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Second Order Differential Equations in Banach Space 

C. C. Travis and G. F. Hebb 

1. Introduction 

In recent years there has been an extensive effort to develop =:. 

general theory of differential equations in Bar1ach space. Interest 

in this subject dates from the work of Hille ar1d Yosida (1948) on the 

Cauchy problem for first order equations with u.nbounded operator 

coefficients. Tne associated theory of linear and nonlinear semi-

groups of operators has also received widespre=:.d attention and is 

the subject of several excellent monographs. Concurrent with the C.e'rel::p-

ment of a theory of abstract first order equations, ·numerous contrib>..::tior:s 

have been made to the theory of second order differential equations i:2 

Banach space. ..A.mong the earliest and most significant, we find the •,;or~: 

of S. Kure:pa, M. Sova, G. DaPrato, E. Giusti, H. Fattorini, and I. :::.eg=:..:.. 

It is our intention in this paper to survey the theory of secon:. 

ordf!:r. differential equation in Banach space. \·le will not attempt tc si-;-e 

a complete discussion of this theory but rather provide an introduction 

to certain selected aspects of the subject. ~~oofs of results prese~te:. 

vill not be given, but references where proofs may be found '·rill be 

indicated. The main part of our exposition will concern linear second 

order differential equations, a subject intimately linked 'vi th the 

theory of strongly continuous cosine families of bounded linear 

operators in Banach space. As a second part o-;.~ our discussion, uo .. ~ 
will prese:1t results concerning nonlinear seco:1d order equations havir"~ 

a special ~cmilinear form. 

The organization of the paper is as follo-.,-s: Section 2 concerns 

the basic theory of st,rongly continuous cosine frunilies in Banach s:;ac;;, 
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and the fundamental generation theorem of Sova-Da Prato-Giusti-Fatt6rini; 

Section 3 concerns the problem of converting an abstract second order 

linear differential equation to an abstract first order differential syste~; 

Section 4 concerns perturbations of the infinitesimal generator of a 

strongly continuous cosine family, and the approximation theorem oz~ 

Konishi-Goldstein; Section 5 concerns the special properties of co3pact-

ness, ~~iform continuity, and inhomogeneous equations for strongly 

continuous cosine families; and lastly, Section 6 concerns abstract 

semilinear second order initial value problems in which the linear term 

is a cosine family generator. 

We now state some notation that \·rill be used throughout the paper. 

We let X be a Banach space with norm ·II· 11. Let B(X;X) .denote the 

Banach algebra of bounded ever~fhere defined linear operators from X 

to X with norm I· I· If A is a linear operator from X to X, then P(A) 

denotes the resolvent set of A and R(~;A) denotes the resolvent bf A; 

that is, A.Ep(A) if and only if AI-A is one to one and onto, and 

R( ~;A) def ( H-A)-l e: B(X;X). If A is a closed linear operator in X 

with donain D(A), then [D(A)] denotes the Banach space consisting of the 

set D (A) endowed with the graph norm II x II = II A x II + II x I I , · 
x e: D(A). He say that the linear operator' A from X to X commutes >ri th 

L e: B(X;X) if and only if for each x e: D(A), L x e: D(A) and ALx = 1...1\X. 

Finally, we will presume upon the reader a basic acquaintance 1-ri th the 

theory of strongly continuous semigroups (and groups) of bounded 

linear operators in Banach space . 
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2. Baslc Theory of Strongly Continuous Cosine Families 

The theory of strongly continuous cosine families of bou~~ed 

linear operators in Banach space is kindred in spirit to the t.heory of 

strongly continuous semigroups of bounded linear operators in Banach 

space, and it is equally appealing because of its great generality and. 

siEplic i ty. Strongly continuous cosine families of bounded li:1ear 

operato~s are related to abstract linear second order differential 

equations in the same manner that strongly continuous semigroups of 

boLU1ded linear operators are related to abstract linear first order 

differential equations. Roughly speaking, every second order differ

ential equation of the form u" = Au which ·is vell-posed in a certain 

sense gives rise to a strongly continuous cosine f~mily of bo~de~ 

linear operators with infinitisimal generator A, and conversely, 

every strongly continuous cosine family vith infinitesimal generator A 

may be 2~ssociated vri th the well-posed second or~er differential eq_·,J.a:tion 

u'' = Au. In the discussion· belovr, \·re will make these ideas more 

precise. 

Let A be a linear, but possibly unbounded, operator from the 

Banach space X to itself, and let x y £X. By a l~near secon~ ord.er 

initial value problem in X, we mean 

(2.1) 

(2.2) 

(2.3) 

u" (t) = Au(t), t £ R, 

u(O) = x, 

u'(O) = y. 

A solution u(t) = u(t;x,y) of the initial value problem (2.1)-(2.3) 

is 2. fu..':lction u: R ..-). X which is hrice continuously differentia-::;le or! 

R i:-1 tl-.e norm of X, is contained in D(A) for t £ R, and satis:~ies 

(2.1) - (2.3). Notice that if (2.1) and (2.2) are to be satisfied, 



4 

then x is necessarily in D(A). s:.:~,~e A may be unbounded., e.:1d thus 

D(A) may not be all of X, vre cannc~ ef~ect to obtain a solution to 

the initial value problem for ever:~- x e: X. vle say that t~e initial 

value problem (2.1) - (2.3) is ,,el!-pJsed provided that (2.1) - (2.3) 

has a unique solution for each x s ~(A) and y = 0, and ~~e mapping 

x + u( t ;z:,O) has an extension whie:!:" belongs to B(X;X). 

A o~e parameter family C(t), t e: ~. of boQnded lin~e.r operators 

mapping the Banach space X into itself is called a stro~gly continuous 

cosine family if and only if 

(2.4) 

(2.5) 

(2.6) 

C(t + s) + C(t - s) = 2C{t)C(s) for all s, t E R; 

c(o) = I; 

C(t)x is continuous in t on R for each fixed x s X. 

Prouosit"'on 2.1. Let the initial 7e.lue problem (2.1)- (2.3) be vrell-

posed, and for each x e: D(A) and t. "" R, let C(t)x = u(t;x,O), ,.,here 

u(t;x,O) is the unique solution of' (2.1) - (2.3) vrith y = 0. For each 

t s R, let C(t) be the extension in 3(X;X) of C(t) on D(A). Then 

C ( t) , t s R, is a strongly contin·:.:ous cosine family of bounded linear 

operators in X. 

Pro?osition 2.1 is easily este.blished using the definition of a 

strongly continuous cosine family. Fo!'"mula ( 2. 4), ,.rhicn is known as 

the cosi::1e identity, is a conseque:::ce of the uniqueness of' solutions 

to the initial value problem, whil= (2.6) is a consequence of the 

definition of well-posedness. In ~he propositions below, we 

establish a converse to Propositic::: 2.1. We will first, however, 

present a further development of -::-_= elementary properties of 

strongly continuous cosine famili~=· 
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We associate with the strongly continuo~s cosine family C(t), t E R 

in X the strongly continuous sine family S(t), t E R, defined by 

(2.7) S(t) X = ft C(s) X ds, X E·-x; t E 
0 

"R -. , 

and the two sets 

(2.8) 

(2.9) 

E = { x E X: C(t)x is once continuously differentiable in 
1 . 

t on R} 

E
2 

= { x E X: C(t)x is tw·ice continuously differentiable in 

t on R} 

The infinitesimal generator of a strongly continuous cosine family 

C(t), t E R, is the operator A: X+ X ·defined by 

(2.10) 

w·ith D(A) = E2 . 

·The follm-Ting basic results concerning strongly continuous cosine 

families were established in [27], [5), and [~0]. · 

' 

Proposition 2.2. Let C(t), t E R, be a strongly continuous cosine 

family 1-:ith associated sine family S(t), t E R. The follo-w-ing are 

true: 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

C(t) = C(-t) and S(t) = -S(-t) for all t E R; 

C(s), S(s), C(t), and S(t) commute for all s, t E R; 

S(t)x is continuous in t on R for each fixed x E X; 

S(s + t) + S(s - t) = 2S(s)C(t) for all s, t E 

S(s + t) = S(s)C(t) + S(t)C(s) for all s, t E R; 

there exist constants M > 1 and w > 0 su.ch that 

jc(t)j ~ Me~ltl for all t E R; 

R· , 

js(t)- s(~)l ~ M I(~ ewlsl dsl for all t, t E R. 
)t 

He shall say that a strongly continuous cosine frunily C(t), 

t c R, is of type (M,w) if it-satisfies jc(~)j ~ Mewltl for all t E R. 
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Proposition 2.3. Let C(t}, t e: R, be a strongly continuous cosine 

family ,.lith infinitesimal generator A and. associated sine fe.I::lil:r S(t), 

t e: R. 

(2.18) 

(2.19) 

(2.20) 

(-2. 21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

The following are true: 

D(A) is dense in X and A is a closedoperator in X; 
· def' s · 

if x e: X and r, s e: R, then z ---- f S(u) x du e: D(A) and --- r 

Az = C(s)x - C(r)x; 

if X £ X and r, s fi:' R, then z def sr ss C(u)C(v) X ciudv 
--- 0 0 

e: D(A) and Az = (C(s + r) x- C(s-r) x)/2; 

if x £ X, then S(t) x £ E1 ; 

if X £ E
1

, then C(t) X E. E1 ; 

if x £ E
1

, then S(t) x £ D(A) and d/dtC(t) x = AS(t) x; 

if x £ D(A), then C(t) X.ED(A) and d
2
/dt

2
C(t) x = AC(t) x 

= C(t)Ax;. 

if X £ El, then limt O AS(t)x = o· 
··r ' 

if X £ El, then S(t) x £ p(A) and d2/dt2 S(t)x 

= AS(t)x ; 

If x £ D(A), then S(t)x £ D(A) and AS(t)x = S(t)A.::-:; 

C(t + s) - C(t- s) = 2AS(t) S(s) for all t, s £ R. 

Proposition 2.4. Let C(t), t £ R, be a strongly continuous cosine 

family '-Ti th infinitesimal generator A and associated sine fe!:lily S ( t), 

t £ R. Then the second order initial value problem (2.1) .:_ (2.3) is 

well-posed. Moreover, if x £ E2 andy £ E1 , then the unicue solution 

u(t; x,y) of (2.1) - (2.3) is given by u(t; x,y) = C(t)x + S(t)y. 

Except for the claim of uniqueness of solutions to the initial value 

problem, Proposition 2.4 is a consequence of Proposition 2.3. Tne 

uniqueness of solutions is established s:r ?roposi tion 2. 4 in [ 29]. 

.. , 
,,, 

•' 
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If x ~ E2 ory ~ E1 , ve may think of C(t)x + S(t)y as a generalized 

solution to (2.1)- (2.3). 

The following proposition is due to Sova [27], Tneorem 2.24. It 

states that there is a unique correspondence bet·Heen strongly continuous 

cosine families and their infinitesi~al generators; that is, t~o 

different cosine families cannot have the same infinitesimal generator. 

Proposition 2.4. Let c
1
(t), t £ R, and c

2
(t), t £ R, be stro~gly 

continuous cosine families with infinitesimal generators A1 and A2 , 

. respectively. If· D(A
1

) CD(A2 ) and A1x = A2x for all x £ D(A1 ) '·then 

C
1

(t) = c
2
(t) fort£ R. 

As an analogue to the definition of the infinitesimal generator 

of a strongly continuous semigroup of operators, it is natural to 

try to replace definition (2.10) of the infinitesimal generatm· of a 

strongly continuous cosine family by the central difference ap?roxi~ation 

limt ~ 
0 

(C(-2t)x - 2C(O)x + C(2t)x)/4t
2 

, 

of the second derivative of C(t), t e: R, at t = 0. In the case 

of an arbitrary function, it is vrell-known that the central difference 

definition of the second derivative is not equivalent to the classical 

definition. However, as the following proposition deconstrates, these 

tvro definitions are equivalent for fu_r1ctions satisfying the cosine 

functional equation (2.4). 

·Proposition 2.5. Let C(t), t £ R, be a strongly continuous cosine 

family with infinitesimal generator A. Then x £ D(A) if &~d only if 

limt ~ 
0

(C(2t)x - x)/2t
2 

exists, and 

Ax = limt ~ 0 (C(2t)x - x)/2t 
2 

for x £ D(A). 



~// 

The proof of Proposition 2. 5 ·,;as first gj ""2H in [ 27), Proposition 

2.18. Another proof is presentee in [30], Pronosition 2.3. 

The folloving proposition, ,,-~ose proof may· be found in [ 5] , Le::::rna 

5.6, gives a characterization of resolvent of the infinitesimal ge~erator 

of a strongly continuous cosine fs~ily. 

Proposition 2.6. Let C(t), t £ R, be a strongly continuous cosine 

family of type (M,w) with infinitesimal generator.A and associated sine 

family S (t), t £ .R. Then for Re ), > w, A 2 is in the resolvent set 

p(A) of A and 

(2.29) 

(2.30) 

AR(A2 ;A)x = fro e-At C(t)x dt, x £ X, 
0 . 

R(A2 ;A)x = fro e-At S(t)x dt, x £ X. 
0 

We nmv state a necessary anC. sufficient condition. thst an operator 

A be the infinitesimal generator 0f a strongly continuous cosine f~':!ily. 

This condition, which is the analogue of the Hille-Yosida-Phillips-

Miyadera generation theorem ([4], Theorem 13, p. 624) of operator 

semigroup theory, was establisheC. independently by M. Sove.. ([27], Theorem 

3.1 and 3.2), G. DaPrato and E. G·:.:tisti [3], and H. Fattorini ((5], 

Theorem 3.1). 

Proposition 2. 7. A closed densel:.r defined linear. operator A in X 

is the infinitesimal generator of a strongly continuous cosine family 

C(t), t £ R, of type (M,w) if anC. only if R(A
2

;A) exists for A> w, is 

strongly infinitely differentiable, and satisfies 

2.31) 

for A> wand n = l, 2, .... 

We conclude this section wit:-, some simple examples of strongly 

continuous cosine families and t'r.~ir infinitesimal generators. 
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T:':cs:nul e 2 .1. ( ( 6], p . 51) . Let A £ B(X;X) and define C(t) = 
(X) k ?'!r " A .:.. -"; ( ?";r) I 
[., ... \ --~ . , 

k=O 
t s R. Then C ( t) , t £ R, is ·a strongly continuous cosine family in X '.-.'"i th 

(X) k 2"\r..J.. 
i2finitesimal generator A and associated sine family S(t) = l: A"t .~·~/(2~+1)!, 

. , k=O . 

t c: R. If X = R and a > o, then C(t) = cosh t/a if'Ax = ax and c(-t) = cos tla 

i~ P:x = -ax. 

E:ce.:::Yple 2. 2. ( (27), Example 2.27). Let X = c21f (R;C) be the Banach s;:pace of 

c'Jntinuous, complex valued, 2TI-periodic functions on R with supremum nor=, 

a.2d let 

(2.32) (C(t)f)(x) = (f(x + t) + f(x- t))/2, f 8 X, t E R, X E R. 

'I."ne:r-1 C ( t), t s R, is a strongly continuous cosine family in X with· 

infinitesimal generator 

(2.33) Af = f" , 

D(A) = E = {f E X: f" E x}, 
2 

2!6. associated sine family 

(2.34) (S(t)g)(x) = f~~~ g(s)ds/2 , g t X, t £ R, x E R, 

·v.-here 

El = {g EX: g' EX}. 

?or f E E
2 

and. g E E
1

, the forrimla (C(t)f)(x) + (S(t)g)(x) gives the 

::lassical D' alembert solution of the 1-dimensionc.l vrave equation 

{2.35) wtt(x,t) = wxx(x,t), t E R, x E R, 

w(x,O) = f(x), \·Tt (x,O) = g(x). 
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3. The Problem of Conversion to a Fir:;.-::, Order Svstem 

It is nat'.rral to try to conve:rt -t.h~ lfnear second order initial value 

problem (2.1) - (2.3) to a first order differential system. Fcrnally, this· 

.conversion can be easily accomplished -c~,c defining A: X x X ~ X x X as 

A(x,y) =· (y,Ax), 

D(A) = D(A) x X, 

and considering the first order system 

U'(t) = AU(t), t E R, 

U(o) = (x,y) E D(A) x X, 

where U:R ~X x X. The difficulty with this approach is that the initial 

value problem (3.1) - (3.2) may not be ~ell-posed in the sense that A 

does not necessarily generate a strongl::~ continuous group in X x X. To 

see that this is the case, let x E n(_t:..) and y E X, and suppose that A is 

infinitesimal generator of a strongly continuous •cosine family. 'Y:."len the 

solution of the initial value problem (3.1) - (3.2) must be given 'by 

U(t) = (C(t)x + S(t)y, AS(t)x + C(t)y). But, since AS(t) is in general 

unbounded, the mapping (x,y) ~ U(t) does not necessarily possess a4 

extension in B(X x X; X x X). 

It is, however, always possible to convert the second order initial 

value problem (2.1) - (2.3) to a well-posed first order syste~ in the 

Banach space E
1 

x X. The result is due to J. Kisj~ski [16] a~d is stated 

below. 

Proposition 3.1. Let C(t), t E R, be a.strongly continuous cosine 

.L' . vne 

family with infinitesimal generator A a~d associated sine family S(t), t E R. 

Then E
1 

under the norm 

(3.3) II x liE = II x II + sup0 < t < 1 II d/dt C(t) x II 
1 

becomes a Banach space and U(t), t E R, d.efined by 

I . 

,. 

! 

I ·: 
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(3.4) U(t)(x,y) = (C(t)x + S(t)y, AS(t)x + C(t)y), 

for (x,:.r) £ E
1 

x X, is a strongly continuous group in E
1 

x X with 

infinit~simal generator 

A(x,y) = {y,Ax) 

D(A) =·D(A) x E
1 

Although the conversion of the second order equation (2.1) ~ (2.3) to 

a first. order system presented in Proposition 3.1 can always be achieved, 

it is i::.1convenient for some problems. In certain problems, we begin vith 

considerable information concerning the infinitesimal generator A, but very-

little information about the strongly continuous cosine family C(t), t £ R, 

or the subspace E
1

. It is desirable, therefore, to have a conversion of 

· (2.1) - (2.3) to a first order system which only involves information about 

the infinitesimal generator A. The possibility of such a conversion was 

first investigated by H. Fattorini in [5] and [6], ann later by the a.ut.hor!3 

in [30}. The idea is to obtain a square root B of A and to formulate the 

first order system in the space [D(B)] x X. \~e will describe this conversion 

in the discussion belm•. \Ve first require t;:-,e following results concerning 

the existence of a square root of the infinitesimal generator of a strongly 

continuJUS cosine family due-to H. Fattorini [5], p. 95. 

Proposition 3.2. Let. C(t), t £ R, be a s-trongly continuous cosine family 

( ) . . f. . t . 1 t .A I n b > d A_ . def A ~ b2I , of type M,c1l vTlth l.n l.nl. esl.ma genera or -· I w an -0 

then A_ is the infinitesimal generator of a strongly continuous cosine 
(J 

. family Cb ( t), t £ R, of type (M1 , w + 

2 
operatc·r Bb: X -+ X such that Bb = ~ 

B(X,X) -w-hich commutes with~· 

b), and there exists a closed linear 

and B, corr~utes with every operator in 
0 

\·i::= remark that the square root Bb of ~ is defined by Fattorini in the 

follo·~-:.ng way: define 



( 3. 5) Jb x def 1T-l JCX> A-l/2 R(;>.·A_ )(-A. )d:>. 
-- o •-o o 

for x £ D(A). Fattorini [5], p. 95, shmrs that the integral (3.5) exists, 

has a closed extension, and that B~ iJb. 

A£ p(Bb) and R(:>.;Bb) =(AI+ Bb)R(:>.
2

;A). 

I.foreover, if >. 2 c: O(P..., ) , then 
D 

Also, if b > w ther! o c: o(B. ) 
b 

and we see that it is always possible to find or translate A. of A such 
0 

that~ has a square root with the property that 0 £ p(Bb). 

We now introduce i::!. condition similar to one used by Fattorini in [5], 

p. 96. 

A strongly eontinuous cosine family C(t), t £ R, 1.rith ir!finitesilial 

generator A and associated sine family S(t), t £ R, is said to satisfy 

condition (F) if and only if the follm.ring are true: 

(3.6) there exists a closed linear operator B in X such that 

2 B = A and B coiTL'llutes vrith every operator in B(X;X) ',rhich 

commutes with A; 

(3.7) S(t) maps X into D(B) for each t £ R (which implies tha~ BS(t) E 

B(X;X) for each t £ R iince 3 is closed); 

(3.8) BS( t) x· is co::1tinuous in t on R for· each fixed- x £ X. 

The usefulness of condition (F) in the problem of converti::1g the 

second order initial value problem (2.1) - (2.3) to a first order system 

can be seen in the following proposition: 

Proposition 3.3. 
2 Let A and B be linear operators in X, let B = A, let R 

commute with every operator in B(X;X) I·Thich commutes with A, and let 0 £ P(B). 

Then the following are equivalent: 

(3.9) A is the infinitesimal gemerator of a strongly conti!lu:Jus c:;sine 

family C ( t), t £ R, satisfying con<li tion (F); 

(3.10) B is the infinitesimal generator of a strongly continuous group 

T(t), t £ R; 
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(3.12) 
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B(x,y) def (Bx,By), with D(B) = D(B) x D(B), is the in:initesisal 

generator of a strongly conti~~o~s group U(t), t 2 ?, i~ X x X; 

A(x,y) def (y,Ax), '\-rith D(A) = D(A)x D(B), is the ir!:::~i:titesisal 

generator of a strongly continuous group V(t), t e: ?., i:-,. [D(3)] x X •. 

The proof of Proposition 3.3 is gi'.ren in [3], Propositior: 2.6. In the 

proof that (3.9) -d'l (3.10), '\-rhich was first given in [5], Theol'e:;::J. 6.6; o~e 

defines T(t) = C(t) + BS(t). In the proof that (3.10) ~ (3.ll), ~hich ¥as 

first given in [5], Theorem 6.9, one defines U(t)(x,y) = (C(t):.: + BS(x)::r, 

BS(t)x + C(t)y), where C(t) def (T(t) + T(-t) )/2 and S(t) 

T(-t})/2. In the proof that (3.11)~ (3.12), one defines VC~) ·oy 

V(t) = [~-l ~] U(t) [ ~ ~] . 

In the proof that (3.12)-;? (3.13), one d.efines C(t)x = TI 2V(t)(O,z) and 

S(t)x = TI
1
V(t)(O,x), where TI

1
, TI

2 
are the projections of [D(3)J x X onto 

its first and second compom~nt!'>, respectively. For (x,y) t. D(3) :( X, Y(t) 

is given by V(t)(x,y) = (C(t)x + S(t)y, .BS(t)Bx + .c(t)y) . 

Since, for x e: D(A), the set E
1 

is precisely the set of ;;- _ X for ".--hich 

the initial value problem ( 2.1) - ( 2. 3) has a twice continum:sly diffel'entiable 

solution, the exact determination of E_ is of considerable i~;ortance. ~~e 
l. 

connection between E
1 

and the square rcot of the infinitesimal generator 

of the strongly continuous cosine.family is given in the pro?c:oition oelo1.r. 

Proposition 3.4. Let C(t), t e: R, be a strongly continuous ccs1ne fa:1ily 

with infinitesimal generator A, and let B be an operator in Y such that 3 

commutes '\-ri th every operator in B(X;X) ·which commutes with A, zero is in . 

2 
.the resolvent set of B, and B = A. Tt.en t:ne following are e'=2.ui··:alent: 

--- -------------------------------------------------------------------------~ 



(3.13) 

(3.14) 

( 3 .15) 
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C(t), t £ R, satisfies condition (F); 

D(B) = E 
1 

The proof that (3.13) ~ (3.14) is due to the e.u.thors ·and also I. Mujadere. 

{?rivate communication), and ·vrill be published elseT~~nere.. The proof that 

( 3· .14) ~ ( 3.13) is found in [ 5], Remark 6.11, and the proof that ( 3.14) ~ 

(3.15) is faun~ in [30], Proposition 2.8. 

It has been shown in [6], Theorem 2.2, that after some suitable 

. . 
t::.·aw;lation o:t" its inf:l..ni tesimal generator, every strongly continuous 

cosine family in the Banach space LP, 1 < p < oo, satisfies condition (F). 

A natural question to ask is whether or not every st.rongly continuous 

cosine family satisfies condition (F) (after a suitable translation of its 

i~finitesimal generator). The answer is no and the colli~ter example is 

·d\~e to J. Kisy::1ski [16], Example 2 and B.·Nagy [24], Theorem 3. Consider 

tie strongly c.::mtinuous cosine family C(t), t e: R, preser1ted in Example 2.2 

o: Section 2, but restricted to the Banach subspace of odd 2n-periodic 

complex valued functions on R. In [16] it is shown that there does not 

·e:dst a strongly continuous group G(t), t e: R, such that the representaion 

C{t) = G(t) + .J.(-t) )/2 is valid. But .if C(t), t £ ?, de:fined on this 

Bsnach space satisfies condition (F), then by Proposition 3.3 C(t), t £ R, 

!Jss such a rep:::-esentation, >·There G( t), t £ R, is the strongly continuous 

g~·oup defined ·-:Jy G(t) def C(t) + BS(t). 

There are many advantages to be gained from con1erting the linear 

i::>.itial value ?roblem (2.1) - (2.3) to an equivalent '.-rell-posed first 

o:·O.er system. The primary advantage being tliat a well-posed first order 

s::stem corresl='::mds to a strongly continuous group or semi group of operators, 
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thereby making available for application the extensive theory o"f: operator 

semigroups. There are some cases, hm,rever, in 1.rhich it is mo::e aci.vante.geous 

to treat the second order equation (2.1) - (2.3) directly, as we shall 

see in Section 6. 

We conclude this section with a discussion of some examples. 

·Example 3.1. Let C(t), t E R, be the cosine family of Ex~mple 2.2. If B 

. is defined by Bf = f', D(B) = {f E C271 (R;C):f' E c2lf (R;C)}, then B 

satisfies the conditions (3.6), .(3.7), and (3.8), and we have that the 

strongly continuous cosine family C(t), t E R, satisfies condition (F). Notice 

that (BS(t)f)(x) = (f(x + t)- f(~ t)) for f £ c2~ (R;C), x s R, and 

consequently that IBS(t)l = 1 if t # 0 and IBS(t)l = 0 if .t = 0. Thus the 

operator BS(t) is not continuous in the operator topology as a f~~ction of t 

on R. Notice also that B # iJ , where J is defined as in (3.5), since J f 
0 0 0 

must be real-valued 1-lhen f is real-valued. Thus, it is advantageous to 

state condition (F) in ter.ns of an arbitrary square root B of A rather thP.n 

the specific square root obtained using (3.5). 

The follm.ring examples are treated by J. Goldstein in [12], section 8. 

Example 3.2. Let L be a self-adjoint operator in a complex Hilbert spe.ce H 

such that 0 £ P(L). Define B = iL and notice that B* = -iL* =-B. Thus, B 

is ske,,r-adjoint and by Stone's Theorem ([Yosida], Theorem 1, p. 345), B 

generates a strongly continuous unitary group in H. It follm·rs from tne 

equivalence of (3.9) and (3.10) that B2 = -12 
is the infinitesimal generator 

of a strongly continuous cosine family in H satisfying condition (F). 

Example 3.3. Let L be a positive self-adjoint operator in the co~plex 

Hilbert space H such that 0 £ p(L). Tnen L has a positive self-adjoint 

square root L l/2 1-lith the property that 0 E p(L1
/

2). It follmrs from 

.Example 3.2 that -1 is the infinitesir::.al generator of a strongly continuous 

cosine family in H satisfying condition (F). 
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. 
,_ Perturbation and Approximation Results for Strongly Continuous Cosi :1e 

Fa.milies 

Our objective in this section is to discuss some perturbation and 

---
ap?roximation results for strongly continuous cosine f~~lies. A pert·ur-

cation result. is a result of the following type: given an infinitesi-,e.J_ 

generator A of a strongly continuous cosine family C(t), t e: R, in X, 

and a sequence of infinitesimal generators A, n = 1,2, ... , of 
- n 

corresponding strongly continuous cosine families C ( t) • t e: R • n = l. 2, ... ,, 
n 

fi~d sufficient conditions on the operators A, 11 ~ 1,2, ... , such that 
n 

C (t) converges in some sense to C(t). One approach to establishing 
n 

perturbation and approximation results for strongly con~inuous cosine 

fa.::nilies is to convert (2.1) - (2.3) to a well-posed fi:::.·st order syste!:!, 

and apply the perturbation and approximation theory of strongly 

continuous groups. This approach might be especially useful if condition 

( ~' ~s saL~s~~cd ,- J ... VL _ _,_ _J_ • Ho• .... evel-., uot every result known to be true for stro::-;gl:.c 

continuous cosine families can be obtained in this manner. Our pnrpose 

here is to o·otain results for strongly continuous cosine f9.!--nilies dire-::tly. 

The perturbation results we state below are established using methccs 

analogous to those us~d by R. S. Phillips in the pertur·oation theory of 

st:;.·ongly continuous semigroups (see [ 4-], Theorem 19, p. 631). The first 

proposition can be found in [32]. 

Proposition 4 .1. ·Let A be the infinitesimal generator of the strongl~-

continuous cosine family C(t), t e: R, with associated sine family 

.~ (--'--) 
·::> v ' t e: R, and let P be a closed linear operator in X such that 

(4.1) S(t)(X) CD(P) for all t e: R; 

(4.2) PS(t)x is continuous in t on R for each fixed. x e: X. 

A + P is the infinitesimal generator of a strongly continuous 

cosine f9.L"llily in X. 
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We remark that conditions (4.1) e.:~d. (4.2) are obviously .s<:::':.isfied 

provided P £ B(X;X). The stability of strongly continuous cosi:~e :fe.nily 

generators under bounded perturbations vas also established by 3. Nagy in 

[ 24], Theorem l. 

As a consequence of Proposition 4.1, the follmring pro:posi"':.ion is 

established in [32), Corollary 1 .. 

Proposition 4.2. Let C(t), t £ R, be e. strongly continuous cosi~e fanily 

in X with infinitesimal generator A, let P be a closed operator in X, and 

let P satisfy 

(4.3) 

(4.4) 

D(A) CD(P); 

for each t £ R; there exists a constant kt such ths.t. ll ?S( t) x 

· II 2 kt :II x ·11 for all x £ D(A). 

Then, A + P is the infinitesimal generator of a strongly conti:::;uous cosine 

family in X. 

The next tvro recul ta c.re establi si·12d .1!1 [ 32] , Corollary ;:: e.!!d. Corolla.ry 3. 

Proposition 4.3 is similar to a result of J. Goldstein [12], ~~eorem 8.9, 

p. 91. 

· Proposition 4. 3. Let C ( t), t £ R, be a strongly continuous ccs.ine family in X 

with infinitesimal generator A, and let. C(t), t £ R, satisfy condition (F) .. 

Let P be a closed linear. operator in X such that 

(4.5) D(B) C D(P), vrhere B is as in (3.6), (3.7) and (3.8). 

Proposition 4.4. Let C(t), t £ R, be e. strongly continuous cosine family 

in X with infinitesimal generator A, a::1d let C(t), t £ R, satis-fy condition 

(F). Let P be a closed linear operator in X such that 

(4.6) D(A) C D(P) 
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(4.7) there exist constants a and ·:, such that II P x II .2_ a ! [ z ! i + 

biiB x II for all x e: D(A), -~-here B is as in (3.6), (3.7) and 

(3.8). 

Then, A + P is the infinitesimal generator of a strongly continuous cosine 

family in X. 

The follow·ing result, which uses :Jethods similar to those used to 

establish the propositions above, has ()eeri obtained by T. Taker:.a}~a e:.lHl 

N. Okazawa in [29]. 

Proposition 4.5. Let C(t), t e: R, be a strongly continuous cosine family 

of type (M,w) in X with infinitesimal gen~rator A. Let P be a linear 

operator in X such that 

(4.8) 

(4.9) 

D(A) CD(P) and PR(>..
2 ;A) e: B(X;X) for some >.. < w ; 

there exists a constant K
0 

s;_~ch that J~ II PC ( s) x II ;is 

for each x e: D(A). 

~ -· sup {j~e->..s I·IPC(s) x lids: II x II 2_ 1, x e: D(A)}, 

I i I I 
! ! X I I 

and let e: satisfy le:l < K:1 . Then A+ sP is the infinitesimal geneYator 

of a strongly continuous cosine family C ( t), t e: R, in X and, ::noremrer, e: 

(4.10) lim 
0 

lc (t)- C(t)l = 0 uniformly on finite intervals of R. 
e:-+ e: 

The approximation result stated beloi·T is an analog to the Trotter-Kato 

semigrou~ approximation theorem (see [Yosida], p. 269). This result was 

obtained by Y. Koniski [17] and J. GolC..ste:i.n [11]. 

Proposition 4.6. For each n = 0,1,2, ... , let C (t), t e: R, be a strongly 
n 

continuous cosine family in X with infinitesimal generator A . Sun_yose . n 

there exist constants M ~- 1 a.nd w ~ su::::"J that I Cn ( t) I ~ Mewt r.~o::· t -~ R 

and n = 0, 1, 2, .... , . · Then the follo·,;-ing are equivalent: 
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lb C (t)x = C (t)x for each t £ R and x £ D(A); n-too n o 

. 2 2 
li~ R(A ;A )x = R(A ;A )x for each A > w and x £ X. n-too n o 

In [ll], Theorem 2, it is shown that-a-sufficient condition for (4.ll) 

to hold is tr."at there exists a linear subspace D in X such that D C D(A ) . n 

:or n = 0, l~ 2, ... ,A is the closure of its restriction to D, and li~ n n~ 

_!._ X = A X fo:::· all X £ D .. An example is given in [ll] to show· that this 
n o 

sufficient condition is not necessary. 



.5. Special Properties of Strongly Co::-:-:i~'lous Cosine Fa.milies: Ccrr.L":-=c-i:.::es::;, 

Uniform Continuity, Inhornol$eneous ~-:;us.tions 

In this section we discuss some s~ecial properties of strongly continuous 

cosine families. The first of these is co~pactness of the sine family, a 

property ivhich is very useful in the s-:·c:.dy of semilinear second order 

equations. It is well-known (see, e.g., [25]) that. if a strongly conti:-n!ous 

semigroup T(t)~ t ~ 0, in X is compact for some t > 0, then it is co~pact 
0 . 

for every t > t 
0 

. To see that an anal::J:;ous property does not hold for 

strongly continuous cosine families, c·:msider the strongly continuous 

cosine family in X whose infinitesimal generator is the operator -I. ~~is 

cosine family is given by C(t) = (cos t)I and its associated sine family 

is given by S(t) = (sin t)I. C(t) is co~~act at odd integer multiples of 

~o/2, while S(t) is compact at integer =ultiples of n. If X is an infinite 

dimensional space, then these are the o::lly values of t for "1-Thich C ( t) and 

S ( t) are compact. The follmdng prope:::-tics arc catablished in [ 31], 

Lemmas 2.1 and 2.2 and Proposition 2.3. 

Proposition 5 .l. Let C ( t), t £ R, be e. strongly continuous cosine far:1ily in X 

with associated sine family S(t)~ t £ :i. T:."1e follmving are true: 

(5.1) if C(t) is compact for t in an interval of positive length, then 

C ( t) is compact for all t £ ?: , and in particular, the identity 

is compact and X is necessarily finite dimensional; 

(5.2) if S(t) is compact for t in a~ interval of positive length, 

then S(t) is compact for all ~ £ n. 

Proposition 5.2. Let C(t), t £ R, be a st::-ongly continuous cosine fa.I!!ily 

in X with infinitesimal generator A an~ s.::;sociated sine family S(t), 

t t: R. . The following are equivalent: 
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S(t) is compact for every t £ R; (5.3) 

( 5. 4) R(J..;A) is compact for some A., and hence every A., in P(A). 

In the example below, we demonstrate that the Cauchy problem fer the 

r,;e.ve equation 

(5.5) w (x,t) = w (x,t), 0 _< x _<'IT, t £ R,~ 
XX XX 

w(o,t) = w('IT,t) = 0, t £ R, 

,.rx··o) = o"r '\ "') = g(x), 

gives rise to a compact sine family in L
2

[0,'1T] • 

Rxampl e 5.1. If we -vrrite equation {5.5) abstractly in X 2 = L [O,'IT], i-t 

becomes 

(5.6) u"(t) = Au(t), t £ R, 

u(o) = f, u'(o) = g, 

r,ihere u:R -+ X, and A is the operator from X to X defined by 

(5.7) Af = f" 

D(A) = {f £X: f~ f' are absolutely continuous, 

t' £ X, f(o) = f('IT) = 0} . 

A can also be written as 

co 2 
Af - - E n (f,f ) f , f £ D(A}, 

n=l n n 
where f (s) = (12/'IT) sin n x, n = 1, 2, n . . . . ' is the orthonormal set of 

eigenvectors of A. Since -A is positive. and self-adjoint in X, -vre be.ve 

from Example 3.3 in Section 3 that A is the infinitesimal generator of e. 

strongly continuous cosine family C(t),. t £ R, in X satisfying condition \::::·). 

It is easily seen that C( t), t £ R, is given by 

c('t)f 
00 

(f,f ) = l: cos nt f n' f £ X, 
n=l n 

and tne associated sine family is given by 

S(t)f ~ I (sin nt/n) (f,f )f , f £ X. 
n=l n n 
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The resolvent of A is given by 

R(A;A)f = 

The co!l!pactness of R(A;A) fcllovs 

- ? 
from the fact that the eigenvalues of :R ().;A) are- A = 1/ (A + n-), n = 

n 

1, 2, .... and lim A = 0. n-+«> n 

The next property of strongly contin~ous cosine families we discuss 

-is the uniform continuity of C(t), t ~ R; that is, the continuity of 

C(t) as a function in t from R to B(X;X). As _in semigroup theory, _,_' 0 

vrllS 

property is equivalent to the boundedness of the infinitesimal 

generator (see [4], Corollary 9, p. 621). 

Proposition 5.3. Let C(t), t e: R, be e. strongly continuous cosine fai:iily 

with infinitesimal generator A and associated sine family S(t), t e: R. Z'1e 

follmring are equivalent: 

(:J.8) 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

lim. C(t) ~ I in B(X,X) ·, 
"(,-+<>a 

Jjmt-+o S(t)/t = I in B(X,X); 

A e: B(X;X); 

C(t) (X) C E
1 

for all t in an interval of positive length; 

there is an interval [a,b] of positive length such that for all 

t e: [a,b], S(t)(X) ~D(A) and AS(t) is strongly continuous. 

The proof of Proposition 5.3 is given in [31], Proposition 4.1. 

The equivalence of (5.8) and (5.10) was first established by S. Kurepe. 

in [20). 

The last property of strongly continuous cosine families we treat in this 

section is the regularity of solutions to the inhomogeneous initial value 

problem 

(5.13) u'' ( t) = Au( t) + f( t), t e: TI, 

u(o) = x, u'(o) = y, 
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-... -:::1ere A is the infinitesimal generator of a strongly continuous cosirre fs.:!lily 

::..::2d f is a given continuous function from R to X. The inhomogeneous 

linear equation (5.13) has implications in the investigation of nonline~. 

second order abstract equations, as we 1-lill see in~ the next section. t,·ie 

define a function u from R to.X to be a strong solution of (5.13) p~ovided 

tnat u is twice continuously differentiable on R, u(t) £ D(A) for t e: R, 

::..nd. (5.13) is satisfied. The follm·Ting proposition is established in [31], 

Proposition 2.4: 

?roposi tion 5. 4. Let C ( t), t. e: R ~ be a stl'ongly continuous cosine farnily 

¥ith infinitesimal generator A and let f: R + X be continuous. If u is 

.e. strong solution of (5.13), then 

(5.14) u(t) = C(t)x + S(t)y + J! S(t ~ s) f(s) ds . 

Equation ( 5.14), ho~orever, is more general than equation ( 5.13) , and 

eYery function of the form (5.14) need not be a strong solution of (5.13). 

Fo:::- this reason> we 'fill defiue functions of the form ( 5.14) as mild. 

. so-, utions_ of equation ( 5.13) .. In the discussion below, we will state 

conditions on f that guarantee that every mild solution is a strong sol~tion. 

?ronosition 5.5. Let C(t), t £ R, be a strongly continuous cosine family 

¥ith infinitesimal generator A and associated sine family S(t), t £ R, 

::..nd let f be continuous from R to X. The initial value problem (5.13) has 

s strong solution for every x £ D(A) and y £ E
1 

if and only if the 

:•:-';aluecl function 

(5.15) g(t) = Jt S(t - s) f(s) ds, t £ R, 
0 

is twice continuously differentiable in t on R. A sufficient condition 

':-:::,at the function g defined by ( 5 .15) be twice continuously differentia-cle 

i~ t on R is that f be once continuously differentiable in t on R .. 



Proposition 5.6. Let C(t), t s R, be ~ stro~gly continuous cosine family with 

infinitesimal generator A and associat~·i since family S(t), t s R, and 

let f be continuous from R to X. The ~!J.iti~l value problem (5.13) has a 

strong solution for every x s D(A) and. :{ 2 E1 if and only if the X-valued 

function 

(5.16) g(t) = ft S(t - s) f(s) ds, 
0 

- R, 

has the property that g(t) E D(A) for all t s R and Ag(t) is continuous as a 

function in t from R to X. A sufficient condition that the function g defined 

by (5.16) have the property that g(t) s D(A) for all t s R and Ag(t) is 

continuol!s as a function in t from R t;:, X is that f(t) s D(A) for all 

t s R and Af(t) is continuous as a function in t from R to X. 

Propositions 5.6 and 5.7 are analogous to results concerning the 

inhomogeneous first order equation fro~ semigroup theory (see [25]). The 

proof of these propositions is given i~ [31], Proposition 3.4, Corollary 3.5, 

Proposition 3.6, Corollary 3.7. 
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6. Abstract Second Order Semilinear Eouations 

In this section we will discuss second order semilinear initiel value 

problems. For the sake of simplicity, we will restrict ouT attention to 

autonomous equations. We will consider e·quations of the form 
•. 

(6.1) u"(t) = Au(t) + F(u(t), u''(t)), 

(6.2) u(o) = x, u'(o) = y, 

•,rhere A is the infinitesimal generator of .a strongly continuous cosine 

family C(t), t £ R, in X, F is a mapping from X x X to X, and the u_~~~cw~ 

::;elution u me.:ps some :i.ntel'val about 0 to X. 

He seek mild solutions of (6.1) - (6.2), that is, solutions of 

integral equation 

(6.3) f
t . 

u(t) = C(t)x + S(t)y + S(t- s) F(u(s), u'(s)) ds . 
0 

We lose no generality by considering solutions to (6.3) since if F(u(t), 

u'(t)) is continuous in t, then by virtue of Proposition 5.4, every 

solution of' the initial value problem ( 6.1) - ( 6. 2) i~ also a solut.ion of 

(6.3). Moreover,· equation (6.2) is easier to "1-rork vrith than (6.1) - (6.2) 

oecause of the nice properties of the bounded operators C(t), t £ R, end 

S(t), t £ R, as opposed to the unbounded operator A in equation (6.1). 

'I'his approac::1 to problem (6.1) - (6.2) traces back to the ' . .rork of I. Segal 

in [26]. In [26] cosine family theory was not employed, but rather 

(6.1) - (6.2) was converted to a first order system and the theory of 

strongly con-;:.inuous groups was applied. 

\·Te vill allm-r for a variety of hypotheses in the semilinear initial 

value proble~ (6.1) - (6.2): (i) hypotheses on the cosine family 

~:::(t), t £ R, such as condition (F) or compactness of the sine family; 

(ii) hypotheses on F such as continuity conditions or the assum~tion that " 

:iepends only .on its first variable; (iii) hypotheses on the init.j .. al ~ralues 
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such as membe:;.·ship in the set D(A) or .;:;
1

. Many subtleties arise fro::: these 

various hypot~'1eses vith regard to the existence, uniqueness, continuous 

dependence upon initial values, smootrilless, and continuability of solu~ions. 

We vill give a sampling of results that can be obtained. The proofs can oe 

found in [ 30] , . Section 3. In what follo;,rs, vre suppose that C ( t), t E n, is 

a ·strongly cor::tinuous cosine family in X vTi th infinitesimal generator A 

and associated. sine family S(t), t E R. 

Proposition 6.1. Let D be an open subset of X x X and let F: D -+X satisfy 

(6.4) :II F ( x, Y) - F ( ~, Y)- II ~ L ( r) (! I x - x II + ·11 Y - Y II ) 

for(x,y), (~,Y) £DsatisfyingJI X II, II xll, II'YII.II y-11 < -~ -.!.' 
+ + where L(r) is a nondecreasing function from R to R For each (x,y) s D such that 

x £ E
1

, there· exist ·to > 0 and a uniq_;_;,e continuously differentia-ble 

function u: (-t
1 , t 1 ) -+X satisfying (6.3). Further, if D = X x X anC. L(r) 

is constant, then t 1 can be taken as + ~. 

The meth.:.d of proof employed to ootain the local existence and U.."'liq_u::::ess 

of solutions claimed in Proposition 6.1 is the classical method of successive 

integrations. Regarding the continuous dependence of solutions on initiai 

values, we have the follovring result. 

Proposition 6.2. Suppose the hypothesis of proposition 6.1 and let t
1 

> 0. 

There exist constants K = K(t
0

) and y = y(t1 ) such that if u and u satisfy 

(6.3) for lti < tl with u(o) =X£ El, u'(o) = y, u(o) =~EEl, 

0.' ( o) = y, ( x, y) , ( ~ ,Y) £ D, then for ! t I < t 1 , 

(6.5) II u(t) - u(t) II + II u' (t) - o.• (t) II 
~K(II x- x II+ 1·1 A(x- ):) II+ II y- y II) eyltl. 

The proo:;:~ of Proposition 6. 2 uses Grom-rall' s Lemma and the estimates 

in (2.16) and (2.17). vlith additional hypothesis on F, we can claim 

that mild solutions are strong solutions. 
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Proposition 6.3. Suppose the hypotheses of Proposition 6.1 and, in 

addition, that F is continuously differentiable on D and satisfies 

( 6. 6) II F
1

(x,y) Fl(~,;9-) II _:_ L(r) q ·I X - x II + II y - y II ) , 
-·· 

•II F
2

(x,y) - F2(~,;9-) II _:_ L(r) < II X - x II +,II y - y- II ) , 
for (z,y), (~,y) £ D satisfying :II x II , II Y II, II X II' II :; II 2 r, 

,,,here L(r) is a nondecreasing function from R+ to R+ and F
1 

and F
2 

denote 

the derivath'e of F w·i th respect to its first and second variable, 

respectively. Then the mild solution u of equation (6.3), whose existence 

is established by Proposition 6.1, b,a strong solution of (6.1) - (6.2), 

provided x £ D(A) andy£ E1 . 

The next result concerns the continuability of local solutions of 

equation (6.3). 

ProPosition 6.4. Suppose the hypotheses of Proposition 6.1 and suppose 

D = X x X. If x £ E1 , y £ X, and u is a solution of (6.3) noncontinua~le 

to thP right on [o,b], then either b = t ~or limt+b- (II u(t) II + 

II u I ( t ) :II ) = + CX) An analogous result holds for solutions noncontinuao::..e 

to the left. If F does not depend on its second variable, then •re o-btain 

existence of mild solutions under weaker assumptions on the initial values. 

Proposit~on 6;5. Let D be an open subset of X and let F: D-+ X be such t~at 

(6.7) II F(x)- F(x) II _:_L(r) II x- x II 
for x, x £ D satisfying II x II , I J x II. _:_ r, where L( r) is a nondec:r-easl::-:~ 

.t:' .... 
J.UDCt-lOD 

+ + . 
fro~ R to R . For each x £ D and y £ X, there exist t

1 
> 0 anc an 

unique co::1ti:;uous function u: (-t
1

, t
1

) -+ X satisfying 

(6.8) u(t) = C(t)x + S(t)y + Jt S(t- s) F(u(s)) ds 
0 . 

·Further·, if :J = X and L is a constant, then t
1 

can be taken as + "". 

If D; X, x s E
1

, y £ X, and u is a solution of (6.8) noncontinuable to 

the right on [o,b], then either b = +""or limt->-b- II u(t) II = + :.o. 

An analogous result holds for solutions noncontinuable to the left. 
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If l·te knm;r that F does not depend. on its second variable and that S(t), 
I . 

t £ R, is a compact sine family, then tne Lipschitz continuity condition 

( 6. 7) 0!1 F can be weakened to only contir:ui ty. As is t·o be expected, 1-re 

lose the uniqueness of solutions. 

Proposition 6.6. Let the sine family S(t) be compact for each t £ R and 

let F: D -+ X be continuous 1-rhere D is ::.n open subset of X. For each 

x £ D and y £ X there exist t
1 

> 0 and a continuouG function u:(-t· ,t ) -+X 
. 1 1 

satisfying (6.8). Further, if D =X, F ~aps closed bounded sets into 

bounded sets, x £ Ei, y £ X, and u is .a solution of (6~8) noncontinuaole 

to the right on [o,b], then either b = +c:> or limt-+b:::; II u(t) ! I = +co. 

An analogous result holds for a soiutio!1 noncontinuable to the left. 

Proposition 6.6 is established by an application of the Schrauder 

Fixed Point Theorem. Another weaking of the hypothesis on F can be 

achieved if we suppose that C(t), t £ R, satisfies condition (F). 

P1·oposition G.7. Let C(t), t £ R, satisi'y condition (F) and let B be a 

square root of A satisfying (3.6) - (3.8). Let D be an open subset of 

[D(B)] x X and let F: D-+ X be such that 

(6.9) II F ( x • Y) - F ( ~ S) II ~ L ( r) ( ! I B ( x - ~) II + ·11 Y - 'Y I j) 
for (x,y), (~,9') £ D satisfying ·1,1 Bx II, II Bx II, 1·1 Y II, I! 9' II ~ r, 

+ + where L(r) is a nondecreasing function from R to R . For each (x,y) £ D, 

there exist t
1 

> 0 and· a u.;·1ique contim.w·c1sly differentiable fU!lction 

u:(-t
1
,t

1
)-+ X satisfying (6.3). Further, if D = D(B) x X and L(r) is 

constant, then t
1 

can· be taken as +ex>. 

The proof of Proposition 6.7 uses the fact that when C(t), t £ R; 

. satisfies condition (F), the second order equation (6.1) - (6.2) can be 

converted to a 1-reli-posed first order system in the product space. 



•. 

29 

[D(B)] x X. The condition (6.9) on F gives rise to a Lipschitz co~5itic~ 

0" the nonli:1ear part of the ne>·T first order system, and. tne proof :;;::-o·::ee-:S.s 

oy the method of successive integrations._ .He. observe that there is ::JO l:>ss 

of generality in considering equation (6.1) - (6.2) eve:1 in the. case w~e~e 

it is necessary to translate the infinitesimal generator to obtain a 

cosine family satisfying condition (F). He replace A oy A - bi anci 

F(u(t), u'(t)) by F(u(t), u'(t)) + bu(t), and the hypothesis of Propo

sition (6.7) vrill still be satisfied. It is possible to o·ota.in :re.suJ.t.s 

under the hy~othesis of Proposition ( 6. 1) 1-rhich are analogous to the 

~esults of P~opositions 6.2, 6.3, and 6.4, but vre omit their statement 

here. He re.::nark that by virtue of Proposition 3.4, we have that 

E
1 

= D(B) Hhenever condition (F) is satisfied. 
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