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ARE LIMIT CYCLE CALCULATIONS A STOCHASTIC PROCESS?

Jose1 March-Leuba
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Stochasticity is typically associated with processes that produce uncertain results which, in many
cases, are due to process nonlinearities and/or extreme sensitivity to initial conditions. By its name, a
stochastic process should have a probabilistic or random nature; however, it is well known that many, if
not all, of the processes that behave stochasticly are indeed deterministic. This is the case with computer
calculations to predict the stability of boiling water reactors (BWRs). This paper attempts to introduce
the reader to some of the "stochastic" uncertainties involved in this topic, and in particular the errors
introduced by the approximations used to integrate numerically the solutions in the time domain. The
knowledge of this type of errors is relevant not only in BWR stability calculations but also in time domain
calculations involving nonlinear or stochastic processes.

BWRs are susceptible to instabilities under low flow and high power conditions; these instabilities
are known to result in periodic limit cycle oscillations that, through a cascade of period doubling pitchfork
bifurcations, lead to chaotic or aperiodic oscillations.1 This behavior was studied in ref. 1 using the BWR
dynamic model developed in ref. 2, and it has been confirmed in other works.3"4 In those previous studies,
the transition to chaotic oscillations was caused by increasing the value a physical variable; in the present
study, however, we show that one can obtain similar behavior by altering a nonphysical variable which
is only related to the numerical method of calculation, for instance the integration time step. In other
words, we show that one can make calculational errors that yield results which are apparently physical but
that are purely induced by the numerical integration technique and have nothing to do with the actual
physical system.

As an example, we have integrated the model of refs 1 and 2 using an explicit integration
technique of first order (i.e., Euler's method) for all equations except that of the neutron density, which
is integrated using an implicit method due to its stiffness. This type of numerical scheme, although not
exactly equal, is similar to the schemes programmed in best estimate codes used in the BWR industry such
as RETRAN, TRAC, or HIPA. Figure 1 show the results of this integration as function of the time step
used in the explicit part of the integration. As it can be observed, increasing the time step not only
changes the nature of the oscillation from stable to unstable, but further increases result in chaotic
oscillations. Note that the period of these oscillations is of the order of 2.5 s, so that using an integration
step size of 0.12 s (i.e., 20 steps per cycle) does not appear in principle to be such an unreasonable
approximation; furthermore, the resulting oscillations appear to be well behaved. Thus, if a sensitivity to
step size had not been performed, we could have mistakenly taken the 0.12 s result as the real solution,
while, in fact it yields results very different from the converged solution with time steps smaller than
0.01 s. This example shows that extreme care must be exercised while choosing a numerical scheme to
integrate nonlinear systems of equations; otherwise, unphysical results may be obtained.

The above behavior shows the large sensitivity of nonlinear BWR dynamic behavior to the system
linear stability, which is typically characterized by the parameter known as decay ratio.1 A 10% or 20%
error in the decay ratio calculation may result in very large errors in limit cycle amplitude. Thus, we have
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studied the numerical errors involved in decay ratio calculations. To this end, we take the damped
harmonic oscillator equation

^ + 2 o ^ + o /x = e (1)
d2t dt d

By substituting the time derivatives by first order explicit differences and Laplace transforming, we obtain
an "estimated" transfer function from e to x as function of the integration time step, At. The poles of this
estimated transfer function define the estimated decay ratio, DRC. The result of this process is

DR, = DR e™*' (2)

where DR is the analytical decay ratio of Eq. (1).

For normal BWR parameters, a rule of thumb extracted from Eq. 2 is that the decay ratio error
in percent equals the integration time step in milliseconds. Therefore, for 120 ms integration step, the
decay ratio error is of the order of 120%, and instead of being slightly less than 1.0 is close to 2.2. Thus,
the chaotic behavior observed in Fig. 1 for large step sizes.

In summary, this paper alerts the reader that proper numerical integration techniques are required
to study nonlinear dynamic systems. Chaotic or stochastic results may be due to our numerical integration
errors rather than to physical system characteristics.
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Figure 1. Solution of system of equations of ref. 2 following a 10 cent reactivity pulse as a function of
the explicit integration time step. As the time step increases, the limit cycle amplitude increases and it
becomes chaotic.


