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Abstrace

A control syscesi design for the Tokamak
Fusion Tesc Reactor (TFT3.) has been developed
using linear optimal control techniques. The
features of this design that make it distinct

from past control system designs are:

• Both the ohraic heating (OH) and
equilibrium field (EF) coils are controlled
Co maintain plasma current and plasma position
at their desired values

• The control system uses Rogowski
coils outside the vacuum vessel along with
other diagnostics to provide implied measure-
ments of plasma position, plasma current,
eddy currents, power supply currents and time
derivatives of plasma position, current, and
eddy currents.

• A detailed model of the vacuum
vessel toroidal eddy currents with 36 loops
was used to determine how many of the vacuum
vessel time constants must be retained to
accurately model the vacuum vessel-control
system interactions. The conclusion that a
minimum of five time constants must be retain-
ed in order to accurately model the vacuum
vessel is significant. (Earlier work used at
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most cwo time constants ' ' .)

• The plasma dynamics are formulated
to include the dynamic change of inductance
and mutual inductance with major radius, and
the change of poloidal beta and internal in-
ductance with both major radius and plasma
current.

• Poloidal beta changes created by
neutral beam injection are modeled using a
second order differential equation.

• Realistic power supply response
characteristics are considered. In particular,
the fact that a 12 or 24 pulse (6 or 12 phase)
converter is used for supplying voltages to
the CH and EF coils is accounted for by de-
signing a digital control system wherein
voltage changes are permitted only every pulse
(which varies as a function of the command
voltage -- 1.38 msec for positive going volt-
ages to a maximum of 8.32 msec for negative
going voltages for a 12 pulse converter oper-
ating at 60Hz).

• In developing the models for the
linear control system design nonlinear sim-
ulation equations were also derived for both
the plasma dynamics and power supplies. These
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dynamic models are very sophisticated and ars
used to simulate the final control design. In
particular, the equations used in the non-
linear power supply simulation are unique in
that any number of bridges may be easily cas-
caded in series or parallel. The equations
always use the minimum number of differential
equations required to correctly define the
supply currents and voltages (which range
from 1 to 3 for a single bridge and 1 to 5
for 2 bridges in a 12 pulse series connection,
etc.).

Introduction

The idea of using some form of feedback
control for plasma position on a Tokamak has
been discussed extensively. The first analyt-
ic effort toward this end was performed at
Culhara Laboratory for the CLEO Tokamak by

Hugill and Gibson . fhe model used by Hugill
and Gibson included the Alfven wave oscilla-
tion created by equating plasma mass times
acceleration to the linearized restoring force
created by the plasma and external vertical
fields. The resulting feedback design was a
position feedback loop. Since the CLEO
machine does not have a significant vacuum
vessel eddy current effect, a single eddy
current was modeled in this analysis. Also,
the magnitude of currents required in the
equilibrium field coils were saall enough in
the CLEO machine that a continuous type of
control through a poorer amplifier was passible.
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Miskell and Anderson et al. describe

a control scheme for ORMAK in which a linear
optimal control concept is used. The model
used for this system was deficient in several
respects, particularly in the way the external
circuits were treated. In addition, there is
an error in the optimal control derivation. A
more robust analysis which included p and 1.12
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variations was performed by 3ol without
attempting an opcimal control design. 3ol did
not include eddy current effects in his model
and he concluded that these were significant.
An attempt to formulate a reasonable model
for optimal control was recently described by
Ogata et al. . This model for the plasma dy-
namics is very similar to the model described
here, but we have attempted to better account
for the eddy current effects and the 5 and
i.H variations. The last major effort that
has been performed is that of Edelbaum et al.
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. who extended the Hugill and Gibson approach
Co a bigger system.

The major problems confronting che con-
crol designer for TFTR thau make this scudy
unique are

• A large eddy current: effect must be
considered

• Because of high energy neutral beam
injection 3 and I. variations must be included

• The control element is a aultipulse
bridge rectifier whose characteristics ara
unique (viz., voltages aay be changed only at
discrete tines and the commanded voltages are
not instantaneously realized).

The design we describe here used a 36-element
symmetric eddy current model supplied by G.
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Sheffield of PPFI. and a aodel of the plasma
position and current interactions which was
developed with Che help of J. Schmidt and R.
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Hawryluk ' to account for the first cwo prob-
lems. In addition, a power supply model was
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developed and used to deceraine the major
power supply characteristics to be considered.
The result of this analysis was that optiaal
sample daca (digital or discrete ciae) control
systems were developed. The details of the
models and che resulting design appear in the
following sections.

Plasna Dynamics.

The linear and nonlinear plasma dynamics
are formulated by using the Shafranov-

Yoshikawa equilibrium equation along with
che circuit equations which include the
equilibrium field (EF), ohmic heating (OH),
plasma, and eddy current circuits. The
various circuits couple together through their
mutual inductances. These inductances are
dependent upon the geometry of the coils, eddy
current'paths, and plasma position. There-
fora, as the plasma position changes, the in-
ductance of the plasma and che nucual induc-
tance of the plasma with the other coils
changes. In developing the nodel, we have in-
cluded a thirty-six element model of the eddy

q
current which was provided by G. Sheffield .

The plasma position in our model instan-
taneously equilibrates so chat the Shafranov

equilibrium equation is satisfied. In the
standard notation, this taplies that for any

R satisfies:
external

vexC eq.

The external field is given by
36

ext.

-1.3152x1'
R0.21

(2)

whera:
R is the sajor radius whose nominal

value is RQ - 2.48m

value is a - 0.54m
o

a is the minor radius whose nominal
is aQ - 0.54m

I_,I , I v , . . . , I V are che E? current,
1 36

plasma current, and eddy currents

1./2 is che internal plasma inductance

per unit length

3, is the poloidal beta • p /3-/2^.
3 & O

<p> is the average X on?idal pressure.

To account for the variations of R,a,
«4/2, and pa we make the following assumptions:

Conservation of poloidal flux by

,2
the plasma

a
ao / "o

I is given by

(3)

so that

(4)

where I is the nominal plasma current (IMa

for this study and L, is -9.22 Ka)

7/3

(5)

since <p> - nkT and n varies as R and T
-4/3

varies as R

where:

5 a is the nominal value of 5a which
o

is a function of the state of che neutral beam
injector (?9 » 0.863 without neutral beam)

o

• During neutral beam injection p c

varies as

2 9 - 0.868 + 5(t)

o

(6)

where:

cd2 and 5(o) - 5(o) - o

The parameters c and d are selected so that
P. changes by 1 unit in 50 as. as shown in
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By subscitucing assumptions Eqs. (3) , (4) ,
(5) and (6) in Eqs. (1) using Che external
field (2) Che equilibrium radius R is the
solution of the nonlinear equation:

B.. B (7)
eq. ext.

While Eq. (7) assumes that the radius^
immediately achieves its equilibrium value ,
Che currents do not. The dynamics of the
current interactions are given by the circuit
equations. The currents I_,I . I , •.., I

* P v i V36
together with the ohtnic heating current L,
satisfy

"v.
i-(ll) --iff
dt

H
(8)

where: I is a 39 vector of currents, i . e .

(9)

L is Che matrix of self and mutual
inductances between all of Che coils

R is the diagonal matrix of coil resis-
tances

V H and V are the potentials supplied by
the power supplies to Che ohmic heating and
equilibrium field coils, respectively.

These matrices have r.ne fora:

I •

MEH MPH

M
MPH MPE
M 1 H M 1 E

PE
ext

1H

IE

IP

M

M IP -VI

36H

36E

36P

36,1

M36H M36E M36P M36,l

* 1
This is different from Hugill and Gibson

where Che forces created by Che 3 V field were
equated with plasaa mass tines acceleration re-
sulting in an Alfven wave oscillation at a
megahertz frequency.

O

O

0

o

o
0

o
o

o
0

o
o
o
o

lV36

(10)

In Eq. (10) most of the elements of L and
R are constant. In R only Ro varies with I
and 'R, but for most scenarios R can be taken

L O 1 3 6 )as zero. V MpE.MjK»-l....,36)
vary with R and a l l ofcher inductances
are constant. These variations are given by
standard approximations as

- 2 (11)

- -6.3715 x 10"3(R1<79-2.3028) (12).

H.

Mjjp ( R ) - M ^ p ( 2 . 4 8 ) * 6 . 2 8 3 C K a K (R) dR; K - 1. 2 , . . . . 3 6 .
A 19 (122.48 (13)

Since Eq. (8) contains the time derivative of
flux, we evaluate this as follows

d(LI) df dL rdR
« d& l dt

In Eq. (14) -;•• can be evaluated using

can be
dR

Eqs. (11), (12), and (13) and ^

evaluated by differentiating the equilibrium
Eq. (7). Thus, from Eq. (7) we get

dt

JI 36
| l v e <"p _ 32 , tZ _ y 3B, dL/k 3B dfi

oR 3R
(15)

where:
cB CBcB cBv ve

' cl , ' o o '
"p ~ £ C 1vk

-ofe**ined from £qs. (1) and (2) after Eqs. (3)
through (6) were used (for the details see 14).

dR
Notice that Sq. (15) gives j-as a linear

combination of che derivatives of Che current
vector (9). To explicitly note this effect we
write

Hence Eq. (8) becomes

(16)

L+ il
dt

H

.6 j

05 oR x dt
(17)



Equation (17) is a quasilinear circuit equation
that shows how the currents vary with comman-
ded supply voltages and 3 variation.

'Linear Plasraa Model - Using Multiple.
Tiaie Scales

The nonlinear model (17) as it stands is
39 differential equations (for the currants
I) plus two first order differential equations
for S. To preclude numerical problems we
reduced the order of these by a singular per-
turbation or multiple time scale approach.

The singular perturbation analysis is
applied to the linear version of (17) which
is obtained by considering the perturbation
current 1 defined by

where: I is the nominal operating point, i.e.

£ o r z? "
- 0.

Thus, the linear version of (17) becomes:

. o.

~U«/,
(18)

To reduce the order.of these equations,
it was ascertained that L (the nonlinear
contribution to the inductance matrix in
(18)) was a snail perturbation to L. Hence,

* ' L R * 1' 2 can be diagonalizedthe matrix R
to give the circuit time constants. This
matrix is symetric and positive definite and
as such has positive real eigen-values and is
diagonalized by an orthogonal transformation
V. Thus, let a new vector z be defined as

then

-.-1/2 .-1/2 <20>
where: T - V R 13. V is the diagor-.1
matrix of tiae constants ordered so T.^T-S...5'

0 1
1 0

L3 0j

is the way the

supply voltages enter the z state, and

The fact that the tiae constants are ordered
from the slowest to fastest pennies the state
z to be partitioned into a slow part and fast
part as follows:

slow states

fast states
(21)

The dimension of z. is m and as a varies from
1 to 39 the linear dynamic model that results
•becomes a reduced order model of dimension a.
To eliminate the "fast" states, we assumed
that z, immediately achieves equilibrium (in
a manner similar tc the assumptions on radius
that led to (7)). Thus, in the partitioned
fora

Si

n21 2 n22

i/dt"

,/dt

" G l
G 2

(22)

and equilibrium in the fast states implies
that

- G,
H

o r

thus the reduced order linear model becomes

dt

.5 _

(23)

For_the results which follow m (the dimension
of z.) is 8 which gives responses such that
(23) matches the full linear model (18) to
within 0.1%. By making m • 8, ve are re-
taining five eddy current time constants.
Also, if m is less than 8 the errors in
response are quite dramatic. Thus, a major
conclusion of this study is that at least
five eddy current tine constants are required
to accurately model the TFTR vacuum vessel.

Power SUPOIV Model

Modeling the transient dynamic behaviors
of a multipulse bridge power supply is a very
difficult problem. In Ref. li we describe a
detailed model which may be used to analyze
such s. power supply (Fig. 1). A typical sia-
ulation frcm this supply is shown in Fig.-2.
As can be seen, the minimum time between
voltage changes for this 12 pulse bridge rec-
tifier at 60Hz is 1.38 msec." Thus, in deriv-
ing Che control gains we assume that the



• voltage may be commanded Co change only at
multiples of 1.38 msec. Even this, however,
is optimistic since to command very large
negative voltage change requires chat the
voltage follow the phase that was connected
to the output. This effect leads to a long
time delay before the voltage achieves its
commanded values (see Fig. 2 where 6.51 msec
elapsed before the 140° phase back angls
command was achieved). To account for these
effects, optimal sampled data control gains
were derived for sample tines (delay times)
of 1.33, 4.16, and 3732 msec.

Optimal Control Gains

The model Eq. (23) is used to develop
feedback gains such that the commanded voltage
V_ and VM are linear combination of the eight
measurements R, dR/dc.lL., d^/dt, I^d^/dt,

X
P

 + h ' " h +
kii6lvk and d V d c + d I

P
/ d=-

These variables are all measurable on TFT3.
using various diagnostics (dR/dt ccmes from
cosine wound Rogowski coils and the current
ly, the total vacuum vessel eddy current, is
measured along with I by a Rogowski -coil).
Furthermore, these variables can all be
related to the elements of the state z^ as
a linear combination of the states and the
control inputs V_ and V... Since there are
two control voltages ana eight measurements,
the control will consist of 16 gains which
are programmed in a central computer. The
control system will then operate by making the
eight measurements every 1.38 nsec. After mul-
tiplying these eight measurements by the 16
gains the desired supply output voltage can
be sent to the power supplies. Figure 3
illustrates this control scheme in more detail.
As can be seen in Fig. 3, the assumed p vari-
ations are included as a "command generator".
This command generator causes the power supply
voltages to anticipate the neutral beam in-
jector and null out the radial position changes
that would result.

The' technique for designing the optimal
control gains is described in Kwakemaak and

11 12
Sivan ' and other references. In essense,
the gains are designed to minimize a per-
formance measure:

J - J- (w, R2 * w 2 (Tp -T p c)
2 * V E

2 • w 3 VH2 (24)

3y minimizing J, large plasma radius devia-
tions, ?£, and plasma current deviations from
the nominal I -I are penalized as are large

P PC
voltages of both the £F and OH supplies. The
former causes v.he control to maintain plasma
position and current and the latter- decreases
the possibility of power supply saturations.

Linear Design Results

Figure 4 shows the uncontrolled response

of the plasma to the neutral beam injection 3
change described by (6). When the optimal
control loop is closed, the response becomes
as shown in Fig. 5. Figure 5 shows the re-
sponse for two different digital or sampled
data controls at the sample times of 1.38 and ••.
8.32 msec. As can be seen very little degrad-
ation in Che response occurs as the long \
sample times are used. This comes about be-
cause in designing the control gains at the
different sample times we always minimized the '
same performance measure (24). The responses
shown in these figures are the radial position, '
plasma current, and the total eddy currents
and their derivatives and the power supply
currents and voltages.

Nonlinear Simulation Results

The nonlinear plasma dynamics described
by Eqs. (7) and (17) were used to verify the
linear results. The nonlinear simulation uses
an Euler numerical integration algorithm. Fig-
ure 4 shows the comparison of the open loop
(uncontrolled) response of the linear and non-
linear simulations. As can be seen, for large
3 variations (.863 to 1.868) the response has
a singularity in the derivatives which has not
yet been explained (albeit the singularity is
real since it is not affected by changing the
integration step and it goes away when the p
variation is small enough). Figure 6 shows
the closed loop nonlinear simulation at the two
sample times of 1.38 and 8.32 msec. As can
be seen the two sample times have distinctly
unique responses. The faster sample tisse has
a worse transient response than the longer
sample time but the longer sample time results
in a limit cycle in steady state. In these
runs, as the EF and OH voltages indicate, the
power supply voltages are not limited. Thus,
when the real power supply characteristics
are incorporated into this nonlinear simulation
there will be a significant difference in the
response (because of the saturation, the
variable sample time properties, and the power
supply ripple).

Diagnostics

As implemented previous 1/, the measured
quantities for the feedback are instantaneous.
In practice, these diagnostics have some time
constants associated with them which, so far,
have not been considered in our analysis. The
second major problem with the diagnostics is
that they only implicitly measure the desired
quantities. In particular, since the Rogowski
coils are outside the vacuum vessel they
measure both plasma and eddy currents. Further-
more, the plasma position is derived by the
inductive change caused by the plasma position
change. Once, again, these effects have noc
yet been accounted for in the design.

The last problem with the diagnostics
is the measurement noises of Che sensors and



Che coupling of spurious plasma oscillation
and notions into the sensors. To account for
these, a digital filter will be developed
which optimizes the signal-to-noise ratio or
the filtered diagnostic signal. As a con-
sequence of this filtering, an improved set
of real time daignostics will be available.

Conclusions

The linear feedback control sy3tam tor
control of the TFTR. plasna position and plasma
current described in this paper is capable of
maintaining plasma posicion to within 6 cm.
This maximum error occurs during neutral beam
injection which was modeled as a poloidal 3
change at 0.868 to 1.868 in 50 msec. Also,
Che plasma current is held constant within
25K amp by using the OH supply in harmony
with the EF supply. The darived model shows
that at least five eddy current time constants
must be retained in order co adequately
account for the vacuum vessel. Lastly, the
power supply characteristics do not adversely
affect the control response.

When the nonlinear plasna dynamics are
simulated with the linear control there are
two different responses depending upon the
sample time. In either case, the maximum
major radius deviation is less the 8 cm
during neutral beam injection. When the real
power supply characteristics are included,
these results will change because of Che
power supply saturation, time constant and
ripple effect.
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Fig. 1 Diode Circuit and Load
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Fig. 2 TFTR Power Supply Sim.—ALPHA
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ALPHA » 0° ac 0.14 sec.
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