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ABSTRACT 

A gen&ral expression is given for the stop bandwidths, AvN, of 
nonlinear beam-beam resonances, which is expanded in powers of y(s), ' 

the vertical beam orbit, and which is valid under. certain assumptions 
regarding the orbits and charge distributions near the interaction 
regions. This result is applied to obtain results for the rms AV 
due to random vertical 'orbit errors, and due to random errors in N~ 
at the crossing points. Numerical results are given for the ISABEL~E 
storage accelerator. 

- iii - 



I. INTRODUCTION 

Results are.derived for stop bandwidths, AvN, of nonlinear 
resonances due to the beam-beam interaction of horizontally crossing 
beams. A general result is first given for avN, which involves 
only the .charge distributions p (x, y) and. not the fields themselves, 
which is based on the assumptions that By(s) can be regarded as . 

constant in.the interaction region, and that the beam paths near 
the crossing points may be curved vertically but are straight lines 
crossing at an angle a horizontally. Assuming that the charge 
distribution is Gaussian vertically, the result is expanded in 
powers of y(s), the vertical orbit near the crossing points. 

These general results are applied to obtain results for the, 
rms A%-, due to random vertical orbit errors, and due random 
errors in By at the crossing points. Numerical results are 
given for the ISABELLE storage accelerator. 

11. THEORY and GENERAL RESULTS 

The half-width of the,stop band of the nonlinear resonance 
NV = q is given by the often derived f~rmulal'~ 
Y 

- 0 
+ :2 $Ids 2 ( m I N - I  -L nN-l E exp (iN#), - 2N-2 - 1  Y Y 

where E is the field acting on the test beam due to the other bean 
and D" dn/ayn. The factor F(N) is often duitted and is given by Y 

. . , . .  . . . 

1. E. Keil, CERN Report CERN/ISR-TH/72-25 (1972) 

2. 'P.M:Hanney & E. Keil, CERN Report CERN/ISR-TH/73-55 (1973) 

3. G. Guignard, CERN Report CERN 78-11 (1978) 
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It is assumed in this note that the factors B and exp (in@) do 
not vary rapidly and can be treated as constant an8 evaluated at the 
crossing point of the two beams. It can be shown4 that under certain 
conditions 

where p(x,y) is the charge density distribution of the beam creating 
the field E . Thexequired conditions are that the position of the 
test beam rglative to the other be given by 

x = as, . . 

(2.11) 
Y = Y(s), 

where the beams are crossing in the horizontal plane and a is the 
angle between them which is assumed to be small. The result, Eq.(2.3) 
follows from the invariance of the interaction integrals when the 
test beam is displaced by an amount As in the longitudinal directi~n . 
of the other beam. Equation (2.4) says that the test beam moves along a 
straight line horizontally, but its path can be curved vertically. 

It will be assumed that p(x,y) is Gaussian in the.vertia1 direction 
and is given .by 

One thus finds for,AvN . , 

f (N) = 1, N. 2 5, 

4. M. Cornacchia & G. Parzen, Forthcoming BNL Report (1979) 
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1.  

and (p~/rr)~ = 2 0 was used. . AV is the linear beam-beam V-shift. 
We will now Xxpand the integrand in powers of y, and keep just 

the lowest terms. One can show that for n odd 

and for n even 

Keeping just the lowest powers in y we find for odd N 

A = aJds pl(x) y/oy exp (in@). 

For even N 

fo- 1 1 Av = Av- - .  
N 2(N-2)/2 (N-2)/2J! N-1 A , 

$ is the phase, v 6 =Ids (l/By) 
If y(s) = 0 at the crossing points, then Eq. (2.8) gives nonzero 

results only for the even resonances, which is the case in the absence 
of vertical orbit errors. 



111. Avn DUE TO VERTICAL ORBITERRORS AT THE CROSSING POINTS 

Vertical orbit errors at the crossing points make the beam-beam 
interactions different at the crossing points and generate resonances 
which lie clo.se to the'working line 'in Vx, v space. The results 
given by Eq. (2 .8 )  hive to summed over all txe crossing points. In 
computing the integral over s, y(s) may be considered as constant 
and evaluated at the crossing p3ints. 

For N odd, the rms value of the stop band half-width is given by: 

where N is the number crosiing points and y is the rms value of 
the verfEcal orbit error at the crossing Emf 

For N even, bvN is proportional to yEOinT:e quaniity A in 
Eq. (2.8) becomes 

where the sum over k is over all the crossing points. 
For the moment it will be assumed that N is not a multiple of N 
and xk exp (~NB ) = 0. Then one can write C P 

k 

2 2 2  where (y ) is the average value of y,-, and the average value of A 
is given by is 

2  2  
Since [y; - (y ) 1 and [y t - (y2) 1 are uncorrelated, 

k 



and 

2 2 4 2 
NOW (y ) = yms and fo r  a Gaussian d i s t r i b u t i o n  (y ) = 3 y . Thus, 

r m s  

For N even, and N not a mult iple  of N , , t h e  rms value of AV i s  
given by . . CP 

N 

I f  N i s  even, and N i s  a mult iple  of N then 4 exp (iN@k) = N 
and AV has a nonzero average value. CP' CP' 

N 

And around t h i s  avera e value,  AV has  a s t a t i s t i c a l  f l uc tua t ion  whose 
N r m s  value C A V  - (AvN$lms, i s  given by Eq. (3.2). 

N 
For t h i s  case,  one can introduce a pseudo Amlrms defined by 

the  requirement t h a t  2 A%,,,, g ives  roughly the  peak A%, and the  
' 

pseudo AV i s  given by 
N , rms 

L 
(0.5Nc + 1 . 4 1 ~ : )  

Av 
N , r m s  

= A, fo 
(N-2)/2 r (N-2)/21! 

/202 
yrms ys 

where N i s  even and a mult iple  of N 
CP'  

I V .  AvN DUE TO RANDOM ERRORS IN 0 AT THE CROSSING POINTS 
Y 

Random e r r o r s  i n  $ a t  t he  crossing point can exc i t e  resonances 
c lose  t o  the  working liXe. The l i n e a r  beam-beam v - sh i f t ,  Av ,  w i l l  
be d i f f e r en t  a t  each crossing point.  I f  one assu e s  t h a t  q i s  P due e n t i r e l y  t o  betatron o s c i l l a t i o n ,  then  AV a 0 and . ,, . . 



Only even resonance a re  generated and from Eq. (2.8), the  rms 
value of the  s top band width i s  given by 

Av 1 1 
(4.2) 

rms , 

where (A$ /$  ) i s  the rms value of the e r ro r  i n  the  v e r t i c a l  
8-functioX a? €RE crossing points  . 

V .  NUMERICAL RESULTS FOR ISABELLE 

The r e s u l t s  given i n  Sections 111 and IV can be applied t o  
compute the stop-hand ha l f  widths, AV due t o  r a ~ ~ c l v u ~  v e r t i c a l  
o r b i t  e r ro r s ,  and random e r r o r s  i n  8 Nat  the crossing points  
£01" t he  ISABELLE storage accelerator: 

Results a r e  given below a t  two energies ,  30 GeV and 
400 GeV. For the even order resonance, the contr ibut ions 
due t o  random v e r t i c a l  o r b i t  e r r o r s ,  AvN and due t o  random 
e r r o r s  i n  8 , AV a r e  given separatelyyYand AV i s  the  rms 

N 
sum of thesg twoNs8contributions. For the odd order resonance, 
AV i s  due t o  the v e r t i c a l  o r b i t  e r r o r s  only. It was assumed 
N t h a t  the r m s  e r ro r  i n  t he  v e r t i c a l  o r b i t  a t  thc  crossing points  

i s  the  same a s  30 GeV and 400 GeV and i s  y = 0.05 mm. It 
may be possible  t o  cor rec t  the o r b i t  bettegmsat 400 GeV be- 
cause of the  smaller s i z e  of the  beam. 

30 GeV 

a = 0.011, I = 8 A ,  B = 7.5 m, o - 0.75 mm, y = 0.05 mm, 
Y Y rms 



400 GeV 

a = 0.011, I = 8 A,. B = 7.5 m, o = 0.21 mm, y = 0.05 mm, 
Y Y r m s  




