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STATISTICAL MECHANICS OF DENSE PLASMAS: NUMERICAL SIMULATICH

AND THEORY

H. E. DeWitt
University of Culifornia Lawrence Livermore Leboratory
P, 0. Box 808, Livermore, California 94550

ABSTRACT

Recent Maate Carlo calculations from Paris aud from Livermore
¢~1 dense nne and twe component :lesmas have led to systematic
and acsurate results for the thermodynamic properties «~f dense
~ulombic fluids. This talk will summarize the results «f these
numerical experiments, and the simplie analytic expressicne for
the =quation of state and other thermcdyramic funetions that
have been obtained. The thermel energy for the one component
plasms has a simple power law dependence on temperature that is
identical to Monte Cerlo results orn strongly coupled fluids
poverned by 1/r% potentimls. A universal mcdel for fluids
governed by simple repulsive forces is suggested. For two
companient plasmas the ion-sphere model is shown to aAccurately
repraduce the Morte Carlo data for the static pertion of the
rnergy. Electron screening is included using the Liv.dhard di-
«.eetric function and linear response theory. Free energy ex-
pressicns have been constructed for one and tws component plasmas
that mlliow easy computation of all thermodynamic functions.

I. INTRODUCTION

The purpoge of this paper is to give @ partiel summery of
currernt understanding of the equilibrium statistical mechanics
of fuily ilonized light elements at finile tempearture and very
high density. This state of matter is referred tc as a Coulemb
114 rr a strongly coupled plasma. The interesting therme-—
dynaric properties are governed by the Couiombic interacticns

e the puclei which are treated ns charped prints.  PRecause

<]

of the relatively large muss of the nuclel as c-mpared with the
eleetron mass the Jculemb fluid is a nesrly clessical system in
contrast with the electrcn fluid which is highly quantum mechunical.
Thus 8 strongly coupled plasma may be considered as e mixture of
twoe fluids: the fluid of peint nuclel gevrrned by puirwise
“oulomb interactions in classical mechanics, and a neutralizing
eiectron fluld which because of the high density is degenerate due
tu Fermi statistics of the electrons. In real physical systems,
i.e. stellar interiors, lurge planetary interiors, and laser-
fusion compressicn experiments, ihe twe fluids interact with each
~ther chielly bty mesns of an electron screening effect due to some
wecunmulation of fos5t moving electrons around eseh nucleus. Since
a very larg: fraction of the matter in the universe, i.e. stellar
intericrs, is in the strongly coupled plasma stote the equilibrium
and nen-equilibrium properties of the Coulomb fluid mre of greet
interest.

Most of the physies of dense fully icnized plasmas to be
discussed will denl with nearly clussicel Coulombic interactions
treated by numericel and wnalytical statistical mechanics. The
main zdvances in understanding of the strongly coupled system
have come in the last five yeers from Maonte Carlo simulsticns of
the Tcuromk fluild from Paris and from Livermore. A®though the
electron fluid at high density lominater the pressure due to the
nigh degree <! depene-acy and the large value of the Fermi enerpy
compa. 2d with the temperature, € >> kT, it 1s assumed ihat the
«lectron fluid is tc e large extent decoupled from the Coulomb
£}uid of the nuclel. To make this point evident mnd to define cur
terms it is useful to first look st the true plasma Hemiltonian
tYor the real twe component system: electrons and peint nuclei,
This Hamiltconian is:

He
=i
Ne.ﬂ 2 i ( )2
- E: ze . T ze
Tay i3
a=1 i<
i=l

where nuclei of masc M hove charge z. For a single element elec—
trical neutrality reguires
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He = zN

and for a fully iconized mixture of two elements with nuclear charge
zy and zp the neutrality condition is:

Ne = lel + 22N2 = zN
where N = N, + N_., Because of the attractive interaction between
electrons and nuSlei it is evident that a proper treatmernt of this
meny body system requires quantum mechanics since the classical
partition function of point charges of copposite sign 1s divergent.
However, ir we treat the electrons not as particles but as c
neutralizing fluid, the average totel energy of the plasma can
be written as:

E=<H> = <K > + <K,> + < >+ <}, , + U .>
e i ee ii ei

)+-23-NkT+U

()

3
“e (5 CF * Eex * Ecorr
where the brackets indicate an ensemble aversge, and U is the
internal energy of the nuclear Coulemb interactions suitably
ensemble averaged in the presence of the electron fluid:

2
U= Z (_xzt_e_)_ + background
1oy W

= Ner oo, r)

where I' is the classical Coulomb interaction parameter and r_ is
the electron screening parameter for complete degeneracy (EF7RT>>1):
222 um 1/3 - 2%e? " <(zg)2/r>

[ == (5 n) ~
kT 3 XT T ki
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vwhere 8y = kil /mce and
T = U S T
e L 1/3 7 =1/3
o)™ 2
e
since n_ = Zn with n = K/V, the ion number density, and n_ is the

electron number density. T is a convenient measure of thé average



distance between nuclei. Note that the radius of m sphere
surrounding a charge 2; contmining suf”icient negative charge
to neutralize zj;, the ion-sphere radius is:

- . (fl 1/3 T2z

1 z 1 e °

The two parameters, ' and T s Bre sufficient to specify the thermo-
dynamic properties of ihe system. Hence the internal energy in
the form, U/NkT, is o function of T and rg. Strong coupling gen-
erally means that I' > 1, and Tor the high density or low temp-
erature required,the concept of Debye length does nuot enter the
description of the plasma; the length T i5 more appropriste.
Also the screening due to degenerate electrons is not Debye
screening but much more like Thomes-Fermi screening. For the
pressure ioanized hydrogen found in the interior of Jupiter the
Coulomb coupling perameter is of the order of 20, and the
electron screening parameter is r_ % 1. For the enormously
higher densities in white dwarf stars the value of the two
paremeters are roughly ' ~ 100 to 200 and Tg " 0,01.

The limit of rg = D gives a very useful and important
methematical abstruction, the classical one component plasma
(0CP) which evidently does not exist in nature, though whiie
dwerf star interiors come very close to it. The OCP as e
mathematical model hes the same importance for real strongly
coupled plesmas as the hard sphere fluid has for the theory of
real liguids. In fact the OCP mmy be considered as the extreme
limit for the "soft" sphere system described by inverse power
potentials:

g, m

a(r) = )

For m = @ one obtains the hard sphere potentiel for spheres of
diameter 0, namely u{r) = e for r § ¢ and u(r) = 0 for r > g.
The OCP is obtauined for m = 1 with €0 = {ze)?. Extensive
computer simulations of the strongly coupled soft sphere systemsl
ere now availeble (m =1, 4, 6, 9, 12, and m = = for hard spheres?),
and remarkeble similar features are found all the way from the
extreme soft sphere case, the Coulomb system for m = 1, to the
hard sphere fluid for m = =. All of these fluid systems go into
A lattice at appropristely high values of the coupling parameter;
the fluid thermal energy has an apparently universal form for
the soft sphere systems; and the pair distribution furctiom, glr},
has the same oscillatory structure. Because of the reguler
features observed in the computer simuletions ci the soft sphere
fluids it if reasoneble to ennsider the OCP es a fluid governed
by @ very soft potential, 1l/r, and make use cf what is known
from liquid state theory.



The present understanding of the physies of strongly coupied
plasmas, in particular, the OCP, tegan with the piuneering Monle
Carlc simuletion work of Brush, Sahlin, and Teller (BST). The:
were able to adapt the Monte Cerlo method of Metropolls, et al.
for the ~alculation of cancnical ensemble averages of fluid
internal ensrgies to handle the long range of the Coulomb potential
by replicating the basic cvell of N cherges with images to infinity
and summing the interactions of charges und imege cherges with the
Ewald methud.® In most of their computer runs they used ¥ = 108
charges and aseraged over 109 configurations with values of T
ranging from 0.1 (in the weak coupling or Debye region) up to
I' = 125 at which point their code indicated & transition from the
Coulcmb fluid to the Coulomb lattice. They obteined strong coupling
resuits for U, g(r), and excess heat capacity Cy. Because of
numerical inaccuracies for large T' their results for the thermal
ene“qj ant heat cupacity as ue]; as the fluid-lattice transition
ot FE'ltL]{ in the application
d Monte Taric method to stronslv coupled plasmas occurred ir
1971 when Hubbard and Slattery recognized thet the CCP results of
BST 20ould be applied to the interior of Tupiter if the screening
eflfects of electrons were included.’' They modified the BST Monte
Carlc propgram to irzlude the electron fluid screening efrect for
non-zero values of r; by means of linear response thecory and the
Linchard dielectric function. Tpey also generalized their code
tc handle two nuclear components® sc that the thermodynamic
functions of arbitrary mixtures of light elements, such as fully
iunized hydrogen and helium, cculd be calculeted. Because of
computer time limitation at the University of Arizona they could
meke Monte Carlo yuns with only a small number of charges N ~ L0,
und cnly about 10" configurations. Thus their initial results
were not very accurate. The Hubbard Monte Carlo code was next
revised for use on the larger computers at the Livermcre Laboratory,
end & large number of runs were made to mep out the thermodynumics
of wne component plasmes with electron screening and mixtures of
twe nuciear components with screening as functions of [ and re

Independently of the Monte Carls dense plasma work in the
4 States J. P. Hansen and his ccllaberaters in Faris
1evelioped a new and very accurate OCP Monte Carlo code and in
1973 <hey published results for OCP thermodynamic gunctiﬂns
cbtained with ¥ = 128 charges and averaged cver 10% configurations
fer values from 1 to 160 for the fiuld statel® and frem 150 to
300 for the Coulomb lattice.ll Their results for U/HKT for the
strongly coupled OCP are appnrently very aceurate and reliuable
and zan be cnnsidered as the standard results for testing the
valiiity - analytical theories and integral equaticn results.
Thus the Hansen fluld and s0lid CCF equatiscn of state data cen be
viewed in the same manner as the Alder-Wainwright meieculur




dynmmics duta for the hard sphere equation of stuate in the fluid

and solid phaoes. In the respective limits, m=1l for the scft

spliere sysiem, and m== {or the hard spherc¢ system, cne has an
accurate cet of numericel experimental date thet rap out the,thcrmc-
dynamic preperties. This date can be unalyzed to look for

empirical relaticns nnd fitting functions that hopefully w!ll sug-
sest theoretical mhdels for strongly coupled systems. :

From tne analysis of the datwm obtained from the Livermore asnd
Paris Monte Carlc strongly coupled plasme equilibrium results a
number of peneral results have emerged:

1. The fluid Internul energy is a sum of a static energy
rezembuing the energy of perticles in a lettice plus
a well Gefined thermal energy:

[ UO(H) + Uth(n, kT)

c. =
duth/dT .
. Zertain integral equatlons give this qualitulive

feature, namely the hypernetted chein {(HNC) equation
und the meunrn spherical approximation.

K For arbitrary miztures of different nuclear charges
tne irn-sphere charge averaging largely determines the
thermrdynamic proeperties sc that e one fluid model cen
te used with

v
T =233 Ty

= Ba‘ /T .
FO Be" /¥
. Tne :irect ccrreistion function “or distences less than
the neurest neighbor distance {r 1.7F) has a simple
u.gebreic form dominated by u lireur term:

cfr) = ~T'(a, - a,x), x=r/F
0 1

ani this form determirnes the ion fluid structure
ractor, S(k).

These {rur reneral conclusions are of course all related and
are mairly = ccrnsequence cf the mpparent fact that a strongly
crupled plasme may be descrived ns a discrdered lattice. The
stetic energy, Uofn), represents the nverage energy of the systern
with the ztreny interpartirle correlations keeping the ions in
pecaitions that resemble < lattice structure. Since the system is
a fluid, the averare it.on of the varticles changes slcuwly with
time, in.ie the rear Tattice that appemrs with still strenpe-




correlation. The magnitude of U.(n) may be expected to be
comparable to the energies of simple cubic, face centered cubic,

or bady centered cubic lattices, but since the strongly coupled
fluid is a disordered array, this static energy is expected to

be slightly larger than the Madelung energy of the lattice that
gives the minimum Helmholtz free enerz¥ for the solid, i.e., the

hce lattice for the Coulomb potential. 1 In addition to the slow
shifts of the average particle positions there are also much more
rapidé short distance movements of the particles around their everage
positiona., These rapid movements are enalagous to the harmonic
vibrations that give the thermal energy of a real lattice, and of
the fluld these movements give rise to the fluid thermal energy,

U n, KT). The essential difference of the fluid state as compared
with the sciid state shows up in the form of U;,. The Monte Carlo
simuiations of the strongly coupled plasme fluid state show that
the temperature degpﬂdence of the fluid Uy, per partlcle is
approximately (kT)-, insterd of (3/2)kT for e particle vibrating
harncnically around a lattice site.

For the present discussion a strongly ccupled plasme will be
taken to mean a coupling paremeter range, I'y < I' < 'y, for which
there seems to be a well defined separation of the potentiml energy
intz two parts: U = U, + Uy, This region might elsc be called
ihe asymptotic Coulomb fluid region since & very simple analytic
expression gives the equation of stete end leads to all other
thermodynamic functions. The upper limit is clearly the fluid-
lattice transition which is indicated to be from the Pollock and
Hansen Monte Carlo work as Tg = 155. The lower limit Tt is
somewhat ill-defined but may be estimated as Ty % 0.75, as the
lower limit ef accuracy of the asymptotiec formula for tne energy
of the strongly coupled fluid. For I'y = 0.75 the potential energy
may he obtained eccurately with a few terms of the Abe cluster
expession.i3 The genuine weak coupling limit means I << 1 for
whick the Debye theory 15 valid.

II. THE ASYMPTOTIC OCP FLUID POTENTIAL ENERGY

The most accurate Monte Carlc data on the potential energy
for the strongly coupled Coulomb fluid that is available at the
present time is thet of Hansen*o, and some of this data 1s shown
in Table I. In a separate column the values of the thermal energy
are given for each [ value. A striking feature of the Coulomb
fluid data is that the thermal energy is only a small fracticn
of the total potential energy for large T; U, /NKT at T = 155,
the fluid-lattice transition, is only 2% of tﬁe total energy.
The Monte Carle process necessarily gives U/NKT and not Ugp /KT
50 that it is necessary tc ~btain U/NkT with grest accuracy in
order to get dependable results for the thermal energy. Hansen



used N = 128 particles and averaged over 106 configurations to
obtein his results. A stetistical anaelysis of this data indi-
cated that up to ' of LO the results are consistent. For [ >

L0 the data indicate a possible small systematic errcr. Also it
was found that the second moment of g{r} did not satisfy the
Stillinger-Lovett condition. Consequently the data for I’ in the
range from 1 to LO was used to deduce the guantitative results for
the thermel energy. The totel energy is written as:

U/NKT = (Uu + Uyq )/NKT

= -al + g(I') .

For the Coulomb sclid the Mante Carlo dete indicated the exrected
harmonic vibrations with a smell anharmonic correction, nemely
#(I'} = 3/2 + 3500/T2. The fluid data, however, indicated a very
different form, namely g(TI') = bT'5 - ¢, where s is a small pover
between 0.2 and 0.3. A non-linear least squares fitting proce-
dure for both the energy and heat capacity data established the
best value to be s = 0.25. The total energy was found to be:

U/NKT = -0.89461F + 0.816571/"

- 0.5012, 0.75 < T < 155.
The static energy constant obtsined by fitting the fluid data

is gbout 0.15% higher than the Madeiung constant for the bce
lattice, free = 0.895929, This for ula must obviously fail at
smell T, and presumably there must be corrections to this
asymptotic formula that are inverse powers of T'. It has not been
possible with the present data to find a believable correction to
the above result.

Other thermodynemic functions are eesily obtained from this
asymptotic form of the internal energy. Thus the heat capecity
is found by integration to be:

oy = 12 DI 3t/

and this result egrees very well with the somewhat less accuraste
Monte Carle data for the heat capacity. Similarly the Helmholiz
Tree energy is found by integration to be:

F(Ty)
F/NKT =J—r gr+ {u/nkT) | Nle
r 1

r

1

=l « borYY - cgar 4 ¢
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where the ertropy constant is found to be d = -2.809 by compariscn
with the Abe cluster expansion evalumted at [ = 1. Since the
potential energy is negative (meaening the Coulcowb internctlon
energy) the pressure due to the Coulomb intersetions is alse
negative. For the OCF the interacticn pressure is given exactly
by the virial thesrem, PV/NKT = (1/3)U/NkT. The negative pressure
- the Ooulsmb interactiens among the iens is, ~f course, more
than balancel by the large positive pressure of Fermi degenercte
electrens for real systems. Similarly the compressibility from
the Coulomb interactions mlone is negative for the OCP. Working
from the Coulombic pressure the compressibility is found te te:

{36!’ 4 b I
= =-gal+ =" -2 .
\ 3n 3 9 6 2
esuit for the comp 'essibility is of ¢ n?s1uerab¢c 1npurtunce
appears in the (P structure factor 5 as:
. 1
Sin) = K=
i i, joes| k¥
Pl
B 8

S r rhe smali k limit of S(k). Compressibility res:its have been

btained from Hansen's values for S(k), and at leas: :7r the
T < «Z, the results are in good agreement with the ucove result
tor 3BP/du;.

The varicus results quoted socve completely specify the
equilibriun thermodynamic l‘unctior)ﬁ for the NCF. The surprising
aap‘)\‘.: of these results is the T term uppearmg ir. Ugp/NkT which

nil~stes that the thermel enersyy varies as 7 2 At the present
tlme there is nc theoretical model to explain thls result, und
it sh uid be taken as a challenge t~ theoreticiens to explain this
‘rr wnich scems t be sc basic to strongly coupled plasmas. In
zre atsence of a good theoretical model it may be argued thaut the
5 = 1'h power is simply B fortunate accident of fitting a functicn
to the Monte Carle data ur that the result is some unsuspected
>t of the Monte Cario simulation process. It is the apinion
this authzr that the result obtained from Hansen's data for
U/NkT is a4 fundamental result that has been deduced from valld
nurerical "=xperimental” ieta.

urei

P P

For weak and intermediate - upling in the CCP, i.e., for

(5, Tt 20 thermodynamic functions mey be readily valculated
rorm the Abe cluster expansion; for the Helmholrz free energy this
is:




D = 0 (/3 TF) s, w s (T + ]
for which the first term is the Debye result. The internal energy
is:

= &y 3/2 d
U/BKT = =33 T e T 3r (S(T) + 53(1") + .00}

Tu connect this “weuk" ccupling result for the interne! energy
with the Mcnte Car!c results for I' § 0.75, one must use the
numerical results for the integrals, Sp, S3, etc., as given by
Ruders and DeWittl®, For T'§ 0.3 the Sp integral has en enalytic
expansion of considerable complexity which begins with I'3{2nl+C).
It is an interesting prcbiem in methematical analysis to under-
staud how the functicnal dependence on [' For U/NKT changes from
expansicn for smuil T that begins with r3/2 to the utterly
Terent Yorm hepirning with T feund from the lionte Crxlo
simulaticns of the strong coupling plasmu. So far the cluster
expansion has given n. real clue as tu how the asymptoi.c form
might be generated from it for large . The same kind of change
wf functional form in the internal energy for "weak" and "strong"
coupling is also seen in the Monte Carlo data for other inverse
power potentialu as cpposed to the virilal expension results. One
rnutes that for the peneral inverse power potentiel:
o L}
uir) = 8e(@ = g2y (§) = L
T r T )81
where the coupling parameter for the mth Inverse power potentiel
hes the form T = Be(0/F)™ = n®/3/KT. Four known terms in the
virial expansion for the m = 12 casel give an eccurate result for
the internal energy for low densities, and the Monte Carlo results
are avajlable tor high density. The basic results are:

3 .1 RV -
IR = 1 ng” €. LG E
B N e R (—‘,2_ G ) e

for the virial expansion, and the high density or strcng coupling
resuit from the ¥onte Carlo is:

L

U/BKT = 0.03%94T + 0.516T 9.49

for 200 < [ < 538. The same form of the thermel energy, nemely
4’4, mppears for the inverse power pctentials as was found for
the OCF. These results strongly suggest a unlversal form for, the
therme! energy fer al. the inverse power fluids, namely s T3/%
behavior.
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III. INTEGRAL EQUATION RESULTS

The Monte Carlo simulations give presumably nearly exact
"experimental” results for the strongly correlated plasma thermo~
dynamic functions. It is of considerable interest to see to what
extent the Integrel equations used in present day liquid state
thecry can account for the Monte Carlo results. It is well known,
for exemple, that the Percus-Yevick equation gives results for
g(r; and PV/NKT for the hard sphere system that are remarkably
close to molecular dynamics end Monte Cerlo results for the hard
sphere fluid. The Percus—%evick equation has been Investigated
for the Coulomb potentiull and found to be completely inaccurate
for _arge I'. However, the hyper-netted chain equation (HNC) when
solved numerically was found to give results for the total potential
energy, U/NkT, for the OCP that are remarkably close to the Monte
Carl: resu}ts.lT Recently Ng Las made an extremely accurate
numerical sclution of the HNC equationl®, and obtained results for
U/NKT for the OCP to seven and eight figure accuracy for values
of [ from 20 to 7000, Although T' = 7000 is far beyond any
conceivable physical situation, these exact numerical results for
the HNC equation ellow one to find the functional form of U/NkT
with respect to I' without the difficulty presented by the
inevitable noise in the Monte Carlo data. To explein simply the
HNC equation one notes that the prir distribution function for
the 2CP may be written generally as:

g{r} = n(r) + 1 = exp {- £'+ S(x) + B(x)}

vhere g{r) is the peir distribution function, h{r) = g(r) - 1

is tne Lotal correlation function, S(x) indicates the sum of
all convolution or weries of graphs in the cluster expension of
z({r', and B(x} is the sum of all bridge graphs. h(r) is related
to <*e direct correlation function, c{(r), by the Oranstein-
Zernike equation:

hir) = c(r) + n d3rl c(rl)h ([{ - {l[) .

The HNC integral equation is obtained from the above relations by
the spproximation of neglecting the bridge graph contributions,
i.e. assuming B{x} = 0. The resulting equation is non-linear for
h{r" but may be solved with computers to any desired mccuracy, and
the 2CP internel energy is obtained from the integral:

umkr = 2 [d3r ge? (g{r)-1)
2 r €

3

= %rf »2 ax 1ne)
0
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Some of Ng's HNC results for U/NkT are given in Table I to show
a comparison with the Monte Cario results of Hensen for U/NKT.
Since Ng's resultis are of high accuracy and spen an extremely
wide range in T it was pessible to find the functional dependence
cn Ty the resultl

1/2

{u/uxT) = -0.90047T + 0.26883r + 0.0720 &n T

LiC
+ 0.0538 .

The HNC solution is gquite continuous for large I even up to T =
7000, and consequently it shouid be interpreted as an approxima-
tion for the fluid branch of the OCP equetion of staete. There
is no indication that eny known integral equation can give e
second solution that would correspond to the eguation of state
for the solid phase of the OCF. What is remarkable about the
above nearly exact analytic result for the fluid phase potential
energy is that it clearly shows s seperation of the internel
energy into a fluid stetic energy and e thermal energy portion
which {s domineted by a P*/= dependence. The HNC fluild static
energy comes out remerkably close tn the prediction of the ion
sphere model which for the OCP would be:

(U /NkT) .

_ 3,3, Blze)® _
ion~sphere 2" 3) - 0.ar
Tha HNC equation evidently goes to the ion-sphere result in the
Jimit. The Monte Cario result for the stetic energy, nawely
U,/HkT = -0.B9LELT, is very close to the bee lettice value, which
differs from the ion-sphere model by only 0.43%. Since the
therme]l energy portion is only = smell fraction of the total
potentiel energy for large T', the close agreement of U  for HNC
end Monte Carioc insures that the ANC results for U/RKT seem

to egree well with the Monte Carlo results. This agreement is
deceptive since the HNC thermal emergy (“I1/2) is very different
from the presumed exact thermal energy (W'l l‘) obteined from the
Monte Carlo simuletions. Evidently this difference is entirely
due to the basic HNC epproximation of negleeting the bridge
graphs. Tt is an open question as to whether a more exact
integrel equation that includes one or more of the lower order
bridge graph terms could account for the difference in the HNC
and the exect thermsl energies. It is, in any case, significant
that the simple epproximetion of the HNC equation is sufficient
to give the basie qualitative festure of the fluid phase OCP
internal energy, namely n division inte a stetic portion and a
thermal portion.

Another widely used approximetion in liquid stete theory is
the mea:n spherical epproximation which states that:



e{r) = -Bu(r), r<o
h(r) = -1, r<a

where 0 is an equivelent hard sphere redius, and c{r) and h(ri
asre connected by the usual Ornstein-Zernike equution Gillen 9
hes sclved the mean spherical model for the OCP by using a
Judicious choice of 0 sc that g(r) does not go negetive. He
obteins g(r) and computes velues of U/NkT some of which are shown
in Table I. As is the case with the HNC numerical results the
absclute values of U/NKT cobtained from the mean spherical model
are in moderutely good agreement with the Monte Carlo results.
The functional form cbtmined from Siilen's numbers is:

{U/MKT), = -0.9005T + 0.29970*/% + 0.0007 .

As with the HNC results there is a clear seperation of the poten-
tinl energy into a static portion, Ug, that is very close to the
igy—sphere result, and & thermal energy that is dominated by

In a numerical sense there i{s little to distinguish the
HNC recults from the mean spherical model. It is not even clear
whether one approximation is better then the other. Both give &
therzal energy in clear disagreement with the thermal energy
from: the Mente Carlo de'a. However, the qualitative agreement
of the mean spherical model with the "exact" OCP results does
indicate that the mean spherical model appreximetion may well be
improved by a betier guess for the fcrm of the direct ccrrelation
function, c{r). The actusl form of cr) is cbteingble from the
Monte Carlo simulations and will be discussed later.

IV, NMIXTURES OF TWO NUCLEAR SPECIES IN STROUG COUPLING

Consider a dense plasme with two nuclear species with charges
Z; and z; and vith number densitles r_and np, and with the usual
condition of electrical neutral ality so that

= zn with

A B
The ion sphere model applied tc two fully ionized elements gives
a Jetfinite prediction for the static energy of the twc component
systemzo. The radius of a sphere around a charge zy of suffi-
cient size to contain enough electrons to neutralize 2y is:
_ (zl )1/3 -, 1/3 =

- 1 e

z
Frerm this result the static energy for a two compenent mixture
ace riing to the ion-sphere prescription is:



~k

(U/NKT)icn—sphere =- %6 (x1215/3 + x2225/3)21/38e2/;
- . f% z5/3 71/3 Ty
where
. n,
and

TO = 892/; .
Thus the ion-sphere model gives & characteristic si e _charge
averaging preseription for mixtures of ions, nemely z-° 331/3,
that is very different from the z< charge averaging that appears
in the Debye result for weak coupling. In view of the remarkable
agreement of the OCP ion-sphere result with both the Monte
Carlo end the HNC results for the static energy, it is reascnsable
to expect that the ion-sphere result will be egually good for the
sgatic energy for the iorn mixtures. Indeed this is the case.
The two nuclear component Mante Carlo data from Livermore? agree
perfectly with the ion-sphere charge averaging prescription.
tiore recent (unputlished) end much more extensive Monte Carle
for a variety of mixtures for 23 =1, zp = 2 and z) = 1, 2p =3
also completely agree with the ion-sphere charge average
prescription. Alsc Hansen and Vieillefosse have solved the
coupled hyper-netted chein eguations for twe nuclear component521,
end have found that for the HNC approximation that again the ion-
sphere charge mveraging is satisfied. (Hansen and Vizillefosse
use the term "Twe-Compenent Plasma" or TCP in their paper, and
of course, mean iwu coumpcnents of the same sign; this should not
be confused with a two component plasma in the sense of fully
ionized hydrogen, i.e., charges of cpposite sign). The recent
Monte Carle date »n mixtures from Livermere also suggests that
the thermal energy has the same densgty and temperature dependence
as was found for the OCP, namely T%/ . Conseguently the internal
energy for a two component mixture can be written as:
525/3 1/k

)FO -c

U/HKT = - /3 T, + belz

1%1°%2%2
where the functiun z(z,xlg z, 12) is a charge average for tbe
thermal energy. <(learly for xT = 1 the value of g is z%/z and

for ¥, = 0 it would be z%/g. t is tempting to assume a one

fiuid model for the two componunt system and to use the ion-sphere
charge average fcr g, namely:

/L

T3 —1/3
ez 0 Z,/J)
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While this assumption does not give mixture energies that are
budly in error, this one fluid mcdel is definitely not correct.
Recent Monte Carlo results from both Livermore and Paris for
two components indicate that the mbove assumption for the thermal
energy charge average is definitely outside the noise of the
Monte Cerlc simulatlions. The Livermcre deta can be fitted with
the fcrm:

—1/2

g = :l/‘
althcugh it should be noted that this form has no theoretical
Justificetion nt the present time. Hansen and Vieillefosse
note that the ion sphere charge average is strictly edditive
vher. the electron densily remeins constant. Their solution of
the ZXC equations for two components suggest that this additive
property alsc holds true for the thermal energy. Thus they
suggest that the two component energy is:
U/NKT = {x; U(zil3 ré) + %y U(zz/3 Té))/NkT
1 —=1/3

where T, = 2 T Very recently they have two componpent
Mon+te Cérlo resulgs which indicaete the same additivityz‘. The
Livermore and Paris Monte Carlo results for m.xtures are sc close
in rumerical agreement and slso close t~ the noise level, that
at the moment it is difficult to give a final enswer for the
thereal energy for mixtures. The precise form will probably not
be clear until tiere is a good ihecretical model for the I'l
thermal term.

CONCLUSION

This discussion of the statistical mechmnies of the strongly
coupled plasma hes focused on the results for the idealized
system of peint charges moving a continuous background since
thiz is the basic system that must be unders*ood before electron
screening effe~ts can be computed properly. The discussion of
the rruperties of g(r) mnd S(k) will be given elsewhere. The
mair point to emphesize nere is thet Lhe equilibrium thermo-
dynszic properties of the classical strongly correleted plasma
have been accurately obtained nver an extremely wide density and
temrerature raoge and that these functions are given by very
Ze and easy to vse analytic foras. In a certein sense an
tic snlution has been found for a very difficult many body
cc_em by deducing the solution from the ! "experi-
al" dato. Now that this work has been more or less completed,
now possible to use the results profitably for other
pr-tlems. Thus for the equation ~f state =T the fully ionized
hyir:gen in the interior of Jupiter cne needs electron szreening
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correctlons. These have been computed directly by Monte Carlo
simulation at Livermcre? and the results agree well with the
Tluid perturbation theory for screening developed by the Paris
group22,23, It should be noted that in the analytic theory of
the electron screening, one uses the OCP structure factor,

S(k), not the hard sphere structure factor that is commonly used
in calculetions of most liguid state properties.

The understanding of the equilibrium thermodynamic proper-
ties of classical stroagly coupled plasmes has developed very
rapidly in the last few years, and is now nearing completion.
More theoretical und -rstending of the equilibrium properties is
needed, and it is hoped the interesting results obtained so
far will suggest further work.



™

o

TABLE I

THERMAL EQUATION OF STATE FOR OCP

MONTE CARLO

U/NKT
-.580
-1.318
-2.11
-2.926
-4,590
-7.996
-12.313
-16.667
-052.L29
- 3,232
-51.936
-649.690
-57.480

~105.284

Uth/NkT

315

HYPER-NETTER CHAIN

U/NkT

~.570

-.2103

-33.999
-51.597
-69.264
-86.973

-L3k.T13

Uth/NkT

.33

-598

1.070

1,472

SPHERICAL MODEL

U/NkT
-.607
~1.377
-2.180

-2.999

104,778

Uth/NkT

294
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