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VARIATIONAL METHODS 
. IN 

STEADY STATE DIFFUSION PROBLEMS 

Clarence E. Lee 
Wesley C.P. Fan 

Robert L. Bratton 

Department o-f Nuclear Engineering 
Te>:as A 8< M University 

College Station, Te>.'as, 77843 

ABSTRACT 

CltEsical variational techniques art used tc ob
tain accurate scluticns to the cult;;r3jp culti-
region one diiensicnai stesdy state neutrcr. diffu
sion equation. Analytic sclutions are csrst̂ 'ucted 
fcr benchtark verification. Functiorals with cub:c 
trial functions and coiservational lacrangian 
constraints are cxhibiteif and ccisared Kith nor-
conservational functicnals with respect tc nejtrcn 
balance and tc relative flu;; ani current at inte'-
faces. Excellent agreeient of the conse-vaticnal 
functicnals using cubic trial functions is cttiir.ed 
in csaparissn with analytic sclutions. 

We investigate numerical solutions tc the neutron diffusion prcbles using classical va'iatir. i l techr.:-
ques and shape functions consistent with ccntinuity conditions. L'sing the e.lticrsup app'Si-iaaticn, tie define 
the flux as 0(r) and the adjoint as 0 (r ) , each are vectors of length G, the nuacer of groups. The flLltigrcuo 
flu:; diffusion equation is given by 

S 0 > L 8 - h F 0 « 0 , 

and the adjoint equation is given by 

P B « L D - h F O « 0 , 

•here h and h are the eigenvalues, L and L represent the diffusicij flux and adjoint spe'ats-s, including 
lca(.age, absorption, and scattering tern contributions, and F and F represent the fissior. tri adjcir.t fission 
operators, respectively. Ne fori the functional GIS ,S defined by 

•here the <,> nctatior̂  iiplies inner product integration ovr spatial variables and sues over the groups in 
the lultigroup apprci.-ication, k'e a|sui!e that the flux and adjc|nt functions setisfy the sare bcunde'̂ ' condi
tions. TaUng the variation of G[0 ,01 aith respect to 0 and 0 yields the diffusion equations for 0 and 0, 
respectively. This foriulation of GIO ,01 i f well-knoMn and straightforward. Quadratic-lile forns for one 
group self-adjoint operators (Galcrkin aethodsl ire obtained provided integration by parts of the laplaciar. 

Consultant, Applied Theoretical Physics Division, Los Alaios National Laboratory, Los Alaics, New r!e;:icc. 
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teris exhibit continuity Hhen evaluated at^bcundaries. Boundary condition constraints can be apcended to 
GIC ,01, as discussed by nuierous authors." 

In develocin; one diaensional nunrical scheies, i»e define approniiate flux and adjcint functions. 
Requiring spatial continuity of flu» (adjointi and current (adjCint) at ceterial interfaces, four conditions 
and four equations asply for each region and group. The cubic trial function sslution for the ncdsl flu; 

' (adjOint) and current (adjoint) coefficients at region boundaries Mhich satisfies continuity is give- in 
Appendix ;. Each tern in the trial function involves a coefficient tires a unique hercite polyncsial 5^s:e 
function.*' Satisfying the continuity conditions in the trial functions eliminates uring that additional 
requiresent on the functional GEEO ,91. 

Kiniiizing EIO ,£] with respect to the nodal values (flux, adjoint, current, and adjCint current) cf 
these trial functions yields a set of linear coupled equations in the nodal values for each grouc. Cuti: 
spatial dependence of the diffusion coefficient and cross sections is allsMed, although sthe'- integ-atle fc-ns 
Hi be used. Evaluating the pclynoaial integrals the resalting linear algebraic equations can be sclved b, 
standard techniques for source or eigenvalue problens. Since GEO ,C1 is being ciniiiced the nodal scluticns 
satisfy the original differential equation only at the nodal positions. The function errcs betfiee:. ncdes car 
be quite large. Likewise, the conservation law (the spatial integral of the original equations! is Sctisf:ed 
only apprc.<:iiistely fo** any finite nucber of nodes. These errors decrease uith increasing nuaber cf nodes, but 
could preclude ccrpetition with classical finite difference methods if field quantities aere of lain interest 
instead of eigenvalues. A constructive solution is obtained by appending the functional Kith conser.-atic-.el 
lag'angian constraint tens 

G*CB*,B,c*,c] ' GI3*,E3 • <c*,DD> • <c,D*,8*>, 

in each cell and ene'-g-, group. Kith the corresponding additional isplied ciniciiation kith rescect tc ths 
langrange lultipliers, c and c . The detailed fori of ĥe conservational functional Kith the trial functions 
substituted is given in Appr.dix 2. The property h « h , requisite in diffusion and transect sch'tions. is 
also easily satisfied. Ferfcriing the ainiiization fcr the criticality prctlee Mith respect tc the cubic trial 
function nodal values results in latr i i equations of the fori 

C [: m 
Mhere the vectors n and R are coeposed of nodal flux, current, an^ lagrangian lultipliers and their adjcints. 
The aatrix eleients of A and A are integrals derived froa L and L (leakage, reooval, and scattering tens) , 
and the latrix eleients of F and F arise froa integrals of the fission tens. The correspcnding Rayleigh-Fit: 
detereination of the eigenvalue h is given by 

h« «r.,Ar!> • <r*,AY»/«r.,FK> • < H * , F V » . 

Nith all these solution properties, it ii still possible to generate 'negative' fluxes for sufficiently 

coarse nodal spacings. An automatic node generation scheae can be applied to place the nodes sc that a cubic 

trial function Mill accurately approxiiate the solution within each group, and yield positive flu;;es. Hcaever, 

for this stud/, we used only equally spaced nodes, a standard practice found in literature conparisons. All cf 

the reported solutions have positive fluxes everywhere inside the uter boundaries. 

N| test the accuracy of this aethodology by direct corparison to precisely evaluated anal>lical solu

tions. The analytical solution technique is suaaarized in Appendix 3. Both the analytical and variational 

solutions are evaluated in the saae cocputer prograa. This procedure allows for direct cocparison of the 

solutions between the variation node placeaent at problei e):ecution tiae. 

Three problecs, two theraal and one fast systeg, are coHpa"ed with the analytical aultiregicn result: fcr 

varying nuiber of nodes in two, three , and four'* groups. The detailed spatial and eigenvalue errors between 

the analytical and nuierical solutions for flui and adjoint are suaaarized below. 
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The two group two region problea is a sieplistic hocogenecu£.,lc'' cylindrical core of 1! ci rad:u: 
surrounded by an additional II ca water reflector. The ratio of L'*'''' atoes to aolecules cf water is C.OCI. Tr.s 
cross sections in Table 1 are tal;en froa Laaarsh." The flux and adjoint sclutions for 10 ncies C!*!") a-i 

displayed in Fig. 1. The relative percentage error cf the variational solution is coapared to the analytical 
solution in Figs. 2 and 3 for the flux and adjoint, respective!^'. 

The three group two region sphere is a 2.5961 enriched \r'"'-\i^ water aoderated systet with an H.,C'Fjel 
voluae ratio of 1.844. The 2h ca radius core is surrounded by a 2i It reflector. ThiC cross sections given ir. 
Table 1 are taken fora Hirata, et. al. The flux and adjoint solutions fcr 10 nodes are dissla/ed in Fig. 4. 
The relative percentage error of the variational solution it coapared to the analytical sdution in Fig-. S-? 
for the flux and adjoint. ^y, 

The four group two region sphere is a tixed oxide fast cor-e cosposed of IT '-Th with a Th blani.et. The 7C 
CB c;ore radius is surrounded by a.50 ca Th blanket. The cross sections are taken froa the report of D̂ .ta, et. 
al . ' and Kobayashi and Nishihara. The flux and adjoint solutions for 20 nodes (10 * 10! »re displaced in Fig. 
B. The relative percentage error of the variational solution is coapared tc the analytical solution in Figs. 
?-12. 

FroB the flu>: and adjOint solutions, the variational aethcd solution i:;hibits alacst negligible 
differences froa the analytical solutions (the analytical sclutions are plctted with a tu'ei line an:' 
differences are discernable in Fig. 4). In the relative percentage error graphs we note that the errors 
between the nodes are typically of the order of S to IOC tiaes the values at the nodes. The errors c*' the 
continuous solutions iaiediately adjacent to the aaterial interfaces are typically 10 ts 100 tiies tne acja-
cent node values. These errors decrease with aesh refinement, but ever, with only 10 nodes, the errors reiiir 
below 12. In the reflector the relative error increases towar'ds the free surface, but is significant only at 
the 10 node approxiaation. At the 20 node approxiiation the errors are below U throughout the reflector. 
Since the flux has decreased by se.enl ordfs of aagnitude near the outside boundary, this error does net 
contribute significantly to the absolute values near the free surface. . ^ 

All the results rcpcted graphically we'e ebtained with the conserving functional S [C ,C,c ,cl. !f, 
instead, we use the functional 6TB,Q] ' (1,12) in ajltigroup approxiiation, a Galerkin aethod, nuterojs kncw;̂  
literature results can be reproduced; however, the aethod is non-conservative, and̂ one dees net cbtain h « h , 
a desirable basic requireient. Siailarly, if we use tbe variational functional 610 ,S1, the aethcd is also 
non-conservative. However, if we use the functional G [Q ,B,c , c ] , the scluticns are conservative, h * h ,̂ and 
excillent convergence to the analytical eigenvalues, and the flux and adjOin^ solutions is obtained. 

In Table 2 we cocpare the k-eff (K) for the conservation (C, using G IB ,3,c ,c]l and non-conservation 
(N-C, using GLB ,C]1 solution to the analytic solution for the three probleas ;:sing various equal spaced eesh 
cells in the core and reflector, The relative error between the nuae îcal and analytical scluticns o' the flu. 
(CO.'C) and current (DJ/J) at the core-reflector interface are also C3r,pared. 

• He observe that the eigenvalues converge rapidly to the exact analytical results as the cesh is refined. 
Typically, the k-eff convergence is nore rapid than that of the fluxes and currents. The conse'vational con
straint itproves the current accuracy at the expense of the flu -̂ accuracy for cc&rss aesh calculations. Ai the 
aesh is refined the analytical solution result is approached acre rapidly in these prsblecs using the conser
vational constraint. 

In Table 3 we coapare the percentage error of neutron balance in each energy group as the lesh is 
refined. Neutron balance is essentially 'exact' (to aachine significance) using the ccnservaticnal constraint, 
but significant balance errors (4-1205) occur for the coarse aesh non-conservational results. The noted 
behavior of the coarse aesh non-conservation results could possibly lead to incorrect predictions of conver-
ticri or breeding ratios unless a new functional were specifically constructed for that purpose, or the conser
vational constraint were added. 

The application of the lagrangian conservation constraint in coarse aesh calculations results in a 
relative degradation of the nodal flux accuracy with an iaproved nodal current accuracy plus neutron balance, 
coapared tc the non-conservation results. As the aesh is refined, the conservation constraint nodal flux and 
current solutions exhibit rapid convergence to the anal'/tical solution. 

In conclusion, we have e>aained a conservational variational aethod and coapared it with analt'tic sclu
tions tc siaple problems. Hhen used with cubic heraite pclynoeial trial functions, derived froa flux and 
current continuity, very accurate solutions to the aultigrcup aultiregion nejtrcn diffusion prctet trt ob
tained. Neutron conservation is added to the functional using lagrangian constraints. Ilcrt accurate flu;: 



distributions are obtained with this constraint. 
Since the group constants can be spatially dependent between nodes instead of only constant within each 

aaterial region, the total nunber of ce l l s needed to represent the aaterial properties and the fluxes 
•apprciinated by cubics) i s considerably reduced. 

The aajor differences between the variational and Galerkin approach i s in the usage of the adjoint 
weighting function instead of the apprcxiaate function i t s e l f . Although th i s variational aethod doubles the 

. total nuaber of equations to be solved, the resulting flux and adjOint solutions are readily applied f c 
perturbation and/or octiaication analysis in design. Neutron ccnservation i s a necessary constraint on the 
neutron diffusion equation. Even though soae approxiaations exhibit this property with fine aesh spacing, if 
neutron conservation i s not satisf ied for al l aesh spacings, the resultant solutions can exhibit la-ge e'rcrs 

coapared to analytic solutions, and preclude the deteraination of leakage, reaoval, scattering, and fission 
contributions to the solution. 
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APPENDIX I 
SURRARY OF TRIAL FUNCTIOfJS 

A self-consistent choice of trial functions depends upon the properties of the diffusion equation and the 
ieposed boundary conditions for the flux (adjoint) and current (adjoint current) at aaterial interfaces. 

Raking the standard continuity ^rju'^nt at aaterial interfaces, one finds the cubic heraite polyncsial 
shape functions obtained by Hennart.'' 

Let « .(r) be a piecewise polynoaial for group g in aesh cell i defined at r nith the continuity 
pn^ertiis' 

w .(r.) > 8 ., H .(r. ') • 8 .^,, 
gi I g r gi i^l m*l 

-D .(r*) dw .(r*)/dr « J ., -D . Cr. ') dw (r. "l/dr « J . . . 
gi 1 gi 1 gr gi i'«-l gi i^l gi*l 

Here the superscripts on the coordinate r indicate evaluation to the left(-) or right('f) of the indicated 
nodal boundary. The adjoint shape functions are constructed siailarily using the ad.icint flux and cu'rent, but 
Nith different interpolation coefficients. 

Introducing the diaensionless variable p, in teres of the cell width I. , 

p « (r-r.)/l . , 1. « r.^, - r., 
1 i ' 1 j+1 i ' 

NC use the above four continuity conditions to solve the assuKd cubic trial function fore, 

2 3 
n .(p) « a • bp • cp • dp , 

for the coefficients a,b,c, and d. The resulting trial function w . on the interval [0,!] takes the fora 

w .(p) « 8 . P,(p) +8 . , , P,(p) - 1 . J . P,(p)/D .(r.') • 1. J .^, P,(p)/D .(r. ' ) . 
gi "̂  9i 2 gi^l 1 1 gi 4 '̂  gi 1 1 gi*l 3 gi i+l 

The heraite polynoaial shape functions, P (p), 1 * n « 4, are given by 
n 

P,(B) « (l • 2p) (1-p)^ P,(p) « (3 - 2p) p^ 

Pj(p) « (1 - p) p% P^(p) » p ( l -p5* , 

and satisfy the cardinality relations." 
Thus, the particular shape functions are derived directly froa the continuity ccnditions. Using the s.̂ 'ape 

function properties the continuity conditions are exactly satisfied or the i ' bouridr>, 

« . ,(1) »K .(0), D . . (r. ') dw . ,(l)/dp « D . (r.*) dw .(O/dB. 
gi-1 g> ' gi-1 1 gi-1 gi x 51 

APPEKTir 2 ^ + 
STRUCTURE 1^ THE FUNCTICNAL G CO ,e,c , c ] 

The aatrix equations to be solved for the criticality problea can be easily derived free the variational 
foraulation. He use the conservational functional 

6^ia* ,B,c* ,c] » 6 [B* , I1 • <c*,BO> • < C , D Y > 

and substitute the trial functions M .(r) and * .(r) for the flux and adjCint, respectively. Integrating the 
leakage teres by parts, we obtain the functionar 
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I * G tw ,w,c ,c] 

" ^ ,lt. , inn.) J^ D.(p) (dw* .(p)/dp) (dk;.(p)/dp) (l.p+r.)*dp 
g*l i«l I 0 gi "̂  81 9* i > 

• I . J^l^ .(p) K* (p) » .(p) (l.p*r.)*dp 
I 0 Rgi "̂  gi ' gi "̂  j i ' 

- 1 - l^ . , ... J^l , .(p) w* .(p) w ,.(p) {l.p+l.)*dp I g'«l,g'#g 0 sg'gi ^ B» 9 » » » 

- 1 . I ./k X̂  , , . / ' (vr(p» ,. w* . a ,.(p) (l.p*r.)*dpJ 
I gi g'»l 0 f g'l gi g'l i i "̂  

• iP , l!*, , c* . {[r*. J . - r* . , , 3 . , ,1 • I. . / * E. .(p) w (p) ((l.p*r.)* dp 
8«1 I«l gi I gi gi+1 gi+1 i 0 ' T.gi "̂  gi "̂  i i 

- 1 - T^ , , ,^ - / ^ l , .(p) w ,.(p) (l.p+r.)* dp I g'»l,g*i'g 0* sg'gi "̂  g'l "̂  i i ' 

* ^g=l «"i=l \i " ^ ^gi - ^ .1 ^gi*l̂  * h j ' %i,) %i(p) "i^^V' '̂  

- 1 - i^' ,- . / ' r , .(p) w* ,.(p) a.p+r.)*dp 
1 9 =.,8^9 ^ *! J» 9» 1 i 

- 1. l^ , , . / * (vr(p)) . X ,. w* ,.(p) (l.p+r.)' dp), 
I • g'xl 0 ' f 91 9 » 9 1 1 1 

where a » 0, l,̂ and 2 for slab, cylindrical, and spherical geoietry, respectively. KB have ispcsed the 
condition k = k (h « 1/k) at this stage. The non-consirvational fons and/or Galerkin foris can be Dttiined 
b) setting 

c . « c . « 0, and/or w • M. 
91 91 ' 

The functional has ur.deterained coefficients 

6 , 0 . , J . , J . , c . a n d c .. 
91 31 91 91 Bi 91 

^le shape functions P (p), diffusion coefficients, C . (p), cross sertiors, 
n gi 

^;i*>"'V9i'^''^f""9i' 
and fission spectrua, X ., are assuaed known. 

Ririaization of tie functional with respect to the nodal values of the unknown ccefficients requires 
that 

il/dZ . * <I/dJ . > <I/ic , • 0, 
gt gi gi ' 
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and 
dl/i2* . 'il!63* . «*I/ac . »0, 

gt gi gii 

for g * 1,2,...,G and i > 1,2,...,N+1, where N * the nuaber of aesh cells. Taking these derivatives and 
rearranging the equations, the following aatrix fora is obtained: 

. ' ' . 

where B, B , S, 5 , F, and F are each tridiagcnal block aatrices containing 3NG;;3NS subiatrices, eacn 3;i3. 
The unknown vectors H and R of length 3G(N4l) are defined as follows: 

"' ̂ V'V'""V'V*î ' 
and 

R * - r Y * Y* Y* Y* 3^ 
gl g2 

gN'' gN+i' • 

Each of the vectors in N and R are defined by 

91 
IB ..J .,c .3 , 

gi gi gi ' 

and 
Y * . . C e * . , j V , c * . 3 \ 

gi gi' gi' gi ' 
and contain the unknown nodal coefficients for the flux, currr.ti^lagrange a^ltiplier, and V:s csrresccnding 
adjOints. Each of the catri:: eletents in the aatrices B, B , S, S , F, and F are of the ints;*al 'ore given 
ty 

"k n a ' 0^^ "'f' d'̂ Pgtpl/dp'' d*Pj(?)/dp'' dp 

where k « 0,1, and 1 « n,t « E, with P (p) « 1, and 

"'P' ' "gi*^'' ^gi*"'- ^g'gi'^'' '^'f'^'V^' ' V ^ ' " ' 

The aatrix eleaents are evaluated analytically using a recursion relationship derived froi ths assjssd 
cubic behavior of the flux, diffusion ccefficients, and cross sections. This fcrtulaticn allow; taking into 
account the pcssible spatial dependence of aaterial properties between nodes. 

Defining the aatrices A ' B - S , andA *fi - S i w c have the aatrix systet 

l: m ••[: ;•](:•] 
given in the aain tc::t. The aatriccs A, A , F, and F are block diagonal. These equations are cf the fore 

BX * h RX, 

where 0, X, and P are defined by the previous equation. This aatrix eigenvalue problea can be solved 
iteratively using the Power aethod, or, after obtaining an estiaate, h , by Kielandt's aethod in the fore 
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:o - h R!l « h* RX. 

where h « h • h ' . In either instance, I is found iteratively after direct inversion of S iPotur isthadi o-
(D-h R) (Kjelanit's aethod). As the prablei size incressis, eventually coEp.;ter aeacry storage req-.i-tignts 
will*ne:i5iitate fclving the eqaations iteratively for each group and using D.ebsysche'. icceleratic-i of the 

' power iterations.' 

APPEHSIX 3 
ANSLYTICAl RlLTIi«iOJF RiTIP££ION SDLUTIOf.'S 

The steady state aultig'oup diffusion equation for one diiensionsl prcblers can be writte- as 

f . S f 2 * t S * t ^ , , 2 , * iUk) I , , 1 B , . 
I S § 9 9'»i »S'3 ^S'S »' 

where 
D « Diffusion coefficient in group g, 
9 

I « Total cress section in graus S, 
S 

S„,i, • 5'5-^ transfer crass section 
sg'g froi group g* tc group g, 

and 

tg g 5 f5 

I, « Fission cress section in group |, 

X • Fission spectrua in group g, 

v • Aktragt nuaber of neutrons p t r fission in group g, 

k * Effective aultiplication factor. 

The analytical sclutien tc the tultigroup diffusion equation is not easily cttiir.id i;:t:t for sicit 
prcbltas, as, for isssjlt, in which the grou; constants art issuaid ccr.stant within escn spatial regien. In 
this case, for K regions, the diffusion equation takes the fort 

g gn g gn g'*! sg gn fg gn 5 " 

fcr n « 1,2,...,N. Fcr such siaplifieci problecs the detain of inte'est can be divided inte K rteisrs Kith Ml 
boundaries. The innerasst coordinate i s r , and the outside boundary is r . The 25?̂  lo-:,da»-y c:nditic-.i are 

dB ,(r,)/dr « 0 JSyaietry), 
51 1 

mi 

B.. ,(r 5 « 8, irj (Flux ccntinuity), 
jn-i n 8" " 

D , dB ,(r >/dr « D d3 (r )/tr (Current continuity). 
gn-I gnl n gn gn r> 

The diffusion equation cm be rewritten for each region as 

r fl • i f , , s , I , • 0, 
gn g'«l ngg' g»n ' 

e 



Nhere 
S , « S , J , • £ , • tl/kir , )/D . 
ngg' g'n g'g sg'g fg'g V-

where 4 , is the Kronecker delta. Assuaing a solution of the fora 
9 B 

8 (rJ « A Y(w r), 
gn gn n ' 

Nhere the function Y satisfies the Helahcltz equation, 

•» •» 
r Y - w* y • 0, 

n 
Nt have the eigenvalue condition 

I^ , , (w^ i , • S ,) A , » 0 
g'«l n g'g ngg' g'r. 

for g « 1,2,..., G, and n > 1,2,..., M. This result can be written in aatrix fora as 

S A « -w' A 
n n n n 

where the subscript n indicates the region nur.ber, and the diaension of S is &:5. The eigenvalues a-e readily 
deteriined by perforaing a siailarity transforaation of S to upper Hessencerg fora, by applying the CF. 
algeritha to solve for the eigenvalues and eigenvectors of the real Hessenberg aatrix, and, finally, b/ 
applying a siailarity transf creation ts obtain the eigenvectors of the original aatrix 5 . In each caterial 
region there are 5 eigenvalues, -w , and eigenvectors, A , which represent coupling coefficients. 

The group flux in each region San be e::pr6ssed as 

0 (r) « ^ , A Ip Y(w r ) • q Kw r ) l 
gn a* l nag na na na na 

for g • 1,2,...,E and n » 1,2,...,N. The 2EN coefficients, p and q , can be detertined by esplcying ths 2e?; 
boundar/ ccnditions. The functions Y(wr) and Kwrl satisfy the Heliheitz equation fcr each *. If we let a « C, 
1, and 2 for (infinite syaietric) slab, (infinite syaeetric) cylinder, and (syacetric) sphere, the fur.ctisrs Y 
and Z are given in Table A3.1 

a 

0 

It 

2 

TABLE A3.1 
ffiLRHQLTI S31UTIIKS 

Y(«r) 

cc5h(HrI 

I^(wr) 

cosh(w) / r 

Z(itr) 

siRh(wr! 

K^,(wr) 

sinh(wr)/r 

t I. and K. are the codified Bessel 
functions of the first and second kind. 

Using sycmtry argucents and the function identification given in Table A3.1 the coefficient q, 
•'1,2,...,G, can be set to zero. Applying the outside boundary condition and the continuity of flux ar<e 
current at each aaterial interface, we find the aatrix equation 

T X » 0, 

where the vector X cxtains all the 2G(N-1) unknown p and q , and the aatrix T contains all the coeffi-
m na 
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cients resulting froa applying the boundary conditions. The necessary condition for the solution cf this 
hozogeneous equation is that the deterainant of the aatrix T vanish, i.e. 

det «T) « 0, 

which is the criticality condition. A variety of paraaetric representations for the deteriination cf the 
critical eigenvalue can be used. For exar.ple, k-eff, critical radius for a specified coapcsition, critical 
coaposi tion for a specified radius, thickness of one or acre regions, etc. In the siaplest case, given the 
critical dinensicn, a search is perforaed k to aake det(T!<0, or, given the k, a search is perfsreed fc' ths 
diaension ('']VM''U^,) to aale det(T)<0. In this instance, it is assuaed that all the group constants are 
specified. Once the criticality condition is satisfied, a single additional overall naraalization ( C.(r; * : 
at soM point for soae group or total power) allows the coaplete nuierical evaluation of the group flLes in 
each region to be aade. 

TABLE 1 
CROSS SECTIOKE 

RESIGN GROUP D(ca) E^ vE (ca"') X E , (ci'^ 
^ * ' g'«l g'«2 ' ' g'=3 g'*4 

THO GROL-P THO REEIDN CYLINDER 

CORE 1 
2 

REFLECTOR 1 

1.13 
0.16 

1.13 
0.16 

0.0419 
0.06 

0.0419 
0.0197 

0.0 
0.0845 

0.0 
0.0 

1.0 
0.0 

0.0 
0.0 

CO 
0.0419 

0.0 
C.0419 

O.C 
0.0 

O.C 
0.0 

THREE GRDiP TWO REGION SPHERE 

DPI 1 
2 
» ̂ 

EFLECTOR 1 
•» 
A 

3 

1.475 
0.709 
0.233 

1.698 
0.5B? 
0.146 

0.05329 
0.109 
0.10236 

7.372E-2 
0.15262 
1.916E-2 

0.B69E-3 
1.490SE-2 
0.16901 

0.0 
0.0 
0.0 

1.0 
0.0 
0.0 

0.0 
0.0 
0.0 

0.0 
5.006E-2 
0.0 

CO 
7.2r2E-2 
0.0 

0.0 
0.0 
8.504E-2 

O.C 
0.0 
0.15166 

0.0 
0.0 
0.0 

0.0 
0.0 
O.C 

FOUR GROUP THO FI5I0N SPHERE 

CORE 1 
1 

3 
4 

REFLECTOR 1 
•* 
te 3 
4 

3.351 
2.456 
1.870 
1.259 

2.66B 
2.032 
1.402 
0.976 

0.3654 
1.157E-2 
9.2E-3 
1.1021E-: 

5.531E-2 
1.051E-2 
e.B3E-2 
9.11E-3 

9.94141E-3 0.577 
B.41624E-3 0.362 
9.60BB5E-3 0.061 
1.463B2E-3 0.0 

4.B3123E-3 0.577 
0.0 0.362 
0.0 0.061 
0.0 0.0 

CO 
2.963E-2 
2.9E-3 
CO 

CO 
4.736E-2 
5.12E-3 
CO 

0.0 
CO 
6.7E-3 
3.eE-4 

CO 
CO 
7.3E-3 
4.CE-5 

CO 
0.0 
CO 
3.2E-3 

CO 
CO 
CO 
CO 

cc 
CO 
cc 
0.0 

CO 
CO 
CO 
CO 
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TABLE 2 

THO GROUP, TWO REGION CYLINDER; 
ANALYTIC K « 1.0019437 

re la t ive error of theraal flux and currant at core-reflector interface 

NURBEROF 
NESH CFi LS 

2 * 2 
5 * 5 

1 0 * 1 0 
15 4 15 
20 + 20 

K 
C 

1.0023148 
1.0019490 
1.001943B 
1.0019437 
1.0019437 

K 
M-C 

1.0021535 
1.0019464 
1.0019438 
1.0019437 
1.0019437 

SB/B 
C 

3.9E-3 
l . lE-5 
5.3E-6 
2.7E-6 
CO 

Dt/B 
K-C 

3.5E-3 
2.4E-5 
l . lE-5 
5.3E-6 
2.7E-6 

DJ/J 
C 

2.3E-2 
1.5E-3 
l . lE-4 
2.3E-6 
7.7E-6 

CJ/J 
N-C 

2.BE-2 
4.1E-3 
7.2E-4 
2.5E-4 
l . lE-4 

THREE GRCUF'. TNO REGION SPHERE 
AN«;.YTIC K » 0.999879 

relative error of theraal flux and current at core-reflector interface 

Harm, OF 
HESH CEas 

2 * 2 
5 * 5 

1 0 * 10 
15 4 15 
2 0 * 2 0 

K 
C 

1.00345B4 
1.00D0S16 
0.9999904 
0.9999BB2 
O.9999BB0 

K 
H-C 

1.002S754 
1.0000371 
0.9999B94 
0.9999831 
0.9995880 

D8/B 
C 

4.2E-2 
7.1E-4 
1.3E-4 
2.9E-5 
6.7E-7 

DC/O 
N-C 

5.4E-4 
3.3E-4 
9.9E-5 
3.0E-5 

5J/J 
C 

«.OE-l 
5.3E-2 
5.2E-3 
l . lE-3 
3.1E-4 

DJ/J 
N-C 

4.BE-1 
l.OE-1 
2.2E-2 
7.BE-3 
3.7E-3 

FOUR GROUP, THO REEIOK SPHERE 
ANALYTIC K » 0.9950425 

r t l a t i r t error of f i r s t group flux and current at core-blanket interface 

NUHBERDF 
HESH CELLS 

5 * 5 
1 0 * 10 
1 5 * 15 
20 + 20 

K 
C 

0.995^465 
0.9950427 
0.9950425 
0.9950425 

K 
l-C 

0.995042B 
0.9950425 
0.9950425 
0.9950425 

DB/B 
C 

1.4E-3 
l.OE-4 
2.0E-5 
6.6E-6 

DS/B 
K-C 

1.5E-3 
1.4E-4 
3.0E-5 
l . lE-5 

DJ/J 
C 

2.9E-3 
2.1E-4 
4.4E-5 
1.4E-5 

DJ/J 
K-C 

1.3E-2 
2.3E-3 
7.7E-4 
3.5E-4 

u 



TABLE 3 
CORPARISON OF NET NEUTRON BALANCE (Z ERROR) 

HURBER OF 
RESH CELLS GROUP 

FOUR GROUP SPHERE 
C N-C 

THREE GROUP SPHERE 
C H-C 

TWO GROUP CYLINDER 
C N-C 

2 * 2 - l . l l E - 1 3 B.12E*0 
1.B3E-13 3.58E-1 

-2.41E-13 4.21E+« 

1.B2E-13 5.44E+1 
-6.B0E-14 -7.19E-1 

5 * 5 

10 * 10 

15 * 15 • 

20*20 

•7.03E-11 
3.51E-13 

•4.67E-12 
l .BlE-12 

3.22E-11 
7.13E-11 
9.27E-13 
•2.42E-12 

1.07E-10 
1.64E-1C 
5.9SE-12 
•7.13E-11 

2.1CE-I0 
3.26E-1C 
1.57E-10 
•3.03E-12 

1.29E+3 
1.97E*1 
1.11E*0 
3.15E-1 

-2.49E+1 
7.B3E+0 
4.10E-1 
1.22E-1 

-2.77E+0 
5.26E+0 
2.E6E-1 
7.68E-2 

9.19E-1 
3.99E+C 
1.83E-1 
5.65E-2 

3.B2E-13 
-l.BOE-13 

1.44E-13 

2.1BE-12 
2.4BE-13 

-3.S7E-14 

7.27E-12 
1.20E-12 

-2.66E-13 

1.19E-11 
1.97E-12 
2.fc4£-12 

-3.70E-1 
1.34E-1 
4.14E+0 

7.B9E-1 
B.60E-2 
1.02E*0 

6.09E-1 
7.32E-2 
5.33E-1 

4.47E-1 
5.B2E-2 
3.43E-1 

4.44E-13 
-7.42E-13 

1.76E-I2 
1.C5E-12 

1.3BE-11 
6.57E-I2 

: .09E-11 
1.26E-11 

6.56E-1 
3.4BE-2 

3.65E-1 
B.BiE-2 

2.25E-1 
4.90E-2 

1.59E-1 
3.44E-2 
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