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For an FEL operating in the exponential regime before saturation, we present

an analytic description of the effect on the gain of longitudinal velocity variations

arising from wiggler field errors. The average gain reduction and the width of the

output power distribution are expressed in terms of the mean square average of the

ponderomotive phase shift per gain length. A scheme for correcting the electron

trajectory using position monitors and dipole correctors is analyzed. Our work is

directly applicable to the design of FEL amplifiers and the results are encouraging

for their feasibility.
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I. INTRODUCTION

Understanding the effects of wiggler errors [1-8] is of critical importance in the

design of free electron lasers. There has been recent work aimed at determining the

tolerances which must be imposed on the allowable field errors. Analytic results have

been obtained for the effect of wiggler errors on the electron trajectory [7], and for the

gain reduction in the low gain regime [5, 6]. Computer simulations have been carried

out both in the low [6, 8] and high gain [3, 4] regimes. In this paper, we consider an

FEL operating in the exponential regime before saturation and use one-dimensional

FEL equations [9-11] to develop an analytic description of the effect of wiggler errors
on the gain.

The effects of wiggler errors can be divided into two classes: (1) Longitudinal

velocity fluctuation and drift, which moves the electron beam away from resonance,

and (9) transverse trajectory wander which causes the centroid of the electron beam

to move away from the radiation beam. In this paper we address the longitudinal

effects and leave detailed consideration of the mode overlap problem to future work

based on a full three-dimensional computer simulation. The determination of the

effect of longitudinal velocity variations is dominantly a one-dimensional problem for

which we present a detailed analysis.

We divide longitudinal velocity effects into two types. The first, type is magnetic

field amplitude errors which are correlated over only a few wiggler periods and have

no net field integral. The second type is cumulative steering errors, which produce a

drift of the electron trajectory away from the wiggler axis.

For the case of amplitude errors, we find that the required tolerance on the mag-

netic field fluctuation is relaxed, because it turns out that rather than having to

satisfy (AB/B),.,,.,_ << p one needs only meet (.SB/B)_,.,.,s << p, where p is the Pierce
parameter [9] typically of magnitude 10-3

Vv'ithout correcting the electron trajectory periodically along the wiggler, achiev-

able steering errors will cause a cumulative angular deviation away from the _iggler

axis, moving the electron beam away from resonance and completely killing the gain.

We have derived an expression for the gain reduction when there is trajectory cor-

rection and we have found tl_at by installing a sufficient number of correction and

monitoring stations along the wiggler, the required tolerance on magnetic field steer-

ing errors can be relaxed to an achievable limit. The results of our analysis on both

type of longitudinal errors are encouraging for the design of single pass FEL amplifiers

utilizing long wiggler magnets.

For both types of longitudinal error we have fo_lnd that the criterion for small

gain reduction is determined bv keeping the ponderomotive phase shift due to wiggler
errors small in one gain length. The ponderomotive pllase shift is

t,:/ d--[,,,l(:,',;.-) - ,',,]. (1.1)_=
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for a monoenergetic electron beam of energy %, where Vo is the average longitudinal

velocity in the ideal wiggler and vii(% , z) is the longitudinal velocity in the presence
of wiggler errors,

The importance of the ponderomotive phase shift in determining the gain reduc-

tion due to wiggler errors has been discussed in refs. 5 and 6 for the low gain regime.

In this paper we consider the high gain regime and explicitly express the gain re-

duction due to wiggler errors in terms of W, the average value of the square of the

ponderomotive phase shift per gain length, defined by (see Eq. (6.16))

W -= _ dr , (1.2)

where r = 2pkwz is the scaled longitudinal coordinate [9] which changes by 2/x/_ in a
gain length, and the average is over an ensemble of wiggler errors. The power growth

of the radiation field is proportional to

e(v:5._> . (1.3)

For magnetic field amplitude errors (see Eq. (6.31))

B),._ (1.4)W = 7rI(4o (AB/ 2
(1 + K_/2) 2 [

where Ko is the magnetic field strength parameter for the ideal wiggler. It follows
that the criterion for small gain reduction is

I(o4 (AB/B 2
)_m, <<1. (1.5)

9v/5(1+ p

There is a simple physical interpretation of Eq. (1.4). The change 5p in pondero-

motive phase per wiggler period due to magnetic field amplitude errors is

9 "2_r: I( o AB
@ = ,, , (1.6)

1 + Ao2 B

and the number of periods per gain ]ength is approximately :'VG.= 1/47rp, hence

I,V Na (_p "2= (1.7)

in agreement with Eq. (1.,I).

We have derived an expression for the gain reduction due to steering errors as-

suming the trajectory is being corrected. We assume position monitors and trims are

at the same locations spaced by :Vs periods along the wiggler. The spacing is assumed
to be shorter thal_ a gain length. Trim strength of a given corrector is adjusted to

center the beam _Ltthe followixlg Illoxlitor. In t,liis case we have found that the average

value of t,lle SCltlarc' of tile l)otlderonlotive i)liase sllift per gain lellgtll is given 1)v



24Nc
W _ 35 Ns (Ns_v)2 (1.8)

with the rms phase shift per period 6p in this case easily seen to be given by

9 2 _12

. r-y ..,,,. (1.9)
6p= I + K_/2'

where the mean squared angular deviation x_,_'2 for the trajectory corrected beam is

.,2 1 --
x,m ° = -_NcO 2. (1.10)

Here, Nc is the number of steering errors between correction stations and 02 is the

mean squared angular deviation introduced by a single error.

The result of Eq. (1.8) also has a simple physical interpretation. One sees that

Ns6p is the ponderomotive phase shift between two correction stations, because the

phase drift is coherent between correctors. Since phase drifts for different sections

are incoherent, the total phase drift per gain length is equal to the square root of the

number of correction sections per gain length times Ns6p.

As an example consider a wiggler with Ko = v/2-. We suppose the number of

periods per gain length is Na = 100(p __ 0.8 x 10-3), the number of periods between

correction stations is Ns = 50 and the number of steering error kicks between correc-

tion stations is Nc = 100. We express the mean square angular deflection per kick
aS

= 4Ao(AB/B),m,. (1.11)

Taking the achievable tolerance (AB/B),ms = 5 x 10 -3, we find l/V = 0.37 resulting

in a modest .5% reduction in the growth _ate.

\¥e have also obtained an expression for the width of the output power distribu-

tion" see Eqs. (6.21 - 6.25). For a long wiggler containing many gain lengths, there

is a contribution to the width independent of the total length, determined by the

field errors at the beginning and end of the wiggler. The magnitude of this width is

proportional to _, and hence for small errors (and/or short wigglers) the spread

in the output power is comparable to or larger than the average reduction in power.

Our paper is organized in the following manner: In Section 2, we derive zt third-

order differential equation, Eq. ('2.'27), determining the effect of wiggler errors on

the FEL gain. This equation is solved in Section 3 in a manner directly yielding the
average growth rate of the radiation field. In Sections 3-5 the contributions of errors

at the beginning and end of the wiggler are ignored. They are considered in Section

6 where they are shown to contribllte to tlm width of l,he output power distribution.

Tlle case of an idealized l)erma.nellt lnagnet wiggler with infinitely wide blocks is

considered in Section 4. Iii this l wo-(linlensional Inodel. inagnetization errors give rise

to only local longit, udillal velocity Ino(lulat, ion, with ilo llet st.ceri_lg errors. In Section

4



5, tile gain reduction in this idealized case is analyzed. Next, in Section 6, we present

an alternate solution of the differential equation, Eq. (2.27), by reformulating it as

an integral equation. For a stochastic ensemble of wiggler field errors, we express the

average gain reduction and the width of the output power distribution in terms of the

mean square average of the ponderomotive phase shift per gain length. In Section 7

we treat steering errors which have been ignored to this point. A particular trajectory

correction scheme is analyzed in detail, and an analytic expression is derived for the

resulting gain reduction. The results look encouraging for the development of FEL

amplifiers based on long wiggler magnets.

II. FEL GAIN EQUATIONS

We assume a 2-D planar wiggler with magnetic field

0A_
By = Oz ' (2.1)

e Ax
= I¢(_)cos(k_z+ _(_)), (2.2)

77"/C

Here 2r:/k_ is the design wiggler period, and Ko is the design value of the wiggler

parameter K. We will leave till later the question of how to obtain the two functions

K(z) and a(z) unambiguously from the single field error function 6A,(z) or gBy(z).
Constancy of the x component of the canonical momentum leads to

, K(:)
,_,"= _cos( k_z + 5( z )) (2.3)

7

where we neglect the radiation field in calculating the electron trajectory a.nd where

the prime stands for the derivative with respect to z.

\'\,_ now consider a plane polarized radiation field

1 ik(z-ct) 1

E_(-.t) = cB_(z,t) = _E(z)e + _E'(-)e -ik(:-a) (2.4)

corresponding to a long radiation pulse. Energy is exchanged between the lth electron
and the radiation field such that

..,, __ eE(z)K(z) cos(k_,= + a(z))e 'k(:-", ) + c.c. (2.5), g .-) ,_
_ m. c- -ca

The radiation wave number/,: is chosen to satisfy the resonant condition for the ideal

wiggler,

1 + _' (2.6)'2



with 7o being the design electron energy in units of mc 2. Let us now define a phase

angle for each electron as

Oj = (k_ + k)z - kctj, (2.7)

where t: is the arrival time of the jth electron at longitudinal position z. The rate of

change of Oj with respect to z is

' - _ k_, i (I-) (2.8)
_j 1 +/'-3- •2

But

":j ~ ,.,j x '_ 1 + K_(z)cos_(k,.,,z + a(z))
-- = -- _ i- . (2.9)
c c 2 2-r_

Assuming (Tj - 3'o)/-ro is small, we find

, ~ - _ + -
°i = -ro 1+ (2.10)2

The final equation governing the FEL gain in the exponential gain regime is the

stimulation of radiation by the electron motion in the wiggler. This is g'_verned by
the wave equation

02 E_: 1 02 E_: OJ_
- ik#oeC _x'.J6(z- zj(t)). (2.11)Oz 2 c20t 2 =#o dt

J

We use the paraxial approximation, assuming E(z) [Eq. (2.4)] is a slowly varying

function whose second derivative can be neglected. We average the right-hand side of

Eq. (2.11) over a small volume, and change to z as the independent variable. Defining

no to be the number of electrons per unit volume, we find [9-11]

e-iOJ (z)

E'= n otLoeC2I((z)e'k_'_cos(kwz + c_(z))(_), (2.12)
-rj

where <> denotes the average over the electron distribution.

The ponderomotive phase 0:(z) was defined in Eet. (2.7), and the FEL is described

by the differential equations (2.5), ('2.10). and (2.12). The dominant effect of the

wiggler errors comes from Eq. (2.10), which describes the deviation from resonance.

\Ve have verified tllat for small errors in the wiggler field, it is a good approximation

to neglect tlm error fields ill E( I. ('2.5) and (2.12). i.e. take h'(-) _ I(o and a(-) _- 0.
In tllis case

, _:h',.,E(-) ik,: e,o,/j = -., , e " cos I,:,,z - + c.c.. (2.13)
! II (:" _'[o
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, 2/c,o(7j - %) _ k [K2(z)cos2(k_o z + a(z)) - K2o/2] (2.14)
0j= -ro 1+ Ko:/2

E' = n°#°ec2K°eik_z cos k_oz < e-i6 > (2.15)
70

In order to extract the synchronous terms we express the ponderomotive phase

Oj in the form

K2°/4/2sin 2kwz (2.16)Oi(z)= ¢j(:) + 6(z)- 1+ K_

where

_k K:(:)co_:(<_z+_(z))- K:oco_k_z5'(z) (2.17)
1+___2

We then discard the non-synchronous terms by using the approximation [10]

eik_ cos kwz eibs_'_2k'_,_ go(b) - Jl(b). (2.18)

The difference of Bessel functions on the right-hand side corresponds to the DC-

component, and the oscillating components have been neglected. In this manner we
derive

, kwD2
,,t _ (Eei6eiCj + c.c.), (2.19)
'a 70

, 2t:,.(..rj - "ro) (2.20)1o, =
J 70

E' k_D1 -i6 i_, (2.21)
70

where

el(oi,].I] D_= ,_o.o_c:I¢oiJJ]
D1 = 2mc2k,o ' kw '

1,7/4 1,7/4
[JJ] = ]°(1 + I;_o/2)-J'(_+ A'_/2)

We now proceed to derive the gain equation in the approximation of terms linear

in (5 - %)/%, o_ and E. It is useful to introduce the quantity

y( - ) = £'(-)e"s(:) ('2.'2'2)



Expressing E in terms of y, we take two derivatives of Eq. (2.21) with respect to z,

and discard the quadratic term in (¢})2 to obtain

y'" i(3'y)" k_,Dx i6" e -i4', > (2.23)-- = <--Tj •
70

From Eqs. (2.19) and (2.20), it follows that

,9 2

72o (ye i0, + y'e -lo'). (2.24)

Assuming the initial electron distribution is unbunched, < e-2i¢J >= 0; hence

y'"- i(6'y)" = i(2pk_)ay, (2.25)

where the Pierce parameter p is defined by

(2p) a = 2DxD2 (2.26)

Changing from z to Bonifacio's [9] variable, r = 2pk_z, we write the linear gain

equation in the form

day d2

dr 3 ic-_r.2(f(r)y ) = iy, (2.27)

where

f(r) = d6/dr. (2.28)

III. SOLUTION OF FEL GAIN EQUATIONS WITIt ERRORS

\Ve now proceed to solve Eq. ('2.27) in the approximation of small f(r). Specifi-
cally we have

d3y id2( f y ) (3 1)
dT 3 iy - dr 2

which has the unperturbed solution (f = 0)

ie -'_ '_'_ (3.2)y = ,_ + Be- + Ce -lr

Here _, _', 1 are the three cube roots of 1, with

t __vff (3.3)= -'5 + / ') .

The exponential growtll of tlm term l_rOl)Ort,iolial Lo ,4 corresl)onds to the growtll rate



J

,/5
rg =- in r , (rg)z = --:72pk_, in z. (3.4)

We now consider ,4, B, C to be slowly w_rying functions of r. Because we have
replaced one variable y, by three, we are free :,o set two additional constraints, which
we do by arranging that

_)= -iwAe -i'_" - iw'Be -i_''-r - iCe -i_ (3.5)

and

= -w2Ae -iwg" - _'2Be-i_'-r - Ce -i" (3.6)

The dot(s) indicate derivative(s) with respect to 7". The constraints leading to Eqs.
(3.5), (3.6) are

Ae -i_'-r + Be-"" + Ce-'" = O, (3.7)

_A_-_ +_'t)_ -_'_ + c_-_ = 0, (3.s)

and Eq. (3.1) leads to

"d2(fY) (3.9)
&2Ac-iw-r ____"'2Bc-iw'r Al_ dc-i'r--___ dr----5-

The solutions to Eqs. (3.7)-(3.9) are

:3,4= -iwe _'" d2(f_'}-------_) (3.1 O)dr 2

=-i,_[Au(r) + Bv(r)e i'\'-r + Cw(r)ei'\2T],

• ,r d2
3/)=-i,,"e '_' _(fY) (3 11)

dT 2

= -i_'[Au(r)e -"_'' + By(r)+ Cw(T)e"_-r],

3d' = - ie_-rd2(./'tj)
dr 2 (3.1'2)

= -i[Au(r)e -_\_" + By( r )e -/'\3" + Cw( r)],

where we have used Eqs. (3.2), (3.5), (:3.6), and where

,\: --"_---'" ,\2--"3- 1 , ,\3----"- l, (3.13)

.(_ -- j- 2i_1- _,'f, (:_.1.l)



v(r) = f- 2iw'f -wf, (3.15)

w(r) = f - 2i]- f. (3.16)

We intend to include terms up to and including second order lr. f. In the calculation

which follows, we make the simplifying assumption that the error function f and all

its derivatives vanish in a region of order a few gain lengths at the beginning and

end of the wiggler. The utility of this approximation is that it allows us to directly
determine the reduction of the exponential growth rate due to wiggler errors. We

suppose the error free end regions to be fixed in length, and consider increasing the

length of the wiggler. We determine the term in log y proportional to wiggler length.

In this approximation A, B, and C are constant in the initial and final regions, in

which the ,4 term grows exponentially, while the B and C terms become negligible.
In section 6, we present a more complete calculation including the effect of errors

at the ends of the wiggler. These errors are shown to give rise to a term in log y

independent of the wiggler length, see Eq.(6.21).

The right side of Eq. (3.10) contains terms in A, B, C. The factors multiplying
the terms in B and C decrease exponentially with r. As a result, only those parts of

B and C which increase exponentially will contribute to a modification of the growth

rate. But the terms which increase exponentially in Eqs. (3.11) and (3.12) for B and

C are those which arise from A on the right side of these equations. Since the result

for B and C will then be proportional to f, and since the B and C terms on the right

side of Eq. (3.10) will be multiplied by f, the contribution of these terms to ,ii will be

quadratic in f. Moreover A can be considered constant in these terms since A itself

is first order in f. Thus we have

:IB _- -iw',4e-i'\'_u(r) , 3C' = -iAe-C\2ru(r). (3.17)

The increment to the growth rate is related to the real part of A/A averaged over

the full wiggler. Thus we calculate ft/A from Eq. (3.10)"

- = e (3.18)
A 3 3 A 3 A

According to Eq. (3.17), B/A and C/A can be writtell as

B _ i_" dr,e_,a,,,u(r, )
:i 3

C = _ _i dr,e_i.\2_,u(r,).. (3.19)
..1 3 •

The a.verage of ,_i/:-Iover tile fllll wiggler is t.llerefore

= <. > " (3.20)
' :_ 9 !)

10
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where

//= -- " u(r'), (3.21)
Ii_- T dre i'\1 v(r) dT'e -iaea'

xjo jo•I2_ - _ drei.X_'w(,) dr'e-i'\2"'u(,'). (3.22)

Here T = 2p. 21tNp, where Np is the number of wiggler periods, and where the

symbol () stands for the average over the interval 0 < r < T.
Ali terms in Eqs. (3.21), (3.22) are of the form

1 fordrei.,,d_f fo'dr,e_i_,,d_f (3.23)Jm,_ = _ dr_ dr"

for m = 0, 1,2 and n = 0, 1, 2. Integrating by parts and discarding terms at the end

points r = 0, T, we find

Jo2 Jll J2o f2
.]ol =-.]1o- i,\ - i,\ i,\ =< > +iAJoo (3.24)

and

J22 ¢2 fe A3
,J12 -" -,J21 -- iA =< > +A2 < > +i Joo. (3.2.5)

We then obtain

Ilvu-- i(¢,_,,-o3") < j.2 > Ji-Joo(/\-- ,\1), (3.26)

_'I2wu = i(a:"-co) < /2 > +Joo(,\ = A2), (3.27)

leading finally to

(Z> = ._(f)-

9_ dr d.r'f(r)f(r')[ei(_-_*)(_'-'') + e'(_-_)(_-_")], 3.2S)

where f(r_, defined in Eq. (2.28_, is

d6

f(T) = _. 3.20)

We now assume tllat f( 7-) arises from individual I)lock errors % in a form

.I(_)-- _ __jrj(T- Tj), 3.30)
J

li



where the error is centered at r = rj and where the function g(u) has an appreciable

value only for iu I less than one or two wiggler period,_. Specifically, we assume g(u)

is negligibly small for Iu I of order 1 (a gain length).

The double integ:al in gq. (3.28) is therefore made up of terms which take the
form

E
j k ,,,/ ,j

If the errors ej are uncorrelated over distances much larger than a wiggler period,

only values of Irj - rk I of order one wiggler period or less will contribute in Eq.

(3.31). Since the function g(u) has an appreciable value only for Iu I less than one

or two wiggler periods, the only significant contributions to the double integral over

r and r' will occur for I r- r' I less than a few wiggler periods. But for this range of

(r- r') the exponential factor in gq. (3.31) can be replaced by unity, since lira(A)] -l

is of order a gain length, which is much larger than a wiggler period. Thus we finally

obtain for the change in the average growth rate

,i
(Arg) = Re(-_) (3.32)

= _{.._ & f(_l - _ d,-f(_) }.

This result is valid even if

G = drf(r) (3.:33/

is large, as long as G/T is small. An alternate derivation, involving the assumption

that G is small leads to exactly the same result. Finally, we note that the form in Eq.

(3.32) is valid only if we neglect long range error correlations. If we wish to include

the effects of long range error correlations, we must use Eq. (3.28).
We now assume that T corresponds to many gain lengths. We further assume i

that the error function vanishes for r < 0 and r >_ T, so that the limits of integration

in Eq. (:3.33) can be extended to -oo < r < oo, thereby obtaining

6 = ,.-:,&L&J (a.a4)

The (real) detuning parameter 6(o z)- (5(-oo) contributes to the change in gain and
we have, from Eq. ('2.17),

c;= _"_ &[s,"(z)<:<,.,e(l<,_- + <:,+(-))-/,'o_<:o___.-] (a :_a)
1 + _ ,:,_ " "

2
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Thus the first order term is imaginary, and only the second order term contributes,

giving

G 2

(Arg) _ 9T (3.36)

for the growth rate, where r9 = x/_/2 is the growth rate without magnet errors.

Finally, we return to Eq. (2.2) and write

I((z)cos(k_z + ct(z)) = eA-----5_= Kocosk_,z + e--2-6A_(z). (3.37)
rrtc rgtc

Keeping only linear terms in 6A,:(z) and then averaging over the rapid wiggler oscil-

lations, we obtain [12]

9 -2 j_

..kwI_ o 1
G _- ---t-4g_ 4m_,x dz cosk_z 8A_,(z), (3.38)

1+:_

where Ay _ = rncKo/e is the maximum wiggler vector potential magnitude with-

out wiggler errors. An alternate form which shows the explicit dependence of G on

individual magnet block errors, ej, is

G = _ ejG3 , (3.39)

+,,-dA2

where 6A_(z) is error in the vector potential per unit error in the jth magnet block.

Equations (3.38) and (3.39) are now free from any ambiguity with regard to separating

wiggler errors into phase and amplitude components. They can be used directly with

specific wiggler errors to determine their effect on the FEL gain.

IV. WIGGLER FIELD ERRORS

Errors in the wiggler field can occur because of errors in block magnetization mag-

nitude and direction, as well as errors in block size. shape, position and orientation.

Since geometrical parameters can usually be held to much tighter tolerances than

magnetization errors, we assume only magnetization errors (magnitude and direction)

in the present calculation. We further assume that we have only a two-dimensional
problem, that is. that the blocks are uniform and infinite in the x direction.

In this error calculation, we ,_ssume that the wiggler without errors is a periodic
array of line dipoles, as shown in Fig. 1, located in two rows at

g) = ±D , za = j,\_./:\r D, (4.1)

where tliere are -\'D dipoles per wiggler period in each row. The components of
magnetization are:

13



yj'= D , M_ = Mosin2rj/No , M j = -Mocos2rcj/No, (4.2)

Y1 = -D , M_ = Mosin27rj/ND , M j = _14ocos27rj/ND, (4.3)

and the vector potential at y = 0 is

Dcos(27rj/gD) - (z - zj)sin(2rcj/YD)
A=(z) = !VIo _ (4.4)

rr j=__ ( z - zj )2 + D 2

It is clear that A=(z) is a periodic function of z with period Aw. Its Fourier coefficients
are defined by

A=(z)= _ A,,e -2i"'_z/_, (4.5)

where

- raw • dz e2in'_/_ (4.6)

D cos(27rj/N_) - (z - zj)sin(27rj/gD)

( z- zj) 2 + D 2

If we let

z = zj + s (4.7)

we can write

A,lo "_' 2,nL52E.f,\w-j)_w/ND 2,n,rs

"4n -- 7V£w j___,..,., J--j,kw/ND

D cos(2zj/ND) - s sin(2_rj/ND) (4.8)
_2 + D2

We now replace the single sum over j by the double sum over p, q where

j=pND+q , --ro < p < oo , 1 <__q<_ND. (4.9)

This leads to

A,,- 27r,\,__ e ,,_D_ , ":'
, t 1"- p-- --oo - ;" D

_ _'_.._
2 t ,, .'r _ _ ND (3 ND

d.s e _,0 + (4.10)
D -i_ D + i_

The suin ovcr p now 1)erlnit.s ,Is t.o cxtcn(l l.lm integral over .s from -,:_ to ,_,, _md we
find

14



27rA,_ e ND ds e x, + . f'_.ll)= .-oo D- is D + is J

It is clear that the only surviving harmonics are the ones where n = -t-1, 4-1 :k ND,
±1 ± 2No,.... We will only evaluate the n - :hl coefficients, which are

A+I - MoND j__o ds e+2i_rsl)_' - _I°NDe-2_D/:_". (4 12)27rAw _o D + is X,_.

The main wiggler potential (first harmonic) is therefore

A(_l)(z) = 2M°gDe-2_DIX_c°s(2zrz/Aw)Aw. (4.13)

If we have a block (line dipole) with magnetization error components _SM_ and
_M j, according to Eq. (_.4) it will contribute an error in the vector potential which
is

_Aj(z) = 1 [:t=D_SMj + (z - zJ)6MJ], (4.14)
2zr (z - zj) 2 + D2

where the + depends on whether the block is located at y = +D. Thus the parameter
G in Eq. (3.38)is

----37oND(1 + 9) {Re _ eik':' __ ds eikw"[+DaA'IJ + saM_]j---o_ _ D2 + s2 } (4.15)

-ND(1 -t- 9),=-' ND(1 -t- 9)j=-oo

where the components of :llJ are given in Eqs. (4.2), (4.3) and where the sum over j
extends over both rows of blocks (dipoles).

It is clear from the last form for G in Eq. (4.15) that only the component of

6M in the direction of ma gnetizatioil contributes to the reduction in gain. This is
not surprising, since Eq. (3.3S) suggests that only tlm in-phase component of 3A_
enters. Errors in direction of magnetization therefore only change the out-ogphase
component of 6A=, which does not change the gain in lowest order.

For a wiggler consisting of identically shaped blocks oi" finite size, the first har-
monic amplitude in Eq. (4.1'2) is replaced I)v

J;I'VD f f d_d,i e-2"`°+°)l\'_ (-I 16)A:t::I = ,\,,,. . • •

15



where !_I is the magnetization per unit area. The integral extends over the entire cross

section of a block, where the origin of the _, r/coordinate system is at the centroid of
the block.

A similar averaging is needed in the calculation of the integral over 6A,(z) in Eq.

(3.38), since the factor cosk_z in the integrand extracts only the first harmonic of the

error. Thus both the numerator f___ dz cos k_,z _A,(z) and the denominator A2 _
contain the form factor

1
f f d_drle -2_n/a_ (4.17)

area block

which cancels in calculating G and the growth rate. As a consequence, the final result

for the change in the growth rate due to errors in the strength and direction of the

magnetization is independent of the shape of the (two-dimensional) block. This exact

result is only an approximate result for errors in block position since the form factor

for such errors corresponds to a somewhat different weighting in Eq. (4.17).

V. REDUCTION IN GAIN

The reduction in gain in Eq. (3.36) can now be evaluated for a collection of

magnetization strength errors

= Mo (5.1)
Note that only the component of ej parallel to the magnetization axis enters.

\Ve return to Eqs. (3.30), (3.33), (3.39), and (4.1.5) to write

f(r) = _ _jg(r - rr) , Gj = g(r - tj)dr, (5.2)

Gr = - - H, (5.3)
ND(1 -t- /2__)2

and

• .")

g(r- rj)= - 2A2 i cos kwz 6A_(z). (5.4)
*_ , TIICLX(i + _) -p,%2

Because 6A_ is appreciable only near r = tj, with r = 2p£,z, we can approximate

9(r -- tj) by a delta function in ¢<aluating any integrals like those in Eq. (3.28) in

whictl the factors in the I)i'a,cket vary appreciablv only over a gain length. Tllus we
w: itc.

.I(;) = _ %.,.,(;- ;_) _-_,_//,_(; - ;j). (.5.5)

l(_
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We therefore obtain from Eq. (3.28)

(Arg) -- 9T ej+ (5.6)

E E _J_R_(_;(_-_')('_-'_)+ _'(_-_)("-'_))/'

"1

j>k J

where we have separated out the diagonal term and taken only half of it in order to

properly take into account the requirement that r >_ rj in the region of integration.
For an uncorrelated set of errors whose rms value is

_j_k = e_6jk (5.7)

we find for the change in gain for a statistical ensemble

H2-_II21VDN P rr2I( 4o2ND Np-_H

(Arg) =- 9T = - 9TN_)(1 + I(2o/2) 2' (5.8)

where Np is the number of wiggler periods in the FEL, with 2Ns magnets per wiggler

period. Since T = 2p. 2,-tNp, we finally have

K: --._ (.5.9)
(Ar_) =--9ND (1+K:o/2) 2 "2p

If the blocks within a distance small compared to a gain length but comparable

with a wiggler wave length are correlated to reduce wiggler error, this correlation

should be used in evaluating the double sum in Eq. (5.6). Clearly this has the

potential to lower any reduction in gain.

It is also possible to calculate the width of the distribution in gain reduction.

Specifically we calculate

[(_.,.)1_=H_ [S_T_(E4)(E4)+j f_

1

where

Qjk = /_e[ei(_"-_o')('J-'k)+ ei(_o-1)(_J-'k)] • (5.11)

For uncorrelated errors we have. witll 2:\:DNp _ 1

17



_- 4NDNp[ql ] (5.12)
j t

and

2 Q2 .

j>k g>m j>k

Converting the sum over j and k in Eq. (,5.13) to an integral, we eventually obtain

[(Arg>-(Arg}] 2 17x/3 49_ - (5.14)
[(Arg)]2 24T 144T 2

Thus the relative width of the distribution in growth rate reduction is of the order" of

1 over the square root of the number of gain lengths in the FEL.

At this point we wish to emphasize that we have calculated that portion of the

gain reduction and distribution width which is proportional to T. This is the case

because the integrals over the error function f(r) have been extended from -(x) to ox)

where appropriate, consistent with our assumption following Eq. (3.16). This model
will be reexamined in Section 6.

We have checked the results for (Arg) given in Eq. (.5.9) by direct numerical

integration of Eq. (3.1) using f(r) as obtained from Eqs. (5.2), (5.4), and (4.14) with
4000 different sets of random errors and obtain close agreement. Specifically, with

4000 different sets of random errors, we find the following

1. (Arg) is approximately the same for 25 magnet block errors and for 250 magnet
block errors. Except as noted, ali simulations have been made with approxi-

mately 25 magnet block errors to save computer time.

2. (Arg) agrees with Eq. (5.9) to 7%

--T-

:3. (Ar_) is proportional to e_ to better than 2%

--7-

4. (A rg) is independent of _5_(for 250 magnet block errors)

5. (Ar_) is independent of k_D to better than 10%

6. (,Xrg) is inversely proportional to 2pNo

[ ',_ ]2
7. (_Xrj) is proportional to l-- _,.-Z_,,, to better than I%

L(,+;_)j

S. A sample distribution iii the reduction ill growth rate is shown in Fig. 2. Tlm

ratio of widtll to average value agrees witll Eq. (5.-1) to about 10%.

1S



VI. SOLUTION BASED ON INTEGRAL EQUATION

Some additional insight can be gained by reformulating Eq. (3.1) as an integral

equation. We shall consider the iterative solution of this integral equation and com-

pare the results to a computer simulation. Recall that the effect of wiggler field errors

on the FEL gain is described by the differential equation

d3y .d2(fy)
dr 3 iy "- Z dT 2 (6.1)

We consider f(r) to have the form given in Eq. (3.30),

WT

f(r) = _ ejg(r - tj), (6.2)
j--1

and we assume that g(u) has appreciable value only for Iu less than a few wiggler

periods, a distance short compared to a gain length. This local nature of g(u) cor-

responds to neglecting the effect of steering errors, which are treated in the next
section.

Denoting the unperturbed solution (that for f = 0) by yo(T), we recast Eq. (6.1)

as the integral equation,

/ori dr'_(r- r')f(r')y(r'), (6.3)u(T)= yo(T)+ 5

where the Green function _(v) is

¢(r) = e-i_Tq)(r) , (I)(r) = 1 + ei(_'-_')" + e/(_'-1)" (6.4)

We solve Eq. (6.3) to second-order in f by iterating the kernel (in scattering the-

ory this is called the Born approximation). \Ve wish to study the reduction of the

growth rate of the exponentially growing mode. Assuming no initial energy or spa-

tial modulation of the electron beam and normalization yo(O) = 1, we can take

yo(r) = exp(-ia,,r)Cb(r)/3, and write

y(r) e-i_" [ i _F2 ]
= ¢(T)+ F,(T)- (T) (6,5)

where we have defined

F_(r) = dr'(b(r- r')./'(r')(b(r'), (6.6)

F,(r) = (lr' dr"¢(r- r')¢(r'- r")f(r')f(r")(l)(r"). (6.7)

At tile end of tile wiggler (r = = .lrro:Vl,, ,VI" is number of wiggler periods) we
stlall calclllate

19
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[ i 1 ]lyl_= e,_z 1 + _(Ya - Y_)- -_(&+ &') + (YaY_) , (6,8)

[ .,ul,=_ _r 1+ (F,- &')- _(& + Y¢)+

4 ]-6( F,F_) - -_( F? + F_ 2) , (6.9)

where the average is over a stochastic ensemble of wiggler errors. We assume the
correlation functions

f(r) = O, (6.10)

f(rl)f(r2) - w(7"1 - r2), (6.11)

where w(v) = w(-v) is nonvanishing only over a distance short compared to a gain

length. We then obtain

F---_= O, (6.12)

3

F2 = _(T + 2iw')l/V, (6.13)

19.

F_2 = (T + .-_-zw')W, (6.14)

11

F_F_ = (T + z_-v/3)W,
(6.15)

with W defined bv

W = T dv w(v) = ")_ T dv duf(---7--)f(_) )__

= - drf(T) (6.16)
T

Recalling from Eq. (2.28) that f = d6/dr, we see that W is the mean square av-

erage of the ponderomotive phase shift per gain length as given in Eq. (1.2) of the

Introduction. Employing Eqs. (6.7), (6.8) and (6.10), we determine

y 2 ev_"T ( 2II/ '2V._ )
- 1 - _T+ IV

!) 9 27 ' (6.17)
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ly]4 e'2v/ST( _4W 7v/3 )
- 1 - + _I/V , (6.18)s_ 9 7` 27

(_lyl_)__[lyl__i__i_],/__ IliE,-&=l_]_/_3

_ W (6.19)
9 i

In this manner we arrive at the estimate

,yl2 e'/ST[ 2 2V_ __ ]
1 - WT+ _W :i:( W) _/2 . (6.20)

9 9 27

Let us suppose that lyl2 can be expressed in the form

lyl---z= _zp{_[v_+ 2Ar. + 25(Arg)]r + c + 5c]}. (6.21)

By taking the logarithm of Eq. (6.20) and keeping terms to second-order in f, we
find

(6.22)
62 W

C --- _?

27

5c = (_),/2, (6.23)

_,V
___ (6.24)

Ar,j = 9

The effect of wiggler errors on the coefficient of the exponential growth factor is

given by exp(c-t-8c). Note that for small W, the width 6c is large compared to the

average value c. The development of the theory given in Sections 3-5 purposefully

ignored the r -independent term c-t-6c, which arises from integrals dominated by the

two ends of the wiggler which contribute equally. On the other hand, the treatment

given here based on iterating the integral equation does not yield the spread 5(Arg)

in the growth rate. To determine the width it would be necessary to keep terms up

to fourth order in f when iterating the integral equation. From Eq. (5.14) we know
that

( 17v/-3 49 )ii2 (625)6(At:j) = Arj 2,lT I'14T _

:( , d employ _i_:/,- _:'26jk\'\:e consider f(r) to llave the forln givell ill El. (6.2) an =

and li = If dr.q(r- tj)in E(I. (6.16)to ,lerive
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H2m

W = mdNT. (6.26)
T

For the permanent magnet wiggler considered in Sections 4 and 5, the total number

of blocks NT = 2NDNp, where 2ND is the number of blocks per period and Np the

number of periods. In this case, H = 7rK2/[ND(1 + Ko2/2)] and

W= _ h"4 e_ (6.27)
Nm (1 + I,;2o/2) 2 2p'

The average reduction of gain Avg given in Eq. (6.24) is seen to agree with Eq. (.5.9).

We also consider a model consisting of magnetic amplitude errors correlated

within each period to yield zero net deflection, with errors in different periods being

independent of each other. Although this model is not strictly physically realizable,

it is convenient for numerical simulation. The model is specified by the error in the

vector potential

N,,Bj(z)
6A_(z) = _ (1 - cos k_z), (6.28)k_

j l"--

,jaw < z < (j + 1)Aw}.
Bj(Z) -- { 0 Otherwise

(6.29)

Here _/3_ are random variables with

ABjABk = 6jk(AB)_m_. (6.30)

- -2 9In this case, NT = ,'VR and H = 9zK_/(1 + I(o/..), and we find

_I(: (,AB/Bm_ 2
),-m_, (6.31)

H/= (!+ I(o2/2) 2 p

where/3'm_ is the peak value of tile ideal wiggler field.
We have carried out a comput, er simulation of the model of wiggler errors given

in Eq. (6.2S - 6.:]0) using the computer program TDA [4, 13]. The transverse electron
beam size is t,akeI| to be large enough so that the radiation field on axis evolves
as in the one-dimensional limit. In particular, we considered the parameters p =
1.29 x 10-:_,Ko = 1.95, and (..k/3//_,_,_)_,,_ = 2%. From Eq. (6.31) it follows that

W= 1.67 and france tlm res_tlts of our analytic calculation [Eqs. (6.'22 - 6.25)] are:

= -o.37 , = 0.41/v ,

c-- 0.11 ht.-- 0.-10.

.).)
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The computer simulation results are presented in Fig. 3. Tile ratio of the output to

inr_ut power, lyl/IVol= is shown as a function of distance for 16 sets of random wiggler

errors, and good agreement is found with the analytic estimate.

[Yl2 = l-ec+_Ce[VrS+2a-;;_±26('wg)]" (6.32)
Ivol 9

In particular the analytic estimate of the average reduction in gain, 2Arg, agrees

with the numerical results to a few percent. As mentioned earlier, the spread in the

exponent consists of two contributions. One is the spread in the constant -t-ac and the

other is the spread in the slope -t-2a(Arg). The simulation is consistent with the width

being dominated by the spread in the constant -l-_c as predicted by the analytical

theory taking into account the statistics of a limited number (16) of samples.

VII. EFFECT OF STEERING ERRORS

In Section 4 we used a 2-D wiggler model to calculate the error in the vector po-

tential. According to Eq. (,1.14), each block magnetization error makes a contribution

to _A_(z) which is localized around the axial location of the block. Since conservation

of the x component of the canonical momentum leads to

x'(z) - eA_,(z________), (7.1)
"/mc

our 2-D model leads to no net change in x' as the beam passes by the block with the

error. As a consequence, we are led to the result in Eq. (3.32) for the growth rate

reduction because of the absence of long range correlations in the terms which make

up f(r).f(r')in EcI. (3.2S).

The situation in three dimensions is fundamentally different. Each magnet block

is capable of deflecting the beam through a non-vanishing angle. As a result, the

angle of the beam undergoes a random walk process and there is now long range

correlation between f(r) and f(r') which cannot be neglected.

We shall first estimate the reduction in growth rate that occurs due to these

uncorrelated angular deflections by assuming that x'(z) changes abruptly by Oj as

the beam passes the j_/_ magnet error. We then explore the result of introducing a

correction schelne to control the buildup of the transverse angle and displacement.

Using Eqs. (3.29), ('-2.17)and (3.37), we can write

1
2p/'(r) = --{[-_x'(:)]_ + 2_"(-)/,',,cos_,,_z} (7.2)

1+_,_2

wll_'re r -- 2pk,, - Tlle rapidly oscillal, il_g [actor nlakes tile long range correlation in

tile second terxn iii t,t_e 1)race { } _ll_iinl)ortant,. :\ss_lll_il_g steps of 0j in x'(~) as we
[)ass ¢,acli ma gliet _.'rror. we I_\'_"
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.f(_.) = _[z'(z)]_"= _[E 0J]_ (7.3)
1

w here

r_ = '2pk_zn = nT/NT, f_T -- 2NDNp (7.4)

and

72
= - . (7.5)

9_p(1+ -_)

We now evaluate the double integral in Eq. (3.28). Specifically

J_ - _ drf(r) dr'f (r')e_('-'') Ta2 gr-N

j----1 k--1 g--1 m-1

where _ = ,_T/NT, and where we treat n, n' as continuous variables where appropriate.

The most important contributions to the ensemble average are obtained by neglecting

the j = k = g -- rn terms and writing

__.)

OjOkOeOm _ 0'2"[6jkbgm + 6jgbkm "31-63m6kg], (7.7)

leading to

--Ta"2foNTjfo'_ -J\ _- , 2 -_2 dn dn'ei_('_-'_')[nn ' + 2n'2]. (7.8)
• NT

For --Re(i-XNT) = -Re(iAT) >> 1, the main contribution to the double integral comes
from n' _ n, and we find

.]---_= "\rTT°_2(_'2_ = N_a:072 (7.9)
-i,\ -lA

The reduction in average growth rate corresponding to Eq. (7.9) with A = w - _.',.

,,, - 1 in Eq. (3.28) for this quadratic te,'m in 6A_(z) is

__ _ I 2

"_ '-_'"Q3 _>"_ V/_ "/2 NT02 (7.10)

1S 2p(1 + _)

2,1
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Notice that since < -XrQ > is now quadratic in T, the integration of Eq (3.28) with

respect to T gives an average power growth which is proportional to exp(v/3+ 2r,j/3)r

instead of exp(v/:3 + 2ra)r, as given by Eq (6.32).
If we now assume a correction scheme which returns x(z) to zero in a distance

short compared to the gain length, we can show that x'(z) in each correction region

is uncorrelated with x'(z) in a different correction region. Assuming no focussing, the

transverse displacement and angle at the end of an, as yet, uncorrected region having

Nc magnets, are given by

Nc

x(L) = x'L -4-y_(L - zj)Oj, (7.11)
j--I

Nc

x'(L) = X'o + _ Oi. (7.12)
j=l

We now arrange for a transverse impulse correction, 5x', at z = 0 chosen to make

x(L) = O. In this case the corrected values are

Nc

Jt(L)--(x' o + Ax')L + y_(t- zj)Oj = 0 (7.13)
j=l

No L - zj 04x'+ =-E L 7.14)d

j----1

a n d

2'(Zn) = X'o+ AX' + Oj = Oj - E L
j=l j=l j=l

,NIC

-- E Ojpj(n) 7.15)
j=l

w h e re

J forl<j<n
pj ('r_)= ,\,c--7 _ ,

pj(n)- :Vc- j for n < j < Nc. 7.16)
Nc

"Fllus tile angle in each correction region (lel)eIlds only on tile errors in tllat regioll,
which is assllmed to I)e sllort (:oml)ared witll tlm gaiIl length.

In the (:alclllation of J\ iii 1!;(1. (7.6) we lllllSlu IlO_Vobtaixl tlm x'a,llm of
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' =- EEEE (717)
a k e rn

%0k0,0_pj(,_)pk(_)m(_')p.,(_')

using Eq. (7.15) The 6jk6er_ term in Eq. (7.7) corresponds to multiplying '-'_bv '-"_• Xn _ Xn,.

The additional terms from bje6k_ and 6j,_6kt (which are equal) exist only when there
are correlations between the errors for n and n _, that is, only in the same correction

region where we Call set exp[i_(n -- n')] = 1. Thus we have

/(_.)](_-) = _ _,,, +_ pj(_)pj(_') , (7.1s)

where -,2 - [&(,z)]2 is obtained from Eq. (7.15) asX n

[k,(n)]2 = O-7 [n3 + (NC3N_-n)3

-0-:5 [ N_ - 3Nc n + 3n2" - NcO2q(n). (7.19)
[ 3No

The function q(n) then has the shape shown in Fig. 4 and J,\ becomes

foNT fo _ -
-":- TN_ C2_2{ dn dn'ei'\('_-'¢)q(n)q(n ')
J.\= N2r

+ _ f dn dn' ___,pj(n)pj(n') }, (7.20)ao j

where the region of integration for the second term is restricted to a single correction

region.
--=-(1) --z-

In order to evMuate the first term J\ in J,\, we expand q(n) in a Fourier series

')0 27r,/'n

q(,_)= _ _e _ (7.'_I)

with

1 1

ao = _- , ae = .2.v292(g # 0). (7.22)

Setting n -n' = n,", we find

.I\ - ,V} dn q(n) _ ae dn"e ''''_'' ,rc uc. (7.23)g-- _ .:<.,

.'>c_, [ -- "2 tr , _Cn ?.5 , I, _~,,7,T ,,=,_ ,,,, ,_,,- ,vg_T - .
/'=-,:_ .T,. ) NT --(i A + _,

B,_t
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,\Nc - ,\% , T/NT -- v¢/Nc, (7.24)

where rc << 1 is the interval in r corresponding to a correction region. Thus

-j"_' ) . [ a2o a_ ] (7.25)

Combining the terms for -g with those for +g, and recognizing that [Ar_[ << 1, we

find for the real part

Re J,\ = N_a2_ 2 a o -_) 2rr2 -_$Re(iA) . (7.26)g---1

r2o

We now use A = _,'- a:,, _o- 1 and _-_g-6 = 7r6/945 and obtain
1

2

=-(') v/3 Nc72_ " [ r:] (7.27)ReJ.x 72 2p(l+ 2 ,= K___ 1 + 703 .

.._g._

The second term in J.\ can be evaluated directly using the form for pj(n) in Eq,

(7.16). After considerable algebra, the result is

_ -[ -I (r 2s)
,_(2)

.... --K3R J,, + )
Combining Eqs. (7.26) and (7.28), we find for the change in growth rate

-[ :Vc_'2-07 2 Fv/3'I :2)2%]
< "sty >= L2_1 --7_i__._) L_( + ,0 + 945j " (7.29)

(-,_ompanson of Eqs. (7.29) and (7.10) indicates that our correction procedure has

reduced the change in growth rate by a factor

(7.30)
>

It is now a simple matter to explore the consequences of detuning the FEL so as

to remove the average detuning corresponding to Fig. 4. In this case the function

q(n) is replaced by q(n)-7], corresponding to dropping the term in ao. As shown in

Eq. (7.29) this reduces the change in growth rate by an additional factor 48rc/35v/3.

After correcting the average detuning, the third term in Eq. (7.'29) proportional

to 2%/945 dominal,es. This dominant term comes from the second term of Eq. (7.18)

and corresponds to correlation within one correction region. If the distance between

correctors is smaller tllan tlle gain length, then the correlation length is shorter tharl

the gain length, and tlm analysis of Section 6 can be al)plied. In this case. the gain

reduction is expressed in terIIls of tlie mean sql_ared ponderomotive pllase shift per

gain lengttl. I,I,'. as _Xr:j = -II,'/!). witl,
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Noting that rc= 47rpNs,where Ns isthe number of wigglerperiodsbetween correc-
tionstations,and definingNc = i/4_rp,the number of periodsin a gain length,we
find

-27r_2_1 22 NaNsN_ , (7.32) o-g
in agreement with Eq. (1.8) presented in the Introduction.

As a final point, we estimate the angular deflection caused by a magnet block

of finite length L_ in the x direction symmetrically placed around the beam. This

is compared with e_ and e--_lfor the 2-D blocks, where e_l and e__ are the fractional

errors in the magnetization of the j_ block parallel to, and perpendicular to the

magnetization axis.

The result for 02 is given by

.y2-_ _ S[(2 05 e2kwD --
L_ + 95 k_D 2 (e_ + el.). (7.33)

For completeness we include the relation between rms field error and d. Specifically
it is

(6B) 2 1 e2k_D-- ----B-- - 16ND k_D 2 (e_ + e__). (7.34)
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FIGURES

FIG. 1. Idealized Wiggler (one half wiggler period for ND -- 8).

FIG. 2. Distribution in the reduction in gain for a typical simulation with 4000 random

error seeds in rillfor 25 magnet blocks. The curve is a fit to a Gaussian. The average value

of (Ar_}T is -2.72 x 10-3 and the width T [(Arg) 2 _--_g)2],/2
= - is 9.30 × 10-4.

FIG. 3. The ratio Pout/Pi,_ of the output to input power is shown as a function of the

scaled axial coordinate r = 2pk,,z, for 16 sets of random wiggler errors.

FIG. 4. The function q(n).

30



j=0 j=l j=2 j=3
i ii

D

t 7-
D

i

"I j=3ND

Fig. 1



60

50

10

Fig. 2



i

i i I I I 1

I ! ! 1 1 1
i

0 0 0 CD CD

u!d / J,n°d

Fig. 3



I

q (n)

12

00 N c 2_ c 3N c

Fig. 4






