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PREFACE

In May 1977, Group T-15 was formed in the Theoretical Division of the

Los Alamos Scientific Laboratory to study the physics of intense particle

beams. Two principal topics of interest are collective ion acceleration

and beam heating of plasmas. This report presents the results of research

on collective ion acceleration performed from July 1976 through September

1977. (Prior to formulation of T-15, beam studies were carried out in T-6,

Laser Fusion Theory.)

Section II outlines achievements of the past fifteen months. The four-

teen technical appendices of Sec. V, most of which have been submitted for

publication, provide detail. A tentative plan for collective ion accelera-

tion studies during the next twelve months is proposed in Sec. III. Sec. I

is a self-contained summary of all this material. A publication list is

contained in Sec. IV.

- NOTICE-

This report wa< tTepared as an account of work
sponsored by the United Stales Government. Neither the
United States not the United States Department of
Energy, not any of their employees, nor any of their
contractors, subcontractors, or their employees, nukes
any warranty, express or implied, or assumes any legal
liability or responsibility for the accutary, completeness
or usefulness of any information, apparatus, product or
process disclosed, or represents thai its use would no!
infringe pnvtieiy owned rights.

UiS"! RkSUTlON OF THIS DOCUMENT IS UNUMfiXD
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COLLECTIVE ION ACCELERATION

JULY 1976 - SEPTEMBER 1977

by

B. B. Godfrey, R. J. Faehl, B. S. Newberger,
W. R. Shanahan and L. E. Thode

ABSTRACT

Progress achieved in the undarstanding and develop-
ment of collective ion acceleration is presented. Exten-
sive analytic and computational studies of slow cyclotron
wave growth on an electron beam in a helix amplifier have
been performed. Research included precise determination
of linear coupling between beam and helix, suppression of
undesired transients and end effects, and two-dimensional
simulations of wave growth in physically realizable systems.
Electrostatic well depths produced exceed requirements for
the Autoresonant Ion Acceleration feasibility experiment.
Acceleration of test ions to modest energies in the troughs
of such waves also has been demonstrated.

Smaller efforts have been devoted to alternative
acceleration mechanisms. Langmuir wave phase velocity in
Converging Guide Acceleration has been calculated as a
function of the ratio of electron beam current to space-
charge limiting current. A new collective acceleration
approach, in which cyclotron wave phase velocity is varied
by modulation of electron beam voltage, is proposed.
Acceleration by traveling Virtual Cathode or Localized Pinch
has been considered, but appears less promising.

In support of this research, fundamental investigations
of beam propagation in evacuated waveguides, of nonneucral
beam linear eigenmodes, and of beam stability have been
carried out. Several computer programs have been developed
or enhanced.

Plans for future work are discussed.



I. SUMMARY

Collective ion acceleration is a highly speculative, yet potentially

very significant, application of intense relativistic electron beams -

Eventually, it may lead to compact and economical acceleration of substan-

tial currents of light or heavy ions to hundreds of MeV per nucleon. Uses

for such ion beams include controlled thermonuclear fusion, electronuclear

breeding, basic nuclear physics, materials studies and radiation therapy.

Increased interest in collective ion acceleration is indicated by an ever

growing number of experimental and theoretical studies, both here and abroad.

In the traveling wave class of collective acceleration mechanisms,

slow Langmuir or cyclotron waves are excited in the electron beam, ions

are trapped in the electrostatic wells of these waves, and the waves plus

ions are accelerated smoothly toward the beam velocity. The waves are

grown in a reactive or resistive slow wave structure. Acceleration is ach-

ieved by spatial variation of external parameters affecting wave phase vel-

ocity, such as axial magnetic field strength or metallic drift tube radius.

LASL research in collective ion acceleration has followed two distinct but

complementary avenues. While devoting most of our effort to specific ac-

celeration proposals, we have also studied fundamental beam and wave phen-

omena relevant to the broad range of traveling wave mechanisms.

Perhaps the most basic question concerning intense relativistic

electron beams is simply how large a current can propagate in an evacuated

drift tube along an axial magnetic field. Although analytic estimates

existed for certain limiting cases, no detailed and systematic study had

ever been performed. Thereforer one of our first endeavors was to carry

out an extensive numerical investigation of this issue, employing both

cold fluid equilibrium models and two-dimensional computer simulations.

In this way we found larger limiting currents and lower residual kinetic

energies than had been expected. Moreover, the self-consistent radial

profiles of beam densities and velocities, and electric and magnetic fields

were obtained. For currents above the spacecharge limit, time-dependent

virtual cathode behavior and partial beam reflection were observed.

Knowledge of realistic beam equilibria in turn permitted exact deter-

mination beam linear eigenmodes. Most striking in the. resulting wave

spectra were large resonance bands due to beam energy and density radial



inhomogeniety. No normal modes in the usual sense can exist in these bands.

Instead, excitation gives rise to independent oscillation of the various

stream lines and decays through phase mixing. The presanse of these bands

eliminates most of the discrete Langniuir and cyclotron waves which would

exist in a homogeneous beam. The situation is most severe with cyclotron

waves, for which only the fundamental persists and is distorted into a

surface mode. A typical frequency-wavenumber spectrum appears in Fig. 1.

HOT this behavior impacts collective ion acceleration is a topic of con-

tinuing research.

Among the most promising collective acceleration proposals is Auto-

resonant Acceleration, which achieves acceleration of cyclotron waves by

propagating the electron beam along a spatially diverging magnetic guide
2

field within a correspondingly expanding drift tube. Two key issues are

generation of large amplitude, coherent slow cyclotron waves and, next,

their stability during acceleration. The latter has been addressed^in a

preliminary sense first by computer simulations of the beam in the diver-
3 4

ing magnetic field. This study and others have convinced us that the
beam itself is stable under these conditions. Then, we artificially

launched cyclotron waves in the simulations and thereby successfully ac-
3

celerated ions for a factor of eight gain in energy,

Logically, the next step was to investigate physical generation of

slow cyclotron waves, and for this we chose to simulate a complete helix

slow wave structure, as pictured in Fig. 2. Shown is the helix, matched

terminating resistors, optional wave-absorbing graded resistances, and

the amplifier cavity. We have demonstrated the importance of the matched

terminations in damping large transients induced by passage of the head

of the beam by means of both simulations and analytic modeling. Unstable

coupling between the slow cyclotron wave and a helix-supported wave cause

wave growth. Linear growth rates are computed along the lines of the

normal mode calculations described above. Finally, wave growth simulations

were performed, demonstrating the amplification of cyclotron waves to

strengths more than sufficient for ion acceleration. Fig. 3 is a computer

generated movie frame from one such simulation. During the coming year,

we shall characterize the large amplitude wave itself and how it is af-

fected by extraction from the helix, by adiabatic compression of the beam,



and by transverse energy spread in the beam.

Converging Guide Acceleration employs Langmuir waves, accelerated in

a beam propagating along a constant strength magnetic field in a spatially

converging drift tube. We have explicitly considered only one aspect of

this proposal, the variation of wave phase velocity with drift tube radius.

For any realistic beam in a very strong ncgnetic field, the phase velocity

of the slowest Langmuir wave drops to zero only as the drift tube radius

approaches the spacecharge limit. Weaker fields give larger minimum vel-

ocities. Fig. 4 shows the typical variation of wave and beam velocity

with drift tube radius. We expect to devote a continuing, low level effort

to this acceleration proposal.

Recently, we have discovered another acceleratior mechanism in which

ions are accelerated by phase shifts induced in cyclotron waves by temporal
Q

variation of the electron beam injection energy. This procedure offers

particularly short acceleration length, but at the cost of more complex

electron beam generator technology. Here, too, we hope to be able to de-

vote more effort as time permits,

A traveling Virtual Cathode and a Localized Pinch in electron beams
9 10

also *ere briefly considered as ion acceleration mechanisms. ' ' Simul-

ation results were not encouraging.

1. B. B. Godfrey, submitted to IEEE Plas. Sci.

2. M. L. Sloan and W. E. Druramond, Phys. Rev. Lett. _3JL, 1234 (1973).

3. B. B. Godfrey, IEEE Plas. Sci., to be published.

4. W. R. Shanahan, Phys. Rev. A 16, 377 (1977).

5. B. B. Godfrey, R. J. Faehl, B. S. Newberger, W. R. Shanahan, and

L. E. Thode, Proc. 2nd Int. Conf. Elect. Ion Beam Res. Tech. (Cornell,

1977), to be published.

6. P. Sprangle, A. T. Drobot, and W. M. Manheimer, Phys. Rev. Lett. 2^,

272 (1976).

7. B. B. Godfrey, IEEE Plas. Sci., to be published.

8. R. J. Faehl and B. B. Godfrey, submitted to Phys. Rev. Lett.

9. R. B. Miller, R. J. Faehl, T. C. Genoni and W. A. Procter, IEEE

Nuc. Sci. JL4, 1648 (1977).

10. B. B. Godfrey, IEEE Plas. Sci., to be published.
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Fig.- 1. Typical frequency-wavenumber diagram for radially
inhomogeneous electron beam. No discrete modes
occur in shaded resonance bands.

Fig. 2. Helical slow wave structure, with helix, matched ter-
minating resistors, optional graded resistances, and
cavity.
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Fig. 3. Computer-generated movie frame of cyclotron wave growth
simulation. Plots, top to bottom, show electrons in the
amplifier cavity, contours of the electrostatic potential,
and electron axial momentum vs. axial location. (Helix
is at XI •= 3.8.)
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Fig. 4. Velocities of electron beam and r»f fundamental Langmuir
waves as functions of drift tube radius. Curves terminate
at spacecharge limit.



II. PROGRESS DURING FY-76T AND FY-77

Computational and analytic research on collective ion acceleration

during the last fifteen months of LASL has been directed primarily toward

guidance of the Autoresonant Acceleration feasibility experiment to be

conducted by Austin Research Associates, Inc. under Army sponsorsip. In

the first half of this period we addressed general questions relating to

beam stability, wave propagation, and ion acceleration. More recently,

we have given heavy emphasis to slow cyclotron wave growth in a helix

amplifier, because it represents a first stage in the experimental program.

Alternative collective acceleration proposals exist, and we have studied

them as well, although at a lower level of effort. "Among these are Con-

verging Guide Acceleration, Traveling Virtual Cathode Acceleration, the

Localized Pinch Model, and Modulated Phase Acceleration. The last recently

was developed here. In parallel, we have written or enhanced several

computer codes.

Autoresonant Acceleration

Our initial investigations of Autoresonant Acceleration began prior

to the current reporting period with a study of unneutralized beam trans-

port along magnetic guide fields in both constant radius and flared metalic

drift tubes. Self consistant simulations were carried out using the then

recently developed two-dimensional, relativistic, electromagnetic particle-

in-cell code CCUBE, configured in this case for cylindrical or spherical

geometry. As was hoped, the beam propagates without mishap. Moreover,

beams in flared magnetic fields and drift tubes assume equilibria locally

approximating those in corresponding constant radius cases. In other

words expansion was verified to be adiabatic.

We then superimposed large amplitude slow cyclotron waves on the

beam in our simulation by suitably modulating the upstream numerical

boundary conditions. Although the waves propagate stably and at approx-

imately the expected phase velocities, we observed a small but clear

radial shear in the phase velocity. As a result waves slowly lost co-

herence. Nonetheless, we successfully accelerated test ions in the

troughs of the waves by a factor of eight in energy over modest distances.



Simple analytic models were developed to clarify and extend the simulation

results. They indicate that the beam current to energy ratio, v/y, should

be in the range 1/4 to 1/3 for best acceleration. The potential well depth

associated with a large amplitude wave is of order 2v ln(a /a . ) so long

ka < 1. For ka > 2 wall depth decreases rapidly. In these expressions k

is the axial wave number and a is the local average beam radius, while a

and a . are maximum and minimum radii of beam modulation. An envelope
m m

equation reasonably characterizing the large amplitude waves for as long

as they remain coherent was derived. The observed phase mixing among radial

stream lines was found to be due to the intrinsic radial variation of beam

kinetic energy. The coherence length is such that ion energy only up to

2TT times the electron energy can be expected unless the phase mixing prob-

lem is solved. We return to this issue below.

In addition to simulations of already formed beam equilibria, we con-

sidered the initial injection of a beam through the anode foil into the

drift tube. Here, because the radial electric field of the beam is shorted

at the foil whereas the azimuthal magnetic field of the beam is not, the

beam pinches sharply. The pinch in turn induces a train of standing, zero-

frequency cyclotron waves on the beam. Such waves, which result from any

discontinuity in drift tube parameters, are highly undesirable in that

they beat against traveling cyclotron waves. Note that the standing waves

also are subject to stream line phase mixing. M. L. Sloan has suggested

that an abrupt increase in axial magnetic field strength at the pinch

location can significantly reduce the amplitude of the standing wave, al-

though at the cost of increasing slightly the incoherent transverse motion

of beam electrons. Appendices A and B provide further details. The first

appendix is an internal summary of research performed through October, 1976.

Because of its importance in many collective acceleration proposals,

we have carried out a separate extended background study of beam propaga-

tion near the spacecharge limit and in weak axial magnetic fields. The

work involved simulations using CCUBE, numerical solutions of the cylin-

drical beam equilibrium equations, and analyses of experiments. Effects

considered include beam expansion, beam rotation, and radial variation of

beam parameters. Generally, we find that, even in the infinite guide field

limit, taking account of radial variation in beam velocity gives larger



limiting currents than had previously been determined. (Sloan and Thompson,

and Proctor and Genoni also have obtained this result.) Reduced axial mag-

netic field strength, which permits beam expansion after injection into

the drift tube, at first causes the spacecharge limit on current to rise

even more. However, with further reduction in external field strength,

the beam must rotate rapidly to maintain equilibrium, and the spacecharge

current limit drops swiftly to zero. See Appendix C.

These results on the spacecharge current limit of rotating beams in

weak axial magnetic fields are important in determining che minimum possible

field, hence the maximum possible ion energy, in the feasibility experiment.

The second criterion for minimum magnetic field strength is beam stability.

H. V. Wong, jit. aJL. have proven stability for solid beams provided the

rotation frequency is less than the speed of light divided by the drift

tube radius. However, our recent preliminary numerical analysis of the

same problem, also described in Appendix C, suggests that the beam typ-

ically remains stable even at somewhat higher rotation rates. Both Wong's

analysis and our extension apply only in uniform radius geometry. In the

actual experiment, the beam, magnetic field, and drift tube all flare ad-

iabatically as a function as axial position, giving rise to an axial shear

in rotation rate. In Appendix D we examine this situation and find

that it too does not lead to instability.

In order to understand loss of radial phase coherence by cyclotron

waves in the computer simulations described above, we have derived and

studied intensely the exact equations describing the normal modes of cold,

unneutralized beams. Our results, as they bear upon cyclotron waves, are

striking. First, in contrast to the predictions of homogeneous beam models,

there is only one discrete slow cyclotron mode. Second, this wave is

strongly distorted radially and has the character of a surface mode. Third,

a continuum band of singular cyclotron eigenmodes exists, and corresponds

to independent oscillations of the various radial streamlines. It is now

clear that the waves excited in the early simulations ./ere packets of

singular eigenmodes, the phase mixing and decay of which is well explained

by our model. Moreover, due to the wide band width of the singular spectrum

relative to that of the discrete mode, the former will almost always be

exciced by an external driver. We must, therefore, rely on an instability

mechanism to generate the discrete mode. Whether the sharp peaking of the



discrete xtave at the beam surface is undesirable awaits further analysis.

Appendix E gives both specific calculations and general features of the un-

nuetralized, inhomogeneous beam eigenmode spectrum.

The linear growth rates for cyclotron waves on beams propagating

through reactive or resistive cavities also can be determined exactly

with the model. Appendices F, G, and H describe our analysis of the

helical slow wave structure for cyclotron wave growth. Computations

predict that growth adequate for the requirements of the feasibility

experiment can be achieved over a meter or so. However, the radial pro-

file of the discrete cyclotron wave within the helical amplifier is

distinctly different from its profile in a matched drift tube. Thus,

care must be taken in bringing the wave out of the amplifier to avoid

loss of coherence or dumping of energy into other modes. We have also

investigated cyclotron wave growth in a resistively lined drift tube.

The results agree with those of Austin Research Associates, Inc. and so

are not reproduced here.

Encouraged by the predictions of linear theory, we performed CCUBE

simulations of cyclotron wave growth and saturation in a 15° pitch angle

helix. In the first series, the simulations were initialized with beam

and helix already in equilibrium, so that transients could not mask the

growth we wished to study. With growth from beam fluctuations, waves

were observed to develop slowly and had an envelope irregular in both

space and time. On the other hand, when the beam entered the helix with

a 1% radial modulation at the desired frequency, waves grew at the ex-

pected rate and had a narrow bandwidth. In fact, the second mode of op-

eration will be employed experimentally. That wave growth from fluct-

uations was comparatively unsuccessful is good: Waves not excited to

small amplitude upstream of the helix should be unable to compete with

the desired wave in the helical amplifier. Using the 3.4 kg guide field

planned for the experiment, we find the following dimensions to be optimals

beam radius of 2.65 cm, helix radius of 3.8 cm and outer waveguide radius

of 5.7 cm. A length for the amplifier of about 100 cm is adequate to grow

waves with potential wells of order 0.5 MeV, more than required by the

initial experimental design. Corresponding field strengths at the helix

of 40 kV/cm should not cause difficulty. However, breakdown on the helix



due to high axial fields may prove to be a problem in larger future

systems. See Appendix G.

Because the helix is a reactive element, transients induced hy the

transit of the head of the beam cause the helix to ring throughout the the

beam pulse, leading to virtual cathode formation and severe beam disruption,

unless suitable preventive action is taken. Nor can steady state return

current flow in the helix be tolerated, or the resultant modification of

the axial magnetic field excites standing cyclotron waves. We have stud-

ied the effects of various resistors in parallel and in series with the

helix using CCUBE in the "slug" mode: The beam is treated as a moving

rigid rod of charge, while the response of the electromagnetic fields in

the helical amplifier is computed exactly. The procedure is inexpensive

and prevents masking of the helix behavior by beam dynamics. In this way

we verified that a matched resistive termination at each end of the helix

effectively damps both transients and return current in a little more than

two helix wave transit times, about 25 ns for the parameters listed above.

Incidently, matched terminations probably would not work as well, if the

outer waveguide radius were much larger than the helix radius. With both

wave growth and helix transients separately in hand, we have just completed

a brief second series of particle simulations in which a beam propagated

through a complete, physically terminated, helix amplifier, and large

amplitude cyclotron waves grew up. Thus, the wave growth issue is almost

completely resolved. Coherence and stability cf the extracted wave will

be addressed in the near future. Appendices F and G give greater detail.

Any low density plasma in the drift tube, for instance in the ion

trapping region, may interact with the electron beam via two-stream in-

stabilities. Although we have not explicitly considered this situation,

we have at hand a large body of relevant theory developed for a separate

beam-plasma interaction program, which can quickly be brought to bear on

the feasibility experiment, if required. A recent and particularly inter-

esting study of two-stream instabilities in density gradients is described

in Appendix I.

Alternative Approaches

Converging Guide Acceleration is so named because it employs a con-

stant radius beam propagating in a drift tube of axially decreasing

10



radius. This spatial variation of the ratio of waveguide to beam radii

increases the kinetic energy of the electrons, at the expense of poten-

tial energy, and thereby accelerates Langmuir waves and any ions trapped

in them. Initial trapping of ions is, of course, facilitated by very

low wave phase velocity at the upstream end of the accelerator. Appendix

J proves that, for relativistic beams of almost any radial density profile

propagating along infinitely strong axial magnetic fields, Langmuir

wave phase velocity drops to zero only as the drift tube radius is increased

to the spacecharge limit. The effect of weaker axial magnetic fields can

be obtained numerically by employing the inhomogeneous beam linear theory

model described previously. For progressively weaker fields, the minimum

phase velocity is found to be systematically larger. It may be, therefore,

that a practical Converging Guide Accelerator will require ions injected

with energies of 20 MeV or so. On the other hand, Converging Guide Accel-

eration may prove more effective than Autoresonant Accelration in accel-

erating ions at very high energy. It should also be noted that, in con-

trast to cyclotron waves, Langmuir waves are not distorted into surface

modes by beam energy radial inhomogeniety. Application of our numerical

linear theory code to Langmuir waves is contained in Appendix K.

The Localized Pinch Model is the oldest traveling wave collective ion

acceleration proposal. The electron beam propagates not in vacuum but

through a low density ion background, n./n = y » This is Budker's force

neutral equilibrium condition, and requires no axial guide magnetic field.

The beam does not rotate. According to the model, if a local excess of

ions occurs, the beam pinches just downstream of the ion clump, and the

resulting axial electric field then accelerates the clump. Moreover,

because the pinch always must be downstream of the clump, the process is

self-synchronous and should persist over long distances. We have completed

a brief analytic and numerical study of the Localized Pinch Model, the

results of which are in Appendix X. Basically, we find that the localized

pinch and electrostatic well do form just downstream of a clump of excess

ions and that the ion clump and pinch do, at first, accelerate together.

However, the configuration is phase unstable: The ion clump spreads

axially, the pinch weakens, and acceleration ceases before the ions can

11



achieve more than a few times the electron kinetic energy. We conclude,

therefore, that, although the Localized Pinch Model may indeed be responsible

for soKe low energy ion acceleration observed in lotf density gas beam trans-

post experiments, it is not a viable mechanism for obtaining high ion ener-

gies.

In collaboration with the Air Force Weapons Laboratory, we have carried

out a modest simulation of the Traveling Virtual Cathode concept. A beam

of uniform radius propagates along a strong guide magnetic field in an

evacuated metal drift tube of spatially increasing radius. At some point

the ratio of drift tube to beam radix exceeds the spacecharge limit, and

a virtual cathode forms. In principle, the virtual cathode can be moved

about axially by changing the injected beam current or voltage. Ions

trapped in the associated potential well would be accelerated. However,

simulations indicate that the actual motion of the virtual cathode is er-

ratic and difficult to control. Reflected electrons cause the virtual

cathode to move rapidly upstream even with constant beam current and vol-

tage. Moreover, two-stream instability between the primary and reflected

beams superimposes irregular changes in the depth and location of the elec-

trostatic well. Employing a hollow beam and a weak guide field seems to

help somewhat. Research is continuing at a low level. Appendix L provides

a summary of early results.

Finally, we mention a novel collective ion acceleration scheme, ten-

tatively named Modulated Phase Acceleration, which recently was developed

at Los Alamos Scientific Laboratory. It resembles Autoresonant Accleration

in that is employs slow cyclotron waves on a nonneutral electron beam. How-

ever, whereas Autoresonant Acceleration employs a spatial variation of beam

and drift tube radii to accelerate ions, our new proposal employs temporal

variation of the beam energy. A programed sweep of the beam injection

energy produces a corresponding phase shift in the cyclotron waves, which

accelerates ions trapped in them. Our limited investigations of this idea,

contained in Appendix M, indicate that for comparable electron beam param-

eter ranges, shorter ion acceleration lengths can be achieved than for al-

ternate traveling wave methods. On the other hand, an untested electron

beam generator technology is required. We shall further develop the con-

cept as time permits.

12



Code Development

Our principle numerical tool is CCUBE, a two-dimensional, relativ-

istic, electromagnetic, plasma simulation code. Some of its many ap-

plications have been described in preceding paragraphs. Although the

computer program has never been formally documented, summaries of its

principle features are given in Appendices A and C. CCUBE stands out

from other particle-in-cell simulation codes in two important respects:

It can simulate beams in any separable, orthogonal coordinate system,

and it is comparatively free of common numerical instabilities. Flex-

ibility in the treatment of particle and field boundary conditions and

in the display of results also is important.

The improved accuracy and numerical stability of CCUBE is due to

the canonical momentum algorithm used in determining the trajectories

of simulation particles. This numerical algorithm requires electro-

magnetic potentials instead of fields. Thus, the program as originally

written computed directly the sealer and vector potentials, and only

generated fields as needed for diagnostics. However, midway through the

reporting period we completely rewrote the field-potential solver to

determine the electromagnetic fields directly and from them to obtain

potentials for advancing the particles. In this way, the capability of

the code to handle reactive and resistive structures within the simul-

ation mesh was significantly enhanced. The modified program also ex-

plicitly separates the function of enforcing the equation of continuity

on the charge and current densities from the function of advancing the

fields and potentials. We now have a direct measure of interpolation

errors involved in obtaining these source densities from the particle

positions and velocities. The corrections performed on the currents

are of order a few percent.

After completing the new field-potential solver, we developed the

special package needed for simulating a complete helix amplifier, in-

cluding helix, resistive terminations, and metal cavity. Part of the

package is the provision for replacing the simulation particles by a

rigidly moving charged rod, if desired, for economical studies of amp-

lifier response. Also developed were special wave absorbing boundary

13



conditions. All told, the helix amplifier studies represent some of the

most elaborate plasma simulations ever performed.

The program written for determining the eigenmodes and eigenfre-

quencies of realistic cold beam equilibria is GRADR. The application of

this code to studies of the Langmuir and cyclotror wive spectra were des-

cribed earlier. It allows, in particular, the proper treatment of beam

rotation and radial inhomogeniety. GRADR functions as follows. A cold

fluid cylindrical beam equilibrium is describable as three beam and three

field quantities, each a function of radius only. Maxwell's equations

plus the beam equations of motion provide four relations among the six

quantities. Two more relations are required to specify an equilibrium.

GRADR permits the user to define these constraints as desired. Typical

choices are uniformity of current and total energy across the beam. With

the two relations given, GRADR solves the six equations iteratively to

obtain a self-consistent equilibrium.

The user is then free to compute, either j/nteractively or automat-

ically, the. linear eigenmodes and wave frequencies consistant with the

equilibrium. The eigenmodes are defined by four linear differential

equations, which are solved by the Runge-Kutta method. Frequencies are

determined iteratively using Muller's method. The choice of boundary

conditions permits investigation of beam stability in drift tubes, re-

sistive liners, helices, and other structures of interest. Appendix E

describes the code in detail and gives illustrative output. Only several

minutes of CDC-7600 computer time are. required to generate frequency-

wavenumber dispersion plots covering a large region of wavenumber space.

GRADR also evaluates the order and location of branch points in these

diagrams.

Although GRADR has proven to be an invaluable tool in studying beam

stability and wave growth, there are important cases which it cannot treat.

Consider, for instance, determining numerically the stability of large

amplitude cyclotron waves on an expanding beam to non-axisymmetric per-

turbations. We have, therefore, initiated a low level effort to develop

a three-dimensional linear theory code to handle such problems. Our first

attempt, based upon a linearized particle-in-cell approach, is discussed



in Appendix N. After careful consideration, we have abandoned that tech-

nique as too expensive in both computer time and memory requirements. In

essence, such a computer code would consume nearly the same resources as a

three-dimensional extension of CCUBE while producing less useful results.

Recently, we have given attention to a less ambitious but hopefully more

practical approach, namely a three-dimension linearized fluid code. The

necessary algorithms have been developed and will be implemented during

the coming year.

Several smaller computer programs have been written to solve specific

problems, including ion trapping and acceleration for Modulated Phase

Acceleration (Appendix M;, cyclotron wave nonlinear envelope equations

(Appendix B), stability of a beam with axially varying rotation frequency

(Appendix D), and two-stream instability in an inhomogeneous plasma

(Appendix I). NOVA, the first of these, may also be of use in considering

the effects of beam energy ripple for other ion acceleration mechanisms.
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III. PLANS FOR FY-78

The Autoresonant Acceleration teasibility experiment may conveniently

be divided into two parts. In the first, the electron beam equilibrium

is established, large amplitude slow cyclotron waves are grown, and the

beam is compressed adiab?tically to reduce wave phase velocity. Ions

are trapped in the electrostatic wells of the waves, and the beam is

expanded adiabatlcally to accelerate the ions, in the second half.

Throughout the coming year we shall devote most of our effort to investi-

gating in detail all aspects of the first part in order to provide timely

guidance of the experiment. As time permits, we also shall study basic

features of alternative collective ion acceleration mechanisms. Code

development will continue to receive considerable attention. The programs

CCUBE and GRADR will be enhanced, and a new three-dimensional linear theory

program will be developed. A tentative schedule of activities is provided

at the end of this section.

Autoresonant Acceleration

Although our study of slow cyclotron wave growth in a helix amplifier

is for the most part complete, we shall spend a few months tying up

various details. In particular, helix simulations ac a pitch angle of 8°

will be performed in order to approximate more closely revised experimental

plans. Results are expected to be qualitatively similar to those of our

15° pitch angle investigations but with growth lengths and time scales about

twice as long. In these simulations the helix will be driven at its up-

stream end by an RF power supply tuned to the frequency of the desired

cyclotron wave. This more realistic method for exciting the helix will

replace the 1% radial premodulation on the beam employed last year.

As described in Sec. II, the radial profiles of the linear cyclotron

mode are distinctly different in the helix and in a drift tube of equal

radius. We shall, therefore, give special attention to extracting the

cyclotron wave from the helix amplifier in such a way that coherence is

not degraded. How difficult the extraction problem will be, and what

special techniques (if any) are required cannot be estimated realistically

at this time. Coherence and stability of the wave will be tested by

allowing it to propagate a distance of several wavelengths in a conscant

radius drift tube.

16



Because it is not clear whether a resonant loop amplifier might .be
/

superior to a helix amplifier, we shall perform a parallel study of the

resonant loop system. The investigation should proceed comparatively

rapidly, since many of the associated computational and physical prpb-

lems are shared by the helix system and will already have been solved.

It will, however, be necessary to upgrade GRADE, somewhat in order to ob-

tain linear results helpful in planning the CCUBE simulations.

By spring we expect to have completed wave excitation, growth, and

extraction simulations for both the helix and resonant loop amplifiers.

At that time we shall decide which is more promising and drop the other

from further consideration. We then shall perform analytic and numerical

studies of cyclotron waves grown by the prefered slow wave structure in

order to characterize the nonlinear behavior. An analytic model will be

developed, if possible. At the least, the nonlinear amplitude, wavelength,

phase velocity, and group velocity will be determined numerically as a

function of axial magnetic field strength. The results of this study will

bear heavily on the course of research for the next year.

Following characterization of the waves in a constant radius drift

tube, we shall simulate adiabatic compression of the electron beam plus

cyclotron waves. Although no physical difficulties are anticipated in

this stage, it is prudent that we study it anyway. If the work progresses

rapidly, we may have time to investigate ion loading into realistic cyclo-

tron waves before the close of the fiscal year.

The planned analytic and computational program described up to this

point will have treated only electron beams with negligable transverse

energy. Due to foil scatter and other diode effects, real beams always

exhibit some transverse energy spread. In the feasibility experiment at

least a 7° scatter is likely before compression, and about three times that

amount after. Therefore, in parallel with the wave characterization and

beam compression studies in the second half of the year, we shall system-

atically reproduce for the system of choice all the simulations performed

with a cold beam, but with realistic transverse energy scatter included.

The two most important phenomena to be evaluated are modification of the

nonlinear cyclotron wave radial profile and damping or coherence loss in
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the waves. If all goes well, we shall have obtained a fairly complete

picture of the entire front half of the experimental accelerator and, in

addition, produced a large body of valuable basic knowledge.

Alternative Approaches

Because we intend to devote the vast majority of our resources to

Autoresonant Acceleration, we are not allocating time specifically to

alternative collective ion acceleration mechanisms« Nonetheless, we hope

to be able to consider aspects of these other approaches now and again.

Two short research topics in Converging Guide Acceleration suggest them-

selves, computing Langmuir wave minimum phase velocity as a function of

magnetic field strength and designing a CGA experiment for the Army's

3 MeV electron beam generator at Austin Research Associates, Inc. Col-

laboration with Cornell University and the Naval Research Laboratory on

Converging Guide Acceleration studies also may prove practical.

Although computer study of Traveling Virtual Cathode ion acceleration

is now principally in the hands of the Air Force Weapons Laboratory, we

shall continue to provide assistance as needed. Our Modulated Phase Ac-

celeration research will be directed to minimizing the required variation

in electron beam energy.

Code Development

Several significant internal modifications of CCUBE are planned for

the upcoming fiscal year. These changes will have the effects, first,

of further improving the accuracy and stability of the code and, second,

of enhancing its flexibility in treating complex geometries. The port-

ability of the code and the appearance of its output also will be improved.

Changes affecting portability are a major step toward moving CCUBE from

the CDC-7600 to the larger and faster Cray-1 computer. Eventually, use

of the latter machine may permit modest three-dimensional numerical simu-

lations of beam phenomena.

It was noted in Sec. II that CCUBE employs electromagnetic potentials

rather than fields in determining particle trajectories, and in this way

avoids certain common numerical instabilities. We have developed a space-

time-symmetric Galerkin finite element algorithm which appears to have

18



equal or better stability properties and uses electromagnetic fields

directly. Moreover, the algorithm guarantees preservation of the equation

of continuity in the current interpolation process and decreases energy

conservation errors in the presence of large magnetic fields. Computer

memory requirements will be reduced about 30%, while running time should

remain roughly the same. Because solution of Poisson's equation will no

longer be necessary, CCUBE will be able to handle non-separable coordinates

with minor additional modifications. Notwithstanding the great promise of

our new algorithm, a note of caution is appropriate: The modifications

represent a severe departure from conventional techniques in several re-

spects and may, therefore, contain hidden difficulties. We shall take

care to test CCUBE in detail at each step of the implementation.

If the new algorithm proves successful, we shall next develop and

implement a forth order correction procedure to reduce numerical dispersion

in light waves. The change is not necessary at the present time., but may

become important for simulation of ion acceleration to relativistic energies.

Late in the year, we shall convert CCUBE for compatibility with the standard

Extended Fortran Compiler and the Common Graphics System. An exact date for

this activity is difficult to estimate, since it depends on software devel-

opment by the LASL computer center staff. It is conceivable, but not likely,

that transfer of CCUBE to the Cray-1 computer could begin before the end of

the fiscal year.

GRADR, the relativistic electron beam linear dispersion computer code,

can at present treat only cylindrically symmetric problems, i.e., only

those for which the beam equilibrium and boundary conditions are axially

and rotationally invarient. Early this year we intend to enhance the

program to accept axially and rotationally periodic boundary conditions.

Our immediate motivation is to examine in more detail the resonant loop

cyclotron wa i amplifier described above, although other interesting cases

will come within our grasp as well.

We shall continue at a low level our effort to develop a time depend-

ent, three dimensional linear theory code along the lines discussed in

Sec. II. At issue is not so much whether such a code can be developed as

whether it will be economical to use. Various short, special purpose

computer programs will be written, as needed.
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Tentative Schedule

A tentative schedule of our planned activities for FY-78 is listed

by quarters in the Figure on the next page. The anticipated level of

effort is 2.5 to 3.0 man-years. We emphasise that the outlined research

program is exploratory in nature and, therefore, subject to change as

results unfold.
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FY-78 TENTATIVE SCHEDULE

OCT. - DEC.

Helix

JAN. - MAR.

Wave

APR. - JUNE

Wave

JULY - SEPT.

Beam

Studies Extraction Characterization Compression

Resonant Beam Quality

Loop Studies Effects Studies

GRADR CCUBE Algorithm CCUBE

Enhancement Modifications FTN-CGS

3-D Linear Code

Development
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APPENDICES

This section contains fourteen appendices describing in detail

various aspects of collective ion acceleration. Each is self-contained

and, for the most part, has been submitted for publication in a scientific

journal. Sec. II of the report summarizes the appendices, pointing out

significant features and tying the results together.
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APPENDIX A

COMPUTER SIMULATION OF COLLECTIVE ION ACCELERATION

Brendan Godfrey and William R. Shanahan, T-G

For nearly two decades scientists have sought to
utilize intense relativistic electron beams to ac-
celerate significant ion currents to high energies.1

Although only tentative progress has been made
toward this goal, the apparent limitations of conven-
tional accelerator technology have kept interest in a
collective accelerator high. The inability of conven-
tional technology to produce either stronger power
supplies or larger accelerating fields from them has
meant the construction of ever longer and more cost-
ly devices to generate particles. On the other hand,
the use of the collective fields of nonneutral electron
beams, isolated from the accelerator walls holds the
promise of much larger fields. Accelerator length
could thus be reduced by factors of 50 and more.
Moreover, the associated power supplies are well
within the present pulsed-electron-beam
technology. A collective ion accelerator, if it can be
attained, would be much more compact, and conse-
quently, less expensive than its conventional
counterpart. The economy of such an accelerator
would make it very attractive for production of both
heavy and light ions in the medium-energy range
( ~ 100 MeV — I GeV). Availability of such devices
could contribute in a major way to such areas as fun-
damental nuclear physics, superheavy nucieon syn-
thesis, astrophysics, atomic and solid-state physics,
ion-beam-initiated fusion, and radiation therapy.

Conceptually, one first obtains large-amplitude,
low-velocity electrostatic wells within the electron
beam. Potential wells can be created by the virtual
cathode near the head of space-charge-limited
beams, by large-amplitude Langmuir or cyclotron
waves in the body of the beam, or, perhaps, by non-
linear solitary waves. One then loads ions into the
slowly moving well and gradually accelerates it
toward the beam velocity by appropriately varying
one or more of the external parameters affecting well
velocity. Available quantities include background
plasma density, applied magnetic field strength,
drift tube radius, wall material, electron-beam
energy, or beam current. The problem, of course, is
actually to accelerate the well without causing it to
break up or the ions to spill out.

Recently, researchers have begun moving away
from general considerations to fairly specific designs
permitting experimental tests. One of the more ex-
tensively studied collective ion acceleration schemes
is the autoresonant acceleration proposal of Austin
Research Associates, Inc.1 An intense relativistic
electron beam propagates along a strong magnetic
guide field in an evacuated cylindrical metallic
waveguide as shown in Fig. III.9.1. Doppler-shifted
slow cyclotron waves of low-phase velocity are ex-
cited in the beam, and ions trapped in them (see Fig.
III.9.2). Acceleration is accomplished by suitably
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Fig. II1.9.1.
Nominal experimental configuration corresponding to the simulations of Figs. III.9.2 and 3.
Arrows show diverging magnetic field lines. The electron beam, occupying the shaded area,
propagates from left to right. Dimensions are in cm.
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Data from simulation of a cyclotron-wave-modulated electron beam with trapped ions
propagating in a conical waveguide with open ends. Plots show (a) electron configuration
space (X2-X1), (b) electrostatic field equipotentials, and (c) ion configuration space (X2-
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flaring the waveguide and applied magnetic field, so
that the waves moving downstream gradually in-
crease in wavelength and, hence, phase velocity.

Los Alamos Scientific Laboratory, Austin
Research Associates, Air Force Weapons
Laboratory, and others are collaborating in a
feasibility experiment on autoresonant ac-
celeration.' Our task is to provide computational
support, primarily large-scale computer simula-
tions. Additionally, we are exploring alternative, less
well-developed collective acceleration techniques in
cooperation with Physics International Company
and others.

Any useful numerical study of such acceleration
schemes requires, at a minimum, a two-
dimensional, axially symmetric, relativistic,
electromagnetic plasma simulation code. It must, in
addition, be free of the numerical instabilities which
have plagued earlier relativistic simulation codes/
Since no such computer program existed, we began
developing one in early 1975. The code is now com-
pletely written and thoroughly tested. It treats self-
consistently the time-dependent trajectories of
hundreds of thousands of individual beam electrons
and ions over hundreds of plasma periods.

The code CCUBE constitutes state-of-the-art ad-
vances in two respects. First, it employs the recently
derived partially Galerkin canonical momentum
algorithm for advancing particle quantities.4 This
procedure eliminates completely the virulent
numerical Cherenkov instability and ameliorates
other bothersome numerical problems. Secondly,
the program is written for arbitrary separable,
orthogonal coordinates. Thus, we can convert from,
say, cylindrical to parabolic coordinates merely by
redefining an array of metric elements. (Parabolic
coordinates are, incidently, quite useful in some col-
lective acceleration problems.) Nonuniform zoning
of the spatial mesh is accomplished with identical
ease.

A number of other features deserve mention. For
compatibility with nonuniform zoning, we
implemented variable particle weighting within par-
ticle types, with several distinct particle species per-
mitted. The program supports highly flexible parti-
cle and field boundary conditions. Diagnostics in-
clude microfiche plots of particle and field informa-
tion at various points in time, histories of selected

quantities of interest, and color movies of key data.
CCUBE is tightly optimized for efficient computer
utilization.

Using this code, we first investigated injection,
propagation, and virtual cathode formation for cold
relativistic beams in evacuated cylindrical
waveguides with magnetic guide fields of various
strengths. Agreement with well-known analytic
theory was good, so far as the theory went. In addi-
tion, we found that, for beam currents above the
space-charge limit (the point at which self-electric
fields reflect some beam particles), the beam tends
to become hollow in radius. The virtual cathode
(locus of points at which particles are reflected),
moreover, was found to oscillate nonlinearly in size
and position. For beams below the space-charge
limit, shorting of the radial electric field by the
anode foil at the waveguide entrance gave rise to
large-amplitude zero-frequency (standing) cyclotron
waves. Such waves are possibly quite detrimental to
collective ion acceleration, interacting with the ac-
celerating potential wells to cause ion loss. Several
possible methods to suppress this effect have been
suggested, and a few of these will be investigated
computationally in the future. In addition, working
with L. E. Thode of T-6, we are studying modifica-
tions of the phenomena just described by beam
finite Larmour radius (effectively, thermal) effects.

As noted previously, autoresonant acceleration
employs a gradually flaring waveguide and guide
magnetic field. Simulations of propagation in this
geometry produced no new effects for beams injected
along the field lines. Of course, these two-
dimensional computations do not treat nonaxisym-
metric behavior. To fill this gap, we considered
analytically the possibility of rotational, shear-
driven instabilities in three dimensions. The shear
arises from longitudinal variation of the guide
magnetic field. We found that, for a beam in the fast
rotational mode (corresponding to cyclotron mo-
tion), a highly disruptive instability indeed exists.
However, for the slow rotational mode (cor-
responding to E-cross-B drift about the beam axis),
relevant to autoresonant acceleration, the instability
is negligible.

With stable equilibrium beam propagation
reasonably assured, we have performed preliminary
simulations of ion acceleration.* Figure III.9.2, a
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movie frame, presents characteristic results. The
beam propagates left to right in a conical waveguide
(mapped into a rectangle for plotting purposes). The
guide field drops by a factor of 4 in strength. For
these early trials, waves with ions already trapped
were introduced ad hoc into the simulation. Actual
wave growth will be studied in the near future.
Figure III.9.3 gives the energy history of a typical ion
clump, showing an energy increase by a factor of 8
through the acceleration region. Oscillations in t^e
history are due to radial and longitudinal bouncing
of ions in the potential well.

Although these few simulations, the first ever of
traveling-wave collective ion acceleration, are
generally quite encouraging, they exhibit one unex-
pected and somewhat worrisome feature. Oscilla-
tions of the various radial stream-lines gradually
lose spatial coherence, giving rise to a systematic
reduction of potential well depth. To better unders-
tand this effect, we have obtained numerically the
complete electromagnetic linear dispersion relation
for cylindrically symmetric electron beams with
realistic radial profiles. Solutions show that, in
sharp contrast to homogeneous plasma theory, the
cyclotron spectrum consists of one discrete surface
mode and a continuum of singular modes. The com-
plete ramifications of this severe distortion of
cyclotron waves by radial beam inhomogeneity are
not yet fully resolved. Nonlinear and, perhaps, ther-

0.0

Fig. III.9.3.
Energy (arbitrary units) of accelerated ion
bunch vs time.

mal effects may be important. Incidentiy, the
Langmuir wave spectra are much less affected by
the naturally occurring radial inhomogeneity.
Research is continuing.

We have recently begun low-level investigations of
two alternative acceleration proposals. In the first of
these, the localized pinch model,8 the electron beam
is radially confined not by a guide magnetic field but
by a low-density ion background. Any loc&l excess of
ions causes the beam to pinch just downstream.
Theory suggests that this ion clump and localized
electron pinch can accelerate synchronously, draw-
ing energy from the beam, provided the ion clump is
stable. At present, we are simulating with CCUBE
the response of electron beams to fixed ion clumps of
different dimensions and densities. We have also
developed a set of rough scaling laws.

The second alternative proposal entails controll-
ing the motion of a virtual cathode in an electron
beam flowing along a constant guide field in a flaring
waveguide by varying the injected beam current or
energy. Preliminary results suggest that virtual
cathodes far removed from the anode foil are quite
poorly behaved, exhibiting high noise levels and
driving instabilities. However, this behavior is rich
in difficult physics, and the final outcome of the in-
vestigation is still in doubt.

It should be emphasized that, in addition to the
three proposals under investigation here, there are
numerous other possible collection ion acceleration
techniques. Although these three proposals are
among the better developed, it is not at all obvious
that they will ultimately prove to be the most
promising. At present, collective ion acceleration is a
wide-open field.
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APPENDIX B

NUMERICAL SIMULATION OF AUTORESONANT ION ACCELERATION *t

by

Brendan B. Godfrey

ABSTRACT

Computational and analytic studies of the Autoresonant Acceleration

proposal for collective ion acceleration are presented. Linear theory

is reviewed, the electrostatic well depth is estimated nonlinearly, and

an electron beam envelope equation is derived and solved. Two-dimensional

numerical simulation results are given. Together, these calculations

demonstrate unneutralized electron beam equilibrium in a diverging

magnetic guide field, the behavior of large amplitude slow cyclotron

waves in the beam, and the acceleration of test ions over short distances

in the wave troughs. In addition, the computer simulations point up the

need for improved understanding of the linear theory of radially inhomogeneous

noneutral beams and for methods of suppressing radial modulation at the

diode-waveguide interface.
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I. INTRODUCTION

Over the past several years, many suggestions have been made for

accelerating significant ion currents to high energies using localized

space charge wells associated with non-neutral intense relativistic

electron beams. Such potential wells can be created by the virtual cathode

2-3
at the head of space charge limited beams, by large amplitude langmuir

4-7
or cyclotron waves in the body of electron beams, or by nonlinear

ft—"I D

soliton structures. Conceptually, one loads ions into the low velocity

well and then gradually accelerates it toward the beam velocity by

appropriately varying one or mere of the external parameters affecting

well velocity. Possible quantities include background plasma density,

applied magnetic field strength, drift tube radius, wall material, beam

energy, and beam current. The problem, of course, is actually to accelerate

the well without causing it to break up or allowing the ions to spill out.

One of the more extensively studied collective ion acceleration schemes

is the Autoresonant Acceleration proposal by Sloan and Drummond. '

An intense relativistic electron beam propagates along a strong magnetic

guide field in an evacuated cylindrical metalic waveguide. Doppler-shifted

slow (negative energy) cyclotron waves of low phase velocity are excited

in the beam, and ions trapped in them. Acceleration is accomplished by

suitably flaring the waveguide and applied magnetic field, so that the

cyclotron waves moving downstream gradually increase in wavelength and, hence,

phase velocity. Specifications for a feasibility experiment are presented in

Ref. 14.

Man/ issues must be resolved and difficulties overcome to bring the

Autoresonant Accelerator from a concept to a viable acceleration device. A

suitable electron beam equilibrium needs to be obtained. Then a narrow band,

large amplitude cyclotron wave must be produced, probably with a reactive or
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dissipative waveguide structure. This wave without ions must be able to

propagate stably over several meters. If it can, then a reasonable number

of ions must be trapped and accelerated in the wave, the maximum ion

current determined by various instabilities. In all these areas, one

must contend with the voltage and current variations and with the finite

Larinour radius effects which afflict real electron beams.

Here we address two questions, beam equilibrium formation and stable

wave propagation, under relatively ideal conditions. Two-dimensional,

relativistic, electromagnetic numerical simulations (in cylindrical and

spherical coordinates) are employed together with simple nonlinear analytic

models. Beam equilibrium is studied computationally by injecting a

monoenergetic beam through a grounded entrance plane into an evacuated

waveguide and magnetic guide field. The beam is seen to assume quickly

an approximate rigid-rotor equilibrium in the slow rotational mode,

the equilibrium parameters determined by the local values of the

flaring waveguide, guide field and electron beam. Superimposed on the

equilibrium are large standing waves excited by beam pinching near the

injection plane (i.e., anode foil). A means will have to be found to

supress this undesirable mode.

To investigate wave propagation, we artificially create the equilibrium

just mentioned, but without the standing wave, in a conical waveguide. Instead,

travelling large amplitude cyclotron waves are impressed upon the beam ad_ hoc

by modulating the beam radius and radial particle velocity according to

solutions obtained from an analytic beam envelope equation and nonlinear

well depth formula. We find that the wave accelerates as expected and is

reasonably stable. However, it slowly decreases in amplitude, apparently

due to phase mixing of radial stream lines. The phase mixing is associated

with the beam's intrinsic radial kinetic energy variation. In spite of this
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difficulty, test ions trapped in the space-charge wells of these waves

gain a factor of eight in energy.

Sec. II reviews the homogeneous beam linear theory of the cyclotron

mode. The electrostatic well depth for large amplitude waves is determined

in Sec. III. We derive a beam nonlinear envelope equation in Sec. IV and

obtain analytic and numerical solutions. Simulation results are analyzed

in Sec. V., and concluding comments presented in Sec. VI.
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II. LINEAR THEORY

Determination of the exact normal modes of an unneutralized

relativistic beam confined in a waveguide, flared or not, is very

difficult, and only limited progress have been made. * ' However,

for present purposes use of the homogeneous, unbounded cold plasma

dispersion relation '

(w-k v)2(u)2-a)2 / y-k2c2)[(u-k v ) 2 - ^ /
z P z P

-k v)2((i)2-k2c2) - (U) 2/Y 3) (co2-k2c2)] = 0z p z

is often justified. Finite radius of the beam can then be taken into

account by suitable quantization of kĵ  , while adiabatic variation of

parameters along the beam is treated via the WKB approximation. In

Eq. (1), 0) and OJ are the beam plasma and cyclotron frequencies, as

usually defined nonrelativistically. Particle drift velocity is represented

2 2 -1/2by v, with y = (1-v / c ) . Components of the wave vector k parallel

and perpendicular to the beam flow are k and kĵ  , respectively.

Eq. (1) is valid to the extend that the equilibrium self fields and

rotation of the beam can be neglected, and that beam density and drift

velocity are independent of radius. This is true for a rigid rotor

equilibrium in the slow rotation mode when

V / y « 1 (2)

Wp / 2 Y
2 u c « c /ao (3)
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In Eq. (2), v is Budker's normalized current parameters, v = I e /me .

Eq. (3) describes the beam angular velocity, with a the equilibrium radius

2 2 2 2 3 2
When to « k c and w / y « (to-k v) , as will generally be true

throughout the accelerator, Eq. (1) can be solved to yield for the slow

cyclotron wave

0) = k v - (u / Y) k2c2 / (k2c2+ w 2 / Y ) • (A)
Z c P

For sufficiently slow variation of the parameters to , to , and k.

along the accelerator (i.e., scale lengths large compared to A = 2ir/k ),
.2

Eq. (4) can be treated as locally correct in z. The wave phase velocity

Is,then, approximately

v w = v u / (to + w c / Y) • (5)

With a) chosen small, the phase velocity can be increased from near

zero to a large fraction of the beam velocity merely by spatially

decreasing the guide magnetic field strength. This is the essence of

Autoresonant Acceleration.

We use conservation of energy flux along the beam (equivalently, WKB

theory) to determine how the well depth A<J> associated with the slow cyclotron

wave varies with position:

A <j) « (1 + ak2 a2 ) - 1 ; (6)
z o



a is a constant of order 0.1 - 0.3, depending on the details of the

radial eigenmode structure. Except near the waveguide entrance, k a < 1.
z o

Thus, A <J> is essentially constant throughout most of the acceleration

process.

If ions are not to slip out of the potential wells, well acceleration,
v , must never exceed the maximum ion acceleration imposed by the parallel
w

electrostatic field, k Aej>. (Ion thermal energy, if small compared to the

well depth, can be ignored.) From Eq. (4) - (5), this constraint gives

(7)

Here, (q/m). is the ion or electron charge to mass ratio. We measure

A<j> in units of c /(q/m) . Magnetic guide field variation is most stringently

limited by (7) at the downstream end of the accelerator, where u /y

approaches OJ. For Ac}> constant, the magnetic field may decrease no faster

. -1/3 11,14
than z .
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III. WELL DEPTH

Basically, the axisymmetric slow cyclotron wave with smallest

perpendicular wave number is nothing more than a periodic modulation

of the electron beam radius. We use this fact to estimate nonlinearly

the electrostatic well depth of the wave.

In the long wavelength limit, k a « 1, the modulated beam can

be described locally by the z-independent rigid rotor equilibrium,

provide again that (2) and (3) are satisfied. The electrostatic potential

19 20
on axis is given by the well known space charge flow formula '

V L = <j) [1 - (Y-4>) 2 ] 1 / 2 (8)

where L is a geometrical factor,

L = 1 + 2 In (r/a) - (9)

R is the waveguide radius. Eq. (8) and (9) have been verified both

21 22
experimentally and computationally. Plots of v versus <J> for various

2
values of electron beam injection energy, ymc , are presented in Fig. 1.

From curves such as those in Fig. 1, the cyclotron wave potential

well depth Acj> can be determined as § - <b. , corresponding to a .

and a respectively, in Eq. (8) and (9). To obtain A<f> as large as possible

for a given beam energy, we should try to choose <j> . near zero and
m m

max
1/3 2/3 3/2 20

near y~Y » where LV assumes its maximum value (y -1) .

However, <j> . /y near zero requires v/y quite small, since L . > 1.

In this case the beam modulation a /a . must be extremely large to provide
max man
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a reasonably deep potential well, inviting unnecessary difficulties

from beam thermal spread, angular rotation, and radial inhomogeneity.

Also, small electron current limits the ion current which can be accelerated.

Choosing c}> too near the flat portion of the curve may also prove
max

dangerous. The beam is prone to strong longitudinal bunching, and

perhaps break up, in this situation.

Therefore, it seems prudent, at least until nonlinear beam dynamics

are better understood, to pick v/y in the range 1/4 - 1/3,

in which case the maximum well depth is

(A4>/y) M V / Y ) • (10)

Fig. 2, with V/Y = 0.25 and y = 7, is a typical case. As L ranges from

1 to 2, 4>/y varies between 0.25 and 0.55, giving A4>/y = 0.3. Beam

modulation is a /a . = 1.65.
max' m m

It is likely that k a << 1 will not be satisfied at the beginning

z o

of the acceleration region. Finite wavelength effects can be treated

23
* ith Green's function techniques, if laminar, paraxial beam flow is
assumed. We find that <[> on axis is

k(kza)Ko(k2a)/lo(kza) + K

(11)
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where a is a function of z'. I and K are modified Bessel functions of

24
the first and second kinds. For k a < 2, Eq. (11) can be expanded

z

in k to yield
z

M « ^ I
Y Y [

In
(a2)

max
(a2)

min

2(a 2

dz
(12)

max

The first term in the brackets is an approximation to the infinite wave-

length results described above, the second term a finite wavelength

correction which becomes significant for k a of order unity.

Linearization of Eq. (12) gives

M = v Ate ) (13)

o

We have assumed In R/a <\» 1/4, consistent with AL ^ 1 and R ̂  a . Note
o max

that the functional form of Eq. (13) could have been anticipated from Eq. (6)



IV. ENVELOPE EQUATION

A nonlinear envelope equation for zero frequency, axisymmetric

modulation of a ncnrelativistic beam in vacuum was obtained by Wang some

years ago using the laminar, paraxial approximation. Relativistic

generalization of that result is straightforward, yielding

<112 & i a + f m or1" & «i - £ / a • f m f,'
ID2 0) 2 ( 1 4 )

[-̂ r (l-f2)-2 -£- ] / [2f(l +^ln f)].

2 2Here, f is the modulation, f = a /a . Eq. (14) is based on a

rigid rotor equilibrium, and is valid when (2) and (3) are satisfied.

Two approximate analytic solutions to Eq. (14) are rc-.adily available.

Linearizing (f fy 1), we find

V , = Itolrf) - C"2/Y3) (l-v/Y)]1 /2 . (15)

the upper hybred resonance modified by beam rotation. In the low

2 3 2 2
density limit, u) / Y < < u / Y » we can derive the nonlinear result

f = (AN-ir' + A sin (a)c(z-20)/T^z) . (16)
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A and z are constants. Note that f ' f . = 1. Eq. (16) could
o max rain ^

have been obtained more directly as the motion of a single particle

in an external magnetic field.

Except for these two cases, it appears that Eq. (14) must be

solved numerically. To do this, we first reduce the equation to

quadrature,

/df (1+Sln f)

(17)
[2Cf - -JL. (1+f*, + 2 J£_ (1 + ln (1 + V v -

•v4. vi Y Y

26
and then apply a standard numerical integration formula. The constant

2 2 2 ^
C in Eq. (17) must exceed O) /y - U) / Y .

Typical solutions are presented in Fig. 3 and 4. Fig. 3 contains

-1/3 -2/3 -3/3 1/2
plots of f vs. wcz / yv for ^m±n = e , e , e and y u / u = 0.2,

V / y = 0.2. Good agreement between the numerical results and Eq. (16) is

apparent. Fig. 4 shows nonlinear wave number shifts as f and f .
max m m

1/2
vary, for V / y =0.2 and y ' a) / w assuming values between 0.0 and 0.6.

R R 3/2
In these figures the definitions w = u /y and to = w / Y have been

introduced for brevity.



V. SIMULATIONS

27
We have carried out a series of PIC-CIC plasma computer simulations

providing preliminary insights into three aspects of autoresonant acceleration

zero frequency ripple of the electron beam surface, variation of cyclotron

wavelength with radius, and acceleration of test ions in a conical waveguide.

Computations were performed using CCUBE, a new two-dimensional, relativistic,

electromagnetic plasma simulation code. The code employs improved algorithms

which suppress certain numerical instabilities and is able to treat arbitrary

29
separable, orthogonal coordinates. Numerical algorithms will be presented

elsewhere.

The goal of these simulations is simply to demonstrate the

acceleration of a few ions to modest energies under idealized conditions.

Thus, the important questions connected with cyclotron wave growth, ion

injectiont magnetic field curvature, finite ion currents, ion extraction,

and imperfections in the electron beam and guide magnetic field are not

addressed. Also, no attempt is made to study parasitic instabilities

except insofar as axisymmetric instabilities may occur over the short

acceleration length employed. Simulations are all performed for a straight

cone of length 100 c/w . The cone doubles in radius from one end to the

P

other, so that the applied magnetic field, diverging with the waveguide,

decreases in strength by a factor of four. Because the beam electrons

roughly follow the field lines, beam density falls by a factor of, again,

four. Injection parameters for the beam are y - 5 and v = 1. Thus, the

initial beam radius is 2 c/u . Radius of the metal waveguide wall is

chosen 1.3 - 1.6 times this value for different simulations, corresponding

to a cone half-angle of order l°-2°.



In more conventional terms, we are choosing 2 MeV, 17 kA. electron

beam. If its radius is 1 cm. at injection, then the waveguide is 50 cm.

long and the magnetic field 3.4 kg at the entrance plane. See Fig. 5.

Time and length scales vary linearly with the beam injection radius.

From previous work, we understand reasonably well the propagation

22
of a cold, low v/y electron beam in an evacuated cylindrical waveguide.

The first question to ask, then, is whether slow flaring of the waveguide

changes propagation behavior. Therefore, we ground the injection plane,

corresponding to an anode foil, and inject a cold beam free of scatter and

modulation. The beam is in this way allowed to choose its own equilibrium.

Fig. 6 is a movie frame from the first simulation, showing (a) electron

positions in the waveguide, (b) contours of the electrostatic potential

and (c) particle parallel momentum, yv /c, along the waveguide. (Note

that the cone has baen mapped into a rectangle for convenience of plotting.)

The behavior is as expected, with the beam adjusting adiabatically to the

local guide field strength.

A significant feature in Fig. 6 is the large amplitude standing

wave modulation of the beam radius. It arises due to a force imbalance

at the anode foil, where E r vanishes but B« does not. For weak modulation

the amplitude is roughly

* 2^l ' Uc Cl8)

but, as the right side of Eq, (18) approaches unity, f increases much

more slowly. From Fig. 6, f ^ 1.5 t-hile 2y w /u ^ 2 . Such zero

frequency cyclotron waves can also be excited by pinching in the diode,

curved magnetic field lines, sharp density gradients in a low density

background plasma, etc. They have been observed experimentally in a few

instances. '
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These standing wives are quite similar to the traveling waves

with which we hope to accelerate ions, and for this reason they are

particularly undesirable. The two waves, if of comparable amplitudes,

beat spatially, spilling ions from the accelerating space charge

wells. Additionally, the presence of two large amplitude waves greatly

increases the possibilities for parametric instabilities. Several ways

of suppressing the zero frequency modulation triggered by the anode foil come

to mind, including employing larger magnetic fields at the diode, using a

foilless diode, choosing a clever cathode design, setting a magnetic lense

14 32

at the anode, and appropriately placing additional foils downstream.

Each of these approaches entails certain problems, however, and no clean

solution has yet been demonstrated. Incldently, increasing beam thermal

spread is not acceptable, since this affects equally the desired and the

undesired modes.

Eq. (2) has been invoked throughout Sec. II, III, and IV so that

the variation in y with radius due to space charge can be ignored. Such

a variation in y gives rise ostensibly to a variation of cyclotron mode

parallel wavelength with radius for fixed w and w from Eq. (4). In the

plot of yv /c in Fig. 6, we can see that y ° n average ranges between 3.5

and 4.5, implying Ak /k ^ 0.25. Indeed, the upper plot in Fig. (6) indicates

a total phase shift of roughly IT/2 between stream lines near the beam

surface and those near the axis in the rightmost portion of the waveguide.

Interestingly, if the well depth A<J)/y of the accelerating cyclotron wave is

comparable to v/y, as argued in Sec. Ill, then this phase shift and the

acceleration of ions scale together, because Ay/y ^ v/y across the beam.

We then find, according to Eq. (4), that a radial phase shift of TT will
occur spatially before singly charged ions can increase in energy by more

2
than 27Ty m e . In these terms the variation of y with radial position can

never be ignored globally. /c



There are at least two possible ill effects of the relative phase

shifts, '.oss of phase coherence across the beam causes a reduction in

well depth, A(J). Shifts between adjacent stream lines lead to stream line

crossing and, perhaps, local turbulence. These problems should not be

overstated, however, because we are applying homogeneous, linear theory

to an intrinsically inhomogeneous, nonlinear situation. Additional

investigation is required.

Having verified that a suitable equilibrium exists in the conical

waveguide under consideration, we may turn out attention to simulating the

acceleration of test ions. If we choose to = 0.023 ui°, then initially

k = 0.46 c/ob from Eq. (4) for y ^ 4.5 at the beam surface. At the

waveguide exit k drops to 0.14 c/w for an increase in phase velocityz p

from 0.05 c to 0.16 c. (By w we mean the value of w at the waveguide

entrance.) Thus, an ion traveling at constant phase relative to a given

wave could gain a factor of ten in energy. However, as discussed in

Sec. II, the magnetic field profile u 1/ z corresponding to our conical

waveguide decreases too rapidly, so that ions slip in phase relative to

the waves and eventually become untrapped. In order that ions do not

slip out of the well until it just reaches the far end of the waveguide,

we set A<J> ̂  1 and (q/m) . = 500. The mass ratio, although unphysical, is

sufficiently large that the ion and electron time scales are well separated,

and results can easily be scaled to real ion masses.

To avoid the zero frequency modulation described above, we set

3(J>/3z = 0 instead of <j> = 0 at the entrance plane of the simulation.

Particles are injected with Y = Yn-
(l> (YQ

 = 5, as before) and with enough

angular velocity to provide approximate radial force balance. A beam

launched this way adjusts quickly to its true equilibrium with almost no

unwanted modulation. Because we are putting aside for now the issue of



cyclotron wave growth, we create a large amplitude wave ad hoc at

the entrance plane by superimposing a modulation of the electron radial

position and velocity according to Eq. (16), doppler shifted to give the

desired frequency. An amplitude A = 0.6 is appropriate to A<J) ̂ 1. Ions

are injected in ciumps already trapped at the bottom of the space charge wells

and moving with a velocity 0.05 c. Ion density is locally 10 the electron

density and, when averaged over the beam volume near the waveguide entrance,

is lower still by a factor of four. Influence of the ions on electron beam

dynamics is, therefore, negligible.

Fig. 7 is a movie frame from this simulation at time t = 1100/co .

It differs; in format from Fig. 6 only in that the bottom plot is ion

configuration space. We see that the ions remain bunched as they propagate,

but the clumps slowly drop behing their respective accelerating wells, as

expected. The rightmost clump has shifted in phase by -TT/2 and is about

to slip from its well. An energy history of this clump is presented in

Fig. 8. Energy gair of a factor of eight is consistent with the factor of

ten predicted above, if account is taken of the relative phase shift.

Oscillations in the energy are due to bouncing of the ions in the electro-

12
static well, the fast oscillations corresponding to radial motion and

the slow oscillations to longitudinal motion.

Variation of longitudinal wavelength with radius is evident in Fig. 7,

but is not so pronounced as in the earlier simulation, Fig. 6. Whether

the reduction is due to nonlinear effects, details of the wave injection,

or some other cause is unclear. The change in well depth stemming from

the phase shifts among stream lines is partially masked by the slow spatial

decrease in $ associated with a slight expansion of the electron beam relative to

the flared waveguide wall.
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VI. CONCLUSIONS

We have presented analytic and simulational results basic to auto-

resonant ion acceleration. The linear theory of cyclotron waves in a

homogeneous relativistic beam has been reviewed. In the long wavelength

limit, the wave nonlinear electrostatic well depth and the beam nonlinear

envelope equation have been derived. Finally the autoresonant acceleration

of ions has been self-consistenly simulated for the first time. We conclude

that such acceleration is indeed possible, at least for the ideal conditions

assumed here. Also, we have tentatively decided that k an - 1> A<{> "̂  V, and

v/y ^ Z" ~ 3" a r e t n e m°st suitable acceleration conditions.

The simulations have raised but not resolved the questions of large

amplitude standing beam modulation and of radial variation in the cyclotron

wavelength. Beam pinching and modulation at the waveguide entrance would not

seem to be an intrinsic problem, and probably can be overcome by one or

more of the methods listed in the preceding Section. Sloan, Uglum, and

others are pursuing this issue.

The apparent radial dependence of the cyclotron longitudinal wavelength

is, of course, only one aspect of the problems associated with linear theory

in an inhomogeneous plasma. Based on the few published investigations into

this area, ' we speculate that the complete cold beam cyclotron spectrum

consists of a few discrete undamped modes corresponding to quantized values

of k. plus a continuum of singular modes localized in radius and decaying

as some small inverse power of z. To verify this guess, we have linearized

the cold fluid equations about realistic relativistic electron beam equilibria

and have begun solving them together with Maxwell's equations numerically and,

when possible, analytically. This exercise should also provide interesting

35Information on the stability of non-rigid rotor equilibria and on the structure

of normal modes for beams near the top of the curves in Fig. 1.



Finally, we wish to reemphasize one deficiency of the numerical

simulations. They are axisymmetric. At a later date we will perform

12 15

simulations in r - 0 geometry to investigate kink, diocotronj

and other angle dependent instabilities. Analytically, we have already

shown that the axial shear in beam rotation frequency due to the varying

magnetic guide field drives instabilities only for non-neutral beams in
37

the fast mode of rotation.
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Fig. 1. Normalised current \>/y vs. normalized
potential well depth 0/y for the cylindri-
cally symmetric equilibrium of a non-
neutral beam in a strong magnetic guide
field with injected particle energies
y = 2,4,8,16,32.
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Fig. 2. Variation of potential well depth with
beam radius for a y :- 7 beam with long
wavelength radial modulation.
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Fig. 5. Nominal experimental configuration cor-
responding to the simulations on Figs. 6
find 7. Arrows show diverging magnetic
field lines. The electron beam, occupy-
ing the shaded area, propagates from left
t3 right. Dimensions are in cm.
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Data from simulation of v = 1, y = 5,
U°/OJ° = 2 electron beam propagating in a
conical waveguide with grounded entrance
plane (at left). Plots show (a) electron
configuration space (X2-X1), (b) electro-
static field equipotentials, and (c) elec-
tron phase space (VI-XI). Notation: XI =
z, X2 = 1/2 (r 2/z 2), VI = yv /c.
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Fig. 7. Data from simulation of V = 1, y = 5,
w§/o)p = 2 nodulated electron beam with
trapped ions propagating in a conical wave-
guide with open ends. Plots show (a) elec-
tron configuration space (X2-X1>, (b) elec-
trostatic field equipotentials, and (c) ion
configuration space (X2-X1). Notation:
XI = z, X2 = r/z.
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Fig. 8. Energy (arbitrary units) of accelerated
lor. bunch vs. time.
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I. INTRODUCTION

A number of applications utilizing an intense relativistic electron

beam require that the beam be injected into an evacuated cylindrical

drift tube. In the absence of an externally imposed axial magnetic

field, the self-electric field of the beam always exceeds the self-

magnetic field, and thus the beam simply expands until it collides with

the drift tube wall. If an external magnetic field B_ is imposed at the

source, radial force balance can occur after the beam has expanded

sufficiently. Howeverj for such an equilibrium configuration, the beam

may be subject to instability or to the formation of a virtual cathode.

1-3
For collective ion acceleration produced by coherent wave formation,

4-7 8
microwave generation, autoacceleration, inertially confined plasma

9 10 11 12

heating, ' and radial pulse line accelerator ' injection, a knowledge

of achievable self-consistent, propagating laminar flow equilibria is

desirable. This implies stability and the existence of a coherence

length over which the laminar flow is preserved. In contrast, collec-
1 O_"l (L

tive ion acceleration generated by control of macroscopic beam fields

(neutral gas breakdown) and optimization of ion current in reflex

triodes depends upon understanding the development and time dependence

of a virtual cathode.
18—29

For the most part, theoretical investigations of equilibrium,

stability, and space charge limiting current have assumed at least one

of the following: i) the initial beam distribution is a Dirac delta

function, ii) the equilibrium is axially independent and a rigid rotor, or

iii) the externally imposed magnetic field is essentially infinite.

Generally speaking, at least one, if not all three, of these assumptions
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are violated experimentally. Thus, in the present paper we attempt

to bridge the gap between theory and experiment, and obtain some insight

into finite magnetic field strength requirements and effects of anode

foil scattering.
In Sec. II a brief review of analytical work associated with the

determination of the space charge limiting current is given. This

21
includes the recent iteration results of Thompson and Sloan, and

92
Gcnoni and Proctor" for the limiting current of a solid beam, which

take into account the radial inhomogeneity of the beam parameters but

assume an infinite axial guide field.

A discussion of two codes is given in Sec. III. Firstly, a new

generation particle code CCUBE, which obtains two-dimensional, time

dependent solutions of b&am propagation in any orthogonal, separable

coordinate system, is discussed. The code contains numerical equiva-

lents of experimental diagnostics such as Faraday cups, calorimeters,

diamagnetic loopss field and current probes, and Rogowski loops. A

second code GRADR obtains the self-consistent equilibrium and space,

charge limiting current of a radially inhomogeneous, cylindrically

symmetric, cold fluid beam in a finite strength external magnetic field.

It then computes linear eigenmodes for that equilibrium.

An examination of equilibrium, stability, and space charge limiting

current for finite magnetic field strength, but in the absence of foil

scattering, is carried out in Sec. IV. Defining u = eB_/mc as the

0 0 2 1/2
cyclotron frequency and OJ, = (4irn, e /m) as the beam plasma frequency

at the source, we find that at a finite magnetic field strength of
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is required for the infinite magnetic field limiting current calcula-

tions to be valid. For a magnetic field strength below this level, the

spacecharge limiting current increases somewhat. Preliminary investi-

gations show no evidence of significant instability in solid beam

equilibria. For injection current exceeding the space charge limiting

current, the position and strength of the virtual cathode are found to

oscillate in time. Under these conditions, the average transmitted

current can exceed the static limit by approximately 10%.

Anode foil scattering is considered in Sec. V. For a beam with a

relativistic factor of Yn
 a t the source, the effect of anode foil

scattering on the space charge limiting current is negligible if

9/T
0 (Y0 " 1* 0 ) >

where F is a foil scattering function depending only on foil parameters.

An expression for the limiting current as a function of the scattering

angle is derived, and is in good agreement with simulation and experiment.

Finally, in Sec. VI we compare our analysis and simulation with a

number of experimental results. Overall the agreement is good, although

some measurements, such as diamagnetic loops, are found to be of marginal

utility.
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II. REVIEW OF ANALYTICAL RESULTS

We assume the beam source is immersed in an externally imposed

axial magnetic field B~. A discussion of the magnetically shielded

29
source is given by Reiser. Furthermore, we assume that the magnitude

of B~ is sufficient to provide radial force balance with a negligible

change in the be.am radius a.. Azimuthal symmetry implies conservation

of canonical angular momentum. It follows that azimuthal v. and radial
0

v velocity components are also negligible. At the source the axial

current density

Jz(r) = - [U(r) - U(r - aQ)] e n£ v°

and electron kinetic energy

e(r) = [U(r) - U(r - ao)](Yo - 1.0)mc
2

are constant. The electron charge and mass are -e and m, and U is the

unit step function. These assumptions imply that the local beam dis-

tribution is a Dirac delta function

f b = 6 ( P M ~ p
0
) i 5 ( p i ) / 2 7 r

With appropriate boundary conditions, the solution of

r 3r (r 3r>

,2 1/2

0 for r > aQ (lb)
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2
yields the steady state electron energy ymc within an evacuated cylinder

of radius R and length L. We have defined

°.0_2v0, 3 = T //mc
3/e)

3
as the dimensionless source current, where me /e = 17 kA. The limiting

current Â  (w /<A , 9 ) is an implicit function of Yn
 an^ /̂ar>> but ^B a n

explicit function of both the external magnetic field strength a) /u), and

the anode foil scattering 6 . In general, we define
s

Z^ = AJ-, 0.0)

as the infinite magnetic field, cold beam limit.

The singularity at y = 1 in (la) is associated with the possible formation

of a virtual cathode. If R » L, expression (1) reduces to the solution of a

27
one-dimensional planer diode. In this approximation, Voronin et_ al_. find that

a virtual cathode can form when A- = A , where the limiting current A is a

function of yQ and L. For A_ < A , the existence of two equilibria is predicted.

In contrast, for an injection current above the limiting current, the formation o

the virtual cathode occurs increasingly closer to the anode and the transmitted

current A,j, decreases below Iv as An/A^ increases. As discussed by Birdsall

and Bridges, Dunn and Ho, de Jagher _e£ al,, and Poukey and Rostoker,

the actual physical solution is one in which the position and well depth of

the virtual cathode oscillate in time. Calculations indicate that the

frequency of oscillation is near the beam plasma frequency, and tends to in-

crease as the ratio AQ/A increases.

The typical experimental configuration is L » R. In this regiir.e,

35
Miller and Straw provide a criterion for neglecting the presence of endplates>
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L/R * 2.58(ao/R)°-
133 . (2)

If expression (2) is satisfied, the limiting current is given approximate-

20
ly by the Bogdankevich and Rukkadze interpolation result

,) » (3)

where the geometry factor is

G(R/a ) = 1 + 2 £n(R/aQ) -

The well-known result (3) is essentially a first iteration result

since it does not take into account the radial variation of the potential,

21 22
Recently, Thompson and Sloan, and Cenoni and Proctor have obtained a

more exact solution for the limiting current. For a solid

beam, the mixed boundary condition

+ *n(R/a0) r f * ] ^ - YQ (4)

is obtained by integrating through the vacuum region to eliminate equation

(lb). Combining (la) and (4) yields a single integral equation which can

be solved iteratively

- 4A o> J Tp—-172
~ ;

1 du f
u y (y) ydy

- 4A I - - | ^ rrr- , (5)l/i[
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where the subscript denotes the order of the iteration. If the initial

2 -1/2
guess for Y,, = (1 - &„) is a constant, then (5) yields the first

order results

Y;L(r/a0) = Y C + (Ye - Yc)(r/aQ)
2 , (6)

_ Y Q + 2Yc An(R/a0)

G G(R/aQ)

and

A = 3K(Ye - Yc)

Here Y and Y are the first order relativistic factors associated with

electrons at the center and edge of the beam. From (6) and (7) we note

18
that the concept of a rigid rotor is only valid for

0̂ " \ <K Y0 G ( R /V •

which requires AQ « A .

Finally, Genoni and Proctor have also obtained approximate iterative

results for annular beams, as well as a general upper bound for the

7?
limiting current.
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III. NUMERICAL METHODS

Computational results in the following sections were obtained

principally from two computer programs, CCU3E (version one) and GRADR.

The first of these is a two-dimensional, relativistic, electromagnetic,

particle-in-cell plasma simulation code. It treats self-eonsistcntly

the time-dependent trajectories of tens of thousands of individual beam

electrons over thousands of plasma periods. At each time step, the

charge and current associated with the electrons are interpolated bilinear-

ly onto a spatial mesh. These quantitiec in turn serve as source terms

in Maxwell's equations for determining the electromagnetic potentials

on the mesh. Finally, the potentials are interpolated back to the particle

positions, and the particle momenta and positions advanced. This leap-

frog procedure is repeated many thousands of times and forms the heart of

the program.

CCUBE differs from most other plasma simulation codes in two important

respects. First, it employs a partially Galerkin canonical momentum

algorithm for advancing particle quantities: Electromagnetic sealer

and vector potentials rather than electromagnetic fields are used in

37
the particle equations of motion. This has the effect of creating a

Lagrangian interface between particles and fields, and thereby eliminates

38
the virulent numerical Cherenkov instability and ameliorates other

bothersome numerical problems. It appears also to improve computational

accuracy, especially in the ignorable coordinate direction. Secondly,

the program.is written for arbitrary separable, orthogonal coordinates.

Thus, one can convert from, say, cylindrical to parabolic coordinates
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merely by redefining an array of metric elements. (Parabolic coordinates

39

may, incidentally, be useful in some collective ion acceleration problems. )

To date only rectangular, cylindrical, and spherical coordinates have

actually been employed in simulations. Nonuniforra zoning of the spatial

mesh is accomplished with equal ease.

A number of other features deserve mention. For compatibility with

nonuniform zoning, variable particle weighting within particle type, with

several distinct particle types permitted, is implemented. The program

supports both periodic and inhomogeneous Dirichlet-Neumann boundary

conditions ,

a2 U = a3

on the electromagnetic potentials, and wave transmitting boundaries are

not difficult to add. Particles can be absorbed, reflected, or injected

from surfaces not necessarily coinciding with edges of the mesh. Diag-

nostics include microfiche plots of various slices through particle phase

space; particle distribution functions; contour plots and one-dimension

cuts of the fields, potentials, and currents; and histories of particle

and field energies and other selected quantities of interest. Color

movies of particle and field data can be generated concurrently. CCUBE

is tightly optimized for efficient operation on the CDC-76OO.

The spatial configuration for all particle code simulations in this

article is shown in Fig. 1. The basic coordinate system is cylindrical,

with azimuthal symmetry assumed. A uniform axially directed magnetic is

imposed. Radial transformations are utilized to concentrate cells within

the beam. Early simulations were carried out with
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XI = zo>,/c
b

and

0 2 2
X2 = 0.5(a,,(d, /c) Jin[1.0 + (r/aj ] . (9)U D (J

Although this radial transformation proved adequate, later simulations

were carried out with

XI = zuPa
and

X2 = (a^jj/c) Jtn[1.0 + r/aQ] . (10)

This latter radial transformation was found to provide a better cell

distribution within the beam. In the transformed coordinate system all

cells are the same size, itie numbers of cells were NX1 = 98 and

NX2 = 34.

Relativistic electrons are injected through a thin foil with a

radial distribution of the form

g(r,p,9 ) = [U(r) - U(r - a )]f (p,6 ) , (11)
S ( J U S

where the local function f, is a scattered beam distribution function
b

discussed in Sec. V. In the limit that the scattering angle 9 goes to
s

zero, f, reduces to a Dirac delta function. The injected axial current
b

density is independent of both the particle momentum p and scattering

angle, but has a finite rise time T

Jz(r,t) = J°[U(r) - U(r - aQ)][1.0 - n(t/Tr>] . (12)
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2 2
In early simulations n = exp(-t/x ), whereas n = exp(-t /2T ) in the

later simulations.

Boundary conditions for the electrons are reflection at the axis

and absorption on both the radial and axial surfaces. Potentials are

set to zero at the upstream axial and outer radial boundaries in order

to represent metal surfaces. In contrast, normal derivatives of the

potentials are set to zero at the downstream end of the simulation

grid to mock up an infinitely long cylinder.

In addition to the traditional simulation diagnostics mentioned

previously, CCUBE contains numerical equivalents of such experimental

diagnostics as Faraday cups, calorimeters, compensated diaraagnetic loops,

local probes for field and current measurements, and Rogowski loops.

Each diagnostic is time integrated and can be fourier analyzed in time.

The code also calculates beam inductance.

GRADR is a much smaller computer program, written to determine the

equilibrium profiles and linear eigenmodes of a cylindrically symmetric

but radially inhomogeneous, unneutralized, relativistic electron beam

40
in the cold fluid approximation. In cylindrical equilibrium, only

n, » v , v», B , BQ, and E are non-zero. Maxwell's equations plus the
b z o z D r

fluid equations (written in dimensionless form) yield only four relations

I d n0 0 0 _
— -=— r BQ - n, v = 0
r dr 8 b z

d ,,0 0 0 n•r- B - n, vQ = 0dr z b 9

E° + vV - vV + r. o
r 8 z z 8 r 6

l d . O 0
x dr" r Er " nb

(13)
0 „
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where y is the local particle energy. Two of the six quantities can be

18
specified arbitrarily.

One must, therefore, choose two physically realizable additional

constraints. The first is obvious: Total particle energy, kinetic

plus potential, must be constant across the beam and equal to the

injection energy.

(14)

As a second constraint, let the current density be constant at injection.

Conservation of canonical angular momentum then determines the current

profile within the waveguide,

n°(r) r dr = n^r1) r1 dr1 (15)

and

\ B1 r 1 = Y°rv° + f B° r 'dr1 . (16)
L 2 0 J Z

1 r1 = Y°rv° + f B° r'dr1
2. 0 JQ Z

The system of Eqs. (13)-(16) is solved iteratively, starting from a rigid

18
rotor equilibrium. Convergence is rapid except for currents very

near the spacecharge limit. In that case a few thousand iterations and

a small relaxation parameter are needed to achieve relative accuracy of

10 . Of course, for currents above the spacecharge limit no equilibrium

exists, and the iterative process diverges.
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Given an equilibrium determined in this, or any other, way, GRADR

then solves the corresponding linearized equations to obtain eigenmodes

and eigenvalues, if desired. The linear equations form a fourth order

differential system in radius, and are integrated by a standard Runge-

Kutta routine. Muller's method is employed in finding wave frequencies

42
and growth rates. Details are provided in Ref. 40.
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IV. COLD BKAM THEORY

For an immersed source, the iterative solution (5) does yield a

more accurate estimate for the space charge limiting current for a solid

beam. In fact, subject to the assumptions that i) the equilibrium has

no axial dependence, ii) the beam rotation and expansion are negligible,

iii) the beam momentum distribution is a Dirac delta function, and

iv) the axial current density and beam voltage are constant at the

source, we find the iterative solution for A and Y7 to be within a few

percent of the exact numerical solution calculated by GRADR, where

Y, = Y at the space charge limit. For example, with Y o
 = 2 and

R/an = 2, A = 0.255 and YT
 = 1.14 from the iterative solution compared

with A^ = 0.254 and YT
 = 1.16 from the numerical GRADR solution.

Ii J-i

Although the iterative calculation does yield an accurate expres-

sion for A and YT > it is sufficiently complex as to require some numer-

ic Lt

ical evaluation. Thus we present in graphical form the quantities
Tj-p "Dp

A /A and YT/YT
 as a function of R/a. for various values of Yn in

Figs. 2 and 3. From this information, a reasonably accurate estimate

for A. and YT
 c a u be obtained over a rather wide range of practical para-

20
meters. Relative to the essentially first order interpolation result

A?R = (Y^ " 1.0)J///G(R/a )

and
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the maximum deviation occurs for small R/a,. and y_. As discussed in

Sec. V, the assumption that the momentum distribution is a Dirac delta

function would be difficult to justify experimentally due to anode foil

scattering for 350 keV to 1 MeV beams.

Assuming the equilibrium remains axially independent for

2 0 2
B./8TI < n,mc (yn ~ 1), the most ill defined assumption in obtaining bothU b U

the iterative and numerical GRADR solutions shown in Figs. 2 and 3 is

the neglect of the beam rotation and associated expansion. Specifi-

cally, for what level of external magnetic field strength is this

assumption valid? To answer this question, we first considered the

space charge limiting equilibrium associated with 50 MeV beam as a

function of the external magnetic field strength. At the source the

radial voltage profiles are Y Q ( O = [U(r) - U(r - a_)]yQ and

Jz(r) = [U(r) - U(r - aQ)]J° with R/aQ = 2.0. The numerical solution

obtained from GRADR is shown in Fig. 4. For a) /a), = 2.5, 3.0, 4.0, and

14.4 only the space charge limit ^(w /<O is calculated, but for

0) /OJ, = 2.0, 5.0, and 1000.0 A(OJ /co ) is shown as a function of -e<b/mc .
CD CD

For comparison the dashed line in Fig. 4 corresponds to the function

A B R = (-e<j;/mc2)[l - ( Y Q + et})/mC
2) ?] 1 / 2/G(R/a 0) (17)

2 1/3
which maximizes at -e<J>/mc = y - y . Note that the Bogdankevich

and Rukhadze result (17) and the Voronin et aJL. analysis indicate

the existence of two equilibria for A < A , the second lying in the

2
narrow band -e<|>/mc > YQ ~ TV* N o a t t e mPt w a s made with GRADR to find

this second branch, because it does not appear to be physically

accessible.
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At w /wr = g [2CYQ -1)1 = 1A.4 the energy density of the

external magnetic field is equal to the beam kinetic energy density, and

A^(w /ui ) has increased only slightly. However, as OJ /w is reduced

below this level, the effects of beam expansion and radial density

profile modification are no longer negligible. The radial density

profiles are shown as a function of w /u) in Fig. 5. In addition, the

relativistic factor YT (<*> /^O
 a t t n e beam center, the space charge

limiting current A (to /w )/A , the position of the beam edge a/R, the

maximum rotation velocity Bfi
 = vfl/c» a n^ i*-s corresponding position

r /R are summarized in Table I.

Comparing columns 3 and 4 of Table I, it is evident that the in-

crease in AT(w /to,) is predominantly due to beam expansion rather than

the modification in the radial density profile. However, the reduction

in 8^ as the magnetic field strength is reduced from w /w, = 2.5 to

0) /OL = 2.0 is the result of the profile modification and increasing

value of YT (to /to, ) • Finally, we note that for a) /to, > 5 the change in
Li C D CD

A? (ID /w. ) from A is less than 3%. Although this level of magentic

field strength remains large B > 109/a(cm) kG, it is not impractical.

In contrast to A (u /w ), the relativistic factor YT(to /u, ) changes sub-

stantially from the infinite magnetic field result YT at to /u = 5.0.

In general, it can be shown that to /to, * 5 to 10 is the level of

magnetic field strength required for the applicability of the space

charge limit AJ shown in Fig. 2. To proceed, it is clear that the beam

must be in the slow mode of rotation, and thus the rotation frequency at

any point in the beam interior is approximately



CL2,_ 2 (18)

and y(r) is given by (6). It follows that the rotational velocity is

approximately

(r) - O. (19)

which maximizes at

r /a_ = min 11/2
(20)

mThus, for A = AT low voltage beams tend to rotate fastest at r = ani whereas

the maximum rotation occurs at r « a_ for high voltage beams.

Noting that a_w,/c - 2A for a solid beam, expressions (19) and (20)

can be combined to yield

0 /w? = (3/3/16)
c b

where

m,for r /aQ = 1

m,

YjJ
for ru7a0 < 1

The function IL (Y ,R/aQ) is actually a weak function of w /w, through y
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and Y • However, it has an upper bound of unity. Thus, the magnetic

field requirement becomes

0) /w? = (3/3/16)/0™ = 5 to 10 , (21)
c b o

where £L < (3-7) • 10 to limit beam expansion.

Expression (21) is the magnetic field requirement at the space

charge limit. For a beam source voltage above 5 MeV, the relationship

2
between A and Y = Y + e4>/mc below the space charge limit is approximately

see Fig. 4. Thus, the function

H(Y0,R/a0) ~ " '" "'- w " '" s '

and

wc/wjj = (3/3/16) ( Y L / Y C )
3 / 2 / 6 Q . (22)

Consequently, a reduction in the current of only a few percent below the

space charge limit AT can result in a significant reduction in either

the magnetic field requirement w /ox, or the maximum rotational velocity

$!?. For example, consider the 50 MeV case shown in Fig. 4 with
o

a) /uP =14.4 and Y L ~ 1.74. Operating at A = 0.95 AL yields

y « 7.50, which for fixed u /oi leads to a reduction of approximately
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an order of magnitude in Bn• This character is shown in Fig. 6. Phy-

sically, this is simply the result of the balance between the radial

electric field E and the radial force associated with the self magnetic

field -vzBQ.

The preceeding analysis still assumes that the beam equilibrium has

no axial dependence. However, in the study of autoresonant acceler-

ation, two-dimei;sional axial symmetric CCUBE particle simulations

indicate that any radial force discontinuity leads to the development of
3 39

an equilibrium which is, in fact, axially dependent. ' Specifically, a

periodic standing wave pattern with a wavelength of

X - Tr(o£/u>c)Yeeea0/A
1/2 (23)

is formed. These zero frequency perturbations correspond to the beam

resonance w - k v - U) /Y • The formation of this axially dependent

equilibrium can be caused by i) the initial state not being sufficiently

close to the equilibrium state, ii) a discontinuity in the radial

electric field due to the anode foil, iii) a discontinuity in the

external magnetic field, or iv) a discontinuity in the drift tube

radius.

For wavelengths X short compared with the beam radius a., we

expect the axially independent solutions to be approximately correct.

However, for X ~ aft, a solution for A based upon the axially independ-

ent equilibrium assumption may be in error. To investigate this point

we have performed a series of simulations in which X/a ~ 0(1),

the results of which are summarized in Table II. The basic parameters
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are Yo
 = 5, R/ a

0
 = 2'°» a n d L/an " 1̂ «°« A fixed magnetic field strength

of 03 /w. = 4.0 was used for the entire series. The coordinate transforma-

tion (9) was used. At constant voltage, the injected current was given

a finite rise time of

Aj(t) = Aj[l - exp(-u>°t/12.0)] , (24)

with a local beam distribution function

fb = <S(P|| - P0)6(Pi
2)/27! . (25)

In Fig. 7 the numerical solution for A(w /w, ) calculated
c b

from GRADR for u /ci = 4.0 is depicted by the dashed line. For com-

parison the infinite magnetic field space charge limit A and the curve

A are also shown. Note that the ratio of A (4.0)/Af = 1.05 is essen-

tially the same as found for the 50 MeV beam, Table I, consistent with

expression (21). The simulation results for injection currents below

the space charge limit are represented by solid dots, with the error bar

representing the approximate level of error for the estimate of
2

-e<{>(r = 0)/mc . At the time of these runs, late 1975, the diagnostic
2

package on the code was still in development, and -e<\>(r = 0)/mc had to

be estimated from contour plots. The simulation results Al through A6

are in agreement with the numerical GRADR solution A (4.0), despite the

presence of a periodic axially dependent equilibrium. For injection

currents exceeding the space charge limit, runs A7 through All, the

average transmitted current exceeds AT. These runs are represented by

the open squares in Fig. 7. We defer the discussion of these runs until

the end of the section.
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In Fig. 8 an example of the stationary periodic axially dependent

equilibrium is shown, run A4 in Table II. The relavent transformations

are X?. = zwfVc and X2 = 2.0 £n[1.0 + (r/a.)2]. For y and A(A.O) deter-b U e

mined from CKADR, expression (23) yields A/a =2.8 which is good

agreement with the CCUBE simulation result ^/s = 2.71.

The amplitude of the surface modulation shown in Fig. 8 can be

es!imated using conservation of canonical angular momentum

Y(r)m vQ(r) - ~ BQr = - ~ B Qa 0

and radial force balance at the minimum beam radius r = r
m

2
B BQ/Y E not shorted

(26)
8 Bft E shorted
e 6 r

For a solid density beam produced by a foil diode, as shown in Fig. 8,

the change in beam radius 6r = a_ - r is
Dm

In addition, the magnitude of the velocity associated with this modula-

tion is

3? - 3'(^/a)c)A
1/2 . (28)

Note that 3™ is not a precessional velocity, but is the magnitude of

a periodic twisting velocity
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Bfl(t) = -ft!!! sin(2iTzA)

(29)

$r(t) = -6™ coa(2Trz/A)

as shown in Fig. 9. Roughly speaking, this motion is superimposed upon

the precessioned E * B motion. Expressions (27) through (29) are valid for

small amplitude modulations. These expressions are approximately 30%

low when compared with the modulation amplitude in Fig. 8 and the azi-

muthal particle angular momentum Y(r)r 8a(r) *n Fig. 9b.

With such a complicated motion, the interior and exterior of the

beam cannot remain in phase over a certain length. In fact, phase-

mixing of the beam can be seen in Fig. 8. The distance L over which

the laminar beam character can be retained is approximately

V a 0 * 1T<^/w
c)^/A)/(Be - Bc) (30)

for 0j » 3°, Be = (1 - Y~V
/ 2, and ̂ = (1 - Y~V / 2. However, as

6r/an -> 0, the coherence length L may be longer than that given by

(30).

On the basis of the analytic expression (21), the GRADR solutions

for /L (to /ox, > 5), and the series of simulations stiOTnarized in Table II,

we conclude that ^ shown in Fig. 2 is valid for u /to, > 5.0. However,

the initial beam equilibrium has a periodic dependence in the direction

of propagation with local angular and radial velocities of up to

0.1 c.

Strictly speaking, the preceeding conclusions apply only to solid

beams generated by foil diodes. We do note, however, that the equili-

brium of a high voltage beam generated by a foilless diode has the
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potential of being significantly more laminar than that of a high voltage

beam generated by a foil diode, on the basis of expression (26).

Since a significant fraction of the experimental data has not

been attained with u /ui > 5, we have performed a second series of

simulations in which the injection current is fixed and the magnetic

field strength is varied down to ui AJJ = 0.0. This second series of

simulations is sumnarized in Table ITT. The injected beam distribution

function and current rise time are as described earlier, expressions

(24) and (25). However, the basic parameters are Yn =3.0, R/a_ = 7.39,
o U

L/a0 = 22.2, "0<*v/c = 1.117, and A = 0.292. Except for runs Bl, B2,

and B5 in which X2 = (a_w /c) Jin[1.0 + r/a ], the radial coordinate

transformation is given by (9).

In Fig. 3 0 the transmitted current A , column 3 of Table III, is

given as a function of the magnetic field strength w /w, . The horizontal
c b

20 BR
dashed line corresponds to the Bogdankevich and Rukhadze result A

Lt

given by expression (2). We have also calculated A (a> /w.) using GRADR,

which is the solid line. As expected, only runs B2 and B3 in which

u /oi = 5.0 have transmitted currents within a fev; percent of the

infinite magnetic field result A . We also note that the GRADR solution

for A (u> /tii ) does not agree with the simulation results below
to /oi = 4.0-5.0.

In Figs. 11(a) and 11(b) beam configuration space is shown for

Ui /OJ, = 5.0 and 10 /oi = 2.00. At a magnetic field strength of to /w, = 5.0

little expansion of the bean is evident and only a slight short wave-

length ripple appears on the beam surface. Since the electrons are
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essentially tied to the field lines, the center of the beam Is totally

reflected where the radial potential is maximum, and the transmitted

current is annular. In this context, the transmitted current was also

observed to be annular for runs A 7 through All where OJ /W. = 4.0.
CD

When the magnetic field is reduced to ai /u>, = 2.00, the beam expands

rapidly since the injection conditions become farther from equilibrium.

At injection the electrons have no v« component and thus no vflB

restoring force exists. As electrons move away from the anode foil,

the net outward force E - v Brt causes the beam to expand and overshoot

r z 9 v

its equilibrium radius. At that point, the vftB restoring force exceeds

E - v B. and electrons move inward. This oscillatory behavior con-

tinues until the electrons have moved a distance L from the anode at

c

which point the oscillations have phase mixed away, as seen in Fig. ll(b)

Under such conditions, the axially independent equilibrium assumption

implicit in GRADR cannot be expected to be correct.

As the magnetic field strength is decreased below u /a) = 2.0.0,

the radial expansion becomes increasingly violent and ultimately the

beam hits the drift tube wall. In the present set of simulations in

which R/aQ = 7.39 was large, this occurred at w /to, ~ 1.0. Until the

beam hits the wall, the transmitted current will increase as the mag-

netic field strength is reduced.

The observation of such a dramatic change in beam equilibrium as

the magnetic field strength is reduced leads to an interesting question
19

of what transpires when the so-called stability condition
< 2YWCC/R (31)
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is violated. We make three relevant observations concerning this

condition. Firstly, it is based upon a rigid rotor equilibriun which

we have found to have very limited validity. Secondly, it is a suf-

ficient, rather than necessary, condition for stabiliLy. An examination

of the original var.iational argument whir.U led to the condition demon-

strates that it may be violated quite strongly without necessarily

leading to instability. In fact, taking into account radial beam

expansion, situations in which violation of (3]) is sufficiently strong

to give rise to instability may not be of direct experimental interest.

Thirdly, the condition obviously arises only when electromagnetic effects

are included. Electrostatic stability is assured by the simple require-

ment: that the rigid-rotor distribution function be a monotonically

43
decreasing function of its argument. Therefore> it seems reasonable

to assume that instability resulting from the violation of the condition

is due to the intersection of a light wave dispersion curve with that of

a beam mode.

The combination of radial inhomogeneity and ether self-field

effects seem to render the linear theory problem intractable from a

purely analytic point of view. However, the numeixcal code GRADR

is also capable of performing stability analyses about specified or

self-consistent equilibria. In an attempt to arrive at a preliminary

answer to the question raised above, we have employed this code to

examine several equilibria in selected regions of mode space. The firŝ t

equilibrium,as described previously, was one constructed self-consistently
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as described to satisfy the space charge flow criteria, and only weakly

violated the stability condition. Regions of mode space chosen for

study were those in which the simple form of the dispersion relation

indicated that one would find a beam mode. Azimuthal mode numbers of

Jt = 0,1,2 were examined for this case. No instability was observed.

Consequently, we then turned to a rigid rotor equilibrium which strongly

violated the stability condition, but which did no:: provide a self-

consistent solution to the equilibrium equations. Again the i. - 0

and 1 modes appeared to be stable. For £ = 2, however, a very weak

-4 -5 0
instability 5 *» (10 - 10 ' )OJ. was observed in a region of w - k space

b

that was thought to contain a slow cyclotron wave. We have as yet not

been able to isolate the light wave with which this mode is intersect

ing. Clearly, further study is required. However, we believe that this

brief analysis indicates that, for regions of parameter space of prac-

tical interest, no virulent instabilities are expected from a factor of

ten violation of the stability condition, if at all.

In the first set of simulations, which are summarized in Table II,

we observed that when tVe injected current exceeded the theoretical

space charge current, the average transmitted current actually exceeded

the theoretical limiting current. Shortly after the formation of the

virtual cathode, both its position and magnitude evolved into an oscil-

lating steady state. The frequency of oscillation was u '-» (1.09-1.12 )oo.

In the second set of simulations the virtual cathode remained

relatively stationary in time, with no discernible increase of the trans-

mitted current above the theoretical value. Of course, the injected

current was only slightly above the theoretical limit for this series,



and there was some indication from the first series of simulations that

the time required for the virtual cathode to develop its oscillatory

state depended upon how far the injected current was above the theore-

tical limit. Thus, it is possible that the time scale for these simu-

lations was too short relative to the time needed for the development of

the oscillatory state.

Rather than extend the time scale of the pveceeding simulations, we

performed a single additional simulation in which the injected current

greatly exceeded the theoretical limiting current. A summary of this

simulation is given in Table IV. The parameters chosen are similar to

44
the Prono et^ aJL experiment. The dimensionless injected current for

this simulation was A~ = 3.12. From the net current loop located at

XI = 23.20 C/(JV shown in Fig. 12, it is clear that the maximum instant-

aneous transmitted current only reached about 20% of the injected current.

However, the average transmitted current (t = 70 OJ, to t = 122 w )

was 12% above the theoretical limit, compare columns 6 and 7 of Table IV.

The transmitted current profile was annular with <$a/a ^ 0.25.

The oscillatory steady state of the virtual cathode developed

rapidly, as shown by the net current loop located at XI = 1.35 c/u, in
b

Fig. 13. The oscillatory frequency was found to be to « (1.59 - 1.65)k>, ,

with the position of the maximum potential varying between XI - c/oi

and XI « (1.5 - 2.0) c/o>° .

Based upon this simulation, it would appear that
w - (A_/A.) to, . We also conclude that the time for the virtual
v I it b

cathode to develop its oscillatory state and its average position from
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the anode foil both decrease as AT/A increases. Finally, the average

transmitted current can be enhanced slightly above the theoretical time

independent limiting current as P result of the oscillation of the

virtual cathode.
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SCATTERED BEAM THEORY

In most experiments investigating vacuum propagation of a rela-

tivist ic beam the electrons pass through a thin anode foil before

entering the drift tube. In plasma heating, for example, it is well

known that the scattering incurred by the beam electrons in passing

45

through such a foil can significantly effect the interaction. Con-

sequently, in the present section, we develop a model to investigate the

possible modification of the space charge limiting current due to anode

foil scattering.

For scattering angles up to G ~ TT/5, the relativistic electrons

lose a negligible fraction of their energy in passing through the anode

foil. Thus, the local beam momentum distribution function is approxi-

mately

2 2
6 ( p - p n ) e x p ( - s i n 6 / s i n 6 )

f ( P , 6 ) = —• = — . (32)
2i\vt s i n 6 D ( l / s i n 9 )

U '"5 S

The distribution is normalized to unity

2TT dpi I f, (p)p. dp, = 1, p, = p- sin 9d pM

and D(y) = exp(-y ) I exp(u )du is Dawson's integral. As discussed
•'0

46 ^

by Bethe, the Moliere theory of multiple scattering yields an equiva-

lent 1/e scattering angle of

es = X C ( B - i.o)1/2 . (33)

The quantity B, which is typically 5 to 10, is related to the number of

scattering events
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(Z + 1)Z1/J I
————

A(1.0 + 3.34 ZVvfoJ)

through the transformation B - &n(B) = N . We have defined o as the
s

foil density in gm/cm , x as the foil thickness in cm, A as the atomic

2
number, Z as the number of electrons per atom, and a = hc/e as the fine

structure constant. The angle

2 2 2l 1 / 2

= 4irNZ(Z + l)r*x/BX

is due to Rutherford scattering, where N is the number of foil atoms per

3 2 2
cm and r_ = e /me is the classical electron radius.

To calculate the effect of the scattering on the space charge

limit, we split the beam into M separate beams each characterized by an

angle 0., axial velocity v., and density n . The potential at the

center of a constant density beam is then

M

G ( R / a )

M

where I = e 7 _, (v.n.) is the total beam current. From conservation of

i=l
energy

v ± = c{l - B
2 sin2 8 ± - (Yo + e<j)/mc

2)"2} . (35)

Combining expressions (34) and (35), it follows that
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w.[a. - (y0 + H>/mc
2) 2) 1 / 2 = - ^ G(R/a0), (36)

The fraction of the beam with angles between 9, and 8. + TT/2M

is w. = n./n° =• (r/2M) exp(-sin2 9./sin2 6 )(sin 0,/sin 6 )D(l/sin 6 )l i b i s i s s
2 2and a. = 1.0 - B sin 6 . .

1 U 1 M
Setting 0. = 0, P (<J, 0 ) reduces to expression (2) since V"* w. = 1,

Alternatively, letting 0. = 0 yields
x. S

y o )
2 / 3 - l-OJ3/2/G(R/ao) (37)

with

-e(J./mc2 =

Finally, P ($,0 ) can be computed numerically to determine the space
M S

charge limiting current as a function of the foil scattering angle

J . (38)

1 M
In Fig. 14 both A (solid line) and AT (dashed line) are shown as a

function of G for Y n = 3.0 and R/a =7.39. We also show the results
s u u

of three simulations, runs Dl through D3, which are summarized in

Table V. The basic parameters for this series of simulations are the

same as for series C, Table IV. However, the injection distribution

function is

g(p,e,r) = [U(r) - U(r - an)] f. (p,9e)
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where f, is given by (32). The injected current remains independent of

the scattering angle; see expression (12).

Overall the simulation results are in good agreement with both

'",9 ) and A (̂ .O ). Note that the transmitted current alv/ays exceeds
s L s

M
the more exact expression £ (•», 9 ) with the largest error at 6 = 0 .

JJ S S

This discrepancy is associated with the neglect of the radial dependence

of the potential. As the potential decreases for increasing 9 , given by

column 4 in Table V, an improved agreement between the simulation results

and expression (38) at large angle scattering would be expected. Since

these simulations were performed with a finite magnetic field of

w /(a, «= 5.0, the slight increase in the transmitted current relative to

AT(°°,0 ) at 0 = 30° is consistent with beam expansion.

Using the approximate expression (37), a criterion for the neglect

of foil scattering on the space charge limit can be obtained. Assuming
1/2

sin 9 = 0 = x (B - 1.0) , wa obtain
s s c

2/3 ) 3 / 2

lli - 1.0J /G(R/aQ)

Q - Fj
)3/2

- 1.0J /G(R/aQ) . (39)

For Bn - 1» the foil scattering function

F = 47TNZ(Z + l)rQX[B(30 = 1) - 1.0]

depends only on the foil parameters. In Table VI, some typical values

for F are given. It follows from expressions (38) and (39) that foil

scattering has a negligible (~ 1%) effect on the space charge limit if

- 1.0) > 100F . (40)
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If criterion (40) is not satisfied, expression (38) must be used to

estimate the reduction in AT due to foil scattering. For beam voltages

below 1 MeV, it will be difficult to obtain experimental results which

are independent of foil scattering.
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VI. CORRELATIONS BETWEEN EXPERIMENT AND THEORY

34
A. Abrashitov £t al.

In this experiment a beam with a peak electron voltage of

approximately 1 MeV passed through a 50 ym titanium anode foil before

entering a vacuum chamber. From Table VI, F ^ 0.913 and criterion (40)

is not satisfied. Thus, the effect of the foil scattering on the space

charge limiting was not negligible in this experiment. Using expression

(33) we estimate the scattering angle to be 8 = 20°.
s

The peak beam current was measured to be I = 5 to 6 kA, with a

cathode radius of a. = 1 cm. For comparison, we have assumed a constant

density beam of total current 1 = 5 kA* It follows that a_ta,/c = 1.117

at the source, which is the dimensionless beam radius used for both

simulation series C and D. In fact, series D is an attempt to reproduce
34

the major results of the Abrashitov et^ al. experiment. Specifically, we

investigate i) the transmitted current for a strong magnetic field,

ii) the transmitted energy measured by a calorimeter as a function of

the external magnetic field strength, and iii) the diamagnetic loop

measurements.

la attempting to simulate this experiment, we found ?.t difficult to

determine the radius of the return conductor in the vacuum region from

the anode foil to the beginning of the glass tube of internal diameter

of 11 cm and length 220 cm; see Fig. 1 of Ref. 34. In addition, the

magnitude of the external axial magnetic field dropped by a factor of

1.7 in this region. The fact that the experiment was conducted in this

fashion is unfortunate, as it is not clear where the virtual cathode

actually formed. On the basis of previous simulations, however, we
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expected the virtual cathode to form at an axial distance between

z ** R/2 and z ** R. We estimated the radius of the four return con-

ductors, which were outside the diamagnetic loops of radius 6.5 cm, to

be 7 to 9 cm. For an axial magnetic field dependence of

B (z) = {1.0 + 0.7[1.0 + (z/d)~] }, the local magnetic field strength

is then B (R) - (1.29 - 1.39)Bn and B (R/2) = (1.53 - 1.60)B_, where B_

is the strength of the magnetic field at the center of the solenoid

section and the radius of the mirror coil is d = 10 cm. Assuming the

beam expands adiabatically, it follows that R/a = 7.43 ± 1.11. The

error in the geometry factor is then about 6 percent G = 5.01 ± 0.30.

Based upon the above estimate, we actually choose to simulate a system

with R/a = 7.39. In order to facilitate comparison with series C

simulations, a uniform magnetic field was imposed, rather than a mirror.

The results of the simulations are summarized in Table V. A new

radial transformation was used X2 = 1.117 Jtn(1.0 + r/aQ) which improved

the distribution of cells inside the beam. As with previous runs, no

axial transformation was performed XI = ZIA/C. Runs Dl through D3 were

discussed previously in Sec. V, as was the injection distribution

expressions (32) and (12). The total injection current was A = 0.275 for

this series.

In the strong magnetic field regime, the experimental limiting

current was approximately 1 = 3 kA. The limiting current obtained from
Li

simulation 02 is

I L = 17.0 AL(5.0,20.0) kA

= 3.38 ± 0.20 kA
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whereas expression (38) predicts

I L = 3.35 + 0.20 kA

Considering the unknowns, this is good agreement between experiment,

simulation, and theory. For comparison, the limiting current for an

unscattered beam is I = 4.21 ± 0,25 kA.

In Fig. 2 of Ref. 34 the beam energy Q(B ) measured by a 6 cm
z

diameter calorimeter positioned at the end of the vacuum drift tube is

plotted as a function of the external magnetic field strength. In order

to compare these data with our simulation results, we have plotted the

quantity Q(B )/Qn, represented by solid dots, as a function of B in

Fig, 15. Here QQ is the measured beam energy at B =12.65 kg. Also in

Fig. 15, we have plotted the simulation results Q(B )/QQ» where Q- is

the energy collected by a 6 cm diameter calorimeter at u /w, = 5.0. Both

the experimental and simulation data show a sharp decrease in apparent

transported energy for BQ < 3.5 kG. This decrease is the result of the

beam expanding to an equilibrium radius which is larger than the calor-

imeter. As opposed to the simulation data, the experimental data sLows

a slight decrease as the magnetic field strength is reduced from

B- = 7 kG to B,, = 3.5 kG. This discrepancy we attribute to an increas-

ing fraction of the beam being reflected by the mirror at the end of the

drift tube. Note that the position of the virtual cathode occurs farther

from the entrance foil as the magnetic field is lowered, see column 5 in

Table V. Since the virtual cathode produces a nonadiabatic increase in

transverse kinetic energy of the transmitted beam, the fraction of the
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beam reflected increases as the effective strength of the mirror field

increases. Consistent with this interpretation is the rather signifi-

cant decrease in beam inductance (open circles) shown in Fig. 15.

Coupled with conservation of angular momentum, this beam expansion

implies an increase in transverse beam energy.

As a final point, we consider the diamagnetic loop signals shown in

Figs. 3(c) and 3(d) of Ref. 34. The loops were located at 35 and 90 cm

from the anode foil, and we estimate their magnitude to be

Wx = (1.3-1.5) x io
17 eV/cm and Wx = (5.0-7.0) * 10

1 6 eV/cm, respective-

ly. Assuming adiabatic beam expansion through the mirror, the stated

magnetic field of 7 kG corresponds to w /to, = 5.0 in the solenoid region.

This value of magnetic field strength is consistent with simulations Dl

through D3.

To analyze the diamagnetic loop signal, we assume existence of a

magnetic flux conserving surface of radius R. Furthermore, the beam

equilibrium is assumed to be azimuthally symmetric with no axial de-

pendence. Conservation of particle and field momentum then yeilds

AB+ » - , 2 , f AB (r)rdr . (*D
z R2 - a2 Jo z

We have defined the change in the local magnetic field strength as

AB~ = B (r) - Bn when r < a and AB for r > a. The constancy of AB
55 Z U 2 Z

in the vacuum region r > a follows from conservation of field momentum.

For a diamagnetic loop located at a radius a < b < R, the change in flux

is
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2TT I AB~(r)rdr + ir(b2 - a2)AB+

-TT(R2 - b2)AB+ , (42)
£

where the conservation of magnetic flux condition (41) was used to

eliminate the integral. Since AB is constant, the flux excluded by the
z

beam is then

(R - % > A*b , (43)
(R - 1> >

from which the beam perpendicular energy per unit length

W* = BQ|A$
a|/4TT C44)

can be determined.

Defining e, as to average transverse particle energy, Hammer

has calculated the magnitude of AB as a function of the beam self-

magnetic field BQ(r = R) to be

AB^ = (Be(R)/B°)lBQ(R)/2(Y
2 - 1) + zj§ e R] .

Experimentally, AB , B Q ( R ) , and BQ are straightforward to measure but

2 -1/2

Y = (1 - 8 ) is generally not a measurable quantity. However, Y can

be estimated from the measurement of the net current I, utilizing

expressions (33) .snd (36). With respect to the present experiment
1/3

Y = (Yr»/a~) » since we are considering a space charge limited beam.

96



In Table VII, expression (42) is compared with compensated dia-

magnetic loop measurements from runs Dl through D3. For comparison with

the simulation results, the excluded flux A$ is in units of

0 2 1/2 2
(4Tm; me ) X . All loops were located at z = 11.13 X . The radius

of each loop is given in column 3. As an example, the loop signal for

run D2 Is shown in Fig. 16. As a check, two loops were used to measure

the excluded flux in run D3. Consistent with expression (43), the .1»oop

measurements varied by only a geometry factor. The calculated flux

change, column 5, is consistently lower than that measured in the simula-

2 2 2
tions, column 4, whera we have assumed e, = 3nYn

 m c y • The source of
j. u u s

this discrepancy is the result of an observable increase in radial

motion, resulting from the establishment of equilibrium and passing

through the virtual cathode. The radial distribution function for run

D2 is shown in Fig. 17. Note the distribution is approximately max-

wellian but the 1/e fold point occurs atp = 1 . 4 - 1 . 5 rather than
2

P ~ &r\Yrfi = 1.0 due to foil scattering. Also in calculating the
IT \) U S

excluded flux, it was assumed that the average particle pressure

Pflo "* P ** -x ne. , whereas the actual distribution indicates that
00 rr 2. J-

PQQ ~ 0.5 P ~ -jr n^. Thus on the basis of diamagnetic loop measure-

ments, obtaining an accurate estimate of the scattering angle does not

appear possible, based upon a simple average pressure model.

In column 7 of Table VII, the measured beam transverse energy in

eV/cm is given. To compare the simulation result with the experimental

results, a reduction in pressure due to the decreasing magnetic field

strength must be considered. From expression (45), the contribution of

the transverse pressure to the diamagnetism is three times larger than
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that due to beam rotation. Taking this into account, we estimate

W^ s 0.9 - 1.1 x 101 eV/cm, which is between the two experimental

measurements. Unfortunately, the spread in W. as 0 goes from zero to
x s

thirty degrees is approximately the same as the difference in the two

experimental loop measurements. Although we did not simulate the

experimental configuration exactly, we are again forced into the con-

clusion that it may not be possible to obtain reasonably accurate

information as to the~ true beam temperature on the basis of diamagnetic

loop signals.
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#» /._»" ** /•». /.."""v /v y . . / . . ** > ^ r. . #. . ** x / T X rtl™

1000.

14.

5.

4.

3.

2.

2.

0

4

0

0

0

5

0

1.

1.

1.

1.

1.

1.

1.

75

74

06

05

08

21,

51

1.000

1.005

1.025

1.040

1.068

1.120

1.170

0.

0.

0.

0.

0.

0.

0.

500

502

508

515

531

548

566

-0.000

-0.010

-0.092

-0.130

-0.173

-0.173

-0.153

0.085

0.078

0.039

0.043

0.046

0.065

0.085

Table I: Summary of GRADR equilibrium space charge limit

solutions for a 50 MeV beam with R/a« = 2.0 as a

function of external magnetic field strength to /to, .

The relativistic factor at the center of the beam

Y,(w /to, ) and the corresponding limiting current
Li C U

Va> /to, ) are shown in columns 2 and 3. At the
c b

space charge limit, the equilibrium beam radius

a(to /to,), the maximum azimuthal velocity 3Q» and

its corresponding position rm are given in columns 4

through 6, respectively. Note that A. (to /u, ) is
TJ c h.

given relative to
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Run

Al

A2

A3

A4

A5

A6

A7

A8

A9

A10

A l l

I

0 .

0 .

0 .

1 .

1 .

1 .

1 .

1 .

2 .

2.

3 .

LIE

5

7

9

0

1

3

5

7

0

5

0

Asim

0 . 5

0.7

0 .9

1.0

1.10

1.30

1.35

1.37

1.39

1.45

1.40

- ed>

1

1

2

2

2

3

3

3

3

3

3

C(r=0)/mc2

.1 - 1.2

.6 - 1.7

.1 - 2.3

.4 - 2 .6

.7 - 2 .9

.3 - 3.5

.5 - 4.3

.3 - 4.5

.3 - 4.5

.3 - 4.5

.3 - 4.5

T 2-ecj> (r=0)/mc

1.1 - 1.2

1.6 - 1.7

2.1 - 2.3

2.4 - 2.6

2.7 - 2.9

3.0 - 3.2

3.0 - 3.4

3.0 - 3.6

2.8 - 3.4

3.0 - 3.5

2.9 - 3.7

Ye

4.21

4.01

3.72

3.57

3.41

2.96

-

-

-

-

4

3

3

2

2

2

/ ao
.67

.76

.07

.80

.55

.03

-

-

-

-

Table II: Summary of simulation results for fixed magnetic field strength

0) /u, = 4.0, with yn = 5.0 and R/an = 2.0. Columns 2 and 3
CD U O

are the injected and transmitted currents. The potential on axis

associated with the virtual cathode is given in column 4; and

column 5 is the potential on axis of the transmitted beam. Columns 6

and 7 are the relativistic factor of electrons on the beam edge

calculated by GRADR, and the wavelength of surface modulation

given by (23).
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Run

Bl

B2

B3

B4

B5

B6

B7

B8

B9

BIO

ue/ub

5.0

5.0

5.0

2.75

2.00

1.50

1.00

0.50

0.25

0.00

0.292

0.249

0.248

0.268

0.283

0.288

0.290

0.26 - 0.27

0.19 - 0.20

0.0

,c, „, , 2
-ecp (r=0)/mc

none

2.00

2.04

1.91

1.83

1.80

none

none

none

none

T 2
-e<j) (r=0)/mc

1.58

1.79

1.77

1.74

1.76

1.77

1.74

1.30 - 1.70

hits wall

hits wall

Table III: Summary of simulations for fixed injection current

AT = 0.292, and various values of magnetic field

strength w /w, given in column 2. Run Bl is a test in

which the injection plane is not grounded. The trans-

mitted current is given in column 3, with the potential

of the virtual cathode on axis in column 4. The

potential on axis associated with the transmitted beam

is given in column 5.
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.

Wc / a£
5.0 2.46

R/aQ

2.08

L/aQ

3.33 3.40

tL(5.0,0.0)

0.432

Asxm
Li

0.490

Table IV: Summary of a simulation for which the injection current

A greatly exceeds the theoretical space charge limiting

current A^(5.0,0.0). The basic parameters are given in

columns 1 through 4, where the beam radius a»0),/c = 3.69«

The annular transmitted current measured at z = 0.91 L

is given in column 7.
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Run

Dl

D2

D3

D4

D5

D6

D7

D8

b)
c

5

5

5

2

2

1

0,

0,

.0

.0

.0

.75

.00

.00

.50

.25

e
s

0

20

30

20

20

20

20

20

- :<f> (r=0)/mc"

2.04

1.75

1.43

1.70

1.74

1.45

Hit Wall

Hit Wall

VXE
3.20

3.19

3.60

3.66

5.01

12.3

Hit Wall

Hit Wall

o

0.248

0.199

0.165

0.203

0.210

0.273

0.270

0.277

£

4.42

4.70

5.38

4.19

4.00

2.93

1.11

1.02

Table V: Summary of simulations for a scattered beam. The basic parameters

are Y o = 3.0, R/aQ = 7.39, and L/a_ = 22.20. Columns 2 and 3 are

the magnetic field strength and scattering angle 6 . The max-
s

imutn potential of the virtual cathode on axis and its axial

position are given in columns 4 and 5. For each run the trans-

mitted current appears in column 6. The injected current was

A = 0.275. In units of u /4TT = 10~ H/m, the inductance £

measured at z = 11.13 X is given in column 7.
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x(pir

12.

25.

20.

76.

0

7

4

8

2

F(A1)

0.054

0.132

0.310

0.501

F(Ti)

0.168

0.395

0.913

1.47

Table VI: Foil scattering function F for Al and Ti foils

of thickness x(ym).
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Run

Dl

D2

D3

D3

e
s

0

20

30

30

bA£

1.53

1.53

2.97

5.58

sim

- 0.107

- 0.224

- 0.257

- 0.163

c a l

- 0.067

- 0.150

- 0.208

- 0.130

Ta
Av

sim

- 0.100

- 0.211

- 0.290

- 0.294

W. (eV/cm)

0.71

1.60

2.06

2.09

Table VII: Summary of diamagnetic loop measurements.

Columns 4 and 5 are the excluded flux measure-

ments obtained from simulation hi . and from
sim

expression (42) A$ , respectively.
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T
00

Fig. 1. Basic spatial configuration for all CCUBE
beam propagation simulations.

1.0 17 19

Fig. 2. Space charge limiting current A L/A£
R as a

function of U/a0 for various values of
YQ» as determined numerically by GRADR.

CB-I

Fig. 3. Beam relativistic factor on axis at the
space charge limit as a function of R/ac

for various values of yn» as determined
numerically by GRADR.

48

46

4.4

12

T<
36-

34-

32-

30, 100 105

Fig. 4. Equilibrium current as a function of the
radial potential on axis for a 50 MeV
beam with R/ag = 2 . 0 . The dashed line is
A . Solid lines are solutions determined
by GRADR. The space charge limiting
current (•) as a function of u /OJP is also
shown. c

Fig. 5. Self-consistent radial density as a func-
tion of magnetic fieid strength: a)
ajc/iog = 2.0, b) aic/cog = 2.5, c)4ac/<og = 3.0,
d) Wc/(i)P = 4.0, e) ioc/oog = 5.0, and
f) ODg/wg = 14.4. Solution is for a 50 MeV
beam with R/ag = 2.0. as calculated by
GRADR.
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Fig. 6.

12.8 25.6

0.00

O -1.50

25.2

Self-consistent azimuthal precessional
velocity 89 as a function of r for
a) A = 0.95 A L and b) A = AL- The mag-
netic field strength is toc/tog = 14.4.
Solution is for a 50 MeV beam with R/aQ =
2.0, as calculated by GRADR. Note that
8g occurs at r™ « aQ as indicated by (19)

Fig- 7. Transmitted current Ax as a function of the
radial potential on axis for Yo = 5.0 and
R/aQ = 2 . 0 . The solid line is A B R given by
(17). The GRADR solution for coc/u)§ = 4.0
is the dashed line. Simulation results for
^1 < ^ L ^ c ^ b ^ a r e denoted by the solid
dots, whereas the results for Aj> A L(M C/OJ5)
are depicted by open squares.

2 . 4 -

X2I-6-

0.8 ii'::V

0.01' ' .

1 1

| - x - |
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••• '.'• • • • 1 5 " * . •
••« • • • } • • • •
: • • • • • ; ! : ! • ! • •

• . » • !*•* »*

• " * . • : : * • • • . • •

! • " • • • • * * * . . * !

T

. if
:. ,/:•.
••:/f.-

"• —

•*••<

• • •

1.00

QoOh-

•a.

-0.50

-1.00,O 0 5.0 10.0 15.0 2°JO

Xi
00 &0 10.0 15.0 2O0

XI

Fig. 9. a) Radial momentum p r = yBr as a function
of XI for run 44 at T = 76.04. b) A.z.imutU-
al momentum rpg = rySe as a function of XI
for run A4 at T = 76.04. Basic spatial
dependence is given by (29).

0.0 0.50 10.0 15.0 20.0

XI
Fig. 8. Particle configuration space for run A4 at

T = 76.09. Wavelength of the stationary
wave is given by (23) and modulation ampli-
tude by (27). Note that the self-electric
field is shorted near the anode foil.
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030

184 2U

Fig. 11. a) Particle configuration space for run
B3 withw,/tog =5.0. b) Particle config-
ration space for run B5 with uc/u§ = 2.0.

Fig. 10. Transmitted current AT as a function of
magnetic field strength wc/ug, for yQ = 3.0
and R/aQ = 7.39. IJ-e solid line is tha
GRADR solution. For comparison, ABR is
the dashed line. Simulation results, runs
Bl through BIO, are depicted by solid dots.

-0584
0.00 37.5 75.0

T««Jt

ISOJO

Fig. 12. Transmitted current as a function of time
for Aj = 3.40. Basic parameters are
Yo = 2.46, R/a0 = 2.08, L/aQ = 3.33, and

OJOO 7&0 112.3 I5O0

slo.

Fig. 13. Net current measured by a loop located
between the anode foil and the virtual
cathode as a function of time. Basic
parameters are the same as in Fig. 12.

025

Fig. 14. Space charge limiting current as a func-
tion of scattering angle. Dashed line is
A?(«,e ) and solid line is A£(~,6 S).
Simulation results, tuns Dl through D3,
are depicted by solid dots.

t.00 -

6 8 10 12
B6CkG>

Fig. 15. Simulation (A) and experimental (•) cal-
orimeter results as a function of magnet-
ic field strength. Beam inductance per
unit length (o) via simulation is also
shown.
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1500

Fig. 16. Diamagnetic loop signal as a function of
time, run D2.

-10.0 -5.0 0 5.0 10.0

Fig. 17. Radial momentum pr = Y8r distribution
function for run D2 at T = 149.94.
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APPENDIX D

INSTABILITY OF A NONNEUTRAL ELECTRON BEAM PROPAGATING

IN AN INHOMOGENEOUS MAGNETIC FIELD
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Instability of a non neutral electron beam propagating in an inhomogeneous magnetic Held

William R. Shanahan
Theoretical Division. Los Alamos Scientific Laboratory, Los Alamos. New Mexico 87545

(Received 16 December 1976)

The stability of a nonnculral, rapidly rotating electron beam propagating in an axially inhomogeneous
magnetic field is considered. It is shown that there exists an instability, driven by ar. axial shear in the
rotation velocity, which does not exist in the uniform limit. Selected numerical results are presented.

Numerous studies exist of the equilibria and
stability of a nonneutral electron beam propaga-
ting in a uniform magnetic field.1 No similar ex-
amination seems yet to have been made for the
case of a inhomogeneous field. In this paper we
demonstrate the important conclusion that the
proper inclusion of the effects of such an inhomo-
geneity can reveal the existence of an instability.
This instability has no analog in Che limit of van-
ishing zero-order gradient.

The problem considered is that of a nonneutral
rapidly rotating electron beam propagating in the
direction of a decreasing magnetic field. The
equilibrium is assumed to be such that the beam
properties are at each point identical to those of
a rigid- rotor corresponding to the local value of
the applied magnetic field. The radial components
of both the magnetic field and the zero-order beam
velocity are neglected. From V.J3° = O, we find
the estimate \B° | &{r/L)B°, where L is a gradient
scale length. Since v°r/v°~B°T/Bt, we see that our
assumptions are justified, provided that the radial
extent of the beam is small compared to L. From
the immediately preceding approximate equality,
we may also derive that

1 dr£__ 1 dT?_
7F" dz ~W dz '

Consequently, the axial derivative of the beam
density will be small compared to that of the mag-
netic field provided that the condition for beam
equilibrium is well satisfied. Since this shall al-
ways be assumed to be the case, we shall neglect
the density variation also.

The important point to be noted concerning the
equilibrium describei above is that spatial varia-
tion of the magnetic aid induces an axial shear
in the local frequency of rigid rotation,

This shear can drive an instability. Note that this
instability has no analog in the case of a uniform
magnetic field. Consequently, its existence is not
revealed through a treatment based on the Ansatz

kt — i d/dz, but only through the analysis to be
presented below.

The present problem was suggested by consider-
ations relating to the stability of a device which
has been proposed for the purpose of collectively
accelerating ions.2 However, the electron beam
equilibria which are being considered for this
particular application are assumed to be in the
slow mode of rotation. In this mode the effects
of rotation are of order n°/B°. By the above order-
ing, we have neglected the effects of such terms.
Hence the considerations of this paper are not im-
mediately relevant to this device. We are never-
theless presenting the following calculations since,
on the one hand, scrjemes for collectively ac-
celerating ions which do employ rapidly rotating
electron beams propagating in an inhomogeneous
magnetic field have already been proposed,3 and,
on the other, it seems likely that applications of
electron beams propagating in complex field geo-
metries will be subjected to increasing study. It
should also be emphasized that the evaluation of
the effects of the instability considered here on
particular devices will generally involve the in-
clusion of relativistic, electromagnetic, and sur-
face effects. Although such effects are probably
of importance for particular applications, they
are clearly not crucial for the existence of the in-
stability. Therefore, they are not included here.
We concentrate instead on the effects of magnetic
field inhomogeneity.

The basic equations to be employed are the fluid
equations of motion, expressed in cylindrical co-
ordinates, from which the time and aziumthal de-
pendencies have been removed by Fourier analysis.
These may be expressed as

e
m dr dz

d<pfl

dz

,

(2)

where \ and the other symbols em-
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ployed have their usual meanings. Equations (1)
and (2) may be formally solved for vtiU through the
introduction of the integrating factors exp(/*crtdz'),
where

We may then eliminate v±u> from the equation of
continuity and Poisson's equation to yield a sec-
ond equation in v*l} and 0'" to supplement Eq. (2).

It is at this point convenient to eliminate the radial
dependence of all quantities through a Bessel trans-
form, so that we have for all quantities jfi,

xj.(k,r)k.dk.dw.

Upon so doing, and dropping the tilde on trans,
forms, there results

Equations (2) and (3) are the desired equations, and are exact within the limits of our assumptions regard-
ing the equilibrium. In the case of a uniform magnetic field these equations may of course be Fourier
transformed in z as well to yield the well-known dispersion relation for electrostatic waves propagating
along a nonneutral, magnetized plasma column:

The solutions of (4) reflect the stability of a rigid-rotor equilibrium in a uniform magnetic field against
electrostatic perturbations.

The effects of a weak axial inhomogeneity may be included by making for </> the usual WKB substitution

if'kt(z')dz' ,

where the second and higher-order derivatives of 4> are to be neglected, and k,(z) is to be determined from
the local version of (4). Making this substitution, expanding all quantities up to terms involving first de-
rivatives, and neglecting terms involving products of two or more derivatives, we note that the integrals
in (3) can be computed explicity. Eliminating the axial velocity perturbation, there results

Equation (5) may be somewhat simplified by factoring $ = Qu4>t, where <pu will contain the variation aris-
ing from the spatial growth induced by the instability, while <f>t reflects the change in amplitude arising
from the inhomogeneity. An equation for the latter may be found by noting that in the absence of a source
of free energy, the amplitude must vary in such a mannt r that wave energy is conserved. The computation
is very similar to those long employed in plasma theory,4 although it is here somewhat more involved,
since the small signal theory for a rotating electron beam cannot be expressed in a strictly conservative
form.5 The final equation for the quantity of interest <?„ is

(6)
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showing clearly that the spatial gain is proportional
to the axial shear of the rotational velocity.

An evaluation of the spatial growth rate generally
involves numerical computation since one must
know k,(z) as a function both of frequency and lo-
cal magnetic field, a dependence which follows
from (4), a sixth-order equation in kt(z). How-
ever, for kx/kt< 1, the range of maximum growth
of this instability, one may usefully approximate

kt(z) = [a-

with

(7)

(8)

where w = w> (u>tV) and e = + (-) for the Langmuir
(cyclotron) modes and + (—) refers to the slow
(fast) modes of propagation. Equation (7) may be
substituted into (6) to yield an analytic estimate
for the local growth rate. The resulting express-
ion is still rather lengthy, and we do not give it
here. Rather, we present in the accompanying
figure a comparison of a completely numerical
evaluation of the growth rate y(z) with an evalua-
tion based upon the approximation (7) for a field
profile of the form £l(z) = flo/(l + Gz) with «„/<<>,
= 3 and G = 0.01 in appropriately normalized units
of length. The agreement is seen to be satis-
factory.

A numerical study of (6) reveals the following
general qualitative features of the instability: (1)
Both the slow and fast modes may be driven un-
stable, depending upon the frequency regime consid-
ered: (2) the frequency regime for which the largest
growth rates occur is such that <a/<ap «1 from

0.050

0.025

. NUMERICAL

— ANALYTIC

100

FIG. \ . Local growth rates for fcx = 0.1 and 1 = 1 mode.

which range the results presented in Fig. 1 are
taken; (3) for this frequency it is the slow plasma
mode which is most unstable; (4) the values of k^
for which the maximum growth obtains are such
that k^/kt< 1; (5) these results may also be ob-
tained from a purely analytic treatment based upon
the estimate (7) for k,(z).

Our objective here has been to demonstrate that
for a nonneutral electron beam propagating in an
inhomogeneous magnetic field there is an instability
whose existence may be revealed only through an
analysis which explicitly includes the effects of
such a gradient. No attempt has been made to
evaluate the effects of this instability for particular
electron beam devices. As applications of in-
creasingly complex beam-field configurations are
considered, it is perhaps well to remember that
the stability of such configurations cannot always
be completely evaluated by local versions of re-
sults derived for the case of a uniform magnetic
field.

I wish to thank B. Godfrey and B. Newberger for
numerous useful discussions throughout the course
of this work. I am also grateful to D. DuBois,
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for helpful comments.
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APPENDIX E

LINEAR THEORY OF RADIALLY INHOMOGENEOUS

UNNEUTRALIZED RELATIVISTIC ELECTRON BEAMS*

Brendan B. Godfrey

ABSTRACT

A set of four coupled first order differential equations describing the

normal modes of a cylindrically symmetric, ".old fluid, unneutralized relativis-

tic electron beam of arbitrary radial profile is derived. Effects of beam ro-

tation and equilibrium fields are treated exactly. The differential equations

are found to have singular points for a radially inhomogeneous beam wherever

the eigenfrequency equals the cyclotron or Doppler resonance frequencies. The

resulting branch cuts in the dispersion function give rise to secularly decaying

contributions to the initial value problem. The rate of decay and the charac-

ter of the eigenmode near the singularity are determined from solution of the

corresponding indicial equation. Discrete eigenmodes also exist, and are ob-

tained by numerical solution of the differential equations and boundary condi-

tions. For realistic solid beam equilibria, only one slow cyclotron mode

exists for any given pair of axial and azimuthal wave numbers, and that mode

is localized at the beam edge. Under identical conditions several slow space-

charge modes exist and are not so distorted. However, even at the spacecharge

limit, the phase velocity of long wavelength rlow spacecharge waves does not

decrease to zero. These results are relevant to the Autoresonant and Converg-

ing Guide collective ion acceleration proposals.
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I. Introduction

Collective ion acceleration is a highly speculative, yet potentially very

significant, application of intense relativistic electron beams. Eventually,

it may lead to compact and economical acceleration of substantial currents of

light or heavy ions to hundreds of MeV per nucleon. Uses for such ion beams

include controlled thermonuclear fusion, electronuclear breeding, basic nuclear

physics, materials studies, and radiation therapy. Increased interest in col-

lective ion acceleration is indicated by a growing number of experimental and

theoretical studies.

In the traveling wave class of collective acceleration mechanisms, slow

Langmuir or cyclotron waves are excited in the electron beam, ions are trapped

in the electrostatic wells of these waves, and the waves plus ions are accel-

erated smoothly toward the beam velocity. The waves are grown in a reactive

or resistive slow wave structure. Acceleration is achieved by spatial varia-

tion of external parameters affecting wave phase velocity, such as axial mag-

2 3

netic field strength or metallic drift tube radius. A thorough knowledge of

the unneutralized relativistic beam linear eigenmodes is clearly important to

each of these topics, as well as to the more general issue of beam stability.

Linear theory plays a vital role in the understanding of other intense rela-

tivistic electron beam applications, as well.

Previous theoretical investigations of unneutralized relativistic beam
linear theory have, for the most part, ignored the intrinsic radial inhomogeneity

4
of the beam equilibrium. As we shall see, radial inhomogeneity, particularly

in particle kinetic energy, plays a decisive role in shaping the wave spectrum.

In those instances in which the inhomogeneity was treated, other restrictive

approximations were required in order to preserve analytical tr-stability.
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Here, we take the opposite approach, obtaining very general results, but at a

cost. Although analytical insights are provided by our set of eigenmode equa-

tions, specific solutions are to be had only numerically. The advantage of

this approach is that, once the radial eigenmode equations are implemented in

a computer program, linear dispersion properties of electron beams in diverse

parameter regimes can be determined with minimal additional effort. Precise

instability growth rates are particularly valuable in the planning of multi-

dimensional computer simulations and o experiments.

We begin in Sec. 11 by linearizing the relativistic cold fluid equations

plus Maxwell's equations about an arbitrary cylindrically symmetric beam equil-

ibrium. (Cold fluid equations adequately describe most relativistic beam ex-

periments, except when large scatter is deliberately introduced, as in certain

14
microwars generation experiments. Finite Larmour radius modifications are

discussed briefly in Sec. VI.) Arbitrary cylindrical boundary conditions ex-

terior to the beam are permitted. Upon Fourier decomposing the linear equa-

tions in axial position, angle, and time, we are left with five first order

differential equations in radius and five algebraic equations. A change of

dependent variables, however, reduces these equations to a fourth order system.

Examination of the coefficient of the fourth derivative shows it to vanish at

radii corresponding to the Doppler and upper hybrid resonances.

These singular points of the coupled set of differential equations give

rise to branch cuts in both the radial eigenmodes and the frequency spectrum.

The branch cuts contribute secularly decaying terms to the asymptotic solution

of the initial value problem. ' Actual decay rates are determined by solu-

tion of the corresponding indicial equations. Physically, the branch cut con-

tributions correspond to the stream lines in the beam each oscillating inde-

pendently at a local resonance frequency, while the amplitudes gradually

phase mix away. Details are in Sec. III.
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Sec. IV describes GRADR, a computer program for the solution of the eigen-

18
mode equations. From any given pair of constraints on the beam equilibrium,

beam and field radial profiles are computed iteratively. Based on these

profiles, two independent solutions of the linear equations satisfying bounded-

ness conditions on axis are integrated by a standard fourth order Runge-Kutta

19routine. The determinant of the outer boundary conditions constitutes a

dispersion function, the zeroes of which are the desired eigenfrequencies.

A typical frequency-wavenumber diagram generated in this way is presented

to show the dispersion of the various beam and waveguide modes and the

branch cut intervals.

Two applications of this procedure to collective ion acceleration in solid

beams are given in Sec. V. We find that, for any given pair of axial and azi-

muthal mode numbers, the upper hybrid branch cuts envelop all but the funda-

mental fast and slow cyclotron waves. Moreover, the slow cyclotron mode is

strongly distorted into a surface wave. The Langmuir waves are not nearly so

distorted or reduced in number by the Doppler branch cut. However, in contrast

20 21

to the infinite guide field case, ' the phase velocity of the long wave-

length, fundamental slow Langmuir wave does not drop to zero even as the

spacecharge limit is approached. Ramifications are discussed briefly.

Ref. 11, 13 and 22 contain other applications of GRADR.

121



II. The Radial Eigenmode Equations

We begin from Maxwell's equations and the relata.vistic cold fluid equa-

tions, written in diraenoionless form:

1-1 r E . 1 1 , -
r 3r r EQ r 90 r "

3t Br r "8G Ez " 3z E0

"3T B0 + 97 Er " 97

•Jj: E + - T - B n - - J r B + n u = 09t r 9z B r 90 z r

(1)

urB0 " u0Br

U0 B
Z "

 U
Z
B0 + 7

(2)

uzBr " urBz

V + 7 ^ r urn + 7 ^ V

The relativistic particle energy y is defined as

2 2 2 2
Y -« s

 + u
r
 +«0 +1. (3)
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In these equations n is the beam density as determined in a local rest frame

and is related to the measurable density by n = n. v/^' Similarly, u is the

relativistic momentum, u = Yv. We have found that Eq. (l)-(3) lead to simpler

linearized equations than do a number of alternate representations.

In cylindrical equilibrium, only n°, u °, u Q°, B °, B^
0, and E ° are

Z W Z t* TO

non-zero. They are related by Eq. (1) and (2).

; r D* — n u —
r dr 0

; r D*
r dr 0

v -
Er° + u0°Bz° " U

Z ° V
 + 7

(A)

18
Two of the six quantities can be specified arbitrarily.

Linearization of Eq. (l)-(3) followed by Fourier transformation in z, 0,

and t gives five first order differential equations in radius and five alge-

braic equations. Their structure is clearest in matrix format, A • X = 0.

Table 1 lists the coefficients A., and the dependent variables X. and defines

several commonly occurring algebraic terms. Typically, ri " 0 . Frequency,
z

axial wavenumber, and azimuthal mode number are w, k, and m.

B » ur° - k u.° - 7 un° (5)
z r u

is the Doppler-shifted frequency.

Although the system of equations appears to be fifth order, the minor

determinant conjugate to the five derivatives in Table 1 vanishes identically.
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The system is, therefore, no greater than fourth order, and, as it stands,

cannot be integrated numerically. To reduce by one the number of derivative

terras, we first eliminate (i • n) from the equations and then perform the vari-

able changes

B0) = (i • B0)

(6)

Note that u /Q is the radial displacement of stream lines, so the transforma-

tion (6) has the effect of subtracting from B Q and B the perturbed surface

current contribution. Hence, B Q and B are continuous across the beam edge.

An analogous transformation on E exists but is of no purpose here, since the

system of equations does not involve derivatives of E .

From these manipulations and a minor rearrangement of terms, we obtain

Table 2, with

A = SI2 - n° - ? A - Vl Q . (7)

This quantity vanishes, to lowest order, when

• 0 s ± KB Z°)" - n°] -"• , (8)

defining the cyclotron, or upper hybrid, resonances. The difference in sign

of n° in Eq. (8), relative to the homogeneous plasma case, is due to beam ro-

12
tation. It persists in beam nonlinear envelope equations. The minor deter-

2 2
minate conjugate to the four derivatives in Table 2 is equal to to Q, A, which

is not identically zero unless 0) = 0. The eigenmode equations constitute a

fourth order system. Two boundary conditions must be imposed at r = 0 and at

r = R, some exterior surface.

124



2

It can be shown formally that the factor a) in the minor determinant

also multiplies all other coefficients of the fourth order differential

equation, and, hence, does not affect the order of the system. The

factor simply cancels, even in the limit of zero frequency.

125



III. Branch Cuts and Indicial Equations

For given k and m, there are at any radius r within the beam precisely

one value of W for which f2 vanishes and two values for which A vanishes. (Out-

side the beam, n° = 0, the quantities Q and A are of no consequence, because

they multiply perturbed momenta, which are identically zero there.) The van-

ishing of Q or A at some r defines it as a singular point of the differential

23 24
equations: At least one solution to the equations has a branch point there. '

Because singularities play a singificant and, perhaps, startling role in the

linear theory, we examine them in some detail.

The behavior of solutions to the differential equations near singulari-

24
ties are determined by the roots of the corresponding indicial determinants.

The calculations are straightforward, though tedious. It is more instructive

first to obtain simplified, approximate sets of differential equations valid

near the singular points. For Q * 0, we find

u -h ~ n° h «.+i»V-k2- 4> 3 " n°(kV ? V i] E
+ • °.

(9)

[A + ne] iB_ + [A £ + no(kn2+^ nQ) §] E+ = 0,

where

E±= V^z * V ? 9 •
(10)

¥ ± e » « V * ¥0/u
z° •

and
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Thus, two of the four independent solutions of the differential equations are

regular at fi(r ) = 0, while two go as

(12)

with s a solution of

A(s £ fl)2 + (S A ft)In.(kna + B nQ) _ n.s. A A n]
(13)

- ^1)] = 0 .

The quantities B , E , u , uft, and n vary as the s - 1 power of r - r ; B,,

B , and u , along with E, in (12), vary as the s power; and E varies as the

s + 1 power; as may be determined from Eq. (9) and Table 2.

In contrast, we find for A * 0 a single first order equation.

(14)

One of the four independent solutions of Table 2 varies as

n°urA - (r - r o )
S , (15)

where s is now the coefficient of (n r A) in Eq. (14) divided by the logarith-

mic derivative of A. Therefore, n varies as the s - 2 power of r - r ; E ,

u , uo, and u vary as the s - 1 power; and E , Efl, B , Bfl, and B vary as the
Z \j IT Z v 2 0 IT

s power. The other three independent solutions are regular at A(r ) = 0.
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Under fairly general conditions, Eq. (13) can be simplified to give

s ~ - | ± [n°(k2 - u2)] / -^Q , (16)

2
if m = 0. Since $2 ~ r for realistic solid beam equilibria, s is pre-

dominantlv imaginary and large for small r. We have been unable to find

a simplified form for s at the cyclotron resonance. However, it is

purely real and, for the equilibria treated in Sec. IV, very small.

Fig. 1 plots frequencies required for A(r ) = 0 and fi(r ) = 0. Also

plotted are s for the cyclotron resonances and |Im [ s] | for the space

charge resonance. For the latter resonance, Re[ s] = 0.5. Our results

for the cyclotron resonance are in good agreement with the analytic

estimate of Ref. 10, which gives s = 0 in the large y limit.

Barston has shown that singular solutions to sets of linear dif-

ferential equations generally can be made to satisfy the required bound-

ary conditions at each edge of the region of integration, because not

all the field components need be continuous across the singular point.

Thus, the beam exhibits three continua of singular eigenmodes with

corresponding bands of eigenfrequencies, as in Fig. 1. The loci of

continuum eigenfrequencies constitute branch cuts in the dispersion

function D(u),k,m). The perturbed momenta of these eigenfunctions are

sharply peaked about their singular radii. The modes may be thought of

as individual stream lines each oscillating at the local value of the

Doppler or cyclotron resonance frequency.

This physical picture is brought into sharper focus by the work of

Sedlacek, who performed a Fourier time inversion on a continuum of

eigenmodes having logarithmic singularities. The resulting solution

to the initial value problem contains terms of the form
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. - N -1 iu>(x)t -.,.
iKx) ~ t e , (17)

where a>(x) is the local resonance frequency. The secular decay with

time results from phase mixing of adjacent stream lines. Repeating the

calculation for the present problem gives this same behavior, but with

-s-1 25
envelopes decaying as t . Excitation and subsequent secular decay

of stream line oscillations in analogous spatial initial value problems

12
have been observed in computer simulations of electron beams. Wave

energy appeared to dissipate into electron thermal motion.

Because of their large bandwidth, continuum modes rather than

discrete modes tend to be excited by external perturbations of rela-

tivistic beam equilibria. As we shall see in Sec. IV and V, this effect

is enhanced by the fact that many eigenmodes present in homogeneous

plasmas are supplanted in solid beam equilibria by the continuum modes.

Those discrete modes which would otherwise lie in the continuum fre-

quency bands instead pass through the branch cuts onto other sheets of

the dispersion function, where they are heavily damped and of little

16
consequence.
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IV. Numerical Methods and Solutions

A computer program, GRADR, has been written to solve numerically

the equilibrium, linear, and indicial equations presented in the two

preceeding sections. Although two of the six equilibrium quantities in

Eq. (4), e.g., the energy and density radial profiles, are freely

specifiable, we wish to choose values physically realizable and appro-

riate to collective ion acceleration. The first constraint is obvious:

Total particle energy, kinetic plus potential, must be constant across

the beam. As a second constraint, we let the current density be con-

stant. Though a bit arbitrary, the choice is realistic for solid beams

in a strong magnetic guide field. (For a weak guide field beam ex-

pansion after leaving the diode can be treated approximately by con-

22
servation of canonical angular momentum. )

The system of Eq. (3), Eq. (4), and the two constraint equations is

4

solved iteratively, starting from a rigid rotor equilibrium. Conver-

gence is rapid except for currents very near the spacecharge limit. In

that case a few thousand iterations and a small relaxation parameter are

needed to achieve accuracy of one part in 10 . Of course, for currents

above the spacecharge limit no equilibrium exists, and the iterative

process diverges. Incidentally, such computations can provide an accur-

ate estimate of the spacecharge limiting current for a beam of specified
22

current profile, without the usual assumptions on the magnitude of the

drift tube to beam radii ratio, R/a, or of the guide field strength,

B o 27,28

Fig. 2 shows calculated equilibrium profiles for the 3 MeV, 30 kA

electron beam to be used by Austin Research Associates, Inc. in an

29
upcoming r.utoresonant acceleration experiment. The drift tube radius
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shown here, twice the beam radius, is about 40% larger than that called

for by present experimental plans. Dashed lines in three of the plots

represent particle quantities extrapolated into the vacuum region. Test

particles in equilibrium outside the beam would have those parameters.

The beam density, as measured in the lab frame, (not shown) is approx-

imately unity. The branch cut results of Fig. 1 are based on this

equilibrium.

With an equilibrium given numerically, GRADR obtains linear eigen-

modes and eigenfrequencies as follows. The system of equations repre-

sented by Table II is integrated from the axis outward by a standard

19
fourth order Runge-Kutta routine, because this approach is convenient

and economical. For an integration of the eigenmode equations, four

constants must be specified at a point. Boundedness at the axis,

f E . f i ~ > l + 1 , (18)
dz z ' dz z '

prescribes two of the constants. The other tvro must be selected, if

possible, so that boundary conditions at r = R are satisfied. At a

metal drift tube,

Ez, E Q = 0 . (19)

So, choose a triple (c.,k,m) and integrate two independent solutions of

the differential equations based on two arbitrary but independent sets

of constants on axis. If (t»),k,m) correspond to an eigenmode, then a
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linear combination of the two solutions must satisfy (19). Typically,

this does not occur, and the determinant of the boundary conditions at

r = R does not vanish. Therefore, the problem at hand is to vary w

unti] the determinant, which is closely related to the dispersion func-

17 29

tion D(w,k,m), is sufficiently small. Use of Muller's method often

achieves convergence of w to a relative accuracy of 10 with but five

evaluations of the determinant.

Incidentally, an equivalent procedure involves integrating from

r = 0 two solutions satisfying (18) and from r = R two solutions sat-

isfying (19). Vanishing of the Wronskian of the four solutions in-

dicates that an eigenmode has been found. Although conceptually more

satisfying, this second approach is computationally less convenient.

We should remark that the numerical procedure, as described, is

suitable only for discrete roots on the first Riemann sheet of the

dispersion function. Finding discrete roots on other sheets, which are

of little interest, would require contour integrations in the complex r

plane. It is not clear whether the so-callad continuum spectra can be

obtained by this means.

Fig. 3 is an a) - k diagram for m = 0 computed for the equilibrium

of Fig. 2. The three shaded bands are the regions of continuum eigen-

modes, while lines indicate discrete normal modes. The two curves

entering at the top (and bottom) are the lowest TE and TM cavity modes.

The TM mode, after disappearing into the cyclotron resonance band,

reappears on the far side. Immediately below it is the node-free fast

cyclotron mode. (Note, though, that the properties of the fundamental

TM and cyclotron modes are interchanged in this region.) Additional
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fast cyclotron waves with progressively mode radial nodes, as occur in

homogeneous plasmas, do not exist in solid beams with realistic Y

profiles due to the broad resonance region. Very near the spacecharge

resonance band are the fast and slow Langmuir waves with no radial

nodes. A few other Langinuir waves, not shown, lie still closer to the

resonance region. Their number is small, of order five on each side.

The remaining mode, just above the lower cyclotron resonance and arbit-

rarily close to it as k + °°, is the sole slow cyclotron wave. Since the

slow Langmuir and cyclotron modes are central to traveling wave col-

lective ion acceleration proposals, we discuss them further in the next

section.
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V. Applications to Collective Ion Acceleration

The autoresonant accelerator proposal employs axi-symmetric slow

2
cyclotron waves in an unneutralized intense relativistic electron beam.

In a homogeneous plasma, the dispersion relation of this mode is approx-

12
imately

k2 + k 2

co Y° = k u ° - B ° -, r± , (20)
k + k, + n

with k, the perpendicular (here, radial) wave number. In a beam the

cyclotron wave basically is a traveling pinch, and a deep electrostatic

well occurs where the beam is most constricted. Acceleration of waves

and ions trapped in them is accomplished by having the waves propagate

along the beam into regions of progressively weaker B °, causing k to
z

decrease and the phase velocity to increase.

In radially inhomogeneous beams nor.e of the equilibrium quantities

in Eq. (20) is constant, and we should expect the dispersion properties

of the slow cyclotron wave to be modified somewhat. Indeed, one change

has already been noted in Sec. IV. In a homogeneous beam k̂  can assume

a countably infinite set of values, corresponding to the number of

radial nodes in E . Here, only one slow cyclotron mode exists, the rest
z

presumably enveloped by the cyclotron branch cut. The closeness of the

solitary cyclotron mode to the r = a branch point in Fig. 3 suggests an

improved approximate dispersion relation, simply

A(a) = 0 . (21)

In other words, according to Eqs. (21) and (8), the wave frequency lies
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very near the upper hybred resonance, defined using the value of y at

the beam edge.

The proximity of the cyclotron wave and the branch cut also gives

rise to significant distortion of the eigenmode profile. See Fig. 4.

30
In contrast, the profiles are Bessel functions in a homogeneous beam.

The strong enhancement of the perturbed fluid quantities, especially u ,

at the beam surface is worrisome in that it may lead to stream line

crossing and turbulence at comparatively low E . We hope to perform
2*

31

two-dimensional computer simulations in the near future in order to

investigate the nonlinear aspects of this behavior.

Examination of Eq. (7) indicates that for solid beams variation in

A typically is due primarily to variation in y . Because the change in

Y across the beam is of order V, Budker's dimensionless current para-
32

meter, one might hope to minimize the adverse inhomogeniety effects
upon cyclotron waves by reducing v/y • It does not work. In a homogen-

2 -1
eous beam k. ranges from roughly V to infinity, giving, according to

Eq. (20), a band of cyclotron waves of width vB /(y ) . Up to factors
z

of order unity, this is also the width of the cyclotron branch cut.

Therefore, the two scale together, and the branch cut always replaces

all but the fundamental cyclotron mode in a real beam of relativistic

energy. This crude argument has been verified by GRADR calculations

with v/y° as small as 0.02.

That the remaining mode is localized at the beam edge suggests that

a gradual reduction of n to zero there, rather than the sharp dis-

continuity in Fig. 2, might cause that mode to vanish too. Using a

trapezoidal profile, we have, in fact, found the fundamental mode to
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pass through the branch cut onto a second Riemann sheet when the density

scale length exceeds about 1/3 the beam radius. Keeping the gradient

scale length small should not prove too difficult in practice. Inci-

dentally, the effects described above for m = 0 slow cyclotron waves are

enhanced with increasing |m|.

The converging guide accelerator proposal, on the other hand,

3 33
employs slow Langmuir waves. ' For ka small the phase velocity of the

fundamental slow Langmuir mode is a strong function of R/a through y •

Axial variation of R provides acceleration. The waves are predominately

compressiunal. Insofar as inhomogeniety effects are concerned, slow

Langmuir waves differ from slow cyclotron waves in two significant

respects: The Doppler resonance band is relatively much narrower than

the upper hybi:ed resonance bands, and the slow Langmuir modes are locat-

ed in Fig. 3 near the r = 0 rather than the r = a end of the resonance

region. Consequently, several modes survive, and the slew waves are not

strongly distorted. Details of the equilibrium density profile do not

appear to affect these conclusions.

The linear eigenmode is plotted in Fig. 5 for ka = 0.265. Note

that the axial accelerating field E is comparatively small. Larger ka
z

enhances the electric field but also raises the phase velocity, ka ** 1

is a reasonable compromise.
Analytic calculations demonstrate that, in the infinite guide field

limit, the wave phase velocity drops to zero only as the spacecharge

20 21
limit is reached. ' It may be, therefore, that the very low phase

Velocities necessary to trap stationary ions cannot in practice be

achieved. An ion injector would be required. GRADR computations show

that with finite B the situation is a bit worse. Fig. 6 gives thez
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phase velocities of the fundamental fast and slow Langmuir waves as a

function of R/a for B = 2 . (For a 2.65 cm radius beam, this corres-
z

ponds to 3.4 kg.) Determination of minimum phase velocity for varying

guide field strength would be. an interesting and useful exercise.
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VI. Concluding Comments

In this report we have described in broad terms the properties cf

linear eigenmodes of a cold fluid, solid, unneutralized, intense, relativ-

istic electron beam. The wave frequency spectrum is dominated by broad

Doppler and upper hybred resonances. Due to their influence only a few

beam modes with low radial node numbers exist, and some of these are

transformed into surface waves. Distortion is particularly severe for

the cyclotron wave to be used in autoresonant acceleration and conceiv-

ably can cause difficulties. Low Langmuir wave phase velocity desirable

in the initial stage of converging guide acceleration is achievable only

with a strong magnetic guide field, if at all.

If, in fact, the influence of energy inhomogeniety proves burden-

some for nonlinear cyclotron waves, it may V necessary to employ par-

tially hollow beams. It is possible to live with a large minimum phase

velocity of Langmuir waves, if required.

Throughout this investigation we have ignored the influence of beam

scatter, non-zero particle Larmour radius. Mathematically, an effective

transverse temperature converts our fourth order system of differential

equations to a sixth order set. The coefficients of the additional two

derivitives are proportional to the Larmour radius, r . Branch cuts,

34
therefore, are replaced by a large number of discrete modes. For

rT « a, as is almost always true, the new modes should prove to be

highly localized, with an effective radial width of order the Larmour

radius. Frequency spacing would also be small. Thus our physical

picture remains intact: Excitation of the resonance band causes each

stream line to oscillate at its local characteristic frequency, while

the envelope decreases due to phase mixing. (Recurrence of the initial
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34
state after a very long time is precluded by Landau damping, Note,

14
though, that scatter occasionally can drive instabilities. ) The

fundamental slow cyclotron mode might be broadened a bit in radius, but

not significantly in realistic circumstances.
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Table Captions

Table 1. Matrix representation of radial eigenmode equations in

original form. Differential operators in A., end in a

centered dot. Null elements are omitted.

Table 2. Matrix representation of radial eigenmode equations in a form

suitable for numerical solution. The tenth equation, which

determines (i n), has been decoupled. See Table 1 for def-

initions of special symbols.
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Fig. 1. For the solid beam equilibrium of Fig. 2, top row shows frequencies corres-
ponding to singular points of a given radius. Bottom row gives solutions
to the corresponding indicial equations. Note that the imaginary part of
the Q index is given; the real part approximates 1/2. The two A indices
are purely real.

BEAM EQUILIBRIUM DATA

S.so

Fig. 2. Plots of various equilibrium radial profiles for a 3 MeV, 30 kA electron beam.
Beam and waveguide radii are 2.65 and 5.30, respectively. Length and time
scales are c/co and 1/w , with u Lhe beam plasma frequency.
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3 0.0 -

Fig. 3. Frequency versus wavenumber for axi-
symmetric modes in the beam equili-
brium of Fig. 2. Curves represent
discrete modes, while shaded areas
represent resonance bands.

S U M CYCLOTRON WAVE

4 00
200
0 00

1 1

1 1 1

vl.75
y7.0

Fig. 4. Plots of perturbed particle and field quantities and of the spacecharge and
cyclotron resonance functions for an m = 0, ka = 1.06 slow cyclotron wave.
Beam equilibrium is similar to that of Fig. 2, but with R/a = 1.43.
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SLOW SPACECHARGE WAVE

Fig. 5. Plots of perturbed particle and field quantities and of the spacecharge and
cyclotron resonance functions for an m = 0, ka = 0.26 fundamental slow
Langmuir wave. Beam equilibrium is similar to that of Fig. 2, but with
R/a = 2.40, very near the spacecharge limit.

(a) Fast tpacectargc wcw

(b) Btam velociiy-cdgt

fc) Btom velocity-unier

(d) Stow spocechorgt want

I t

R/a

Fig. 6. Phase velocities of the long wave-
length fundamental fast and slow
Langmuir waves and particle velocities
at the beam edge and center as func-
tions of drift tube radius. The beam,
with equilibrium similar to that of
Fig. 2, becomes spacecharge limited at
R/a = 2.4002.
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COMPUTER SIMULATION OF COLLECTIVE ION ACCELERATION BY

DISCRETE CYCLOTRON MODES
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COMPUTER SIMULATION OF COLLECTIVE ION ACCELERATION BY

DISCRETE CYCLOTRON MODES
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Abstract

Extensive analytical studies suggest that signifi-
cant currents of high energy»ions can be obtained by
collective acceleration via large amplitude cyclotron
waves in a non—neutral intense relativistic electron
beam. We have already demonstrated this acceleration
mechanism in fu)3.y self-consistent two-dimensional
computer Einulntions for low ion current and energy.
However, the simulations employed a packet of cyclotron
waves created ad hoc upstreaa of the acceleration
region. Acceleration was limited by phase-nixing and
damping of the packet. Here, we shall present results
of our ongoing effort to simulate, first, realistic
growth of large amplitude, single fr*-;uency cyclotron
waves in the relat ivist ic electron bep.ifl and, second,
acceleration at various Ion currents with those waves.

Introduction

Utilization of intense relativistic electron beams
to accelerate significant current of ions to high en-
ergy has been proposed by a number of researchers re-
cently.1"5 One of the most promising of these schemes,
advanced by Sloan and Drunniond, is the Autoresonant
Accelerator (ARA), involving self-consistent growth of
discrete cyclotron waves in intense relativistic elec-
tron beams with subsequent trapping of ions In their
potential w^lls. Net acceleration occurs then by
increasing the phase velocity of the wave. There are
several advantages of such a concept over conventional
ion accelerators. First, relativistic electron beam
energy in the range 1-10 MeV is readily available.
The envisioned accelerating fields from such beams are
of the order 10^-10 V/cm. The cyclotron wave respon-
sible for Che fields is, noreaver, a normal made of the
beam, with well understood propagation characteristics.
Ions trapped in the wave potential well are assured of
phase synchronism with the fields for long periods of
time. Finally, the linear dispersion for the doppler-
shifted slow cyclotron mode

Q (kV )Z

u = kV~ " ^ ^ =T (1)

the^besm velW* "o "
the local

indicates that

where k i s the wavenufnber,
eBo " 2

the cyclotron frequency, Un -\—~—;

e

plasma frequency, and YQ

i t i s negat ive energy, and so i s susceptible to exponon-
t i a l ampli f icat ion under cer ta in conditions. On the
other hand, the proper t i es of large anplitude cyclotron
waves, including propagation, s t ab i l i t y , and sensi t ivi ty
to nonideal beara s t a t e s , are re la t ive ly unknown. Ana-
l y t i c study of these questions has been undertaken, but
the v a l i d i t y of such models i s unproven. To help r e -
solve ques t ions about the nonlinear wave properties, we
have conducted a combined analyt ic and numerical inves-
t iga t ion of the se l f - cons i s t en t electron beam/cyclotron
wave sys ten .

Numerical studies have been conducted primarily
on a fully relativistic, electromagnetic, 2-diraensional,
variable geometry particle simulation code, CCUBE?
This code is unique in its generality and flexibility.
As such, it is well suited for study of not only the
ARA scheme, but also such proposals as the localized
pinch model (LP>i)^ and the traveling virtual cathode
accelerator. These studies will be reported elsewhera

Linear Dispersion in Radially Inhoirogeneous Beams

The usual procedure for finding a dispersion rela-
tion in an electron beam is to linearize the cold
fluids equatlons^'^

3t » - 7 • nV (2a)

(E+ j[ x B ) <2b)

(3a)

(3b)

(3c)

(3d)

around an electron bean equilibrium. Two of the cca-
monly employed equilibriums are the so-called "rig'.d-

rotor"'* with w = — = constant and the radially
e r

uniform density model. Such idealized models ar;?. very
useful for deriving analytic expressions. With unifcrm
density, for instance, the rcdisl cejienderice of the
pertui-bed <;uantities is expressed in ter;.:s of sir-pie
Bessel functions. Further, the ser of discrete nodes
is infinite and complete.

Simulation of Io.. ;...-'-eler3tion

Computer simulation of electron beam propagation
in waveguides har revealed that, although the simple
models for equilibrium mentioned above describe the
numerical results fairly well, the discrepancies can be
significant. Shear in the beam kinetic energy, for
instance, is an inevitable consequence of space charge
effects, but is usually neglected when constructing
analytic models. To examine such phenonena in more
detail, we devised a numerical dispersion solver which
included radially self-consistent bean equilibria. The
results were somewhat surprising. Radial inhc^ogeneity
in the background conditions led to branch cuts in the
dispersion relation, ..hich converts ir.ost discrete cyclo-
tron modes i.ito continuum, secularly decaying perturba-
tions. T:> be sure, at least one discrete mode VMS
always observed, but it is not always cle^r a priori
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where that taode would lie. Figure 1 shows the 8 nornal
nodtfs of a cold, homogeneous be.-i.-n as solid lines.
Figure 2 shows th.it the actual radial structure of a
typical cyclotron mode can have Ear from simple
Bes:>el function dependence.

To test c!e stability of the wave during trapping
itself, a spherical (p-9), 2-dinensional particle simu-
lation was conducted. The relacivistic electron beam,
v = 4.5, was injected from the anode boundary

(—p p = 100) and allowed to propagate to —p p 200.

The beam was a r t i f i c i a l l y .-nodulated as in was injected
to give a cyclotron wave with — =.023, — = 0.46.

WP P
The amplitude of this launched wave was large but
fixed, with a peak potential of e0 = 1 tfeV. No
self-consistent growth of the wave'was purported. The
calculation was intended only to study the stability
of a nonlinear cyclocron wave, loaded with a nominal
nu™.ber of ionsCn^/n t 10~ 3), and propagating in an in-
hoaojcneous magnetic field. As Figure 3, a schematic
depiction of the simulation geometry, shows, the trans-
verse dimension of the waveguide, and so the magnetic
field, fJared in this critical simulation as ?. function
of distance from the anode. The divergence half-angle,
8=.Q16 rad, was chosen so that this transverse dimen-
sion would double over the length of the tube. The
magnetic field strength thus decreased by a factor of
4. Examination of the slow cyclotron dispersion gela-
tion, Eq (1), shows that the phase velocity v j= r- ,
continually increases as the wavt; propa^aLes uowu the
waveguide. For these parameters, the phase velocity
should have increased from v . =.05 c to v =.16 c, a
10-fold increase in the trapped ion energy if they re-
main trapped.

The simulation results were that-once the ions
were loaded into the potential wells, they remained
stably trapped. The wave itself showed no destructive
instability as it was accelerated, although it secied
to phase mix near the end of waveguide. Careful daly-
sis ot the simulation and copparison with numerical
dispersion solutions indicates that the excited wave
may have been a continuum, not discrete, wave, and so
would be expected to decay secularly. It was other-
wise similar enough to the discrete wave, that thî ,
latter's stability may also be presumed. The measured
ion energy was found to be amplified by a factor of al-
most 10. These figures are codest, but they indicate
the large amplitude cyclotron waves containing trapped
ions can be accelerated without violent disruption of
the waves. Some of the numerical results are shown in
Figure 4, which has been replotted onto a rectangular
grid for convenience of illustration.

Sheath Helix Growth Mechanism

Experimentally, it will not be as easy to excite
a wave wich predetermined characteristics as in the
artificial technique described above. The wave must
be self-r.onsistently grown, extracting energy directly
£rotn the beam. The details of the wave growth mechan-
ism EL.st therefore be understood quantitatively. One
of the moct attractive techniques being considered at
present involves a reactive sheath lin^r and a reso-
nance instability between slow electrons netic wave-
guidf modes and the slow cyclotron waves. The use of
a helical liner is the basis for the well understood
traveling wove tube^, us.d in broad- iu'. amplification
with electron beams. l;i thoss applU . ions, though,
the bean wave is a longitudinal Langrn.iir wave. Inter-
action with the cyclotron wave docs not seem to have
received any prior attention. As a first step, then.

we have employed our radially Inluraop,«?neous root solver
with a sht-ath helix, to inwt=srij;ate this instability.

Typical configuration parnnetc-rs for r«j-ac11 vely
growing the cyclotron wave are t»<-am radius —P K.°2.65,
rheath radius -v-p R =3.2, and waveguide radius of
•ip RO=4.8. The diSpersion of the guided electromagne-
tic waves is related to the helical pitch angle ,?' ,
approximately as

W =+ kV sin \S> (4)
When the frequency curves, Eqs (1) and (4), Intersect^
instability occurs, leading to simultaneous growth of
the positive energy electromagnetic wave and the nega-
tive energy cyclotron wave. Figs. 5 and 6 chow the fre-
quency and associated growth rate curves for the above
parameter with (//=0.26 rad, Y =7, v= 1.75, a3 a
function of wavenuniber, kc/[tf . "According to these
simple arguments we expect the instability to be
peaked in the vicinity of

(5)
YC (So- sin*)

As Figure 6 indicates the nuraeric.il growth peak Is
at JccAv =.323. Full numerical simulation of che
wave growth process to test the validity of analytic
growth expressions and to observe saturation cechanisms
have only recently commenced. Results of these cal-
culations ohould be useful in determining the via-
bility ol the AHA concept as a practical ion ac-eler-
ator, and will be presented at a later date.

In summary, we have studied the linear and non-
linear properties of the slow cyclotron wave in a
relativistic electron bean with various numerical tools.
We have found that modest acceleration of a small
number of ions did not lead to any deleterious results.
More exact modeling of the linear cyclotron wave has
showed branch cuts in the dispersion relation. These
lead to secularly decaying waves where discrete modes
had been expected. Since excitation of such a mode
would be unsuitable for accelerator applications, it
is clearly important to understand which nodes are
discrete under given conditions. Numerical studies
of self-consistent growth and saturation of the slov
cyclotron wave are beginning and will be reported in
the future.
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Fig. 4. Data of simulation of v = 1, VQ - 5, ^ c / t 3 = Z
modulated electron beam with ions prop.Tfatirg"in a
conical waveguide with open ends, l'lots show (a)
electron configuration space (XI = z, KZ - R); (L)
electrostatic field equipotenlials; (c) in configuration
space (Xl-XZj.

Fig. 3. Nominal experimental con-
figuration correspor.ding to the simu-
lations shown in Fig. 4. Arrows show
diverging magnetic field lir.es. The
electron beam, occupying the shaded
area, propagates from left to riyht.
Dimensions are in cm.

2*0

Fig. 2. Radial structure of perturbed
wave quantities T-'O, E> ,̂ lio i" beam
with K - 1. Vo = 5 ' u i
w K L / C = 2.0, t>pll(j/c =r2.4,
= T).5, m - 0. (!Lnit.s are arbitrary
for these perturbations.}

• 2.0. "pR

Fig. 5. Dispersion cux"ves showing the intersection of the doppler-shifted
slow cyclotron wave with the positive frequency waveguide mode, in a
sheath helix liner. Although the dispersion curves separate at kc/i;
= 0.44. close proximity to the cyclolron branch cut has inhibited
resolution of that curve; v = 1.75, y. = 7.0, " c / " p - 1-65, UpH^/c

« n K-/c - 3.Z. <JD"Q/C " 4.1,« = 15 .

lrig. 6. Cro^rtli rate curve
for s.ime parade-tors as
in Fig. 5.
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APPENDIX G

RELATIVISTIC ELECTRON BEAM CYCLOTRON WAVE GROWTH IN

HELICAL SLOW WAVE STRUCTURES
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RELATIVISTIC ELECTRON BEAM CYCLOTRON WAVE GROWTH
IN HELICAL SLOW WAVE STRUCTURES*

B. B. Godfrey, R. J. Faehl, B. S. Newberger,
W. R. Shanahan, and L. E. Thode

One of the more promising and thoroughly studied propos-

als for high energy collective ion acceleration is Autoreso-

nant Acceleration: Ions trapped in the electrostatic wells

of large amplitude slow cyclotron waves in an unneutralized

intense relativistic electron beam are accelerated by the in-

crease of wave phase velocity as the beam propagates along a

magnetic guide field of decreasing strength. A critical com-

ponent of this scheme is growth of coherent, large amplitude

waves. Here, we consider urave growth by interaction of the

beam with a helical slow wave structure. Specific topics in-

clude (1) equilibrium charge and current distributions on the

helix, (2) linear wave growth spectra including the effects

of radial inhomogeneity, (3) wave groitfth and saturation, and

(4) extraction of cyclotron waves from the amplifier cavity.

Movies of two-dimensional computer simulations are presented.

We find that waves of amplitude adequate for planned feasibil-

ity experiments can indeed be obtained.

I. INTRODUCTION

Collective ion acceleration is a highly speculative, yet

potentially very significant, application for intense relativ-

istic electron beams. Eventually, it may permit the compact

and economical acceleration of substantial currents of light

or heavy ions to hundreds of MeV per nucleon. All collective
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acceleration schemes presently envisioned involve three key

stages. Slowly moving large amplitude electrostatic potent-

ial wells are established in an intense relativistlc electron

beam, an adequate number of ions are trapped in those wells,

and the wells with trapped ions are smoothly accelerated to

velocities approaching that of the beam. Obvious sources for

such potential wells are the large charge gradient at the

head of an electron beam and large amplitude Langmuir or cy-

clotron waves in the body of the beam.

One of the more promising and thoroughly studied high

energy collective ion acceleration schemes is the Autoreso-
7

nant Acceleration proposal by Sloan and Drummond. It employs

the slow cyclotron wave in an unneutralized intense relativis-

tic electron beam propagating in vacuum along a strong axial

magnetic field. Control of the wave phas/e velocity is achiev-

ed through spatial variation of the guide magnetic field-

Austin Research Associates, Inc. is soon to begin an experi-

mental investigation of this concept. A 30 kA, 3 MeV, 200 ns

electron beam will be used. Present plans call for the cyclo-

tron waves to be grown in a slow wave structure at 3.4 kg.

The beam is then adiabatically compressed in a field increas-

ing to 25 kg, and ions loaded. Subsequent decrease of the

axial field to 2.5 kg in the acceleration section should

yield 30 MeV ions.

For a successful experiment, the wave growth section must

produce reasonably monochromatic, large amplitude, axially

symmetric slow cyclotron waves while avoiding competing, dis-

ruptive instabilities. We at Los Alamos Scientific Laboratory-

are studying both analytically and computationally wave 155



amplification in a sheath helix slow wave structure, one of

two active candidates for the planned experiment. Our re-

sults, although not yet complete, are encouraging.

Section II describes the problem of establishing equili-

brium between the beam and the helix. This is important, be-

cause the helix, being both capacitive and inductive, can

support large transients lasting throughout the beam pulse.

We show, however, that a proper combination of resistive

termination of the helix and shaping of the beam pulse reduces

transients to an innocuous level. Return currents in the

helix, which disrupt the externally applied magnetic guide

field, probably can be treated in the same way.

Because the slow cyclotron wave is of negative energy,

while the helix-supported wave is of positive energy, they

interact to produce a moderately rapidly growing convective

instability which is to be responsible for cyclotron wave

amplification. Section III gives the linear theory of this

instability, obtained numerically from GRADR, a dispersion

relation solver for radially inhomogeneous, cylindrically

symmetric, cold fluid beam- equilibria. Analytic approxima-

tions are also provided.

Based on the linear theory, two-dimension computer simula-

tions in cylindrical geometry have been performed with CCUBE.

Simulations show that, for a 2.65 cm radius beam in a 15°

pitch helix at 3.8 cm both enclosed in a metal waveguide at

5.7 cm, cyclotron waves grow from a fractional modulation of

1/2% to about 401 is just more than a meter distance. Growth

stops only when the waves leave the helix or electrons actual-

ly strike the helix. Wave growth obeys linear theory well,
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with little sign of nonlinear effects even at large amplitude.

All this appears in Section IV.

Section V discusses extraction of the large amplitude cy-

clotron waves from the helical amplifier. To date, our inves-

tigation has been limited to comparison of the linearized

eigenmodes in the helix and in a waveguide of equal radius.

Although frequency and wavenumber are essentially unchanged,

the radial profiles of the wave components are significantly

modified. The impact of this mismatch remains to be seen.

II. BEAM-HELIX EQUILIBRIUM

Fig. 1 shows the relativistic electron beam just entering

the helix. The small plus signs at the helix and outer con-

ducting waveguide represent image charges induced by the beam.

Placement of these plus signs is meant to illustrate a key

feature of the early time beam-helix interaction. Image

charges on the helix move at a velocity

,, _ c sin \j>

a

which for our purposes is somewhat less than the beam veloci-

ty* VR ** c- F°r example, with the parameters cited in the

Introduction, vH « 0.3 c. Therefore, even though both ends

of the helix may be grounded, the head of the beam soon out-

runs image charges on the helix and sees the outer conductor

as the ground plane. For the experimental beam parameters,

space charge effects limit R,tf to no greater than 2.4 R« for a

fast beam risetime. The 80 ns risetime contemplated in the

Austin Research Associates, Inc. experiment will, of course,

substantially weaken this constraint.
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Of greater importance is the fact that, because the beam

reaches the far end of the helix before helix image charges

do, additional images charges begin flowing onto the helix.

The two streams of image charge from each end do not interact

when they meet near the center but simply flow on to the helix

ends, where they reflect, and so continue to stream back and

forth indefinitely. Our simulations have shown this behavior

to disrupt seriously the electron beam, as might be expected.

Image charge flow can be described reasonably well by the

wave equation

d t 3 z

with the boundary conditions p + p = 0 at either end, Z = 0

and L. Here, p and pQ are the charge per unit length on the

helix and in the beam. Eq. (2) can be solved to give a recur-

rence relation for, e.g., charge flowing to the right at the

right boundary.

p+(t,L) = P+(t-2L/vH,L)-po(t-L/vH)-po(t-2L/vH-L/vB). (3)

Beam charge is parameterized by the time it entered the helix

at the left.

The asymptotic solution to Eq. (3) is

p O = 0) = -p (1 + vH/vR)/2

p+(w = 7rvH/nL) = -pQ (2/mr) WT/(1 + w T ) ,

for COT >> 1, where T is the characteristic rise time of the

beam. Our goal, clearly, is to minimize the oscillatory part

of p.. For the example cited above, a helix length of one

meter, and T = 80 ns, the oscillatory part is of order 5%.

Additional reduction of transients can be achieved by placing
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resistive materials at various points in the system. With a

graded resistance between the helix and the outer conductor

near the downstream end of the helix, we have reduced tran-

sients in simulations to about 1% with U,T ~ 6.

Even with oscillations in the helix image charges elimin-

ated, a return current

IH/IB = -Cv H/v B)
2 (5)

persists. This current perturbs the magnetic guide field by

ABz = 2IH(1 - a)/(RH c tan if.) , (6)

or about 300 g for our example. The return current can be

eliminated from the helix by terminating it to ground through

a resistive load. Alternatively, AB can be externally com-

pensated.

Ill . LINEAR THEORY

The helix supports a wave, w = kc sin ty, which interacts

with the slow cyclotron wave of the beam, w = kvR - w /y to

produce a convective instability with group velocity approx-

imately c/2. The point of intersection of the two waves in

u - k space is

k = W C / Y ( V R - c sin >|>) . , (7)

Austin Research Associates, Inc. has obtained an approximate

analytic growth rate for a radially homogeneous beam, y >> I,

kRB >> 1, RH = RB, and

can be relaxed to give

>> 1, Rj, = Rg, and R̂ . = *>. The latter two constraints

To improve upon these estimates, we employ GRADR, a com-

puter code which solves Maxwell's equations together with the
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relativistic cold fluid equations linearized about any given

cylindrical beam equilibrium. In particular, it can treat

the effects of beam energy radial inhomogeniety, Y(*") > caused

by the self-fields of the beam. Fig. 2 presents results from

this code for the parameters used throughout this article.

8 -1The growth rate peaks at r = 6.8*10 sec , corresponding to

k = 0.46 cm and u = 3.7»10 sec" . With a computed group

velocity of 0.6 c, the instability growth length is 27 cm, or

about two wavelengths. Incidentally, Eq. (7) predicts the

numerically determined wavenumber precisely, if we use for y

its value at the beam edge, 5.75. With the same choice,

Eq. (8) gives a growth rate too large by nearly a factor of

two. In view of the many approximations required in obtaining

Eq. (8), agreement is good.

IV. i\AVE GROWTH AND SATURATION

In order to corroborate linear theory and, more important-

ly, to determine the saturation level and mechanism for the

beam-helix cyclotron instability, we carried out a series of

two-dimensional, relativistic, electromagnetic computer simu-

lations with CCUBE configured for cylindrical coordinates.

Simulations employed the beam and guide field parameters pre-

viously described but varies lengths and radii for the helix

and outer conductor. Numerically well matched end conditions

\tfere used for the helix, rather than the physical terminations

shown in Fig. 1, because we were interested primarily in wave

growth and saturation under ideal conditions. Cyclotron

waves were injected at an amplitude of 1/2% of the beam radius

at the upstream end of the simulation grid and allowed to

as they propagated downstream.
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For values of R,, in the range 3.2 cm to 4.4 cm, cyclotron

waves grew spatially (as measured by modulation of the beam

radius and by field strengths at the helix) with a growth

length approximating that predicted by GRADR until either

beam particles struck the helix or waves left the downstream

end of the grid. Well depth increased approximately logarith-
7

mically with modulation amplitude. We expect that satura-

tion by particle trapping would occur for sufficiently large

helix radius; however, cost and time constraints prevent pur-

suing this issue.

These simulations suggest that helix and conductor radii

of 5.8 cr.\ and 5.7 cm will prove suitable for the planned ex-

periment, and so we have used those values throughout the

report in numerical examples. With these radii the beam wave

strikes the helix after about 4.5 e-foldings, or 120 cm. The

helix should, therefore, be terminated at 100 cm, giving a

potential well depth of 0.5 MeV. Maximum acceleration field

strength on axis is 120 keV/cm, which is more than adequate.

Corresponding electric field strength at the helix is about

1/3 that amount and should not cause breakdown problems.

Fig. 3 shows wave growth and saturation in a 160 cm system.

V. WAVE EXTRACTION

Fig. 4 contrasts the radial structure of characteristic

components of the linearized cyclotron eigenmode, determined

by GRADR, in the helix and in a metal cylinder of equal ra-

dius. Frequency and wavenumber correspond to the maximum

growth rate from Fig. 2, and, with frequency fixed, wavenumber

is essentially identical for the two geometries. If the dis-

parity in radial structure persists in the nonlinear regime,
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as is likely, a real danger exists that wave coherence may be

lost when the cyclotron waves exit the helix amplifier. In a

few months, we hope to begin simulation studies of adiabatic

transitions designed to minimize any such ill effects.
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Fig. 1. Conceptualized transition from cylindrical
waveguide to helical amplifier cavity.
Radial dimensions are scaled to RB=2.65 cm,
RJJ=3.8 cm, and Ry=5.7 cm. Small plus
signs represent image charges.

O.6

y-7.0 ldc/OJp = 2.0

Fig. 2. Frequency and growth rate of the beam-
helix cyclotron instability for a 15°
helix pitch as a function of wavenumber.
Units are w and u /c, respectively.
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of the electrostatic potential, and
electron axial momenta. Helix is at
r = 3.8 c/(J .

R/o =1.43

Fig. 4. Plots of perturbed radial momentum and
axial electric field of a slow cyclotron
wave in a 15° helix or in a waveguide each
of radius 3.8 c/u .
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[To be submitted for publication in revised form.]

APPENDIX H

SIMULATION OF CYCLOTRON WAVE GROWTH IN A HELICAL

SLOW WAVE STRUCTURE

by

R. J. Faehl, B. S. Newberger, and B. B. Godfrey
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I. INTRODUCTION

Large amplitude plasma waves in relativistic electron beams are an

1 2
essential component of promising new collective traveling wave accelerators. '

Such waves must possess both coherence and stability over long spatial and

temporal scales. This is in sharp contrast to the evolution of large

plasma waves in most configurations, where a rich variety of wave-wave

and wave-particle interactions tends to promote damping, turbulence, solitary

waves, or other nonlinear behavior. Even careful experiments with BGK

modes show only short time coherence, i.e., several bounce periods.

For collective ion acceleration, nevertheless, waves containing trapped

ions must actually be accelerated without breaking up. In this work, we

concentrate on one of the most promising electron beam modes, the slow

doppler-shifted cyclotron wave, and study its self-consistent growth in

a helical slow-wave structure.

A slow wave structure is any periodically modulated wave guide which

serves to decrease the propagation speed of electromagnetic waves. The

use of such guides is the basis for both conventional traveling wave accel-

erators and traveling wave microwave amplifiers. In the former, a

positive energy electromagnetic wave is driven externally along a structure

so designed that the fields are synchronous with the accelerating particles.

The wave is stable, without other wave interactions. On the other hand,

an unstable interaction of the electromagnetic wave with a negative energy

electron beam mode is the key to a wide class of successful microwave

amplifiers. The electromagnetic phase velocity is reduced until it is

resonant with the beam mode. Then, since the wave energies possess opposite

signs, the resonance induces exponential growth in both waves. In practice,

an electromagnetic wave of low amplitude is launched at one end of the
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waveguide, is amplified down the length of the drift tube, and extracted

with another antenna at the downstream end. The quality of the associated

plasma wave is of no concern, and in fact usually ends up as a broad,

turbulent wave spectrum. For collective ion acceleration purposes, the

electromagnetic branch is the one of no concern. It is the plasma wave

we are interested in amplifying.

This study of cyclotron wave amplification combines analytic and

numerical calculations to gain a better understanding of not only the

wave magnitude, but also its radial structure. In this fashion, we have

obtained insight into the physical mechanisms responsible for the growth

and for possible limitations to growth. In Section II, we briefly review

the analytic theory of the two types of waves and their unstable coupling.

The deviation closely follows the more general analyses, including non-

aximuthal modes, m ^ 0, performed by Drummond, et al. u Certain

simplifying assumptions are required to obtain the analytic results. In

Section III, we circumvent the restrictions by numerically solving the

dispersion relations on realistic beam equilibrium. One of the key results

of this section is that radial inhomogeneities effect the cyclotron sin-

gularity, transforming apparent eigenmodes into secularly decaying modes.

The analytic eigenmodes are found to be significantly different from the

exact numerical ones. Numerical simulations were performed both to

confirm the linear theory of Section III and to observe the nonlinear

convective behavior of the instability. Simulations in which end effects

were omitted are discussed in Section IV. In Section V, simulations

including the effect of finite waveguide and heli^ tr'-Tr.imtî iiS are I'.s-

cussed. Finally, the conclusions of this study are summarized and dis-

cussed in Section VI. Extrapolations to possible physical configurations

are included and potential problem areas are delineated.



II. REVIEW OF LINEAR THEORY

A periodically loaded waveguide can reduce the phase velocity of electro-

magnetic waves. The helix waveguide is one of the most commonly used slow

wave structures. In this type of guide, a highly conducting wire is wound

at a pitch angle, ty, such that the direction of the wire is £ = cos ty Sg +

sin 4» e . As a model for this, consider the so-called sheath helix, a
z

cylindrical shell of infintesimal thickness, with infinite conductivity in the

t direction and a = 0 in any other direction. The propagation properties

of this structure can be quickly sketched.

In the Lorentz gauge, the vector potential obeys the following equation

in a vacuum waveguide

44
c 3tZ

If we consider a fourier component of the azimuthally symmetric (m = 0)

_ _ ikx—itot
potential A, = A(r)e , the r and 9 component equations are

iCyU)

- — r — A - J - + ( - - k 2 A = 0
r 8r 9r J r \\c/ J J

(2)

j = r,6, which has modified Bessel function solutions. For a helix at r =

the requirement that the solutions are well behaved at r = 0 and r = °° are

K^qr) r > K^

2 I. (qr) r < R^

where q = (k - (—) ) . The z-component is derived from the Lorentz

condition, — xf- + V • A = 0, <\> - A . The fields themselves are easily cal-
C dt Z

culated from the potentials.
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Thus when r >

(3a)
l- J.

AQ = 6K,(qr) (3b)

qdK^(qr)
_ = iz
A = i —2 (3c)

so that

(4a)

(4b)

(4c)

(4d)

(4e)

E = - qaK . (4f)
z o

Similarly when r < R.,

A = Y^i(qr) (5a)
x 1

AQ - 5I1(qr) (5b)

(5c)

and
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(6a)

^ (6b)

q6lQ (6c)

(6d)

(6e)

(6f)

The appropriate boundary conditions at r = iL are that

E • t = 0 (7a)

E 9 l< = E9I> (7b)

\ l< = Ez|> (7c)

B ' t|< = B • t|> (7d)

where <(>) signifies r < R^(>R^). The first boundary condition simply ex-

presses the fact that the helix is perfectly conducting, the second and

third, the continuity of the tangential components of the E-field, and the

fourth condition is equivalent to a statement that current can only flow

along the helix at r = IL,. Application of these boundary conditions yields

four equations in four unknowns, a, 3j Y> and 6. Simultaneous solution of

these results in the dispersion relation

2 2 V « W q y , 2
c i ^ w q y tan

When a relativistic electron beam of radius Rg < R-, is present, the

slow waveguide mode may be able to interact resonantly with a waveguide mode.
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Formally the beam will support current, which will result in nonzero

source terms, i.e., — J , on the RHS of (1). To calculate these currents
c

consider the r and 9 components of the cold fluid plasma equations

dp
1 = --f (E, + [ ^ * B],) (9)

dt m v i l c J i
c

0 1 / *)

where i = r , 0, p = y v . , Y = (1 - (—-) ) , B = B . There are e q u i l i -
X O X O C Z O

brium motions associated with the vacuum, unneutraliiied propagation of an

electron beam along the B guide field. For y » 1, however, we can show
V» SI eB

that — « —-• , 9, - . Since the beam is in equilibrium, we take V = 0,
o ° mec

although a more general condition may be <V > = 0, with the brackets denot-

ing averaging in the z-direction. Then for m = 0, neglecting diamagnetic

effects and rotation, the equations are

dp Q
r . o ,„ . „ . (1Qa)

u e / v »

V e = -m(Er-fBe)

dp fl

feJ dob)
v \

where v = v . When y » 1, we find A - <$>, $ the electrostatic potential.

Consequently,

<Er " T V = c (W " kvo)Ar H

<Ee + T V = c (U) ~ ̂ o^e •

Both Eqs. (10a) and (10b) are much simplified by the change of variables
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A = A + iAP

- iAe

+
p = p.

I-" = Pr " ipe

Equations (10a) and (10b) then become

dt ~ k vo ) A" (11)

dp fiQ e
-— i__p = (to - kv (12)

while Eq. (2) in component format is

(V2 - \ + q2)A+
4iren(r)i

(13)

2 -Z)A
4-rren

Yoc
(14)

If we let p o; e ~ , then the solution for the special case

n(r) = nQ is simply obtained

(15a)

where

k* =
OJ / a) - kv

(

1/2
(15b)
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2 ± 2 1/2
when (») « (k + (k ) ) c, this yields the dispersion relation

u = kV ± T-?-o Yo

.,2 , ,, ±N2.(k + (k ) )c

(k2 + (k±)2)c2

(16)

We are interested in the slow-doppler-shifted cyclotron wave here, the minus

root. Then note that when y » 1, u - kv Resonance of this mode

with the slow electromagnetic waveguide mode occurs at approximately

ft
k = -2- C/(B - sin

ro
(17)

where 8 = — .
o c

Application of boundary conditions at r = E, and linearization of (13),

(14), and (7a)-(7d) can be used to find the growth rate for this instability.

This analysis closely follows, that of Wong, et al. who have explicitly

considered an arbitrary axial mode, i.e., m ^ 0. The expression for the

growth rate is finally

r ss
1T(O ft qo o^

i 2k c
up

2(r)rdrl1
2(r)

1/2

(18)

It remains to be seen whether this expression, though, is accurate in the

regimes envisioned for growth of the cyclotron waves. To address that question,

we have solved the dispersion relation numerically.
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III. NUMERICAL COMPUTATION OF EIGENFUNCTIONS AND GROWTH RATES

Analytic expressions were obtained in the previous section for eigen-

functions and dispersion relations of the slow electromagnetic waves and

the slow cyclotron waves, Eqs. (4), (6), and (8), and (15), (16) respective-

ly. These expressions were derivable because we neglected equilibrium

beam rotation, radial energy variations, and self-fields. The state about

which we linearized was, therefore, artificial and somewhat idealized. As

a result, these simple analytic forms may show significant discrepancies

from the realistic functions. In particular, radial inhomogeneities can

lead to a situation where different radii oscillate at different local fre-

quencies. If the inhomogeneity is severe enough, the contributions to the

total eigenmode may be sufficient.!y out-of-phase that phase mixing of the

wave occurs. Mathematically, this is analyzed by examining the branch

12
points of the dispersion relation. This has been done elsewhere, with the

conclusion that the branch cut can "swallow" modes, transforming them into

secularly decaying envelopes. A proof due to Sloan, et al. shows that

at least one slow cyclotron wave will persist in a cold beam, but there is

no guarantee that it will possess the desired structure or propagation

characteristics. We have, therefore, solved the cold-fluid, electromagnetic

dispersion relation on self-consistent radial beam profiles.

The code GRADR was used to numerically determine the eigenfunctions

1 9

and dispersion relations. As it has been described in detail elsewhere,

we will merely sketch its methodology here. If all quantities vary as

e1 Z , the cold fluid equations plus Maxwell's equation can be written

• m -- - kv )n = -n(- 4~ ™ ) (19a)
r z r 3r r

V9 - e - 1 - -
- m kv )p = (E + — p x B) (19b)

r z'v mg z cy
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f EQ + | _ r ̂  „

TBe + 7^rBr =

- i - B + V * E = O (19e)
c

ii 2 E + V x i = - ̂  np (19f)

— — v •'•»* o ? ? ?
where p = yv, Y = (1 - (-) ) » v = v r + V Q + v z • Linearization of

(19) such that

n = n (r) + no

V ™ V

r r

9 9 0

v = v (r) + vz z z

E = Eo(r) + g

B = B (r) + g
o

gives 10 equations, 5 algebraic and 5 differential equations, although

analysis of the differential system reveals that no more than 4 of these

are independent. Equilibrium is found by iterating an assumed initial

radial distribution of the zero order quantities until the field, momentum,

and energy profiles are self-consistent. This equilibrium is then used in

the algebraic-differential set of coupled first order equations. A fourth

order Runge-Kutta scheme is used to solve the differential subset.

For these problems, we assumed that a monoenergetic, solid beam of

uniform density was injected into a vacuum drift tube. Space charge effects

arise in the guide tuba. For the other equilibrium condition, we take
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y - 1 = 7 - 1 - —•*=• to arrive at the density and energy (y) profiles shown
me

in Fig. 1, a calculation with y = 7 (3 MeV), R = 2.65 c/w , Ry = 3.2 c/wp,

and ft = 1.65 (J , where 0 = eB /m c, R_= radius of the electron beam,
o P o zo e B

2 - 2
R,, = radius of the helix and w = 4~ne /m . The radius is related to Budker's
H p e

2
current parameter, v = (RDw /2c) . The helix is grounded, so it is the

B p

effective outer wall for electrostatic effects. With these parameters, the

density exhibits little radial inhomogeneity. Radial energy variations are

considerable, however. Figure 2 shows the equilibrium E , Bfl, and B
r ve Z

components along with the equilibrium rotational frequency U)fi= — . The
relativistic gyrofrequency, — , for this case is 0.24 oi . Since this is

^o P

only 4 times greater than cjfi, neglect of rotation is not warranted. The

rotation furthermore possesses significant shear. With increasing beam

voltage, the rotational frequency, shear, and diamagnetic effects all decrease.

Approximate dispersion relations were derived in the previous section.

By comparing these with numerical dispersion relations, we can estimate the

error induced by the idealized equilibrium conditions.

Eq. (8) is the dispersion relation for electromagnetic helically guided

waves. We omitted an external conducting wall in deriving (8). This is

tantamount to assuming a boundary at r = °°. Since the fields fall off as

either K (qr) or K.(qr), the presence of the wall at a finite distance will

tend to decrease the magnitude of the fields. Its effect on the dispersion

is less obvious. Eq. (8) also assumed that the space interior to the helix

was empty. We are only interested in cases in which an ^neutralized

electron beam is present, however. Although the beam is not likely to alter

the helix dispersion, it may change the field structure, which in turn could

modify the unstable coupling. The numerical dispersion solutions for R^ = 2.65,

=1.5 and \J) = 15° are indicated by the solid line in Fig. 3. The

175



dashed line by comparison represents Eq. (8) for these conditions. The

analytic expression consistently overestimates the frequency, and so also,

the phase velocity of the wave. The group velocity, 3^, however, is in

better agreement. Interestingly, the large argument limit of (8),

to = kc sin ty, agrees with the numerical result considerably better than (8)

itself for these parameters, even though qlL, > 1 here.

The slow dcppler-shifted cyclotron wave dispersion relation is given

by Eq. (16). For Rfi = 2.65 c/u , R^ = 3.2 C/OJ , ftQ/u = 2 and YQ = 7, the

numerical solution is shown in Fig. 4, with the solid line. In this case we

a
compared it with the low density, high voltage dispersion relation, OJ = kvQ - —

o
Again the analytic expression predicts too large a frequency. (The more

accurate expression, (16), is always larger than the dashed line.) The

effects of radial inhomogeneity are first noted here by the occurrence of a

"branch cut" region just below the eigenfrequency for these conditions

The close proximity of this region, shown as a shaded area in Fig. 4, is

particularly interesting because the strong coupling of the waveguide and

beam modes will induce a frequency shift into that region.

So far, a sample comparison of analytic with numerical results has shown

quantitative but not qualitative differences. The radial structure of che

fields, however, is quite dissimilar. Figure 5(a) shows the field structure

of a helix mode with k = 0.36 to /c, U) = 0.1043 u and other parameters the

same as in Fig. 1. As a comparison Eq. (6) is plotted along with the E
z

component of the numerical eigenfunction, normalized to the same value at

the helix in Fig. 5(b). The analytic expression is clearly in good agree-

ment outside the beam, but quite different inside. Figure 6 shows the

cyclotron eigenfields, without a helical guiding structure for parameters

similar to cases in the above figures at k = 0.42 w /c and u = 0.116 w .

P P
Comparison with analytic expressions has shown some qualitative similarities,

but significant quantitative disparities.
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Finally, the stability analysis of the coupling between cyclotron and

waveguide modes yielded several results which can be checked against the

numerical solutions. One of the most obvious is the effect on the respective

dispersion relations. The dispersion of the stable modes was shown in

Figs. 3 and A. VThere those curves intersect, however, the modes couple

unstably and merge into a single mode over a finite region of k-space. The

resulting dispersion curves are illustrated in Fig. 7, for Q = 1.65 to ,

Y = 7, V = 1.75, ty = 15°, and R_ = 2.65 C/OJ , R = 3.2 C/OJ , and
O o p H p

IL, = 4.8 c/u . The frequency and group velocity of the unstable waves

are both roughly midway between the stable waveguide and cyclotron modes,

that is

ft
k(vQ + c sin i|;) - ~ (20)

0) = -

2

The unstable modes have therefore been shifted toward the cyclotron branch

cut region. This does not affect the unstable waves as badly as might be

feared, since the waveguide mode, which possesses no singularities in this

region, apparently gives it a certain robustness. However, on the short

wavelength side of the instability it is very difficult to find the cyclotron

branch again. Thus, while the waveguide branch is clearly distinguishable

at high k, the branch cut has apparently destroyed any stable cyclotron

waves there. This is potential"/ a very serious problem with regard to

collective ion acceleration. The utility of a helical amplifier for cyclo-

tron waves is greatly diminished if the wave secularly decays as soon as it

leaves the amplifier. This problem is being pursued analytically and numeri-

cally at the present time, with the results to be presented in a future

article.
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The approximate analytic growth rate derived in the last section is
a

Eq. (18), where w = kv = qc tan ty was assumed. For the parameters in
o Y O

Fig. 7, this expression is in fair agreement with the peak numerical growth

rate, P = 0.022 to . If the analytic expression is simple-mindedly adjusted

for finite beam-helix separation and finite outer wall, one finds

P , = 0.016 bi . More important than the magnitude though is the scaling

with beam or helix parameters. Let us first consider the dependence on the

1/2
Eq. (18) apparently predicts peak growth rate scaling P a B . In

fact since the peak growth occurs near k = — / (v - c sin #), the term w
Y Q o

is approximately

„ J c«in» Ag
o

guide B field.

J c«in» Ago ,21)
Iv - c sin )ii I V\ o 7 'o

We may therefore infer that P « B o will be a more accurate scaling.

(Eq. (21) is only approximate. Though a comparison with numerical values

of k at peak growth in Fig. 8 shows a quantitative discrepancy, k still

varies linearly with B .)

Figure 9 shows the maximum growth rate as a function of B for y = 7
o o

(solid line) and y = 20 (dashed line), with R^ = 2.65 c/w , R = 3.2 c/to ,
O D p tl p

R^ <= 4.8 c/u) , and ip = 15*. At both voltages, the functional dependence is

more complicated than simple linearity. When the relativistic gyrofrequency

n ~
is low enough, i.e., — < 0.4 to , both curves exhibit the expected linear

Yo P ftQ ,.
dependence on the field. The reason for the decrease in growth when — > 0.6 u

'o
is not clear, but since the wavelength is fairly small, k > 0.9 w /c, it is

possible tliat the cyclotron branch cut exerts a particularly deleterious effect

on the coupling. This is also suggested by the increasingly spiked field

structure.178



By the reasoning that led us to expect a linear field scaling from

-3/2
Eq. (18), we may suppose that the peak growth varies as y • Figure 10

shows curves for the maximum growth rate as a function of y , for

° a
Q = 2.0 6J (solid) and Q = 10 u (dashed line). Again when — < 0.4 w , we
op op Y o P

-3/2 ^o ~
find F « y , but significant discrepancies are seen when — > 0.6-0.8 w .

-3/2 °
(Calculations out to y = 5 0 confirm the y scaling in the Q ~ 10 OJ
case, but are not depicted for reasons of plotting compactness.) Further-

-3/2
more, in the parameter regime in which the y scaling is valid, we also

find T a B . Reference to Fig. 8 again confirms that the growth in
max o

-1/2
the linear region varies as y .

Finally, Eq. (18) does not explicitly show any dependence on the pitch

angle, ty. Since (18) is valid when ui = qc tan i//, however, we infer that

1/2
T cc (tan i/0 . Figure 11 exhibits F as a function of ty, when
max max

fiQ = 2.0 w , yQ = 7, Rg = 2.65 c/u> , R^ = 3.2 C/OJ , and R,T = 4,8 c/w . The dashed

1/2
line merely shows a (tar I/O variation for comparison. The agreement is

clearly excellent up to ̂  = 30°. Again it should be noted that the growth

turns over at about 40°, where k ~ OJ /c. For this case, however, maxi-

mized growth at ty - 45° is not unexpected. A bettti scaling when i> > 30°

1 /?
might be (sin 2iJ0 .

There is one additional piece of information of interest about the

growth which we can obtain numerically, the effect of finite outer wall

radius and finite beam-helix separation. An example of the former is ex-

hibited in Fig. 12, in which parameters similar to Fig. 11 were used, except

\\) = 15°. Since the amplitude of the cyclotron wave is roughly proportional

to the beam modulation magnitude, we desire a significant separation of

helix and beam to avoid having the wave "hit" the helix. As we will see in

the next section, beam contact with the helix effectively destroys the
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wave. However, as Fig. 11 shows, the instability growth rate decreases

roughly as P^/Kg. Thus, a "safe" separation distance may entail an

unaccentably long cyclotron amplification length.

The or.her effect is finite outer wall radius. This tends to decrease

the growth rate, as the example in Fig. 13 shows. The solid line indicates

the exact numerical result, the dashed line a curve varying as
/ 2q(RK-Rw)\
1 - e I,T = r 1 - e I, and the dotted line, the growth scaling

r o r
max o

/

As expected decrpa;ing the helix-outer wall separation weakens the instability.

Summarizing these numerical results, we find that

.1/2

(22)

as long as kc/u < 1. Thus, Eq. (18) gives reasonably accurate scalings

over a parameter space which is of interest to the Autoresonant Accelerator.1 Th

reason for qualitative differences in the grovjth rate when kc/o) > 1 has not b^en
P

unambiguously identified, but there are indications that it may be associated

with inhomogeneity in the cyclotron singularity.
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IV. NUMERICAL SIMULATION OF CYCLOTRON WAVE GROWTH VIA COUPLING WITH A
HELICAL LINER

In the previous sections, we considered the coupling of waveguide and

cyclotron waves leading to temporal growth of both waves. Since both waves

possess positive group velocities, i.e., (v ) Q (V ),. > 0, however, we

expect the instability to be convective rather than absolute. Instead of a

growth rate, F, the growth is characterized by a gain factor, K = r/ver-
 T o

study the physical evolution of the instability, we have employed two

dimensional particle simulations.

The particle simulation code CCUBE is fully electromagnetic and rela-

tivistic in two orthogonal curvilinear coordinates and three corresponding

13
velocity coordinates. It has been described elsewhere. By using a

canonical momentum particle algorithm, very relativistic electron beams can

be simulated, avoiding virulent numerical Cerenkov instabilitiec with only

nominal smoothing. The geometry flexibility implicit in using general

curvilinear coordinates is, furthermore, a great advantage in simulating

complex beam configurations.

The beam/helix configuration used in the wave growth simulations is

depicted schematically in Fig. 14. The helix was modeled through the con-

ditions (7a> and (7d), applied at a predetermined radius. (The continuity

conditions (7b) and (7c) are satisfied automatically in the field solving

algorithm.) Since practical considerations suggest that the helix should be

electrically tied to the outer conducting wall, we precharged the helix so that

when the beam was present <}> = 0 when r > R^. Beam particles were injected at z -

with momentum and energy adjusted to account for equilibrium rotation and space

charge effects. For these cases, there was no transverse thermal spread. .

The beam could be modulated at injection to launch cyclotron waves of any

desired frequency and amplitude. With transmitting boundary conditions on
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fields and particles, this model simulated an infinite beam/helix system,

albeit with wave launching occurring only at the z = 0.

Figure 7 showed the linear instability when n = 1.65 to , y = 7.0,

V = 1.75, R_, = 3.2 zlv , R_, = 4.8 c/w and <p = 15°. Peak temporal growth
H p w p

F = 0.022 (J , was predicted at k = 0.35 in /c and w = 0.104 u> . When

these parameters were simulated in a system of length L = 100 c/u> , with a

launched wave at an amplitude of 11 kV, the wave exhibited the expected

spatial amplification. Figure 15 shows phase plots of u r/c, Yft » r^Q»

and y " 1 versus w z/c. In addition, probes placed at z = 12.5, 37.6,

63.7, and 88.9 c/u were used to analyze the spatial behavior in more detail.

The Eg probe at the helix radius was especially useful as there were no

equilibrium Eg fields to mask the signal. Figure 16 shows a typical EQ

time history at z = 88.9 c/w , r = 3.2 c/to . The magnitude of the amplified

wave shown in Fig. 16 is constant r.o within 97. over nearly u t = 400.

The magnitude of the wave is roughly 40 times that of the launched signal.

Figure 16 shows the spectral analysis of the probe signal. The large

amplitude wave has a frequency of to = .11 (i> . Finally, Fig. 17 shows the

magnitude of the unstable wave at the four probe positions. Although there

was a 15% uncertainty in determining the steady signal level from the plots,

an amplification rate of K = 0.041 ± 0.003 to /c was inferred. Since the group

velocity of the unstable mode was v = 0.6 c, this implied a corresponding

growth rate of F = 0.025 w . The agreement with theory was felt to be

excellent.

The theoretical growth curve is fairly flat near peak growth. To

check this we performed two additional simulations with the same parameters

as above, except the launched waves were at V. = 0.31 to /c and k = 0.40 w /c.

These had theoretical growth rates of F = 0.0156 to and T = 0.0161 w ,
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respectively. Growth at. the expected rates was again observed, although

some broadband amplification was also seen. No nonlinear saturation mech-

anism has been observed in any of these simulations.

The above simulations, and others, did not show strong saturation of

the growth, but merely convective limitation due to the finite amplification

length. Nevertheless, growth in cyclotron wave amplitude is accompanied by

increasing modulation of the beam radius, as Fig. 17 shows. Since there

was only a limited beam/helix separation, the beam edge must ulti-

mately intersect the helix. Beam contact would certainly destroy the

anisotropic conduction properties of the helix. This effect would not be

seen in the simulations. The presence of charge a.id current densities ex-

terior to the helix, however, do strongly distort the field distributions.

Any resemblance between this configuration and the one analyzed in the

earlier section would be extremely unlikely, so we conclude that stable

amplification would cease at that point. Ultimately though, the effect of

unchecked wave amplification is best studied by simulating an amplifier

with a longer growth region.

A simulation was performed with similar parameters to the one shown in

Fig. 15 except IL, = 3.8, SI = 2,0 u , and L = 160 c/u) . Wave growth was

unabated until the beam hit the wall. Since the cyclotron wave potential

13
is related to the fractional bean modulation

H •••:)"'
A<j> v

(23)

the simulation beam/helix separation of 1.15 c/co corresponded to
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a maximum wave potential of 0.9 MeV. Inclusion of the equilibrium space

charge potential, however, shows that the beam energy is not large enough to

sustain such fields. With y = 7 , the maximum observed potential was

1.9 MeV, but the beam disruption was so great that all coherence was rapidly

lost downstream. The maximum wave potential on the order of 1 MeV

gave fields of 0.3-0.5 MeV/cm. Other simulations with greater beam/helix

separations showed slightly larger potentials. Increasing the helix radius,

however, also decreases the space charge limiting current,

IL = (Y
2J3 - D3/2 (~) [1 + 2 JlnOyyr1 . (24)

At the minimum of the radial modulaticn, the limiting current can be locally

exceeded by the wave, before it hits the helix. Thus when the total potential

2 1/3
exceeds a certain limit, -e(d> + cb ) > me (y - y )> beam propagation

' Yc rwave 'o 'o r r &

will be inhibited. Although this is somewhat higher than the peak observed

potentials, it could conceivably be responsible for the virtual cathode

formation observed in simulations with the larger separations. While the

instability, thus, did not saturate at a low level, its nonlinear state after

hitting the helix was not suitable for collective ion acceleration purposes

either. Successful demonstration of wave growth without losing coherence

requires simulations with realistic waveguide terminations.
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V. CYCLOTRON WAVE GROWTH IN A FINITE WAVEGUIDE

In the previous section, we ignored the fact that in any real system,

the wave growth section will be finite in length and moreover, will be

mechanically coupled to successive components of an experimental device. The

finite length and terminations of the wave growth section can significantly

effect both the growth of the cyclotr.n wave and its extraction from the

wave growth section.

The unstable cyclotron wave in the helical guide possesses; a different

radial eigenmode structure than does the mode in the presence of a single

drift tube. It is the latter in which it is hoped to be able to accelerate

ions. Closely related to this problem is that of decoupling the electro-

magnetic components of the normal mode of the beam helix system from the

beam cyclotron mode, which is principally electrostatic, at the point of

extraction. Failure to do this could lead to reflections and possibly

potentially dangerous feedback. These questions relating to the extraction

problem hav^ not been addressed here and are the subject of ongoing research.

Finally, the equilibrium on which the cyclotron waves are grown is

influenced by end effects. In the simulations previously discussed, the

helix was artificially precharged to model a system of infinite length. How-

ever, in a finite system, with the helix grounded to the outer conduction

wall, the beam will induce a transient charging wave on the helix. This

wave is first launched off the end of the system through which the beam is

introduced, and later from the exit end of the system when the head of the

beam leaves the wave growth section. In a lossless system, these transients

will persist and can lead to several difficulties when trying to grow the
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cyclotron wave. It is this problem of the self-consistent charging of the

finite beam-helix system that we consider here.

To understand the charging problem better, it is helpful to consider the

schematic in Fig. 18. With no beam present, the outer conductor, two flanges

at the ends and the helix are all at the same potential. The flanges and

outer wall always remain at this potential, but, once the beam propagates

beyond the near flange, the space charge in the beam establishes a different

potential at the helix. In order to bring the potential at the helix back

to that of the outer conductor, currents flow in the helix. Of course, this

charging wave must be a superposition of normal modes of the helical wave-

guide. A similar wave travelling back up the guide is induced when the head

of the beam reaches the far flange,since the beam head moves faster than the

charging wave. These currents will continue to be reflected from the ends

of the wave erowth section unless some mechanism is employed to damp them.

Since these currents can generate a time dependent B field which is an

appreciable fraction of the guide field, it is important to eliminate them.

One can examine the problem from the point of view of transmission line

theory. We calculate an inductance/unit length and capacitance/unit length

simply by computing the number of flux linkages/total current and the

14
total charge/voltage difference between conductors. The expressions

for the inductance/unit length and capacitance/unit length are then

(25a)

(25b)
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From transmission line theory one then defines a characteristic impedance

by Zn = (L/C)
1/2

We can further define the phase velocity v by

-1/2
v ,/c = (JCC) . Using our expressions Eqs. (25a) and (25b) above, we have

7 7

2,^2,

1/2

(26a)

and

"f{I - R^/R^) +

tan2

tan 2 ij;
(26b)

We can put the transmission line results on firmer ground. If one

solves Maxwell's equations in the coaxial guide with helical center conductor

that forms the wave growth section, the following dispersion relation is

obtained:

-q
2 2

k cot (•

k n

cot

2 I'
= JSL

1 -

1 -

(27)

where q is the perpendicular wavenumber, k the free space wavenuraber

2 2 2
(k = a) /c ). I and K are the modified Bessel functions of order n and

n n

primes denote differentiation with respect to argument. In addition,

2 2 2 2 2 2
q = k - k or (c/v . ) = 1 + q /k . Note that for the axisymmetric modes

in which we are interested, n = 0. In the long wavelength limit, for n = 0,

the dispersion relation above becomes

2
= k cot

C28a)
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and thus

cot2

( 2 g b )

which is precisely Eq. (26b). Thus we see that the transmission line result

is, in fact, the long wavelength (small kIL , q.R̂ , ? ^ R a finite) limit. We

might expect then, if we terminate the wavegrowth section, at both ends in

the characteristic impedance, Z , the long wavelength components in the

transients would be absorbed at the ends of the guide.

We have run simulations to test this termination. A schematic is

shown in Fig. 18. The system length is 100 c/to and ty = 15°. The guide

field is such that ft = 2 w . The guide has It, = 5.7 c/w and ^,/Kt = 1*5.

The end terminations were simulated by including a resistive region between

the ends of the helix and the flanges as indicated in Fig. 18. The con-

ductivity is determined by requiring that a cylindrical annulus one radial

cell thick and N cells long have a value of resistance equal to Z . We have

run simulations with N equal to both twenty-five and five. The latter

gave slightly better results for reasons which are not clear to us; but, in

any case, the difference is negligible in a practical sense.

The beam had an energy of y = 7 and radius of 2.65 c/w . For the

bulk of the runs, a so-called "slug", where the beam electrons do not

respond to the fields, was used. By introducing a finite risetime on the

beam, the strength of the short wavelength components in the transients are

reduced relative to the long wavelength modes. We have used a gaussian

2 2
current rise I a exp(-t /2T ) . Even without resistive terminations, the

dispersion in the helical guide can smooth the charge transients on the
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helix after a sufficiently long time. With a risetime of u T = 500,

Rj, = 3.2 c/w and Ry/Rj, = 1«5, the relative charge inhomogeneity is less than

2.5% at w t = 2000. In terms of a realistic charge density, this corres-

ponds to a time of 35-70 nsec. This is a little longer than one would like

but might be acceptable. A finite current will persist without dissipation,

however, and this will lead to undesirable kinks in the B guide field

which can excite unwanted beam modes, in particular, the zero frequency

cyclotron mode. This will be discussed in more detail shortly. Fig. 19

shows the charge density, 6-component of the current density, and z-component

of the magnetic field and current density for such a case, at to t - 2000.

P

With the helix terminated, the situation can be improved significantly.

Slug simulations with a beam risetime of u T = 25, are summarized in four

illustrations. The parameters are as indicated above.

Fig. 20 displays the z and 6 components of the current density,

z component of the magnetic field and charge density as a function of z at

u t = 450 for an unterminated guide. J , Jft and p are plotted, parametrically,

for several radii, particularly chose of the beam and helix. Between the

flanges, Jfl flows only on the helix. The charging current transients and

severe distrotion in B are clear. Figure 21 shows the same quantities as
z

Fig. 20, at the same time, in a guide terminated in the characteristic

impedance Z . The result is dramatically different. Indeed, with a rise-

time as short as u) T = 25, the results are better than we should have

expected, given the nature of the approximation (kRrj ** klLj << 1) used to

arrive at the result. A numerical study of the characteristic impedance

derived by a field theoretic approach in the coaxial guide with helical center

conductor shows that, as RTJ/RU •*• 1» the characteristic impedance approaches
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its long wavelength value even for qR^ ( « qlLj of order unity. Thus, in

our system with Kj/Ru = 1«5, even waves of moderate frequency are damped by

the terminating resistors.

We have also tested a method of termination which employs an absorber

made by filling part of the region between the helix and the outer wall with

a resistive medium. In particular, we increased the conductivity from zero

linearly to a value a over a length in z of 12 c/w and then held the

"> P
conductivity constant over an additional distance in z of 12 c/w .

P
This absorber ended at either the far flange or the far termination resistor

if one was used. The simulations to be described had o = 0.15 u and is
o p

such that a < a) for the dominant high frequency guide mode which has

0) - 0.6 to . Furthermore we choose the gradient length, % > 2ir/k where k is

the free space wave number. The condition on o implies that 27r/k > 6 where

6 is the skin depth.

Figure 22, which is a simulation with only the absorber shows that the

absorber does help reduce the transients but is not nearly as effective in

reducing them as is termination in Z . Furthermore, in a lossless helix,

a Jft will persist with only an absorber, and thus the kinks in B will remain.

Figure 23 is a simulation with absorber included in a terminated guide, and

by comparing this figure with Fig. 21, we see that the absorbing material

is effective in reducing the long-lived but relatively small high-frequency

components for which the expression for the characteristic impedance is no

longer valid. Such components are probably not serious for the wave growth

experiments, but in any case, we do know how to get a handle on them. We

remark that we have made little effort to optimize the absorber at this

point and thus one could possibly improve upon its performance with addition-

al study both theoretically and by simulation should the need arise.
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Two particle simulations to test these results with a beam which could

respond to the helix fields were carried out. The parameters for the first

were y = 7 , J 2 = 2 . 0 ( D , R T l = 2,65 c/u , R. = 5.7 c/w , R - = 3.8 c/w , and

O O p i $ pW p n p
L = 160 c/w . An absorber was included and extended from z = 135 c/w to

P P

the right flange. There was no termination and thus a current would persist

on the helix. The beam had a risetime of w x = 300. At ID t = 1000, a test
P P

wave was launched. By this time, steady beam conditions had been established.

As noted above, the B field kink near the helix-flange interface did

excite the zero frequency cyclotron wave. Theory gives for the wavelength

X - of this mode a value X ,. = 2nv Y /^ which in our case is A = 2 2 c/wzr zi o o o zf , p

The observed wavelength was X = 21.5 c/u . At di t = 1000 a test signal with
P P

w = 0.131 u , k = 0.49 c/w and amplitude 22 keV was introduced. Cyclotron

wave growth occurred thereafter, much as in the precharged, open-ended

simulations. The fact that the instability persisted in the presence of the

zero-frequency wave was very encouraging, though beating of the two finite

amplitude waves may have contributed to the eventual beam disruption. Since

the more quiescent configuration in which terminations damp the transients

and "DC" helix current was more suitable, we did not pursue this wave

growth system further.

The second simulation was performed with virtually the same parameters

as the first. The exceptions were the inclusion of terminations, removal

of the absorber, and a shortening of the risetime to w T = 200. Recall that

the shortening of the risetime is a more stringent test of the system.

While we had demonstrated the efficiency of the terminations in slug simula-

tions with risetimes as short as w t = 25, preliminary full particle simula-

tions indicated that a somewhat longer risetime might be needed as a sharp
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front edge on the beam proved to be an uncomfortably efficient exciter of

slow cyclotron waves. These waves were created at a high enough level that

only a small amount of growth was required to bring them to the helix. The

ensuing bsam disruption was eventually carried out of the system by the

helix charging pulse. Residual turbulence, however, prevented the beam froa

ever calming down to the point that stable amplification was possible.

With a risetime of a) T = 200, the matched terminations performed as

anticipated. Initial current transients on the helix led to field kinks and

the zero-frequency mode. As the current decayed, the fields straightened and

without an exciter, the zero-frequency mode was convected out of the system.

At to t = 900, the test wave was launched after which successful growth was

observed. After approximately to t = 1250, the waves were of sufficient

amplitude to cause the beam to strike the helix, but the waves persisted

to w t = 1450, which was the end of the run. Figure 24a and b shows two

frames from the unterminated and terminated simulations, respectively. The

frame from the unterrainated run is at w t = 1248 and for the terminated run

P

0) t•= 1155. This gives the same time interval from initiation of the

tickler in both cases. Even with the longer risetime, the zero-frequency

mode (longer of the two modulation wavelengths) is clearly present in the

unterminated case, and some beating of this mode with the slow cyclotron

mode is evident. In clear contrast, the terminated run is free of the

zero-frequency mode even with its shorter risetime. Recall, too, that this
frame is 93 d) t earlier than the one from the unterminated simulation.

P

We are confident that this aspect of the finite helical wave growth

section has been resolved. We are now addressing the problems involved with

the extraction of the wave from the helix amplifier.
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VI. CONCLUSIONS AND DISCUSSION

The results of this study can now be summarized. We reviewed the linear

theory of cyclotron beam modes, helical waveguide modes, and the coupling

between them. The results of this analysis, although potentially useful,

were of uncertain value, since we could not estimate the errors induced

through our assumed, simple equilibrium. Neglect of radial variations in

beam energy and rotation, in particular, were suspect. To remedy this

oversight, we obtained exact numerical dispersion relations in realistic,

inhomogeneous beam profiles. These demonstrated regions of validity for

the analytic expressions, as well as behavior of the stable and unstable

waves outside the analytic regimes. In particular, long wavelength waves,

kc/u « I, were well described by the analytic theory, as was their unstable

coupling. The numerical study, however, also exhibited a region in which

inhomogeneity of the cyclotron resonance led to disruption of stable eigen-

modes. Perturbations within this region of w-k space would be susceptible

to secular decay, due to phase mixing. This was not an immediate concern

in the present study, for the stable cyclotron modes were found to exist

just outside the branch cut region. Although the instability could shift

the mode toward that region, there was little evidence of the highly

spiked field signature in the unstable waves, so long as kc/oi < 2. The
P

primary unanswered question concerns the behavior of the large amplitude

cyclotron wave after it physically leaves the unstable amplifying section.

This is being studied at present.

The analytic and numerical studies indicated the viability of cyclo-

tron wave growth, via coupling with a helical waveguide mode. These studies
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were all within the context of linear theory, however, and moreover did

not consider the convective character of the process. The nonlinear

state of the instability was completely unknown. We addressed these

questions with electromagnetic, relativistic particle simulations in

cylindrical geometry. Two separate simulation configurations were employed.

La the first, open-ended boundary conditions modeled the propagation of an

electron beam in an infinite helical waveguide. Since the simulation

length was finite, large waves could leave after only a finite amplifica-

tion length, but in all other respects, such as end effects, initial trans-

ients, reflections, and so forth, the simulations were open ended. Calcu-

lations performed on this configuration were found to agree with linear

theory very adequately. Predicted gain coefficients * shapt of the gain

curve, and unstable frequencies were within 15% of the observed simulation

values. Furthermore, no nonlinear mechanism was observed to inhibit the

wave growth, at least up to wave magnitudes sufficient to strike the helix.

In the second configuration, finite terminations were included in the

simulations, corresponding to perfectly conducting flanges. Since the

helix was electrically tied to the conducting outer wall structure, initial

transients associated with establishment of a beam/helix equilibrium could

occur. Unless the helix/wall interface was properly matched, these trans-

ients were found to be very long-lived, and capable of inducing sufficient

axial inhomogeneity to preclude successful wave amplification. Elimina-

tion of high frequency components required not only the usual series, low

frequency impedance, but shunt volume resistance as well. When these were

included, establishment of homogeneous equilibrium in reasonable experi-

mental time scales was found to be feasible. Neglect of these elements,

194



however, would almost certainly be disastrous for amplifier performance.

Once the self-consistent equilibrium was set up, introduction of a small

signal wave resulted in the same, stable amplifier characteristics seen

in the open ended simulations.

Overall, the studies have many ramifications for a physical cyclotron

wave amplifier. They have been generally encouraging, but problem areas

requiring further study have been identified. On the positive side, we

have shown that the helix conditions can be established on acceptable time

scales with reasonable beam and helix parameters. The helix induced cyclo-

tron wave amplification was at the expected rate, narrowband, and nonturbu-

lent. Wave and beam breakup, on the other hand, were observed if the wave

became too large, i.e., its peaks intersected the helix. Although the

resulting state was unsatisfactory as calculated, the fact that accompanying

materials problems were not included leads us to conclude that beam contact

with the helix would almost certainly terminate the amplifier. Contact is

not inevitable, of course, since the length of the system can be appro-

priately tailored, but it should be considered because it is a deleterious

effect.

In light of the negative aspects of wave/helix contact, it should be

noted that nonaxisymmetric cyclotron modes, m / 0, have been deliberately

omitted from this study. These "kink" modes bend the entire beam closer to

the helix, thereby agravating the helix contact problem. Our omission of

this important area is based on three factors. First, the m = 0 wave, the

one envisioned for collective ion acceleration, had not been studied under

realistic conditions. Until the viability of growth of that wave had been
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demonstrated, there seemed little value in considering competition with

undesirable modes. Second, Bourianoff, Cornet, et al. had analyzed the

linear theory of growth of general nonaxisymmetric, m ^ 0, waves in consider-

able detail. They have also simulated growth of the m = 1 wave in cartesian

geometry, albe t driven by a periodic loop structure, not a helix. Finally,

closely related to the second factor, realistic cylindrical simulations of

helix induced growth of the m = 1 wave are intrinsically three dimensional.

Although a three-dimensional linearized simulation code is currently being

developed by us, the prospect for fully nonlinear three-dimensional simula-

tions in the near future is dim, computer hardware being the key limitation.

There are several interesting questions which arise when less than

ideal electron beams are employed. Injection of the beam through an anode

foil can generate zero-frequency bouncing as well as scatter. We have

already seen that the mere presence of bouncing does not significantly degrade

the amplifier, providing the wavelength of the bounce is separated from that

of the instability. The effect when the wavelengths are nearly coincident,

however, is moot. Also, scatter is the same as transverse thermal spread,

so Landau damping could conceivably modify the linear and nonlinear state

of the beam modes. Except for very low phase velocities, this should not

be significant. Finally, long time voltage rise or droop of the beam may

shift the beam mode out of resonance. The effect of voltage changes on

amplifier performance is difficult to judge, though. Numerical studies of

that problem are feasible and will be pursued in the future.

In conclusion, the helical slow wave structure seems to be very satis-

factory as a slow cyclotron beam mode amplifier. There are still problem
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areas to be investigated, but we have not encountered any fundamental dif-

ficulties yet which would preclude construction of a successful device.
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3.2

Fig. 1. Equilibrium electron density and energy
(Yo) radial profiles, when yo

 = 7-°>
RB = 2.65 c/(Op, RH = 3.2 c/w , and fiQ =
1.65 Up. The electron density is normaliz-
ed to^the mean beam density,

rnedr/Rg. Electron energy, Yo»has

no meaning when r > Rg, but is depicted to
illustrate the equilibrium condition,
Y = Yo + e<|>/mc2. Dimensions are in units
of c/Up.

- (RB
n =

J0 ,

-0.2

kl

0 0.8 1.6 2.4 3.2

Fig. 2. Equilibrium self-fields for same para-
meters as in Fig. 1.

0.30

0.25 -

( i I I I I i

Fig. 3. Electromagnetic helix dispersion relation
when Rg = 2.65 c/u , RH/RB =1.5, and
ip = 15*. Dashed line is Eq. (8).

0.2 0.6

kc/«0
0.8 1.0

Fig. 4. Slow doppler-shifted cyclotron dispersion
relation with some parameters as in Fig. 3,
plus no = 2.0 Wp and Y O

 = 7-°- Dashed line
is approximate expression, u = kvo-Ro/Yo;
the shaded region indicates a branch cut
region.
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Fig. 5.
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Radial field structure of electromagnetic helix eigenmode, R = 0.36 u)p/c, w = 0.1043 co , other
;. 3. (a) Field components; (b) Detailed comparison between numerical (solidparameters as in Fig.

line) and analytic (dashed line) dependence of E .

Ul

Fig. 6. Radial cyclotron eigenfields, k = 0.42
(0 = 0.116 oi , other parameters a3 in
Fig. 4. P

Fig. 7. Dispersion relation showing unstable coupling of a positive
energy waveguide mode and a slow cyclotron beam wave, when
fio=1.65 Up, Yo=7, v=1.75, IJJ=15

0, other parameters as in Fig. 3.
(a) Frequency as a function of kc/Up. Dashed line indicates
the stable cyclotron dispersion, (b) Growth rate as a function
of kc/u)p.
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2.0

0.04

V-p

Fig. 8. Wavenumber at which peak growth occurs,
k̂ jgjj, as a function of magnetic field,
flo/(Dp, parameters as in Fig. 4. The
dashed line is Eq. (21); the solid, the
numerical values.

14

Fig. 9. Peak growth rate, r m a x, as a function of
normalized magnetic field, same parameters
as Fig. 3. Solid line is for yo = 7.0,
dashed for Y o = 20.
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Fig. 12. Dependence of peak growth rate as a

function of beam/helix separation, para-

meters as in Fig. 11, i|> = 15°.

Fig. 11. Peak growth rate as a function of pitch
angle <|i, same as Fig. 9, fl0 = 2.0 u>p,
Y o = 7.0. Dashed line shows dependence
of (tan <p)l'2 carve.
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Fig. 3 3. Dependence of peak growth rate as a func-
tion of wall/helix separation, parameters
as in Fig. H , ip = 15°. Numerical result
is the solid line; ( ):
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Fig. 15. Phase space plots from a typical simula-
tion showing spatial cyclotron wave ampli-
fication, Uo = 1.65 Wp, Y o =

 7 - ° . v = 1-75,
L -' 100 c/ojp, RH = 3.2 c/o)p, Rw = 4.8
and if» = 15°. Starting in upper left and
going clockwise, the plots show (a) r-z
configuration space, (b) angular momentum
vs. z, (c) radial momentum vs. z, and
(d) kinetic energy vs. z.
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Fig. 14. Schematic of open ended helix simulations.
Radial dimensions are in units of /
For a beam density corresponding to
v = 1.75, c/Up = 1.00 cm.

580

Fig. 16. Time evolution of Eg field at a fixed
position, r = RH, z = 89 c/ou, same simu-
lation as in Fig. 15. (a) Time history,
(b) Fourier analysis of signal, central
frequency is to = 0.11 ± 0.01 io .
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Fig. 17. Mean amplitude of Eg field as a function
of distance, same simulation as in
Fig. 15. Dashed line indicates a gain
coefficient of K = 0.041 ± 0.003 iop/c.

Fig. 20. Uiiterainated slug simulation with a rise-
time of r = 25 &C1 at t = 450 wT1;
(a) through (d) as in Fig. 19.

TR
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(- L,

Fig. 18. Schematic of finite, terminated simula-
tions. Shaded areas contain graded shunt
rocj.stance.

100

Fig. 19. Untermiiiated slug simulation with a rise-
time of 500 r-1at t = 2000 uc1

(a) z-component current density, (b) 6-
component current density, (c) z-component
magnetic field, (d) charge density, all
versus axial position.
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Fig. 21. Slug simulation terminated by zo at
t = 450 oC1 and T = 25 w"1, (a) through
(d) as in Fig. 19.
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Fig. 22. Slug simulation with an absorbing mater-
i a l between the helix and outer wall,
t = 450 U)"1 and T = 25 to"1, (a) through
(d) as i.n Fig. 19.
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Fig. 23. Slug simulation terminated by Z and in-
cluding the absorber, t = 450 wrl and
T = 25 a)"1, (a) through (d) as in Fig. 19.

G.70

4.27

f 2.85

0
5.70

4.27

r 2.85

1.42
0
8

6

4

2
V,

5.70
4.27

r E.85
1.42

0
5.70

r « 7

2.85
1.42

0
8
6

JUUUU

(o)
40 eo

Z
120 160

FIT U U U U U U U U U

(b)

40 80

2
120 160

Fig. 24. Full particle simulations. The upper graph in both (a) and (b) is a
plot of particle positions in the r-z plane. The middle graph is a
contour plot of the potential $ in the r-z plane and lower graph in
each is a phase space plot of the z-component of particle velocity
versus axial position. Frame a) is an unterminated simulation at
t = 1248 w L and T = 300. Frame b) is a simulation terminated in
Z o at t = 1155 uip

1 and T = 200 (j-1. In the contour plots for <|i, the
innermost contour (those nearest r = 0) have the value <f> = - 3.214
and the contour interval is + 0.57.
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APPENDIX I

MULTIDIMENSIONAL THEORY OF THE INHOMOGENEOUS

BEAM-PLASMA INSTABILITY

William R. Shanahan

ABSTRACT

A combined analytic and numerical study of the effect of a plasma density

gradient on the beam-plasma instability is presented. After a thorough dis-

cassion of the qualitative aspects of this problem, emphasis is placed on

the development of a theory which can reveal the interplay between the gradient

and the multidimensional aspects of the instatility. Using fluid equations,

a differential equation is derived for the electrostatic potential. An

integral representation for the solution of this equation is derived and its

asymptotic evaluation presented. Explicit comparison is made between this

asymptotic result and a direct numerical integration of the basic equations.

The predictions of the theory are presented for the two-dimensional case,

both for the case in which the beam propagates along the direction of the

gradient and for that in which the beam is propagating at an angle to this

direction. Some brief remarks are made concerning the fully three-dimensional

case.
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I. INTRODUCTION

The availability of intense relativistic electron beams has led to both

1 2 3 4

linear ' and nonlinear ' studies of the instability which results when such

a beam passes through a background plasma. Virtually all of these studies

have been restricted to the idealized case in which the background plasma is

considered to be infinite and uniform. However, in practical situations,

such as those encountered in experiments designed to examine the possibility

of employing relativistic electron beams to provide supplemental plasma heat-

ing, one is usually faced with the existence of various sorts of gradients.

It therefore becomes imperative to evaluate the effects of such gradients on

the collective beam-plasma interactions. The purpose of this paper is to

initiate such an evaluation for the linear theory. A complete understanding

of the linear theory is a necessary prerequisite to a study of the more

practically relevant nonlinear thoery.

We consider in this paper what is in many respects the simplest non-

trivial problem of this type, namely, that of the effect of a background

plasma density gradient on the well-known beam plasma instability. A fluid

description is employed, and we restrict the discussion to the electrostatic

approximation. However, a fully relativistic fluid equation of motion is used

for the beam. The limitation imposed by the electrostatic approximation is not

expected to be a serious one, for previous work on the uniform theory has demon-

strated that the electrostatic portion of the interaction plays a dominant role

even for relativistic beams. The geometry considered is sufficiently general to

include the possibility of both beam and wave propagation in directions other

than that of the density gradient. When the beam is propagating at an angle

to the gradient, the problem is fully three dimensional, since waves can now

propagate either in the plane formed by the direction of b»am propagation and
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that of the gradient or at an angle to that plane. Although we shall have

little to say explicitly concerning this most general situation, interesting

effects also arise in more restricted cases which are easier to analyze both

numerically and analytically. Indeed, the interplay between the effects of

the relativistic mass variation and those of the gradient form a principal

theme of this paper.

A one-dimensional theory of an electron beam interacting with an inhomo-

geneous medium has previously been developed by Schmidt. We believe that the

present work offers a number of extensions and advantages. Firstly, md most

obviously, the present work includes multidimensional effects. A relativistic

theory yields other than trivial differences from the nonrelativistic theory

only when such effects are included. Since the most interesting practical

applications involve relativistic beams, it is clearly important to have

available a multidimensional theory. Secondly, Schmidt's theory rests upon

an expansion in both configuration and wave number spaces of the dielectric

function of the background plasma, which is taken from the uniform theory. It

is often difficult to assess the validity of such expansions, and inasmuch as

the expansions are effected in both real and wave-number space, the conditions

of validity may even be contradictory. Further, sucli expansions require one

to choose a point about which to expand, and the choice may be somewhat

arbitrary. In the present work, by contrast, no such expansions are effected,

and no results of the uniform theory are built into the foundations of theory.

Rather, the uniform theory is recovered as a trivial specialization of the

general case. Finally9 we present a somewhat more careful asymptotic evalua-

tion of the integral representation of the solution to the equation for the

electrostatic potential. Against these advantages, one must set the fact that
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Schmidt's formalism is able to accomodate gradients of various sorts, whereas

we are restricted here to density gradients. However, the advantages enumerat-

ed above coupled with our ability to make detailed comparisons between

analytic and numerical computations seem to provide sufficient compensation

for this restriction.

In addition to the electrostatic approximation, there are a number of

other approximations which we make, the removal of which must await further

study. It is well to state these at the outset. Firstly, we ignore complete-

ly the dynamics of the ion component of the background. For the relatively

high frequency instabilities which are of principal importance for relativ-

istic beam-plasma interactions,, this appears to be a good approximation.

Although the inclusion of the ion dynamics does lead to the existence of

modes which can be driven unstable, particularly by nonrelativistic electron

beams, the growth rates of such unstable modes is usually negligible compared

to these considered here. Secondly, we neglect any velocity spread in the

beam. For relativistic electron beams, this appears to be a most reasonable

assumption, while for nonrelativistic beams it may or may not be justifiable,

depending on the circumstances. This is perhaps an appropriate point at

which to remark that throughout the entire discussion we retain a finite

temperature for the background plasma. For the relativistic case, where beam

energies are typically much greater than plasma thermal energies, this may

seem like a needless complication, and the cold plasma approximation has been

employed in discussions of the uniform linear theory. The reason foT retain-

ing a finite temperature here may be seen readily by recalling that a cold,

uniform plasma free of external fields is completely dispersionless, all wave-

lengths exhibiting the plasma frequency determined by the density. If a

density gradient is introduced, each portion of the plasma vibrates
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independently at the plasma freqaency determined by the local value of the

density. The simple normal mod^s of the uniform system are thereby replaced

by a continuum of modes. Efforts to interpret this singular situation have

been extensively discussed in the literature, >7 but these difficulties are

irrelevant to our purposes. They may be simply eliminated by the physically

motivated use of a finite temperature.

A further limitation in our work is that we consider only that portion

of the collective beam-plasma interaction which is concerned entirely with

instability, and neglect completely that aspect which is concerned with the

establishment of a return current. It is well known, however, that such a

return current can play a significant role, particularly in plasma heating.

In discussions of the uniform theory, the return current is also usually

ignored, the reason being that for realistic beam-to-plasma density ratios

the velocity of the return current is negligible compared to that of the

beam. For the inhomogeneous case, however, some care must be required. It

is possible that in low density regions the return current could qualitatively

affect the nature of the instability. In particular, we will assume through-

out that the instability under consideration is convective. It is conceivable

that in some portions of the density gradient the return current renders the

interaction more, akin to the two-stream instability, which is absolute in its

g
space-time behavior. This is particularly possible for nonrelativistic beams.

However, a full resolution of this question requires a treatment which retains

the effects of the self-magnetic field of the beam, and which considers

self-consistently the effects of current neutralization and instability. The

combination of self-field and inhomogeneity seem to make this problem most

suitable for numerical analysis, and we do not examine it further here. It

is assumed throughout the work, however, that the beam is both electrostatic-

ally and magnetically neutralized.
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Perhaps the most serious limitation of the present analysis from the

point of view of its applicability to experiments is the omission of the

effects of an external magnetic field. The presence of a magnetic field not

only modifies the behavior of the modes considered here but also introduces

new modes. Based upon analogy with the uniform theory, we anticipate that

there will be regions of parameter space in which these new modes will be

driven more strongly unstable than those examined below. It seems a straight-

forward, albeit tedious, task to extend the analysis presented here to the

case of an inhomogeneous plasma immersed in a uniform magnetic field. This

will be dealt with elsewhere. The problem that one would really like to

address, however, is that in which both the density and the magnetic field

possess gradients. This is by far the most common situation that one finds

in practice. For example, if an electron beam is injected into a plasma

confined in a magnetic mirror, one is faced with a situation in which the

plasma density increases as the magnetic field decreases. Such problems seem

not to be amenable to a straightforward generalization of the procedure

employed here. The reason is that the tendency of beam electrons to follow

field lines introduces a two-dimensional inhomogeneity into their velocity.

This problem is probably best addressed through numerical methods, or, perhaps,

through analysis based upon a local expansion. Hopefully, the work presented

here will provide a steppingstone to the treatment of such more realistic

problems.

The paper is organized as follows. In Section II we display the equations

upon which this work is based and derive from them a sixth order differential

equation for the electrostatic potential which is the principal object of the

analytic portion of the study. These equations 'have been Fourier analyzed in

time, and we are therefore concerned here with the spatial structure of the
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normal modes of the system. No attention is paid to the equally important

"temporal" problem which seeks to determine the fate of a localized pulse

propagating through the system. In Section III, an integral representation

is derived for the solution oi this equation, and the results of an asymptotic

evaluation presented. In this section we also discuss some features of the

numerical methods employed here. The methods themselves are quite standard

and do not require special discussion, but a delicacy arises in their imple-

mentation for the problem discussed here. Section IV is devoted to a

presentation of results for the two-dimensional theory. An explicit compar-

ison between the analytic expression derived in the previous section and

the results of a direct numerical solution is given. It will be evident

that the analytic results provide a quite adequate description of the prin-

cipal effects of a density gradient on the beam-plasma instability. In

Section V, we make a few brief remarks concerning the fully three-dimensional

problem. Finally, in Section VI, we summarize our findings.
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II. BASIC EQUATIONS

In this section we derive an equation for the electrostatic potential

which will form the basis for the analytic portion of our work. The lunda-

mental fluid equarions to be employed are the equations of continuity for

plasma and beam species, respectively:

3n

f

+ v ' < V > =0

the nonrelativistic equation of motion for the background plasma elecuons:

/ 3 \ e 62 Vn

the relativistic version of this equation for the beam pe.~cicles:

=eW • (4)

and Poisson's equation:

V2<j> = 4ire(n -I- n, ) . (5)
P o

We have here chosen e > 0, and 9 is the thermal velocity of the background

plasma. Since nonlinear effects are not examined here, we next proceed to

linearize these equations. Explicit time dependence will be removed through

Fourier analysis, as will the spatial dependence in the directions perpendi-

cular to that of the gradient. Thus, for all quantities i|j(x,y,z,t), one may

write

,, . f '«, , , ^ -liot+ik y+ik z ,,s
iKx.y.z.t) « dk dk dw iKx,k ,kz,u)z y z (6)

) y y 2 1 3



where k is the component of the perpendicular wave-vector k, which lies in

the plane formed by the directions of the gradient and that of beam propaga-

tion (the "plane of incidence") while k is the component normal to this plane.

z

Dropping the caret on transformed quantities, the resulting linearized equa-

tions are:

px

92 dn(1>e d *

m dx n dx
P

D

V v<°> v(0) V(D
bx by bx Imy

v ^ } ) = iekz<|>

n

by

r(0)2\
by I

•• )

by

(8)

(9)

(10)

(ID
dx

iek (12)

(13)

(14)

Equations (7)-(14) have been arranged to correspond to Equations (l)-(5). We

have Introduced the notation
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d-f(*>
dx

the logarithmic derivative of the zero-order density profile. The term in

(9) containing this quantity arises from the last term on the right-hand

side of (3) through the following sequence of linearizations:

1 / n<»\ d /

n

1 dn

W
(1)
P__
dx

n
(1)
_P_
.(0)

(15)

Advantage has been taken of the symmetry of the background plasma with respect

to the directions perpendicular to the gradient to write Eq. (10). However,

for the beam equation of motion the differences among the various directions

are sufficiently strong to justify writing its components explicitly,

Eqs. (11)-(13). In these equations we have also introduced the convenient

notation:

D = -iw + ik
y

'bx dx
(16)

the convective derivative.

Equations (11) and (12) may be algebraically manipulated to yield a more

useful pair of differential equations involving v, and v, separately. The
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intervening elementary steps yield:

D v,(1)bx

d(J)

dx

C 0 ) v ( 0 )

(17)

my

e

my

.(1)
v

bx by
(18)

dx

Our next step in the derivation of a differential equation for <j> involves

the elimination of the perturbed beam and plasma velocities from the above

equations. For the plasma velocity perturbations, this is a trivial matter,

since these are given explicitly by Eqs. (9) and (10). Substituting into (7),

we obtain an equation involving <J> and n

(1)

n
m

dn
__E_

dx

(0)

d2j>

dx2
«* 0 (19)

Examination of E". (8) together with Eqs. (17) and (18) reveals that the

corresponding elimination of v, ' may be effected by operating on (14) with the

operator D. After suitable expansions and regrouping of terms, this process

yields:
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.(0)2 dn.(1)

dx2

.(0)

, , (0)N2 (1)
y by b

1 +

(0)2 2\ ,2,
• •" * d (J)
(0)2 2\

vby y \
2 I
° /

(0)2 (0)

d*2

- k

21V

= 0

dx

(20)

Equations (19) and (20), together with Poisson's Equation (14), con-

stitute a system of three, coupled linear differential equations. This

system of equations is, in fact, the most convenient form of our basic

equations for numerical analysis. However, for purely analytic purposes,

it is more useful to proceed to eliminate n and ru ' and to obtain an

equation for <j) alone. Equations (19) and (20) indicate that this may be

accomplished by operating on both sides of (14) with the product operator

(•
2 d

dx

d . 2 ,2
— + to - k.
dx

Introducing the standard notation 0)

value of the plasma frequency, we have:

dx

(21)

— , the square of the local
p m ' M

.(0)2

d2<j> ,(0)..(0) i-^^y 2 2

- D *I= o (22)
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Throughout this paper we shall be concerned only with density profiles

of the simple linear variety:

K) = wf(l + r) . (23)

Further, it is assumed that terms proportional to (1/h) may be ignored.

Under these restrictions, the operators appearing in (21) may be expanded to

give the desired equation for <|>:

A & + B df| + (c + Dx) £± + (E + Fx)
dx6 dx dx* dx

(G

dx

+ (a + bx) | | + (d + ex)<j) = 0 (24)

where the coefficients A, B, •••, are given by the expressions:

A = - v,

B * -

c » -

(0)2
bx

D » -

(25)
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X

4 i k o k i -

x 12
Vbx V2y

h9

0 bx

G = v.
(0)2
bx

2iLk,

^ - )

(0)2
"b

2 2
<• y

z

2

Jfi Vbx

a = iv(O)2l-2k7k.
2 . 2

k2 - L k2k
l lhe2

2
k2

l

2v,(0).
bx

(0)

b = -
(0)2 w
bx ' -

ho

_v<°>2
 k

2
vbx k l

e - -k!

. 2 (0)2 2
2 Vby "
L h 6 2

" k v i 0 )

y bx
-(01
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In writing these expressions we have taken advantage of Dur freedom to

(0)2 2
choose the origin of the coordinate system to put w = u) . This choice

simplifies the formulas slightly and possesses a certain physical cogency,

inasmuch that the uniform theory would indicate that the spatial sain is

greatest in this region. In the limit of vanishing gradient, one may Fourier

transform in the x-direction as well. In this case the problem is at most

two-dimensional, and we are at liberty to set v = 0 . Upon so doing, and

suitably rearranging terms, Eq. (23) easily yields the well-known dispersion

relation for waves propagating in a beam-plasma system:

. k2 p x l b * b
W k

v l ? 99 9 "\ 09 02
x l 0)Z - 02(k2 + k2) Y

J ( ^ - k x v p 2 Y(W - k x v , r

In this section we have for completeness retained terms proportional to

A,

L, the logarithmic derivative of the zero-order density profile. However,

numerical investigation of the above equations shows that, at least for the

magnitude of gradients considered here, such terms are of little quantitative

consequence. Inasmuch that their inclusion considerably complicates the

formulae to be presented below, we shall henceforth no longer display

such terms.
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III. INTEGRAL REPRESENTATION AND NUMERTCAL METHODS

Equation (24) is obviously not one of the standard equations of mathe-

matical physics. Conceivably, it could be reduced to such an equation by

some suitable approximation procedure, such as that embodied in the W.K.B.

method. However, part of the motivation of the present paper arises from a

desire to avoid such approximations, at least in the initial stages of our

formulation. We are, therefore, faced with the task of solving (24). One

could possibly look for series solution of this equation, but the high order

involved makes it likely that the recursion relation would be rather

complicated and the resultant series not very illuminating. Further, a

series solution only yields local information, whereas we are primarily

interested in the overall effect of the gradient on the instability. This

last remark suggests that it might be more fruitful to look for an integral

representation of the solution given in (24).

We therefore look for solutions to (24) of the form:

<|,(x) = f f(k)eikxdk (27)
JC

where the form of f is determined by the requirement that the integrand vanish

when (27) is acted upon by the differential operator appearing in (24), while

the contours of integration are dictated by the requirement that f itself

vanish at the end points. In order to carry through this determination, one

needs the simple identities:
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£*• = i" f
dx11 >

f (k)knelkxdk
dxl

(28)

-4- [knF(k)]eikxdk «

Substituting (27) into (24) and applying (28), we may easily obtain a simple

first order differential equation for f:

*\

(IDk4 + Fk3 - iHk2 - bk + e) || =[Ak6 - iBk5 - Ck4 + i(E - 4D)k3

+ (G - 3E)k2 - i(A - 2H)k + b - djf • (29)

With the aid of a partial fraction decomposition, one may straightforwardly,

if tediously, perform the integration implied in (27). The result is:

c
f = C exp c[c,k3 + c,k - i — ^ + c £n(k2 + kf) + c Inr 3 l k - k . p 1 q

k - lkL

- kQ)3 (30)

where the coefficients are given by:

(31)
(0)2

vbx
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- k

2v ( 0 )v ( 0 )

k
2 + b x by k 3 k - v4 I +

K0 2 0 y 0 '

v ( 0>v ( 0 )

and where c , c , and c are complicated functions of the various parameters

involved, but which do not play a significant roll in the asymptotic result

to be displayed below. Therefore, they are not displayed here.
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Two possible contours of integration are shown in Fig. 1. The required

additional contours may be simply generated by successively rotating that

figure through TT/3, except of course that those contours of type B must

approach the pole from the appropriate half of the complex plane.

It is apparent that it is no easier to integrate exactly the integral

generated by substituting (30) into (27) than it is to solve the original

differential equation (30) exactly. However, our form of the solution (27)

permits us to make meaningful approximations. In particular, as noted at

the beginning of this section, we are really primarily interested in the

overall effect of the gradient on the instability, rather than on its

detailed local evolution. This effect may be studied if the form of <j> at

large x is ascertained. The form of the solution (27) is ideal for the

derivation of such an asymtotic expression.

At this point, it is tempting to follow the example of those who have

investigated the collective interaction of an intense laser beam with a

plasma by obtaining the asymptotic form of (27) through a straightforward

9

application of saddle-point techniques. A crucial difference must, however,

be noted between the present problem and that of parametric instabilities in

an inhomogeneous medium. The exponent appearing in the integral represen-

tation (27), given explicitly by (30) and (31), contains a pole in the

variable of integration, while the corresponding exponent in the case of

parametric instabilities contains no such pole. The appearance of such a

pole in the present problem should not be too surprising., since such

"resonant denominators" are a characteristic feature of beam-plasma insta-

bility theory. However, its appearahce does indicate that one must exercise

care in obtaining an asymptotic form of <J>. The reason is that the integral,
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as it now stands, is not in the standard form for the application of saddle

point methods. A purely pedestrian approach would yield expressions for the

saddle points which depend on the variable x. Although this need not in

itself be disastrous, one mure nevertheless insure that as x approaches the

asymptotic regime, the saddle points neither coalesce, nor merge with the

pole. Otherwise, the expansions in which one must indulge in applying the

saddle-point method become invalid. Unfortunately, in the present case,

application of the usual procedure yields two saddle points which merge through

the pole as x -*• °°. A similar situation has been noted in the initial value

problem for a relativistic plasma. As in that case, the integral repre-

sentation must be subject to several manipulations before an asymptotic

result may be extracted. Here we only give the final result:

(32)

/ —
with

In the following sections the foregoing formula for T will be analyzed

to extract information regarding the effect of a background density gradient

on the multidimensional properties of the beam-plasma instability. Naturally,

it is desirable to gain some confidence in our analytic result. In order

to gain such confidence, the set of three, coupled second order differential

equations consisting of Eqs. (14), (19), and (20) were solved numerically

to obtain the spatial structure of the normal modes of the system. At first

sight, this would seem to be a perfectly straightforward problem. One would

merely provide arbitrary values for the appropriate quantities and their
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derivatives at a given point and proceed to integrate away from that point.

Unfortunately, in the present case such a procedure would lead to nonsense.

The reason is not difficult to find and is unrelated to the presence of a

density gradient. Note that the frequency regime in which instability exists

lies below the value of the local plasma frequency. Consequently, the beam

mode of principal interest to us coexists with two plasma modes which are

but slightly affected by the presence of the beam. In the uniform limit,

these modes possess imaginary wave vectors which are considerably larger than

those belonging to the beam modes. Although we know physically that these

modes are highly damped, to a single-point boundary value scheme such as that

described above, one of these modes appears to be strongly amplified spatially.

The apparent amplification is so strong that the beam mode is completely

obscured. Therefore, one is faced with the problem of eliminating such

unwanted modes.

Such problems have been encountered previously in other areas of plasma

physics, Forslund has developed a two-point boundary-value numerical code

12
with which he and his collaborators have employed to address various

questions related to the propagation of an intense electromagnetic wave

through an inhomogeneous plasma. This code permits one to eliminate any

undesired mode by setting it to zerc at that end of the computational box

at which, if not so constrained, it would have achieved its largest amplitude.

The boundary conditions are established with aid of the dispersion relation

provided by the uniform theory. The systems considered by Forslund et al.

were sufficiently simple that many of the intervening steps could be perform-

ed analytically. In the present case, the large number of modes make it
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necessary to numerically automate the entire procedure. Accordingly, a

program was written which supplied appropriate input to Forslund's code.

It is the output of this code with which our analytic results are compared

in the next section.
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IV. TWO-DIMENSIONAL THEORY

The complexity of the foregoing formulae make it evident that little

Insight is to be gained by continuing to consider the most general case.

Accordingly, in this section we turn to a consideration of particular cases,

tfe here deal with phenomena which are strictly two-dimensional. Firstly.

we. discuss the case in which the electron beam is propagating along the

density gradient. We refer to this case as "normal" propagation. Atten-

tion is then directed toward the situation in which the beam is propagating

at an angle with the gradient. This will be referred to as "oblique" propa-

gation. Only waves propagating in the plane formed by the directions of the

gradient and that of beam propagation are examined in this section.

Most of the results to be reported here are based upon evaluation of

our formula (32) for the asymptotic spatial gain. To insure that these

results are not fictitious, we have made a direct comparison between the

predictions of Eq. (32) and the results of the direct numerical integration

of the basic equations. This comparison is shown in Fig. 2 for two differ-

ent values of the gradient parameter h. This graph shows that the analytic

expression provides a quite adequate description in the second half of the

box, which may evidently be considered as being in the asymptotic regime.

The frequency of this mode was chosen to be consistent with our conventions.

The initial ratio of beam to plasma density was 1/3. The density change

from one end of the box to the other was, for the gentler gradient, slightly

greater than a factor of two, while for the steeper case, it was approxi-

mately a factor of four. The slight distortion near the beginning of the

box is an indication of the fact that we found it necessary to use a non-

linear profile in this region to reduce unwanted reflections. The
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unrealistically large value of the beam to plasma density ratio and the

restricted range of density variation were imposed by the twin constraints

of achieving sufficient accuracy and of not exhausting available computer

storage. Nevertheless, this comparison serves its principal function of

strengthening our confidence in the analytic results. The small finite

temperature used in generating this comparison corresponds to a background

thermal energy of approximately 100 eV.

Since Fig. 2 was generated with particular values of the relevant

parameters, little information can be extracted from it. However, there is

one conclusion that one may properly draw from it. This is that the depen-

dence of the asymptotic growth rate on the gradient parameter h is correctly

prescribed by our formula for T. It is interesting to note, however, that

our analytic result fails to accurately describe the normal mode structure,

as revealed by numerical computation when values of h much larger than

those shown in Fig. 2 are used. This is to be expected. The reason is tha'

the asymptotic variable is in reality x/h rather than x alone. Hence, for

larger values of h, one must proceed to larger values of x to enter the

asymptotic regime. Presumably, agreement between analytic and numerical

results could be regained by extending the length of the computational box.

For the length considered here, the spatial gain is more nearly linear in

h, rather than having a square root dependence as indicated by (31). These

small gradients are of little practical interest, however.

Some general trends derived from our formula for F will now be given.

For comparison, we give in Fig. 3 the result of the uniform theory for the

spatial gain as a function of k. . Throughout this section we shall use k.
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as the Independent /ariable, rather than the more intuitively appealing

angle of propagation, for it is k, which is constant in an inhomogeneous

medium and enters directly into the analysis. Fig. 3 mirrors the well-known

fact that the nonrelativistic beam-plasma instability is largely a one-

dimensional affair, in the sense that the maximum growth rate is in the direc-

tion of propagation. For the relativistic case, however, this is certainly

not true. As Fig. 3 clearly demonstrates, the growth rate first increases

rapidly with k, then decreases slowly from this maximum. This is simply a

consequence of the fact that it is easier to change the direction of the

velocity of a relativistic particle than it is to change its magnitude.

We expect that the gradient will lead to an enhancement of the two-

dimensional character of the instability. This is verified in Fig. 4. Here

we see that the growth rate for the nonrelativistic case is a somewhat gentler

function of k, than in the uniform case. The dynamical tendency of the in-

stability to grow along the direction of the beam propagation is compensated

for partly by the presence of the gradient. For the relativistic beam, the

effect is to enhance the two-dimensional character already apparent in the

uniform case.

A somewhat more interesting case arises when the beam is permitted to

propagate at angle to the density gradient. The nonrelativistic results are

little modified, but the relativistic case shows a striking behavior. The

growth rate, plotted again as a function of k, in Fig. 5, first increases

as a function .of k. , then shows a sharp decrease, and then again rises. This

behavior is easy to understand. The initial rise is due simply to the effect
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of not propagatine directly along the gradient. The temporary decrease is

an indication that the normal mode is sampling the effects of the longitu-

dinal mass. The subsequent rise is due to the combined effect of the cause

of the initial rise and of the transverse mass.
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V. THREE-DIMENSIONAL RESULTS

As noted in the introduction, the case of oblique beam propagation is

in reality a three-dimensional problems since a wave can propagate either

in the "plane of incidence" or perpendicularly to that plane. It is clear

that the growth rate must ultimately increase, since waves propagating

normally to this plane feel no effect of the gradient and little of that

of the transverse mass. The only question remaining is whether this increase

is monotoiic. We have made only preliminary investigations of this question.

A sample calculation is shown in Fig. 6. The character of this function may

be rationalized in a manner analogous to that given in the previous pecrion.
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VI. CONCLUSIONS

We have presented an analytic and numerical investigation of the effect

of a density gradient on the beam-plasma instability. Emphasis has been

placed on the derivation of a theory which can accomodate multidimensional

effects. An analytic result for the asymptotic spatial gain was derived and

compared with direct numerical integration of the basic equation. Based upon

the agreement found in this comparison, we proceeded to numerically evaluate

the spatial gain formula for various special cases. The principal effect

of a gradient is to enhance the multidimensional character of the instability.

Further parameter regimes could be investigated, but these should presumably

await the call of particular applications.
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Fig. 1. Sample contours of integration.
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APPENDIX J

LANGMUIR WAVE PHASE VELOCITY IN UNNEUTRALIZED BEAMS *

by

Brendan B. Godfrey

ABSTRACT

We investigate the dispersion relation for long wavelength slow

Langmuir waves in a reiativistic particle beam propagating along a

strong magnetic guide field in an evacuated metallic waveguide. For

a large class of beam radial profiles, wave phase velocity drops to

zero with infinite slope as beam current approaches the space-charge

limit. This result is of importance to certain collective ion

acceleration proposals.
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I. Introduction

One of the more promising collective ion acceleration proposals

2 3 4
is the so-called Converging Guide Accelerator. ' ' Ions are first

trapped in large amplitude Langmuir waves excited in an unneutralized

intense relativistic electron beam streaming along a strong magnetic

guide field and then accelerated by increasing the phase velocity of

those waves. The phase velocity is controlled by propagating the beam

in a waveguide of spatially varying radius. Physically, the change of

wave velocity with waveguide radius arises from both the change in

numb*

7,8

effective radial wavenumber and the change in beam kinetic energy due to

the beam self-fields.

An important question confronting the Converging Guide Accelerator is

whether sufficiently low phase velocities can be achieved for the trapping

9

of stationary ions* Otherwise, some sort of ion pre-acceleration will be

required. Recently, Briggs showed for a thin annular beam that the

long wavelength slow Langmuir wave phase velocity is small only for beams
currents near the space-charge limit, varying as v ~ (IT - I) , where

w L

I, is the space-charge limiting current. In this situation, the phase

velocity drops to zero with infinite slope, and we should expect that small

wave velocities would be difficult to achieve in practice. It is, however,

unlikely that acceleration experiments will employ a thin hollow beam. So

we wish to determine if this behavior of the phase velocity persists for

more general beam current profiles.

Interestingly, Breizman and Ryutov independently obtained the hollow

beam result, but with a different application in mind. They asked why the
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longitudinally constant equilibrium of a beam at the space-charge limit

12
breaks up to form a virtual cathode when the current is increased in-

finitesimally, even though the beam particles retain some residual kinetic

energy. Their speculation was that the vanishing Langmuir wave velocity

gives rise to an ever increasing fluctuation level until spontaneous

transition to a longitudinally varying equilibrium occurs. (Such an

enhanced noise level has been observed in computer simulations of a thick

13
annular beam. ) This explanation can be correct only if the phase velocity

falls to zero at the space charge limit for all current profiles which

permit virtual cathode formation.

1/2
In this note, we prove that v ~ (IT- I ) near the space-charge

w L

limit for any beam in which the particle kinetic energy remains non-zero.

It appears that most beam profiles, including all those explicitly studied

analytically * or numerically, ' fall into this catagory. In Sec. II,

we define the space charge limit for beam propagation and obtain the be-

havior of the beam energy near that limit. We connect the variation of

Langmuir wave phase velocity with the variation of beam energy in Sec. Ill,

which leads to the general result just cited. Finally, we draw a few limited

conclusions in Sec. IV.
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II. Space-Charge Flow

Consider a cylindrically symmetric beam of arbitrary radial profile

confined by a strong magnetic guide field in a metalic waveguide. The

equilibrium electrostatic potential, normalized to the electron rest

energy, is given far from the waveguide ends by

JL d d ^ 2 =
r dr dr Y b

2
where to, is the local, radially dependent beam plasma frequency. (The

speed of light has been set to unity.) In the strong guide field limit,

current density is constant along cylinders of constant radius. Thus,

2
we can relate >x, in the waveguide to its value at the grounded injection

plane (i.e., anode foil),

_o 1/2 2 -2 1 / 2

Here y is normalized particle energy. The subscript zero designates

quantities at the injection point. Only y is necessarily independent

of radius. Finally, conservation of particle energy gives

Y + • = Yo • (3)

This closes the set of equations, defining the equilibrium in terms of the

initial beam energy, current profile, and waveguide radius.
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This derivation is well known for, e.g., the case of a thin annular

Q -11

beam. ' Proceeding with that calculation, one would solve Eq. (1) - (3)

to obtain a nonlinear algebraic equation relating <}> on axis to the total

current. Setting dl/d(j) to zero then defines the maximum, or space-charge

limiting, current which can propagate through the waveguide for the given

beam and waveguide radii and beam injection energy. Note that YT =

y > 1 at the space-charge limit, indicating that the particle kinetic

energy is non-zero.

It seems natural to employ this procedure for any fixed current profile,

equating the derivative of the total current with respect to the potential

on axis to zero in order to find the space charge limit. However, we do not

in general know that dl/d(j> = 0 even has a solution for physically meaningful

values of <J> and I. If it doesn't, then <j> on axis presumably simply increases

smoothly with I until it reaches the value y - 1. (From Eq. (2) and (3),
2

OX then becomes singular at the center of the beam. Yet, if the

singularity is integrable, it is not necessarily unacceptable.) The

derivation that follows requires that dl/dc}> = 0 have a physically

realizable solution, and so we shall make that assumption. As noted in

the Introduction, the assumption excludes no known space-charge flow

equilibria. For beams profiles satisfying the assumption, particles retain

a finite kinetic energy at the space-charge limit. Virtual cathode fur-

ination must, therefore, be an abrupt and essentially discontinuous transition,

in contrast to the excluded cases.
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I t i s straightforward to prove (see below) that

d(f>/dR •*"» , (4)

where R is the waveguide radius, is an equivalent definition of the space-

charge limit. This asymptotic dependence will occur simultaneously for all

radial values of <J>(r)« Intuitively, Eq. (4) better describes the Converging

Guide Accelerator, in which beam current is fixed but waveguide radius

changes adiabatically with position. Eq. (4) is, in any case, more con-

venient to work with here than is dl/d<|> = 0, with <j> = <J>(0).

We begin by casting Eq. (1) into integral form so as explicitly to in-

clude the boundary conditions on (|).

4>(r) = j wK
2 K(r,r')r' dr1 (5)

0

K(r.r')

An R/r , rf < r

(6)

In R/rf , r' > r

The integral in Eq. (5) depends implicitly on <}> through Eq. (2) and (3).

Using these two equations, we now differentiate Eq. (5), obtaining

r')r' dr'

0 ' '
(7)

+ -S- / ^K2 r' dr'
R J 0
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Taking to, and y as given for the moment, we can formally solve Eq. (7)

by the standard techniques applicable to Fredholm equations .

[ /•R "t l 1

1 + Z f -J- ^(r^r* dr' *±<r) (A±-I)"
1

2

dR" =

R •'o

(8)

R

R " - 2 r ' dr'

where A. and ^. are solutions to the Sturm-Liouville problem,

o

2

.3 .. Tr/

R W, "
- ~ — ^(r 1) K(r,rr)r' dr1 . (9)

Because by our earlier assumption y > 1 even at the space-charge

limit, both X. and tp. must be well behaved functions of R there. It

follows that Eq. (4) can be satisfied only by X. ->• 1 in Eq. (8) for some i

(probably, i = 1). Now, from the basic theorems of Sturm-Liouville

theory* we can show that

- R) d(}»/dR (10)
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as R -*• R- , the waveguide radius at which the space-charge limit is reached.

Inserting Eq. (10) into Eq. (8), we immediately obtain the first of two

important results,

-1 /?
d<j>/dR ~ (R^ - R) x/ . (11)

The variation of particle energy with waveguide radius fellows immediately

from Eq. (3).

Incidentally, had we proceeded directly from the definition dl/d<j> = 0,

<j> = 4»(0), we would have eventially reached Eq. (9) with A. = 1, showing the

equivalency of that definition and Eq. (4). In addition, we can see from

Eq. (8) that Eq. (4) must be satisfied for all r at once.

We note for use below that, for R =* R_, the second integral in Eq. (7)

is bounded and can be dropped, giving Eq. (9) with ip. = d<j>/dR and X. = 1.
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III. Langmuir Wave Phase Velocity

The radial eigenfunction equation for linear perturbations on a

Q

cylindrical cold fluid beam equilibrium in a strong guide field is

T 4f r £ Ez = (k' " w

Here, to and k are the frequency and longitudinal wavenumber of the normal

mode. In the long wavelength (kR « 1), low phase velocity (u)/k = v « 1)
w

its Eq. (12) simplifies to

(13)

Now transform this equation into integral form.

R u2

E*= J 7TT7 % K(r'r')rt drt (14)

0 \j

The similarity between Eq. (7) and (14) is striking. In fact, if we take

R -> R^ in Eq. (7) and v = 0 in Eq. (14), the two become identical. This

proves that v = 0 for some Langmuir wave in a beam at the space-charge

1/2
limit. That E ~ (R, - R) d<f>/dR shows it is the fundamental (node free)

Langmuir mode, which is of interest for the Converging Guide Accelerator.

To obtain the dependence of v on R near B- , we again invoke Sturm-
w is

/ille

by dc(>/dR.

Liouville theory, together with the observation that dE /dR is bounded

dv /dR ~ -d({>/dR (15)

w
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Combining Eq. (11) and (15) and integrating gives the second of our two

main results,

as R

v ~ (1^ - R ) 1 / 2 , (16)
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IV. Conclusions

We have proven for a wide class of beam current profiles that the

phase velocity of slow, long wavelength Langrauir waves drops to zero with

infinite slope as the space-charge limit is appraoched. Although the

preceding calculations dealt explicitly only with variations in waveguide

radius, it is clear that similar results hold for variations in beam in-

jected energy or total current. Therefore, it should prove very difficult

in practice to achieve wave velocities sufficiently slow for convenient

trapping of ions (without some injection accelerator) in the proposed

2 3
Converging Guide Accelerator, ' at least for waves of linear amplitude.

However, it is quite possible that non-linear effects in finite amplitude

waves will be larger near the space-charge limit, precisely because small

changes in parameters can change linear wave velocities (and, indeed, the

equilibrium) so dramatically. Preliminary experimental work tends to support

4
this speculation.

It is worth noting that numerical solutions now underway of nonneutral

beam linear theory in the cold fluid limit but with the infinite guide field

constraint relaxed also show the strong variation of v with R. - R.
W 1'
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APPENDIX K

THE LOCALIZED PINCH MODEL AS A HIGH ENERGY ION

COLLECTIVE ACCELERATION MECHANISM*

by

Brendan B. Godfrey

ABSTRACT

We present analytic and numerical calculations of the localized

pinch model for ion collective acceleration by intense relativistic

electron beams. These studies demonstrate the model's postulated

synchronous acceleration of the ion clump and beam pinch. However,

the configuration is found to be phase unstable, terminating the accel-

eration process before significant ion energy is achieved. Therefore,

although the localized pinch model may be an appropriate explanation for

some previous experimental observations of collectively accelerated MeV

ions, it does not appear to be a suitable mechanism for high energy ion

acceleration.
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I. INTRODUTION

One of the first explanations proposed for the ion acceleration

observed in many drifting intense relativistic electron beam experiments

2-5
is the localized pinch model. According to this model, the electron

beam propagates in Budker's for a neutral equilibrium, in which self-

magnetic field-induced pinching is exactly balanced by electrostatic

field-induced radial expansion. For a low divergence beam, a background

_2
ion density n. = y n is sufficient for force balance. No external

guide magnetic field is required. The beam does not rotate. (Here,

Y is the electron energy in units of its rest mass, as conventionally

defined relativistically.)

If, now, a clump of excess ions arises as a result of, for instance,

4 ''8

ionization irregularities or instabilities, ' a localized pinch should

form and the resulting electric fields give rise to ion acceleration.

Moreover, because the pinch tends to form downstream of the ion clump

whereas the ions move toward the pinch, both pinch and clump might be

expected to accelerate in synchronism, yielding high final ion energies.

Figure 1 shows schematically the ion clump, beam pinch, and resulting

electrostatic potential well.

There are, of course, several alternative explanations of experi-

mentally observed collective ion acceleration, ' ' and a certain amount

of controversy exists over which is to be preferred. It is important to

emphasize, therefore, that the point of this paper is not to investigate

the validity of the localized pinch model as an explanation of these
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experimental observations. Rather, it is directed at assessing whether

the localized pinch mechanism can be employed in a controlled manner to

achieve ion acceleration to hundreds of MeV per nucleon. Applications

for such beams of light or heavy ions include controlled thermonuclear

fusion, electro-nuclear breeding, basic nuclear physics, materials

studies, and radiation therapy.

Three primary issues need to be resolved in determining whether

the localized pinch model is useful to high energy ion acceleration:

Can the force neutral equilibrium, which is quite delicate, be achieved

in practice over adequate distances? Can one or more compact ion clumps

be reliably produced? Can the clump and resulting pinch accelerate

together in a stable fashion? This article addresses only the last

question. We find that the ion clump does not occupy a phase stable

position in the local electrostatic well of the pinch. Rapid longitud-

inal spreading of the ion clump results, and acceleration terminates when

the clump length somewhat exceeds the electron beam diameter. Final

ion energies are but a few times the electron initial kinetic energy.

In Sec. II we derive from an envelope equation for the force neutral

electron beam the pinch length, amplitude, and well depth as functions of

the electron beam parameters and the total excess charge of the ion

clump. By balancing the electrostatic field of the pinch against the

self-field of the clump, we find that v/y > 1 is necessary for clump

equilibrium. (Here, V is the normalized electron beam current, and

v/y is evaluated within the metal guide tube after beam particles have

given up energy to form self fields. The injection value could be some-

what smaller.)
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Sec. Ill contains results of self-consistent, two-dimensional

(aperiodic cylindrical), relativlstic, electromagnetic computer simula-

tions of the localized pinch model. The first set of simulations tests

the response of the electron beam to an ion clump of fixed position and

dimensions, thereby successfully corroborating analytic results obtained

in Sec. II. Ions in the clump are allowed to move in the seccnd set of

simulations. It is here that we obtain our principal result: The clump

is phase unstable, spreads rapidly, and dissipates before high ion

energies can be achieved.

A discussion of the results and of possibilities for further research

is given in Sec. IV.
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II. ANALYTIC ESTIMATES

The envelope equation for a low divergence, partially charge

neutralized, relativistic electron beam is

—2 ' \ ~dzZ tf Y

with a the beam radius, 8 the beam particle velocity, V the beam current,

and Y the beam particle energy, all in dimensionless representation. The

fractional charge neutralization, given in terms of the background ion

and beam electron densities, is

f = n./ne (2)

_2
As noted in the Introduction, a partial neutralization f = Y gives

force neutral equilibrium. If f) locally exceeds this value, the beam

pinches downstream, creating a potential well. Figure 1 illustrates

this behavior, the heart of the localized pinch model.

Numerical integration of Eq. (1) for strong pinching seems im-

practical, because V, 8, Y> and {, depend on I in a complicated fashion.

Moreover, strong pinching often leads to violation of the laminar flow

assumption implicit in the envelope equation. Some useful estimates of

the potential well parameters may be obtained, however, by assuming the

ion background fixed (in which case $ a a, ) and linearizing Eq. (1).

This leads immediately to a characteristic wavenumber for the pinch,
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The beam modulation amplitude can be estimated from Eq. (3) and the

Coulomb scattering formula,

2 V Q
k Aa = - — ^ , (4)

where 0- is the total excess charge in the ion bunch and 0 is the electron

charge in a volume TTa . A more rigorous derivation of Eq. (4) appears

iu Ref. 5.

For ka < 1, the potential well depth (measured in units of the

electron, rest energy) is satisfactorily approximated using space charge

flow formulas,

.2 / \3/2
2Y n 9<*plnch " -J- I ~ I — • <5>

If we take the radius of the ion clump to be of order <X/2, the optimal

size based on simulation studies, the self-potential of the clump is

roughly

f), , = 2v ̂  . (6)
^bunch Q

Eqs. (5) and (6) together give

ka . 1 v
— *pinch = -J ~
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In order that the ion bunch have a chance of holding together, the pinch

field must dominate the ion self field. Crudely, this demands v/y > 1

from Eq. (7). Note that the value of v/y at injection from the diode

can be substantially lower, depending upon the amount of energy required

to set up the beam equilibrium fields.
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III. NUMERICAL SIMULATIONS

The preceding analysis assumes a weak, laminar pinch and says

little about the optimum shape or total charge of the ion clump. There-

fore, we performed a series of two-dimensional numerical simulations

12
using CCUBE configured in cylindrical coordinates to verify and expand

upon the analytic estimates. In each of these simulations, y = 3 while

v/y = 1/2, 1, 2. Both the ion background, density n. = n /9, and the

ion clump were held fixed in position. However, the rlump charge was

increased adiabatically throughout each .simulation to investigate econom-

ically the variation of well depth with 0-. Fiotn simulation to simulation

different clump shapes and dimensions were employed.

The simulations show first of all that the ion clump should have

characteristic dimensions (e.g. radius) comparable to about half the

beam radius. A much smaller clump gives rise to a turbulent, irregular

pinch and a reduced potential well depth. In addition, the self-potential

of the clump is very large. On the other hand, the various parts of a

much larger clump do not contribute coherently to pinch formation, again

resulting in reduction of the electrostatic well depth.

For clumps of the optimal dimensions, simulation results are fairly

accurately characterized by the analytic estimates of Sec. II, even for

strong, somewhat non-laminar pinches. Figure 2 presents well depth as

a function of excess ion charge for one such simulation with v/y = 2.

Superimposed is the prediction of Eq. (5). Agreement is good until the

well energy nears that of the unperturbed electron beam.

Using the best parameters from the static ion clump studies, we

next performed a few simulations with mobile ions in the clump but with
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the background still fixed. As illustrated in Fig. 3, a strong pinch

promptly forms, and the ions begin accelerating. Unfortunately, the

process is found to be phase unstable: Ions at the front of the clump

accelerate faster than those at the rear. The clump, therefore,

elongates, the well depth decreases, and acceleration eventually ceases.

Figure 4 pictures this late time behavior. The corresponding distribution

of hydrogen ion longitudinal velocities given in Fig. 5 indicates a

maximum ion energy not greatly rxiceeding the electron energy.

The fundamental problem here is that the beam begins pinching only

as it passes the ion clump. Hence, it appears that the ions must always

lie in the rearmost, phase unstable region of the pinch field. There is

no obvious solution to this difficulty within the context of the localized

pinch model.
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IV. CONCLUSIONS

The results presented demonstrate that, in agreement with the local-

ized pinch model, a compact clump of excess ions within an intense rela-

tivistic electron beam in force neutral equilibrium gives rise to a

strong pinch and that the pinch and ions accelerate synchronously. How-

ever, this configuration is unstable and, therefore, unsuitable for high

energy ion acceleration.

One can think of various modifications which might improve upon

the situation. Upstream modulation of the beam by external means, for

instance, possibly could shift the relative phase of clump and pinch so

as to produce phase stability. (Appropriately sweeping the modulation

frequency as acceleration progresses is apt to be technically quite

difficult.) Addition of a guide magnetic field opens a realm of novel

possibilities. Varying this field longitudinally yields an arrangement

13
reminescent of autoresonant ion acceleration. Bending the guide field

and beam into a torus, on the other hand, may allow constructive inter-

14
ference of waves launched by the pinch with the pinch itself.

That our simulations involve an immobile ion background precludes

any beam-ion instability. Such instabilities are likely sources of ion

clumps in the first place and would have provided an initial ion velocity.

Some background ions might also have been picked up by the accelerating

clump to compensate for ions lost from the rear. These two effects

could boost the final energy of ions in the clump to three or four times

the electron energy, enough for consistancy with MeV ion acceleration

observations but insufficient to change the primary conclusion of this

report.

258



REFERENCES

1 G. Yonas, Part. Accel. _5, 81 (1973), and references therein.

2. S. Putnam, Phys. Rev. Lett. Z5, 1129 (1970).

3. S. Putnam, IEEE Trans. Nuc. Sci. NS-13(3), 496 (1971).

4. S. Putnam, "Theoretical Studies of Intense Relativistic Electron
Beam-Plasma Interactions," PIFR-72-105 (Physics International
Company, San Leandro, 1972), Ch. 4.

5. A. A. Irani and N. Rostoker, "Theory of the Synchronized Pinch,"
UCI-TR-76-16 (University of California, Irvine, 1976).

6. G. I. Budker, Atom. Ener. _1, 9 (1956) [ Sov. J. Atom. Ener. 2̂ , 673
(1956)].

7. B. B. Godfrey and L. E. Thode, IEEE Plas. Sci. J3, 201 (1975).

8. K. V. Khodataev and V. N. Tsytovich, Fiz. Plazmy 2, 301 (1S76)
[Sov. J. Plas. Phys. 2, 164 (1976)].

9. C. L. Olson, Particle Accel, j), 107 (1975), and references therein.

10. C. L. Olson, Phys. Fluids 18, 585 and 598 (1975).

11. B. B. Godfrey, IEEE Plas. Sci., to be published.

12. B. B. Godfrey and W. R. Shanahan, in N. C. Cooper (ed.), "Theoretical
Division Annual Report, July 1975-Sept. 1976," LA-6816-PR (Los Alamos
Scientific Laboratory, Los Alamos, 1977), p. 147.

13. M. L. Sloan and W. E. Drummond, Phys. Rev. Lett. 15, 1129 (1970).

14. A. A. Irani and N. Rostoker, "Collective Acceleration of Ions by
Inverse Cherenkov Effect in a Torus," UC1-TR-75-56 (University of
California, Irvine, 1975).

259



V. ACKNOWLEDGMENTS

V. Bailey and S. Putnam suggested this research and assisted in an

early stage of it. R. J. Faehl, R. B. Miller, W. R. Shanahan, and L. E.

Thode provided useful suggestions. We are indebted to tb̂ ia.

This research was performed under the auspices of the U. S. Energy

Research and Development Administration. Prior code development was

supported in part by the Air Force Weapons Laboratory, Albuquerque.

260



£
o

CD

POTENTIAL WELL DEPTH

-6-

Fig. 1. Schematic of localized pinch model, show-
ing beam (propagating to the right), ion
bunch, pinch, and potential well.

PEAM

80.0

80.0

40.0 80.0

Fig. 3. Early time behavior of Y 2Q i/Q e = 0.5 ion
bunch accelerating in a v/y = 2 electron
beam. Frames, top to bottom, show posi- .
tions of beam electrons, contours of the
electrostatic potential, and positions of
clump ions within the cylindrical guide
tube.

CM
o

•e-
Q>

/ ,
/ >

-If
If
II

f

1
1
1
1
1 J
1 I

7
f

i

fIT

I

—

i r

y2Qj/Qe

Fig. 2. Electrostatic well depth as a function of
excess charge in the ion bunch for a y = 2
v/y = 2, cold force neutral electron beam.

6.0

3.0 -

0.0
0.0

BEAM R-Z

".'.y.'.'.v.i'.:*.'.

. • • •
i ' • . • '• *

x '

eoo

800

o.o 40.0 80.0

Fig. 4. Late time development of the simulation
described in Fig. 3.

I O N DISTRIBUTION

10

I 0 3

.-. I02

*- IO1

10°

i n '

1 1 1 1

- .^X^n -
—
—

/ u L

t i i

—

—

—

-.o

v/c (xld2)
8

Fig. 5. Hydrogen ion longitudinal velocity distri-
bution function for Fig. 4.

261



[Reprinted from IEEE Transactions on Nuclear
Science 24_, 1648-5 650 (1977).]

APPENDIX L

COLLECTIVE ION ACCELERATION IN A TRAVELING VIRTUAL CATHODE
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COLLECTIVE ION' ACCELERATION IN A TRAVELING- VIRTUAL CATHODE*

R.B. Miller, R.J. Fachl, T.C. Cenoni, ?nd W.A. Proctor
Air Force Weapons Laboratory, Kirtland AFB, New Mexico 87117

Summary

This paper describes a general class of collective
acceleration schemes which rely on the controlled mo-
tion of a virtual cathode created in an intense rela-
tivistic electron beam. Preliminary numerical simula-
tion results are presented for a specific scheme which
does not depend on neutralization of the electron beam
space charge. In particular, the position of virtual
cathode formation appears to be adequately described
by relatively simple equations. Also, electron bean
turbulence due to a two-stream instability is shewn to
be substantially decreased by using a hollow beam and
decreasing the external magnetic fielJ strength.

IntrJduct ion

The results of experiments at the Air Force Wea-
pons Laboratory''? performed with the low-pressure neu-
tral gas ion acceleration configuration have indicated
thnt the primary acceleration mechanism is the col-
lapse of the deep potential well associated with the
virtual cathode due to neutralization of the electron
space charge through ionization of the background gas.
Since net acceleration occurs when the ions become un-
trapped, the process is largely uncontrolled and does
not appear capable of generating large numbers of high
energy ions.

A more desirable situation is that in which ions
become trapped in a deep potential well and the motion
of the well is then controlled to permit ion accelera-
tion over substantial distances. In recent years,
several acceleration schemes have been proposed to pro-
duce the desired goal. These schemes can generally be
classified as either wave methods or net electron
space-charge methods. Examples of the first class in-
clude the autoresonant accelerator concept3 and the
plasma wave scheme using a converging wave guide; an
example of the second class is the controlled ioniza-
tion front scheme of Olson.5 More recently, a class
of net space charge acceleration schemes has been pro-
posed.6" The basic concept which involves creating a
single deep potential well (a virtual cathode) and con-
trolling its motion, arose from a number of observa-
tions concerning virtual cathode formation in unneu-
tralized beam propagation experiments. To summarize
the significant features of these results: (1) the
position of virtual cathode formation depends upon the
ratio of the injected current to the space charge
limiting current; and (2) this parameter varies over
the electron beam pulse duration. It is therefore to
be expected that the position of the virtual cathode
should vary during the pulse, and it is speculated that
by properly designing thp drift tube geometry it should
be possible to use the time-dependent generator-diode
behavior (essentially diode impedance) to create the
conditions for the "ontrolled motion of a virtual
cathode.

For a solid electron beam of radius r, and kinetic
energy (>o-l)mc

2 with fractional charge neutralization
f inji.cted into a long drift tube of radius R, the
condition for virtual cathode formation is that the
beam current exceed the space charge limiting current,
i.e.,

- l] mc'/e
> I £ ( z , t ) = 1 - f ( z , t

2 1 n [ S ( z , t ) / r b < z , t ) j -

It has been assumed that slow adiabatic variations In
the quantities are allowed so that the argument (z , t)
denotes the values of the quantities at the axial
position z and at cine t.

An examination of this equation indicates five
parameters which can be varied either singly or in
combination to produce a virtual cathode whose posi-
tion should vary with time.

(It should be noted that virtual cathode motion
produced by variations in f (z , t ) i s the essence of a
particular embodiment of Olson's ionization front
accelerator.5 In addition, i t i s believed that th:ts
mechanism (changing f (z,t)) i s responsible for the
ion acceleration observed in experiments performed by
Luce,9 and Greenwald, et a l . 1 0 )

As an example of changing combinations of vari-
ables to produce the desired virtual cathode motion,
consider the case in which a beam of constant voltage
and radius, but variable current, is injected into an
evacuated drift tube whose radius varies as a function
of axial position. In particular, for the situation
in which the current rise i s linear, i . e . ,

0 < (t-z/vc) <

otherwise

(2 )

where I is the peak injected current, t i s the cur-
rent riletime, and v is the electron velocity (assumed
constant in z and r. for the purpose of this example),
it can be shown that the axial variation in drift tube
radius required for uniform acceleration of the virtual
cathode toward the anode is given by8

h(z) = h(zo) f * | o~z) i

where

h(z)

(4)

z^ and t (the initial position of virtual cathode for-
mation) are related according to

v t -av t h(z )
e o e r o (5)

with a being the acceleration of the virtual cathode.
An illustration of this concept i s presented in Figure 1.

( 1 )

-*Sa(t-t,)'

Figure 1. Schematic diagram of a moving virtual cathode
resulting from time-dependent diode behavior and a
flaring waveguide.
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Much further analysis is 'w /usly required for
this particular ;<-heBie, in addition to several other
schr>nes apparent from Eq. (1). but not considered here.
Of particular concern are: (1) the shape of the poten-
tial well; (2) the effects of variations in electron
beam velocity as the beam nears the virtu.il cathode
region; (3) the effects of primary electrons reflected
from the virtual cathode; and (4) the tine dependent
oscillations in well depth and position around the
quasi-static values. An examination of these questions
as pertaining to this concept has begun, supported in
large part by numerical simulations using the CCUBE
particle code developed by Godfrey.11 While the calcu-
lations are still in an early stage the preliminary
results are of some interest.

Numerical Simulation Results

The first problem to be addressed was the injection
of a solid,constant current bean into a conical diverg-
ing waveguide for the purpose of examining the suit-
ability of Eq- (1) for describing the position of vir-
tual cathode Formation. The configuration and the
parameters used in the simulation are described in
Figure 1.

Good agreement is also noted between the simulation
results and the prediction of the simple electrostatic
waveguide theory which gives the potential depression
(far from endplates or the virtual cathode position; as

I - + 2 ln(K(z)/rb)] (H)

(The solid ines of Fig. 3 represent the extreme cases
of r = 0, and r = r, .) In addition, endplate effects
and the sharp potential step on going fron I = I. to
I •> Io (of order (vJ'-'-l)) are noted.

1.0

0.0
100 200

Figure 3. Electron kinetic energy as a function of
axial position in the diverging conical waveguide,
(a) estimated virtual cathode position as given by
Eq. (1); (b) estimated upper bound for virtual cathode
position as given by Eqs. (6) and (7^.

Information concerning the evolution of the system
of Fig. 2 can be obtained from the phase space diagram
presented in Fig. 4 which exhibits longitudinal beam
particle velocity as a function of longitudinal position
in the waveguide.

Figure 2
Schematic Geosoetry of the Numerical Simulations.

According to Eq. (1) for the parameter values used
In the simulations, the virtual cathode should form at
an axial position of approximately (Opz/c = 127. In
Fig. 3 the kinetic energy (Y-l)ac' of the beam parti-
cles is presented as a function of axial position in
the drift tube. The virtual cathode (Y-l = 0) forms
at an axial position of uipz/c = 155. Hence, it
appears that the interpolation expression, Eq. (1),
underestimates the space charge limiting current in .
this instance by approximately 14%.

The work o£ Voronin, et. al., 1 2 has been recently
extended to the case of a cylindrical drift cavity of
length L for annular beams with arbitrary radial
dimensions. In the limit of a solid beam with (R/L)->
0, a rigorous upper bound for the space charge limiting
current Is obtained as

(6)

where A is the smallest eigenvalue that satisfies the
boundary condition

«pT = 200 WpT = 300

ln(rb/R) (7)

O N

> 0 00

-050

-"00

. "••• f

•» • •

-

-

uipT -• 6 5 0

Figure 4, Evolution of longitudinal phase space.
(z V Vz

where Jn and J. are the zero and first order Bessel
functions of the first kind. Taking into account the
slow axial variation in the drift tube radius,
Eqs. (6) and (7) estimate that the maximum axial
position at which the virtual cathode can initially
form i s <0pz/c = 161, in excellent agreement with the
simulation result.')'

^Approximate analytical expressions recently derived by J.
lent agreement with the simulations.

Early in the simulation (ojpT = 200) the magnitude
of the electrostatic potential is increasing but vir-
tual cathode formation (v = 0) has not occurred. By
the time upT = 300, the virtual cathode has formed,
and reflected particles (vj < 0) in the center of the
beam ara apparent. The free energy available as a

R. Thompson and M. L. Sloan also appear to give excel-
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result of the streaming notion between the- injected
and reflected particles results in the growth of a two-
stream instability (uuT = 450). At late tines (•,„! •=
650) the instability has violently disrupted the beam
and has essentially destroyed the virtual cathode
structure. These remarks are indicated more clearly in
the late-time contour plots of potential and longitudi-
nal electric field strength presented in Fig. 5. The
l?rge magnitude potential contours are very choppy and
the electric fields are small.

bility. It was speculated that by using a thin hollow
boam and decreasing t5ie external magnetic field
strength this situation could be greatly Improved.
That this was indeed the case is shown in Fig. 6. For
the hollow beam simulation, the reflected particles
esrape from the bean region across the decreased mag-
netic field much more quickly. As a result, the vir-
tual cathode structure ( and the large accelerating
fields) exists for ouch longer times (u) T = 977 for
Flp,. 6 ) . P

_£, -

ill i I i I _L

» "r n

!..'/•<

Figure 5. Solid beam potential and longitudinal elec-
tric field contours, w T = 625, f! /w = 4.0.

P c p

The problem of two-stream instability growth could
be eliminated by having the reflected particles quickly
pass to the wall of the drift tube. For the case of a
solid beam, although the reflected particles did
acquire a substantial radial component of velocity, the
reflections occurred in the center of the beam. Con-
sequently, the time over which the reflected particles
could escape from the beam region was large, thereby
giving rise to development of the catastrophic insta-

Figure 6. Hollow bean potential ai:.1 longitudinal elec-
tric field contours, u T = 977, Q /w = 2.0.

P c p

Further simulation work will investigate the motion
of the virtual cathode induced by a programmed increase
in the Injected current as a function of time. In
addition, it should be noted that, as presented, the
scheme indicated In Fig. 1 Is more suitable for accel-
erating negative ions (or possibly electrons). The
feasibility of accelerating positive ions will be
further investigated. Finally, experimental results
pertaining to this scT>eme should soon be forthcoming.
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APPENDIX M

COLLECTIVE ION ACCELERATION THROUGH TEMPORAL MODULATION OF

RELATIVISTIC ELECTRON BEAM ENERGY

R. J. Faehl and B. B. Godfrey

ABSTRACT

A new method is proposed for collectively accelerating bunches of

ions with an intense relativistic electron beam. By varying the beam

energy in time, acceleration of a slow doppler-shifted cyclotron wave

can be accomplished, without accompanying degradation of the beam equi-

librium. Test particle calculations employing this acceleration scheme

indicate performance which is highly competitive with other collective

ion acceleration mechanisms.
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The possibility of using relativistic electron beams to collectively

accelerate ions has sparked considerable interest recently. Among the

most promising concepts is that of a traveling wave accelerator employing

1 2
the self fields of the beam itself. ' In previous proposals, wave

acceleration was induced by a weak spatial inhomogeneity in either the

external guide fields or the geometry, with time independent beam and

field conditions. In contrast we propose to accelerate a slow doppler-

shifted cyclotron wave by temporally varying the beam energy in an

axially homogeneous vacuum drift tube. The cyclotron wave is deemed most

appropriate of the eight beam eigenmodes because its phase velocity can be

varied from near zero to almost the speed of light and because of its

moderately strong dependence on beam energy. Among the advantages for

this type of acceleration are that it leads to less attenuation of the wave

fields during the acceleration process, the beam equilibrium is altered less

by energy change than by either field or geometry variations, and only

simple cylindrical geometry is required.

All accelerator configurations must possess two general characteristics,

large fields and the ability to move the fields so that synchronism with the

particles is maintained. Conventional accelerators are limited to fields

on the order 4-5 x 10 V/cm. Fields of 10 V/cm or better, however, appear

accessible with present relativistic electron beams. Development of higher

energy beams, moreover, will facilitate generaM'nn of even stronger fields.

Limitations at these very high field strengths may come from field-induced

breakdown of chamber materials rather than plasma phenomena. The central

problem in using intense relativistic beams, therefore, is in devising

controllable methods for moving the field.
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Eigenmodes of the electron bean are particularly attractive for col-

lective ion acceleration because of their known propagation characteristics,

stability, and periodic field structure. The last of these tends to enforce

synchronism of ions. Schemes which use zero-order fields, such as virtual

cathodes ' ' or localized pinches, produce strong fields but are difficulu

1 2
to control. Previous traveling wave collective acceleration schemes ' ' do

employ eigenmodes, but have relied on weak spatial inhomogeneities to

increase the phase velocity of the waves. Weak inhomogeneity is required

so that the homogeneous dispersion relation is valid locally. The mache-

matical description of the waves is therefore derived from a WKB analysis.

Since the conditions are all steady, the frequency is invariant. Wave-

length variations are thus responsible for the increase in phase velocity,

V , = T- The wave fields must remain large enough to trap the ions, however,

and this field varies as E ~ (k )<)>. Hence, the trapping field is
z c

decreased during the acceleration. To avoid losing ions from the potential

well, the wave acceleration must be decreased and the length of the

accelerator increased. Since the main economics from collective ion

acceleration come from reductions in accelerator length, this is not

desirable.

A conceptually different means of inducing wave acceleration arises

when the beam energy is temporally modulated. If the modulation is caused

at the diode, the simnlest way, the perturbations propaeate with the beam
(Y - Dat v • c - i J———- The wave phase velocity is usually much less than

v , however, so the wave "sees" an almost uniform change in the medium.

For example, a plane wave phase function is i() = k z - oi t. An infinites-

imal variation of the wavenumber, k = k - 6k, can give an arbitrarily

large phase change as z -> °°. The entire wavetrain has simply dilated.
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Near the front edge of the modulation, the phase velocity, which is the

trajectory of a point of constant phase, can then approach a;bitrarily close

to v , as z ->• m. The rate at which this wave velocity increases is governed

2

by the rate of change of the beam energy, c = m c'(y - 1)> and not by the

magnitude of the change. Thus, in a sufficiently long system, one can

env.ision ion acceleration :o very high energies with only modest variations

in -,'.

The goal of collective ion acceleration is to reduce accelerator length,

of course, not to make it arbitrarily long. To quantify the above concepts,

we must first derive an appropriate phase function. The main characteristics

of the beam cyclotron wave can be derived by considering the r and 8 com-

ponents of the cold fluid equations. The properties of cyclotron wave prop-

agation are easily calculated from the phase function.

Consider a cold cylindrical electron beam propagating along the z-axis.

For an axisymmetric wave (m = o ) , neglect of diamagnetic effects leads to

3Pr 9Pr v p0 e e e
~ + v -— — - = E pAB + — v Bn , Qa)
3t o dz r m r mcy 8 z me o 9 v J

3 P.- 9pfl vflp e
+ v ~ + - S- £ = p B , (lb)

3t o 3z r mcy *r z ' vx '

[ /v\2"|-i/2
where p. = yv. and y = ll - I — ! I . Since we expect an equilibrium

rotation, let vft = Vfi + v0. The average rotational velocity is

(2)

where 9. = , 0) = , and n = n dr/R. In the slow rotation mode
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with Y >> 1, the rotation f reqnoiicy, u; = — , is ssna] 1 compared to the
tiQ

 R r

relativir.tic gyrofrequency, — . ft furthermore becomes proportionately

smaller with increasing Y- Its neglect makes the key physics more trans-

parent without seriously effecting any results. Combining the remainder

of (la) and (lb) gives

h2 a2 . 3 2 \ /aV
I + 2 v + / —^ Pr + ° Pr = 0 ,
Ut: ° atdz ° azy r I yy r (3)

where the assumption that y » 1 makes v such a weak function of y

that we treat it as a constant. For homogeneous steady conditions, (3)

gives the dispersion relation

Q

Wo = kovo ± y^

o
A more accurate electromagnetic analysis gives

a \ k* + k^ I c2

03 = k V ±

O I O

but in the y » 1 limit (4) is an excellent approximation. Equation (3)

is, therefore, a reasonably accurate equation for describing cyclotron wave

propagation. If we now express p in terms of amplitude and phase functions,

we can derive a simple equation for tj; in the slowly varying amplitude

approximation
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where the + sign is appropriate here. (This corresponds to w = kv - —-.)

If y is a function only cf "; = t - —'-, the transformation to (n,O
o

variables, £ = t + ~~, permits a general solution to (6)
o

<Mn,O = 2 7(^y r- + c(n) , (7)

provided B is independent of £. To evaluate the function C(ri) we need

boundary conditions based on physical considerations.

A particularly interesting boundary condition arises if a mono-

chromatic wave of frequency w is launched at z = 0. This might be

accomplished with a simple loop antenna, well removed from the beam diode.

Then the condition at z = 0 is simply

.K0,t) = -u t . (8)

Without specifying yCt ~) •> w e c a n evaluate (7), which leads to
o

i(i(z,t) = k z - u t
o o

P / y \ z
jl -I —

Yo \ Y / vo

where we have used (4) as a formal definition of o) . The phase velocity

corresponds to a point of constant phase, or —7 = 0. Thus the general

expression for phase velocity, with condition (8), is

co -

fto z 3

Q 9

Y(n) vn an
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For v|— (-) < 0, (10) indicates that the plia.se velocity of a cyclotron wave-

can be increased, at a rate dependent on the pulseshape of the beam energy

modulatLon and the distance from the emitter.

The wave acceleration described by (10) differs fundamentally from

that induced by spatial modulation. With the latter, the wavelength of a

constant frequency disturbance dilates as a function of axial displacement.

Since V , - w/k, the phase velocity increases proportionately, but the
ph

trapping field, E a k - w/c, also suffers a corresponding decrease. By

energy modulating the electron beam, on the other hand, phase changes

propagated down the wavetrain at v alter both the local wavelength and

frequency. This ameliorates the degradation of the trapping fields. So

long as v » V , , the result is a nearly uniform wavetrain dilation.

Although a lag exists due to the finite propagation velocity of the modu-

lations, the basic picture remains valid. A small change in beam energy

can result in a very large velocity change at large displacements. In both

spatial and temporal modulation, self-consistent acceleration of traveling

waves must degrade the trapping fields. By increasing the frequency -~s

well as the wavelength, however, it is easy to show that temporal modulation

leads to less degradation.

The requirement that particles remain trapped implies that the trapping

field must be at least as large as the accelerating field. This criterion

can be translated into a condition for maximizing the effective acceleration,

where k = -srS w = - -KT, and a, the wave acceleration, is derived from the

2
condition — ^ = 0. The functional dependence of y for maximum average

dt2
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acceleration com-s f ron the solution of (11), which, however, is an

exceedingly nonlinear equation. Numerical solutions corresponding to

(11), to constant acceleration, and to various analytic forms for y will

be presented in a more complete article. For the present purposes, we

will exhibit only a simple numerical example to illustrate the parameters

one might expect in an accelerator based on this method.

Despite arguments based on comparison of wave field to wave acceler-

ation, one must ultimately solve the ion equation of motion

dp. Ze

d T = MV EO fiIn * • (12)

where p. = Y-v., and E = (k. - —)<t> . We have numerically solved (12) for

an ensemble of test ions. The test particles were given the same initial

velocity, and uniformly spaced over one cyclotron wavelength. The wave

was assumed to maintain a constant potential, although there is uncertain-

ty about this point. Higher beam energy would facilitate growth to larger

potential, but there is at present no good method for gauging the magnitude

of potential change with y-variation. F°r a n initial wave field of

10 V/cm, and a linear modulation of the energy, y = y (!+—)» proton?

initially at 8.5 MeV were accelerated to over 150 MeV in a distance of

380 cm, when the beam energy was increased from 3 MeV to 18 MeV. This

corresponds to an average accelerating field of over 3.8 x 10 V/cm,

which is comparable with tT e expectations of other traveling wave schemes

and almost an order of magnitude better than conventional accelerators.

Velocity distributions of the test particles at t = 0, T, and 5T are

shown in Figure t. Although significant detrapping has occurred by t = 5T,

most particles with v > .5c were accelerated later to v > .60c. Optimized

energy forms will permit further reductions in accelerator length.

273



Most of the requirements needed for this method of ion acceleration

are either within current technology or within foreseeable extensions of

It- Intense relativistic electron beams of 3-5 MeV, for instance, are

commonplace, while Intense beams of 30-50 MeV are not. The fact that

Y f 20 machines have been built, however, suggests that higher energy

9
machines might be feasible, if sufficient incentive were available. The

ability to control the energy of the beam in time is not the simplest re-

quirement on an electron beam machine, but may be feasible through design

of a multielement accelerator or decelerator downstream from the ordinary

,. , 10
diode.

A more fundamental limitation of this method concerns acceleration to

velocities close to c. As mentioned above, there is a lag between intro-

duction of a modulation and the time it reaches the particles, due to

finite propagation speed. For V > .5c, one can imagine the waves

almost outrunning the modulation. Of course, the "kick" from the modula-

tion eventually does catch up, but the additional distances traversed by

the particles in the interim has the effect of weakening the average

accelerating field. For these high velocities, therefore, it may be more

efficient to use other collective acceleration schemes, some of which, in

fact, are inefficient at low velocity. In other applications, ion

energies of 100-200 MeV may be acceptable as they are. Finally, even

though high velocities may be inaccessible, the use of higher atomic

number ions, such as in heavy ion fusion, would still permit generation

of significant ion energies, 10-20 GeV for A = 200, in very modest length

accelerators.

There are still many unanswered questions concerning the effect of

energy modulations on collective plasma effects. Preliminary studies

indicate that the eigenmodes of the cyclotron waves are not seriously
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effected by this, but these matters require more detailed analytic and

numerical studies. These studies are in progress, as well as studies into

the effect of energy modulation on other beam modes.

rPj?JLL?* ^ e woi|ld like to thank Dr. B. S. Newberger for

useful discussions on this subject.
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Fig. 1. Velocity distributions of 400 test particles Initially at v = 0.13 c. Beam energy was

varied as y = yo[i + (t - z/vo)/t]. Distributions plotted at (a) t = 0, (b) t = i,
(c) t = 5T. Peak energy at t = 5i was 164 MeV.
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APPENDIX N

INITIAL APPROACHES TO A 3-D LINEAR SIMULATION CODE

Barry S. fiewberger

Here we will briefly describe our efforts in the development of a

three-dimensional time-dependent linear plasma simulation code. This

code will be used to augment the results of CCUBE in part and perhaps

look at the stability of other equilibria in their own right. The

former application will be useful in answering the question whether two-

dimensional equilibria (non-linear saturated normal modes) will be

unstable to motions which do not have a symmetry axis.

Our initial efforts were in the direction of a linear PIC code and

was the most general (linear) scheme which could be used insofar as the

particle distribution could be modeled directly. The PIC approach had

to be abandoned however. In analytic calculations, linearization of the

model equations typically results in a major simplification of the work

in part because the techniques available for the solution of linear dif-

ferential equations are more extensive than those for nonlinear DE's and,

in many cases, fourier analysis is available to use. This simplification

does not hold up in numerical simulation models. Here we are constrained

by considerations of storage and running time. Although methods such as

fourier analysis in the cyclic coordinate in 2-D hold up, this now intro-

duces complex quantities and storage requirements double, for example.

Two PIC methods were investigated, the first solved for the

perturbed distribution function by integrating the Vlasov equation along

zero.order orbits. The first order distribution function is given by
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* - K
d t'

where F- is the first order force and fo the zero order distribution

function. The charge and current density are calculated from the zero

and first moments of Eq. (1)

«,{t)-J^f(O)d 3»-l J } J- Fj jjf d3udf (2)

and similarly for 6n. In order to eliminate the derivative of the zero

order distribution function which is typically undesirable numerically,

one integrates by parts. In this case, since the functions appearing

in the integrand are evaluated along zero-order orbits, F. has an
J

implicit dependence on the velocity and this term must be included in

calculating 6j. and 5n. Numerically, it leads to an evaluation of a

series of terms % in length at the £'th time step.

Another PIC approach is to integrate the equations of motion

directly. After fourier analyzing in the ignorable coordinate, the

equations of motion become

du.

- j m j i o j

and (3)

dx]
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where the carat denotes a (complex) fourier amplitude. The difficulty

enters here in differencinq these equations. Although these were derived

by linearizing the full equations of motion, not all difference schemes

will preserve the linearity, and approximate solutions computed from

one of these schemes would be meaningless. A scheme was derived by

Freidberg, et al. and implemented in a one-dimensional electrostatic

code. This "linearity preserving" scheme amounts to higher order inter-

polation and storage in higher dimension systems would be prohibitive.

Furthermore, there are questions relating to the number of particles

per cell required in a given linear simulation, the answers to which have

an obvious bearing on the running time of a particular problem. It

appears, therefore, that linearization in numerical PIC simulation may

not buy anything and the full nonlinear simulation may be less costly

than the linear one, particularly in a system where only a few order

modes in the third dimension are potentially dangerous. In this case,

relatively few zones in the third dimension may be necessary and storage

requirements may not be much worse than the 2-D case, but nevertheless

this is not an alternative until an operating system on the Cray is

established. In the light of these considerations, we abandoned a linear

PIC scheme as not viable.

We have now turned our attention to a hydrodynamic approach. Here

the problems of storage are not so acute, but algorithms for numerically

integrating the fluid equations now become important. The Maxwells

equations can be center differenced in space and time in a straight-

forward way but the fluid equations cannot. Methods for handling this
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part of the problem that are stable, accurate and not too dissipative

must be found. Two methods under consideration at the present time

are the method of characteristics and a predictor-corrector scheme.

Although the fluid model is less versatile than PIC, it should be

able to provide answers to the critical questions regarding stability

of the 2-D ncn-linear "equilibria" until the time when a fully 3-D

simulation code is practical.
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