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THERMAL CONDUCTIVITY AND LORENZ FUNCTION O F  

William Joel  Nellis 

ABSTRACT 

The the r m a l  conductivity of gadolinium, terbium, and holmium 
single c rys ta l s  has been measured a s  a function of temperature f r o m  
5 to 300°K. The steady state  heat flow method was used. F o r  each'  : . ,  

element  measurements  were  taken in the [11Z0] . (a-axis)  and in the . ' . . ' . 

, .. [0001] (c-axis) directions of the hexagonal close -packed c rys ta l  strut,- . . ' '  

ture .  Elec t r ica l  resis t ivi ty measurements  were  made on the same 
samples  to obtain Lorenz functions. 

The a-axis conductivity of gadolinium shows a sha rp  change of 
slope a t  294OK. The c-axis conductivity has  a minimum.at  .275OK and . ' . .  . 

goes smoothly through the Curie  temperature,  293°K. The a-axis  con- .  
ductivity of te rb ium shows li t t le indication of the Curie. point a t  221 "K , . .  

. . 

and manifests.  a,change of slope a t  231°K. The c-axis conductivity is 
essent ial ly  constant f r o m  222" K to 230°K, the  Neel point, at '  which 
tempera ture  a change of slope occurs .  In holmium the conductivities 
of both axes show slight dec reases  a t  20°K, the Curie point. The a-axis  
conductivity has  a minimum a t  131 OK, the Neel point. T.he c-axis  . . 

conductivity inc reases  below the Neel point and has  a change of. slope. a t  
132°K. 

Anomalies ne a r  magnetic transition tempera tures  a r e  interpreted 
fn t e r m s  of magnetic s.uperzone energy gaps and spin dis0rde.r scat ter- .  
ing. High temperature anisotropy is interpreted in t e r m s  of F e r m i  . ' .  . '  

surface anisotropy. Lorenz numbers  anomalo.usly la rge  relative to 
Lo suggest that phonons and magnons can c a r r y  heat in addition t o  
electrons.  

. . 

' * 
USAEC Report  IS-T-256. This  work was performed under contract  

w -7405 -eng-82 with the Atomic Energy C,ommission. 
. . 

. . . . 
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I. INTRODUCTION 

The t ranspor t  p r o p e r t i e s  o f  the r a r e  e a r t h  se r ies  o f  elements p r e s e n t ,  
, . 

t o  the  experimenter an unusual ly  i n t e r e s t i n g  f i e l d  o f  i n v e s t i g a t i o n .  

.Unique among the o ther  m a t e r i a l s  i n  the  p e r i o d i c  table, the r a r e  e a r t h  

metals.posse55 a wide v a r l e r y  o f  magnetic s t ruc tu res .  Above room tempera- 

t u r e  nea r l y  a l l  o f  these elements are  paramagnetic. However, below room 

temperature some r a r e  e a r t h  elements s t i  1 1 '  do n o t  order  magnet i c a l  ly, whi l,e 

o the rs  may order  i n  up t o  th ree  d i s t i n c t  magnetic s t ruc tu res .  , The a f f e c t  

o f  t h i s  magnetic o r d e r i n g  on the t ranspor t  p r o p e r t i e s  o f  these m a t e r i a 1 s . i ~  
. . . . 

s izeab le .  The purpose o f  t h i s  i n v e s t i g a t i o n  i s  t o  add t o  our knowledge o f  

these p rope r t i es  by determin ing the thermal c o n d u c t i v i t i e s  o f  gadol i n i  um, 
. . .. 

terbium, and holmium. 
-. 

The r a r e  earth, o r  lanthanide, se r i es  o f  elements runs from lanthanum, 
. . 

a tomic number 57, t o  lu tet ium, atomic number 71. For the most p a r t  the 
. .  , . 

r a r e  ear ths  have the f o l l o w i n g  outer  e l e c t r o n  conf igura t ion :  
. . .  ... . . 

(4f)"(5s) *(5p16(5d) ' (6s12 , 

where n  ranges from zero t o  four teen across the ser ies .  The 5d and 6s 
- - - - -  - 

e-lectrons are  the valence e lect rons,  and because t h i s .  valence s t r u c t u r e  i s  . . ', 

. . 

e ssen t i a l  l y  common t o . a l  I, these el.ementi they were o; ig i ,na l  l y  d i ' f f  i r u l  t t o  
. . 

separate. The most s t a b l e  chemical . structu.res . a re  empty, ha1 f f i l.,l'.ed, and 
. . . . . 1  '.. 2 

' , f u l l  4 f ' she l ls ; - ;  Consequently, . e x c e p t i o n s ' t o . t h e ' . ' ( 5 d ) . ( 6 s ) .  va1ence.st ruc-  

. .  . t u r e  a r  i sewhen c e r  i urn and t e r b i  urn, under c e r t a i n  r a r e  circumstances, g ive  
. . 

up a  4f e l e c t r o n  t o  the 5d s h e l l  t o  produce an empty and h a l f  f i l l e d  4f 

she l l ,  respect ive ly ,  and when europium and y t te rb ium s h i f t  a  5d e l e c t r o n  
. . . . .  

t o  the 4f  she l l '  t o  produck i ha1 f f i  . 1 l e d  . and f u l  l 4 f  she1 I ,  respec t i ve l y .  
. . 

. . 



Aside from these except ions the  r a r e  ear ths  are  t r i v a l e n t '  and c r y s t a l  1 i ze  

i n  the hexagonal close-packed s t r u c t u r e .  

The magnetic p rope r t i es  o f  the r a r e  ear ths  are..due t o  the ex ten t  t o  

which the 4f she 1 1 i s  f i 1 l e d  and t o  the man&; i n  wh i ch the. 4 f  e l'ectrons 

in te rac t . '  Magnetic o r d e r i n g  i s  an i n d i r e c t  process s ince the d i r e c t  ove r lap  

i n t e g r a l s  between 4f  e lec t rons  on d i  f fe ren , t  s'i tes  a r e  .r iegl ig i 'b le .  Rather, 

the 4f e lec t rons  on d i f f e r e n t  atomic s i t e s  iense each o the r  through the 

conduct ion e lec t rons  ( 1 ) .  I n  zero magnetic f i e l d  t h i s  i n d i r e c t  exchange 

i n t e r a c t i o n  can be expressed by the Heisenberg Hami l tonian 

t h  -.- where R .  i s  the p o s i t i o n  o f  the  i l o n . w i t h t o t a 1  angular momentum .IiJ g 
- 1  

.is the  Lande g- factor ,  and V i s  the exchange int 'egra l .  

bn the o ther  hand the anomalous t ranspor t  p r o p e r t i e s  o f - t h e  r a r e  ear ths  

hi-=- due' tb the d i r e c t  exchange i n t e r a c t i b n '  between: the conduct ion elect i -ons 

and. the  4f e k c t r o n s  (2).  his exchange i n t e r a c t i o n  can .be expressed by 

the Heisenberg Hami l tonian 

where N i s  the  number o f  ions, V is,  the exchange in teg ra l ,  i s  the  posi- .  
d . .  

t i o n  vector-  o f  the conduct ion e lect ron,  R i s  t h e  posi  t i o n  o f  the  n t h  ion, 
. . . n i - .  

t h  . g i s  the  Lande g-factor, J ' i s  the t o t a l  angula;mdmentum o f  t h e  n !on, n 
' . 

and p i s  .'the sp in  angular momentum o f  the ionduct  i on  e lec t ron .  

Band s t r u c i ~ u r e  Qnd Fermi s u r f a t e  c a l c u l i t i o n s  on gad01 ini"m(3,4),  
. . * 

terb ium , dysprosium (4), holmium (5); erbium (4), thul ' ium (6), l u t e t i u m  (41, 
* 

A. R. Mackinto-sh, Phys.i cs Dkpart.ment, . ~ e c h n i  ca l ,  U n i v e r s i t y ,  ~ " n d t o f t e ,  , . 

Lyngby, Denmark. Energy bands o f  t e r b i  urn. P r  i 'vate 'communication. . . z. 1968. 
. . . . . . 

. . 



scandium (7) ,  and. y t t r i u m  (8) have shown the  e l e c t r o n i c  s t r u c t u r e  o f  t h e  

r a r e  e a r t h s  t o  be ex t reme ly  a n i s o t r o p i c .  Scandium and y t t r i u m  a re  t r i v a l e n t ,  

hexagonal meta ls  whose band s t r u c t u r e s  a r e  v e r y  s  i m i  l a r  t o  those o f .  t h e  r a r e  
' 

ea r ths .  Th i s  an i so t ropy  p rov ides  t h e  m o t i v a t i o n  f o r  us i ng  s i n g l e  c r y s t a l s  

i n  these i n v e s t i g a t i o n s .  

Ex tens ive  work on t he  t r a n s p o r t  and magnet ic p r o p e r t i e s  o f  some r a r e  

e a r t h  s i n g l e  c r y s t a l s  has been done. Table 1  i n d i c a t e s  t he  exper imenters  

who performed the  work on seven o f  t he  heavy r a r e  e a r t h s  and y t t r i u m .  Much 

less -  s i n g l e  c r y s t a l  work has been done on t h e  l i g h t  r a r e  ear ths .  Numerous 
. . 

1 

o t h e r  i n v e s t i g a t i o n s  o f  t h e  t r a n s p o r t  and magnet ic p r o p e r t i e s  o f  p o l y c r y -  
. . - -. 

I 

s t a l l i n e  r a r e  ea r ths  h a v e . a l s o  been c a r r i e d  out .  
- - - .  . - . - .  . . - .  .- - - .  

-. . . . - . - . -  -- 
, .  Table 1. References t o  exper imenta l  work performed on heavy r a r e  e a r t h  and 

. - : y t t r i u m  s i n g l e  c r y s t a l s .  
-- -- -- 

, E l e c t r i c a l  Therma 1 Seebeck Hal 1  Magnet i c  
R e s i s t i v i t y  C o n d u c t i v i t y  C o e f f i c i e n t  E f f e c t  Mome n  t 

Tb. Hegland( l0)  N e l l i s  
Nel l i s  

Lee ( 18) - . .  . - -. N  i gh (9) 
- ,  . -  

no  ~ t r o n d b u r ~ f l 3 ) ~ e l l i s  s i  11 (16) -----a . S t r anJbu ry ( l 3 )  
. . N e l l i s  . - .  . . - I_ . . -. . . . . . - 

E r  Green(l4) Boys ( 12) S i l l ( I 6 )  ------ Green (14) 
Boys (1 2) - 

. . Tm Edwards (15).  , Edwards(l5) Edwards(l5) , . ------ . Richards(21) . '  

LU Boys (12) Boys ( 12) Edwards (17)' Lee (-18) ------ 
. . 

Y .  H a l l ( 1 l )  ------ S i  1  l (16)  . ~ e e ( l 8 )  ------ 
. .".. .... -- - 

. .. 

.Boys (12) measured t h e  f i r s t .  thermal c o n d u c t i v i t i e s  o f  r a r e  e a r t h  
. . 

" . s i n g l e  c r y s t a l  sl^ , He :used basal  p l ane  and =-ax is  samples ' o f  dyspros ium, 
. . 



erbium, and l u t e t i u m  over the temperature range so-3000~.  He found pro-  

nounced an iso t ropy  between the two axes o f  the same metal and mani festa-  

t i o n s  o f  magnetic o r d e r i n g  i n  dysprosium and erbium. The room temperature 

- 0 values o f  the s i x  samples v a r i e d  from 0.10 t o  0.23 watt/cm- K. ~ d w a r d s  (15) 

a l s o  found pronounced an iso t ropy  and evidence f o r  magnetic o r d e r i n g  i n  

t h u l  i'um. The room temperature values o f  h i s  basal plane and c-ax is  samples 

were 0.143 and 0.241 watt/cm-OK, respec t i ve l y .  Boys and Edwards bo th  tabu- 

l a t e d  the Lorenz f u n c t i o n  . . - . 
- .  

. . . . . .  . . . 

where K i s  "the thermal conduct i.vi t y  and p i s  the  - e l e c t r i c a l  r'es i s t  i v i  t y  a t  
. - - . . . .  - . . - - . . . . . 

' t h e  temperature T. L i s  the t h e o r e t i c a l  ' va lue  f o r  pure e l e c t r o n i c  conduc- 
0 

- t i o n  and i s  g iven by . 
. . . - - - - . .  -- . - - -  . . . .  . - . . .  

- .  - . - . . . . - . . .  

.where k i s  Boltzmann's constant  and e i s .  t he  e l e c t r o n i c  ch.arge. Wi th  the 

except ion  o f  the l u t e t i u m  c-ax is  sample t h e .  Lorenz . func t i ons  - .  o f  a1 1 these 
. . 

samples were s i g n i f i c a n . t l y  l a rge r  than L 
. -  - .o" .. . - - 

::The e a r l  i e s t  work o f  p o l y c r y s t a l  1 ine '  ra re .  e a r t h  thermal c o n d u c t i v i t y  

* '  
i s .  tha f  d f  Legvold.and Spedding i n  1954 (22). ~ h e ~ - r ~ ~ o r t e d . o n  e i g h t  r a r e  . 

ear ths  and expected t h e i r  r e s u l t ' s . t o  be accurate t o  w i t h i n  10%. The.therma1 
. . - -  . 

0 
' . c o n d " c t i v i t y  o f  gadol in ium a t  . 28°~+20.was . s t a t e d  - . -  t o b k  0.0880watt/cm- K. 

Ara js  and Col.v.in i n  1964 repor ted  ' t h e  thermal conduct iv ' i  t i  o f  po ly -  

c rys  t a  1 1 i ne' gad01 i n  i urn (23), t e r b  i urn. (24), and dyspr0s.i urn '(25), over the  

8 
Sam Legvol d, Physics ~epartment , .  l owa S ta te  .Un ive rs i t y ,  Ames', ,. Iowa. . . 

Thi.s work was done by. ~ . o h n  E. Cranch and h i s  r e s u l t s  .appeared. i n  an admin- 
i s t r a t i v e  r e p o r t  o f '  LegvoId and Spedding. P r i v a t e  Communication. 1968. , 



0 temperature range 5'-300 K. They found anomalous behavior near the Cur ie 

p o i n t  i n  gadol in ium and near the ~ 6 e l  p o i n t  i n  terb.ium and dysprosium. 

Below these o r d e r i n g  temperatures they found the thermal c o n d u c t i v i t y . t o  be . 

. ' essent ia l  1 y constant, wh i l e  above these order  i ng  temperatures the conduc- 

t i v i t y  increased monotonical ly .  I n  add i t ion ,  t he  c o n d u c t i v i t y  dropped 

sharp ly  a t  the ferromagnet ic-ant i fer romagnet ic  t r a n s i t i o n  temperature i n  

dysprosium. The Lorenz func t ions  o f  a l l  th ree  elements were anomalously 
. . 

l a rge  r e l a t i v e  t o  Lo over the whole temperature range. They i n t e r p r e t e d  

t h i s  f ac t  t o  be an i n d i c a t i o n  o f  phonon and/or magnon heat  conduction. 

i Thei r obser.ved room temperature va 1 ues f o r  gad01 i m i  um and te r 'b i  um were both 

about 0.14 ~ a t t / c m - ~ K .  

! 
A ra j s  and bunmyre i n  1965 r e p o r t e d  the thermal c o n d u c t i v i t y  o f  pol'y- . . 

i 

c r y s t a l  1 i ne  e r b i  um over the .temperature range 5°-3000~ (26).  heir r e s u l t s  

i 
I aga'i n showed 'a drop i n  the conduct i v  i ty near the  ferromagnet i c-ant i ferromag-. . .  . . . 
E 
i n e t i c  t r a n s i t i o n  temperature and a monotonic increase above the o r d e r i n g  ' . 

i 
, . 
1 temperature. . .  . 
; 

~ o k e l . 1  and J o l  1 i f f e  i n  1965 repor ted  the  thermal c o n d u c t i v i t i e s  o f  

. . . e i g h t  r a r e  ear ths  near room temperature (27). A t  18 '~  they .  found the 
2 .  

, .  thermal c o n d u c t i v i t i e s  o f  gadolinium, terbium, and holmium t o  be 0,091, 
\ . 
i .  0 

0.103, 0.106 watt/cm- K, respect iv .e ly .  

A1 i e v  and Volkenshte in i n  1966 repo r ted  the thermal c o n d u c t i v i t y  o f  

p o l y c r y s t a l l i n e  gadolinium, terbium, holmium, erbium,'thulium, yt terbium, 

0 
and l u t e t i u m  over the  temperature range 2 - 1 0 0 ~ ~  (28,29,30). A1 1 these 

< .- 

.' elements showed c h a r a c t e r i s t i c  peaks near 2o0~,  a s  d i d  the  work o f  Ara js  

! . . and Co lv in  .and o f '  A ra j s  and Dunmyre. A1 i ev  and ~ o l  kenshte in a l s o  observed . ' 

. . .. ' , . . . . . 
l a k i n k  i n  the c o n d u c t i v i t y  o f  e r b i  urn a t  t h e  feyromagnet i c-ant i ferromagnet i c 
; .  



t r a n s i t i o n  temperature and a r i s e  i n  the  c o n d u c t i v i t y  above the o r d e r i n g  

temperature. They d i f f e r e d  most from the  r e s u l t s  o f  A ra j s  and h i s  co- 

workers on terb ium by o b t a i n i n g  much lower velues above 4 0 ' ~  and by f i n d i n g  ' 

' 

0 
a minimum a t  5 K, which they a t t r i b u t e d  t o  impur i t i es .  The Lorenz 

0 
funct ions o f  a l l  t h e i r  samples a t  4.2 K were anomalously l a rge  r e l a t i v e  t o  

Lo.. 

J o l l i f f e  et G. i n  1966 repor ted more room temperature thermal conduc- 

t i v i t i e s  (31). The i r  r e s u l t s  f o r  gadolinium, terbium, and holmiumwere the 

same as those repor ted  e a r l i e r  by Powell and J o l i f f e .  

Karagyozyan and Rao have i nves t  i gated the  therma 1 conduct i v i ty o f  

0 gadoi inium, terbium, and dysprosium i n  the temperature range 1 - ~ O K  (32,33, 

34). .  A!1 th ree  elements d i f f e r  from the behavior one would expect a t  these , 

temperatures. The i r  r e s u l t s  a r e  a t t r i b u t e d  t o  ox ide  impur i t i es .  

N i k o l s k i  i and Eremenko have. repor ted '  the  thermal tzonduct iv i ty  o f  poly-  

c r y s t a l l i n e  erbium i n  a magnetic f i e l d  over  t he  temperature range 2 0 ~ - 1 0 0 ~ ~  

(35). They conclude t h a t  t h e i r  measurements a re  ! 'd i rec t  evidence o f  t he  

importance o f  magnon c o n t r i b u t i o n s  t o  the  t o t a l  heat  flow." 

Summarizing exper iments t o  da te  o n  t h e  therma'l cond"it' i,v.i t y  o f  . ra re  

. . e a r t h  metals one can say the f o l  lowing: 
. . . . .  

. I .  The. r a r e  ea r ths  a re  poor thermal cqnductor.s r e l a t i v e  t o  o ther  

metals. Copper and 4 i lver,  f o r  exampl e, have 'room temperature therma 1 

0 
c o n d u c t i v i t i e s  o f  'about 4 wett/cm- K, whi l e  the  c o n d u c t i v i t i e s  o f  the r a r e  

0 
ear ths  a t  t h i s  temperature a re  i n  the  range 0.1-0.25 watt/cm- K. 

.. - 
2. The thermal cqnduct iv - i t y  i s  ve ry  s e n s i t i v e  t o  magnetic ordering,, 

e s p e c i a l l y  i n  s ing le ,  c r y s t a l s .  



3 .  The thermal conductivity is very anisotropic. 

4. Reported Lorenz functions are almost always anomalously large 

relative to Lo. 



I I . REV l EW OF THEORY 

A. Formal Transport  Theory 

Thermal c o n d u c t i v i t y  i s  a  measure o f  the  a b i l i t y  o f  a  m a t e r i a l  t o  

t ranspor t  energy o r . h e a t .  Mathematical ly,  the thermal conduct iv i ty ,  K, i s  

the  p r o p o r t i o n a i . i t y  f a c t o r  r e l a t i n g  the  heat  f i ow  per u n i t  t ime per u n i t  

area, h, i n  the  presence o f  a  temperature g rad ien t  XI ; i .e., 

The minus s ign  expresses the fundamental f a c t  t h a t  heat  f lows from a  reg ion  

o f  h igher  temperature t o  a  reg ion  o f . l o w e r  temper,ature. 

I n  a  s o l i d  metal there  are  th ree  heat  c a r r i e r s :  conduct ion e lect rons,  

l a t t i c e  v i b r a t i o n s  o r  phonons, and, i n  magnetic mater ia ls ,  s p i n  waves o r  

magnons. The t o t a l  thermal c o n d u c t i v i t y  i s  the  sum: 

where K i s  t h e ' t o t a l  thermal c o n d u c t i v i t y  . . and Ke, K  and Km a re  the thermal 
9  ' . . 

c o n d u c t i v i t i e s  o f  the  e lect rons,  phonons, and magnons, respec t i ve l y .  - Review 

a r t i c l e s  by Klemens (36) and by ~ e n d e l s s o h n  and Rosenberg (37) summar i z e  a  
, . 

g rea t  deal o f  experimental  and t h e o r e t i c a l  work on non-magnetic so l i ds .  

The thermal r e s i s t i v i t y  o f  a  g iven c a r r i e r  i s  determined by the way 

i n  which the var ious  s c a t t e r i n g  mechanisms. impede' the f low'  o f  t h a t  c a r r i e r .  

. . The assumption i s  u s u a l l y  made t h a t  the var ious  s c a t t e r i n g  mechanisms are  

independent, and thus ' the  c m t r  i b u t  i o n  b f  each t o  the  thermal r e s i s t i v i t y  

' 

can be added a lgeb ra i ca l  l y .  Proceeding as i n  the  case o f  ~ a t t h i e s s e n . ' ~  ' ' 

. 
, . 

. ... 

r u l e  f o r  e l e c t r i c a l  r e s i s t i v i t y  one can .then w r i t e :  . . .  . 
. . . .. 



where W: , f o r  example, i s  the  thermal res i s tance  f o r  e lec t rons  being 

sca t te red  by the i th s c a t t e r i n g  mechanism. Poss ib le  s c a t t e r  i n g  mechanisms 

are  e lect rons,  phonons, magnons, impur i t ies ,  and boundaries. The g  and m 

r e f e r  t o  phonons and magnons, respec t i ve l y .  

There are  two bas ic  approaches t o  formal t r a n s p o r t  theory, the  k i n e t i c  

method and .the Bol tzmann 'equat ion. Before proceeding fa r ther ,  however, i t  

seems appropr ia te  t o  p o i n t  o u t  a  bas ic  f a c t  o f . a l 1  t ranspor t  theor ies.  

Transport  c o e f f i c i e n t s  have n o t  as y e t  been ca l cu la ted  exac t l y .  E x i s t i n g  

theo r ies  have, however, o f t e n  con t r i bu ted  c o r r e c t  temperature dependences 

and orders  o f  magnitude. 

The simple k ine t l c .app roach  y i e l d s  
. . - .  . - . - .  -. . . . - .  - .  . 

where C . i s  t h e - t o t a l  s p e c i f i c  heat o f  the  c a r r i e r  system, v  i s  . t h e . c a r r i e r  
. . - 

v e l o c i t y ,  and A i s  the mean-f ree path between c o l l i s i o n s .  .Th is  r e s u i t  i s  

useful  - for  determin ing temperature dependences.. . . . 

The Boltzmann equat ion approach seeks t~ . f i n d  a d i s t r i b u t i o n  f u n c t i o n  

fk(L) which i s  the number o f  c a r r i e r s  i n  t he  s t a t e  k i n  the  reg ion  near r. - 
Given t h i s  funct ion,  f o r  the case o f  el.ectrons the e l e c t r i c a l  cu r ren t  

density,  .I, and the  energy cu r ren t  density,  IJ, are  then 'ca ' l cu la ted  from 

and 



where e I s  the  e l e c t r o n i c  charge, vk and Ek are  the v e l o c i t y  and energy o f  - - 
the e lec t ron ,  respect ive ly ,  5 i s  the f r e e  energy, and the i n t e g r a l s  a re  

over a l l ' o c c u p i e d  k s ta tes .  , 

.The d i s t r i b u t i o n  f u n c t i o n  i s  ca l cu la ted  from the steady s t a t e  

Bol tzmanh cquat i on  

where the th ree  bracketed terms are  the  t ime r a t e  o f  change o f  the  d i s t r i -  

b u t i o n  f u n c t i o n  due t o  d i f f u s i o n ,  ex te rna l  f i e l d s ,  and c o l l i s i o n s ,  respec- 

t i v e l y .  

I n  the  r e l a x a t i o n  t ime approximation 

where $ i s  the  e q u i l i b r i u m  Fermi d i s t r i b u t i o n  and T i s  the  r e l a x a t i o n  - 
time. I n  t h i s  case Ziman (38, P.3'83) shows t h a t  

where T i s  the  absolute temperature and E i s  the  ex te rna l  e l e c t r i c  f i e l d .  

Using t h i s .  d i s t r . i b u t i o n  funct ion,  i n  the  t ranspor t  .. integrals, .Equations 
. . 

i . 5 ,  one ob ta ins  

2 
e 7 o.. = - j' VidS , 

' J  4n3h E~ j 

. , 

n2 k 2 
K . .  = -  (-) . T o .  :, 

. . . .  . I J  3 e I j 
where q.  ; i s  t h e  e l e c t r i c a l  c o n d u c t i v i t y  (Ji=o. .E.); dS i s  the  component' , .' 

L. I J I J  J i 



1 1  

o f  an elemental area o f  t h e ~ e r m i  surface, dz, i n t h e  jth d i rec t i on ,  and 

the  i n t e g r a l  i s  o v e r . t h e  Fermi surface. 

Equation 2.9b can be w r i t t e n  as, 

L i s  the t h e o r e t i c a l  Lorenz number f o r . e l e c t r o n i c  conduct ion and Equation 
0 - .  

2.10 i s  known .as the  w iedemann-~ranz law. This  law i n  r e a l  i t y  holds f o r  

many pure metals when the  sca t te r ' i ng  i s  e l a s t i c ;  i.e., a t  temperatures much 

lower than the Debye temperature o f  the ma te r ia l  and a t  temperatures 

greater  than the  Debye temperature. 

.. . 

B. E l e c t r o n i c  Conduction 

A t t e n t i o n  w i l l  now be turned t o  temperature dependences o f  thermal 

c o n d u c t i v i t y .  The Wiedemann-Franz law holds a t  low and h igh  temperatures. 

A t  low temperatures, i n  the res idua l  res is tance region, the.  r e s i s t i v i t y  i s  

constant.  Therefore, 
. . 

IN:= PT , (T << (2.11) 

where i dea l  l y  13 '= Lo/po, 8 i s  the  Debye temperature, pSo i s  the  res idua l  D 

resistance, and the  supersc r i p t  i denotes impur i t y  sca t te r i ng .  The k i n e t i c  

r e s u l t   q qua ti on 2.4) y i e l d s  the  same temperature dependence, s ince  i n  t h i s  

reg ion  the v e l o c i t y  and mean f r e e  path o f  the  e l e c t r o n  a re  assumed constant, 

w h i l e  the s p e c i f i c  heat  o f  the e lec t rons  i s  p ropo r t i ona l  t o  T. 
. . 

A t  h i g h  temperatures the  r e s i s t  iv i . . ty  i s  p ropor t iona ' l  t o  'T, so t h a t  

(T e,) .. l f i z tm constant, (2.12) 

Th is  l a s t '  r e s u l t  i s  shown more r i g o r o u s l y b y  Ziman (38,p.j89), who 

considers the  e lect ron-phonon in te ' iac , t ion '  i n  some d e t a i l .  A t  intermediate. 



temperatures and from ,these same considerat ions, Ziman shows t h a t  

Therefore, a t  low temperatures (T - 0 / l o )  , 2.3a, 2.11, a n d  2. y ie ld  - D 

Equation 2.14 describes the t y p i c a l  behavior o f  the thermal conduct i v i  t y  o f  

pure metals: a peak a t  about Q / lo,  a sharp decrease below Q D / l O ,  and a 
D 

gradual decrease above. Lutet ium obeys t h i s  temperature dependence below 

about 1 6 ' ~  q u i t e  we1 1 (12). 

i . .  F igu re  1 i l l u s t r a t e s  the behavior o f  K as described above, and a l s o  e' 

the behavior o f  the  Lorenz f u n c t i o n  o f  a pure metal. . Note t h a t  L i s  nea r l y  

L a t - h i g h  an'd low temperatures. . .The d i p  i n  L a t  in termediate temperatures 
. . 0 

i s '  i n t e r p r e t e d  t o  mean t h a t  i n e l a s t i c  s c a t t e r i n g  a f f e c t s  thermal conduct ion  

more d r a s t i c a l l y  than e l e c t r i c a l  conduction. A t  these lower temperatures 

o n l y  t he  longer wavelength phonons are  e x c i t e d  and the e lec t rons  a re  

. . s ca t te red  through ra the r  small angles. These c o l l i s i o n s  a f f e c t  the  t rans-  

p o r t  o f  charge r e l a t i v e l y  l i t t l e ,  bu t  the e l e c t r o n  can change i t s  energy , ,  

. . 

by about kT, which i s  enough t o  conver t  a "hot" e l e e t r o n  t o  a "co1d"bne. 
.. . . . - -  . -  . .+:.$-;,:. c - . - - -  . .  

. . -  - .  - - - ., 
- . -  - - 

- . f iman (38) pred i .c ts  t h a t  a t  low temperatures e l  ec t ron-e lec t ron  
,, " .  . . 

e 2 
s c a t t e r i n g  should cause a thermal r e s i s t i v i t y  term W , T . Schriempf (39) 

e 
. . 2 

a r e c e n t l y  observed such.a T c o n t r i b u t i o n  t o  the  thermal r e s i s t i v i t y  o f  . . .  
, . . - .  . . - . .  - - - - -  - .  

. palladium,. a t r a n s i t i o n '  metal. 

E lec t rons  a're a l s o  sca t te red  by magnetic moments i n  magnetic metals. 
. - 

Above the o r d e r i n q  temperature o f  these metals, there  i s  . a . . .  s p i n  d isorder  

 contribution,'^ , t o  the  r e s i s t i v i t y .  Dekker .(40), used the Hami l tonian o f  
s . 

Equat ion 1.2 and a spher ica l  Fermi sur face t o  show t h a t  f o r  the  r a r e  ear ths  
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HIGH. PURITY 
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* 
F i g u r e  1 .  , Ke and L f o r  a  pure metal i n  which impur i t ies  and phonons a r e  

. . the dominant s c a t t e r i n g  mechanisms 
. . 



where N i s  the  number o f  atoms, m i s  the  e l e c t r o n  mass, and E F  i s  the Fermi 

energy. p i s  temperature -,independent. Since conduct ion e lec t rons  are 
.S 

sca t te red  e l a s t i c a l l y  by paramagnetic moments, the  Wiedemann-Franz law 

y i e l d s  - .  

where m denotes . . magnetic s c a t t e r i n g  and To i s  the  o r d e r i n g  temperature. 

biu'and Siano. (41) have i nves t i ga ted  e l e c t r o n  s c a t t e r i n g  i n  a  . 
* 

Heisenberg ferromagnet. T h e i r  ~ a l c u l a t i c h  showed a  peak i n  W: around the  
- 

c u r i e  p o i n t  and they p r e d i c t  a  d i p  i n  the t o t a l  thermal c o n d u c t i v i t y  near . -. . 

t h i s  temperature. This  d i p  i s  c l e a r l y  seen i n  the  gadol in ium a-axis  sample 

used i n  t h i s  i nves t i ga t i on .  The c-ax is  sample, however, shows a  gradual 

t r a n s i t i o n  i n  "the thermal 'conduct iv ' i t y  and i n  the  e l e c t r i c a l  r e s i s t i v i t y  
I 
I 

as w e l l .  

The a n t i  ferromagneti  c-  s t r u c t u r e s  i n  t h e  r a r e  ear ths  can in t roduce 
. (. - - . . .  

a d d i t i o n a l  planes o f  energy d isconf inu i  ty in-  t h e  e l e l t i o h i  t- s t ruc tu re .  . 
* .  

These su~e. rzone 'bounda~ ies  a r i se .  f rom. the  p e r i o d i c  arrangement-'of magnetic 
L 

' C. , .  

mments r n  a way s i m i l a r  td  t h a t  i n  whidh B r i l l o u i n  zone boundaries a r e  -. - ., - 
Z s -  . . -  - 

caused by the  p e r i o d i c  arrangement o f  atoms. I n t r o d u c t i o n  o f  .these super- 

zones a1 t e r s  t.he Fermi sur face and thus a1 t e r s  the  c o n d u c t i v i t y  i n t e g r a l s  
. . .  - - .  

c .  

o f  Equations 2.9. 
--.----I..-..--- . .-- -IC-̂ -.-r-.l--...l.-- ._r.--.YP ---.----- _- -.,- 

.. . 
. . . - 

* 

C. Phonsn Conduct i on  . . 

Phonons can conduct heat  i n  a  metal. The t o t a l  l a t t i c e  'thermal 



These terms represent  phonon.scat te r ing  by boundaries, e lect rons,  impur i -  

t i es ,  phonons, and magnons, respec t i ve l y .  

A t  h igh  -temperatures .the s p e c i f i c  heat  o f .  a  so l  i d  i s  constant.  Phonons 

a re  sca t te red  a t  a r a t e  depending on the square o f  the  ampli tude o f  f l u c t u a -  

t i o n  o f  the ions, whi.ch i s  t o  the temperature. Thus A,l/T and 

Th is  argument i s  the c l a s s i c a l  one. Ziman (38, p. 289) ob ta ins  the same 

r e s u l t  by cons ider ing  the  phonon-phonon i n t e r a c t i o n  i n  some d e t a i l  and by 

c a l c u l a t i n g  the  Umklapp thermal r e s i s t i v i t y .  .Phonon-phonon i n t e r a c t i o n s  

can be descr ibed by 

hv 9 h v '  = hv" , , . (2.19b) 

where q and q' are  the  wave vec tors  o f  i n c i d e n t  phonons, q l " i s  t he  wave.' 

vec tor  o f  t h e  f i n a l  phonon, 1 i s .  a  r e c i p r o c a l  l a t t i c e  vector,  v and v '  are  . , 

the  frequencies o f  t he  i n c i d e n t  phonons, and v" i s  t he  frequency o f  the  

f i n a l  phonon. Normal processes a re  de f i ned  'as those. f o r  which 7 = 0; whi l e  . ' 

.. . 

i n  ~ r n k l i p p  proceises 1 # 0. ~ o r m a l  processes-do 'not  cont r  i b u t e  . t o  the  '. 

thermal r e s i s t i v i t y .  As Peier  1s (42) po in ted  out, .normal processes merely - -  

d i s t r i b u t e ' t h e  energy i n t o  d i f f e r e n t  phonon modes. ' They do n o t  a f f e c t  the  

. . 
n e t  f l ow  o f  .energy. . 

. . 
A t  low temperatures the , s p e c i f i c  heat  o f  , t he  . phonon i s  p r o p o r t i o n a l  t o  

. . 
, . 
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3 T and ' t he  mean f r e e  pa th  i s  o f  the order  o f  the  sample dimensions. Thus, . . 

i n  the  boundary s c a t t e r i n g  region,. by Equation. 2.4 

As the temperature i s '  increased and phonons can be sca t te red  by 

e lect rons,  ~ i m a n  shows t h a t  (38, p.322) 

5 assuming' that  the  r e s i s t i v i t y  i s  p ropo r t i ona l  t o  T . 
The e f f e c t  o f  phonon-impuri ty s c a t t e r i n g  on the thermal. c o n d u c t i v i t y  

depends on .the type o f  impur i ty .  Q u a l i t a t i v e l y ,  an increase i n  impur i t y  

lowers the peak i n  the  l a t t i c e  thermal conduc t i v i t y .  

'1 I - F i g u r e  2 i l l u s t r a t e s  the  s c a t t e r i n g  mechanisms l i m i t i n g  the l a t t i c e  

iomponent o f  the  thermal c o n d u c t i v i t y  o f  a non-magnetic metal. 

I The phonon-magnon i n t e r a c t i o n  and i t s  a f f e c t  on the  thermal conduc- 

1 
,: -. t i v i  t y  has been considered f o r  c e r t a i n  cases. Kawasaki (43) and s t e r n  (44) 

were ab le  t o  expla. in a d i p  i n  the  thermal c o n d u c t i v i t y  o f  CoF a t  i t s  Nee1 2 
0 

point,  38 K .  CoF2 i s  an an t i f e r romagne t i c  i n s u l a t o r .  Kawasaki showed t h a t  

t he -hea t  conducted by the sp-in system was n e g l i g i b l e  near the  t r a n s i t i o n  

po in t .  - . .  

D. Magnon Conduct i on  
- .  . . . . .  

- .  . 

Most i n v e s t i g a t i o n s  o f  magnon conduction, both.experimenta1 and theo- .. . 

. ret. ica1, have dealt w i  t h  magnetic i nsu la to rs .  Sato (45). c a l c u l a t e d  t h a t  
. - 

t he  magno" .therma 1 sonduct i v  i t y  i n  a ferromagnet i c i n s u l a t o r  i s  p,roport i ona l  

2 . . 

t o  T i n  t he  low temperature, boundary s c a t t e r i n g  region. '  Dou the t t ' and  . . 

F r iedberg  a l s o  showed t h a t  i n  f e r r i t e  s i n g l e  c r y s t a l s  i n  zero magnetic 



f 

Figure 2. K for a metal. The dominant scattering mechanisms limiting K 
9 9 
in the various temperature ranges are indicated 



field the magnon thermal conductivity would have a quadratic temperature 

dependence (46). They assumed that only boundary scattering was important 

and that the magnon dispersion relation,was quadrat.ic in magnon wave vector. 

2 
. . A T contribution to the thermal conductivity in yttrium iron garnet was 

observed by Liith i (47) and' by Doug lass (48) . McCo 1 lum et a1 . found a - - .  

similar contribution in the low temperature thermal conductivity o f  EuS 

(49). Bhandari and Verma (50) considered magnon-phonon interactions in 

yttrium iron garnet and using Douglass' data concluded that at 0.5'~ the 

magnon contribution could be as -high as 46% o f  the therma 1 conductivity, 

but that th-e phonon conductivity rapidly dominates'as the temperature is 

ra i sed. 



I l l .  EXPERIMENTAL PROCEDURE 

A. Sample Prepara t ion  

The r a r e  ear th.meta1 used i n  t h i s , i n v e s t i g a t i o n  was prepared a t  the 

Ames Laboratory. Each metal i s  separated from the o ther  r a r e  ear ths  by an 

ion  exchange process (51 ) .  P u r i f i c a t i o n  i s  accomplished by reduct ion  from 

the rluur*i.de, lisl llswecl by d i s t i  1 l a t i o n .  

The s i n g l e  c r y s t a l s  were grown by the  st ra in-anneal  technique 

described by Nigh (52). The metal i s  s t r a i n e d  by arc -mel t ing  and a l l o w i n g  

i t  t o  f reeze on a c o l d  copper hearth. The metal i s  then hung i n  the 

furnace o f  F igure  3 and annealed. The te rb ium bu t ton  and the bu t ton  from 

which the holmium a-axis  I sample was c u t  were sealed i n  tanta lum c r u c i b l e s  

as i nd i ca ted  i n  the . . f igure .  The gadol in ium a n d - h o l m i u m ~ l I - b u t t o n s  were not. 

The c r y s t a l s  were a l i gned  by Laue b a c k - r e f l e c t i o n  o f  X-rays and c u t  
. . 

by means o f  a spark e ros ion  apparatus. Samples were c u t  i n  the  form o f  

rec tangu lar  par .a l le lepipeds.  A l l  samples were a l i gned  w i t h  t h e i r  length  

a long the [11?0]  (a-axis,) d i  r e c t  i on  o r  a long the  COO011 (c-axi.s) d i r e c t  ion. 

The samples were mechanical ly  po l i shed w i t h  emery paper to .ach ieve  

un i fo rm cross sec t i on  and.  length. They were then etched and e lec t ropo l  ished 

so t h a t  indium so lder  would adhere t o  t h e i r  surface. Sample dimensions 

were measured w.i t h  a Brown.and.sharpe micrometer t o  the nearest  9.001 inch; 

The sample ends were t i nned  w i t h  pure indium w i t h  an ' u l t r a s o n i c  s o l d e r i n g  

iron and t h e  sample was mountcd i n '  the sample holder .  
. . .. 

Both terbi-um samples. and both gad01 i n i  urn I I samples ,were c u t  from the 

same 'bu t ton  o f  t h e i r  respec t i ve  mater i a l  . None o f  the  holmium samples came . 
. , 

from thesame but ton. .  The gadol in ium c-ax is  I sam'ple i s  t h a t  used by S i l l  
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(53). Scraps o f  t h e  gado l in ium I I  and t e rb i um bu t t ons  l e f t  a f t e r  c u t t i n g  

t he  samples were spec t rog raph i ca l  l y  ana.lyzed f o r  metal  1 i c  i m p u r i t i e s .  

Gabeous i m p u r i t i e s  ridarc analyzed by vacuum fus ion .  The'hcrlmi~.!m wak 

analyzed p r i o r  t o  anneal ing.  The r e s u l t s  a r e  recorded i n  t h e  Appendix. 

F i n a l  sample dimensions, r e s i s t i v i t y  r a t i o s ,  and r e s i d u a l  r e s i s t i v i t i e s  

a r e  a l s o  l i s t e d  i n  the Appendix. 

B. Thermal C o n d u c t i v i t y  Measurements 

?herma1 c o n d u c t i v i t y  wa's measliked by t h e  s teady  s t a t e  hea t  f l o w  method. 

A g r a d i e n t  hea te r  was used t o  supp ly  a  power, Q, t o  one end o f  t h e  sample : 
which would e s t a b l  i s h  a  temperature,  d i f f e rence ,  A T, across ' t he  sample. 

The length, L, and area, A, o f  t h e  sample were measured p r i o r  t o  mounting. 
. . 

, . The thermal c o n d u c t i v i t y ,  K, was c a l c u l a t e d  f rom the  express ion  

The dewar and vacuum system i s  t h a t  use'd by S i 11 and i s  descr ibed  i n  
. . 

. h i s  t h e s i s  (53)'. The en t . i  r e  sys tem f o r  measur i ng therma 1  . . c o n d u c t i v i t y  was 
. . 

p rev ious  1.y used by Boys and i s  desc r i bed  i n  ' h i s  thes i s  (1 2). The f i r s t  

measurements were made w i t h  h i s  system i n t a c t .  C e r t a i n  changes were l a t e r  
. . 

made and t h i  f o l l o w i n g  d e s c r i p t i o n  covers t h e  f i n a l  s t a t e  o f  t h e  .apPa.ratus. , 

The sample ho.lder, s h o w n i n  F i g u r e  4, i s  t h a t  used b $  boys (12). The 

' e n t i r e  h o l d e r  was pumped t o  a  vacuum o f  l e s s  than  To r r  t o  min i in ize 

hea t  losses f rom t h e  'grad. ient hea te r .  Heat .  l eak .  t o  t h e  ba th  .was achieved 
. . 

' '- 

by the  No. 24 copper w i r e .  ' ~ e c a u s k  o f  t h e  h i g h  vacuum and l a r g e  number. o f  

w i r e s  t h e r e  was s u f f i c i e n t  hea t  l e a k  i n t o  t h e  syq tem t o  p r e t l u d e  a c h i e v i n g '  , , , . 

t h e  temperature o f  l ' i q u i d  he1 ium. However, by condensing 1 i q u i d  he l i um i n  

. . 
t h e  3/8" s t g i n l e s s  s t e e l  s leeve  t bun ted  on  t h e  copper hea t  s i n k  t h e  
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0 temperature cou ld  b e  lowered from about 6 K t o  4 . 4 O ~ .  The r a d i a t i o n  s h i e l d  

keeps the  temperature o f  the surroundings a t  approximately t h a t  o f  the  

colder  end o f  the  sample 'and thus minimizes r a d i a t i o n  losses. Thermocouples 

t o  measure the temperature and temperature d i f f e r e n c e  were mounted i n  

ind iu l '~~  aL Llls very t l p  of the copper rods t o  which the  sample. was i n d i  um 

soldered. Tile telllperature control system i s  descr ibed i n  d e t a i l  elsewhere 

(12,541. 

This  experiment encountered th ree  fundamental problems: s o l i d  mounting 

o f  the sample, accurate measurement o f  temperature and temperature d i f f e r -  

ence, and accurate de terminat ion  o f  the  power f l o w i n g  through the sample. 

S o l i d  mounting o f  the sample i n  i t s  ho lder  was essen t i a l  t o  insure  

good thermal contac t  between the  sample and i t s  heaters.  I f  the sample was 
. . 

n o t  mounted proper l y  l a rge  theimal contact  re4 i s  tances we;e in t roduced and 

spur ious data resu l ted .  Once the sample was i nse r ted  p rope r l y  data was 

0 
taken on warming from 4.2 K t o  room temperature. L i q u i d  he1 ium was used 

from 4.20 t o  25O~, 1 i q u  i d hydrogen from 20' t o  ~o'K, and 1 i qu i d n i t rogen 

0 
was used from 85 K up t o  room temperature. 

The temperature d i f f e r e n c e  across the  sample was measured d i r e c t l y .  

Th is  procedure has two advantages. F i r s t ,  i t  i s  more accurate than measur- 

i n g  the  temperature a t  each end and subt rac t ing .  second, b y  measuring the  

vo l tage  t h a t  corresponds to .  the  temperature d i f f e r e n c e  d i  r e c t  ly, one can . '  

r e a d i l y  observe when the system i s  coming t o  equi l ibr ium. '  

~i gura '  5 shows t he  c i  r c u i  L used t o  measure .the temperature and temper- 

. ... 
a t u r e  di f ference..  Two thermocouples were i nse r ted  a t  e i t h e r  end o f  the  

sample, Cu versus Au-0.03% F e  and C" versus. constantan. The thermocouples 

a"chore'd t o  . the heat  s i n k  were used t o  riieasure the .absolute t&mperature. - .  

. . 
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C a l i b r a t i o n  p o i n t s  were obta ined a t  the ba th  temperatures o f  l i q u i d  helium, 

hydrogen, and n i t r o g e n  by immersing the thermocouples d i r e c t l y  i n t o  these 

1 iqu ids.  The ca l  i b r a t i o n s  were compared t o  the standard curves f o r  Cu 

versus constantan obta ined by Powel 1 e t  a l .  (55) and f o r  Cu versus Au-Fe 

obta ined by Wal ter  Gray o f  the  Ames Laboratory. Due t o  inhomogenei t i e s  i n  

the  wire, thermocouples d i f f e r  a t  low temperatures. Correct ions us ing  the 

c a l i b r a t i o n  p o i n t s  obta ined were made by the method described by Rhyne (54),, 

Thermocouple vo l tages  corresponding t o  the absolute temperature were 

measured w i t h  a Leeds and Northrup K-5 potent iometer  and a Leeds and 

Northrup model 9834 nu1 1 detector .  This  potent iometer  i s  accurate t o  . 
0 

0.3 $. The r e l a t i v e  accuracy o f  a temperature measurement was 0.1K , but  

0 the  absolute accuracy o f  the c a l i b r a t i o n  procedure i s  about O.5K . 
The d i f f e r e n c e ' i n  vo l tage generated by the  thermocouples a t . e i t h e r  end 

o f  * t h e  sample i s  r e l a t e d  t o  the  temperature d i f fe rence.  However, because 

no two thermocouples a t  the same temperature generate the same emf, a 

vo l tage  d i f f e rence  can be measured when both  thermocouples are  i n  an iso-  . 

thermal environment. Th is  e r r o r  was c a l i b r a t e d  o u t  by measuring the zero 

temperature d i  f f e r e n c i  c o r r e c t i o n .  - A copper sample was used t o  achieve 

good thermal contac t  between the  two se ts  o f  thermocouples. , T h e  tempera- 

t u r e  was v a r i e d  under experimental  cond i t i ons  from he l ium t o  room tempera- 

t u r e  w i t h  the g rad ien t  heater o f f .  .. - I n  t h i s  way the  c o r r e c t i o n  was measured 

' as  a f u n c t i o n  o f '  temperature. 

Thermocouple vol tages were subt rac ted  e l e c t r o n i c a l l y  by a Dauphinee. 

p o t e n t i a l  comparator (56) b u i  1 t by S i 1 1  (53). The comparator c i r c u i t  i s  . '. 

shown i n  .Figure 6. The comparator ou tpu t  was measured w i t h  a Rubi con mode'l , 

. 

. . 

2771 m i c r o v o l t  potentiometer., Gui Id1  ine  5214/9660 ba lvanometer 
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a m p l i f i e r ,  and a G u i l d l i n e  type S~21/9461 secondary galvanometer. This  

potent iometer  can be read to.0.01 JJ.V and has an accuracy o f  5 . 0 3  pV. 

The temperature d i f f e r e n c e  was ca l cu la ted  by sub t rac t i ng  the zero 

temperature d i . f ference from the  comparator ou tpu t  and then d i v i d i n g  by the 

s e n s i t i v i t y  o f  the thermocouple used. Measured temperature d i f f e rences  

0 0 
ranged from 0.5K a t  he l ium temperature up t o  about 1.5K above n i t r o g e n  

tempcraturc. 

0 
Below 20 K the  Cu versus Au-Fe thermocouples were used, above 3 0 O ~  the 

0 0 Cutversus constantan, and i n  the range 20 -30 K both sets o f  thermocouples 

0 were used. . Temperature d i f f e rences  o f t e n  d i f f e r e d  by up t o  O.1K i n  t h i s  

region.  To c a l c u l a t e  the thermal c o n d u c t i v i t y  the weighted average 

waso used. 

Heat leaks by r a d i a t i o n  and conduct ion up lead w i res  can in t roduce 

s izeab le  e r r o r s  i n t o  a de terminat ion  o f  the power f l o w i n g  through the 

sample. The problem i s  compounded by the  f a c t  t h a t  the . rare ear ths  are  

ra the r '  poor thermal conductors. . . . 

The power i n t o  the g rad ien t  heater  was measured i n  two ways. Boys' 

c a l i b r a t i o n  o f  heater res i s tance  versus temperature was used i n  the  terb ium 

and gadol inium measurements. The power i npu t  was c a l c u l a t e d  from - 
2 

Q = I R ~  , (3.2) 

. . .  

'where I i s  the c u r r e n t  through the heater  and R,, i s  the  heater res is tance. '  . ' 

However, the  .g rad ien t  heater became. unstable a t  the h igh  temperature. end o f  
. . . . 

the gad01 i n  i um c-axi s run and i t  was necessary to, wind a new heater .  The 

second grad ien t  heater  was composed'of 2200,ohms o f  one mil.mang,anin w i r e . .  . . 



A f o o t  o f  s t r onge r  No. 36 manganin was added. t o  which connect ions were made. 

In  a d d i t i o n  two w i r e s  t o  measure t h e  v o l t a g e  drop across the  hea te r  were 

i n s e r t e d  i n t o  t he  sample.h,older. The power cou ld  now be c a l c u l a t e d  f rom 

where I i s  t he  c u r r e n t  through the hea te r  and V i s  t h e , v o l t a g e  drop across 
H 

it. Th i s  method has t h e  advantage t h a t  t h e  power i s  measured e x a c t l y  a t  

each da ta  p o i n t .  However, both 'methods gave r e s u l t s  f o r  t h e  r a d i a t i o n  

c o r r e c t i o n s  t h a t  agreed q u i t e  w e l l .  

I 
C o r r e c t i o n  f o r  hea t  loss  through t he  lead  w i r e s  a t tached  t o  t h e  h o t t e r  

i 
end o f  t he  sample and e s p e c i a l l y  f o r  hea t  l oss  through r a d i a t i o n  was accom- 

p l  i shed  by t h e  method o f  Nor& and Beckman. (57). A '  sample o f  e s s e n t i a l l y  

! z e ro  thermal c o n d u c t i v i t y  i s  employed. A t  a  f i x e d  temperature a  power 

input,  AP, i n t o  t he  g r a d i e n t  hea te r  w i l l  e s t a b l i s h  a  temperature 

d i f ference,  A T ,  across the."dummyt' sample. S ince t he  sample cannot con- 
I 

d u c t  hea t  (K=o), t h e  hea t  i n p u t  . i s  a1 1 be ing  rad i -a ted t o  t h e  surroundings 
.. . ... 

o r  i s  be ing  conducted up t he  lead  w i r e s  f.rorn the  g r a d i e n t  heater.. A P / A T  

was rneasuyed as a  f u n c t i o n  o f  temperature.. . . .  

Two r a d i a t i o n -  c o r r e c t i o n  c a l  i b r a t  ions were made, each w i t h  ' a  d i f f e r e n t  

hea te r  and d i f f e r e n t  thermocouples. They agreed k i t h  each o t h e r  and were' 
). . . .. 

v e r y  c l ose  t o  t h e  r e s u l t s  o f  Boys. The I1dummyl1 samples used were f i n e  
'- 

t h read  i n  one case and a t h i n  p i e c e  o f  wood in .  t h e  o t h e r .  . . 

To c a l  & l a t e  thermal conduct i v i  t y  a t  temperature.  T, A P/A T  a t  T  was. 
, . 

mu1 tipl i e d  by t h e  measured temperature d i f f e r e n c e .  The c o r r e c t i o n  .was 
. . .  

. . 

. t hen  sub t rac ted  from the  measured power i npu t .  Thi-s procedure was. fo1 lowed ' 



The c i r c u i t  t o  measure t he  power i n p u t  i s  shown i n  F i g u r e  7. A r u b i -  

con Type B po ten t iometer  and Leeds and Nor th rup  model 2430 galvanometer 

were used t o  measure the' g r a d i e n t  hea te r  c u r r e n t  by measuring the  v o l t a g e  
. 

across a one ohm s tandard  r e s i s t o r .  Th i s  po ten t iometer  i s  accura te  t o  

+1 1J.V. The v o l t a g e  across the  hea te r  was measured w i t h  a  K e i t h l e y  model - 
622 d i f f e r e n t i a l  vo l tmete r ,  accura te  to 9.1%. 

C. E l e c t r i c a l  R e s i s t i v i t y  Measurements 

The e l e c t r i c a l  r e s i s t i v i t y  measurements were made by t he  s tandard 

four-probe technique descr ibed  by C o l v i n  e t  a1 . (58). A1 1 measurements 

were made i n  t h e  apparatus b u i l t  by Edwards and descr ibed  i n  h i s  t h e s i s  



. . 
Figure:.?:   he' c i  rcui,.t f o r  rneasur ing the power input t o  the gradient  heater  
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I V .  RESULTS 

A. 'ihermai Conduc t i v i t y  

Transport  p r o p e r t i e s  o f  r a r e  e a r t h  metals e x h i b i t  anomalous behavior 

near known magnetic t r a n s i t i o n  temperatures. Before desc r ib ing  the r e s u l t s  

o f  t h i s  study i t  is, thei.e[lor.e, appropriate t o  descr ibe the magnetic s t r u c -  

t u r e  o f  gadol in iumj  terbium, and t~oliirium. 

Cable and Wol Ian (59) by means o f  neutron d i f f r a c t i o n  have shown t h a t  

gadol in ium orders o n l y  i n  the ferromagnet ic  s t a t e .  Between Tc = 294OK and 

T = 232 '~  the moment i s  a long the  c-axis.  Below 232 '~  i t  moves away from 

the  c-ax is  ' t o  a maximum d e v i a t i o n  o f  about 65' a t  180'~ and then back t o  

0 
w i t h i n  32 o f  the  c-ax is  a t  low temperatures. N i g h . e t  a l .  (9) by means o f  

magnetic moment measurements on s i n g l e  c r y s t a l s  showed gadol inium t o  have a 

Cur ie  p o i n t  o f  293'~. 

Koehler e t  a l .  have observed the magnetic s t r u c t u r e  o f  te rb ium (60) 

and holmium (61) by neutron d i f f r a c t i o n .  Thei r  f i n d i n g s  a,re i l l u s t r a t e d  i n  
U ' 

F i g u r e  8. The t r a n s i t i o n  temperatures i nd i ca ted  were ob ta ined by Hegland 

st a l .  (10) for  terbium. and Strandburg. e t  a l .  (13). f o r  holmium by ,magnetic 

'0 
moment measurements. Terbium i s  ferromagnet ic  up t o  221 K, h e l i c a l  a n t i -  

. . .  .. 

0 
ferromagnetic t o  230 K, and paramagnet ic .at  h igher  temperatures. Holmium 

0 0 
i s  con ica l  ferromagnetic up t o  20 K,. h e l i c a l  an t i f e r romagne t i c  t o  132 K, 

and paramagnetic a t  hi'gher temperatures. 

. .  he 'thermal c o n d u c t i v i t y  o f  gad01 in ium i s  shown i n  F igure  .9. . Th is  . . . .  , .  

data was taken on the gadol in ium 1 . 1  samples.   he' curves f o r  both axes . ' 

e x h i b i t  c h a r a c t e r i s t i c  low temperature peaks. The ,c -ax is  conduct ib i  1 ity, 
. . 

. . . . .  

K ,  drops o f f  f a s t e r  than the a-ax is  ' ( b a s a l  plane) conduct iv i ty ,  K a .  K i s .  
C C 



TERBIUM - - - 
FERRO 

HOLMIUM 

. . 

~ i ' ~ " r e  8. The ordered s p i n  s t r u c t u r e  o f  terbium and holmium as observed by , . 

neutron d i f f r a c t i o n  . ' 

a 
ca 
'a 

HELICAL 

9. 

_I 

. . 

PARA, 

a,. 
a. 

. -  . . 

PAR& 

a,. 
9 

CONICAL 
FERRO 

. '=. 
HELICAL 



TEMPERATURE T (OK) 

Figure  9. Thermal conduct iv i ty  o f  s ing le -crysta l  gad01 i n i  um as a funct ion o f  temperature 



l ess  than Ka from 22' t o  265'~. The a-axi  s conduct i v  i t y  undergoes an 

0 
abrupt  change i n  slope a t  294 K and r i s e s  1 inear  l y  up t o  330'~. K goes 

C 

0 
through a minimum'at 275,K'and passes smothly through the .Curie p o i n t  a t  

293OK. 

The thermal c o n d u c t i v i t y  o f  terb ium i s  shown i n  F igure  10. Terbium i s  

very  a n i s o t r o p i c  (KCfKa = 1.5 over, the whole temperature range). Both axes 

have low temperature peaks near 2 5 ' ~  and.drop o f f  'equal l y  f a s t  a t  h igher  

temperatures. The c-ax i  s c o n d u c t i v i t y  evidences both the  ferroma'gnet i c- 

an t i fe r romagnet ic  t r a n s i t i o n  and the  magnetic o rder -d isorder  t r a n s i t i o n .  

' K i s  f a i r l y  f ' l a t  frbm 222 '~  t o  230 '~  and increases above the ~ e ' e l  p o i n t .  
, ,  C 

Ka shows l i t t l e  i n d i c a t i o n  o f  the Cur ie p o i n t  b u t  does experience a change 

o f  s lope a t  231'~. Ka a l s o  increases above t h e  N 6 e l  p o i n t .  F igure  1 1  

shows the thermal c o n d u c t i v i t y  o f  terb ium on an enlarged s c a l e .  i'n the 

reg ion  o f  the magnetic t r a n s i t i o n s .  

The thermal c o n d u c t i v i t y  o f '  holmium i s  shown i n '  F igure  12. Holmium 

a l s o  i s  very  a n i s o t r o p i c  over the whole temperature range. The c-axis con- 

0 
d u c t i v i t y  has a 1% drop a t  20 K, t he  Cur ie  po in t ,  w h i l e  K has a peak a t  

a 
0 

the  same temperature. Both axes increase u n t i  l about 55 K. Kc drops o f f  

0 0 
t 0 . a  mi~ imum a t  110 I(;ri.ses u n t i l  132 I(, tht: ~ 6 e l  point ,  undergoes a slope 

change a t  t h i s  temperature, and then increases s tead i  l y  up . to room tempera- 

ture.  Ka passes througlia minimum a t  the Nee1 paint,  and r i s e s  s tead i  l y  t o  
. . 

T .  

i t s  room temperature value. 
. . 

lmpuri  t i e s  have a pronounced a f f e c t  on the  thermal conduc t i v i t y .  , '  , 

F igure  13 shows the  thermal ' conduc t i v i t y  o f  two gad01 in ium samples. The 

. . . gado l i n iumc-ax i s  I I  data i s  t he  same as th'at o f  F i g u r e g .  The gadol'inium 

. . 
I sample' was very.  long and narrow; i .e., L/A-was large: Hence, l i t t l e  

. . . 
' i .  ' .  . . 

, , .. . . .  

a. . . 
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Figure 13. Thermal conductivity o f  two gadolinium c-axis samples 
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power was needed t o  e s t a b l i s h  a  temperature g r a d i e n t  across t h i s  sample and 

0 
near 200 K  t he  measured power i n p u t  was v e r y  c l ose  t o  t h e  r a d i a t i o n  cor rec -  

t i o n .  Re1 i a b l e  da ta  cou ld  n o t  be taken above about 1 8 0 ~ ~  f o r  t h i s  sample. 

Curves f o r  the, two samples have g e n e r a l l y  t he  same shape. The d i f f e r e n c e  a t  

low temperatures can be a t t r i b u t e d  t o  i m p u r i t i e s .  As the  Debye temperature 

i s  approached i m p u r i t y  e f f e c t s  should be less  impor tan t  and the  thermal 

c o n d u c t i v i t i e s  o f  d i f f e r e n t  samples o f  the  same m a t e r i a l  tend  t o  t he  same 

. . 
va lue .  The thermal c o n d u c t i v i t i e s  o f  these two samples do approach t he . .  

. . 

same va lue  near t he  Debye temperature, BD. A lso , '  bo th  c -ax i s  thermal con- 

d u c t i v i t i e s  e v e n t u a l l y  d i p  below t h a t  o f  a -ax is  I I  i n  the  fe r romagnet i c  

reg ion .  

~ i & r e  14 i s  another  example o f  t he  i n f l u e n c e  o f  ' i m p u r i t i e s .  The 

holmium a - a x i s ; l  l i s  t h e  same as t h a t  o f  F igure .  12. The holmium a-ax is  I - - -- - 
tias a  r e s i d u a l  ' . res  i s t  i v i ' t y  o f  15.2 pl2-cm; -the hol-mium a-ax is  I I sample has 

d res idua l .  r e s i s t i v i t y  o f  2.8 @-cm. The curves here  do n o t  have the  same 

shape a t  low temperatures. Equat ion  2.11 says t h a t  t he  thermal c o n d u c t i v i t y  
. ,  . .  

should be p r o p o r t i o n a l  t o  T  i n  t he  r e s i d u a l  r e s i s t a n c e ]  . . reg ion.  The r e s i d u a l  

r O s i s t i v i t y  i s  never l e s s  t h a n 8 0 %  o f  t he  t o t a l  r e s i s t i v i t y  up t o  2 0 O ~  f o r  
. - .  - - 

sample I. The r e s i d u a l .  r e s i s t i v i t y  dominates i n  t h i s  r e q i o n , a n d  t he  .thermal 

0 ' 

conduct ivi f y  js_ l i n e a r  -.up. t o  20 K. ' Samp,le .!.I.,-.however, i s  much more pure 

and g i ves  a  b e t t e r  i n d i c a t i o n  o f  t h e  i d e a l  thermal  ;onduct iv i . ty o f  holmium.. 
,- 

The ~ ; e l  p o i n t  o f  sample I a l s o  appears t o  be s h i f t e d  a  few degrees lower 

than t h a t  o f  sample 11. .  There i s  no tendency f o r  t he  curves t o  approach 

t he  same va lue  near 0 because s p i n  d i s o r d e r  s c a t t e r i n g  i s  prominent  . in  D . . . .. . . 

. t h i s  r eg ion  f o r  holmium.. More w i l l  be s a i d  about '  t h i s  p o i n t  l a t e r ;  

. . . . 
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Figure 14. ' Thermal conductivity o f  two holmium a-axis samples 
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0. E l e c t r i c a l  R e s i s t i v i t y  ' 

The e l e c t r i c a l  r e s i s t i v i t i e s  o f  t he  samples were measured t o  determine 
. . 

a c c u r a t e l y  t h e  Lorenz func t ions .  The gado l in ium r e s u l t s ' a g r e e d  v e r y  w e l l  

w i t h  t he  r e s u l t s  o f  Nigh e t  a l .  (9), and. a r e  n o t  shown i n  a  F igure .  Va r i a -  

t i o n  between t he  two se t s  o f  da ta  ranged between 0-3%. The e l e c t r i c a l  

r e s i s t f v l t l e ~  of  t he  te rb ium and holmium samples -var ied  by 6-7% w i t h  

p rev ious  da ta  near room temperature.  

f h e . e l e c t r i c a 1  r e s i s t i v i t y  o f  t e rb i um i s  shown i n  F i g u r e  15. The 

r e s i s t i v i t y  i s  r e l a t i v e l y  i s o t r o p i c  i n  t he  fe r romagnet i c  reg ion , 'wh i le .  

above t he  ~ 6 e l  p o i n t , t h e  r e s i s t i v i t y  i s  markedly a n i s o t r o p i c .  The a -ax is  

r e s i s t i v i t y ,  p , shows s lope  changes a t  about 21g°K and a t  2 3 0 ~ ~ .  . The a 

c -ax is  r e s i s t i v i t y ,  pc, shows a sudden 3% increase between 219°-2200~ and a 
i 

i 
change o f  s lope  a t  229'~. T h e  e l e c t r i c a l  r e s i s t i v i t y  o f  t e rb i um i n  the  

r e g i o n  o f  t h e  magnet ic t r a n s i t i o n s  i s  shown i n  F ig " re  16. 
. . .  

t ' 

. The e l e c t r i c a l  r e s i s t i v i t y  o f  holmiuni i s  shown i n  F i g u r e  1 7 : B o t h  p 
? a  
! 

and p, e x h i b i t  s l i g h t  changes o f  s lope  a t  20'~. Below 100°K the  r e s i s t i -  

v i t y  i s  e s s e n t i a l l y  i s o t r o p i c .  Above 10O0K, pa cont inues t o  increase up t o  

. . 0 
! t he  ~ 6 e l  temperature,. shows a' s lope  change a t  130 K, ,and r i s e s  l i n e a r l y  a t  

h i g h e i  temperatures. ' The c -ax i  s  r e s i s t i v i t y  e x h i b i t s .  a  broad peak, wh i ch  

i s  c h a r a c t e r i s t i c  o f  an t i fe r romagnets  below the  N6el point , .shows a l a r g e  . . 

change o f  s l o p e  a t  131°K, and increases 1 i nea r  l y  above 2 0 0 ~ ~ . ~  

C. Lorenz Func t i on  

The borenz f u n c t i o n s  o f , gado l i n i um,  terbium, and ho lmium.are shown i n  

F igu res  18, 19, and 20. The Lorenz f u n c t i o n s  o f  a1 1 these samples have 

severa l  charac te r  i s t i c s  i n  common. These f u n c t i o n s  have.minima a t  low 
. . 

. . 
. . 
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'Figure IS. Electrical' resistivity of single-crystal terbium as a function o f  tkmperature 
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Figure  16. E l e c t r i c a l  r e s i s t i v i t y  . o f  terbium i n ,  the  region o f  th.e magnetic . ', 

t r a n s i t i o n s  
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Figure 17. .Electrical resistivity o f  single-crystal holmium as a function o f  temperature 
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Figure .l8. Lorenz function o f  s ingle-crystal gad01 inium 
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F igure 19. Lorenz funct ion o f  s ing le -crysta l  terbium 
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Figure 20. Lorenz function o f  s ing le -crysta l  holmium 
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temperatures, the  . l a r g e s t  va lues  a r e  a t  i n t e rmed ia te  temperatures, and t h e  

Lorenz f u n c t i o n s  a r e  r a t h e r , s l o w l y  v a r y i n g  i n  t he  paramagnet ic reg ions. .  A t  

low temperatures impure samples have h ighe r  Lorenz numbers than more pure . 

samples. A t  5 ' ~  t he  holmium a -ax i s  I and t he  holmium a -ax i s  I I samples 

0 2 have ~ o . r e n i  numbers o f  7 - 6 5  x and 3.96 x watt-ohm/ K , respec- 

t i v e l y .  The r e s i s t i v i t i e s  o f  these two samples a t  t h i s  temperature a re  

15.2 and 2.8 @-cm, r e s p e c t i v e l y .  Th i s  phenomenon has been observed 

p r e v i o u s l y .  For example, Whi te  and Woods (62) found s im i  l a r  r e s u l t s  i n  

t h e i r  comprehensive s tudy  o f  t h e  e l e c t r i c a l  and thermal r e s i s t i v i t y  o f  

p o l y c r y s t a l l i n e  t r a n s i t i o n  elements. 



V, D I S C U S S  ION 

The e l e c t r i c a l  r e s i s t i v i t y  and thermal c o n d u c t i v i t y  are, i n  general, 

second rank tensors. For metals w i t h  hexagonal symme.try the  p r i n c i p a l .  

axes are  the  a-ax is  ( [ 1  l?0] d i r e c t i o n ) ,  the b-ax is  ([10i0] d i rec t i on ) ,  and 
- . . . . - - - 

the c-ax is  ( [ O O O l ]  d i r e c t i o n )  . I n  add i t ion ,  Boas and Mackenzie (63) have 

shown t h a t  for a  hexagonal l a t t i c e  there  w i l l  be no basal plane anisotropy 

i n  p r o p e r t i e s  which can be represented by a  1 inear r e l a t i o n  between two 
. .  . 

vec tors .  Both the e l e c t r i c a l  r e s i s t i v i t y  and thermal c o n d u c t i v i t y  a re  
. . .  . 

de f ined by such r e l a t i o n s .  Hence, bo th  o f  these tensor q u a n t i t i e s  are  
.. - 

compl.etely'determi ned when the  charge c u r r e n t  and the heat  cu r ren t  f low 
" .-- . 

.. . , . .  . -----.:>>.-.- 
along the c-ax is  and a long e i t h e r  t h e  a-axis or.  . . b-axis.  I n  t h ~ ~  ~ r i v e s t i g a -  

-. . . . . .  . . 
= .  

t . i on_a j~measurements  were mad.e a long the a-ax is  and a long the c-ax is .  
_ . I .  , -. _ ._ - - -  -- - -  .- -- -- 
. 1;-: .~ - - - - 1.- - -Any  discussion o f  the t ranspor t  p r o p e r t i e s  o f  the r a r e  e a r e m e t a l s  -. . - . - 

-<-- . 
. .- .. . -.-- . 

m u ~ t  -begi_n wi th-a-  dis-cussion o f  the e l e c t r o n i c  s t r u c t u r e  o f  these-metals. 
. - - -. 

-- ----- - ----- - ----- - 
F i g u r e 2 1  shows the band s t r u c t u r e  o f  gadol in ium along - the-  symmetry d i  rec- 

. - 
t i o n  'T-K-H-A as .  ca 1 cu la ted  by Freema" e t  a I .  (64). Keeton and ~ o u c k s '  (4) 

L 

-- -. -. 
have r e c e n t l y  made ' r e l a t i v i s t i c  c a l c u l a t i o n s  o f  the  band s t r u c t u r e  and 

~66rni--s.urface o f  gadolinium. The i r  r e s u l t s  a re  e s s e n t i a l l y  the  same as 

.... .'.. --- . 
those o f  Freeman -et a1 . except t h a t  the '  degeneracy -i'ii-the plane A-L-H i 5 

-, . 

removed. . . . . .  . .  
, , 

Below the  Cur ie p o i n t  the  conduct ion band i s  s p ? i t  due to  an exchange 
' 

i n t e r a c t i o n  between the  conduct ion e lec t rons  and the  4 f  e lec t rons .  On the 

bas is  o f  t h e i r  ca l cu la ted  densi ' ty o f  s ta tes  a t  the Fermi l e v e l  and a  

s a t u r a t i o n  magnet izat ion o f  7.55 ~ o h r  magnetons per atom, Freeman e t  a l .  . . ,  

(64) est imate the' band s p l  i t t i n g  i n  gadol i n i u m  a t  T=O'K t o  be 0.61 ev. The 
' '  



Figure  21. Band s t r u c t u r e  o f .gadol in ium along the symmetry d i r e c t i o n  
r-K-H-A 'as ca.1 cul a ted  by Freeman e t  , a  1 .  (64) 



Fermi l e v e l s  o f  t he  s p i n  up and s p i n  down e l e c t r o n s  have-been i n d i c a t e d . i n  

F i g u r e  21. - 

F i g u r e  22 shows t he  Fermi su r f ace  o f  gado l in ium as c a l c u l a t e d  by 

Freeman e t  a l .  (64). I t  i s  v e r y  a n i s o t r o p i c .  F i g u r e  23a i s  an' a t tempt  t o  
- - 

determine how the  Fermi. su r f ace  o f  gadol i n i um i s  d i s t o r t e d  a t  low tempera- 

t u r e s  by band s p l  i t t i n g .  Th i s  diagram was drawn w i t h  t he  ass is tance  o f  

S. H. Liu: I t  i s  comple te ly  q u a l i t a t i v e .  I n t e r s e c t i o n s  o f  t he  va r i ous  

Fermi l e v e l s  o f  F i g u r e  21 w i t h  t he  conduc t ion  bands were marked on  t he  

per imete r  of  t h e  r e c t a n g l e  r-K-H-A. The shapes o f  t he  curves j o i n i n g '  the  

Var ious i n t e r s e c t i o n s  on the  per imete r  were .es t imated .  I t  i s  expected t h a t  

. . 
. :.. . t h e  fe r romagnet i c  Fermi su r f ace  may be d i . s to r , ted  w i t h  temperature, si.nce i t  . 

. . .. 
. . .  ... 

. .  . , . . . .. 
i s  n o t  un l  i k e l y  t h a t  the  band s p l  i t t i n g  may have t he  same temper'ature 

dependence as t he  spontaneous magnet i za t ion .  A l s o  imp1 i c i  t here  i s  t he  
-.-. 

assumption t h a t  t h e  energy bands a r e  n o t  themselves a l t e r e d  below the  Cur ie  

. ---.. 
temperature,.---Thus, l e t  i t  be emphasized t h a t  t he  f i g u r e  was' drawn q u a l i t a -  

--* 

t i v e l y  t o  qua1 i t a t i v e l y  e x p l a i n  t he  i s o t r o p i c  r e s - i s t i v i t y  o f  gadol in ium and 
I '' 

t e rb i um i n  t he  fe r romagnet i c  s t a t e .  

 erbium should have a band s t r u c t u r e  s i m i l a r  t o  t h a t . o f  gadol in ium.  
. P - - 

Th i s  s ta tement  i s  made p l a u s i b l e  by comparing t h e  e l e c t r i c a l  r e s i s t i v i t y  o f  

gado l in ium w i t h  t h e  r e s i s t i v i t y  o f  terb ium.  I n  t h e  fe r romagnet i c  r e g i o n  o f  

b o t h  meta ls  t h e  shap'e at id  magni t u d e  o f  t he  r e s i s t i v i t y  curves a r e  q u i t e  

s i m i l a r .  The r e s i s t i v i t y  o f  b o t h  meta ls  i s  e s s e n t i a l l y  i s o t r o p i c  be low. the  
. . 

.Cur le p o i n t  and a n i s o t r o p i c  above t h e  magnet ic o r d e r i n g  temperature.  
. . 

. The e l e c t r i c a l  c o n d u c t i v i t y  can be expressed as 





Figure 22. Fermi 
(64) 

surface o f  gadolinium as calculated by  ree em an e t  a l .  



F i gure 

F i gure 
. -  

. A 

L 

Brlllouin zone o f  the hexagonal close-packed structure 
. . 

- PARAMAGNETIC 
FERMl SURFACE 

----- SPIN UP OR 
SPIN DOWN 
FERMl SURFACE 

r - .  

23a, This cross section o f  the gadolinium Fermi surface illustrates 
the distortion of the surface by exchange splitting below the 
Curie point . . 



F igu re  22 ind ica tes  t h a t  the Fermi sur face o f  gadol in ium i s  very  an i so t ro -  
. . 

p i c .  The.paramagnetic Fermi sur faces o f  the t r i v a l e n t  r a r e  ear ths  are 

it. 
r a t h e r  s i m i l a r .  Loucks and L i u  r e c e n t l y  est imated the an iso t ropy  o f . t h e  

paramagnetic Fermi sur face o f  erbium. Let  Aa be the t o t a l  area o f  the 

Fermi sur face p ro jec ted  i n  the a - d i r e c t i o n  and A the t o t a l  area o f  the 
C 

Fermi sur face p ro jec ted  i n  the c -d i rec t i on .  They found t h a t  f o r  erbium 

Whi le the  magnitude o f  t h i s  r a t i o  may vary among the r a r e  earths, i t  i s  

very  probable t h a t  h igh  temperature an iso t ropy  i n  the  e l e c t r i c a l  r e s i s t i -  

v i t y  i s  due t o  the an iso t ropy  o f  the  Fermi surface. The v e l o c i t y  f a c t o r  i n  

Equation 2.98-complicates the mat ter .  Presumably, however, 

s t i l l  ho lds.  

I n -  the  ferromagnetic region, ~ i g u r e  23a i nd i ca tes  t h a t  the amount' o f  .:.->. 

su r face  area p ro jec ted  i n  the  basal plane d . i r ec t i on  w i  1 1  be increased a t  

the  expense o f - a r e a  p ro jec ted  i n  the  c -d i rec t i on .  Note, f o r  example, t h a t  . 
. . 

the  two sheets o f  Fermi surface occupied.by s p i n  up e lec t rons  w i l l  c o n t r i -  
. . 

. . bu te  v e r y ' l i t t l e  t o  the  c -ax is  conduc t i v i t y .  Thus, the  a-axis. r e s i s t i v i t y  

w i l l  decrease r e l a t i v e  t o  the  c-ax is  r e s i s t i v i t y  and the  c-ax is  r e s i s t i v i t y  

w i l l  i n c r e a s e r e l a t i v e  t o  the a-ax is  r e s i s t i v i t y .  l t h a s b e e n  shown exper- 
. . 

: i n e n t a l l y  t h a t  f o r  gadol in ium and te rb ium the e l e c t r i c a l  r e s i s t i v i t i e s  i n  

* . , 
T. L. Loucks and S.  H. Liu, Physics Department, lowa S ta te  Un ivers i ty ,  

Ames, lowa. P r i v a t e  communication. 1968. 
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t he  two d i r e c t i o n s  a re  mo're n e a r l y  equal i n  the  ferromagnet i c  than i n  the 

paramagn'etic region. 

Some o f  the r a r e  ear ths  order  an t i f e r romagne t i ca l l y .  For example, 

F igure  8 i l l u s t r a t e s  the h e l i c a l  c o n f i g u r a t i o n  i n  te rb ium and.ho1mium. A l l  

the,moments' i n  a  g iven p lane o f  atoms are  ordered fe r romagnet ica l l y .  How- 

ever, the  moments i n  adjacent  planes are  r o t a t e d  through a  f i x e d  t u r n  

angle. Proceeding up the  c-ax is  the moment c o n f i g u r a t i o n  repeats i t s e l f  

a f t e r  a  g iven number o f  l a t t i c e  spacings. .... The p e r i o d i c i t y  i n  the magnetic 
. . 

s t r u c t u r e  in t roduces planes o f  energy d i s c o n t i n u i t y  i n  the e l e c t r o n i c  

s t r u c t u r e  i.n a  manner analogous t o  tha.t i n  which the p e r i o d i c  arrangement 

o f '  atoms i n  a  c r y s t a l  in t roduces B r  i 1 l o u i n  zone boundar.ies. The zone 

boundaries in t roduced by the  magnetic. per i o d i  c i t y  a re  ca.1 l e d  ,super zones. 
-.C 

Figure  24 shows cross sec t ions  o f  t he  Fermi -.I . su r face  o f .  t h u l  ium as ca l cu la -  

t ed  by Freeman e t  a l  . (6). The 1 i ght  s o l  i d  curves a re  the paramagnet i c  

: - - . . - - - 
cross sec t  ions, the dark s o l  i d  cui-ves-'a-re ' the- 'ant i ferromagnet i c  cross sec- 

t ions,  and the h o r i z o n t a l  l i n e s  a re  the superzone boundaries a t  kZ= 2 n  x  

(2n/7c), where c  i s  t he  l a t t i c e  spacing i n  the  c - d i r e c t i o n .  F igure  24 
. - ----. - 

i l l u s t r a t e s  t h a t  i n  ,the h e l i c a l  , s ta te  l a rge  zec t ions  o f  the Fermi s l i r face 

whose n w r ~ ~ ~ d l  .is e s s e n t i a l l y - p a r a l l e l  t o  the z -ax is  a re  wiped out, w h i l e  

sec t  ions whose normal i s  essent.ia1 l y  .perpendi cu la r  t o  the z-ax is  a re  per- 
->-, - 

turbed bu t  n e a r l y  unchanged. Loucks a& i T u  have a l s o  ca l cu la ted  -for 
. . 

erbium the  dhange i n  .Fermi sur face areas p r o j e c t e d  i n ,  var ious  d i r e c t i o n s  
. . 

when superzones a r e .  introduced. They found t h a t  . 

This  change i n  the  Fermi sur face in f luences the  c o n d u c t i v i t y  i n t e g r a l s  o f  . , , , .  

. . Equatiqns 2.9. I n  a d d i t i o n  the  c-ax is  c o n d u c t i v i t i e s  . . can be expected t o  be , 



. . . . . ; .:. , . . .  
. . 

. F i g u r e  24. Some v e r t i c a l  c r o s s  sec t i ons  o f  t h e  t h u l i u m  ~ e r m i  su r f ace  as c a l c u l a t e d  by Freeman e t  a l .  
. . . (6). The ' e f f e c t  o f  t h e  magnet ic superzones .(tior i z o n t a l  1  ines)  i s  demonstrated by compar- 

' 

i n g  t he  paramagnet ic Fermi su r f ace  (1 i g h t .  s o l  i d .  1 ines)  and t h e  a n t i  fe r romagnet i c  Fermi 
su r f ace  (dark  s o l  i d  1  ines) . . 

. . , . .  . 



a f f e c t e d  more than t h e  basal  p lane  c o n d u c t i v i t i e s .  

The e l e r ; L ~ ' ; i a l  r e s i s t i v i t i e s  o f  t e r b i ~ l m  and holmium as shown i n  

F igu res  16 and 17 show t h e  e f f e c t s  o f  superzone boundaries.  A t  Tc i n  

t e rb i um p increases s h a r p l y  w h i l e  pa increases much l e s s  r a p i d l y .  The 
C 

turn ang lc  and energy gap a r e  f u n c t i o n s  o f  temperature and t h i s  f a c t  

appears t o  a f f e c t  pc b u t  n o t  pa. W i t h  i n c r e a s i n g  temperature t he  super- 

zones a r e  d isappear ing,  . t he  c -ax i s  c o n d u c t i v i t y  i s  increas ing,  and thus 

P C  
s t a r t s  t o  decrease. The over  a l l . e f f e c t  i s  t o  cause a maximum below 

T i n  t h e  c -ax is  r e s i s t i v i t y  cu rve . ,  The disappearance o f  superzones and N 

t h e  f a c t  t h a t  t hey  a f f e c t  c -ax i  s conduct i v i  t i e s .  much more than. a -ax i s  

c o n d u c t i v i t i e s  a l s o  e x p l a i n s  the behav io r  o f  p and p i n  holmium below 
a c 

TN. 
A f r e e  e l e c t r o n  t heo ry  i n c o r p o r a t i n g  magnet ic superzones was used by 

, . 

E l  l i o t t  and Wedgewood (65) t o  e x p l a i n  t h e  e l e c t r i c a l  r e s i s t i v i t y  o f  

dyspros i um, holmium, and e r b i  um s i n g l e  c r y s t a l s .  Edwards ( I S )  f i t t e d  h i s  

t h u l i u m  r e s i s t i v i t y  da ta  t o  t h i s  same theory .  Wh i le  t h e  r a r e  e a r t h s  a r e  

n o t  f r e e  e l e c t r o n - l i k e ,  t he  t heo ry ' does  p r e d i c t  t he  h i ghe r  s l ope  i n  t he  

basal  p l a n e ' r e s i s t i v i t y  and t h e  maximum i n  t h e  c -ax is  r e s i s t i v i t y  below . . 

t he  N6el temperature.  

Above t h e  magnet ic  o r d e r i n g  temperature t h e  e l e c t r i c a l  r e s i s t i v i t y  can 

be represen ted  by 

. where p o i s  t h e  r e s i d u a l  r e s i s t i v i t y ,  pS i s  t h e  s p i n  d i so rde r  r e s i s t i v i t y  

o f  Equat ion  2.15, and a! i s  t h e  s l ope  o f  t h e  h i g h  temperature r e s i s t . i v i t y .  

I t  i s  observed exper ' imenta l l y  t h a t  p sa ? P S c ~ , " a  ' an' P~ is 
. . 



.cons iderably  l a r g e r  than. p . I f  t h e  i m p u r i t y  s c a t t e r i n g  i s  neglected, t he  
0 

r e l a x a t i o n  t ime can be expressed as 

S u b s t i t u t i n g  Equat ion  5.5 . i n t o  Equat ion  2.9a, 

These. equa t ions  a r e  o f  t h e  form 

- - 
Pa Psa + a a T  9 (5 7 4  

- - 
Pc psc + a ; ~  . ' (5.7b) 

Assuming t h a t  Equat ion  5.2 i s  v a l  i d  and t h a t  B and T~ a r e  e s s e n t i a l  l y  

i s o t r o p  i c, then  

~s a l p s  c = aa/ac = JV dS /Jv dS > 1 ,- c c  a a  (5.8) . : 

wh ich  i s  q u a l i t a t i v e l y  i n  agreement w i th ,  exper iment.  Data was n o t  taken t o  
. . 

h i g h  enough temperatures f o r  the. c -ax is  r e s i  s t i v i  t y  o f  gad01 i n i um and 

t e r b i u m ' t o  f i t  Equat ion  . . 5.4. The holmium data, however, was l i n e a r  above 

2 2 0 ~ ~ ~  and f o r  holmium. 

P P ~  = 1 -88 and 

The d l  screp'ancy may be due., to  an i so t r *opy  i~:r P r s ' 

. . E 1 e c t r o n i c . s t r u c t u r e  and e l e c t r i c a l  r e s i s t i v i t y  have been d iscussed 

. p r i o r  t o  t h e  thermal c o n d u c t i v i t y  because e l e c t r i c a l  p r o p e r t i e s  a r e  s imp le r  . 
.. .. , . 

from- the, p o i n t .  o f  vi'ew o f  t h e  number o f  ca r r i e . r s  invo lved .  Secondly, . ' . . 



e lec t rons  are  a major c a r r i e r  o f  heat  and t h e i r  p rope r t i es  seem t o  e x p l a i n  

the  thermal conduct iv i ty ,  a t  l e a s t  q u a l i t a t i v e l y ,  near magnetic t rans i t i ons ;  

A t  low temperatures e l e c t r o n i c  thermal conduct ion i s  impeded by . . 

impur i t y  and phonon sca t te r i ng .  .Equation 2.14 can be w r i t t e n  as 

3 A l i n e a r  p l o t  o f  T/K versus T would i n d i c a t e  t h a t  t h i s  type o f  s c a t t e r i n g  

i s  dominant. F igures 25, 26, and 27 show these p l o t s  f o r  gadol inium, 

terbium, and holmium, respec t i ve l y .  .The gadoli,nium data obeys. t h i s  func- 

t i o n a l  dependence qu i te .we l1 .  Whi le  the terb ium data and holmium data are  

more sparse, these elements a l s o  seem t o  obey t h i s  dependence over a 

s l i g h t l y  smal ler  temperature i n t e r v a l .  I dea l l y ,  A = p /L b u t  as the 
. . 0 0' 

f igures  i n d i c a t e  the  ac tua l  s i t u a t i o n  i s  

A < p o / L o  (5.11) 

The discrepancy may be due i n  p a r t  t o  the neg lec t  o f  o the r  c a r r i e r s  ,and 

s c a t t e r i n g  mechanisms, i n  p a r t i c u l a r ,  magnons. 

The a n i s o t r o p y ' o f  the thermal c o n d u c t i v i t y  i n  the ferromagnetic reg ion '  

apparent ly  has no exp.lanation as can be o f f e r e d  f o r  the e l e c t r i c a l  r e s i s -  

t i v i t y .  K i s  always g r e a t e r . t h a n  K i'n terbium. I n  gadol inium there  i s  a 
c a 

. .. wide in termediate temperature range i n  which K i s  less  than Ka. B o y s '  
C 

:. 
(12) r e s u l t s  showed t h a t  i n  the ferromagnet ic  region.  o f  dysprosium, Kc i s  . . 

always less  than Ka. The problem i s  compounded by the f a c t  t h a t  there  are  

. . 
th ree  c a r r i e r s .  Two things, however, may i n  .some way be responsib le.  f o r  

' the unusual an iso t ropy  . i n  gadol i n i  urn. F i r s t ,  the d i r e c t i o n  o f '  the  magneti- 

z a t i o n  i n  gadol inium i s  a f u n c t i o n  o f  temperature. Thus, the band s p l i t -  ' . 

t i n g  may n o t  'on ly  be a f u n c t i o n  o f  temperature bu t  p o s s i b l y  o f  d i r . e c t i o n  
. .  . . . 



GADOLINIUM 

130 

Figure 25. T / K  versus T~ for  

. . 



. . 

~ i ~ u r e  26. .T/K versus 3 T f o r  terbium 



Figure  27. T/K versus T~ f o r  holmium. 



a'lso. Secondly, Evenson and L i u  (66) have r e c e n t i y  shown t h a t  the Fermi 

sur face o f  gadol inium i s  s i m i l a r  bu t  d i s t i n c t l y  d i f f e r e n t  from those o f  

dysprosium, erbium, and lu te t ium.  The Fermi 'sur face o f  gadol inium has 

s l i g h t l y  more surface area p r o j e c t e d . i n  the basal p l a n e . d i r e c t i o n  than 'do  

the. Fermi surfaces fo r  the o the r  metals.  This  cou ld  account f o r - a n  

increase i n  Ka r e l a t i v e  t o  K . 
C 

The e f f e c t s  on the thermal c o n d u c t i v i t y  o f  the i n t r o d u c t i o n  o f  super- 

zones i n  terb ium and holmium a t  T a re  s l i g h t .  I n  terb ium p increased 
c . .  

sharp ly  a t  Tc, w h i l e  K drops o f f  s lowly  over an i n t e r v a l  o f  ten degrees. 
C 

Pa shows a pronounced change o f  slope, w h i l e  K e s s e n t i a l l y  shows no s ign  
a 

o f  Tc. I n  holmium K exper iences  o n l y  a 1% drop a t  2 0 ' ~  w h i l e  erbium shows 
c .. . . 

a  sharp 25% drop (12) a t  the same temperature f o r  a s  i m i  1 a r  magnet; c t ran -  

s i t i o n .  This  d i f f e rence  may be due t o  the f a c t  t h a t  the c-axis component 

o f  magnet izat ion i n  the con ica l  ferromagnetic.  reg ion  i n  erbium i s  8 Bohr . 

magnetons, w h i l e  i n  holmium i t  i s  o n l y  2 Bohr magnetons. The change i n  

magnetic s t r u c t u r e  i n  holmium a t  T i s  j u s t  n o t  as great  as i t  i s  i n  
C 

e r b i  um. . . 

The e f f e c t  o f  superzones below TN i n  holmium i s  apparent and corre-. 

l a t e s  w e l l  w i t h  the e l e c t r i c a l  r e s i s t i v i t y  i n  the same region.  Ka and Kc 

0 
have approximately the same shape up t o  100 K. As the Nee1 p o i n t  i s  

approached . the superzones a re  disappearing, the area o f  the .Fermi sur face 

. .. p ro jec ted  i n  the c - d i r e c t i o n  i s  increasing, and Kc begins t o  increase as 

the temperature approaches T K has a minimum a t  1 1  ~ O K ,  whi l e  p has a 
N ' c c 

0 
maximum a t  117 K. The superzones have o n l y  a s l i g h t  e f f e c t  on the a-ax is  

conduc t i v i t y .  K keeps decreasing as the temperature approaches T a N ' 
. . 

.The thermal , co'nduct i v i  t y  increases . . agave magnetic o.rder i n g  



temperatures. T h i s  increase can be a t t r i b u t e d  t o  s p i n  d i so rde r  s c a t t e r i n g  

o f  t he  e l e c t r o n s  by paramagnet ic moments. Edwards and Legvold (67) have 

r e c e n t l y  -developed a fundamental exp lana t i on  for  the  increase i n  thermal 

c o n d u c t i v i t y  w i t h  inc reas  i'ng temperature.  Assuming t h a t  a t  h i g h  .tempera- 

t u r e  Ke can be separated f rom K by t he  Wiedemann-Franz law, cons ider  t h e  

e l e c t r o n i c  thermal c o n d u c t i v i t y  . , 

Combining t h i s  equa t lon  w l t h ' E q u a t l o n  5.4, 

K e = (L,/~)[I + (P~+P,)/~TI~~ (5.13) 

Th i s  equa t ion  says t h a t  as t h e  temperature becomes v e r y  l a r g e  K increases 
e 

t o  t h e  cons tan t  va lue  Lo/a and t h a t  t h e  r a t e  o f  approach t o  t h a t  va lue  .. 

depends on a c h a r a c t e r i s t i c  temperature o f  va lue  (p  +p )/a. In v e r y  pure 
0 ' $:.: .. . . . . . . .  < 

non-magnetic m a t e r i a l s  p =O and po,O, so t h a t  K i s  cons tan t  a t  h i g h  
s e 

temperatures. Such behav io r  has been observed e x p e r i m e n t a l l y  (62). De f i ne  

Then Equat ion. '5.13 becomes 

Table 2 i n d i c a t e s  va lues  o f  t h e  thermal c o n d u c t i v i t y  a t  300°~, K300, 

and va lues  of K-and  t. fo r  sample< whose h i g h  temperature r e s i s t i v i t y  cou ld  

be descr ibed  by Equa-tion 5.4. p and a for the  ho lm i lm  a-ax is  I sample bas  
S 

assumed t o  be t he  same as t h a t  o f  t he  holmium a-ax is  I I  sample. Boys' 
. ... . . .  

r e s u l t s  (12) .were used t o  o b t a i n  the  dysprosium and erb ium va lues.  Edwardsi . - 

r e s u l t s  ( I S )  were .used. t o  o b t a i n  t h e  t.hul ium va lues.  . 



Table 2.. High tempera,ture sp in  d isorder  thermal c o n d u c t i v i t y  

Sample K~~~ (wa t tlcm-OK) Km (wa t tlcm-OK) t (OK) 

Gd a-axis I 1  . l o3  306 1390 

Tb a-axis .'d95 .204 7 13 

Dy a-axis 

Ho a-ax is .  I 

HO a-axi  s  I I . I 3 8  

Ho c-ax is  .220 

Er b-axls  

Er c-ax is  

Tm b-ax i s .I41 . . I 1 6  118 

~m '. c-ax i s .241 .' .206 88 

A s t r i k i n g  fea tu re  o f  Table 2 i s  the  steady decrease i n  t from gado l i -  

nium through thul ium. This decrease r e f l e c t s  the  f a c t  t h a t  pS decreases 

and ,a! increases from gad01 i n i  um through t h u l  i urn. The h igh  temperature data 
- .. . , . - . , , .. , 

, . .  ' 0n"e'rbium an'd t h u l  ium shows t h a t  the thermal c o n d u c t i v i t y  l e v e l s  0f.f i n  the 

temperature range 2 t - 3 t .  I f  t h i s  range can be taken as a r u l e  o f  thumb,. i t  

exp la ins  why the h i g h  temperature thermal c o n d u c t i v i t y  o f  the o ther  ra re-  

e a r t h  metals l i s t e d  has no t  leve led  o f f  by room temperature. For terbium, 
i . '  

f '. 
fbr'Lxampl,e, Ka might n o t  be expected t o  reach a constant,  va lue u n t i l .  ' . 

sp' in d isorder  s c a t t e r i n g  a l s o  seems t o  account f o r  the f a c t  t h a t  the 
' 

... 

two holmium samples o f  'Figure 14 do n o t  tend t o  have the . same . thermal con- 

d u c t i v i  ty near the Debye teinperature. Before .the two curves can come 

srnooth1.y together, . t h e  Nee1 p o i n t  i s  reached. Above the ~ C e l  p o i n t  the  

c o n d u c t i v i t y  begins t o  increase. The value o f  t f o r  the r e l a t i v e l y  pu re '  

sample I 1  i s  appreciably  smal ler  than t h a t  o f  impure sample I .  Equation 

5.15, therefore,  .siys t h a t  the condur t ' i v i  ty o f  sample I I ri l l r i s e  f a s t e r  ' .  . . 
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and tend t o  l e v e l  o f f  sooner than w i l l  the  c o n d u c t i v i t y  o f  sample I. This 

behavior i s  evidenced i n  the two curves. 

Extending e l e c t r i c a l  r e s i s t i v i t y  and thermal conduct i v ' i  ty measurements 

t o  h igh  temperatures might prove very f r u i t f u l .  The sp in  d isorder  r e s i s -  

t i v i t y  and h igh  temperature s lope f o r  gadolinium, terbium, and dysprosium 

c-ax is  samples could then be determined. I n  a d d i t i o n  s ince the phonon 

c o n t r i b u t i o n  t o  the thermal c o n d u c t i v i t y  should be i nve rse l y  p ropo r t i ona l  

t o  temperature, perhaps the phonon p o r t i o n  can be made much smal ler  than 

'the e l e c t r o n i c  c o n t r i b u t i o n .  I n  t h i s  event both the e l e c t r i c a l  r e s i s t i v i t y  

and thermal c o n d u c t i v i t y  would depend p r i m a r i l y  on the e l e c t r o n i c  s t r u c t u r e  

alone. 

The f i n a l  p o i n t . t o  be discussed i s  the separat ion o f  the t o t a l  thermal 

c o n d u c t i v i t y  i n t o  i t s  component parts ' .  The s imp les t  approach i s  t o  assume 

t h a t  the Wiedemann-Franz law i s  v a l  i d  a t  h igh  temperatures (T>  eD) and a t  

low temperatures ( i n  the res idua l  res is tance reg ion) .  A t  these tempera- 

tu res  

! I n  the.  paramagnetic reg ion  Km=O Though speaking o f  non-magnetic materials, 

, v i r t u a l l y  a l l  authors on the sub jec t  agree t h a t  t h i s  i s  a v a l i d  procedure 

a t  low temperatures (36,37,38,68,69,70). A t  h i g h  temperatures cauti.on i s  

o f t e n  warned.. 

One genera'l l y  accepted requ i  rement f o r  th,is procedure t o  'be v a l  i d  a t  
. 

h i gh  temperatures i s  t h a t  the meta.1 be ' a  r e l a t i v e l y  p o o r  c o n d u c t o r .  I n  

t h i s  case e l e c t r o n i c  cond.uction should be s u f f i c i e n t 1 . y  'impeded so tha.t . . 

phonon conduct ion can be appreciable. W i  lson (68, p.295) says d i r e c t l y ,  . . .  
. . 

, t h a t  an accurate s'eparati.6n can be eipecte.d i n '  t h i s  s i t u a t i o n .  The f a r e '  



ear ths  are  r e l a t i v e l y  poor conductors. Mot t  and Jones (69, p.307) imply. 

t h a t  i f  the Weidemann-Franz law app l i es  and i f  L> L the excess thermal 
0 

conduct ion i s  due t o  phonons. Ziman (38, p.389) a f t e r  i n v e s t i g a t i n g  the  

electron-phonon i n t e r a c t i o n  i n  some d e t a i l  emphasizes the Weidemann-Franz 

law should ho ld  p r e c i s e l y  a t  high.temperatures, independent o f  the shape o f  

the Fermi surface and o f  the form o f  s c a t t e r i n g  m a t r i x  elements. This  

statement i s  encouraging i n  view o f  the extreme an iso t ropy  o f  r a r e  e a r t h  

Fermi surfaces. 

Klemens (36,70) has w r  i t t e n  extens i v e l  y  and c r  i t i  ca 1 l y  oi the separa- 

t i o n  o f  thermal' conduct i ,v i ty  i n t o  components due t o  var ious  c a r r i e r s .  At  

h i g h  temperatures 

K = K e + K  
9 '  

(5.17a) 

l/Ke = We = Wo + W i ' .  (5.17b) 

where W i s  the  res idua l  thermal ;es is t iv i  ty and.W i s  the i dea l  thermal o i 

r e s i s t i v i t y .  ,Klemens p o i n t s  ou t  t h a t  a t  h i g h  temperatures i t  may be 

d i f f i c u l t  t o s e p a r a t e  the e f f e c t s  o f  K and W i .    ow ever, he does say (36, 
9 

p.260) t h a t  when L i s  apprec iab ly  l a rge r  than Lo, K can read i  l y  be de ter -  
9 

. . 

mined by c a l c u l a t i n g .  K . .Further he agrees (70, p.84) w i t h  the procedure 
e 

o f  Powell and Tye (71) who separated t h e  e l e c t r o n  and phqnon components o f .  

the  thermal c o n d u c t i v i t y  o.f chromium above "room temperature by means o f  

t he  Wiedemann-Franz .law. . - 

Table 3 1 i s t s  K, Ke, and K-K a t  300'~. K;. was ca l cu la ted  ,by means 
e. 

o f  the  Wiedemann-Franz,.law. .K-K i s  ve ry .p robab ly  K . 
e 9 : 

, . 
F igure  28 shows a low temperature separa t ion  o f  the thermal c o n d u c t i -  . . 

. . . . 
v ' i  t y  o f  terbium. 



0 
Table 3. Components o f  K a t  300'~. The u n i t s  o f  K a r e  watt/cm- k.. 

Sample K K-K, 
-- - 

~d a-axis 1 1  0.103 0.053 0.050 

0.108 0.062 
- - 

~d c-axis I I  0.046 

Tb a-axi  s 

' Tb c-ax is  

Ho a-ax is  I I  

Ho c-axi  s  

In  short ,  when the Wiedemann-Franz law app l i es  the f r a c t i o n  Lo/L o f  

the thermal c o n d u c t i v i t y  i s  the e l e c t r o n i c  con t r i bu t i on ,  w h i l e  the remain- . . 

i n g  c o n t r i b u t i o n  i s  due t o  o ther  c a r r i e r s .  The anomalously la rge  values 
-- 

of L r e l a t i v e  t o  L throughout the whole temperature range a re  most proba- 
0 

b l y  due t o  the f a c t  t h a t  appreciable heat  i s  conducted by c a r r i e r s  o ther  - 

than the e lect rons,  namely, magnons and phonons. 



. , 
. . 

Figure 28. . K and K-K for the terbium'a-axis, and c-axis samples at low . ' 

e e 
. .  . . . 

temperatures '. . . .  . . 
. . . . 
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V I I I .  APPENDIX 

A. Sample I m p u r i t i e s  

Residual  r e s i s t i v i t y  <and t he  r e s i s t a n c e  r a t i o  (p 300/~4.,2) a r e  i nd i ca- 
. . 

t i v e  o f  sample p u r i t y .  Ta,ble 4 l i s t s  these two va lues f o r  the  samples used 
. . 

i n  t h i s  i n v e s t i g a t i o n .  The r e s i d u a l  r e s i s t i v i t i e s  a re  i n  u n i t s  o f  pn -cm.  

Table 4. Residudl  r e s l s t l v l t l e s  and resiseance r a t i o s  

Samp 1 e Residual  ' R e s i s t i v i t y  Resis tance R a t i o  ."I, 

Gd a-ax is  I I  

Gd c -ax i  s I ! 
Gd c -ax is  t 

Tb' a -ax i  s 2.37 

Tb c-ax i  s .1.87 54.5 

Ho a -ax i s  I 

Ho a -ax is  I I 

Ho c -ax i  s 3.21 18.9 

a 
T h i s  sample was used by S i l l  and t h e s e . a r e  the va lues  quoted .by h im 

(53) 

Table 5 i s  a l i s t i n g  o f  sample p u r i t i e s .  Gaseous i m p u r i t i e s  were 

determined by vacuum f u s i o n  ana l ys i s ;  the. o t h e r  i m p u r i t i e s  were determined 
. . 

by sem i -quan t i t a t i ve  ana l ys i s .  I m p u r i t i e s  a r e  recorded i n  ppm by we igh t .  

Both gad01 in ium I I samples came f rom the  same but ton,  and t h e  a n a l y s i s  

l i s t e d  i s  f o r  these samples. Both t e rb i um samples came f rom t h e  same 

bu t ton .  A l l  holmium samples came f rom the  same p roduc t i on  batch. The gad- 

o l i n i u m  and t e rb i um were analyzed a f t e r  t he  s i n g l e  c r y s t a l s  were grown. 

. , .  

The holmium a n a l y s i s  was made p r i o r  t o  c r y s t a l  growth. The a n a l y s i s  o f  
. . . . . . 

. . 
t h e  gado l in ium c -ax i s  I .samples i s  .recorded by S i l l  (53), 



Table 5. Sample impur i t ies  

6 d Tb Impur i t ies  . . 
Ho 

. . 
. . Yb FT FT < 50 
. . .  

. . 
Symbols: T=trace, F T = f a i n t  trace.' A blank space means t h a t  the 

'' element was not  invest igated .  

B. Sample Dimensions 

Sample dimensions a r e  l i s t e d  i n  Tab'le 6 . '  A l l  values a r e  the sample. 

s i z e  f o r ,  the thermal .conduct iv i ty  measurements. . Samples o f t e n  needed t o  be ,:' 

. , . . 



polished before they could then be inserted into the electrical resistivi.ty 
,. . ,. . , -. . . ..... -.--- - .... ...- . . . .- .. . . - -. - - . 

apparatus. Consequently, the sample dimensions for the electrical resisti- 
. . . . -. . . . - . .- . . -. . . _ _. - . . . . - - - --- . - . -. . . _. . 

vity measurements are all smaller than the values li'sted in Table 6. . 

Tab-le 6. Sample dimens ions 

Sample He i gh t (cm) Width (cm) Length (cm) 

Gd a-axis I 1  0.201 0.233 1.223 

Gd c-axis I I  0.186 0.214 0.831 

Gd c-axis I 0.107 0. 1 1 3  1.702 

Tb a-axi s 0.228 

Tb c-axis 0.184 
I - --I -- - -CI .-L.. -.- -- - - -.- -. . - ---- - --I--.- - --- - . -I --I--- - - - - - 
Ho a-axls I 0.1794 0.204 I. 087 

- HO a-axis- I I 0.238 0 239 0.701 
-,-- -- ---- -7-------- ------.--,-- ------.. --Ap-- 

. Ho. c-axi s 0.181. 0.189 0.659 
.--. -- - -- - - - .- . . 

. - - - 
C.  Tabulation o f  ~herrnal Conductivity ~ a t a -  

- - 
- .  0 The thermal conductivities-are in units o f  watt/cm- K and the tempera-. 

0. 
. - 

tures are in K. 

Table 7. Thermal conductivity o f  -Gd a-axis I 1  crystal 



/ 
Table 7 (continued) 

T K ' T K ' T .  K 

223.1 .I13 29-1.8 .lo1 329.8 .I13 

. . 
! . Table 8. Thermal conductivity of Gd c-axis I I  crystal 

15.5 .I68 90. 1 .136 285.9 .lo5 ... 



Table 9. Thermal conductivi ty o f  Gd c-axis 1 crystal 

Table 10.. Thermal conductivity o f  Tb a-axis crystal . 



Table 1 1 .  Thermal .conductivity o f  Tb c-axis crystal 

fable 12. Thermal conductivity o f  Ho a-axis I I  crystal 



Table 12. '(continued) 

.. 113.6 .I20 132.8 .I14 195.9 .I25 

1 18.8 .I17 135.4 .I14 210.8 .I28 

123.7 .115 138.9 .114 225.7 .131 

126.5. .I14 . 142.8 .I15 240.0 133 
128.8 -114 147.9 .I17 255. 7 .I34 

'I 30.2 .I14 155.3 1.1 9 270.4 -135 
130.6 -113 165.8 -119 285.9 .I37 
131.3 .I13 180.7 . .I22 298.7 0139 ' 

Table 13. Thermal conductivity of Ho c-axis crystal 

T 
. . 

. K T K .-! , , . K 
. . 

4.7 -0738 : 29.7 . .I66 .. . . . .  131.5 - .I68 
6.8 -102 32.6 .I70 '. : .i'32.1 ,169 

7.8 -112 37.7 .. 176 133.6 .170 
8.7 . 120 43.5 .I80 135.7 - .172. 

9.7 -127 50.4 .I82 138.8 -173 
11.5 .134 58.6 -181 140.8 . .175. 

.I44 13-3 ' .  66.8 .I79 143.7 . -176 
4 

15.6 -147 74.8 .I73 149.9 179 
16.6. , . .151 85,. o .I68 160.6 .l.84 

17.4 -153 89.6 .I62 175.6 .lgl 

18,O .. 156 101.1 .I56 190.5 '. 195 
-159 .I54 18.5 ' 1.10.7 ' '205.8 .202 . ' . 
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I 

Table 14. Thermal conductivity of Ho a-axis I crystal 

T K T K T K 

B. Tabulation of.Electrica1 Resistivity Data 

The electrical resistivities are in units.of bfl-cm and the temperatures 
. . 

0 are i n  K. ' . .  . 

Table 15. Electr,fcal resistivity of Gd a-axls, I1 crystal . . . . 



Table 15. (continued) 

fable 16. Electrical resistivity of Gd .c-axis I I  crystal . . . . 
. . 

T P .. T P T P 



Table 16. (Continued)' - 

Table 17. ~l e c t r i c a l  resistivity o f  Tb a-axis crystal 



Table 18. Electrical resistivfty o f  Tb c-axis.crysta1 

Table 19. '~lectrical resistivity o f  Ho a-axis . . I1 crystal ' 



Table 19. (continued) 

- - - A  - ---- . - ., . >---.--.---.-- 

Table 20. Electrical ,resistivity o f  Ho c-axis crystal 



Table 21. E l e c t r i c a l  r e s i s t i v i t y  o f  Ho a-ax is  I c r y s t a l  

T  P T  . P T .  
. . 

P 

'. 4.2 i5.24 19.0 18.47 . 26.1 21.32 

E.' D iscussion . o f  E r r o r s  

The thermal conduct iv i ty ,  K, i s  computed from 

K =  (VA)(WAT) ,. 
The f r a c t i o n a l  e r r o r  i n  K  i s  

The l a s t  two terms . i n . t h e  brackets determine the r e l a t i v e  e r r o r  w h i l e  a l l  

t he  terms i n  the  bracket  c o n t r i b u t e  t o  the abso lu te  e r r o r .  . , 

The length,. b, o f  the  sample was measured t o  w i t h i n  1%; The cross 

. . sec t i ona l  area, A ,  was m e e s u r e d t o  k i  t h i n  24%. Thus, the geometr i ca l  

factor,  L/A, i s  known t o  an- accuracy o f  about 4%. - . - - 
. . 

The power f l o w i n g  through the  

. Q = 'p-A p J 

where P i s  the' measured power. i n t o  

l o s t  through r a d i a t i o n  and through 

sample i s  computed from 
. . 

the  grad ien t  heater  and A P  i s  the power 

.conduct ion up .lead wires.   could be 



measured t o  w i t h i n  0.5%. A P i s  negl i g i b l e  below 60°K and appreciable above 

0 
1 5 0 ~ ~ .  The r a d i a t i o n  losses a re  accurate t o  about 2% above 100 K. Thu's, 

.. , 

a t  low temperatures 6 i s  known t o  about 1%, whi l e ' a t  h igh  temperatures i t  i s  ' 

known t o  about.4%. 

I t  i s  i n t e r e s t i n g  t o  no te -  t h a t  the  f r a c t i o n a l  e r r o r s  . in L/A and 6 are  

i n d i r e c t l y  re la ted .  A sho r t  sample, f o r  example, might have a la rge  uncer- 

t a i n t y  i n  i t s  L/A value. However, a l a rge  amount o f .  power would be necessary 

t o  e s t a b l i s h  a g rad ien t  across the  sample and even .a t  room,temperature P 

could be much la rge r  than AP. Thus, Q would be known q u i t e  accura te ly .  

The temperature d i f fe rence,  A T j  i s  computed from 

where 

E = E 
c o r r  meas + A E  , 

i s  the  measured ou tpu t  o f  the  comparator, A E i s  the zero temperatur.e 

d i f ference cor rec t ion ,  and E(T) i s  the EMF generated by the thermocouple 'at  

temperature f. The f r a c t i o n a l  e r r o r  i n  A T  i s  about 2%; 

. . Suiiuning up the  e r r o r s  by means o f  Equation 8 . 2  the  absolute e r r o r  i n  K 

i s  e s t  imated t o  be 5-6%. 

The r e s i s t i v i t y ,  p, i s  computed from 

The f r a c t i o n a l  e r r o r  i n  o i s  

, . 

Again, the f r a c t i o n a l  e r r o r  i n A / L  i s a b o u t & .   he f r a c t i o n a l  error , '  

. .  . 

i n  the  vo! tage, V, i s  about O.Vo a t  low temperatures.and about 0.025% . . a t  



high temperatures. The:fract ional error in the current i s  about 0.05%. 

Thus, the relative Prror in ranges from 0.1-0.5%. The absolute error in 

p is estimated to be 4%. 




