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THE MODERATION OF NEUTRONS IN 
NON-MULTIPLYING INFINITE HOMOGENEOUS MEDIA 

by 

Kwang-Shik Min 

CHAPTER I 

THE NATURE OF THE PROBLEM 

I - l . Introduction 

The interact ion of neutrons with a moderat ing medium is of grea t 
interests not only for i ts p rac t i ca l impor tance as the underlying mecha-
n isna in the operat ion of nuclear r e a c t o r s , but also as a purely scientific 
question concerning the dynamics of in teract ing sys tems of atomic and 
nuclear pa r t i c l e s . The na ture of the problem has been clarif ied great ly by 
the work of many authors during the las t two decades, but i ts complexity 
is such that it can be studied only through the considerat ion of simplified 
naodels. Such models a r e neces sa r i l y much siraplified in detail , and a r e 
apt to be misleading in impor tant r e s p e c t s . For this reason, many points 
in the theory still await complete clarif ication. 

Most of the ea r ly studies of neutron moderat ion dealt with the ap
proximat ion known as slowing down theory. In this approach the nuclei of 
the modera to r a re cons idered to be free par t ic les which a r e at r e s t before 
collision with the neu t rons . F e r m i and his co l labora tors , •'• Wick,2 
Placzek,^ Marshak ,^ and many other authors have contributed to the devel
opment of the theory. The moderat ion of neutron energy over the higher 
p a r t of the energy range is explained effectively by this model . However, 
in the range below a few e lec t ron volts it fails, since here the nuclei of the 
modera to r no longer can be t r ea ted as being initially at r e s t . In the late 
1940's, the theory underwent further refinement, s t imulated by the addi
tional exper imenta l data of Sturm,5 Zinn," and o thers , in the low-energy 
region. 

1 E . F e r m i , R i ce r ca Scientifica VII-2, 13 (1936)| English Translat ion: 
U.S. AEC Report NP-2385 (1951). 
E. Amaldi , O. D'Agostino, E, F e r m i e t a L , P r o c . Roy. Soc. (London) 
A149, 522 (1935). 

2 G . C . Wick, Phys . Rev, 7^, 738 (1949). 
3 G . P laczek, Phys . Rev. 69., 423 (1946). 
4 R . E . Marshak, Revs . Mod. Phys . , l^, 3, 185 (1947). 
5W. H. Sturm, Phys . Rev., TJ,, 757 (1947). 
6w. J. Zinn, Phys . Rev., 71, 752 (1947). 



The following phenomena lead to complications in the scat ter ing 
p roces s in the low-energy region: 

(a) t he rma l motions of the modera to r a toms; 

(b) the binding of the modera to r atoms in the la t t ice , with the ap
pea rance of quantized vibrat ional and rotat ional s ta tes ; and 

(c) in te r fe rence effects a r i s ing from the wave na ture of the neu
t ron and of the modera to r a toms . 

When the neutron energy is l a rge , these phenomena a r e not i m p o r 
tant in determining the interact ion between the neutrons and the modera to r . 
In this case the genera l r e su l t is a steady loss of energy by the neut rons . 
In the region of low energy, however, when the neutrons and the modera to r 
come into equi l ibr ium with each other, a neutron may gain (up-scat ter ing) 
as well as lose (down-scat ter ing) energy in coll isions with the raoderator 
a toms, so that the whole scat ter ing p r o c e s s becomes much more 
complicated. 

A somewhat different approach was introduced in 1944 by Wigner 
and Wilkins. ' They t r ea t ed the modera to r nuclei as a monatomic Max-
wellian gas , and ignored chemical binding and c rys ta l l ine effects. With 
this model , in which neutrons and nuclei were cons idered as hard sphe res , 
these authors were able to cons t ruc t an in tegral equation valid over the 
whole range of neutron energ ies . The further study of this model, and of 
its re la t ion to the slowing-down theory, is the major a im of the p resen t 
study. A pa r t of our analysis will be a imed also at prospec t ive work on 
the inclusion of chemical binding effects in the theory. 

1-2. Statement of the Problem. 

In a non-mult iplying medium, neutrons a r e subject to the following 
genera l p r o c e s s e s : 

(a) sca t te r ing by atoms of the modera to r ; 

(b) capture by atoms of the modera to r ; and 

(c) leakage f rom the boundary surface of the modera to r . 

In a sca t te r ing p r o c e s s , a neutron may suffer no change in energy, or gain 
or lose energy. In any event, it is st i l l available for further interact ion 
with the modera to r . In p r o c e s s e s (b) and (c)^ on the other hand, the neutron 
is lost from the sys tem. 

E. P . Wigner and J. E. Wilkins, J r . , AECD-2275 (1944). 
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F i g . I - l . G e o m e t r i c a l C o n f i g u r a 
t ion of the P h a s e Space 

The B o l t z m a n n t r a n s p o r t e q u a 
t ion is u s u a l l y adopted a s the b a s i s of 
the t r e a t m e n t of the d e v e l o p m e n t of 
the n e u t r o n d i s t r i b u t i o n function in 
t i m e . Le t n ( r , v, fi, t) dr dv dO, be the 
n u m b e r of n e u t r o n s , at t i m e t, p e r 
un i t vo lume at the s p a c e point s p e c i 
fied by the v e c t o r r", wi th s p e e d s in 
the r a n g e f r o m v to v + dv, and with 
d i r e c t i o n s of mot ion lying in the e l e 
m e n t a r y cone dQ, about the unit v e c 
t o r 0. T h e s e g e o m e t r i c a l condi t ions 
a r e shown in F i g . I . l . The B o l t z m a n n 

equa t ion then h a s the fol lowing f o r m : 

un(r , V, a ^ ^ _ ^^_ g^^^ ^^- ^̂  ^^ ^̂  _ [vEsC^. v) + vSaC^. v)] n(7, v. fl, t) 

+ / / / dv' dCi< y< Z(T; v'Ti' — V'Q,) n(7, v ' , '^ ' , t) + s(7, v, "Q, t) 

at 

(1-2-1) 

H e r e 2 s ( r , v) and Za_(r , v) a r e the m a c r o s c o p i c s c a t t e r i n g and a b s o r p t i o n 
c r o s s s e c t i o n s , r e s p e c t i v e l y , and Z(r ; v ' 0 ' -* vfi) i s the d i f fe ren t i a l s c a t 
t e r i n g c r o s s s e c t i o n by which a n e u t r o n is s c a t t e r e d f r o m ve loc i ty v' Q' i n 
to the ve loc i ty r a n g e dv dQ about vfl. All of t h e s e c r o s s s e c t i o n s wil l 
depend on the s p a c e c o o r d i n a t e s in an i n h o m o g e n e o u s m e d i u m . 

The f i r s t m e m b e r on the r i g h t - h a n d s ide of Eq. ( l - 2 - l ) r e p r e s e n t s 
the r a t e of l o s s of n e u t r o n s f r o m the v o l u m e e l e m e n t dr dv dQ, by v i r t u e of 
t h e i r m o t i o n . The s e c o n d m e m b e r a c c o u n t s for the r a t e of l o s s of n e u t r o n s 
by s c a t t e r i n g and by a b s o r p t i o n . The t h i r d m e m b e r r e p r e s e n t s the r a t e at 
wh ich n e u t r o n s a r e b r o u g h t into the g iven vo lume e l e m e n t t h r o u g h s c a t 
t e r i n g p r o c e s s e s . The l a s t m e m b e r S(r , v, f2, t) r e p r e s e n t s the r a t e of 
i n t r o d u c t i o n of n e u t r o n s in to d r dv d f i f r o m an e x t e r n a l s o u r c e . F i n a l l y 
the l e f t - h a n d s ide r e p r e s e n t s the r a t e of n e u t r o n i n c r e a s e in d r dv dQ. 

The B o l t z m a n n Eq . ( l - 2 - l ) is too c o m p l e x to so lve in g e n e r a l , and 
it b e c o m e s n e c e s s a r y to r e d u c e it to a s i m p l e r f o r m by v a r i o u s m e a n s . 
One n a t u r a l s innpl i f ica t ion i s to c o n s i d e r f i r s t the c a s e of a d i s t r i b u t i o n 
which i s i ndependen t of the s p a t i a l c o o r d i n a t e s . Th i s e n a b l e s one to con 
c e n t r a t e on the s tudy of the ve loc i ty d i s t r i b u t i o n of the n e u t r o n s . Our w o r k 
wi l l be confined to t h i s c a s e . 

F o r th i s p u r p o s e we a s s u m e t h a t the m o d e r a t o r i s h o m o g e n e o u s 
and of inf in i te ex ten t , and tha t the n e u t r o n s a r e i n t r o d u c e d in a u n i f o r m 
m a n n e r t h r o u g h o u t the whole a s s e m b l y . It wi l l be a s s u m e d f u r t h e r tha t 
the m o d e r a t o r i s c o m p o s e d of a s i ng l e n u c l e a r s p e c i e s . 



In this idealized situation, the t r anspor t Eq. ( l - 2 - l ) is simplified to 
the form 

^ ^ - ^ + v[2 3(v) +Sa(v) ]n(v , t) = ^ dv' v ' 2 ( v ' -̂ ^ v ) n ( v ' , t) +S(v, t) , 

(1-2-2) 
where 

E(v'—*v) = JJdnziv'a''-'^^) (1-2-3) 

is the sca t te r ing c ro s s section in tegrated over all d i rec t ions of sca t te r ing . 

Also, we set 

S(v, t) = / / d l7S(v , ?fl t) . (1-2-4) 

If we in tegrate both sides of Eq. (1-2-2) with r e spec t to v, we have 

3 r°° r°° r " 
— j n(v, t) dv = j S(v, t) dv - J v5^(v) n(v, t) dv .(1-2-5) 
° 0 0 

Here we have defined 

Z(v ' — v ) dv , (1-2-6) 

and so we obtain the formula 

v2g(v) n(v, t) dv = I vdv n(v, t) | Z(v -^ v') dv' 
'0 J o Jo 

By an interchange of the symbols v and v' in the las t in tegra l , 
/^<Xl /"OO / "OO 

I vZs(v) n(v, t) dv = I dv I dv' v' Z(v'— v) n(v' , t) . (1-2-7) 
Jo «/0 >-'0 

The two sca t te r ing t e r m s cancel each other when the integrat ion with r e spec t 
to V is per formed in Eq, (1-2-2). This leads to Eq. (1-2-5). 

Equation (1-2-5) shows that the distr ibution can be independent of 
time if, and only if, 

•>00 » 0 0 

I S(v) dv = I v2a(v) n(v) dv . (1-2-8) 
Jo J o 

This equation s t a tes , in physical t e r m s , that if the dis t r ibut ion is independ
ent of t ime, the ra te of absorpt ion of neutrons per unit volume must be jus t 
equal to the total r a t e at which neutrons a r e introduced into the sys tem per 
unit of volume by the external source . 



We a r e led by these siinplifying considerat ions to examine the 
special case of the s teady-s ta te velocity* distr ibution of neutrons in an 
infinite, homogeneous, non-multiplying modera to r , for which the Boltzmann 
t r anspo r t equation takes the following form: 

X oo 

dv' v' 2 ( v ' - ^ v) n(v') + S(v) . (1-2-9) 

Although this model c lear ly is a very special ized one, it is not 
t r iv ia l , since it s t i l l r equ i r e s the determinat ion of the velocity distr ibution 
of the neutrons under the influence of sca t ter ing coll isions and absorption 
p r o c e s s e s with the modera to r a toms . This is the problem formulated 
originally by Wigner and Wilkins. It will be seen in the sequel that its 
analysis involves a number of somewhat subtle points. 

In o rde r to make the model cor respond to prac t ica l neutron sources , 
we shall suppose that the neutrons a r e introduced at a very high energy by 
the external source . The neutron energ ies a r e then dis t r ibuted over a wide 
range by coll ision p r o c e s s e s , the dis tr ibut ion being modified at the same 
t ime by the absorpt ion of neut rons . 

1-3. Outline of the Analysis 

Chapter II is devoted to a d iscuss ion of the theory of scat ter ing 
c r o s s sect ions for neut rons . The analys is is more detailed than would be 
s t r ic t ly n e c e s s a r y for the considerat ion of the Wigner-Wilkins gas model , 
but the r e su l t s a re of in te res t for considera t ions on the effects of chemical 
binding and coherence effects at low neutron energ ies . 

In Chapter III, the Wigner-Wilkins model is considered for modera tor 
a toms of the same m a s s as the neutron. Although this cor responds to the 
ideal ized case of atomic hydrogen as a modera to r , the discussion is p a r 
t icu lar ly helpful in bringing out the na tu re of the moderat ion p r o c e s s . 

Chapter IV extends the analys is to the case of a geseous modera tor 
with a toms of genera l m a s s . 

In this study we shall follow the cu r r en t p rac t ice of r e fe r r ing to the 
velocity dis tr ibut ion, although we have m mind only the magnitude 
of the velocity. Speed dis t r ibut ion might be be t te r . 
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CHAPTER II 

THE EVALUATION OF SCATTERING CROSS SECTIONS 

I I - l . Introduction 

As a f i r s t step we shall review in Sections II-2 and II-3 the quantum 
mechanica l theory of sca t ter ing c r o s s sections in the Born approximation. 
The d iscuss ion in these sect ions is r e s t r i c t e d to the case of two-body 
in terac t ions , for the sake of siraplici ty, that i s , we suppose that a neutron 
will in te rac t with only one nucleus of the modera to r at a t ime . 

In Section II-4, this theory is applied to the evaluation of the c ro s s 
sections which a r e needed in the monatomic gas miodel. In Section I I -5 , 
we shall examine the re la t ionship between these r e su l t s and those which 
a r e employed in the slowing-down theory. Our a im will be to examine 
the manner in which the c ro s s sect ions used in the l a t t e r theory can be 
in te rpre ted as limiting cases of those for the gas model . 

II-2. Scat ter ing Theory in the Born Approximation. The Two-body F e r m i 
Pseudopotential 

Let m and M be the m a s s e s of the neutron and the modera to r nu
cleus, respect ive ly . It will be supposed that the mode ra to r nucleus is 
subject to a binding potential energy V(r) which holds it in the lat t ice or 
molecule , while there is a potential energy U( | r - r ^ | ) r epresen t ing the 
in teract ion between the neutron and the nucleus . The Schrodinger equation 
for the sys tem of two pa r t i c l e s is 

K 2 
^n- ^ v2 + v(T) + u( i ; ; -T | ) nr^, r) 

[ 2m » 2M 

= (Eo+ Wo) ^(r'n, r) , ( l I -2 - l ) 

where EQ is the kinetic energy of the incident neutron and WQ is the energy 
of the nucleus in its init ial s ta te . 

We seek a solution of this equation of the form 

00 

^ - Z ^j^"n) '̂ ĵW ' (II-2-2) 
j = o 

where the index j r e p r e s e n t s the var ious vibrat ional s ta tes of the bound 
nucleus in the mode ra to r ; the index value j = 0 r e p r e s e n t s the initial s ta te , 
for convenience. We expect, fur ther , that as |rni-**o°, the functions F;(rj^) 
will have the asyinptotic fo rms 
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Fo(r;) -e^^ '^^^ + ^ - ; : ^ f o ( 0 „ . ^ n ) (II-2-3 ') 

and 

eikjrn 
F j ( 4 ) ~ ^ ~ fj(0n>fn) (J/O) . (II-2-3") 

^n 

The symbol FQ thus r e p r e s e n t s the incident neutron wave together 
with the sca t t e red neutron wave for which the nucleus is left in its initial 
state (elast ic sca t te r ing of the neutron). Similarly, Fj ( j /O) r ep re sen t s 
the sca t t e red neutron wave when the nucleus is left in an excited state 
( inelast ic sca t te r ing of the neutron). Correspondingly, 0o(^) ^̂  ^'^^ initial 
state wave function of the nucleus, with energy WQ, and (pdr) is its wave 
function in the final s ta te , with energy Wi. 

The wave function of the initial state of the nucleus sat isf ies the 
equation 

^^ V̂  + V(rj 0o(" )̂ =Wo0o("^) . (II-2-4) 
2M 

and the wave functions of the excited s ta tes satisfy the equations 

0 = 1 ,2 . ) . (II-2-5) 

The wave number vec tors for the neutrons , corresponding to inci
dent s ta tes of kinetic energy EQ and final s ta tes of energies EQ + Wo - Wj, a r e 

k^ = 2mEo/^^ ; k? = 2m(Eo + WQ - 'W-)/K^ . (II-2-6) 
J J 

It will be a s sumed that the wave functions of the nucleus form a 
complete o r thonormal set of functions for those final s tates which resu l t 
from scat ter ing p r o c e s s e s . In pa r t i cu la r , we will not consider inelast ic 
p r o c e s s e s in which the nucleus is knocked completely away from its 
original position in the la t t ice . 

We next substi tute Eq. (II-2-2) into ( l I -2 - l ) , multiply both sides 
by ';t';*(r), and integrate over the coordinates of the nucleus. If the assumed 
proper ty of or thonormal i ty of the nuclear wave functions is used, the fol
lowing sys tem of equations r e s u l t s : 

(v^ + k?) Fj(Tj = - ^ / d^udT-";;,!) ^(7^:^) 0J*(T) 

(j = 0, 1, 2, . . . .) . (II-2-7) 
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Since the unknown functions Fj appear implicitly under the integral sign 
on the right-hand side of Eq, (II-2-6), we have, in reality, a system of 
integral equations for these functions. However, in the first Born ap
proximation the function Y(rj^,r) is replaced by the approximate form 

f (7^:7)-* e^^°^n 0o(T) , (II-2-8) 

representing the incident (undistorted) neutron wave, the nucleus being in 
its initial state. In this approximation, Eqs. (II-2-6) are to be used for 
the actual evaluation of the corresponding approximate expressions for 
the functions F4(rjj), representing the scattered neutron waves. 

When the right-hand side of Eq, (II-2-6) is regarded as a known 
function of the neutron coordinates, as it is in the Born approximation, 
Eq. (II-2-6) can be solved directly by making use of the known Green's 
function (source solution) 

gik|r - r' 
(II-2-8') 

47T j r - •̂ ' 

of the Helmholtz equation 

(V^ + k )̂ F = 0 . (II-2-8") 

The result is the formula 

F j Q = - - ^ fdT^ [dr ^ ' i ^ " " " • U(iT-7i,|)f(T .̂T)0*(T) . 
ZTTK J J Fn - n̂i 

(II-2-9) 

On making the substitution (II-2-7), appropriate to the Born ap
proximation, Eq. (II-2-9) assumes the form 

ikj r„-r j , | 

U(|r-ri,|) 0o(r)0j(rl . (lI-2-lO) 

_^ _^^Fermi^ ^̂  has argued that in this problem the interaction potential 
U( |r - Tĵ l), which is called the Fermi pseudopotential, between the neutron 
and the nucleus, can be taken to be 

U ( [ T - T j ) = ^ ^ ( l + ; i)a ' • 6(T-Tj . (II-2-11) 



where 

(1 + ,.,) a' = a^ M = m /M (II-2-12) 

and a ĵ is the F e r m i sca t te r ing length for scat ter ing of neutrons from the 
bound nucleus , when the la t te r is left in i ts ground state after the scat ter
ing p r o c e s s is completed. Bre i t " has given a further discussion of the 
F e r m i pseudopotential and of the applicability of this modification of the 
Born approximation method. 

If we in se r t Eq. ( l I - 2 - l l ) into (II-2-10), we obtain the formula 

ik; kr, - r 
F j ( 7 j = -ab fd? " ' i ' l , " - e^^o^n to(T).>*(^ (II-2-13) 

The asymptot ic form of this express ion , at l a rge dis tances from 
the sca t te r ing nucleus , is readi ly evaluated. On compar ison with expres
sions (II-2-3), it is found that 

^r^b ftS)e'^^-^^ -̂*(7)dT (II-2-14) 

where kp and k^ a r e the (momentum) wave number vec tors of the incident 
and sca t t e red neutron waves , respec t ive ly . This formula holds also for 
the e las t ic sca t te r ing amplitude if we set j = 0; in this case £Q - a-̂ , which 
follows di rec t ly fromi the definition of the F e r m i scat ter ing length 3.-^. 

Since the sca t te r ing c r o s s sect ion is defined by the ra t io of the 
sca t t e r ed (outgoing) to the incident (incoming) cu r ren t , it is given by the 
express ion 

k: 
(II-2-15) 

On making use of the express ion (II-2-14), we have 

^a.f)-.l^ A„(r")e'""«-'"j''',;;J(T)<r. 

If this is exp re s sed in D i r ac ' s notation, it becomes 

^i (k : -ko) ^-i(kj -ko) " r 

(II-2-16) 

(II-2-17) 

Here c* is the angle of s c a t t e r i n g o f the neutron, that i s , the angle between 
the wave number vec to r s kg and k-. 

G. Bre i t , Phys . Rev., 71, 215 (1947). 
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I I -3 . An Operator F o r m a l i s m 

It has been a s sumed up to this point that the mode ra to r nucleus is 
in a specified initial state before its in teract ion with the neutron. In fact, 
however, not all of the nuclei will be initially in the same s ta te ; for example, 
they may have a dis t r ibut ion of energ ies appropr ia te to some given m o d e r 
ator t e m p e r a t u r e . It will be convenient, therefore , to specify the type of 
sca t te r ing p r o c e s s suffered by the neutron, and to recognize that this p a r 
t icular p r o c e s s may a r i s e from t rans i t ions of the m o d e r a t o r nuclei from 
a var ie ty of initial s ta tes to corresponding final s t a t e s . The major c r i 
ter ion which must be satisfied by all possible combinations of initial and 
final s ta tes is that of conservat ion of energy. 

Consider a p r o c e s s in which a neutron is s ca t t e r ed from a state of 
initial energy and momentum (direct ion of motion) (EQ, ^g) into a state 
(E ,n) . We introduce the notation 

T = " k - ^ ( l I -3 - l ) 

e = E - Eo = .fMk^ - kg)/2m . (II-3-2) 

Since the final kinetic energy of the neutron cannot be negat ive, we mus t 
impose the r e s t r i c t i on 

e>eo= -Eo= - - | ^ k g • (II-3-3) 

If this sca t te r ing p r o c e s s of the neutron is a s soc ia t ed with a jump 
of the atom from a state of energy Wj_ to a state of energy W£, then we 
mus t have 

c = E - Eo = Wi - Wf . (II-3-4) 

The differential sca t te r ing c r o s s section can be wr i t t en m the 
forra 

aiEo% — Ell) = a | ^ 2; 2 wi^/^i ê ^̂  ' ^ ? ^ X ' ^ ^ ' ' " " "" *^ / ° 

. 5{e - Wi + Wf) , (II-3-5) 

where w^ is the (normalized) s t a t i s t i ca l weight of the ini t ial state of the 
nucleus. The introduction of the delta function takes account fornaally of 
the energy conservat ion law of Eq. ( I I -3-4) , and so al lows us to extend 
the sums over the nuclear s ta tes to all combinations of init ial and final 
s ta tes which a r e compatible with energy conservat ion. 



Our next step is to rep lace the delta function by the ( improper) 
integral function 

(II-3-6) 

On inser t ing this express ion into Eq. (II-3-5), we have the formula 

i(Wi - Wf)tA 
2 pjf. 00 

<J -CXJ 

^ ^ w ^ e 

^ i . 1 / . • r 0f / V '̂f 
-1/-C • r (/,. (II-3-7) 

We note the following ident i t ies : 

iW,-t/;f * -iHt//T * 
e ^' .7.̂  = e '/ i 

-iWft//r * iHt,4' .* 
e 1 -'..f = e V f 

(II-3-8) 

Since the Hamiltonian opera tor is Hermit ian, by definition, the 
ope ra to r s exp (+iHt//f) a r e uni tary, while exp(iHt/ a) and exp (-iHt/A') 
a r e adjoint to each other . In the Dirac notation for ma t r i x e lements , 
which is equivalent to that for inner products involving ope ra to r s , one 
has 

„-iHt/;f, , . 

mt/n 
e ' <?' f 

1,-; • r 
vf7=<v ^i 

iHt//T i r - T 
e e '•f 

(II-3-9) 
•IK • r 

'h?-\'H 
-mt/tf -if: • r 

e e h 
On making use of our assumpt ion of completeness of the set of 

nuclear s t a t e s , we see that, by the ru les of ma t r i x mult ipl icat ion, 

, ^ i (Wi-Wf) tA^ , . | ^ i r .T | , ^N^^ - i K • r r . 
' 1 

rVi 
im./n it: • r 

e ^ e '^'f7\"^f 
-iHt//f -r- -r 

e e 9. 

iUt/n it: • r -iHt//f -i,-: • r 
e e e e (II-3-10) 
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This l as t express ion is the expectat ion value of the indicated opera tor , and 
it will be convenient to indicate it by a special notation: 

^ r* ^\ / iHt/^ i,< • r - i H t A - I K • r , X Gil/--.t) =<<?'! e e e e 0^ > (II-3-11) 

The average value of this quantity over the dis tr ibut ion of initial s ta tes of 
the nucleus will be wr i t ten as 

g(T, t) = 2 WiGi (T,t) . (II-3-12) 
1 

This reduction allows us to wr i te Eq. (II-3-7) in the form 

a(Eo?ro-E7) = ^ ^ I e"^^'/^ g(T, t) dt . (II-3-13) 
> / - CO 

In the usual notation this differential c ro s s sect ion would be 
wr i t ten as 

^ • ( " - ^ - ' ^ ' 

which shows explicit ly that it is the differential sca t t e r ing c ro s s sect ion 
per unit solid angle per unit energy range . The differential sca t te r ing 
c ro s s section per unit solid angle, d a / d Q , is readi ly calculable by in te 
grat ion of (II-3-13) over al l poss ible energy changes of the neutron: 

da r d C7 d e . (II-3-15) 

The total sca t te r ing c r o s s sect ion is evaluated by a fur ther integrat ion of 
(II-3-15) over all sca t te r ing angles 

=/t <̂" =/- [' 1 " - ^ n I An 1^°A d^g . ( I I - 3 - 1 6 ) 

^tot -] ^ dfl =J dO j de ^ ^ ^ 

This work indicates that in the f i r s t Born approximat ion the evalua
tion of the sca t te r ing c r o s s sect ion is reducible to the evaluation of the 
expectat ion values Gi(,'c,t), and, finally, of the s t a t i s t i ca l average over all 
initial s t a t e s , g(fc,t). In ca r ry ing out these calculat ions the following formal 
re la t ions a r e useful. 

Making use of the fact that the solution of the Heisenberg equation 
of motion 

in ^-^ = [^(t), H] (11-3-17) 
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i s 

~^, , iHt / /T-* -iUt/n 
r ( t j = e r e 

we c a n w r i t e 

iHt//r i * • r' -iHt//f ilc • r(t) 
e ' e e = e 

Th is r e s u l t a l l o w s us to w r i t e 

( I I -3 -18) 

^ /'^" s / i''- • r ( t ) -i^- • r (0) Gi(K, t ) ^\cyi e ^ ^ e ^ ^ 

A n o t h e r c o n v e n i e n t f o r m a l i s m is the fol lowing. Since 

( I I -3 -19) 

1 /c • r - * -i/c • r —f* -^ 
e p e = P - nK 

we can w r i t e m o r e g e n e r a l l y 

IK, ' X —'\ -iL • r r** _-*•, 
e f(p) e = f(p - n ,«:) ( I I -3 -20) 

w h e r e f i s a g e n e r a l a l g e b r a i c func t ion of i t s a r g u m e n t . T h i s l e a d s to the 
f o r m u l a 

iT-T - iHt /H -iK • r" - i H ' t / / ? 
e e e = e ( I L 3 - 2 1 ) 

w h e r e H' d e n o t e s the H a m i l t o n i a n o p e r a t o r in wh ich the m o m e n t u m o p e r a 
t o r of the n u c l e u s , p , h a s b e e n r e p l a c e d by p - ti K. T h u s , if H = H(p' ,r) , 
t hen H' = H ( p ' - / iT,"?) . We h a v e , f ina l ly , f r o m Eq . ( I I - 3 - 1 9 ) , 

ri(k,t) = \ < P i 
iHt//? -iWt/K 

e e 0i ( I I -3 -22) 

E x p r e s s i o n s ( I I - 3 - 1 9 ) and ( I I -3-22) a r e both use fu l in a p p l i c a t i o n s , 
and e i t h e r c a n be u s e d w h e r e i t g i v e s the s i m p l e r f o r m u l a t i o n . 

The func t ion g(K,t) is to be e v a l u a t e d a f t e r the e x p e c t a t i o n v a l u e s 
Gi(f.,,t) h a v e b e e n found, by a v e r a g i n g o v e r the a s s u m e d d i s t r i b u t i o n of 
i n i t i a l s t a t e s of the n u c l e u s . 

T h i s f o r m a l i s m wi l l be a p p l i e d in the nex t s e c t i o n to the s i m p l e 
c a s e of a m o n a t o m i c g a s m o d e l , w i t h o m i s s i o n of c h e m i c a l b id ing e f f ec t s , 
in w h i c h t h e i n i t i a l d i s t r i b u t i o n of n u c l e a r s t a t e s i s s u p p o s e d to be M a x -
w e l l i a n a t the t e i n p e r a t u r e of the m o d e r a t o r . 
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II-4. The Monatomic Gas Model 

In the case of the monatomic gas model , Eq. (II-3-21) provides the 
mos t convenient form from which to evaluate the functions G^. The 
Hamiltonian opera tor has the s imple form 

H = ^ y 2 M , (II-4-1) 

where p is the momentum opera tor of the nucleus. It follows that 

^ ' = 2M (P - ^ " ^ ) ' = I ^ ^P' " 2 ^ P - ^ + ^ ' * ' ) = (II-4-2) 

Since the energy ope ra to r s appearing in Eq. (II-3-21) a r e expressed 
di rect ly in t e r m s of the momentum opera tor of the nucleus , it will be most 
convenient to e x p r e s s the nuclear wave functions in momentum form. 
Equation (II-3-21) r equ i r e s that we evaluate the expectat ion value of the 
opera tor 

i tpy2MI- -itip-KKf/ZMH 

If we take the init ial a tomic state as one in which the nucleus has momen
tum pj_, the resu l t is 

G^(K:,t) = e 
-it(^*2 _ 2 ^ . - ) / 2 M ^ (11.4.3) 

In averaging over the momentum sta tes of the nucleus , we mus t 
take account of the fact that they have a continuous dis t r ibut ion, so that 
express ion (II-3-13) is to be in te rp re ted as the in tegra l 

g(r, t) = j£{^) Gi(Zt) d ? . (II-4-4) 

where the function f(p) e x p r e s s e s the s ta t i s t ica l dis t r ibut ion of initial nu
clear s t a t e s . 

If the mode ra to r is a s sumed to be at a definite t e m p e r a t u r e T(°K), 
and that the nuclei of the mode ra to r have a dis t r ibut ion of energ ies obeying 
the Maxwel l -Bol tzmann law, we have 

f(p) = (27rMw)"^ 2 exp ( ^ V 2 M w ) , (II-4-5) 

where we use the t e m p o r a r y notation 

w = kT , (II-4-6) 

with k he re as Bol tzmann 's constant . 



We substitute Eq. (II-4-3) into Eq. (II-4-4) and find the following 
evaluation: 

g('^t) = (2TTMW)"^ 2 J ^ exp(^y2Mw)exp[- i t (^2-2lc-~J) /2M] 

= exp -(it + - ^ ^ V 2 M ( I I -4 -7 ) 

The d i f f e r e n t i a l s c a t t e r i n g c r o s s s e c t i o n can now be e v a l u a t e d by 
s u b s t i t u t i o n of Eq. ( I I -4 -7 ) into Eq . ( I I -3 -13 ) . The r e s u l t s is 

0 (EoOo-^EH) = ^ ^ e x p 
l e t 

e x p 
/ff/ /. wt^ 

d t 

M 

KK. ko \2Trwi 

,1 2 

e x p a. M 

2w \ /? K 2 M 
. ( I I -4 -8) 

We e x p r e s s the wave n u m b e r s of the inc iden t and s c a t t e r e d n e u t r o n 
s t a t e s in t e r m s of e n e r g i e s , m a k e the r e p l a c e m e n t w = kT f r o m Eq . ( I I - 4 - 6 ) , 
and e l i m i n a t e the F e r m i s c a t t e r i n g l eng th in t e r m s of the s c a t t e r i n g c r o s s 
s e c t i o n . Th i s g ives the f o r m u l a 

,..-.-EO,=a,<ii^^(,-it-J 1 2 / £ V 2 1 
— exp 

M 
2kT \n K "*" 2M/ J 

( I I -4 -9) 

It i s to be r e n i e m b e r e d tha t in t h i s f o r m u l a k is B o l t z m a n n ' s cons t an t , 
jU = m / M = 1 / A , and af is the s c a t t e r i n g c r o s s s e c t i o n of the f r ee n u c l e u s 
p e r uni t e n e r g y r a n g e p e r s t e r a d i a n . 

Up to th i s po in t , we have b e e n c o n c e r n e d p r i m a r i l y wi th the e v a l u a 
t ion of the m i c r o s c o p i c s c a t t e r i n g c r o s s s ec t ion . F o r our a p p l i c a t i o n s we 
need the m a c r o s c o p i c c r o s s s e c t i o n s , wh ich a r e , by def ini t ion, 

.Lf = No£ 

i(Eoiro-*E"?r) = No (Eo'H'o—E^) , (lI-4-lOj 

w h e r e N is the n u m b e r of nuc l e i p e r un i t v o l u m e in the m o d e r a t o r . 

Our p r i m a r y app l i ca t i on r e q u i r e s the eva lua t i on of the s c a t t e r i n g 
c r o s s s e c t i o n p e r uni t e n e r g y r a n g e , t ha t i s , the d i f fe ren t i a l c r o s s s e c t i o n 
i n t e g r a t e d o v e r a l l a n g l e s of s c a t t e r i n g of the n e u t r o n . This is defined by 
the e x p r e s s i o n 

2(Eo—E) = ; .(Eoao-^EH) dCl (II-4-11) 

file:///2Trwi
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This a lso is known in the l i t e r a tu r e as the energy t r ans fe r c ro s s section. 
To evaluate this in tegral we have the express ions 

_ ̂  (I + M)V 1 y/v^Y^' 

^+1 '" -̂wl̂  E - E r 

V E + E o - 2 f V E E Q 
+ /i V E + EQ - 2 f V E E Q \ 

V E + E O - 2 " P VEEr 
dP 

(II-4-12) 

where 

? = cos (k,ko) . (II-4-13) 

It will be convenient to introduce a condensed notation as follows: 

1 + £ = A + 1 

z4^ 2 VA" 
^ = 1 -/i ^ A - 1 

2V[r 2 V A " 
'/- ' 2kT 

and 

e - m/sV^ = mvV2kT = E/kT 

Go = m/E^v^ = mvo/2kT = Eo/kT 

(II-4-14) 

(II-4-15) 

With this notation, the final evaluation of the energy t r ans fe r c r o s s s e c 
tion is given by the following formula : 

2 ( e o —e) = 2f 
2£o 

•(e - e. 

- 5 (0Ve'+^ V ^ ) eo e 

(e - eo) J 0(0 Ve^- ^VT") - 9(0 v^-f ^ Ve^I-f 9(0 Ve~- t'Je^ 

+ 9 ( 0 7 7 + ^ ^ ) eo/C . (II-4-16) 



H e r e 

e(y) = -^ r e""' du ( I I -4 -17) 

The to t a l s c a t t e r i n g c r o s s s e c t i o n is eva lua t ed by i n t e g r a t i o n ove r 
the f ina l e n e r g y of the n e u t r o n . The c a l c u l a t i o n y i e ld s the r e s u l t 

#-,00 

2s (eo ) - I 2 ( £ o — e ) d e 

2 f 
2 A £ O 

(2A£o + 1) e ( V ^ o ) + 4=- - A T o e ' ^ " " " 

( I I -4-18) 

Ano the r quan t i ty of i n t e r e s t is the m e a n e n e r g y change of the n e u 
t r o n , p e r co l l i s i on , for a g iven inc iden t n e u t r o n e n e r g y Eg. Th is is found 
to be 

< = - ^^Av I (e - Co) 2 (eo—e) dt 

n Z{ef)-^t 

^^kTl 4 2A 
+ 

e(.Axo) 

L(A+1)^ (A+1) (A+IP ' (A+1)^ 6(,,^)(2Aco+l) + - ^ Acoe'^'^O-i 

( I I -4-19) 

The d e p e n d e n c e of th i s quan t i t y on the inc iden t n e u t r o n e n e r g y p r o v i d e s 
usefu l i n f o r m a t i o n on the m o d e r a t i o n p r o c e s s . 

F o r the p u r p o s e s of p r a c t i c a l c a l cu l a t i on , it is conven ien t to e x 
p r e s s t h e s e f o r m u l a s in t e r m s of a new nota t ion , wi th the v a r i a b l e s 

X = V£ = V k / k T 
( I I -4-20) 

In t h i s no ta t ion we have the for ixiulas , c o r r e s p o n d i n g to Eqs.. ( I I -4-16) and 
( I I - 4 - 1 8 ) , 

2(xo—x) = >Jf e^ (x/xg) 

e-(x2-xg) |e(0xg-^x) + e(ex(,+ i:x)j-+ e(@x-. ,!;xo)-e(ex+^xo) 

Xo<X 

^-{^ "^"^ I e(9xo-cx)-e(exo+5x)|- i- eCex-^xo)-f e(ex+^xo) 

Xp^^-X ( I I -4-21) 



2g(xo) = 2f 
., 1 

X r 
Xn + 

2AXr 
(v^o|+ 4=r 

-Ax2 
( I I -4 -22) 

The fol lowing q u a n t i t i e s a r e s o m e t i m e s usefu l in the c o n s i d e r a t i o n 
of the s c a t t e r i n g of a n e u t r o n of g iven in i t i a l e n e r g y : 

2u(xo) = I 2(xo—x) dx 
Jxo+ 0 

( I I -4 -23) 

2d(xo) = 2(xo--»x) dx ( I I -4 -24) 

H e r e 2 ^ m e a s u r e s the p o r t i o n of s c a t t e r i n g p r o c e s s e s in which the n e u 
t r o n ga ins e n e r g y ( u p - s c a t t e r i n g ) , and 2jj s i m i l a r l y m e a s u r e s the s c a t t e r i n g 
p r o c e s s e s in wh ich the n e u t r o n g ives up e n e r g y ( d o w n - s c a t t e r i n g ) to the 
n u c l e i of the m o d e r a t o r . The q u a n t i t i e s can be e v a l u a t e d f r o m our f o r m u l a s , 
w i th the r e s u l t s 

^"-'iK^)[(^'i)-*]*K'^")(T*i^*^fe--"°-^---'1} ( I I -4 -25) 

=«-.3te)[*-(t*i)]-(^-)(T*A)*^b'---f--'^1} . "'• 4-26) 

If one w i s h e s to e x p r e s s h i s r e s u l t s in t e r m s of the n e u t r o n d e n s i t y , 
r a t h e r t han the n e u t r o n flux, it is conven ien t to m a k e u s e of q u a n t i t i e s e x 
p r e s s i n g the s c a t t e r i n g r a t e p e r n e u t r o n , r a t h e r t han the c r o s s s e c t i o n . 
The fol lowing e x p r e s s i o n s for the s c a t t e r i n g r a t e s , in uni t of 2f, a r e c o n 
ven ien t for our p u r p o s e s : 

P(xo-*x) = XQ 2 ( x o - * x ) / 2 £ 

V(xo) = XQ 2s(xo) /2£ 

V^(xo) = xo 2u(xo) /2£ 

Vd(xo) 2d (xo) / % 

( I I -4 -27) 

( I I -4 -28) 

( I I -4 -29) 

( I I -4 -30) 

The quan t i ty P(xo—i-x) is often r e f e r r e d to a s W i g n e r - W i l k i n s kernel . ! ' ' ' ) 

F o r the s ake of fu tu re r e f e r e n c e , we o b s e r v e tha t the W i g n e r -
Wilkins k e r n e l s a t i s f i e s the p r i n c i p l e of d e t a i l e d b a l a n c i n g for a M a x -
w e l l i a n d i s t r i b u t i o n M(x) = cons t , x^e-x^. t ha t i s , 

P(xo-*x) M(xo) = P(x—Xo) M(x) ( I I -4 -31) 

This can be v e r i f i e d r e a d i l y by d i r e c t c a l c u l a t i o n u s ing Eq. ( I I - 4 - 2 7 ) . 
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Graphs showing the behavior of these quantit ies a r e given in 
Figs . I I - l through II-4 for compar i son with the conventional slowing-
down theory, 

I I -5 . The Relationship between Cross Sections in the Monatomic Gas Model 
and the Slowing-down Theory 

We invest igate in this section the manner in which the c ro s s sections 
appropr ia te to the conventional slowing-down theory a r e in te rpre ted as 
l imi ts of those for the monatomic gas model . In the following formulas the 
supe r sc r ip t SD will be used for all quanti t ies appropr ia te to the slowing-
down theory. 

In a s t ra ight forward way we can show that the scat ter ing c ro s s s e c 
tion 2SD (EQ—*E) in the slowing-down model is obtained as a l imit of the 
monatomic gas model by requir ing all inodera tor nuclei to be initially at 
r e s t , or , which is equivalent, by requir ing the t empera tu re in the m o d e r 
ator Maxwellian dis t r ibut ion to be ze ro . With the modera to r nuclei initially 
at r e s t , the dis t r ibut ion function in Eq. (II-4-5) becomes 

f(7) = 6("p) . (II-5-1) 

Equation (II-4-4) then takes the form 

r^\ CT A H -(it/2M) {fiK^ - Tp-7) ( . KK^ \ , „ ^ .> 
g(/c,t) =J dp 6(p) e ' ^ ^ ' = exp 1 - 1 - ^ t l . (II-5-2) 

Substitution of Eq. (II-5-2) into Eq. (II-3-13) yields the resu l t 

^0 
- 00 

at, k J E - E „ /»(k-~o)'\ 

Multiply both s ides of this express ion by N, the number density of 
mode ra to r nuclei , and in tegrate over al l sca t te r ing angles . This yields 
the m a c r o s c o p i c c r o s s sect ion for energy t r ans fe r : 

2SD (E,-*E) = 2f 1^ 

1 if [(A-l)/(A+l)fEoxE<Eo 

(II-5-4) 

0 o therwise , 
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with 

A + 1 
2vS " . / a = 

l - a 2 

A - 1 
A+ 1 

(II-5-5) 

It will be convenient for purposes of compar i son to express 
energies in units of kT, as we have done in the monatomic gas theory, 
although in the slowing-down theory this unit is pure ly formal . With 
e = E / k T , we have, from Eq. (II-5-4), 

2 ^ ^ ( £ o - £ ) = 2 i 
£ 0 

1 if a2eo<e<£c 

0 otherwise 

(II-5-6) 

F u r t h e r m o r e , 

- i i . 
,SD (£o) = J^ 2SD(eo-£) de = 2f (II-5-7) 

When exp res sed in t e r m s of the var iable x = Ve = •vE/kT, the 
scat ter ing r a t e s , corresponding to Eqs . (II-4-27) and (II-4-28), a r e 

pSD(^^_^,^, = £ s 

vS'^(x„) = x„ 

2 if a Xo< x \ Xj 

0 otherwise 

(II-5-8) 

(II-5-9) 

The main physical differences between the two models a r e easi ly 
expressed . In the slowing-down model , the mode ra to r nuclei a re a ssumed 
to be initially all at r e s t . Consequently, the incident neutrons can only lose 
energy to the nuclei (down-scat ter ing) , and there is a lower l imit to the 
possible energy los s , which is fixed by the m a s s ra t io A = M/m. In the 
gas model , both up- and down-sca t te r ing p r o c e s s e s a r e poss ib le , and all 
energy exchanges a r e allowed. 

The gas model thus degenera tes into the slowing-down model in the 
l imit T-e»0. F u r t h e r m o r e , in the region of high neutron ene rg ie s , in which 
the neutron energy grea t ly exceeds the mean kinetic energy of the nuclei 
at the given mode ra to r t e m p e r a t u r e , the two models give quite s imi la r r e 
sul ts , which can be examined in g r e a t e r detail f rom our formulas of 
Section II-4 for the gas model by considering the asymptot ic behavior for 
£ > > 1 . 
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Figure II-l i l lus t ra tes the degeneration of the gas model into the 
slowing-down model for two different high incident neutron energies in 
3Tioderators of m a s s e s 1 and 12. 
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Fig. I I - l . High-velocity Incident Neutron Scattering Rate P(xo—-x) 

Slowing-down Model Gas Model 

Figure II-2 i l lus t ra tes the two models for the same two modera tor m a s s e s , 
but for two different low incident neutron energies , where low and high 
incident energies a re r e f e r r ed to the peak of the modera tor distribution 
taken as x = 1. This figure shows the marked difference between the 
two models , which l ies in the fact that the gas model includes the up-
scat ter ing of low-energy neutrons whereas the slowing-down model ignores 
it. 

F igure II-3 is a plot of the scat ter ing rate V versus neutron speed 
for three modera tor m a s s e s , together with the up-scat ter ing ra te V^ and 
the down-scat ter ing ra te V^ at each speed, that shows that, as the moder 
ator m a s s i nc r ea se s , the scat ter ing ra te approaches the straight line of 
the slowing-down model at lower and lower energy. Figure II-4 is a replot 
of Figure II-3 that shows the down scat ter ing ra te as a fraction of the total 
scat ter ing for severa l modera tor m a s s e s . F rom this figure one can de te r 
mine, for different modera tor m a s s e s , the energies above which the slowing-
down model may be used. 
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Fig. II-4. Frac t iona l Down-scat ter ing Rates vs . Incident Neutron Velocity 



CHAPTER III 

MODERATION OF NEUTRONS IN MODERATORS OF 
UNIT ATOMIC MASS 

III- 1. Introduction 

In the slowing-down model, with the modera to r at r e s t , an exact 
analyt ical solution can be found for nuclei of unit a tomic m a s s . This case 
is usually called the monatomic hydrogen gas modera to r , even though 
hydrogen gas is actually diatomic. In the p resen t t r ea tment , with the mod
era to r in motion, no exact solution is known, even for the case of modera to r 
nuclei of unit m a s s , much less for the case of a genera l m a s s . It is n e c e s 
sary , therefore , to develop approximation p rocedures for testing the 
formulas of the theory. 

It will be convenient for p rac t i ca l r e a sons , and a l so for gaining a 
bet ter insight into the na ture of the r e s u l t s , to t r e a t the case of modera tor 
a toms of unit m a s s in this chapter , r e se rv ing the case of genera l m a s s for 
the following chapter . The qualitative na ture of the solution is d iscussed 
in Section III-2. The slowing-down theory for this case is found as an 
asymptot ic form of our solution in Section III-3. Section III-4 will t r ea t the 
d i rec t numer i ca l solution of our in tegra l equation. An a l ternat ive method 
which is available for this special case is d i scussed in Section III-5, in 
conjunction with a d iscuss ion of the work of Wigner and Wilkins. ' Finally, 
Section III-6 will be devoted to a compar i son of some of the existing work 
and miscel laneous cons idera t ions . 

Ill-2. Qualitative Considerat ions on the Solution 

It was shown in Chapter I that the condition that the total r a t e of 
absorpt ion of neutrons is just equal to the ra te at which neutrons a r e 
introduced into the sys tem provides a re la t ion governing the s ta t ionary 
distr ibution. This equation is the following: 

[v2 , (v) + v2 (v)] n(v) = I dv 'v '2 (v ' -* • v) n(v') + S(v) . ( l I I - 2 - l ) s a JQ 

When the sca t te r ing and absorpt ion c r o s s sect ions a r e known, this is an 
in tegra l equation for the neutron density function n(v). 

The mos t reasonable in te rpre ta t ion to be made is that the neutrons 
a r e introduced into the sys tem at a re la t ive ly high energy, of the order of 
1 Mev. We will be in te res ted in the velocity dis tr ibut ion of the neutrons 
over the whole velocity range below this value. For the sake of simplicity, 
the init ial neutron source is supposed to be monoenerget ic . 
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Immediate ly after their introduction, neutrons with high initial 
energy will undergo sca t te r ing , with la rge energy losses , with the m o d e r a 
tor a toms . Since we impose an absorpt ion law varying as l /v , the abso rp 
tion r a t e will be sma l l for the h igh-energy neut rons . The mean energy 
loss per col l is ion will be la rge in this region, and most of the neutrons 
which survive the ve ry sma l l probabil i ty of capture will pass through this 
stage quickly. This will be r e f e r r e d to as region 1. 

As the neut rons descend the energy scale , the energy loss per col
lision will d e c r e a s e and the r a t e at which slowing-down occurs will diminish. 
At the same t ime, the possibi l i ty of capture will i nc rease , and absorption 
becomes apprec iab le . This will be r e f e r r e d to as region 2. 

Neutrons which come down the energy sca le to a point at which their 
kinetic energ ies a r e of the o rde r of the kinetic energy of the modera tor 
a toms will exchange only a sma l l amount of energy per collision, and may 
even gain energy from the modera to r a toms (up-scat ter ing) . The mean 
energy loss per collision of the neutrons will be ve ry smal l in this case , 
whereas absorpt ion will play a more significant ro le . This will be r e f e r r ed 
to as region 3. 

Neutrons which have passed through period 3 will tend to gain energy 
on sca t te r ing , whereas absorpt ion will be ve ry s trong. This will be r e f e r r e d 
to as region 4. 

If t he re were no capture of neu t rons , and we introduced a burs t of 
h igh-energy neut rons at a pa r t i cu la r instant and then isolated the sys tem, 
the neut rons would be degraded in energy by coll isions and would ul t imately 
come into equi l ibr ium with the modera to r a toms at the stated t empera tu re 
of the m o d e r a t o r . When capture (absorption) p r o c e s s e s a r e present , and 
neutrons a r e introduced continually to produce a s ta t ionary distr ibution of 
neut rons , the neutron energy spec t rum will be appreciably hardened over 
the f i rs t ca se . This follows from the s imple fact that neutrons a r e in t ro 
duced at high ene rg ies , 'whereas absorpt ion is mos t effective in removing 
neutrons of lo-w energy. 

In the monatomic gas model of the modera to r which we a r e using, 
the dis t r ibut ion of energ ies of the modera to r a toms should be of Maxwellian 
form at the t e m p e r a t u r e of the mode ra to r . The argument just given shows 
that the s ta t ionary neutron energy dis tr ibut ion will contain a higher p ropor 
tion of h igh-energy neut rons than the Maxwell law, i .e. , the neutron energy 
spec t rum will be ha rde r than the Maxwellian distr ibution at the given 
tenapera ture . 

The d i r ec t analyt ical solution of Eq. ( l I I -2- l ) is not known. In our 
study, we make use of n u m e r i c a l calculation methods, with the a im in inind 
of extending them la ter to modera to r a toms of a r b i t r a r y m a s s . Fur ther 
considera t ions of an analyt ical na ture will be given in Section III-5. 



The f i rs t difficulty which we encounter in the numer i ca l work is the 
fact that the upper l imit of the in tegra l in the left hand side of Eq. ( l I I -2- l ) 
is infinite. We avoid this by the following cons idera t ions . 

It has been shown in Chapter II that, in the h igh-energy region, the 
c ro s s sections which we shal l use reduce to those employed in the conven
tional slowing-down theory. If we a s sume at f i rs t that a l l of the neutrons 
a r e in the regions of higher energy (regions 1 and 2), with energies well 
above the energies of the modera to r a toms , we can de te rmine a type of 
dis tr ibut ion. The t he rma l motions of the modera to r a toms and the up-
sca t te r ing of low-energy neutrons will not affect this distr ibution ve ry 
much. We can therefore de te rmine the solution in the h igh-energy region 
as a type of asymptot ic solution of Eq. ( l I I -2 - l ) . This asymptot ic solution 
will be de termined in the next section, and when found it will be used as a 
kind of normal iza t ion condition in the numer ica l work extending into the 
low-energy region. 

I I I -3 . The Asymptotic Solution for Large Neutron Energ ies 

We use the symbol T for the t empera tu re of the modera to r , as in 
Chapter II, and use the var iab le x = (E/kT) , where k is Bol tzmann's 
constant. In t e r m s of this independent var iab le , Eq. ( l I I -2- l ) becomes 

[x2g(x) + x2 . (x) ]n(x) = I dxoXoZ(xo — x) n(xo) + S(xo) . ( l I I - 3 - l ) 

On dividing both sides by the sca t te r ing c ro s s section of the free atom, E£, 
which will be a s sumed to be constant (i .e. , independent of neutron energy), 
we have the equation 

[V(x) + r ] n ( x ) = I dxoP(xo-*x)n(xo) + X(x) , (III-3-2) 
Jo 

with the notation 

r = x2^ (x ) /2^ ; (III-3-3) 

P(xo™-x) - ( l / 2 f ) xo2(xo- -x) ; (III-3-4) 

V(x) - x2g(x) /E^ ; (III-3-5) 

and X(x) = S(x)/2;£. It is to be noticed that, with the l / v law of absorption, 
the quantity T is independent of neutron energy. 



Using the r e su l t s of Chapter II for modera tor nuclei of unit m a s s , 
we have 

B(xo) exp (xo - x^) , XQ <̂  X 

p (xo-»x) = ^ i 
Xo 

I 0(x) 

^^^^ = ( ^ • ' S ) ^ ^ = ' ^ + ^ e x p ( - x 2 ) 

Xo / X 

with 

e(x) = 

(III-3-6) 

(III-3-7) 

(III-3-8) 

It will be well at this point to introduce a discussion of the na ture of 
the source function to be used. In the physical problem, neutrons a r e in t ro 
duced into the system, by the fission p r o c e s s , most of the neutrons having 
kinetic energ ies of the o rder of 1 to 2 Mev. Every p rac t i ca l source yields 
neutrons of energy well above the rma l . The par t of the neutron energy spec
t rum which is of major concern is that in the low-energy range, say of the 
o rde r of I ev. It is evident that the actual init ial energies of the neutrons 
cannot have a de te rmina t ive influence on the low-energy spec t rum when a 
s ta t ionary dis t r ibut ion is being considered. It will, therefore , be a consid
erab le ina themat ica l simplif ication for us to a s sume that the neutrons a r e 
introduced at an indefinitely high energy. This idealization of the source as 
being at infinite energy will not prevent our normal iza t ion of the neutron 
density function through the requi ren ien t that the total r a t e of absorpt ion of 
neut rons per cm per sec is jus t equal to the r a t e of introduction of neut rons . 
Since our solution will be found to yield a finite total number of neutrons per 
cm, , this c r i t e r ion makes physical as well as mathemat ica l sense . 

With this in te rpre ta t ion to be ass igned to the neutron source , we can 
formally drop the second m e m b e r on the r ight-hand side of Eq. (III-3-2) and 
wri te the in tegra l equation in the form 

JpCO 
dxoP(xo-*x)N(xo) 

0 

Here we have introduced the new notation 

N(x) - n(x) 0 < x CO 

(III-3-9) 

(III-3-10) 

for the neutron density function, to emphas ize the fact that N(x) r e p r e s e n t s 
the densi ty function for those neut rons which have suffered one or more col
l i s ions , and so does not include the ini t ia l v i rgin neut rons which have not yet 
suffered a coll ision. 
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This equation can be written in a somewhat simplified form for 
large values of x by substitution of the asymptotic expressions 

P(xo-*x) = ^ I ° 'I'^'^l^ (III-3-11) 

Xo ! 1 if Xo > x 

V(x) = X . (III-3-12) 

Thereby we obtain the integral equation of N g(x) as 
^ " N 3 . 3 ( X O ) 

Xo 
•dxo . (Ill-3-13) 

Although Eq. (III-3-13) has been found as the asymptotic form of 
Eq. (III-3-9), it has a wider significance. It was shown in Chapter II that 
the asymptotic forms of the cross sections used in the gas model are 
equivalent to those employed in the slowing-down theory. It is to be ex
pected, therefore, that the asymptotic form of the neutron distribution 
function of the gas model should be the exact solution for the slowing-down 
model, and hence Eq. (III-3-13) should be the exact integral equation for the 
latter model. This is, in fact, the case, as is shown by the fact that the 
solution of Eq. (III-3-13) given below was found by Placzek^ from the slowing-
down theory by a different process, whereas Wigner and Wilkins ' showed that 
their series solution takes this same form approximately in the asymptotic 
energy range. We can therefore consider Eq. (III-3-13) to apply to the 
slowing-down model, for all values of x. This remark will be of use to us 
in the next section. 

In order to solve Eq. (III-3-13) we make the substitution 

3>as(x) = ^ ^ N ^ s ( x ) . (III-3-14) 

Differentiation of both sides of Eq. (III-3-13) with respect to x yields the 
following first-order differential equation: 

d* 
^^ * _ . (III-3-15) 

dx X + r as 

which has the solution 

O^Jx) = c / (x + r)2 , (III-3-16) 
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where C is a constant of integrat ion which will be determined shortly. On 
using Eq. (III-3-14), we find at once the following solution of Eq. (III-3-13): 

N^s(x) = Cx/(x + r )^ . (III-3-17) 

Fo rmula (III-3-17) shows that Ng^sl^) has a maximum at x = V/z. 
Considerat ion of the motions of the modera to r a toms indicates that in the 
gas miodel this maximuna should coine at a somewhat higher value of x. 
The low value predic ted by the slowing-down theory comes about by the 
fact that it ignores the rapid d e c r e a s e in the differential scat ter ing c ro s s 
section for low energ ies , and the exis tence of up-sca t te r ing which is p a r 
t icu lar ly significant in the low-energy region. 

The determinat ion of the integrat ion constant C in Eq. (III-3-17) 
can be made by equating the ra te of absorpt ion of neutrons to the ra te of 
injection by the source . This will be done in a par t icu lar way for the p u r 
poses of numer i ca l in tegrat ion in the next section. 

III-4. Numer ica l Integrat ion for N(x) 

In o rder to c a r r y out the numer i ca l integrat ion of Eq. (III-3-9) 
for N(X) we introduce a cer ta in energy value, x^,, chosen sufficiently la rge 
that for X > x<-. we can r equ i r e N(X) = Na^s(x), where the lat ter quantity is 
given by Eq. (III-3-17). It will be n e c e s s a r y a lso to neglect the up-
sca t te r ing from the energy range x < XQ into the range x > xc. This 
approximat ion is not so se r ious for the case of modera tor a toms of unit 
m a s s as it is for heavier m o d e r a t o r s . 

In the energy range x<; x,,, the second member of the r ight-hand 
side of Eq. (III-3-9) will be smal l , according to the discuss ion of the las t 
section, and will be neglected. With these reduct ions , Eq. (III-3-9) takes 
the form 

[V(x) + r ] N(x) :^ fj"^ + J^''\ dxoP(xo —x) N(xo) 

X oo 

dxoP(xo—x) N^sUo) • (III-4-1) 

The functional forms of the quanti t ies V(x) and P(xo-*x) as found 
in the las t section a r e 

V(x) . ( x + - f ) e ( x ) + ^ ^ P ± i ^ (III-4-2) 
\ 2 x / y<^ 



and 

P ( x o - - x ) =^ 
Xo 

e (XQ) exp (xg - x^) if Xo < x 
(III-4-3) 

e(x) if Xo > x 

The functional form of P(xo—^x) allows us to evaluate the third 
member on the r ight -hand side of Eq. ( l I I -4- l ) explicitly. On substitution 
of Eq. (III-3-17) for Nas(x), we find that 

dxoP(xo-«»x) Nas(xo) = 2xe(x) I ^ / ^° ^.3 dxg 
'Xg XQ " £ 

Q(x) ^^ ^ p j , = Rx9(x) , (III-4-4) 

with R = C/(x^ + r)^. The explicit integrabi l i ty of this express ion is 
cha rac t e r i s t i c of the case of modera to r a toms of unit m a s s . For the case 
of modera to r a toms of genera l m a s s , to be t rea ted in the next chapter, a 
much rougher approximat ion will have to suffice at this point. 

We divide the finite in terva l (O, x^) into M subintervals , the lengths 
of which a r e not n e c e s s a r i l y equal. Employing the s imples t t rapezoidal 
ru le , Eq. ( l I I -4- l ) is rep laced by the approximate express ion 

i - i 

2 , P(xj -*' Xi) N(xj) Hj + [P(xi -> xi) Hi - V(xi) = r ] N(xi) 

+ A P ( x j - ^ x . ) HjN(xj) :J) = -2 x . e (x.)R (i = 1,2,...., M) 
j=i + l 

(III-4-5) 

where Hj denotes the s ize of the j - t h m e s h and includes the fractions in the 
t rapezoida l ru le . Since N(0) = 0, the number of equations in the s y s 
t em (III-4-5) i s just M. 

A s t ra ight forward solution of this set of s imul taneous l inear equa
tions was f i r s t t r i ed for M = 100, employing the subrout ine for m a t r i x 
invers ion for the IBM 704 computer at the Argonne National Laboratory.9 

Argonne National Labora tory , AMD Subroutine AN F403. 



The r e s u l t w a s qu i t e s a t i s f a c t o r y wi th t h i s p r o g r a m , but had the d i s a d v a n 
t age tha t a r e l a t i v e l y long m a c h i n e t i m e of about 11 or 12 m i n was r e q u i r e d 
for the i n v e r s i o n of the 100 x 100 m a t r i x . F u r t h e r m o r e , the a c c u r a c y of 
the c a l c u l a t i o n could no t be c o n t r o l l e d . Since the m a c h i n e t i m e r e q u i r e d for 
m a t r i x i n v e r s i o n i s p r o p o r t i o n a l to the cube of M, a n i n c r e a s e in the n u m b e r 
of m e s h p o i n t s qu i ck ly r a i s e s the r e q u i r e d m a c h i n e t i m e . 

T h e s e c o n s i d e r a t i o n s led to a r e v i s e d p r o g r a m b a s e d on an i t e r a t i o n 
p r o c e s s i n s t e a d of m a t r i x i n v e r s i o n . Taking into a c c o u n t the c a p a c i t y of 
IBM 704, wh ich h a s a t o t a l meiTiory s p a c e of 32 ,000, a m a x i m u m n u m b e r of 
m e s h p o i n t s M = 150 was p o s s i b l e for t h i s p r o c e s s . V a r i o u s d e g r e e s of 
a c c u r a c y can b e a c h i e v e d by adjustiTient of the c o n v e r g e n c e c r i t e r i a . The 
c o m p u t e r r e q u i r e s the r a t h e r long t i m e of 1.5 to 2 m i n for the e v a l u a t i o n of 
the c r o s s s e c t i o n s . By fixing the c h o i c e of m e s h s i z e s and p o i n t s , t h e s e 
c r o s s s e c t i o n s could be u s e d r e p e a t e d l y for d i f fe ren t v a l u e s of the a b s o r p 
t ion p a r a m e t e r P . The m a c h i n e t i m e r e q u i r e d for the i t e r a t i o n p r o c e s s , 
u s ing M = 100, wi th the i n c r e m e n t on s u c c e s s i v e i t e r a t i o n s l e s s than 10"'*, 
w a s l e s s than 2 m i n . 

F o r t h e i t e r a t i o n p r o c e s s Eq . ( I I I -4 -5 ) was r e w r i t t e n in the f o r m 

FM 

^^"i^ = -W^Tr Z '^h ^-i)HjN(xj) + 2Rxie(xi) 
1=1 

( I I I -4 -6 ) 

The a s y m p t o t i c so lu t ion N3^g(x) f r o m E q . ( I I I -3 -18) w a s u s e d a s the i n i t i a l 
t r i a l funct ion to s t a r t the p r o c e s s . 

The n o r m a l i z a t i o n p r o c e d u r e r e q u i r e s s o m e c o n s i d e r a t i o n . F o r 
t h i s p u r p o s e we f i r s t s e t 

N3_g(x) dx = 1 , ( I I I -4 -7 ) 

f r o m wh ich we find, u s ing Eq . ( l I I - 3 - i 8 ) , t ha t 

C = 2 r . ( I I I -4 -8 ) 

At th i s po in t we have t a k e n a d v a n t a g e of the fact t ha t Na,s(x) i s the c o r r e c t 
n e u t r o n d i s t r i b u t i o n funct ion for the s l o w i n g - d o w n m o d e l for a l l v a l u e s of 
the n e u t r o n e n e r g y . T h i s n o r m a l i z a t i o n cond i t ion f ixes the s t r e n g t h of the 
e x t e r n a l s o u r c e of n e u t r o n s to be Q = F . 



Suppose that the total source s t rength of the neutron source is given. 
Then, r e g a r d l e s s of the na ture of the model used, or of any other conditions, 
the exis tence of a s ta t ionary s tate implies that the total r a t e of absorpt ion of 
neutrons mus t just equal the r a t e of input. If this condition is expressed in 
t e r m s of the density functions on the neutron velocity sca le , as was done in 
Eq. (1-2-8), we have the following conditions: 

Pv2g_(v)N(v) dv = J " v2^(v)N^g(v) dv = P S(v) dv. (III-4-9) 

However, since we a s s u m e throughout this thes is the usual " l / v law" 
of absorption, ^^^(v) o: l/v, so that v2g_(v) is independent of neutron velocity; 
i .e. , the probabil i ty of absorpt ion of a neutron per unit t ime is independent 
of its velocity or energy. In this case , Eq. (III-4-9) takes the s impler form 

Ng,s(v) dv = ^ ™ ^ J S(v) dv , (III-4-10) 

from which it follows that 

X 
00 

[N(v) - N3„(v)] dv = 0 . (Il l-4-11) 
0 

F r o m this point on it will be convenient to express our density 
functions on the scale of neutron energy, r a the r than velocity, that is , we 
use the var iab le x instead of v. In these t e r m s Eq. ( l I I - 4 - l l ) will be 

X 
00 

[N(x) - Ng^sW^ dx = 0 . (III-4-12) 
0 

This re la t ion shows that the function 

g(x) = N(x) - Nas(x) (III-4-13) 

must not be one-signed over the whole energy range . The argument given 
at the end of Section III-3 shows that g(x) is posit ive for la rge energ ies , and 
negative for low energ ies , for the case of a modera to r with a toms of unit 
m a s s . 

Since we have r equ i red that N(X) = Na_g(x) when x > x^, Eq. (III-4-12) 
r equ i r e s that 

N(x) dx = / N^g(x) dx = f^™™Yr) (III-4-14) 



when we make use of Eq. (III-3-17) for the evaluation of the second integral . 
In a s imi la r way, the s t rength of the external neutron source can be evalu
ated from formula (lII-4-lO). Since this evaluation is of no further in te res t 
to us, we do not write it out explicitly. 

The graphs given in Figs . I l l -1 through III-4 show clear ly the 
point mentioned in Section III-4 concerning the low value of energy at which 
the maximum of the distr ibution function Na_s(x) is reached. The maximum 
in N(X) moves to higher energies with inc rease of the absorption constant. 
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Fig. III-l . Neutron Density m Moderator of Unit Atomic 
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Fig. III-2. Neutron Density m Moderator of Unit Atomic 
Mass for F = 0.451. 



In the low-energy region, m which the neutrons have about the saine mean 
kinetic energies as the gas a toms, the distr ibution r e s e m b l e s the Maxwel
lian m form, but m the high-energy region, well above the value 
kT(x > > l ) It takes on the form of Nas(x). 
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I l l -5 . Reduction to the Wigner- Wilkins Differential Equation 

It was shown by Wigner and Wilkins' ' that for modera tor nuclei of 
unit m a s s it is possible to rep lace the in tegra l equation of the gas model 
by a second-orde r differential equation. This resu l t s from the fac tor iza
tion of the kerne l P(xo—»x) into a product of two functions, each depending 
on only one of the va r i ab les , as is shown explicitly in Eq. (III-3-6). This 
factorizat ion does not hold for modera to r nuclei of other m a s s e s . 

Wigner and Wilkins make the reduct ion of their differential equation 
after symmet r iz ing the ke rne l by use of the condition of detailed balancing 
(cf. Section II-4); 

P(xo-- 'x) M(xo) = P(x -^xo) M(x) , (III-5-1) 

where M(x) is the Maxwellian dis t r ibut ion function. This condition holds 
for our density function N(x) if no absorpt ion occurs and no external source 
is p resen t , in which case N(X) takes the Maxwellian form. 

It is of some ii-nportance to observe that so far as reduction of the 
in tegra l equation to a differential equation is concerned, the Wigner-Wilkins 
symmet r i za t ion procedure is unnecessa ry . For this purpose, we f irst 
r ewr i t e Eq. (III-3-9) in the form 

[V(X) + r] N(x) = 2xe"' ' ' / ê 'o e(xo) ^ ^ dxg 
XQ 

+ 2xe(x)l ^ i ^ d x o . (III-5-2) 

Next, we introduce the definition 

*(x) = ^ M ± I N(x) . (III-5-3) 
X 

This t r ans format ion br ings Eq. (III-5-2) to the form 

B'^'HX) = 2 / e"°e(xo) ^ I J T T ^ °̂ 

x2 H^o) ^^e-^ix)j_ v ( # T T ^ - o - (ni-5-4) 
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The differential equation satisfied by ^{x) which we a r e seeking can 
be found by differentiation of Eq. (III-5-4) twice with r e spec t to x, and 
reduction of the resul t ing formulas . We introduce the abbreviat ion 

P(x) = xe(x) + ^ e x p (-x^) , (III-5-5) 

and the differential equation is found to be 

^ + [ a x - - ^ d<P 

dx^ ' l^^ " P(x) Jdx "̂  
( 2 / V i ) e - ^ ' , 4P(x) 

p(x) v(x) + r „ 
0 = 0 (111-5-6) 

This equation is equivalent to that found by Wigner and Wilkins. Once the 
solution of this equation is known, the neutron density function N(X) can be 
calculated from Eq. (III-5-3). 

Unfortunately, no analyt ical solution is known for Eq. (I l l -5-6) , or 
for the equivalent equation given by Wigner and Wilkins, and so one is forced 
to make use of numer i ca l integrat ion, just as was the case for or iginal 
in tegra l equation. 

In o rde r to make a compar ison with our numer i ca l r e su l t s for the 
in tegra l equation, a numer i ca l solution of Eq. (III-5-6) was made on the 
IBM 650 computer at the Argonne National Labora tory . The r e su l t s of 
higher quality could have been made by use of the IBM 704, but the extra 
effort did not seem to be justified by the na ture of the problem. 

I l l -6 . Concluding Comments 

In summary , it was found that the numer i ca l solutions of the in tegral 
and differential equations for the gas model, with modera to r a toms of unit 
m a s s , agreed well among themse lves and a lso with the numer i ca l work 
published by Wigner and Wilkins. This in itself is not surpr i s ing , since the 
reduct ion from the in tegra l to the differential equation in this pa r t i cu la r case 
is exact. It i s , in fact, more a check on the reasonable compatibil i ty of the 
var ious approximat ions used by the different au thors . It may be r e m a r k e d 
that Coveyou, Bate, and Osborn-'-^ have c a r r i e d out a Monte Carlo ca lcula
tion with r e su l t s comparable with those of Wigner and Wilkins. 

The favorable cha rac t e r of the r e su l t s for the par t icu lar case of 
modera to r atonas of unit m a s s cannot be expected to hold for a toms of 
higher m a s s , as will be seen in the next chapter . In this case the re is no 
known exact reduct ion of the in tegra l equation to a differential equation, and 
the var ious approximat ion methods become less a c c u r a t e . 

10 
R. R. Coveyou, R. R. Bate, and R. K. Osborn, J. Nuclear Energy, 2, 
153 (1956). ~~ 



CHAPTER IV 

THE GAS MODEL FOR MODERATOR ATOMS OF GENERAL MASS 

IV-1 . Introduction 

We saw in Chapter III that for modera to r nuclei of unit m a s s 
(atoimic hydrogen as a modera to r ) , the Wigner-Wilkins in tegra l equation 
of the gas inodel can be reduced to a differential equation of the second 
o r d e r . Fo r m o d e r a t o r s with m a s s e s g rea t e r than unity, this reduction is 
not poss ible , except as an approximation, and one is obliged to depend 
upon numer i ca l calculat ions ent i re ly for the study of the in tegra l equation. 
The difficulties of the problem in this case a r e quite s eve re . The c o r r e c 
tions to the differential c r o s s sect ions due to the t he rma l motions of the 
modera to r atoims a r e more complex than for unit i nass , and are strongly 
m a s s dependent. The l a rge r the m a s s of the modera tor nuclei, the more 
difficult it is to obtain a numer ica l solution of the in tegral equation for a 
given accuracy . 

In Section IV-2 we shall consider some qualitative features of the 
solution. Section IV-3 is devoted to the asymptotic solution (slowing-down 
theory) and the approximat ions involved in it. In Section IV-4 we descr ibe 
a d i rec t numer i ca l solution of the in tegra l equation. Section IV-5 will be 
devoted to a d iscuss ion of some of the approximate solutions which have 
appeared in the l i t e r a t u r e . Section IV-6 contains a compar ison of all r e 
sul t s , and Section IV-7 s u m m a r i z e s the r e su l t s of this study. 

IV-2. Some Qualitative Considerat ions 

The genera l features of the modera t ion of high-energy neutrons 
a r e s imi l a r to those descr ibed in Chapter III for moderat ion by nuclei of 
unit m a s s . However, as the modera to r m a s s i n c r e a s e s , the energy d i s 
t r ibut ion of the modera to r nuclei changes over the ent i re energy range 
affecting both sca t te r ing and absorpt ion of neu t rons . The scat ter ing is 
affected because , as the inodera tor m a s s is increased , more momentum 
is available at every energy for sca t te r ing neut rons . This can be seen 
from the express ion for the modera to r Maxwellian distr ibution in momen
tum: 4Tr"^/^ M"̂ *̂ ^ c ^ p ^ e x p ( - , - ^ P V ^ ) ' where p = Mv. As M is inc reased , 
the peak and the ent i re dis t r ibut ion is shifted to higher values of p. Thus 
the effect of modera to r motion is felt at higher energies for g rea te r mod
e ra to r m a s s e s , and the energy range over which the numer ica l integrat ion 
mus t be per formed is extended (cf. f igures in Chapter II). 

The absorpt ion is affected because , as the modera tor ixiass is 
inc reased , the energy lost per coll is ion is dec reased , thereby requir ing a 
g rea t e r number of neutron coll is ions for a given reduction in neutron 
energy. By requir ing m o r e coll is ions for a given energy reduction, the 
probabil i ty of absorpt ion is i nc reased , and so the effect of absorption 
extends higher in energy with inc reased modera to r m a s s . 
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IV-3. The Asymptotic Solution (Slowing-down Model). 

Our aim is again to use the neutron dis t r ibut ion of the slowing-down 
model as the asymptot ic form of the solution for the gas model at high 
energy. As was indicated in Chapter II, this connection is based on the fact 
that the c ro s s sect ions for the gas model degenera te into those for the 
slowing-down inodel at high energy for a r b i t r a r y modera to r m a s s . 

However, for a genera l m a s s the de terminat ion of a suitable ana
lytic approximation for the dis t r ibut ion function of the slowing-down model 
is difficult, and the approximation p rocedure used in Chapter III is no 
longer adequate. The form of the in tegra l equation for the slowing-down 
model with the external source placed at infinite energy was d iscussed in 
Section III-3, and is 

J
nx/(X -^ (xo) 
' - ^ dxo . ( l V - 3 - 1 ) 

X ^ 0 

(̂  

with a = (A - 1)/(A + 1), A = \/\i = M/m, 0^ , i / ( i _ ^2). 

If we set A = 1, for which a - 0, and 0 = 1 , Eq. ( lV-3- l ) r e v e r t s 
to the form (III-3-13), with the known solution (III-3-17) for the case of 
hydrogen as a mode ra to r . When A > 1, the exact solution of the in tegra l 
Eq. (IV-3-1) is not known in closed form. For th is r eason it is not profi t
able to a t tempt to de te rmine Nas(x) from Eq. ( IV-3-1) . Instead, we s ta r t 
from a different a rgument , given by Weinberg and Wigner,! 1 which gives 
an approximate evaluation of Nas(x) which is adequate for our pu rposes . 

According to these au thors , if we use the neutron energy E as the 
independent va r iab le , the slowing-down density in the slowing-down model 
should be express ib le (approximately) in the form 

q(E) = 2(E) E I 0(E) , ( lV-3-2) 

where q(E) is the number of neutrons c ross ing energy E per second per 
unit volume toward lower ene rg ie s ; 2(E) is the total (scat ter ing plus ab
sorption) c r o s s section; 0(E) is the neutron flux; and 

«=-'4x^-(^) <—) 
is the average logar i thmic energy loss in the slowing-down theory . 

If the dis t r ibut ion is s ta t ionary, as we a r e supposing it to be , the 
number of neutrons absorbed per unit volume per second below the energy 
E must be just equal to the slowing-down densi ty q(E). This equality 

11 A. M. Weinberg and E. P . Wigner, The Phys ica l Theory of R e a c t o r s , 
The Universi ty of Chicago P r e s s (1958), p . 316. 
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p r o v i d e s the fol lowing equa t ion for the n e u t r o n flux 0 ( E ) : 

(E) 4 E a ( E ) 2a(Eo)*(Eo) dEo ( lV-3 -4 ) 

If the a b s o r p t i o n fol lows the l / v law, as we a s s u m e , Eq . ( l V - 3 - 4 ) r e d u c e s 
to the fol lowing s i m p l e r f o r m : 

- ^ x l x + r ) N a s ( x ) - r I Nas(xo) dxo ( lV-3 -5 ) 

On d i f f e r e n t i a t i o n of both s i d e s of Eq . ( lV-3 -5 ) with r e s p e c t to x, 
we find the fol lowing d i f f e r en t i a l equa t ion : 

+ 1 ^ + ^ l N a s ( x ) = 0 
d x + F X 

( lV-3 -6 ) 

which h a s the so lu t ion 

NasW 
X 

(2 / f ) + 1 

,,2 \ X + r 
( IV-3-7) 

w h e r e C i s a n o r m a l i z a t i o n c o n s t a n t . 

We o b s e r v e , as a check , tha t if we se t A = 1 ( I = !)> Eq . ( lV-3 -7 ) 
r e d u c e s to Eq. f i l l -3 -17) of C h a p t e r III, which we found by a d i f fe ren t a r g u 
m e n t for the c a s e of m o d e r a t o r n u c l e i of uni t i n a s s . Also in C h a p t e r III 
we found the m a x i i n u m of the a s y m p t o t i c n e u t r o n d i s t r i b u t i o n to be l oca t ed 
at X = F/Z, and E q . ( IV-3-7 ) g i \ e s a m a x i m u m at x = A r / 2 , us ing 
* ~ 2 / (A - -f) for l a r g e A. 

As a f u r t h e r check on the va l id i ty of Eq . ( l V - 3 - 7 ) , we sha l l c o n s i d e r 
the exac t i n t e g r a l Eq. ( lV-3 -1 ) s a t i s f i ed by Nas(x) , tak ing the r a t i o of the 
two t e r m s : 

V(, 
I eh . x / a 

N a s W ( - + r ; Nas(xo) — dxo - 1 
X Q 

( lV-3 -8 ) 

Subs t i tu t ion of Eq. ( IV-3-7) into Eq . ( l V - 3 - 8 ) y i e l d s , upon i n t e g r a t i o n . 

- ( x ) = x ^ ^ ^ 

r 

1 
? 

? 
1 

X + r + r 
X + . , r 

(2/1) - 1 X +rV/^ 
X + j n 

. . ( lV-3 -9 ) 



We now expand the exponential t e r m s in the binomial expansion and re ta in 
only the f irs t two t e r m s , since x is large and a near ly unity: 

^i^(x) = 
1 

' +^ 1 + a I -
X 

(lV-3-10) 

For A la rger than 9 and F/x much less than unity, a is close to unity, 
and f(x) = 1. 

Formula (lV-3-7) is also in reasonable agreement with one derived 
by Corngold-'-'^ by a different method. Corngold gives the asymptotic ex
pansion for la rge x: 

+ - ( i v - 3 - i i ; 

(lV-3-12) 

-as(.)«§[l4(-3i)^ 
whereas from Eq. (lV-3-7) we find the expansion 

N . s W » ^ [ i - 4 ( i + 4 ) ^ - - / • 
where A = 2Ar . The argeement between these two express ions is quite 
sat isfactory for present purposes , and gives further confidence in the use 
of the closed form (lV-3-7) as the appropr ia te asymptotic density function 
at large energies for the gas model . 

IV-4. Numerical Solution of the Integral Equation 

The integral equation for a modera tor of m a s s g rea te r than unity 
is of the same form as Eq. (Ill-3-9) of Chapter III: 

[V(x) + r ] N(x) = I dxo Xo P(xo — x) N(xo) (lV-4-1) 

where now we must use the express ions for V(x) and P(xo -* x) derived in 
Chapter II for a modera tor m a s s g rea te r than unity, namely: 

^W=(''^z-i:)e(^)- Jw '-^ (lV-4-2) 

P'xo -~ x) 
e-̂ o - '^'l3(5X0 - "x) - 3( JXo r % . } * -jtox - ,̂Xo) + e(ex + Cxo) if Xo x ( l V - 4 - 3 " ) 

^N. Corngold, Ann. Phys . , 6, 368 (1959)-



and 

r = x2^(x) /2f . (lV-4-4) 

The numer ica l solution of Eq. (lV-4-1) will be undertaken by the 
same general p rocedures as were used in Section III-4. The f i rs t point is 
that above a sufficiently high value, x^, we assume that N(x) = Nas(x), 
where the la t ter function is given in Eq. ( lV-3-7). Unfortunately, the 
choice of a suitable numer i ca l value for XQ gives some trouble for la rge 
modera to r m a s s e s , since it must be chosen as high as is reasonable , sti l l 
being compatible with a suitable choice of range over which the numer ica l 
work must be extended. 

We replace Eq. (lV-4-1) by the equation 

(V(x) + r )N(x) = I dxo P(xo-* x) N(xo) + I dxo P(xo-* x) N(xo) 

+ dxoP(xo — x)N^g(xo) , (lV-4^5) 

"where 

For genera l modera to r m a s s , the last in tegral of (lV-4-5) is not 
immedia te ly calculable, and inust be t rea ted by approximation methods. 
We assume that x .̂ has been chosen so large that in this in tegra l we can 
rep lace the function P(xo —•x) by i t s asymptotic form 

P ( x o - * x ) ~ 9 ' ^ h i f a x o < . x < ^ x o (lV-4-7) 
Xo 0 otherwise 

rxc r^/^'cx/Vc)"^ 
(V(x) + r) N(x) = I dxo P(xo — x) N(xo) + 2 O^x j 

0 ^ x ^ (xo + r)(2/e) + i 

if X > o.x^ ( IV-4-8) 

^^c 
( V ( x ) + r ) N ( x ) = I dxo P(xo — x) N(xo) if X . a x ^ . ( lV-4 -9 ) 



The analys is will be developed along the l ines of that of Section III-4. 
Equations (lV-4-8) and (lV-4-9) a r e wri t ten in approximate form by means of 
the t rapezoida l rule for in teg ra l s : 

N(xi) = 
v(x.) +r 

Lj=i 

P ( x j - * Xi)N(xj) Hj + Ze^xiiixi) 

(lV-4-10) 

where H^ is the mesh size of the j - t h in terva l and 
J 

f(xi) =̂  

, if x^ < ax( 

(2/1) - 2 n xi/a Cxo 
/ ^^^ , if Xi > ax^ 

^xc ( x o + r ) ( 2 A ) + i 

(lV-4-11) 

The total number of mesh points is M. The inesh s izes Hj need not be 
the same over the whole range of the independent va r iab le . The pr incipal 
difference from Eq. (III-4-6) of Section III-4 is in that equation R is a con
stant, whereas in Eq. (lV-4-10) we have a function f(x) which vanishes 
over a ce r ta in port ion of the energy range . 

Equation (lV-4-10) was solved by a success ive i tera t ion method, 
using the asymptot ic solution (lV-4-6) as the f i r s t t r i a l function. 

The nornnalization requ i rement was de te rmined in the same way 
as in Section III-4, that i s , we r equ i re the condition 

-Xc 

N 
as 

(x)d. =£'%(x)dx=(^^) V? (lV-4-12) 

which reduces to Eq. (lII-4-lO) of Section III-4 upon sett ing ^ - 1. 

It i s n e c e s s a r y to take the value of x^ l a r g e r than for the calculation 
in Chapter III, and the value chosen mus t i n c r e a s e monotonically with the 
modera to r m a s s if one is to re ta in a ce r ta in accuracy in the solution. 
This p rocedure is l imited by the m e m o r y capaci ty of the computing machine . 

The numer i ca l evaluation of Eq. (lV-4-10) was c a r r i e d out on the 
IBM 704 computer at the Argonne National Labora to ry . With 150 mesh 
points , each i te ra t ion p r o c e s s requi red about 10 s ec . The number of 
i te ra t ions requ i red to achieve a given degree of convergence i n c r e a s e s 
with the mode ra to r m a s s . Renormal iza t ion of the neut ron density i s c a r r i e d 
out after each i te ra t ion to prevent accumulat ion of e r r o r s . 



E x a m p l e s of n u m e r i c a l s o l u t i o n s for v a r i o u s v a l u e s of the m o d 
e r a t o r m a s s and the a b s o r p t i o n coef f ic ien t a r e shown in F i g s . IV-1 
t h r o u g h IV-8 ( s ee p p . 5 3,54) a long with so lu t i ons we c o m p u t e d f r o m the 
Wilk ins and C o r n g o l d e x p r e s s i o n s g iven in the fol lowing s e c t i o n . In 
add i t ion , we have r e p r o d u c e d g r a p h s of the Monte C a r l o so lu t ion of 
Coveyou , B a t e and O s b o r n . ^^ The d e v i a t i o n s f rom the Maxwe l l i an d i s 
t r i b u t i o n a r e of the s a m e c h a r a c t e r a s t h o s e found for h y d r o g e n m o d e r a t o r 
(unit m a s s ) shown in F i g s . I I I - l t h r o u g h I I I -4 . The m a j o r point which 
s h o w s up i s t ha t s i n c e n e u t r o n a b s o r p t i o n b e c o m e s m o r e effect ive a s the 
m o d e r a t o r m a s s i s i n c r e a s e d , the p e a k of the d i s t r i b u t i o n c u r v e shif ts to 
h i g h e r e n e r g i e s wi th an i n c r e a s e of bo th m o d e r a t o r m a s s and a b s o r p t i o n 
coe f f i c i en t . 

I V - 5 . The Heavy M o d e r a t o r A p p r o x i m a t i o n 

Wilk ins •'••̂  gave a r e d u c t i o n of the W i g n e r - W i l k i n s i n t e g r a l equa t ion 
for a m o d e r a t o r g a s of m a s s m u c h g r e a t e r t h a n un i ty . The ina jo r a n a l y t i c a l 
di f f icul ty one e n c o u n t e r s s t e m s f r o m the fact t h a t for a g e n e r a l m o d e r a t o r 
m a s s t h e k e r n e l of the i n t e g r a l equa t i on i s not s e p a r a b l e . 

The p r o c e d u r e u s e d by Wi lk ins w a s to expand the i n t e g r a l in a 
p o w e r s e r i e s in the i n v e r s e m a s s r a t i o /i . He p r o p o s e d a f o r i n a l t h e o r y 
of s u m m a b i l i t y l ^ for the e x p a n s i o n as a j u s t i f i c a t i o n for i t s u s e . In fac t , 
by r e t a i n i n g only t e r m s of the f i r s t o r d e r in /i, he w a s ab le to r e p l a c e the 
i n t e g r a l equa t i on by a s e c o n d - o r d e r d i f f e r e n t i a l equa t ion , wh ich i s u s u a l l y 
known a s the Wilk ins e q u a t i o n . T h i s p r o c e s s c a n be ex t ended f o r m a l l y . 
By r e t a i n i n g only p o w e r s of /i of s u c c e s s i v e d e g r e e s , one can r e p l a c e the 
r e s u l t i n g i n t e g r a l e q u a t i o n by o r d i n a r y d i f f e r e n t i a l equa t i ons of s u c c e s s i v e l y 
i n c r e a s i n g d e g r e e s . 

H u r w i t z , Ne lk in , and H a b e t l e r ^ S u s e d a s o m e w h a t d i f fe ren t a p p r o a c h 
by expanding the W i g n e r - W i l k i n s i n t e g r a l in t e r m s of the e n e r g y t r a n s f e r 
m o m e n t s of the d i f f e r e n t i a l s c a t t e r i n g c r o s s s e c t i o n . H o w e v e r , t hey a l s o 
u s e d an e x p a n s i o n in p o w e r s of /i , so t ha t the a m b i g u i t y in the n e g l e c t of 
t e r m s of h i g h e r o r d e r in t h i s p a r a m e t e r r e m a i n s a s it does in W i l k i n s ' 
f o r m u l a t i o n . 

In o r d e r to d i s c u s s t h i s w o r k , we c o n s i d e r f i r s t W i l k i n s ' m e t h o d . 
When a t t e n t i o n i s r e s t r i c t e d to the r e g i o n of l o w e r e n e r g y , be low the 
e n e r g y a t wh ich n e u t r o n s a r e i n t r o d u c e d into the s y s t e m , the W i g n e r -
Wilk ins i n t e g r a l equa t ion h a s the f o r m 

1 2 j . E . W i l k i n s , J r . , C P - 2 4 8 1 (1944) . 

1 4 j . E . Wi lk ins , J r . , A n n a l s of M a t h e m a t i c s , 49, 189 (1948). 

•'•-'H. H u r w i t z , M. S. Ne lk in , and G. J . H a b e t l e r , N u c l e a r Sc i ence 
and E n g i n e e r i n g , 1, 280 (1956) . 
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(V(x) + r)N(x) = I P(xo — x)N(xo) dxo ( lV-5 -1 ) 

The funct ion P(xo - * x) s a t i s f i e s the p r i n c i p l e of d e t a i l e d b a l a n c i n g in the 
f o r m (cf. Sec t ion II-4) 

M(xo) P(xo — x) - M(x) P(x — xo) ( lV-5 -2 ) 

w h e r e M(x) = x e " ^ i s t he Maxwe l l i an d i s t r i b u t i o n funct ion . We define 
a new funct ion, v{x), by the f o r m u l a 

N(x) = V M ( X ) V{X) xe Va Hx ( X ) 
( l V - 5 - 3 ) 

which y i e l d s f r o m ( l V - 5 - 1 ) , on u s e of ( l V - 5 - 3 ) , 

(V(x) + r ) v{x) = I S(x, Xo; /i) v(xo) dxo 
Jo 

( lV-5 -4 ) 

w h e r e the k e r n e l of t h i s i n t e g r a l equa t ion i s the s y m m e t r i z e d funct ion 

s(x, xo;/i) = e^ 

^y,{x^ - xg) ^Q^g^ _ ^^^^ ^ Q^g^ ^ ^^^^^ 

+ e"'^^^^ ' ''°^[O(0Xo - ^x ) - 9(0X0 + Cx)] if x < XQ 

( l V - 5 - 5 ' ) 

.1/2(X' - 4 ) ^Q(g^ _ ^^^) _ 0 ( 0 ^ ^ ^^^)] 

/ 2 2\ 
.1/2(X - XO) + e"^'-^" ^' [ e ( 0 x o - Cx) + e (0xo + ^x)] if X > Xo 

( l V - 5 - 5 " ) 

Wilk ins a r g u e d f r o m his t h e o r y of s u m m a b i l i t y t ha t the r i g h t - h a n d 
s ide of ( l V - 5 - 4 ) can be expanded in the fol lowing s e r i e s f o r m : 

f S(x, xo;#j)^'(xo)dx„ = XK{X) + i - [ ( 4 X - X^) i- + i/'(x) + xj/"(x)] + i ^ [(x^ - 6x^ + 3x)v(x) + 6(1 - x )̂ i" (x) ( l V - 5 - 6 ) 

f 2(3x - x=) v"(x) + 2 i'"'(x) + X 7/"̂ '> (x)] + O(ii^) 
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It may be noted that, m this expansion, the condition ,yA x > > 2 is not 
actually needed, con t ra ry to a s ta tement given in Ref. 10. 

Using this expansion in Eq. ( lV-5-4), we have the following re la t ion: 

(V(x) + r)i/(x) = xv{x) +JL[{4x-x^)v{x)+ v'{x)+xv"{x)] + OiiJ.^) 
^ (lV-5-7) 

which is equivalent to the relat ion 

(V(x) + i"')N(x) = xN(x)+- | [ ( i + 4x)N+(2x2- l ) N ' + x N " ] + 0(/i^) 

(lV-5-8) 

In the energy region x >> 2 -Jli , 

V(x) « X + ^ + 0(e-Ax2) ^ (lV-5-9) 

If we keep only the f i rs t two m e m b e r s on the r ight-hand side of 
Eq. (lV-5-9) and drop all m e m b e r s of the form 0(/i^) in Eq. ( lV-5-8), we 
obtain the following differential equation: 

xN" + (2x^ - 1)N' + (4x - A) N = 0 , (lV-5-10) 

where 

A = 2Ar . (lV-5-11) 

Wilkins has obtained a solution of Eq. (lV-5-10) in the formi of a s e r i e s . 
The resu l t s predicted from this solution a re of reasonable physical 
c h a r a c t e r , the dis tr ibut ion function being Maxwellian for lower energies 
and behaving like 1 / E at higher ene rg i e s . 

On the other hand, the na ture of the approximation procedure used 
by Wilkins is unusual, and at f i rs t s eems to be quite unclear on mathemat ica l 
grounds . As has been indicated, the formal solution of Eq. (lV-5-4) by ex
pansion of the r ight-hand side in powers of \i, with omission of successively 
higher powers of \i, leads to the considerat ion of a sequence of differential 
equations of increas ing o r d e r s . Although no genera l theory is known to the 
author, the approximation of functions by solutions of differential equations 
of increas ing o r d e r s would seem to be closely re la ted to the Weie r s t r a s s 
theorem concerning the approximation of continuous functions by polynomi
a l s . In the p resen t case the differential equations involved a re so com
plicated that the convergence of the p r o c e s s could be tes ted only by 
extensive numer ica l calculat ions , which would not have been justified in 
th is work. In the last ana lys is , the fact that the distr ibution function has 
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a quite simple form may be a s trong contributing factor in the convergence 
of the var ious methods of approximat ion. 

A connparison of the r e su l t s obtained by numer i ca l evaluation of the 
Wigner-Wilkins in tegra l equation with s i in i lar calculat ions made for the 
Wilkins differential Eq. (lV-5 -10) will be given in Section IV-6. It need 
only be said he re that the agreement is so good that it i nc r ea se s confidence 
that the convergence of the approximation procedure is actually quite good 
in this p rob lem, even though we have no detailed proof of this fact. 

It is of in te res t to compare Wilkins ' reduction of the Wigner-Wilkins 
in tegra l equation with that developed by Hurwitz, Nelkin and Habet ler . 15 
Let 0 (e ) be the neutron flux per unit energy range, with 2 (e) and 2 (e) 
the macroscop ic sca t te r ing and absorpt ion c r o s s sec t ions , respec t ive ly . 
The neutron energy will be m e a s u r e d in the reduced units e = E / k T . In 
these var iab les the Wigner-Wilkins in tegra l Eq. ( lV-5- l ) takes the forin 

[2 s (e ) + 2a(e ) ] 0(e) = I 2s( eo — e)0 (CQ) de o . (lV-5-12) 
Jo 

The total and differential sca t te r ing c ro s s sec t ions , 2 s ( e ) and 
2(eo—»»»e), a r e given by Eqs . (II-4-18) and (II-4-16), respec t ive ly , of 
Chapter II. They a r e re la ted by the formula 

2g(e) = 1 2(e ~- £o) d£o . ( lV -5 -13) 
Jo 

The absorpt ion c r o s s section will be assumed to be proport ional to 
l / \ / e " ' 3-S is done throughout this work. 

We will set 

0(e) = M(e )g (e ) = ee-'^g(e) , (lV-5-14) 

so that the deviation of the function g(£) from the constant value unity 
m e a s u r e s the deviation of the dis t r ibut ion from the Maxwellian form M(e) . 

By means of the pr inciple of detai led balancing, 

2(eo - * e ) M ( £ o ) = 2 ( e - * e o ) M ( e ) 

and the re la t ion ( lV-5-14), we get 

2 ( e o — e )0 (eo ) - 2 ( 6 - * eo)g(eo)M(e) . (lV-5-15) 



Substitution of this into Eq. ( lV-5-lZ), gives, after a li t t le 
manipulation, 

2 a ( £ ) 

2 . ( 6 ) 
g{e) =A£ 

— dg 

de. 
1 Ac 

2 d^g 

d e 2 

' d^g 

d e ^ 

{lV-5-16) 

The A e ^ ' s a r e the energy change mioments of the differential 
scat ter ing c ros s section, defined by the formula 

Ae^ = YIT) I ^'^o(eo - e)^ 2(e -* CQ) (n = 1,2,3,- • •) 

(lV-5-17) 

Straightforward evaluations of these quantities can be made to give full 
express ions without use of the formal i sm of Hurwitz et SLIA^ 

The f i rs t few of these quantities are as follows: 

Ae = 
ZA 

A + 1 ( A + l ) 2 (A + 1)^ ( A + 1 ) + Tr^2 Ri i - ^ ) 

Ae' = 
3 { A + l ) 2 

34 

e" + 
4A 32A 112 

+ ( A + 1 ) 2 ( A + 1)2 3 ( A + 1 ) -

80 . 124 1 / 34 80 + 1^4 1 \ 

\ ( A + 1)2 ( A + 1 ) ^ 3 (A + 1 ) V 

' ( s l l ^ ' (TTI? - JT^Y^ (^^) -^ (1717 ^̂  
r „ -16A^ 3 _ r 32A^ 192A2 ^ 21bA2 1 2 

"̂̂  "̂  (A+1)' *" L(A+1)*" (A + l)5 (A + 1 ) 0 ^ 

/Ae 

96A 704A 1344A 
+ • 

.(A + l)2 (A + 1)* ( A + i ) ^ 

732 432 1448 
+ 

1488 

( A + 1 ) ^ (A + 1)^ (A + 1)* ( A + l ) = 

•96 608 888 522 

i A + 1}^ (A + 1)* (A + l)5 (A + 1)*J 

300 16 96 

Ri ( v ^ ) 

A ( A + 1)2 " (A + 1)* ( A + 1 ) 5 (A + 1) '^Tn^hi 
8 

( A + 1 ) ^ 
R, J-yTe 

( l V - 5 - 1 8 ) 
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The th ree functions appearing in the above express ions have the definitions 

e(VAe) 
2 e{yA£)(2Ae + 1) + 

^ e(yAi)(2Ae + 1) + _ ^ V ^ e-Ae 

R 3 ( V ^ ) = Ae Rzl-^Ae) • {lV-5-19) 

These functions a r e all bounded, varying from 0 to 0.5. In the evaluation 
of the higher moment s , we need functions of the form of (Ae) R2 ( vA e) 
{/c = 2,3 • • •), but each of these is also bounded. 

Though in Hurwitz ' fo rma l i sm the condition / i T / E < 1 was neces sa ry 
to guarantee the convergence of the express ion , we do not r equ i re any con
dition in this s t ra ight forward evaluation. 

Upon looking at express ion (lV-5-18), we rea l i ze the situation is 
s imi la r to that we have faced in (IV-5-6), i .e . , we have to be careful 
in the t r ea tmen t of higher o rde r in l / A = /i. The f i rs t t e r m in Ae va r i e s 
as (e /A) , and the f i r s t and the second t e r m s in Ae vary as (e /A)^ and 
(e /A) , respec t ive ly . As in Eq. ( lV-5-6) , the s imple assumpt ion of 
l / A < < 1 is not enough to justify one omiss ion of these t e r m s in A e ; 
r a the r , we r e q u i r e ( e /A)<< 1 in addition to jU = l / A << 1. 

With the condition that ( e /A) << 1, the A e ^ ' s a r e approximated 
by retaining only f i r s t - o r d e r t e r m s in /i: 

A^ - 2 / i (2 -e ) 

Ae^ - 4 / ie 

Aen = 0[JU^ (/i e)2] n > 3 . (lV-5-20) 

Here l / ( A + l) is t r ea t ed as l / ( A + l) ~ l / A = ,u by v i r tue of the condition 
/i < < 1 . 

By substi tuting these approximate express ions into Eq. (lV-5-16) 
and assuming that the role of the der iva t ives of h igher o rde r a r e insignificant 
if the i r coefficients a r e s inal l , we get the following approximate second-
o rde r differential equation: 

^ + ( 2 - e ) ^ = ^ ^ - ^ g ( e ) . (lV-5-21) 
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We remind ourse lves that this equation may be valid in the energy 
range OS e «̂  <̂  A provided l / A < < 1. 

This equation is somet imes r e f e r r ed to as the Hurwitz equation, 
and has been the point of depar tu re for numerous studies 1° of the space-
or t ime-dependent thermialization problem. 

Hurwitz et a l . , r e m a r k e d further that, if one approximates 
2g(e) by 2f, Eq. (IV-5-21) reduces to the Wilkins Eq. (lV-5-10) on 
changing the independent var iable from e to x and t ransforming to neu
t ron densi ty. It appears , the re fo re , that apart from minor differences, 
the reduction p rocedures followed by Wilkins and by Hurwitz et aL, for 
the Wigner-Wilkins in tegra l equation a r e effectively equivalent. Both in
volve the following assumpt ions : 

(1) The modera to r nuclei a re very mass ive ; 

(2) The total sca t te r ing c ro s s section is approximated by 
free nuclear sca t te r ing c r o s s section; and 

(3) The contributions of the h ighe r -o rde r derivat ive t e r m s in 
the expansions a re smiall. 

As concerns i tem (2), we note m o r e specifically that Wilkins used 

the approximation 2s(x) ~ 2f ( 1 + "TT—ii' whereas Hurwitz _et aL, used 

S (x) ~ Z£. Clear ly , t he re is an insignificant difference between them for 
la rge values of 

iar iy,• 
yAx . 

Corngold-'-'' has used another fo rmal i sm employing an extensive 
expansion of the sca t te r ing c r o s s sec t ions . After expanding N(X) in 
powers of /i, i .e . , 

N(x) = 2 N(k)(x)^> , (IV-5-22) 
k=o 

he has shown that the Wilkins Eq. (lV-5-10) is deducible from his formal 
i sm as a f i r s t approximat ion. He also gives the nex t -o rde r approximation, 
which comes direct ly from Eq. (lV-5-6) by retaining second-order t e r m s 
in /i. 

Wilkins' equation, 

xNo + (2x2 - l)No + (4x - A)No = 0 

16 M. V. Kazanovskii , A. V. Stepanov, and F . L. Shapiro, Proceedings of 
the International Conference on Peaceful Uses of Atomic Energy, 
Geneva, 1958, United Nations, 16, p . 279. 
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and the second-order equation proposed by Corngold as the next order 
of approximation, 

xNi + --'^(i^^i) N i 

^ 1 / 4 2A t? \ 1 4A 
4 x - A + - T - — r + - 7 - + — - 4 — - —— 

A Vx^ x^ 3 / X 3 Ni = 0 , (lV-5-23) 

were solved numer ica l ly by employing the IBM 704 at the Argonne National 
Labora tory . In both equations, the normal izat ion condition 

No(x) dx = I Ni(x)dx = I N(x) dx 
JQ JQ 

(lV-5-24) 

was imposed for easy comparison with our solution N(x) of the integral 
equation. These solutions a re compared in the next section. 

IV-6. Comparison of Results 

The solutions of the in tegral equation for different modera tor 
m a s s e s and absorpt ions computed from Eq. (lV-4-10) a re shown in F igs . 
IV-1 through IV-8, and a re denoted by N(x). For reference we have 
plotted a neutron Maxwellian distr ibution at the modera to r t empera tu re 
on all g raphs . In addition, on each graph we have plotted the asymptotic 
solution Na^g(x) for the modera tor at r e s t but with absorption p resen t . In 
each case , N(x) approaches Nas(x) at higher energ ies , as it should, since 
at higher neutron energ ies , the influence of modera tor motion becomes 
negligible. At lower neutron ene rg ies , all graphs show the effect of mod
era to r motion on the neutron distr ibution, namely, the up-sca t te r ing of 
neutrons by the modera to r . 

There a re two other effects to be observed in the graphs . One is 
the influence of the m a s s of the modera tor , which shifts the peak of the 
neutron distr ibution to higher energies as the modera to r m a s s i n c r e a s e s . 
This a r i s e s from the up-sca t te r ing caused by a heavier modera tor m a s s , 
which has more momentum to impar t to a neutron upon collision. The 
second effect is the influence of absorption, which also shifts the peak of 
the neutron dis tr ibut ion to higher energies as the absorption i n c r e a s e s . 
Throughout our calculations we have assumed l / v absorption, which 
means a constant absorption ra te for neutrons of all energ ies ; fewer 
neutrons a re left at the lower ene rg ies . Thus, the neutron distr ibution is 
hardened by absorption and also by a heavier modera to r . 
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F i g s . IV-5 thru IV-8 

Neutron Density in Moderator of General Mass 



In six of the graphs we have reproduced the Monte Carlo r e su l t s 
of Coveyou, Bate , and Osborn.lO The Monte Carlo curves appear lower 
than ours because of a different choice of normal izat ion by these authors , 
and with renormal iza t ion , their curves a re coincident with our s . We have 
converted thei r absorpt ion and absc i s sa units into ours for these plots . 
Thus our solution N(x) is in excellent agreement with this Monte Carlo 
calculation, which is a totally different way of calculating the neutron 
dis t r ibut ion. Ordinates for the Monte Carlo curves are given on the 
r ight-hand side of the f igures . 

On each of the graphs we have shown as a dotted curve our solu
tion of Wilkins' equation. We have chosen the normal izat ion of our N(x) 
and Wilkins' solution so that the a r e a under each curve is unity. We ob
se rve that the re is a consistent slight difference between the solution to 
Wilkins' equation and our N(x), and the su rp r i s ing thing is that this dif
ference is approximately the same r ega rd l e s s of the modera tor m a s s or 
absorpt ion. However, in the region of grea tes t in te res t , from the peak of 
the neutron dis tr ibut ion to the asymiptotic range, our solution is a slightly 
ha rde r neutron dis t r ibut ion than that of Wilkins ' . 

Corngold 's solution, although not shown in our graphs , l ies 
between Wilkins ' solution and our N(x) from the peak to the asymptotic 
region, but at very low energies drops miarkedly below N(x). 

To bring out the difference between solutions of the Wigner-Wilkins 
in tegra l equation and the heavy mioderator approximat ions , namely, Wilkins' 
equation and Corngold 's eq_uations, we computed the activation of 70Yb^^ .̂ 
This isotope has a resonance absorption peak at 0.597 ev, which is approxi
mately in the energy region where these solutions show marked differences 
F u r t h e r m o r e , the differences a re magnified by covering of Yb with a 0.0 l - m . -
thick layer of cadmium to el iminate the contribution of the thermal portion 
of the spec t ra . Numer ica l e s t imates of foil activations were made for mod
e r a t o r s of m a s s e s 2, 9, and 12, and flux depress ions caused by the p resence 
of the indicator were ignored. We have also es t imated the response of other 
de tec to r s , such as of Lu^ , U and Pu *', for the same modera tor m a s s e s 
and tabulated the r e su l t s in Table IV-1 along with ones for Yb^ ®. Activation 
or fission is given in unit of N (numiber of atoms) x 10 ^*. 

We observe that the Yb response and the Pu^ yU^^^ fission rat io 
a r e sensi t ive ind ica tors . The formier shows more than 10% difference, and 
this is even further magnified by using a cadmium layer . On the other 
hand, the r e sponses of Lu "^ and U a re insensi t ive . 

It is noticeable that the l ightest modera to r (mass 2) shows the g rea t 
est difference, although the order of the miagnitude is about the same for all 
t h ree of them. The Corngold solution gives a cor rec t ion to the Wilkins 
solution in the direct ion of the solution of the Wigner-Wilkins integral equa
tion, but it is s t i l l c lose r to the Wilkins solution ra ther than to the Wigner-
Wilkins solution. 



Table n - 1 

Pu239 and U235 Fission 
, _ N25 

U235 lunif N25 >c 10-24) Pu239 (Unit N29 x 10-24| '^'*'° " ' ^ " N^ ' 

8249 16021 0.5149 
8348 15343 0.5441 

H0.0120 0.0423 H0.0557 

8273 16376 0.5052 
8339 16054 0.5194 

(-10.0078 0.0197 (-10.0281 

8057 17508 0.4602 
8108 16629 0.«76 
8082 16737 0.4829 

(-10.0063 0.0502 (-10.0556 

(-10.0031 0.0440 (-10.0493 

IV-7 Summary and Concluding Remarks 

It has been the purpose of this thesis to examine the gas model of 
neutron therinal izat ion for a genera l modera tor m a s s . To do this , we have 
formulated the thermal iza t ion p rocess as an integral equation. This integral 
equation, with a nonseparable kerne l , cannot be solved in closed form, nor 
can its asymptotic solution, the slowing-down model solution, be given in 
closed form, except for unit modera tor m a s s . Wigner and Wilkins have 
solved the integral equation for unit modera tor m a s s , the one case for which 
the kerne l is separable , by converting to a differential equation and then 
solving the differential equation numer ica l ly . 

For modera to r s of genera l m a s s , however, the integral equation 
cannot be converted into a differential equation because of the nonsepara-
bility of the kerne l . As a resul t , different authors have expanded the 
kernel or replaced the integral by a power se r i e s in the inverse mass 
rat io , and finally solved these abbreviated forms numer ica l ly . The math
ematical and physical implications of these procedures a r e not ent i rely 
c l ea r . 

Because numer ica l solutions had to be re so r t ed to in all cases 
anyway, even for the s imples t , un i t -mass modera tor , we have undertaken 
a numer ica l solution of the original integral equation. This procedure 
has the drawback that for even the slightest change in one pa rame te r the 
ent i re numer ica l solution must be repeated. However, we are able to 
give a solution for any des i red set of p a r a m e t e r s without f i rs t al tering 
the in tegral equation before applying numer ica l methods . 

Mass 2. ro.i53io 
Wigner-Wilkins 

Wilkins 

Ratio 

Ybl® Activation (Unit N x 10-24) 
Lul?6 Activation 

Bare 0.01" Cd-Shielded (CdRatioH Bare (Unit N x l(r24) 

10971 
9431 

0.1404 

5071 
3957 

0.2196 

0.4622 
0.4195 

0.0924 

4538 
4441 

0.0213 

Mass 9. r 0.03829 

Wigner-Wilkins 
Wilkins 

Ratio 
{VI.VI.-Vi\ 

Mass 12, r 0.03829 

Wigner-Wilkins 
Wilkins 

Corngold 
/W.W.-W.A 

Ratio 

Ratio 

W.W. / 
W.W.-C.\ 

INW) 

11» 
10142 

0.1095 

13508 
11922 
12242 

0.1174 

0.0937 

5319 
4431 

0.1667 

6868 
5746 
5981 

0.1633 

0.1291 

0.4670 
0.4369 

0.0644 

0.5084 
QMS 
0.4885 

0.0519 

0.0391 

4693 
4556 

0.0292 

4912 
4748 
4751 

0.0334 

0.0328 



It is in teres t ing to note that the solutions to some of the approxi
mations made by other authors a r e surpr is ingly close to our numer ica l 
solut ions. This c loseness suggests that the integral equation has some 
cha rac te r of stabili ty of i ts solution that m e r i t s further investigation. 

The work developed he re is by no means a complete study of 
neutron modera t ion . But it is hoped that the means we have provided for 
obtaining specific numer i ca l solutions, together with the compar ison to 
other works , will be of help in the construct ion of a real ly sat isfactory 
theory of thermal iza t ion . 
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APPENDIX 

IBM 704 PROGRAM FOR SOLUTION OF WIGNER-WILKINS INTEGRAL 
EQUATION FOR MODERATOR OF GENERAL MASS 

Equation (lV-4-5) on page 43 is solved by success ive i tera t ion 
method by putting in the asymptotic solution (lV-4-6) on the samie page 
as the f i rs t t r i a l function. 

After reducing to the form (IV-4-10) on page 44 , a simple change 
of independent var iable gives the explicit express ion for the second member 
inside of the bracket : 

B(xi) = 2e^xif(xi) 
f 

-< 

SX4 

,R Z ( x i ) ^ Z(xi)^ 

R 
+ Q 

if X ,ax. 

if x.x-ax. 

whe r e 

S = 202p/F = constant 

P = 2/^ 

R = P - 1 

Y = xc/ (x^ + F ) 

Z(xi) = x i / (x i + aF) 

and 

Q = (Y^ /P) - ( Y R / R ) = constant 

By setting RM(xi) = V(xi) -f F , Eq. (lV-4-lO) on page 44 is writ ten as 

N(xi) 
RM(xi) 

£ P(xj-.Xi) Hj N(xj) + B (xi) (A-1) 

where (M \ l) is the total number of mesh points under considerat ion 
[N(0) ^ OJ. 

The set of equations (A-1) is to be solved by success ive i tera t ion 

p roces s . 



The normal iza t ion is taken such that 

N(x) dx = / N^g(x) dx =f ^ ™ - p j (A-2) 

is to be satisfied, as was mentioned in the text [Section IV-45 Eq. ( r / - 4 - 1 2 ) ] . 

As was also mentioned in the text, the p rog ram was writ ten in such 
a manner that the computer did not need to repeat the evaluation of the 
quantit ies P(xo—»x) and V(x) so long as the modera to r m a s s and a r rangement 
of mesh points were kept fixed. 

The p rog ram was wri t ten to make use of a maximum of 150 mesh 
divis ions. Fo r a given a r rangement of m e s h points, the energy scale was 
divided into three regions: (0, Ml) , (Ml, M2), (M2, M). It was convenient 
to have ax^ fall on one of the miesh points in the region M2 by proper 
choice of x^. 

The p rogram could be wri t ten to operate in different ways by the 
use of sense switches . It could furnish evaluations of the scat ter ing r a t e s 
(both differential and total) if des i red . It was possible also to write out 
values of ABCR(I) = JDW (i) . jj^^ - l) (l)j or of 

ABCR(I) = 
D(n)(l) - D(n- l)(i) 

D(n- I ) ( i ) 

after any number of i t e ra t ions . Sense switch 1 provided a write out of the 
neutron density after any des i red i tera t ion and stops the p r o g r e s s . 

The output data were the values of x, with the values of the a symp
totic solution and of the neutron density at each such point. 

The input data were read in with two c a r d s . The f i rs t pro^dded the 
mesh a r rangement s and the modera to r m a s s . The second care pro^'ided 
the absorption constant, convergence c r i te r ion , and the index K which ga^ e 
the o rde r to the machine as to whether it should read in new first input 
data and s t a r t the problem with new modera tor and m e s h point a r r a n g e 
ments , or to c a r r y another i tera t ion p rocess but for a new value of the 
absorption coefficient (K > 10 leads back to commiand l ) . 

A block d iagram of the p rog ram is shown below and a wr i te -up of 
the p r o g r a m is attached. 
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61 

BLOCK DIAGRAM OF THE PROGRAM 
I 

READ IN: MOD. MASS &MESH POINTS ARR'G'NT 
H I 

DETERMINATION OF MESH POINTS 8,MESH SIZES 
EVALUATION OF NECESSARY CONSTANTS 

I 
EVALUATION OF SCATTERING RATES 

(DIFFERENTIAL AND TOTALl 

S.S.4 

X 

WRITE OUT 

ISE 
WEIGHT DIFFERENTIAL SCATTERING RATE BY 
MESH SIZES 

A(I,J) = Pd.JlHj 

READ IN: ABSORPTION CONST. CONV. CRITERION 
AND INDEXK 

X 
EVALUATE: 

RMixii • vfxj) + r 
BCXjl 
ASY. SOL. ASIXj) 
NORMALIZATION STANDARD SAR 

PUT IN: INITIAL TRIAL FUNCTION 
D(Xil ' AS (Xjl 

REGISTER: NUMBER OF ITERATION, NITR 

H 
TD(I) = (EA(I,J)D(J1+ B ( I ) ) ; R M ( I ) 

S.S.3 

NORMALIZATION 

ABCR(I) = 
TD(I)-D(I) 

D(l ) i A B C R ( I ) =1 TD(I)-D(I) 

D(l) - TDdl 

S.S.I 

S.S.2 

WRITE OUT: 
NITR, ABCRd) 

CHECK OF CONVERGENCE 

I L 
PASS] I FAIL 

WRITE OUT: 
NEUTRON DENSITY 
ASYMPTOTIC SOLUTION 

K>10 K<10 



Q=fY»»P) /P - fY*»R) /R 
S=THeTAS*2.0»P/GAPFA 
D050I=M2fH 
Z=X CI I / IX CI) •»-ALPHA#GAMF!A I 

50 B t I I ^ X C I I » S » C fZ»*RI /R-1Z»®PI /P+QI 
G=P^GAMFA 
T=P-i-UO 
D055l = l t f« 
U=Xf Il/CXf n+GAMMAI 

55 ASCII«G»IfU»*T)/fXCI1«»2ll 
SAR=Y»»P 
D060I^1,P 

60 OIII=ASIII 
65 NITR^NITR+1 

00671=1,F 
TDCIlsBfII 
0066J=1,« 

66 TDIIl-TDII|4-AIItJI»DCJI 
67 T D I I l = T D f n / R F f I I 

IFfSENSE SWITCH 3 | 7 l | ,70 
70 AR=TDf1)®H1 

0 0 7 n = 2 f f * 1 1 
71 AR=ARi-TOCI]»Hl 

AR=AR-i-TD|Mll^HMl 
0072I=M12,H21 

72 AR=AR+T01II*H2 
AR=AR4-TDCP2I»HM2 
0073I=W22ff*3 

73 AR=AR+T0CII^H3 
AR=AR+TD{F}»Hf« 
RNC=SAR/AR 
00881=1,F 
TDC11=TDII)»RNC 

88 ABCR{I)=ABSFfTDIII»DCIII 
GOTO 75 

7% 00991-1,P 
99 ABCR111~ABSF CI TO C11-0 fIn/D f111 



0 0 3 1 I » 2 , W 
J 1 = I-»1 
D 0 3 1 J - 1 , J 1 

31 A C I , J I - f T H E T A S » X I I I / X C J | | » C E X P F C X C J ) » » 2 " X C I l » ^ 2 l 
X»fERRORFCTHETXCJ|-ZETAXCI)]-|.ERRORFCTHETXUI-»-ZETAXCII)] 
X4-ERR0RFITHETXCIl-ZETAXCJII-ERR0RFITHETXCIHZETAXf J i l l 

IFfSENSESWITCH2| |32,35 
32 MRlTEOuTPUTTAPE2,800 

HRITE0UTPUTTAPE2,810tA^ASS 
0033I = !ff̂  
MRITE0UTPUTTAPE2f820fXII) 
WRlTE0UTPUTTAPE2f830 

33 HRITEOUTPUTTAPE2f8t»0?CJfXCJ|,AII, JltJ=lfl«l 
MRITE0UTPUTTAPE2,850 
MRITEOUTPUTTAPE2t860 
HRITEOUTPUTTAPE2,8i^C3tCI,XlIltVIII,I = 1fMI 
IFISENSESWITCH5nt35 

35 HWl=fHl+H2l/2.0 
HM2=lH24-H3l/2.0 
HM=H3/2«0 
001*01=1,1*̂  
D036J=1,F11 

36 AII,J)=AII,J1»HI 
D037JsP12,F21 

37 AII,J) = An,JI*H2 
0038J^M22fW3 

38 A!I,J)=AfltJI*H3 
AII,F1I=A{I,F1I»HF1 
A! I,l«2l=Af I,F2I»HF2 

1*0 A! IfM) = Af IfFI»HF 
%1 READ150tNfK,CRT^tGAFf«A 

NITR=0 
D0%2I=ltM 

h2 RMm=¥CII+GAPMA 
D0il5I = 1 ,F21 

l |5 B I I I = 0 . 0 
Y=XC/tXC+GAP^Al 



NEyfROM THERMALIZATION flTERATIONl 6™1% 
DIMENSIONFPf ISOIfXf 150l,THETXf ISOUZETAXf ISOIfASnSO), 

XDI1501tTDf150 IfABCR1150 It AC 150®1501,RMf1501,Bf150),¥!1501 
1 REA0100t«1fM2,HfH1,H2iAMASS 
AMS=SQRTFIAMASSI 
ALPHA=fAPASS™1«0)/IAMASS+1.0) 
THETA= f AMASS-i-1.0)/12« 0»AHS I 
ZETA» fA»ASS-U0 l / l 2 .0»AWSl 
THETftS=THETA»THETA 
6 S l « 1 . 0 + f f tAHASS-U0)#»21/ IAMASS»2.0 l l»LOGFfALPHA) 
P=2^0/GSI 
R=P-1.0 
M11=P1-1 
M12=«1+l 
H21=«2- l 
«22=M2+1 
H3=«- l 
0051=1,« 

5 FPfIl=FLOATFfII 
00101=1,«1 

10 XfII=FPfIl»Hl 
0015I=HI2,M2 

15 XII)=Xf«11+IFPCIl-FPI«l)}»H2 
XC=X(«2J/AtPHA 
H3=fXC-XfM2)l/fFPf«|-FP|P2il 
D020I=«22,« 

20 Xfll=X{P2l+fFPCll-FPfM2ll»H3 
00251=1,M 
THETXfI)=THETA»XII) 
ZETAXfII=ZETA»XIII 

25 VlII = IX|II-i-1.0/f2«0»A«ASS»XCIIIl»ERRORFlAPS*Xf 1)1 
X+l0.56%ie958/A«Sl»EXPFI-Af«ASS»XCII»»2l 
0030l=lt« 
0 0 3 0 J = I , » 

30 A I I , J I = I T H E T A S » X I I I / X C J I l * f E x P F ! X C J l » » 2 ™ X C I I » « 2 1 
X»IERRORF C THETXIJ1-ZETAXIII)™ERRORFITHETX fj1+ZET AX f11 I) 
X*ERRORF f THETX(I|-ZETAX C J}}+ERRORFITHETX11 I+ZETAX f J)I 1 
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75 00761=1,P 
76 DfII=TOfII 

IFISENSESWITCH2I77,78 
7? HRITEOUTPyTTAPE2,300,Nfflff«2fMtH1tH2,A^ASStGAMI«A,XCtCRTW 

WRITE0UTPUTTAPE2fil00fNITR 
WRlTEOUTPUTTAPE2,500 fC l fABCRI I I f I ^ l f ^ l 

78 IFISENSESW!TCH1185,79 
79 00801=1,P 

IFfCRTW-ABCRC11)65,80,80 
80 CONTINUE 
85 MRITEOyTPyTTAPE2,200 

HRITEOUTPUTTAPE2,300tN,Pl,f»2,«,H1,H2,Af'ASS,GA^»f«A,XC,CRTI« 
MR!TEOUTPUTTAPE2,»*00,NITR 
WRITE0UTPWTTAPE2,600 
«RITEOUTPUTTAPE2,700fCI,XfII,ASIII,DCII,I=1,M| 
IFIK-10)i»ltl,1 

100 F0Rf«ITf3I3,lP3E12.%} 
ISO F0Rf«ATI2I3,1P2E12.%l 
200 F0RPATf35HlNEUTR0N THERPALIZATION {ITERATION!I 
300 F0RPATC5H U = 13,8H Ml = 13,8H F2 = 13,7H F ^ I3f8H HI = 

XPE11.%,8H H2 - ElU%f8H HASS = E11.i|/9H GAWA = £!!«%,8H XC ̂  
XEll.%flOH CRTP = Ell.%1 

%00 F0RPATf22H NO^ OF ITERATION = !%! 
500 F0RPATC6f I6,IPEI!^llll 
600 F0R«ATfl6H NEUTRON 0ENSITY/93H I X ASY. SCL. 

X DENSITY I X ASY. SOL« DENSITY) 
700 F0RFATI2II9, lPE12.t|,2E13.%ll 
800 F0Rf«ATI25HlENERGY CHANGE PROBABLITYl 
810 F0RHATf22H MODERATOR f«ASS = 1PE12.il) 
120 FORPATf lliHlINCIOENT X = IPEIUM 
830 F0Rf«ATf93H J XIJ1 PROB. J XIJl 

XPR08- J XfJ) PR0B«1 
8%0 F0RPATI3fI6,1PE12.%,E13.tlll 
aSO F0R»ATf3%HlT0TAL ENERGY TRANSFER PROBABILITY! 
860 FORMAT 192H I XIII Vfll I XIII 

XVIII I XIII ¥1111 
ENDIO,l,0,Of1) 

http://1PE12.il



