy is needed beyond that demonstrated in this report, 
some thought should be given to estimating the effects of void space 
height-to-width ratios and other sidewa11 . effects for deterrilinating the 
equivalent gap conductivities u~ed in the analysis. 

The plot shown in Figure 11 should be revised for easier interpretation 
of the results. This might include, for example, plotting gap wfdth 
versus heat loss per square foot per degree-day, instead of the percent 
increase in thermal transmittance. In this way, one· could enter the 
curve knowing the percent gap area, the r6of area, the number of degree~ 
days, and the insulation thicknesses, and could exit with the actual 
quantity of heat lost in BTU's.. Knowing the cost per BTU, one could 
easily convert this value to an actual dollar cost~ This conversion 
would require a significant amount of additional work. 
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(2) Identification of Analytical Appl1cations 

Additional work must be done to clearly ~efine po~sible uses of the 
analytical techniques as applied to built-up roofing in both heat 
transfer and stress analysis. Possible applications might include: 

1. Evaluation of thermal and stress effects of 
mechanical fasteners 

2. Evaluation of a "shi~-lap" type edge construction 
for single layer insulation products 

3. Evaluation of the thermal and stress effects of 
filling panel gaps with asphalt 

4. Application of the model to other products 
5. The optimization of various built-up roofing 

products 
6. Determination of future design trends or 

requirements 

ACKNOWLEDGMENT 

The author gratefully acknowledges the fine work performed by Mr. T. P. 
Hendry of the Owens-Corning Fiberglas (OCF) Product Testing Laboratory 
and Mr. G. T. Henry of the Owens-Corning Fiberglas (OCF) Insulation 
Technology Laboratory in their supportive efforts for this study. The 
author also wishes to acknowledge that all finite element cases 
presented in this paper were·performed using the Structural Dynamics 
Research Corporation (SDRC) Superb Finite Element Program. 



357' 

APPENC.( A 

LIST.OF REFERENCES 

TEXT BOOKS (Ref. 1 to 6 

(1) ASHRAE Handbook & Product Directory - 1977 Fundamentals, 
American Society of ueating; Refrigeration and Air-Conditioning· 
Engineers. Inc. 1~77, · pp .. 22.1.- 22.12, pp. 2.11-2.13 

(2) Heat Transfer 2nd Editio!l, Benjamin Gebhart·, McGraw:.H1ll, New York 
1971, pp. 375 - 377 and 457 - 47j · · 

(3) Heat Transfer 2nd Edition, J. P. Holman, McGraw-Hill Book Co., N.Y. 
1963, p. 197 - 202 

(4) Heat Transmission 3rd Edition, William H. McAdams. McGraw-Hill, 
New York 1954, pp. 180 - 182 

( 5) Introduction to Fluid Mechanics and Heat Transfer, Jerald D. Parker, 
James H. Boggs, and Edward F. Blick, Addison-Wesley Publishing 
Co., pp. 388 - .392··and pp. 137 - 138 · 

. ·:···t'. * • 

(6) Heat Transfer, Donald. R. Pi.tts and Leighton E. Si.sson, McGraw-Hill 
Book Co., 1977, .. PP· 195 - 215. 



358 

APPENDIX A 

Articles (ref 10 to 22) 

( 10) 

( 1 1) 

(1 2) 

(1 3) 

(1 4) 

( 1 5) 

(1 6) 

( i .7) 

(18) 

(19) 

(2.0) 

( 21) 

(22) 

"Thermal Warp- A Hypothesis For Built-Uc Roof Solitting 
Failures", C. G. Cash, Roofino Svstems, ASTM STP 603, 
American Society for Testing and ~aterials, 1976, 
pp 114..:135 

"Experimental Investigation of Natural Convection in Inclined 
Rectangular Regions of Differing Aspect Ratios'', J. N: 
Arnold, !. Catton, and D. K. Ec!\·Jards, Journal of Heat 
Transfer, February 1976 pp 67-74 

"Natural Convection in Enclosures", I. Catton, University of 
Cal.ifornia, Los Angeles, CA 90024 

"Effect of side Walls on Natural Convection Between Horizontal 
Plates Heated from Below", I. Catton and D. K. Ed\'lards, 
Journal of Heat Transfer, November 1957, pp 295-299 

"Natutal Convection Flow in a Finite, Rectangular Slot Arbitrarily 
Cdented 11ith Rescect to the Gra·li~J Vector", !·:an C.;t:on, 
Irist. J. Heat Mas~ Tr~nsfer, Vol. 17, pp 17~-184 · 

"Correlation Equations.for Laminar.and Turbulent Free Convection 
From a Vertical Plate", Stuart\~. Churchill and Humbert 
H. S. Chu~·~. Heat Mass Transfer, Vol. 1~. pp 1323-1329 

"A Comprehensive Correlation Equation for Heat and Component 
Transfer by Free CJnvecti on", Stuart 'ri. C:iurchi 11 and 
Renate U. Churchill, American Institute of Chemical 
Engineering, May 1975, Vol. 21, No. 3, pp 604-606 

"laminar Natural Convection in an Enclosed Rectanqt:lar Cavity", 
G. DeVahl Davis, Int. Journal Heat Mass Transfer, Vol. II, 
pp. 1675 .. 1693 

~ . 
"Heat Transfer by Natural Concection iri Liquids Confined by Two 

Parallel Plates Which are Inclined at Various Angles With 
Respec~ to the Horizontal" by D .. Dropkin and E. Somersca]es; 
Journal of Heat Transfer, February 1965, ~p. 77-84 

"Heat Transfer Across Vertical Layers", A. Emery and N. C. Chu~ 
Journal of.Heat Transfer, February 1965,'p?. 110-116 

"H~n~book of Non-S~ructu~al Material Propertiesc, Stan Rusek, 
LNG Laboratory Report 77013, June 8, 1977 

uNatu~al Convection in Horizontal Liquid Layers•, Ernst Schmidt 
end P. L. Silveston, Chemical Engineering Progress Synposium 
Series No. 55, pp 163-169 

"Fiberglas Roof Ins1,1lation: Thermal Tests and Calculations for 
Tank Tecon", David Woods, Owens Corning R & D Services 
Report April 4, 1977 



Name 

Bonafont, R. L. 

Bus ching, li. W. 

Clifto)l, J. R. 

Cullen, w. c. 
'•. 

Fauconnier, R. 

Glicksman, L. R. 

Lewis, J. E. 

Onega, R. J. 

Pommersheim, ·J. 

Porcher, J.P., Jr. 

Mathey,· R. G. 

Meynard, J. Y. 

Rossiter, W. J ... , Jr. 

Tho111as, W. C. 

Valenzuela, J. A. 

ORNL Translation 4789 

.. · 

359 

AUTHOR INDEX 

'· 

. ~ .l.: ... 

. \ 

. .. ~ 

Pag~ 

81 

l, 

52 

1 

119 

253 

2~7, 330 

... 96 

52 

119,280· 

1,52 

'2'80 ,330 

1 

96 

25J 

159 



. !• •• 

( 
I 
I 

· ·THls.·PAGE .. : 
WAS INTENTIONALLY 

LEFT BLANK 

., 
I 

I 
I 

I 
i 

I 
I 

l -- ~ ~.- ·- - . - -- --~" ~. _, ___ -· _j 

. . 
... 



1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

361 

LIST OF ATTENDEES 

DOE-ORNL WORKSHOP ON MATHEMATICAL MODELING OF ROOFING 

November 3; 4, 1981 
Atlanta Airport Hilton Inn 

Atlanta, Georgia 

Dr. Ervin Bales 
Department of Energy 
MS GH-068 
1000 Independence Avenue, S.W. 
Washington, DC 20585 

Dr. Roger L. Bonafont 
Ruberoid Limited 
Stockingswater Lane 
Brimsdown Enfield 
Middlesex EN3 7PP 
UNITED KINGDOM 

Dr. Dale A. Brandreth 
E.I. Dupont, Inc. 
Freon ·Products Laboratory 
Wilmington, Delaware 19898 

Dr. Herbert W. Busching 
Department of Civil Engineering 
Clemson University 
Clemson, South Carolina 29631 

Mr. Spencer Conklin 
Civil Engineering Laboratory 
Naval Construction Battalion Center 
Port Heuneme, California 93043 

Dr. George Courville 
Oak Ridge National Laboratory 
Post Office Box Y 
Building 9102-2 
Oak Ridge, Tennessee 37830 

Dr. Rene M. Dupuis 
Structural Research, Inc .. 
P.O. Box 5576 
Middleton, WI 53705 

Mr. ·Brnest C. Freeman, Program Manager 
Building Energy Science Branch 
Building Systems Divl~lon 
Conservation and Renewable Energy, DOE 
MS GH-068 
1000 Independence Avenue, S.W. 
Washington, DC 20585 

9. Dr. Leon Glicksman 
Department of Mechanical 
Engineering 
MIT, 3-137 
Cambridge, MA 02139 

10. Mr. James Lewis 
c/o Owens Corning Fiberglas 
Technical Center 
Granville, Ohio 43023 

11. Mr. Harry R. Marien 
Air Force Engineering and 
Services Center 
Dyndall Air Force Base 
HQ AFESC/DE1:1M 
Tyndall Air Force Base, FL 32403 

12. Dr. Eugene L. Marvin 
C~rp~ of Engineers 
HQDA DAEN-RDM 
Washington,. DC 20314 

13. Mr. Robert G. Mathey 
Building Composites Group 
Structures and Materials Division 
Center for Building Technology, NEL 
U.S. Department of Commerce 
National Bureau of Standards 
Washington, DC 20234. 

14. Dr. Jean-Yves Meynard 
Siplast, Inc. 
12, Rue Cabanis 
7 5014 Paris·· 
41170 Mondoubleau 
FRANCE 

15. Mr. James Mollunhoff 
Siplast, Inc. 
Highway 67 South 
Arkadelphia, Arkansas 71923 



362 

List of Attendees for DOE-ORNL Workshop (Continued) 

16 , Mr. Sam Muhlenkamp 
c/o Owens Corning Fiberglas. 
Technical Center 
Granville, Ohio 43023 

17. Dr. R. J. Onega 
Mechanical Engineering Department 
Virginia Polytechnic Institute and 
State University 
Blacksburg, VA 24061 

18. Dr. James M. Pommersheim 
Department of Chemical Engineering 
Bucknell University 
Lewisburg, PA 17837 

19. Mr. Joel P. Porcher, Jr. 
De.partment of Civil Engineering 
Clemson University 
Clemson, SC 29631 

20. Dr. Walter J. Rossiter, Jr. 
Building Composites Group 
Structures and Materials Division 
Center for Building Technology, NEL 
U.S. Department of Commerce 
National Bureau of Standards 
Washington, DC 20234 

21. Mr. Gerald J. Tietsma 
Dow Chemical Company 
Granville R & D Center 
P.O. Box 515 
Granville, Ohio 43023 

22. Mr. John D. Van Wagoner 
Prospect Industries 
1516 Spring·Hill Road 
McLean, VA 22101 

23 Mr. Jack Williams, Jr. 
Twin City Roofing, Inc. 
508 6th Street 
P.O. Box 612 
Wahpeton, ND 58074 

~U.S. GOVERNMENT PRINTING OFFICE: 1982-546-067/9 




