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STATISTICAL MECHANICS OF DENSE PLASMAS: NUMERICAL SIMULATION 

AND THEORY 

H. E. DeWitt 

University of California Lawrence Livermore Laboratory 

P. 0. Box 8nB, Livermore, California Qli550 

ABSTRACT 
Recent Mor.te Carlo calculations from Paris and from Livermore 

['ir dense one and two component vl&smas have led to systematic 
and ac-':urate results for the thermodynamic properties of dense 
C--uiotr.bie fluids. This talk will summarize the results of these 
numerical experiments, and the simple analytic expressiens for 
the equation of state and other thermodynamic functions that 
have been obtained. The thermal energy for the one component 
plasma has a simple power law dependence on temperature that is 
identical to Monte Carlo results on strongly coupled fluids 
governed by l/r n potentials. A universal model for fluids 
governed by simple repulsive forces is suggested. For two 
component plasmas the ion-sphere model is shown to accurately 
reproduce the Monte Carlo data for the static portion of the 
i.nergy. Electron screening is included using the Li'.dhard di-
(l^ctric function and linear response theory. Free energy ex
pressions have been constructed for one and two component plasmas 
that allow easy computation nf all thermodynamic functions. 

I . INTRODUCTION 

T h e p u r p o s e o f t h i s p a p e r i s t o g i v e a p a r t i a l summary o f 
c u r r e n t u n d e r s t a n d i n g o f t h e e q u i l i b r i u m s t a t i s t i c a l m e c h a n i c s 
of f u l l y i o n i z e d l i g h t e l e m e n t s a t f i n i t e t e m p e a r t u r e and v e r y 
h i g h d e n s i t y . T h i s s t a t e o f m a t t e r i s r e f e r r e d t o a s a Coulomb 
f l u i d r-r a s t r o n g l y c o u p l e d p l a s m a . The i n t e r e s t i n g t h e n a r -
d y n a i r i c p r o p e r t i e s a r e g o v e r n e d b y t h e Cou lomb!e i n t e r a c t i o n s 
b e t w e e n the n u c l e i which fire t r e a t e d a:- c h a r p e d p o i n t s . fVca\jr.e 

of t h e r e l a t i v e l y l a r g e mass o f t h e n u c l e i a s c . - n p a r e d w i t h t h e 
e l e c t r o n m a s s t h e Coulomb f l u i d i d a n e a r l y c l a s s i c a l s y s t e m i n 
c o n t r a s t w i t h t h e e l e c t r o n f l u i d w h i c h i s h i g h l y quan tum m e c h a n i c a l . 
Thus a s t r o n g l y c o u p l e d p l a s m a may be c o n s i d e r e d a s a m i x t u r e o f 
two f l u i d s : t h e f l u i d o f p o i n t n u c l e i g c v - r n e d by p a i r w i s e 
•"Ystilosib i n t e r a c t i o n s i n c l a s s i c a l m e c h a n i c s , and a n e u t r a l i z i n g 
e l e c t r o n f l u i d w h i c h b e c a u s e o f t h e h i g h d e n s i t y i s d e g e n e r a t e d u e 
t o F e r m i s t a t i s t i c s o f t h e e l e c t r o n s . I n r e a l p h y s i c a l s y s t e m s , 
i . e . s t e l l a r i n t e r i o r s , l a r g e p l a n e t a r y i n t e r i o r s , and l a s e r -
f u s i o n c o m p r e s s i o n e x p e r i m e n t s , t h e two f l u i d s i n t e r a c t w i t h e a c h 
"•t i ter c h i e f l y by means o f an e l e c t r o n s c r e e n i n g e f f e c t d u e t o some 
a c c u m u l a t i o n of f a s t moving e l e c t r o n s a r o u n d e a c h n u c l e u s . S i n c e 
a v e r y ln rg f i f r a c t i o n of t h e m a t t e r i n t h e u n i v e r s e , i . e . s t e l l a r 
i n t e r i o r s , i s its t h e s t r o n g l y c o u p l e d p l a s m a s t a t e t h e e q u i l i b r i u m s 
and n o n - e q u i l i b r i u m p r o p e r t i e s of t h e Coulomb f l u i d a r e o f g r e a t 
i n t e r e s t . 

Most o f t h e p h y s i c s o f d e n s e f u l l y i o n i z e d p l a s m a s U' b e 
d i s c u s s e d w i l l d e a l w i t h n e a r l y c l a s s i c a l Coulomtaic i n t e r a c t i o n s 
t r e a t e d by n u m e r i c a l a n d a n a l y t i c a l s t a t i s t i c a l m e c h a n i c s . The 
m a i n a d v a n c e s i n u n d e r s t a n d i n g o f t h e s t r o n g l y c o u p l e d s y s t e m 
h a v e come i n t h e l a s t f i v e y e a r s from Monte C a r l o s i m u l a t i o n s o f 
t h e Ccuiomt f l u i d from P a r i s a n d from L i v e r m o r e . A 1 t h o u g h t h e 
e l e c t r o n f l u i d a t h i g h d e n s i t y ic-min-ite:- t h e p r e s s u r e due t o t h e 
h i g h d e g r e e o f dege.ne- a c y and t h e l a r g e v a l u e o f t h e Fe rmi e n e r g y 
o m p a . eu w i t h t h e t e m p e r a t u r e , Cy » k T , ; t i s a s sumed t h a t t h e 
e l e c t r o n f l u i d i s t o a l a r g e e x t e n t d e c o u p l e d from t h e Coulomb 
f l u i d o f t h e n u c l e i . To make t h i s p o i n t e v i d e n t and t o d e f i n e o u r 
t e r m s i t i s u s e f u l t o f i r s t l o o k a t t h e t r u e p l a s m a H a n l l t o n i a n 
f o r t h e r e a l two component s y s t e m : e l e c t r o n s and p o i n t n u c l e i . 
T h i s H a n i l t o n i a n i s : 

H = K + K. + U + U . + U . . •e 1 e e e i 11 

M e P 2 H P . 2 K e d 

- E ?t- * E s r + E t 
a=: e 1=1 a>B a 

" t* ̂  is ^ 
where nuclei of nasc M have charge z* For a single element ele 
trical neutrality requires 
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and for a fu l ly ionized mixture of two elements with nuclear charge 
z-̂  and z 2 t he n e u t r a l i t y condit ion i s : 

tte = z i N 1 + z 2 N 2 = zH 

where N = N, + N . Because of the a t t r a c t i v e in t e rac t ion between 
e l ec t rons and nuclei i t i s evident tha t a proper t reatment of t h i s 
muny body system requi res quantum mechanics s ince the c l a s s i c a l 
p a r t i t i o n function of poin t charges of opposite sign i s d ivergent . 
However, i f we t r e a t the e lec t rons not as p a r t i c l e s but as a 
n e u t r a l i z i n g f l u i d , the average t o t a l energy of the plasna can 
be w r i t t e n as : 

E = <H=> = <K •> + <K.> + <U >+ <U. . + U -> 
e i ee i i ei 

= N ( | £ _ + e + e ) + | h kT + U 
e 5 F ex corr 2 

where the brackets ind ica te an ensemble average, and U i s the 
i n t e r n a l energy of t he nuclear Coulomb in te rac t ionF su i t ab ly 
ensemble averaged in t he presence of t he e lec t ron f lu id : 

U = y ( z e ) + background 
r i 1 

= Nk? f ' i" , r ) s 
where F i s the c l a s s i c a l Coulomb in t e r ac t i on parameter and r i s 
t he e lec t ron screening parameter for complete degeneracy ( e , 7 7 k T » l ) : 

r = z V (iiIL n )

l / 3

 = i V ^ lUe_)f/r> 
k T 3 kT ? k ' 

• T i ^ / m • 

e (!&„ a / 3 " -1/3 
( T V 

s ince n = zn with n = K/V, the ion number dens i ty , and n i s the 
e lec t ron nunber dens i ty , r i s a convenient measure of the average 
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distance between nuclei- Note that the radius of a sphere 
surrounding a charge z-^ containing sufficient negative charge 
to neutralize z-y, the ion-sphere radius i s : 

_ *, 1/3 _ 1 / 3 _ 
r l = '"F1 r = z l r e ' 

The two parameters, V and r . are sufficient to specify the thermo
dynamic properties of the system. Hence the internal energy in 
the form, U/NkT, is a function of r and r s. Strong coupling gen
erally means that V > 1, and for the high density or low temp
erature required,the concept of Debye length does not enter the 
description of the plasma; the length r~ is more appropriate. 
Also the screening due to degenerate electrons is not Debye 
screening but much more like Thomas-Fermi screening. For the 
pressure ionized hydrogen found in the interior of Jupiter the 
Coulomb coupling parameter is of the order of 20, and the 
electron screening parameter is r ^ 1. For the enormously 
higher densities in white dwarf stars the value of the two 
parameters are roughly V ̂  100 to 200 and r ^ 0.01. 

The limit of r s = 0 gives a very useful and important 
mathematical abstraction, the classical one component plasma 
(OCF) which evidently does not exist in nature, though white 
dwarf star interiors come very close to it. The OCP as a 
mathematical model has the same importance for real strongly 
coupled plasmas as the hard sphere fluid has for the theory of 
real liquids. In fact the OCP may be considered as the extreme 
limit for the "soft" sphere system described by inverse power 
potentials: 

u(r) = df) m 
For ir. = « one obtains the hard sphere potential for spheres of 
diameter o, namely u{r) = * for r •£ a and u(r) = 0 for r > a. 
The OCP is obtained for m = 1 with eo = {ze)^. Extensive 
computer simulationb of the strongly coupled soft sphere systems! 
are now available (m = 1, k, 6, 9, 12, and m = =* for hard spheres^), 
and remarkable similar features are found all the way from the 
extreme soft sphere case, the Coulomb system for m = 1, to the 
hard sphere fluid for m = ™. All of these fluid systems go into 
a lattice at apprrprifitely high values of the coupling parameter; 
the fluid thermal energy has an apparently universal form for 
the soft sphere systems; and the pair distribution function, g(r), 
has the same oscillatory structure. Because of the regular 
features observed in the computer simulations of the soft sphere 
fluids it if reasonable to consider the OCP as a fluid governed 
by a very soft potential, 1/r, and make use of what is known 
from liquid state theory.> 
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The present understanding of the physics of s t rongly coupied 
plasmas, in p a r t i c u l a r , the OCP, began with the pioneering H--nte 
Carlo simulation work of Brush, Sah l in , and Te l le r (BST). They 
were able to adapt the Monte Carlo method of Metropolis , e t a l . 5 
for the ca l cu l a t i on of canonical ensemble averages of f lu id 
i n t e r n a l energies to handle the long range of the Coulomb po ten t i a l 
by r e p l i c a t i n g the basic c e l l of N charges with images t o i n f i n i t y 
and summing the i n t e r ac t i ons of charges and image charges with the 
Ewald method." In most of t h e i r computer runs they used K = 108 
charges and a/eraged over 105 conf igurat ions with values of V 
ranging from 0.1 ( in the weak coupling or Debye region) up to 
F - 125 at which point t h e i r code indica ted a t r a n s i t i o n from the 
Coulomb f luid t o t he Coulomb l a t t i c e . They obtained s t rong coupling 
r e s u l t s for U, g ( r ) , and excess heat capaci ty Cy. Because of 
numerical inaccuracies for la rge V t h e i r r e s u l t s for the thermal 
energy and heat capaci ty as well as the f l u i d - l a t t i c e t r a n s i t i o n 
T -ire :.. t. *. r e l i a b l e . The nsxt dev<_-;-'prierct in th'_* -*-lpl irut.i<.n 
• -' *.:.:• Mv:,tc- i ' l r k ' method to s t rongly coupled plasmas occurred ir. 

1971 when Hubbard and S l a t t e r y recognized t ha t the OCP r e s u l t s of 
BST could bf applied t o the i n t e r i o r of T u p i t e r i f the screening 
e f fec t s of e lec t rons were inc luded . ' Thty modified the BST Monte 
Carle program t o include the e l ec t ron f lu id screening ef fec t for 
non-zero values of r g by means of l i n e a r response theory and the 
Lindhard d i e l e c t r i c function. They a lso generalized t h e i r code 
tc handle two nuclear components" 50 t ha t the thermodynamic 
functions of a r b i t r a r y mixtures of l i g h t elements, su:-h as fully 
ionised hydrogen and helium, could be ca l cu la t ed . Because of 
computer time l i m i t a t i o n a t the Univers i ty of Arizona they could 
make Monte Carlo runs with only a small number of charges N ^ ^0 , 
and only about 10 conf igura t ions . Thus t h e i r i n i t i a l r e s u l t s 
were not very Accurate. The Hubbard Monte Carlo code was next 
revised for use on the l a rge r computers a t the Livermore Laboratory, 
arid Ji l a rge number of runs were made to map out the thermodynamics 
uf -.rte component plasmas with e lec t ron screening and mixtures of 
two r.uciyar components with screening as functions of r and r . 

Independently of t he Monte Carle dense plasma work in the 
Uni-ed S ta t e s J . P. Hansen and his co l labora tor? in Par i s 
developed a new and very accurate OCP Monte Carlo code and in 
197- they published r e s u l t s for OCP thermodynamic functions 
a t t a ined with N = 128 charges and averaged ever ~±-jr configurat ions 
for values from 1 to 160 for the f lu id s t a t e 1 0 and from ISO to 
300 :>.r t he Coulomb l a t t i c e . 1 1 Their r e s u l t s for U/HkT for the 
s t r rr .gly coupled OCP are apparently very acr-urate and r e l i a b l e 
and ;an be considered as the standard r e s u l t s for t e s t i n g the 
v a l i d i t y .f ana ly t i ca l t heor i e s and i n t e g r a l equation r e s u l t s . 
Thus t h t Hansen f lu id and sol id CC? equation of s t a t e data can he 
viewed in the same manner as the Alder-Wa; nwritrht m-'jecul^r 



dynamics data for the hard sphere equation of s t a t e in t he f lu id 
and solid phases. In the respec t ive l i m i t s , m=i for the soft 
sphere systen, and m=°° for the hard sphere- system, one has an 
accurate n«rt of nomericai experimental data t h a t rap out the , thermo
dynamic p rope r t i e s . This data can be analyzed t o look for f 
empirical r e l a t ions r;nd f i t t i n g functions tha t hopefully v.lll sug
gest t heo re t i c a l models for s t rongly coupled systems. 

From tne analys is of the data obtained frcm the L-l/eraore and 
Paris Monte Carle strongly coupled plasma equil ibrium r e s u l t s a 
number of general r e s u l t s have emerged: 

1. The f lu id in t e rna l energy i s a sum of a s t a t i c energy 
resembling the energy of p a r t i c l e s in a l a t t i c e plus 
si well defined thermal energy: 

U = U 0(n) + T->,n(r', kT) 

dU /dT t h ' 
i t ive 1'ertain in tegra l equations give t h i s qual i ta t i**, 

f ea tu re , namely the hypernetted chain (HKC) e q u a t i c . 
and the rr.e-hr. spher ica l approximation. 

For a rb i t r a ry f i x tu r e s of d i f fe ren t nuclear charges 
tne ion-sphere charge averaging l a rge ly determines the 
thermodynaTii c p rope r t i e s so tha t a one f lu id model can 
be used with 

r 0 = B = ' / r . 

«. Tne :irect correlation function 'or distances less than 
the nearest neighbor distance Cr 1.7?) has a simple 
algebraic form dominated by a linear term: 

'.•(r,1 = -r(a_ - a x ) , x « vfr 

and t h i s form determines the ion f lu id s t r u c t u r e 
fac tor , S!k). 

These :V;;r general conclusions a re of course a l l r e l a t ed and 
are mainly a consequence cf the apparent fact t h a t a s t rongly 
coupled plasma xay be described as a disordered l a t t i c e . The 
s t a t i c energy, U ^ n ) , represents the average energy cf the system 
with the strong i n t e r p a r t i c l e co r r e l a t i ons keeping the ions in 
pos i t ions that rer.enhie r. l a t t i c e s t r u c t u r e . Since the system is 
a f lu id , the ave-a*-e pr;L"itlon of the u a r t i c l e s changes slowly with 
Litre, .in. if:-.- U.<- roa • Vi 'Mje t h a t appeRrr with •still s t rongn-
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c o r r e l a t i o n . The magnitude of U n (n) nay be expected t o be 
comparable t o the energies of simple cubic , face centered cubic , 
or body centered cubic l a t t i c e s , but s ince t he s t rongly coupled 
f lu id i s a disordered a r r ay , t h i s s t a t i c energy i s expected t o 
be s l i g h t l y l a rge r than the Hadelung energy of the l a t t i c e tha t 
gives the minimum Helmholtz free energy for the s o l i d , i . e . , the 
bcc l a t t i c e for the Coulomb p o t e n t i a l . ^ In addi t ion to the slo»j 
s h i f t s of the average p a r t i c l e pos i t ions the re are a lso much more 
rapid shor t d is tance movements of t he p a r t i c l e s around t h e i r average 
p o s i t i o n s . These rapid movements a re analagous t o the harmonic 
v ib r a t i ons t ha t give the thermal energy of a r e a l l a t t i c e , and of 
t he f l u i d t he se movements give r i s e t o t he f lu id thermal energy, 
U t n ( n , kT). The e s s e n t i a l di f ference of the f lu id s t a t e as compared 
with the so l id s t a t e shows up in the form of U t Q . The Monte Carlo 
s imulat ions of the s t rongly coupled plasma f lu id s t a t e show t h a t 
the temperature dependence of the f lu id U t h per p a r t i c l e i s 
approximately ( k T p ' ^ ins tead of (3/2)kT for a p a r t i c l e v ib ra t ing 
harmonically around a l a t t i c e s i t e . ^ 

For the present discussion a s t rongly ccupled plasma wi l l be 
taken t o mean a coupling parameter range, T^ < Y < Fj., for which 
t h e r e seems t o be a well defined separa t ion of the po t en t i a l energy 
in to two p a r t s : U = UQ + ^th* This region might also be cal led 
the asymptotic Coulomb f lu id region s ince a very simple ana ly t ic 
expression gives the equation of s t a t e and leads to a l l other 
thermodynamic funct ions. The upper l i m i t i s c l e a r l y t he f l u i d -
l a t t i c e t r a n s i t i o n which i s indicated t o be from the Pollock and 
Hansen Monte Carlo work as Tf = 155- The lower l i m i t Tt i s 
somewhat i l l - d e f i n e d but may be est imated as T-t ^ 0 .75, &s the 
lower l i m i t of accuracy of the asymptotic formula for the energy 
of t he s t rongly coupled f l u id . For f̂  = 0.75 the po t en t i a l energy 
may be obtained accura te ly with a few terms of the Abe c lus t e r 
expansion.-^ The genuine weak coupling l i m i t means r « 1 for 
which the Debye theory i s v a l i d . 

I I . THE ASYMPTOTIC OCP FLUID POTENTIAL ENERGY 

The most accurate Monte Carle data on the po ten t i a l energy 
for the s t rongly coupled Coulomb f lu id t h a t i s ava i l ab le a t the 
present time i s t h a t of Hansen-1-^ and some of t h i s data i s shown 
in Table I . In a separate column the values of the thermal energy 
are given for each V value . A s t r i k i n g feature of the Coulomb 
f lu id data i s t ha t the thermal energy i s only a small f rac t ion 
of the t o t a l p o t e n t i a l energy for l a rge V; U^/HWT a t V = 155, 
the f l u i d - l a t t i c e t r a n s i t i o n , i s only 2% of the t o t a l energy. 
The Monte Carlo process necessar i ly gives U/NkT and not U t h/NkT 
so t h a t i t i s necessary to obtain U/NkT with great accuracy in 
order to get dependable r e s u l t s for t he thermal energy. Hansen 
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used N = 128 p a r t i c l e s and averaged over 10" configurat ions t o 
obtain his r e s u l t s . A s t a t i s t i c a l ana lys i s of t h i s data i n d i 
cated t ha t up t o T of 1+0 the r e s u l t s a re c o n s i s t e n t . For P > 
1*0 the data ind ica te a poss ib le small systematic e r ror - Also i t 
was found t h a t the second moment of g ( r ) did not s a t i s f y the 
S t i l l i nge r -Love t t condi t ion . Consequently t h e data for F in the 
range from 1 t o to was used t o deduce the q u a n t i t a t i v e r e s u l t s for 
t he thermal energy. The t o t a l energy i s w r i t t e n a s ; 

U/NkT = (U_ + U.. )/NkT 0 t n 
= -aF + g ( D 

For the Coulomb so l id the Monte Carlo data ind ica ted the expected 
harmonic v ib ra t ions wi th a small enharmonic c o r r e c t i o n , namely 
f ( r ) = 3/2 + 3500 / r 2 . The f lu id da ta , however, indica ted a very 
d i f fe ren t form, namely g(I") = b F s - c , where s i s a small power 
between 0..? and 0.3- A non- l inear l e a s t squares f i t t i n g proce
dure for both t he energy and heat capacity data es tab l i shed the 
best value to be s = 0 .25 . The t o t a l energy was found to be: 

U/NkT = -O.B9k6ir + O . B i e s r 1 ^ - 0.5012, 0.75 < r < 155. 

The s t a t i c energy constant obtained by f i t t i n g t h e Fluid data 
i s about 0.i5% higher than the Madelung constant for the bcc 
l a t t i c e , P D C C = 0.895929. Tbis for. ula must obviously f a i l a t 
small T, and presumably t h e r e must be cor rec t ions t o t h i s 
asymptotic formula t h a t are inverse powers of T. I t has not been 
possible with the p resen t data t o find a be l i evab le cor rec t ion t o 
the above r e s u l t . 

Other thermodynamic functions a re e a s i l y obtained from t h i s 
asymptotic form of t he i n t e r n a l energy. Thus t h e heat capaci ty 
i s found by in t eg ra t ion t o be : 

V N k = _ r2.jsirLa: = j i b r i A _ 0 

and t h i s r e s u l t agrees very well with the somewhat l e s s accurate 
Monte Carlo data for t he heat capaci ty . S imi la r ly t h e Helraholtz 
free energy i s found by in t eg ra t ion to be : 

r/ae.jr i r . « ^ 
= - a r + libf ' - cfciF + d 



where the e.'.tropy constant is found to be d = -2.809 by comparison 
with the Abe cluster expansion evaluated at V = 1. Since the 
potential mergy is negative (meaning the Coulomb interaction 
energy) the pressure due to the Coulomb interactions is alsn 
negative. For the 0C? the interaction pressure is given exactly 
by the virial theorem, PV-TlkT = (l/3)U/NkT. The negative pressure 
••f th« Coulomb interactions among the irns is, ijf course, more 
than balance 1 by the large positive pressure of Fermi degenerate 
electrons f.;r real systems. Similarly the compressibility from 
the Coulomb interacLions alone is negative for the OCP. Working 
from the Coulombic pressure the compressibility Is found tc be: 

/ 3 6 r \ _ u 13 ,rl/h 2 
i ; : • • 9 a r + ? 6 b r - T • 

This result f\jr the come ' e s s ib l l i ty is of considerable importance 
since i t appears in the 0-T s t ructure factor •? as: 

mV) = = l' = IrF 

:" r *he small k limit of S(k). Compressibility resul t s have been 
'.'btain&d fr-'in Hansen's values for S\k) , and at leas - ;~>r the 
T < - • ! , the resul t s are in good agreement with the siLjve resul t 
f-r 3BP/3n). 

The various resul t s quoted aocve completely specify the 
equilibrium thermodynamic functions for the nCF. The surprising 
aspect of these resul t s is the r - ' tern appearing ir. U-̂ /̂NkT which 
indicates that the thermal energy var ies as ?3A, At the present 
time ihere is nc theoret ical model to explain th i s r e su l t , arid 
i t £-h"uJd bt* taken as a challenge t-- theoret icians to explain th i s 
f-TL* w.iich L;eems t be so basic to strongly coupled plasmas. In 
the absence of a good theoret ical model i t may be argued that the 
s = I '!* power i s simply a fortunate accident of f i t t i n g a function 
to the Monte Carle data or that the result is some unsuspected 
sj.rtifacrt of the Monte Carlo simulation process. I t is the opinion 
-f t h i s author that the resul t obtained from Hansen's data for 
*J/*JkT is a fundamental resul t that has been deduce! frox valid 
numerical "experimental" data. 

For weak and intermediate ..".upling in the CCP, i . e . , for 
r \, •••7i>1 * n*- : ' '"- ' thermodynamic functions may be readily calculated 
from the At** cluster expansion; f'>r the Helmholtz free energy th i s 
i s : 
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F/HkT = -{- ( /3 r " 2 ) + s 2 ( D + s 3 ( D + . . . ) 

for which the f i r s t term i s the Debye r e s u l t . The in t e rna l energy 
i s : 

U/HKT = -{~:/3 r 3 / ? ) + r ~=r ( s „m + s_(rj + . . . )} 
c dT d 3 

Tu connect t h i s "weak" coupling r e s u l t for the in te rna l energy 
with t h e Mcnte Carle r e s u l t s for Y £ 0 .75, one must use the 
numerical r e s u l t s for the i n t e g r a l s , S 2 , S3, e t c . , as given by 
Rogers and DeWitt-1^. For T £ 0.3 t he S2 i n t eg ra l has an ana ly t ic 
expansion of considerable complexity which begins with r^Ifcnr+C). 
I t i s an i n t e r e s t i n g problem in mathematical ana lys i s to under
stand how the functional dependence on T Tor U/NkT changes from 
a:, expansion for SITJU.I1 T that begins with r ^ ' ^ t o the u t t e r l y 
. l i fferent *:orn. beginning with V frund from the Monte Cr_"lo 
s imulat ions of the strong coupling plasma. So far the d u s t e r 
expansion has given m real clue as t o how the asymptotic form 
might be generated Vr-;ir. i t far l a rge V. The same kind of change 
of functional form in the i n t e r n a l energy for "weak" and "s t rong" 
coupling is also seer, in the Monte Carlo data for other inverse 
power po ten t i a l . : as opposed t o t h e v i r i a l expansion r e s u l t s . One 
notes t ha t for the general inverse power p o t e n t i a l : 

6U(r) = 6 t ( - ) = $£{•=•) ( ^ f = — r ^ 
where t he coupling parameter for the mth inverse power p o t e n t i a l 
has the form T a &c(u/T)ru = n m ^ / k T . Four known terms in t he 
v i r i a l expansion for the m = 12 case-^ give an accurate r e s u l t for 
the in te rna l energy for low d e n s i t i e s , and the Mnnte Carlo r e s u l t s 
a re ava i lab le for high dens i ty . The basic r e s u l t s a r e : 

3 l A 3 1/1+ 2 
u / K k T . I { 3 . 6 3 j ^ _ ,X, ' ] + 7 . 5 B ( ^ ( J L , ) + . . . , 

Vov the v i r i a i expansion, and the high densi ty or s trong coupling 
r e su l t from the Monte Carlo i s : 

bVKkT = O.OOiO-ir + O.^AST1^ - O.Ĵ 9 

l'nr 200 < F < 5/in1. The same form of the thermal energy, namely 
P 1 J , appears i\-r the inverse power p o t e n t i a l s as was found for 
the OCP. These r e s u l t c s t rongly suggest a universal form for the 
thermal energy f<~r a l , the inverse power f l u i d s , namely a T^^ 
behavior. 

http://sitju.I1
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I I I . INTEGRAL EQUATION RESULTS 

The Monte Carlo s imulat ions give presumably near ly exact 
"experimental" r e s u l t s for the s t rongly co r re l a t ed plasma thermo
dynamic funct ions . I t i s of considerable i n t e r e s t to see t o what 
extent the In t eg ra l equations used in present da;,' l iqu id s t a t e 
thec ry can account for t he Monte Carlo r e s u l t s . I t i s well known, 
for example, t h a t the Percus-Yevick equation gives r e s u l t s for 
g(r} and FV/NkT for the hard sphere system t h a t a re remarkably 
c lose t o molecular dynamics and Monte Carlo r e s u l t s for the hard 
sphere f l u id . The Percua-Yevick equation has been inves t iga ted 
for the Coulomb po t en t i a l ' and found t o be completely inaccurate 
for la rge T. However, the hyper-net ted chain equation (HNC) when 
solved numerically was found t o give r e s u l t s for the t o t a l po ten t i a l 
energy, U/NkT, for the OCP tha t a r e remarkably close to the Monte 
Car l : r e s u l t s . 1 ' Recently Ng t.as made an extremely accurate 
numerical so lu t ion of t he HNC e q u a t i o n ^ , and obtained r e s u l t s for 
U/Nk? for t he OCP to seven and e igh t f igure accuracy for values 
of F from 20 t o 7000. Although T - 7000 i s fa r beyond any 
conceivable physical s i t u a t i o n , t he se exact numerical r e s u l t s for 
the HNC equation allow one t o find t h e funct ional form of U/NkT 
with respect t o T without the d i f f i c u l t y presented by the 
i n e v i t a b l e noise in the Monte Carlo da ta . To explain simply the 
HNC equation one notes t ha t the p a i r d i s t r i b u t i o n function for 
the TCP may be wr i t ten general ly a s : 

g ( r ) = h ( r ) + 1 = exp {- - + S(x) +• B(x)J 

where g ( r ) i s the p a i r d i s t r i b u t i o n funct ion, h ( r ) = g ( r ) - 1 
i s t.-:e t o t a l co r re l a t ion funct ion, S(x) ind ica tes the sum of 
a l l ronvolution or s e r i e s of graphs in the c l u s t e r expansion of 
g ( r ' , and B{x) i s the sum of a l l br idge graphs. h ( r ) i s r e l a t e d 
to t'r.e d i r ec t co r r e l a t i on funct ion, c ( r ) , by the Ornstein-
Zerr.ike equation: 

h ( r ) = c ( r ) + n f d V c t r ^ b ( ^ - r / p . 

The HNC integral equation is obtained from the above relations by 
the approximation of neglecting the bridge graph contributions, 
i.e. assuming B{x) = 0. The resulting equation is non-linear for 
h(r" but may be solved with computers to any desired accuracy, and 
the ~CP internal energy is obtained from the integral: 

U/NkT = | fd3r £|_ (g(r)-l) 



Some of Ng's HNC results for U/NkT are given in Table I to show 
a comparison with the Monte Carlo results of Hansen for U/NkT. 
Since Ng's results are of high accuracy and span an extremely 
wide range in T it was possible to find the functional dependence 
en T; the result 1 2 

(U/NkT) = -0.900li7r + a.26883r1''2 + 0.0720 £n r 

+ 0.0536 . 

The HNC solution is quite continuous for large T even up to F = 
7000, and consequently it shou~d be interpreted as an approxima
tion for the fluid branch of the OCP equation of state. There 
is no indication that any known integral equation can give a 
second solution that would correspond to the equation of state 
for the solid phase of the OCP. What is remarkable about the 
above nearly exact analytic result for the fluid phase potential 
energy is that it clearly shows a separation of the internal 
energy into a fluid static energy and a thermal energy portion 
which is dominated by a r 1'^ dependence. The HNC fluid static 
energy comes out remarkably dose to the prediction of the ion 
sphere model which for the OCP would be: 

< V K M > i o n - s p h e r e " <" I • f> Bif^ " " ° ^ T • 
The HIIC equation evidently goes to the ion-sphere result in the 
limit. The Monte Carlo result for the static energy, namely 
Ug/HkT = -O.8oi*6ir, is very close to the bec lattice value, which 
differs from the ion-sphere model by only 0.k5%. Since the 
thermal energy portion is only a small fraction of the total 
potential energy for large I*, the close agreement of U- for HNC 
and Monte Carlo insures that the HNC results for U/NkT seem 
to agree well with the Monte Carlo results. This agreement is 
deceptive since .the HNC thermal energy (^r1'p) is very different 
from the presumed exact thermal energy (M' 1'^) obtained from the 
Monte Carlo simulations. Evidently this difference is entirely 
due to the basic HNC approximation of neglecting the bridge 
graphs. It is an open question as to whether a more exact 
integral equation that includes one or more of the lower order 
bridge graph terms could account for the difference in the HNC 
and the exact thermal energies. It is, in any case, significant 
that the simple approximation of the HNC equation is sufficient 
to give the basic qualitative feature of the fluid phase OCP 
internal energy, namely a division into a static portion and a 
thermal portion. 

Another widely used approximation in liquid state theory is 
the mea:i spherical approximation which states that: 
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c ( r ) = - 8 u ( r ) , r < a 

h( r ) = - 1 , r < o 

vhere a i s an equivalent hard sphere r a d i u s , and c ( r ) and h(r3 
are connected by the usual Ornstein-Zernike equation. Gil lan 
has sclved the mean spher ica l model for the OCF by using a 
jud ic ious choice of o sc t h a t gCr) does not go nega t ive . He 
ob ta ins g ( r ) and computes values of U/fikT some of which are shown 
in Table I . As i s the case with the HNC numerical r e s u l t s the 
abso lu te values of U/NkT obtained from the mean spher ical model 
a re in noderutely good agreement with the Monte Carlo r e s u l t s . 
The functional form obtained from G i i l a n ' s numbers i s : 

(U/NkT)HC. = -O.90O5r + 0.2997T1^ + O.OOCT . 

As with the HNC results there is a clear separation of the poten
tial energy into a static portion, U Q , that is very close to the 
ion-sphere result, and a thermal energy that is dominated by 
T • In a numerical sense there is little to distinguish the 
HNC results from the mean spherical model. It is not even clear 
whether one approximation is better than the other. Both give a 
thermal energy in clear disagreement with the thermal energy 
frcrc the Monte Carlo de'.-d. However, the qualitative agreement 
of the mean spherical model with the "exact" OCP results does 
indicate that the mean spherical model approximation may well be 
improved by a better guess for the form of the direct correlation 
function, c[r}. The actual form of c(r) is obtainable from the 
Monte Carlo simulations and will be discussed later. 

TV. MIXTURES OF TWO NUCLEAR SPECIES III STR0I1G COUPLING 

Consider a dense plasma with two nuclear species with charges 
z-, and z 0 and with number densities r and n 2 , and with the usual 
condition of electrical neutrality so that 

n = z,n1 + z n 0 = ZM with ;: = r, + i. 

The ion sphere model applied to two fully ionized elements gives 
a definite prediction for the static energy of the two component 
system 2 0. The radius of a sphere around a charge zj of suffi
cient size to contain enough electrons to neutralize z^ is: 

- *1 , 1 / 3 - 1/3 -
z 

Frcr. t h i s r e s u l t the s t a t i c energy for a two component mixture 
ace-~r-tin/: t:. the ion-sphere p r e s c r i p t i o n i s : 
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(U/NKT). „ = - ̂  U ^ n * xo2,5/3)I1/38e2/F 
ion-sphere 10 1 1 2 2 

- -9.373 71/3 r 
" 10 Z - 0 

where 

Thus the ion-sphere model gives a c h a r a c t e r i s t i c sinffi^e charge 
averaging p resc r ip t ion for mixtures of i ons , namely 
that i s very d i f fe ren t from the z^ charge averaging t h a t appears 
in the Debye r e s u l t for weak coupling. In view of the remarkable 
agreement of the OCP ion-sphere r e s u l t with both the Monte 
Carlo and the HHC r e s u l t s for the s t a t i c energy, i t i s reasonable 
t o expect t ha t the ion-spbere r e s u l t w i l l be equa l l j good for t he 
s t a t i c energy for the ion mixtures . Indeed t h i s i s t he case . 
The two nuclear component Monte Carlo data from Livermore^ agree 
perfec t ly with the ion-ophere charge averaging p r e s c r i p t i o n . 
More recent (unpublished) and much more extensive Monte Carlo 
for a var ie ty of mixtures for z± = 1, Z2 ~ 2 and zi = 1, zp = 3 
also completely agree with the ion-sphere charge average 
p re sc r ip t ion . AIJO Hansen and Vie i l l e fosse have solved the 
coupled hyper-netted chain equations for two nuclear components'^-, 
and have found tha t for the HKC approximation t h a t again t he ion-
sphere charpe averaging i s s a t i s f i e d . (Hansen and Vie i l l e fos se 
use the term "Twc—Component Plasma" or TCP in t h e i r paper» and 
of course , mean two components of the same sifrp.; t h i s should not 
be confused with a twn component plasma in the sense of fu l ly 
ionized hydrogen, i . t j . , charges of opposite s i g n ) . The recent 
Monte Carlo data on mixtures from Livermore a l s o suggests t ha t 
the thermal energy has t he same densi ty and temperature dependence 
as was found for the OCP, namely rjy . Consequently the in t e rna l 
energy for a two component mixture can be wr i t t en a s : 

u/HkT = - a z 5 / 3 7 I / 3 r Q + b E {£ 1 x 1 , z 2 x 2 ) ry i ) - c 

where the function ^ ( r . , x , ; z p x p ' * s a charge average for the 
thermal energy. Clearly for x, = 1 the value of g i s z^ and 
for x, = 0 i t would be z l • *•* * s " t e r a Pting to assume a one 
fluid nodel for the two component system and to use the ion-sphere 
charge average for p , namely: 

,-m-ui)

1"' 
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While this assumption does not give mixture energies that are 
badly in error, this one fluid model is definitely not correct. 
Recent Monte Carlo results from both Livennore and Paris for 
two components indicate that the above assumption for the thermal 
energy charge average is definitely outside the noise of the 
Monte Carle simulations. The Livermcre data can be fitted with 
the Term: 

g - ?>2 

although i t should be noted tha t t h i s form has no t h e o r e t i c a l 
j u s t i f i c a t i o n a t t he present t ime, Hansen and Vie i l l e fosse 
note t ha t the ion sphere charge average i s s t r i c t l y addi t ive 
•'her. t he e lec t ron densi ty remains cons tan t . Their so lu t ion of 
t he :-:i»C equations for two components suggest t ha t t h i s addi t ive 
proper ty a l so holds t r u e for t he thermal energy. Thus they 
suggest t h a t the two component energy i s : 

U/IfkT = {x± U ( z ^ / 3 r j ) + x 2 \tiz\n rJ)}/NkT 

where I\- = z T. . Very recen t ly they have two component 
Monte Carlo r e s u l t s which ind ica te the same a d d i t i v i t y " . The 
Lii'ermore and Par is Monte Carlo r e s u l t s for mixtures are so close 
in i.umerical agreement and RISO c lose t- 1 the noise l e v e l , tha t 
a t the moment i t i s d i f f i c u l t to give a f inal answer for the 
thermal energy far mixtures . The precipe form wi l l probably not 
be c l e a r u n t i l t h e r e i s a good t h e o r e t i c a l itiodel for the P 1 ' " 
thermal term. 

CONCLUSION 

This discussion of the s t a t i s t i c a l mechanics of the s t rongly 
coupled plisraa has focused on the r e s u l t s for the ideal ized 
sysiem of point charges moving a continuous background s ince 
t h i s i s the basic system tha t must be unders*ood before e lect ron 
screening e f feo ts can be computed proper ly . The discussion of 
the r r u p e r t i e s of g ( r ) and Sffc) w i n be given elsewhere. The 
mair. point to emphasize nere is tha t the equil ibrium thermo-
dynamic p rope r t i e s of the c l a s s i c a l s t rongly cor re la ted plasma 
have been accura te ly obtained over an extremely wide densi ty and 
terr.rerature range and t ha t these functions a re given by very 
s ing le and easy t o nse ana ly t i c forms. In a ce r t a in sense an 
a n a l y t i c solut ion has been found for a very d i f f i c u l t many body 
Trorlem by deducing the so lu t ion from the M-inte Carlo "exper i 
ment a i " da ta . Now tha t t h i s work has been more or l ess completed, 
i t i= now poss ible t o use t he r e s u l t s p ro f i t ab ly for other 
pr-i: 1 emn. Thus for the equation ~.f s t a t e of the fully ionized 
hydr:c;en in t he i n t e r i o r of J u p i t e r one needs e lec t ron screening 
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corrections. These have been computed directly by Monte Carlo 
simulation at Liverracre? and the results agree well with the 
fluid perturbation theory for screening developed by the Paris 
group22,23, i t should be noted that in the analytic theory of 
the electron screening, one uses the OCP structure factor, 
S(k), not the hard sphere structure factor that is commonly used 
in calculations of most liquid state properties. 

The understanding of the equilibrium thermodynamic proper
ties of classical strongly coupled plasmas has developed very 
rapidly in the last few years, and is now nearing completion. 
More theoretical understanding of the equilibrium properties is 
needed, and i t is hoped the interesting results obtained so 
far will suggest further work. 



TABLE I 

THERMAL EQUATION OF STATE FOR OCP 

MONTE CARLO HYPER-UETTER CHAIN 
MEAN 

SPHERICAL MODEL 

r U/NkT 11,,/ftkT t h U/NkT • J t h / N k T U/NkT V.. /NkT t h 

1 - . 5 8 0 . 3 1 5 - . 5 7 0 . 3 3 1 -.6or .29l< 

? - 1 . 3 1 8 .1*71 - 1 . 3 7 7 .Ii21i 

3 - 2 . 1 1 1 . 5 7 2 - . 2 1 0 3 . 5 9 8 - 2 . 1 8 0 . 522 

- 2 . 9 2 6 .51*2 - 2 . 9 9 9 . 5 7 9 

6 - l . . 590 . 7 7 8 

10 - 7 . 9 9 6 . 9 5 0 - 7 . 9 3 5 5 1 . 0 7 0 - 3 . 0 5 3 . 9 5 2 

15 - 1 2 . 3 1 3 1 .106 -12 .3"*3 1 . 1 6 5 

20 - 1 6 . 6 6 7 1 . 2 2 5 - 1 6 . 5 3 8 1 . Ii72 - 1 6 . 6 6 7 1 . 3 i 3 

30 - 2 5 2 . 1 . 2 9 1.1.09 - 2 5 . 3 7 3 1.6-.2 

ItC -i'». 232 1 . 5 5 2 - 3 3 . 9 9 9 2 . 0 2 0 -31" . 125 1 . 8 9 5 

6c, - 5 1 - 9 3 6 1.71*1 - 5 1 . 5 9 7 2.1 .31 - 5 1 . 7 1 0 2 . 3 2 0 

do - 6 9 . 6 9 0 1 . 8 7 9 -69 .26I4 2 .771 . -6?.36u 2 . 6 8 0 

10i". —3'; -U80 1 .981 - 8 6 . 9 7 3 3.0" 7!. - 8 7 . 0 5 3 ?. 9 9 " 

_̂! - 1 0 5 . 2 8 1 . 2 . 0 6 9 - l j L . 7 1 3 3.31-3 - 1 0 1 . . 7 7 5 ••.255 
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