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Abstract 

We show experimentally that for a staggered scheme on a variable grid the 

numerical solution of the wave equation exhibits scattering of waves even when 

the grid varies slowly and the waves are smooth. We also show that this scat-

tering is predicted very well by a modified equation, which thus serves as a 

backward error analysis. 

1. Introduction 

It is known from the classical theory of acoustic waves [4, pp. 318-320] 

( 1.1) 

that if a plane wave passes through a material inhomogeneity, then part of the 

signal is scattered in other directions. More specifically, if c(x) i$ con-

stant in the exterior of a bounded domain 0 but variable in o, then in the 

exterior of 0 the function 
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u(x,t) = f(x•n-ct) + us(x,t) (1.2) 

is a solution of (1.1). Here, n is a unit vector, so that f(x•n-ct) repre

sents a plane wave. Equation (1.2) expresses scattering if f(T) = 0 forT 

> 0 and if us = 0 for t < t 0, where t 0 is the time at which the plane 

wave first hits the inhomogeneity D. For t > t 0 the function us repre

sents the scattered wave. 

With this background in mind we might expect to see scattering whenever 

the wave equation 

( 1. 3) 

is solved numerically on an irregular grid. This may not happen, though, for 

suppose that on a grid {xk} . the functions uk(t), vk(t) approximate 

u(xk' t) and v(xk' t), respectively and that Lk is a linear difference ap

proximation.to a/ax at x = xk. Then the method of lines 

may be written in terms of the characteristic variables 

showing that there is no coupling between the waves. 

On a staggered grid, however, u and v are not defined at common grid 

points so that transformation to discrete characteristic variables becomes im

possible. In this paper we solve (1.3) by a method ·of lines on three examples 
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of staggered grids and show that there is scattering when the mesh is irreg-

ular. We are interested here in smoothly varying grids and smooth wave 

pulses. Abrupt changes in grid size are known to produce reflections [9]. We 

used solutions which were smooth enough to be resolved, even on the coarsest 

grid because otherwise we expect inaccuracy. For discussion of the errors 

introduced by an aqrupt jump with too coarse a grid see Browning, Kreiss, and 

Oliger [2] and Trefethen's thesis [9]. 

We compare the numerically scattered wave with that predicted by a 

·modified equation which is derived following the method of Warming and Hyatt 

[10]. The work of Brenner, Thomee, and Wahlbin [1, pp 107-113] shows that for 

equations with constant coefficients and smooth solutions the solution of the 

modified equation agrees very well with the solution of the difference 

scheme. (Note that [1] never mentions the modified equation, but it uses 

instead an equivalent approximation to the symbol.) Further, for nonsmooth 

solutions and for schemes in which dispersion dominates dissipation it is 

known that the modified equation mimics the difference scheme only v~ry close 

to the wave front [3,7]. 

Let us remark that the scheme we used happens to be nondissipative, but 

the scattered wave is so smooth that the addition of an artificial viscosity 

would not significantly change the scattering. let us also remark that the 
I 

scattering observed here is a very small effect. For gas dynamics, however, 

it is known that the computation of a shock moving into a slowly varying grid 

can produce large errors [5]. 

In the next section we give the difference scheme we used, and we obtain 

the modified equation. Then in Section 3 we present the results of our com-

putat.ium;. · They show that tile presence of a variable grid does indeed induce 
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scattering and that this scattering is extremely well modelled by the modified 

equation. We do not prove these assertions; rather, the paper is confined to 

presenting experimental results. 

2. The scheme and modified equation 

We consider the wave equation ( 1. 3) on the quarter plane x > 0, t > 

0, with initial data u = 0 and v = 0 at t = 0 and with boundary data u(O,t) = 

f(t). We use a spacial discretization of (1.3) with 

(2.1) 

The scheme (2.1) is an adaptation to irregular grids of the classical 

Richtmyer-von Neumann scheme [8, p. 762]. Even through (2.1) is only first~ 

order accurate, time discretizations of it are widely used because of an ap

pealing physical interpretation in Lagranian coordinates with uk represent

ing the velocity of the k-th zone interface and vk+l/2 the average specific 

volume of gas in the zone between xk and xk+l" 

In order to obtain a modified equation for (2.1), we use truncated Taylor 
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series. The differential equation for v yields 

2 
vt = ux + (h /24)uxxx + ... , 

and the differential equation for u yields 

1 (h2 h2 )v 
24 k+l/2- hk+l/2hk-l/2 + k-1/2 XXX+ ••• • 

The third-derivative terms represent the major part of the numerical disper-

sian, and they are the most important error terms on a uniform grid. In our 

computations the conditions are such that the nonuniformity of the grid (the 

vxx-term) is more important, and we truncate the series at second order. 

Let us make some modification. In the coefficient of vxx we replace 

hk+l/2 - hk-l/2 by the nearly equivalent expression hhx. Thus, we have 

For smooth solutions we may eliminate v to obtain an equation for u alone, 

(2.2) 

In our co~putations we consider the case where the main wave is of the form u 

~ f(t-x)·, and the uxxx-term in (2.2) is a small correction. Thus, the 
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actual modified equation we use is 

(2.3) 

It is appropriate at this point to say a few words about stability. For 

the Cauchy problem the scheme (2.1) is stable because 

is constant. Suppose we use a freezing argument on (2.2). It is easy to see 

that because high frequencies are unstable, the Cauchy problem for 

is ill posed for every fixed, nonzero, real a. Thus, we have two reasons to 

choose (2.3) over (2.2) as our modified equation. First, the numerical solu

tion of (2.2) is apt to be unstable, and second, (2.3) may be solved by direct 

quadrature [4, pp. 202-204]. 

For the boundary-value problem on k > 0 the scheme ( 2.1) may be viewed • 

as a method of lines on a uniform grid for a hyperbolic equation with s.mooth 

coefficients and with u(O,t) = f(t), 

Consequently, stability follows easily from the theory of Gustafsson, Kreiss, 

and Sundstrom [6]. In appealing to this theory we ought to be more precise 
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about the specification of the grid in (2.1) as the maximum mesh width tends 

to zero. We shall leave this point vague, because we are interested in the 

error for a fixed grid, and we do not repeat the computation on successively 

finer grids. 

3. Numerical experiments 

In our computations the mesh was constructed as follows. For a positive 

index v we used a uniform mesh on the interval 0 · < x < xv. Since 

(1.3) is invariant with respect to change of scale in x and t, we set h=l on 

(O,x) for convenience. In the computations shown here v = 50. For k = 

v + j (j=l,2, ... , J) we set 

h . l/2 = yj (3.1) V+J-

for some positive y. Finally, for j > J we used a constant mesh 

J 
h . l/2 = y V+J-

In order·to use the modified equation (2.3), we embed (3.1) into a dif

ferentiable function h(x) as follows. For j = 1, 2, ... , J we have 

. 1 = XV + (yJ+ - y)/(y-1) 

It is reasonable to interpolate (3.1) to get There-

fore, for x in the region of the variable grid we take 
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h(x) = ;y-+ (y-l)(x-x )/~ 
. \) 

(3.2) 

More precisely, we use (3.2) to find ~i and ~r such that h is a 

piecewise-linear function with h(x) = 1 on (O,~i), h is given by (3.2) 

on [~i' ~r]' and h(x) = yJ for x > ~r· 
Figure 1 shows the solution of the method of lines (2.1) (solid curve) 

and the modified equation (2.3) (dashed curve) in the scattering region 0 < 

x < 50. The boundary data are 

f(t) = exp{-0.02 (t-20) 2} (3.3) 

In the variable region of the grid y = 0. s1111 ~ 0. 9389 and J = 11. We 

see that the agreement is extremely good. 

The amplitude of the scattered wave in Figure 1 is small, about 6 x 

10-4. In order to compare this with the numerical errors on a uniform grid, 

we repeated the computation with h = 1 everywhere. In that case the errors at 

t = 90 in the region 0 < X < f 1 -S h . f 50 were of the order o 0 , t e SlZe o 

the oscillations visible on 0 < x < 15 in Figure 1. 

We repeated the experiment with y = 41121 ~ 1.0682, J = 21, and 

boundary data (3.3), and the result is shown in Figure 2. Again, we see very 

close agreement between the scattering from the method of lines (2.1) and the 

modified equation (2.3). 

Finally, to show that this beautiful agreement breaks down when the grid 

becomes too coarse to resolve the wave pulse, we repeated the computation with 

y = 161141 ~ 1. 0700 and J = 41. The solution to the method of lines 
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(2.1) with boundary data (3.3) is shown in Figure 3. In this case the oscil-

lations would have been severely damped if we had added an artificial vis-

cosity. 

Conclusions 

We have performed numerical experiments which show that on a variable 

grid the use of a staggered difference scheme for the wave equation can induce 

scattering. Further, if the grid size varies slowly and if the solution is 

smooth, then a modified equation may be used to approximate the scattered wave. 
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Figure Captions 
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