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ABSTRACT

An automated procedure for performing sensitivity analyses
has been developed. The procedure uses a new FORTRAN com-
piler with computer calculus capabilities to generate the
derivatives needed to set up sensitivity equations. The
new compiler is called GRESS - Gradient Enhanced Software
System. Application of the automated procedure with
"direct" and "adjoint" sensitivity theory for the analysis
of non-linear, iterative systems of equations is discussed.
Calculational efficiency consideration and techniques for
adjoint sensitivity analysis are emphasized. The new
approach is found to preserve the traditional advantages
of adjoint theory while removing the tedious human effort
previously needed to apply this theoretical methodology.
Conclusions are drawn about the applicability of the auto-
mated procedure in numerical analysis and large-scale
modelling sensitivity studies.

I. INTRODUCTION

Sensitivity theory has been used in many fields over the past two
decades to assess the importance of variations in modeling data and param-
eters on calculated model results. This theory and its applications are
summarized in Refs. 1-6 and the numerous references cited therein. The
importance of this theory lies in its rethodological diversity and wide
ranging applicability in determining how sensitive analytic and calcu-
lated results are to jiodel data.

For the purposes of this paper, several approaches to the sensitivity
problem wil l be discussed but emphasis will be placed on the implementation
of one particular approach - the adjoint sensitivity methodology. In
problems where the number of model results of interest is limited but the
data field needed to define the model is large, adjoint sensitivity theory
is usually the method of choice.7"10 The adjoint approach produces all
model sensitivities for one modal result using only a single additional



( i . e . , adjoint) model calculat ion, no matter how large the model data f ie ld

or how complex the model (including non-linear problems). The development

of an adjoint model, however, requires considerable knowledge about the

model equations and a long-term, high-level development e f fo r t . Due to the

substantial man-power costs involved in such an e f fo r t , adjoint sensi t iv i ty

theory has not enjoyed the widespread appl icabi l i ty that other techniques

have had in large-scale modeling programs. In the past, adjoint methods

have been applied more appropriately to small-scale analytical studies (see

for instance Refs. 8, 11-14) or large-scale modeling programs with longer-

term, higher-risk research goals (see for instance Refs. 15-17).

To try to remedy this s i tuat ion, this paper w i l l explore the possibi-

l i t y of automating the procedures needed to implement adjoint theory. Par-

t icu lar emphasis wi l l be placed on the use of computer calculus to assist

in the tedious process of constructing adjoint models from basic model equa-

tions as they exist in a computer code. The general problem addressed in

this paper w i l l be that of performing a sens i t iv i ty analysis on a large-

scale computer model written in the FORTRAN programming language. The

equations describing such a model and the sens i t iv i ty theories appropriate

to i ts analysis wi l l be specified in Section I I . The use of computer cal-

culus to assist in the velopment of a sensi t iv i ty analysis capabil i ty

w i l l be described in Section I I I and a fu l l -sca le calculus language, GRESS,

used to automate this procedure wi l l be outlined in Section IV. An analy-

t i c application of this procedure wi l l be presented in Section V. The

future appl icabi l i ty of this method, as well as i t s advantages and disad-

vantages w i l l be discussed in Section VI.

I I . THE GENERAL SENSITIVITY PROBLEM

A brief description of general sensi t iv i ty theory is given here as an

aid to understanding the problem of applying th is theory to computer models.

The example to be discussed w i l l be that of a general set of non-'inear

equations given as

y

where y represents the dependent variable being solved for , c represents

the user specified model data or parameter set, and F defines the model

equations. The particular form chosen in Eq. (1) is one that can be used



generally to represent equations coded in the FORTRAN programming lan-

guage. The left-hand side of the equation represents the stored value of

the variable calculated from the functional formula on the right-hand

side. This form wi l l be needed later for discussions about computer ca l -

culus and adjoint sensi t iv i ty code development.

Since the number of components of the vector y calculated in any

typical large-scale modelling problem is large, i t is useful to define a

generic result for such a calculation that is of particular interest to the

model user. Typically severai results w i l l be needed for analysis but in

a l l cases they form a much smaller set than the actual set of y component

values. A typical result w i l l be defined as:

R = h(y) (2)

where R is a single number which is a function of the solution to Eq. (1)

(i.e., y ) . For notational ease, the generic parameter a. will be used to

denote any individual parameter, be it a component of the vector c or any

other parameter vector defined later in the paper. The total number of

parameters in the problem will be assumed to be M so that the index on

a. will run from 1 to M.

The basic problem in any sensitivity study is to find the rate of

change in the result R arising from changes in any model parameters. For

the generic parameter a., then, the quantity of interest is the numerical

value of dR/da.j given analytically by,

3y

Since the functional dependence of R on y through h(y) is defined

analytically by the model user, only dy/da. needs to be generated

in order to evaluate Eq. (3). The procedure needed to gat dy/da. is to

differentiate Eq. (1) as follows,

UJ _ 2—. J + L ^\
da. 3y da. 3C da. " '



Rearranging Eq. (4) yields the following set of coupled equations to

solve for dy/da-j,

(I _4) ̂  - 4 ^ (5)
3y da-j 3c da-j

or in more compact form,
Ay- = s. i=l,...,M (6)

where I is the identity matrix and A, yj and §i are given by,

A = I -^ (7)

n = # (8)
1 d ai

8F dc
§i " ^ 7 " (9)

1 3C da-j

If Eq, (6) were solved directly for y^ the result could be used in
Eq. (3) to evaluate dR/da.. This method of sensitivity analysis is
called the "direct" approach and is a classical methodology which has
received a great deal of attention in the l i terature3 '4 . Its main drawback
arises in large-scale applications where the size of the vector c (and
therefore the number of a,'s whose sensitivities need to be evaluated)
becomes prohibitively large. Since Eq. (6) must be solved each time a new
a. is defined, the computational expense puts this method out of reach as
a practical sensitivity tool . Its practical value is therefore restricted
to smaller-scale analytical problems or other cases where A can easily be
inverted.

Since the ultimate objective of a large study, however, is s t i l l the
evaluation of dR/da., the intermediary step of solving for dy/da. and its
inherent computational inefficiency can be avoided. For such problems
the "adjoint" approach is far more applicable. In this methodology, use
is made of the fact "hat Eq. (6) is linear in y ' , and an appropriate
adjoint equation can therefore be developed specifically to evaluate
Eq. (3).

Defining the matrix adjoint of A as A* and using the usual definition
of this adjoint gives the identity,

-tr - -tr *-

uirAv = vtrA u



where u and v are arbitrary vectors and A is defined as,

A* = A t r (11)

Here the " t r " superscript represents the transpose of the vector or matrix.

I f specific vectors for the problem at hand are chosen for u and v,

the problem-specific adjoint equation can be set up as fol lows,

where

A*y* = s* (12)

A* = A t r = (I - - ^ ) t r (13)
ay

Choosing I appropriately as,

s* = (dh/dy)tr (14)

Eq. (3) ~an now be evaluated as follows,

dR r,*tr 3F dc ^ , M

where y* is now the solution t o ,

The simplicity of the adjoint approach lies in the fact that Eq. (16)

needs to be solved only once to get any and all sensitivities in the prob-

lem. This is a result of Eq. (16) being independent of the definition of

o.. The particular choice of a. is only reflected in the evaluation of

Eq. (15) which involves only simple vector products. In essence, the

adjoint approach reduces the computational effort needed to evaluate

dR/da. from solving many coupled linear equations to the evaluation of

several vector products. For large scale systems with many thousands or

even millions of parameters, this represents orders of magnitude in com-

putational efficiency. Problems in sensitivity analysis that were prac-

tically unapproachable with the "direct" approach, can now be done in

routine fashion.

It should be noted here that both the direct and adjoint equations

[i.e., (6) and (16)] are in any case far easier to solve than the origi-

nal model equations [i.e*, Eq. (I)]. Both Eqs. (6) and (16) are linear



while Eq. (1) is non-linear. The direct and adjoint approaches, however,

require the results of the or iginal model equations to be available in

order to set up Eqs. (6) and (16), since the A matrix and the vectors s,

and I * depend on y.

In order to perform any sensi t iv i ty analysis, then, the model user must

f i r s t generate the matrices 3F/3y and 3F/3c from the original non-linear

computer model. For large-scale problems this generally requires a great

deal of painstaking human e f f o r t . The model equations must be derived

from the computer coding, they must then be di f ferent iated with respect to

a l l parameters of interest, and a direct or adjoint set of equations must

then be set up for computational solut ion. Successful automation of this

procedure could greatly reduce the human ef for t involved, potent ia l ly by

orders of magnitude. The incentive for automation of sensi t iv i ty model

development [ i . e . , generation of Eqs. (6) and (16)] is therefore great

indeed.

I I I . COMPUTER CALCULUS AND THE GRESS LANGUAGE

The basic problem in automating sensi t iv i ty analysis of computer codes

is th.-? generation of the derivative matrices and source terms for Eqs. (6)

and (16). For simple models, the equations which need to be di f ferent iated

can readily be ident i f ied and isolated in function or arithmetic subrouti-

nes. In this form a variety of computer calculus languages 18-21 a r e ava i l -

able for e f f i c ien t l y evaluating the derivative? needed for sens i t iv i ty

studies. In the case of very large modeling problems, this procedure in

practice (and sometimes even in principle) can not be readily used. The

model equations may he very complex and t ied closely to and embedded in

complex model logic and data-handling routines. In addit ion, for non-

linear problems, the numerical solution procedure often precludes an easy

separation of the modeling equations from other parts of the model coding

structure. Under these circumstances a dif ferent computer calculus lan-

guage and approach is required to attack large-scale problems.

In order to address large models, then, a computer language is needed

which treats the entire model source code as a data stream. This language

must act as a compiler, with an ab i l i t y to search for mathematical modeling

equations a.-.'d generate the derivatives necessary for sensi t iv i ty analysis.



Such a language exists in a rudimentary form as part of a software pack-

age called PROSE,22 which was developed in part to accelerate i te ra t i ve

numerical procedures using derivatives and Newton's method. The concept

of searching for equations and generating appropriate derivatives l ies at

the core of the PROSE system and was the result of an idea or ig ina l ly

developed for NASA applications.2"* To apply the PROSE concept to the

sensit iv i ty analysis problem, however, a new language had to be developea.

The resulting FORTRAN language compiler developed for this purpose is

called GRESS - Gradient-Enhanced Software System.24 A more detailed

description of th is language can be found in Ref. 24.

The basic underlying principle of GRESS is to read the model source

program and search for model equations. These are ident i f ied uniquely by

the appearance in the FORTRAN .ource program of the "=" symbol. Since

a l l FORTRAN "equations" so ident i f ied occur in the form of Eq. (1) ( i . e . ,

with a single dependent variable on the left-hand-side of such an expres-

sion), GRESS can search for and analyze each equation in terms of i t s

functional dependence on y and c [see Eq. (1 ) ] . The basic computer ca l -

culus operations of GRESS are then used in the computation of 3F/3C

and 3F/3y for each expression encountered ( i . e . , each component of F).

The resulting values of these derivatives are stored in vector form for

each component of y . The di f ferent iat ion is carried out analyt ical ly

using calculus software for a l l permissible FORTRAN functions and opera-

tors and the results are computed and stored rumencally using the local

values of the independent and dependent variables.

A simple example of this procedure is i l l us t ra ted in FigSo 1 and 2.

The analysis goal of this example is to calculate dR/dc^, where x and y

are the main dependent variables of interest and a. is the lr.Hependent

variable ( i . e . , parameter) in the problem. In the GRESS procedure, the

three given equations are processed to produce derivatives with respect

to the single parameter of in terest . An additional analytical equation

is needed to produce the derivative for each dependent variable ( i . e . ,

there are three such new equations, one for x, y, and R). These equations

are produced by the GRESS software analyt ical ly with numerical values

being computed and stored at execution time.



SOURCE PROGRAM

READ(5) AI

X = 2.0 * AI

Y = X*EXP(2.0*X)

R = X*Y**2.0

ANALYTICAL EQUATIONS

a-j = value set externally

x = 2a.j

y = xe2x

R = xy2

F ig . 1. Model source program and associated equat ions.

GRADIENT ENHANCED SOURCE PROGRAM ANALYTICAL EQUATIONS

READ(5) AI

DADAI = 1 . 0

X = 2 . 0 * A I

DXDAI = 2.0*DADAI

Y = X*EXP(2.0*X)

DYDAI = (2.0*X+1.0)*

EXP(2.0*X)*DXDAI

R = X*Y**2.0

a. = value set externally

do i /do1 = 1

x -

dx/dcu = 2(da./da1)

y = xe2x

2x,dy/da. = (2x+l)e^x(dx/da i)

R = xy2

DRDAI = 2.0*X*Y*DYDAI+ dR/da. = 2xy(dy/da. ) +

(dx/da. )yzDXDAI*Y**2.0

Fig. 2. Gradient enhanced mouel and associated equations.



The use of th is chain-rule propagation technique is i l l u s t r a ted in

a l l the equations in the example, since intermediate derivat ive values

( i . e . , dx/dai and dy/do,-) are required to evaluate the derivat ive of R

with respect to a . . In the GRESS language, chain-rule propagation is the

key to the success of the method, since current values of a l l the dependent-

variable derivative vectors are in general needed to propagate a l l der iva-

t i ve values e x p l i c i t l y through the complete system of model equations.

GRESS has an elaborate and yet e f f i c ien t scheme for accomplishing t l i i s pro-

pagation of derivatives through loops, user defined functions and sub-

programs.

IV. GRESS LANGUAGE

The major advantage of the GRESS language over other calculus-based

software sytems is i t s ab i l i t y to process the model source program as data

for analysis. No separate e f fo r t is needed to specify the model other than

to supply GRESS with the model source program. The key procedures which

allow GRESS to produce a gradient-enhanced model are i t s a b i l i t i e s to

search for the model equations and to propagate der ivat ive values by the

chain-rule of d i f fe ren t ia l calculus. The search for equations is accom-

pl ished, as was stated before, by ident i fy ing a l l FORTRAN store operations

designated by the "=" symbol. In th is regard GRESS only recognizes rea l -

variable store operations as va l id equations ( i . e . , the left-hand side

variable in a FORTRAN equation must be rea l ) , since continuous derivatives

are to be calculated. The sum to ta l of these "equations" embedded in the

model language constitute the mathematical model. GRESS processes only

these equations and enhances th is part of the code with analyt ic der ivat ive

expressions and numerical der ivat ive values.

A brief description of the GRESS procedures is as fol lows. To s t a r t ,

GRESS passes over the source program ident i fy ing a l l the model equations

and their associated dependent real variables. Using a user-defined l i s t

of parameter names, a work space is set aside for computing der ivat ive

vectors for a l l the dependent variables in terms of these parameters.

After storage and var iab le- ident i f i ca t ion procedures are completed, a

second pass over the program replaces a l l the or ig ina l equations by new

ones which include derivative-vector-generation capab i l i t i es . This



operation is accomplished most eff ic ient ly by generating the new equations

in a set of pseudo-machine-language interpretive instructions which are

written out onto a scratch f i l e . The old equations are replaced by a call

to an interpretive software subroutine for run-time evaluation of derivat i -

ves. This approach was chosen to dynamically allocate derivative storage

at run-time and reduce the size of the enhanced version of the model source

program. In this procedure al l calls to functions and subprograms which

are user-defined are treated as part of the mathematical description of the

model i f the called routines contain appropriately defined equations.

These program branches are also replaced by calls to interpretive subrouti-

nes.

The f inal GRESS version of the code consists of a source program with

calls to interpretive software, a set of software subroutines which support

these interpretive operations and a set of pseudo-machine-language instruc-

tions representing al l the dependent-variable calculations and their respec-

t ive derivatives. This complete package of source programs and instructions

can then be compiled and run as a normal FORTRAN program to produce both

conventional model results and gradient information. The gradient infor-

mation can be used internally in the model ( i . e . , for accelerating i tera-

t ive numerical methods) or i t can be output for use in sensit ivi ty

analysis. In the latter mode, GRESS is able to produce the derivative matri-

ces 3F/3c and 3F/3y for use in setting up sensit ivi ty problems. [See Equa-

tions (5), (15) and (16)].

V. AUTOMATED SENSITIVITY ANALYSIS

The simplest example which i l lustrates the computational advantage of

an automated sensit ivity analysis capability is a computer-coded version

of Eq. (1). This non-linear equation can be solved i terat ively using the

following general procedure,

y ( 0 ) = a" (17a)

y{on+1) - F ( y ( n ) , c ) (17b)

N i t e r a t i o n s / n + i \ - - f n + i A (n)
y[ l) = G(yin4l\y(n>5)

l \ y ( n > , 5 ) (17c)

R = W



Here y^0' represents the in i t ia l guess needed to start the iteration pro-
cedure for y and is user-specified to be the vector a; Eq. (17b) is the
non-linear equation being solved; Eq. (17c) represents the general acce-
leration technique used to achieve convergence; R is the final result of
interest and yK ' is the final converged solution. Note here that the
number of parameters in the problem is assumed to be M, and N is the
number of iterations needed to achievp convergence of the sol>-1"5-"•. In
analyzing this example, three approaches wil l be taken, each repesenting
one of the alternative sensitivity methodologies.

Perturbation Approach

Eq. (17) can be analyzed for sensitivities in the most straight-
forward manner by using what wil l be denoted as the "perturbation
approach." In this procedure the derivatives ( i . e . , sensitivities)
of interest, dR/da- i= l , . . .M, can be approximated by making small pertur-
bations in the individual problem parameters ( i . e . , each a.) and recalcu-
lating R for each case. The sensitivities thus calculated are approxi-
mated by,

dR = A R _ ^ ± . , M , .
da " Aa " 5 J 1 " " M . < 1 8 )

J J J J

where the following runs were made to achieve these results:

R : b a s e c a s e w i t h a . = 6 L , i = l , . . . , M ( 1 9 a )

R. : a. perturbation with ct.^a. and a.=a., i # j , i=l M
j=l , . . .M

If we now define a single computational unit as the time required to
process a single iteration in solving Eq. (17), then i t is clear that the
computational expense for this approach is of order (M+1)N. That i s , there
are M runs (one for each parameter) and one base case calculation, each
requiring the solution of Eq. (17) in N iterations. For large M this pro-
cedure becomes prohibitively expensive due to the repetitive use of the
iterative techniques needed to solve Eq. (17).



Direct Sensitivity Approach

The classical sensitivity analysis technique for analyzing Eq. (17)

is the "direct approach" derived in Section II. In this approach, deriva-

tive equations are solved for the sensitivities of interest and derivatives

are calculated along with the regular calculations using an automated

derivative-enhancement compiler (i.e., GRESS).

The computational expense of this approach is easily seen to be of

order jM+l)N, since in each iteration both the values of y^n+ ' and the

y' ' (i=l,...,M) must be calculated. This is the same efficiency as

the perturbation approach but with the added complication of having not

only to achieve convergence for y but also for each yT. Since y{ is

accelerated using the same functional scheme used for y additional prob-

lems can arise from using the same scaling parameters for both the y and

yf calculations or from the fact that the starting vales y)0' will always

have components equal to zero or unity depending on the definition of

«=..

To avoid this la t ter problem y ' can be solved for outside the o r i g i -

nal code by doing only a single i terat ive pass on the system with the

GRESS language after convergence has beer, achieved. In th is case, the

necessary derivatives for the direct method can be generated at convergence

with one i terat ion using y^0' = y W and y>0 ' = da/da-j as start ing -'alues.

The direct sensi t iv i ty problem can then be solved in a new code excernal

to the original model with a linear equation-solving package. In th is

simple example the direct equations to be solved are analagous to the

direct sensit iv i ty equations derived in general for a non-linear system in

Section I I [ i . e . , Eqs. (3) and (5 ) ] .

For the sake of computational analysis, Eq. (5) w i l l also be assumed

to be solved by an i terat ive technique requiring N' i terat ions. The com-

putational cost of this alternate direct approach is then found to be of

order (N+M+l+MN'). The terms here represent, in order, the cost units of

the N iterations to achieve convergence of Eq. (17), the M+l computations

to get the derivatives in the N+ls t i terat ion and the MN' computations to

achieve convergence of the linear system for y'.. This approach, therefore,



has a somewhat lower computational cost than either the conventional direct

approach or the perturbation method.

Despite the fact that only a single i tera t ion is required to set up

the alternate direct-approach equations, an inordinate amount of com-

putational expense is s t i l l involved in solving Eq. (5) when M is large.

The advantage of using the alternate direct-approach, however, is that the

solution of Eq. (5) can be controlled independently of Eq. (17). In many

cases N'«N and signif icant computational advantages can be derived from

separating the original and derivative equations. Nevertheless, for large

M, both direct approaches and the perturbation technique have similar com-

putational orders and remain outside the bounds of pract ica l i ty for large-

model analysis.

Adjoint Approach

In automating the adjoint approach to sens i t iv i ty analysis, the GRESS

language is used to enhance the original model equations to calculate

3F/3y, 3F/3c, and 3h/3y. Since an adjoint procedure for this problem

requires the results of the f ina l step to star t the adjoint-equation

so lu t i on , 7 ' 1 1 no automation procedure can readily be devised to d i rect ly

set up and solve the adjoint equations simultaneously with the or iginal

i terat ion loop. The single i terat ion procedure designed for the alternate

direct approach is therefore used exclusively with the adjoint approach.

In this scheme, a single pass on the gradient-enhanced model equations

is needed to produce 3F/3y, 3F/3c, and 3h/3y. Using the derivation pre-

sented in Section I I [see Eq. (16)] , an appropriate adjoint equation for

the general i terat ive problem can then be wri t ten as:

(I ^ y = {^m] (20)

This is a sing! i adjoint equation for y*, independent of the def in i t ion

of a. , which" can be solved outside the original model code. Th.2 desired

sensit iv i ty results for Ri can be computed with l i t t l e additional expense

using the solution to Eq. (20) as follows [ i . e . , see Eq. (15)] .



D ' - w* t r — ^- i-1 MRi " y 3c da. i-i."«."

To analyze the computational efficiency of this approach, we assume

that an iterative scheme is used to solve the adjoint problem given in

Eq. (20) and that the scheme requires N' iterations to achieve con-

vergence. The total computational cost of the adjoint scheme is then of

order (N+M+l+N'). The difference between this result and the one for the

direct approach is the elimination of the need for MN' computations out-

side the model code. Only a single adjoint equation needs to be solved

to evaluate all the R''s, irrespective of the number of parameters in the
i

problem. When M becomes very large, even the computational cost of the

N+N' iterations become negligible and the only significant cost in this

approach is involved in generating the derivatives in the single pass on

the gradient-enhanced equations.

The traditional efficiency of the adjoint method is thus maintained

in its automated form. The only real ccmputational expense in this

approach is the cost of computing the derivatives required to set up the

adjoint equations. The gradient-enhanced version of the code generates

these required derivatives at a computational cost of order M. This cost

replaces the human effort which is normally required to set up these

equations. There can hardly be a problem in which this computational

cost will r.ot be preferable to the many man-months of human effort

otherwise required to derive the adjoint equations for a major model.

VI. CONCLUSIONS

Tho major conclusion of this paper is that the automation of sensi-

tivity analysis is both feasible and practical. Automation can be most

efficiently accomplished using the adjoint sensitivity approach since

optimum use can be made of the computational advantages of this method-

ology. The GRESS compiler for automating the differentiation process is a

significant step in making these advances possible. It appears to be the

first full-scale use of a compiler which can process FORTRAN source codes

to determine model equations and derivatives for sensitivity analysis'.

Since GRESS can perform search and differentiation operations on an



existing computer model, no additional arrangement, grouping or d e f i n i -

t ion is needed for the model equations.

Automated sensit iv i ty capabil i t ies are also a major step toward

making adjoint sensi t iv i ty theory a competitive analysis technique for

large-scale applications. The previous drawback of this methodology

( i . e . , the costly development e f for t needed to derive the adjoint equa-

tions for a model) no longer exists with the successful development of

GRESS. All the computational advantages of the adjoint approach can

therefore be used to e f f i c ien t ly perform exhaustive sensi t iv i ty studies

which otherwise might not be undertaken. Such studies f ind direct applica-

tions in areas direct ly related to current low level waste management

act iv i t ies such as model evaluation (e.g. determininy the most important

(sensitive) model parameters thus avoiding "over modeling"), s i te charac-

terizat ion (e.g. determining the characterization data to concentrate on,

thus avoiding "over col lect ion" of data), predictive simulation (e.g.

providing the uncertainty of predictions given the data uncertainty) and

performance assessment (e.g. providing quantitative support for better

interpretation of the results and for evaluating the r e l i a b i l i t y of pre-

dict ions).

A f inal advantage of the GRESS language is i t s capabil ity of pro-

viding derivatives for use both internal and external to large-scale

nodel codes. Existence, uniqueness, convergence and numerical studies

which depend on derivative information can now be undertaken on produc-

t ion versions of such large models. In the past these studies r.ould be

performed only analytically or on small tractable computer models. Large-

scale sensi t iv i ty analysis should put engineering design work on a much

firmer foundation.
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