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Experimental evidence indicates that the top quark exists and has a mass
between 50 and 200 GeV/c?. The decays of a tap quark with a mass in this
range arce studied with emphasis placed on the mass region near the threshold
for production of real W bosans. Topics discussed are: 1} possible enhancement
of strange quark production when My + m, < m, < My + my; 2} exclusive
decays of T mesons to B and A°® mesons using the non-relativistic quark model;
3) polarization of intermediate W''s in top quark decay as a source of information

on the top quark mass.

The production of heavy top quarks in an e*e” collider with a center-ol-mass
energy of 2 TeV is studied. The effective-boson approximation for photons, Z%'s
and W's is reviewed and an analogons approximation for interference belween
photons and Z%'s is developed. The cross sections for top quark pair praduction
from photon-photon, photon- 2°, Z?Z% and W W ™ fusion are calculated using the
effective-boson approximation. Production of top quarks along with anti-bottom
quarks via 7 1% and Z°W* fusion is studied. An exact calculation of ve* — wth

is made and compared with Lhe effective: W approximation.
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1. Introduction

The last character {except the Higgs) 10 be added 1o the cast of 1he Standard
Madel with three generations ig the lop quark. Since the top quark has yet to be
discovered, the first question we must address is: “What lop quark?” By the top
quark we mean the partner to the b quark in an SU(2) doublet. The exisience
of the tap quark is inferred (rom the measured properties of the b. Experiments
at PEP and PETRA! in which e*¢~ — 4,2% — b} is measured, show a non-
zero forward-backward asymunetey. This indicates that the axial coupling of the
battam 1o the Z° is non-zero. ruling out the possibility that the bottom quark
is an SU7(2) singlet. Furthermore, if the b were an SU(2) singlet there would be
decays mediated by flaver-changing neutral currents’ such as b — se*e~, which
are not seen. Lastly, the top quark is needed on theoretical grounds, in order that

the Standard Model be anomaly-{ree.

The { gnark mass is constrained 10 be above 29 GeV from 'TmSTANf above 44
ey from l‘f\l.5 and above about 50 GeV from theoretical co.nsh:‘eralicms‘l based
ou the ARGUS resuit” for B - B mixing. In fact. the & — B mixing resvlts,
interpreted within the standard model, would have one entertain ¢ quark masses
in the vicinity of 100 GeV. Recent results? from CDF. UAY. and UA2 show no
cvidence far a top quark with mass less than 80 Ge\' and new data accurnulated

by CDF should be able 16 set a bound that approaches the W mass.

Jn Chapter 2 we consider in some detail the transition region between the
. - P [
produrbion of ~virtual® and “real” B'sin t decays. e, values of my = My 4+ my.

The absolute width for a ¢ quark with a mass in this range has been considered
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previoush ) sually as g spreoal case ol a generic heavy guark decaying toa “real

W

Alter reviewimg sotne of this analysis at the beginning of Chapler 2. we exariine
some patticular properties of the region where my & Ay + my, noting especially
how the possibility of a sharp transition or threshold is smeared out by the finite
width of the IV In Section 2.3, we consider the decay rate for f — s+ W compared
to that for + — b+ W. The first process is suppressed rclative to the secand by
the ratio of Robavashi Maskawa matrix clements squared, [Vis[2/|Vis]*, which is
known' to be = 1 /500. There is & region, however, where the first process is above
threshold for production of a real W, while the second s below threshold. The
question of whether this can compensate for the Kobayashi-Maskawa suppression

is answered {negatively) in Section 2.3.

In Section 2.4 we consider the possibility that the hadronic final state recoiling
against the W™ and containing a b quark will be dominated by a very few hadronic
states, rather than be a sum of many states in the form of a jet. We calculate the
specific matrix elements in this case in the quark model—one of the few cases in

which the nonrelativistic quark model may reaily be well-justified a priori.

This ties into Section 2.5, where we examine the relative population of longi-
tudinal and transverse W’s as we move through Lhe threshold region. The ralio of
decay widths involving longitudinal and transverse W's varies fairly rapidly near
the threshold and we shaw how the associated lepton or quark jet angular distri-
bution in the W decay can be used to measure this quantity and help determine

the ¢ quark mass to a few GeV.

Secion 26 contiwns a summary of Chapier 2 and concliusiong

Chapter 3 is devoled Lo Lthe study of lop quark production via vector-boson
fusjon in at e e collider with a center-of-mass energy of 2 TeV, Wa first review the
eflowtive photon approximation and then use it o calendate the production of t - 1
paies via photon photon fusion. We then review the effective boson approximation
for U2 and %" bosons, deriving a consistent set of distributions and showing that

the interference terms between different helicities do not contribute.

In Sectiuns 4.5 1.7 we discuss the production of ¢ — I pairs via WHW -, 429,
and Z"Z" fusion. These calculations are carried oul in the eflective-buson ap-
proximaLion. We present the resulls as a function of m, for a variety of Higgs

masses.

The analogue of the cffective-boson approximation for the interference between
phatons and Z's is derived in Section 3.8. We then use Lhis formalism Lo calculate

the contribution of these interference terms to ete™ — ete~ti.

The nexi two sections concern the production of top quarks with assaciated
anti-bottom quarks. These processes proceed through YW+ and Z®W* fusion.
We calculate the cross section for 4# T fusion in the effective- W' appraximation

and compare the result 1o an exact calculation of ety — 5t

The luminosities for beamstrahlung photons are presented in Section 3.11. The
cross sections for fusion of beamstrahlung photens into top quarks and interactions

of beamstrahlung photons with positrons to produce t — b pairs are calculated.

We conclude Chapter 3 with a summary and comparison Lo previous results.
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2. Top Quark Decays when myy = M, + mm
2.1. INTRODUCTION

The decavs of a heavy top quark have a much different characier than the
decays of the lighter quarks. Even for values of my & 50 GeV, the finite mass of
the W results in 2 & 25% increase in the { decay width over the value calculated
with the point {inﬁniu: M) Fermi inleraction; for M; = 100 GeV we have decay
into a “real” W rrsunm‘\ce and the width is proportional lo G, rather than G2. In
this chapter we focus on the transition region between the production of “virtual”

and “real” W”s in t decays, t.e.. values of my == M, + my,.

2.2, THE DECAY RATE FOR t — b ety,

Consider the semileptonic decay of { to b The tree-level width. for any value

of my, can be calculated from the diagram in Figure 2.1.

b
v
1
W
B
e
Figure 2.1  The Feynmanu diagram for the semi-leptonic decny of the Lop quark, { — bi *y,,

4

Pt - betr,) =

my—mg)?
Gy iQ* M 1Ql 2Q 3 0% - 28 ) (2.1)
u (QF - ML) + METS, 3 -0

where 'y, is the total width of the W and the integration variable Q* is the square

of the four-mementum which it carries, with the associated quantities

Qo = (m} + Q" — m})/2m,,

' (2.2)
QF = Qi -Q%

In general, the right-hand side of Eq. (2.1) should contain the square of the relevant
Kobayashi- Maskawa matrix element, |Vipl?, which in the case of three generations

is one to high accuracy.

In the limit that my &« M,., the momentum dependence of the W prapagator

can be neglected and the expression simplifies to

PO (me—mg)?

P betu) <500 [ dg IQif2iQR +3 Q% - Qofmi)
0
(me—ms)?
_GE—""S 2 |y} (23)
=5 [ @i
0
_Gﬁ.mf

2 o\ 6 8 . 4
=TIl - 8AT 4800 — A% - At na)

where A = my/my.

In the other limit, where my is sufficiently above V.., we may integrate over



the Breat Wigner fot producing a “real” B, and asing

ST LI L(_"_"_"‘ R
XA et} = Py (2.0
rewrite Fq (21) as
G:Q Q

[(t = b+t o betu)= BW —ev ) | ZQPF + IMEQ - EE) L (25
L

Ir 2 t
where now ¢ = M2 so that Qy = (mf + ME - w2 and 1Q7 = QF - M.

For very large values of rg, the widtl in Bq. (2.5) behaves as
P = bt W = betu) = BUW —en) Gemi 822, {2.6)

to be contrasted with Eq. (2.3).

The finne width of 1he W' determines the behavior of the rate as we cross
the threshold for producing a seal W. Once we are several ful] widihs of Lhe I
above threshold, the much larger width given in Eq. (2.5) for producing a “real” W
dominates the toral t decay rate. This is seen in Figure 2.2, where the ¢ — be*v,
decay tate is plowted versus my. The dashed curve is the sesult in Eq. (2.5) which
would hold for production of a real, infinitely narrow W, while the solid curve
gives the result of integrating Eq. (2.1) nunmrically.” For smaller values of
the width is less than (-"','rm‘;’/lg‘lw] because of the finite value of my [here taken
to be b GeV', see Eq. (2.3)]. but then is enhanced by the W propagator as my
increases. The exact result quickly matches that for an infinitely narrow W once

we are several W owidths above threshold. The finite W width simply provides a

8

2 %
Grmy
92#3

YTy

F(I—sbe’ve%
)

YT

(]
4
o

100 150
m  {GeV)

Figure 2.2 [Tt —b £+ 1,)/(G3m$/1922%) aa a function of m, from the full expression in
Eq. (2.1) for My, = 83 GeV, [ = 2.25 GeV and my = 5 GeV (colid curve), and frem Eq. (2 5)
for decay into & real, infinitely narcaw W (dathed cueve).

smaoth interpolation as the decay rate jumps by over an order of magnitude in

crossing the threshold,

The peaking of the differential rate around the W/-pole can be seen in Figure
2.3, in which we plet dT/dQ? for a range of values for m:. We see that for top
masses above the threshold for real W ptoduction the peaking of the distribution
becomes pronounced and the bulk of the rate comes from values of @Q? very near
M2, This sapid change in both the absoluie rate and its phase-space distribution

is what will drive the processes which we will study in the following sections.



i I 1 I " I T

F 30 -
T

-

= )- my =90 (Gev) y
g 20 b - -—
B

s A
G 10

-]
= 86

c | i

D ; -l | L l
0 2000 4000 6000 800D

a? (Gev?)
Figure 2.3  The differencial width dT'(t — be*1.)/dQ7 {in arbitrary units), as a function of

@? lor a succession of top quark masses, spanning the threshold for decay into a real W and &
guark The masses are taken as M,. = 83 GeV and my = 5 GeV.

23 RATIOOF ! —b TO t—s

Ordinarily the weak transition f — s is suppressed relative to { — b by the ra.

. . . . n .
tio of the relevany Kobayashi-Maskawa matrix elements squared,  [Vi,|?/[Vul® =

1/500 However, we have seen that T(f — b etv,) increases sharply as m; crosses
the W' threshald, changing from being proportional to G} to being proportional
ta Gy, Thus we expect T'{i — se*v,) to be enhanced relative Lo I(t — be*v )
when my lies between the two thresholds: Mw + m, < m¢ < Mo + my. The ques-
tien is whether the threshold enhancement “wins™ over the Kobayashi-Maskawa

Suppression.

To examine this quantitatively we consider the ratio of the widths with the

1.O T T T T T T T
otw_ 08 - {_
=
2|2 7 7
& oef \f
E 44 L
< |+ -
X% oat J
HE T} ]
e o2 1.

L g

0 l 1 F I ) | R

20 40 60 80 [lels]
my (Gev)

Figure 2.4  The ratio of decay rates with Kobayashi-Maskawa factors taken out,

(r(r - e"u,)/]VnI’)/(l‘(! - .,+u,)/|v.,|’) with my = 5 GeV and m, = 0.5 GeV and T,
equal to fictitious values of 0.0225 GeV (dotted curve) snd 0.225 GeV (dashed corve), and the
expected 2.25 GeV (solid curve).

Kobayashi-Maskawa factors divided out:

(e — b et ve)/[Val?

L(t = setw)/IVaul? *
Either well below or well above threshold for a “real” W this ratio should be
near unity. For an infinitely narrow W the denominator is strongly enhanced,
but the numerator is rot, when M., + m, < m; < Mw + my. The ratio indeed
drops dramatically near { ~ s + W tbreshold, as shown in Figure 24, for Ty =
0.0225 GeV {dotted curve) and even for T'w = 0.225 GeV (dashed curve). However,
the expected W width of 2.25 GeV (solid curve) smears out the threshold effect
aver a mass range that is of the same order as my — m,. and gives only a modest
dip (to = 0.6) in the ratio. This is bardly enough to make t — s comparable lo

t—b



2.4, Excrusive Moprs

When my is in the present experimentally arceptable range. the rate for weak
decay of the constituent | quarks within possible hadrons becomes comparable
with that for electromagnetic and weak decays. Weak decays of toponiunm become
a major fraction of. say. the J/ = 1~ ground state, and even for the T#{t§) vector
mesun, weak decays can dominate the radiative magnetic dipole transition to its

. - - 13
hyperfine partner, the T meson JP = 07 ground state.
A | g

In decays of heavy flavor mesons the branching ratios {or typical exclusive
channels scale like (f/Mg)2. where [ is a meson decay constant (like fy or fr ), of
order 100 MeV, and Mg is the mass of the heavy quark. For D mesons individual
channels have branching ratios of a few percent; for B mesons they are roughly
ten times smaller; and for T {or T*) mesons they should be a hundred or more
times smaller yet. It should be possible to treat T decays in terms of those of the
constituen' ¢ quark. t — b+ W*. with the b quark appearing in a b jet not so

different from those already observed at PEP and PETRA.

There is one possible exception to these last statements, and that is when
my = my + M, the situation under study here. In this case there is a premium on
giving as much energy to the W as possible. 1.¢.. reeping as far above threshold for
“real” W’ production as possible, and hence on keeping the invariant mass of the
hadronic system containing the b quark small. Then we expect the T and T to
decay domnantly into a few exclusive channels: a “real” W plus a B or a “real”

W oplus a 13°.
Furthertnore, this i one place where the use of the non-relativistic quark model

10

to o eors well justified, The + quark and final W are very heavy, When my =
ey + AL, the final heavy b quark is restricted to have a few GeV or less of kinetjc
eoergy af the B is Lo be as “real” as possible. The accompanying light quark in

the T hadron is very much a spectator which simply becomes part of the final 2

or {2* hadran, Thus we can match up the weak current of heavy quark states,

(blpy A VP — A% [t(pe, M) = Bpp. 2311 — 3 )ulpr, Ad) @m

sandwiched beiween the appropriate hadronic wavefunctions in spin and flaver
space. with the matrix elements of the exclusive hadronic channels T — B + W

and T — B* + W, defined in terms of the form factors 716

(B(pal V* T (pr)} = J+ipr + P5) + J~(P7 — ) (2.8)

and

(B (po. NVF ~ A¥|T(pr)} =

(2.9)
ae* 4 blpr - " Npr + pul+clpr - € )P — pa) + 1ge g, PSpH O

The quark-level calculation is carried out using explicit spinors and 5-matrices

in the rest rame of the t:

ulpr, A) = +/2my [‘D*]
(2.10)

X
ulpe. A) = VEs+m | >

+my X



with

i 4}
ST
and where Ej is the energy of the b-quark and p = —Qu is its momentum.
Evaluating the matrix elements from Eq. (2.7) vields
(SLpp, A )V Je(pe, Ar)} =

(Es+mp)flpl. 0. 0, 1, dhp=++,-~;

Iy | 0 1 D0 A= 4 (211)
By + s Ie . =i B Ay =4
0, 1, -1, 0; Mhy=—+;

and
(blpy. MA* t(pr. M)} =
IPI/LEs +mp). 0, 0, 15 Ady = ++:
Lof 0 M=+ (2.12)
Vo Ey 4
o= O Adp = —
—pl/(Es+m). 0, 00 =1 Adp =~ ~.

We choose the polarization vectors of the 37 1o be:

[ !
o= - (0 k1,10,

V2 ;
‘ ) (2.13)
e = T,—(—Ipl.u.n. Ewl

where By the energy of the 3. To obtain the amplitudes we dot the currents

froun Eags (2 010 and (2127 with the polarization veetors:
My = B WH Y e Ay e

(AL
M, = (0 M) Ayl A ey

Uhe appropiate polarization vector to go with each spin configuration s chasen

12

by angular momentum conservation. For the vector curreni we find

v v
M =M, =-2 E'.+m ipl.
(2.15)
v 2my  |pl
M+ Es + vy Mw(mc + mg),
and for the axial current
to=oMi =2 Ipl
+ +
Bem (2.16)

Mi, =-M2_=2/m{Ey+ my).

The quark model results for the amplitudes for T — BW and T — B*W
are obtained by sar-lwiching the quark level 1esults between the appropriate wave

funetions in spin and flavor:

|
M= ZHtal-uan,

{B) = ﬁle gl -8 gt1;.
[Bi—y1) =ibT a1). (247
[Bi=_1)=1Ibl &1).

[Big) = — 6T 4l +b1 37).

1
2
where ¢ ax a light quark: 4 - o, d, or ».

We can now wnte down the quark model results The decay T — BW yields

only longitudinally polarized W's, by angular mementum conservation. By parity.

13



Wpraceeds onlv through the vevtor cureent:

MU iy = i, 1 e
Y T s
= f':t. s M\. e+ 1 D).

The decay of a T iwto a transverse B* involves hoth the axial and vector curreuts.

whereas the decay into a longitudinal #° involves only the axial current:

- . . Ly
MT = By M) = === (MY, 4 M2

‘/_
=/ —; i (E + +ipl} (28
i PR
y s § T 11 } ]. )
_M(T‘—‘H; )H'x Y- 7‘*(-““;'0'1‘4‘ }

I,
Ey + Ty

(Ep + my —~ [pl}. (2.20)

- e !
MT - BIW) = 51-‘414 + M)
hy —
. (—”—E-L)\/m.[ﬁ‘wrm,,). (2.21)
M,
The corresponding quantities in terms of the farm factors are computed by

dotting the polarization vectoes into Fas. (2.8) and (2.9}

MIT ~ B4 W) = 2 Tiplf,
MIT = B+ W,) = (a4 Awgmelp]) (2.22)

MUT = B W) =

Mg {allpl* + EygeEw} + 2bmilpf] .

Tdentilying m¢ = m, and m; = mp = my and comparing the quark level and

4

hadrop level expresaons

Wiy + My

o= ;/‘_’mr(['.',. + myl

o= v’im,(l‘.‘,, + 1y
i {2.23)

§ = T
Vom(Eg + mg)

b= Ey+my {my ~ Eg)
V2w, o

In the Tinit [p} — 8 the form factors reduce 1o

= + g
* 2 /mrmg
a = Ifmrmag
2.23)
g =
LLLF ALY ]
-1
6 = s
2/mymy
o . R P . 1235
Fhese cesults agree i the appropriate limit with previous results . The form

factors 3. a, and g all have straightforward limits as {p| — 0, while that for
b can br subile. as expliotly seen in Eq. {2.23). 1t is more sensitive to bound
quarks being off the mass-shell'> Our result agrees with that of Ref. 16 with the

appropriate change of flavors.
2.5, W PoLarnzaTioN Ix ¢ DECAY

Within the scenario of discovery of 1he Lop quark at a hadren collides. it wonld
be usefn) to have several handles on the value of my. An indirect methed would

be to measure a quantity in top decays which depends strongly on the top mass

15
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For ray in the vicinity ol M. + my, we now show that such a quantity is the ratio

of the production of longitudinal W's to that of transverse W's in top decay.

The decay widths into longitudinal and transverse W'’s are defined by decom:

posing, the numerator of the W propagator as
gur — Qu@uiME = 3 euNes(A) = P + Dl 4 T (22s)
Y

where the superscripis give the helicity of the W, whether virtual or real. In
calculating the ¢ decay rate in Eq. (2.1), we define T, = T, originating from W''s
with helicity zero, and Ty = ri+ 4 =), originating from W’s with helicity £1.
There is no interference between amplitudes involving the diffecent W helicities,
since the helicity of the ¢ and b quarks determines the helicily of the intermediate
W Separating in this way the portions of Eq. (2.1} originating {rom longitudinal

and transverse W's, we find

oy =my )’
. Gimj B MY 19| (R Qo 2.2
= 24md / Q (@ - M2+ MITY [2IQ| +eu m.)] » (220
0
. ﬁnﬁ (o=} dQ! MG [2 Q'z(] _ @ ] (2.27)
TS Ty (QT-MI) 4 MZTZ mel T -
3

In the case ny << A, the integrals become

(") 5 {m—ms)’ Q
. Tem ” N
Fom g a'i@[2Qr + Q' - =)
v 228
(‘Y 5 (ml_ml’} Q (Z )
. P 11 " 5
[p = o2 / aoalfe @ - ).
]

Noticing that

dql _ 1 Qo
0 2IQI(_ 14 m‘). (2.29)
and using integration by parts, we find
G (me—ms)?
~ oy 291013
ro=2m [ gl
[
(memm? (2.30)
s
TS '
0
Without needing to perform the integrals we see that
rl_
T, = 2. (2.31)

Sufficiently far above the W Lhreshold we need only calculate the relative pro-
duction of longitudinal and transverse real W's:
To_ 1 mQyl?

+

=5t B (2.32)

As my gets very large the longitudinal piece dominates because its coupling grows
like (m /My ). For the case of an infinitely narrow W. [, /T, = % precisely at
threshold. At the thresheld the decay is purely s-wave and the three polarization
states are produced equally. The value of T', /T near the threshold is shown in
Figure 2.5 for F,. = 0.0225 GeV (dotted curve), 0.225 GeV (dashed curve). ar1
the expected 2.25 GeV (solid curve). In this case we see that even for the expected

value of T, the ratio varie: rapidly with m, especially just below the threshold.
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Figure 2.5 The ratio T, /Ur of t — b+ W — b ¢*1, decay widths into Inngitudinal
compared 1o transverse W's as a function of m, for Ty, equal Lo fictitious values of 0 0225 GeV'
{dotted curve) apd D 225 GeV [dashed curve). and the expected 2.25 GeV (s0)id curve)

The ratio of Jongitudinal to transverse Ws is reflected in the angular distribu

- 17 : . B -
tion of the efectrons” from its decay. With the final b quark direction as a polar

axis,
dar i 2 \
Teod - 1453 cosl+a cos’d, (2.33)
where
Tr~-Ty
= . 2.3
@ T4 7T, (234

Thus a measurement of the piece of the angular disttibution even in 6 gives a value
for T /T: and indirectly a value for me. In pasticular, o becomes positive only a

few Ge\' below the threshold, and this may provide a useful low: ! on my
The coefficient of cos & cantains information on the difference between the (wa

18

Tran-verse polarizations

., -T
4= [_‘Iﬁ_’] {2.35)
If the energy of the b quack is mnuch larger than its mass then the b will be Infi

lisnderd, since its coupling to the Wis V — A, Thus if the spin of the 1op guark
s aligned aloug the W mementum then the I will be dominantly longitudinal;
if Whe tap spin is anti-aligned with the W momentum then the W will prefer
negative helicity. So between the two transverse states the negative helicity state
will dominate when the b encrgy is high. Indeed, in the case of a massless b the
positive helicity state would nol be produced at all. However at the threshold for
making a real W my/Ey is no suppression at all and the two transverse states are
produced equally. To see how this comes about consider the difference of the two

transverse rates divided by their sum:

oy - Ty

. . (2.36)
T+ Ty

Yor top massis sufficiently far away from the threshold this ratio will be ciose
10 one as the positive helicity piece will be suppressed. At exacily the thresh-
ol the rativ goes to zero. in the limit that the W is infinitely narrow. The
tesults for the expected width of the W are shown in Figure 2.6. along with
two fictitious choices of the width for comparison. We see that for very smiall
values of the width the ratio becomes very small near the threshold. but far

the expeeted width the effect is slight, the ratio achieving a minimum of ~ 038

19



T .
t‘f‘—
3 -
o8 |- ‘\ L - .
\ p
\ ,
. ’
Vi Ty b
r 08 ' ? -
T4 Ten v ]
¥ ]
i J
o4 —
oz N B ol
8 W 100 110
m, (GeV)

Figure 2.8 The ratio (I~ - T3 ))/tT;_ )+ Ty} of t — b+ W ~ b e* 1, decay widths tnto
Teft ianded munus nght -handed W's divided by Lhe sum as & funclion of m, for T, equal tn

fictitious vajues of 00225 GeV (dotied -urve) and 02256 GeV {dashed curve}), and the expected
225 GeV (sohd curve)

2.6, SUMMaRY AND CONCLUSIONS

We have seen that the range of top masses near the threshold for production of
teal B bosons has a rich structure. Both the absolute width of the top quark wnd
its differential width in (2 vary wildly across this region. Top quarks in this region
have a slightly enhanced decays inte strange quarks, The exclusive decay rates for
top mesons can caleniated around the threshold using the non-relativistic quark
madel. The relative populations of the different polarizations of intermediate W

in top guark decays changes rapidiy in this region and could provide information

on the 1op guark mass.

3. Top Quark Production in e*e~ Colliders

3.1. INTRODUCTION

In the last several years much thought has gone into the prospects for physics
using an e*e~ collider with energy in the TeV ra.nge.]A These machines show great
promise for being able to address a wide range of experimental issues. These include
(but are not limited to) Higgs boson searches, W-pair production, supersymmetry
scarches, and charged Higgs searches. Here we wish to study the production of top
quarks in a e*e” collider with a total cerler-of-mass energy of order 1 TeV. Top
quarks, besides being of considerable interest in their own right, provide signals
and/or backgrounds in all the aforementioned experiments. In particular, since
Higgs bosons couple predominantly to the most massive particle available, top
quarks will figure preminently in any Higgs study, whether for a chaiged or neutral
Higes.

The scale of cross se-tions for all Standard Model processes {and most non-

standard ones) is set by the elementary QED point cross section:

4za? 86.8 b
= — .3
35 - [E(TeVI] (2.36)

Opt =

The canoniral production mechanism for fermion pair production is e*e~ annihi-
lation into a ploton or 2%, shown in Figure 3.1. At center-ol-mass energies much
larger than the Z" mass the lowest order cross-section for a fermion, f, can be

written

S  [10Q%sd +2QU3s5(1 - 683 ) +1 - 458 + 853
ale*e™ = []) = o 168 (1 - 30

. (2.36)
vhere Iy 15 the weak isospin of the fermion, @ its charge, and A is the number of
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Figure 3.1  The Feynman diagrams for e¥e” — 5. 2% — 1

colors, | for leptons, 3 for quarks. For compactness we have written sin B, = Sw-

For top quarks {or any other up-Lype quark for that matter) the cross section is
o(cte” =t =21 oy, {2.36)

where we have assumed s 3 m?, M2 and taken s2 =023

The question we want to investigate is whether there are any other importznt
production mechanisms for top quarks. The natural candidates are Lhe veclor
buson fusion processes These processes are suppressed relative to g by a factor
of a2. However, since the vector bosons are exchanged in the f-channel they can
come close to being on shell in the limit where the energy they carry is much lacger
than their mass. Furthermore, longitudinal bosons have enhanced couplings to
heavy fermions. These faclcis ~ould combine to make vector-boson fusion processes

competilive with annihilation through y or Z°.

In this chapter we will make an exhaustive survey of the vector-boson fusion
processes which contribute to the production of top quarks. We will calculate cross

sections for these processes using the effective-vector-boson approximation. For

k2]

defimteness we wall present results for a collider with a center-of-mags energy of 2

Tey

3.2, Tuk ErveECTIVE PROTON APPROXIMATION

Amung the veclor- boson fusion processes, the one with the longest history by
far is phuton photon fusion, with theorelical investigations going all the way hack
10 Williams and Lendan and Lifshitz'? in 1934, Al the energies in which we are
interested. these reactions are well described by the eflective photon approxima-
tion. vriginally developed by Fermi, Weizsicker and Williams, and Landau and
Lifshitz™ and given a modern treatment by Brodsky. Kinoshita and Terazawa®'
For completeness and as a warm-up for subsequent caleulations, we will present
a brief derivation of 'he effective- photon approximation, keeping only the leading
teene. Lu tlis strategy we will neglect the mass of the electron wherever passible..

We will follow closely the treatment of Rel, 21.

Cousidet the process depicted in Figure 3.2, The essence of the effective photon
approximiation is that the cross section is dominated by phase space configurations
in wh chi the virtual photon is nearly on-sheil. t.e.. when the ftinal electron goes
almost straight forward. The strategy is to integrate over forward angles and
express the result as the cross section for v/ — ¥ multiplied by an effective flux of
photons inside the electron. In this respect the effective photon approximation is
identical to the parton model of hadrons. the difference being that the distribution
of photons inside the electron is calculable. whereas the distribution of quarks and

gluons within a hadren must be extracted from experimental data.
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Figure 3.2 One-photon production of an arbitrary finsl atate X in a ¢ollision of an electron
with an arbitzary initisl patticle f e~ f —~ e~ X.

The amplitude for this process can be written

= &(p' Yrer*u(p) & 'y;,")), A, (2.36)

where A¥ describes the three-point coupling. 7°f — X After summing over the

hebivities of the initial and final edeciron and perfornsng the Dirac irace we have

ral =

PG p’h (PP + 00 - p P )4,4) (2.36)

spins

Proceed 10 the cross section:

- - 4.1 PP UESY Y 1 N
doge ™ f — e~ L) = R LM s s 2 . Al S C AV
. (2t .
df = (2“ pdl am

where s = (p+ py)'. k = p - p'. is the momentums of the photon and dT is the

invatiant phase space of the state .

2%

We now bireak up the photon propagator into a sum of polarization vectors:

g™ Z . (3.3)

The sum runs over the two polarization vectors perpendicular to the photon mo-

mentum k plus a longitudinal one. Inserting Eq. (3.3) into Eq. (3.1} yields

o By .
dotef — eX} = —;,j;:—;%): [2(p-z.)(pw;)+ 2l R (- a)At
! (2.36)

The integral over the azimuthal angle of the final electron causes the polariza-
tion sum Lo be diagonal; the interference terms between longitudinal and transverse
polarizations and between the (wo transverse polarizations integrate to give zero.
Furthermore. the contribution from the longitudinal polarization vectors is sup-
pressed. The longitudinal polarization vector becomes proportional ta & when the
photon goes ou shell. Thus the Ward identity guarantees that it couples with an
extra factor of 1 compared to the transverse mode. The longitudinel piece will
only be impertam if it is anomalously enhanced, ¢ g.. by a small maas appearing
in a propagator. of if the transverse coupling is forbidden: the longitudinal piece
will not contribute significantly to 77 production of fermion pairs, and we neglect

it in what follows

After the agmuthal integration s pecfurmed. we have

g 3 .
dnl.y»-.:.\')="/ﬂb—di’s—a—|2pj — kS doiyf — XY {3.4)
: 4 it E

where w — F = E' is the energy of the photen and py 15 the projection of p
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perpendicular o ko Inowntng Fa (3,41 we have made the substitution

ll"ﬂ‘u Z(‘A oAl t”d[" < le deinf o« X)) i

=12

The remamng imtegral over the polar angle of the final electzon 15 praked

sharply around @ = 0 so we teplace

- vl 2
o~ -2EE'] - cosf) — "Yz(b - 1

¢ EE
'
oz (3.4)
Chaoging variables to integrate over k? we find
- . AET+ E?y di? . ,
do(e” [ — ¢ \)I-z—;r'/df: -—NEZ—(_kz‘da(’)f—o.\). (3.4}

The leading term comes [rom the fact that the smallest &2 is proportional to m:

dk? EE 3
—[ =log'.1 E :zzlogi, (34
m

k2 Euﬂ Me

We present the final answer in the form

ole S~ [X) = / tflalatrf — X (31

T3
where i = (k + p;)?. We conclude that the leading contribution to the photon flux
is

log, —E— (3.51

e

fry =2 pro-7
x I

The term proportional to 1/ x derives from photons with spins aligned with the spin

of the incoming electron, while the term proportional ta (1 ~ r}?/r peovides the
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Figure 3.3  The effective flux of photons in an elecizon with energy 1 TeV as a funciion
of the momentum fraction z the ful] expression, Eq. {3 8), pared 1o the leading-logarithm
apptoximatien, Eq {3 5)

distribution of anti-aligned photons. At an energy of E = 1 TeV the logarithmic

. 1]
enhancement is log mi =~ 14.5, The full expression is

1+(1-1)7 E 1
fa(:)=§{[——-——(lug—~—§
: "’2‘ ’) 21 36)
A1 - - -
+%(log “1 I)+l)+( 2:) log (2_:)}.

The full photen flux compared to the “leading-log™ distribution is shown in Fig-
ure 3.3. We see that at these energies the leading term approximates the full

distribution to high accuracy
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3.3. Two-PHoTON PRODUCTION OF ToP QUARKS

In the previous section we derived the eflective~photon approximation for a
process inolving one exchanged photon. To ureat photon-photon collisions we
need to fold in another factor of the photon flux. Accordingly, the cross section for

two-photon production of top quark pairs s
olete” = ete tl) = /drld:rz fol21) fr(z2) ol — t1), (3.4)

where o(yy — #1) is evaluated at a center-of-mass energy squared, § = 1yr;s and

J+(z) is given by Eq. (3.6).

th+ t 7177 ———
At At
']'2'\./\/\/\.—(—-—? ']'2 —— 1

Figure 3.4  The Feynman diagrams for 19 — (1.

The two-photon process proceeds through the vwo diagrams in Figure 3.4. The

cyoss section is (for unpolarized photons)

o8 [ Lo

o4y o H) = 4rN,Q,‘n 713

(1+44, - 8a0) -1 - 44y, (3.4)

with the dependence on the top-quark mass entering through

.

2
it

A=

B=1- 144, (3.7)

2]

1+ 5,

E.:Iogl_ﬁ'.

In Figure 3.5 the full cross section at /5 = 2 TeV is plotted for varioua values of
my. We see that for m¢ 5 100 GeV the two-pholon cross section is comparable to

that from annihilstion through a photon or Z°.

<
g

200 300 40D
m, (GeV)

Figure 3.5 The cross section for two-photon production of top quarks, ete~ — yy — ¢,
st /& = 7 TeV in the effective photon approximation as & {unction of the top quark mass

3.4. THE EFFECTIVE-W APPROXIMATION

1n this section we derive the anajogue for massive vector bosons of the effective-
phaton approximation, in order to use this technique to calculate top quark pro-
duction from the fusion of W's and Z's. The eflective-W approximation has been
discussed extensively in the literature™® It has been used to calculate production of
very heavy Higgs particles and heavy fermion pairs arising from W-boson fusion,

- . ..
both in the context of hadron-hadron collisions and electron-positron collisions.
There are several immediate differences belween processes involving photons

9



and these mvoling Wt or 2% The W2 and 29 have botl vector and axial

vector couphings to fermions. As we will see shortly, mterference between these
couphpg will canse the bosons of helieity +1 to have dilferem distributions from
those with hehienty -1 Sinee the W2 and Z% are massive, processes invelving
these particles are suppressed until very high energies are obtained  If a process
15 10 be well-described by the effective hoson approxinration, the energy that the
virtual boson carries niust be significantly larger than its mass. This creates a
threshold below which the effective-bason approximation is no longer applicable.
For example. we do not expect the effertive-boson approximation to be applicable
to the praduction of light fermion pairs, since these are produced most copiously at
energics much less than My and M, Finally, the W and 29, being massive, are
allowed to have longitudinal polarization states. Longitudinal polarizations couple
to the mass of fermions and thus become important in heavy fermion production,
whereas in photon interactions the longitudinal contribulions are suppressed dve

to the Ward identity.

Thes distinctions duly noted, the derivation of the effective -W approxim.ion
proceeds in a very similar fashion 1o our previous derivation of the effective-photon
approximation, We will present the derivation in detail because there has been
somme controversy in the literature and because the cross sections for heavy fertnion
production from vector bason fusion depend strongly on the parton distributions

uged. We will follow closely the treatment of Dawson, Ref. 22,

30

Figure 3.6 The production of an arbitrary final state X via exchange of n massive vector
boson V between an electron and an arbitrary initial particle f. e~ f — LX 1 is either an slectron
or & neutrino depending on whether the ¥ is a Z2ora #-.

For generality, we study processes involving a massive vector boson, V, which
may be either charged or nevtral. We allow V 1o have arbitrary vector and axial-
vector couplings to the electeon, g. and gq, respectively. Consider the process

depicted in Figure 3.6. The amplitude for the process is

(~iguv)
(¥ - M7}

M = 8(p")~i)7*(ge + ga7"Ju(p) A%, (34)
where 85 before A” describes the three-point coupling: V¥ + f — X. For W? and

Z? bosans the couplings are

Wi go=—ga= ;"75 (34)

and

0. o8 L e
Z°: yv—msgw( s 6u). 34)
g :

9= fcosbn
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Squaring the amplitude and summing over spins yields

1M = 5 LS M= mz {7 4 a0 + 270 = p ']
apins (1.8)

+ Tgegat*** popl, }g...-yanA"A”

We now decompose the propagator into a sum over polarizalion vectors. We

choose nnitary gauge and substitute

GUAAY (3.9

We choose the helicity basts for the polarization vectors: X runs over A = £1.0.

The explicit polarization vectors we will use are:

-1
—{0.£1.1,0).
V2 (310}

l
@ = ﬁ(lkl.ﬂ‘ﬂ.u:).

where k defines the z axis. Note that since k is a space like vector (B < 0). (g must
he time-like. if 1t is to be orthogonal to k. Thus - ¢§ = +1. whereas ¢4 ¢} = -1

luserting Fg. (31.9) into Eq. 13.8) vields
. 2 — 2, 2 :
M= YA Yy {(9.'-+y;l [peeip" )+ (P -1 = (o Pl ]
g

. ! 1
+ 3'g..gnt“"”"':,.f1ax'pl'u}(A A G)
{han
In order for the dervatiom 1o proceed it is necessary that all tie inte: ference terms
. L . .
between differem pulanzations vanish.” exther identicatly or after integration vven

the aximut hal angle of p. This condition is inderd satistied, as we will pow see

4
et

To fucilitate the argument define explicit components for p and p'. Momentum
conservation -equires that the components of p and p’ perpendicular to k be equal
and opposite. With k defining the z-axis we write:

={picos0.p; sing,m.
(3.4)
p = (-pLcosd. —py sind.py).

Let us analyze each of the terms in Eq. (3.11) separately, focussing on the case
1 # 2 in the dual polarization sum. When i = 41 and ) = 0 the first two terms are
linear combinations of sin ¢ and cos @ and so vanish upon the ¢ integration. When
t= +1and j = -1 these terms yield p? (cos® ¢ - sin? @), which also integrates
tu zero. The third term. being proportional to ¢} - ¢, is automatically diagonal.
since the different polarization vectors are orthogonal. Now examine the piece
containing ¢**#?. The antisymmetry of the ¢ symbol causes this term to vanish
when: = +] and j = -1, since ¢ = ~r_. When one ¢ is transverse and the other
is longiiudinal each term in the Lorentz sum is forced to have exactly one power
of either sin o o1 cos @, again yielding zero under the ¢ integral. We conclude that.

as claimed, the imerference terms do not contnibute.

Discarding the off-diagenal terms in Eq. (3.11). and inserting the explicit po-

larization vectors from Fq. {3.10). we find

B 2

NN . g b
= M—\,T{ .z;. {‘yﬁy.\(m- —_,) ~ Nyegat Epy - K m\}\A oy

D Co
U ['.’lr' nlm 4 ,,k'] jA lo|2}»

Ry

(3.12)

Note that the tenn proportumal 10 gege changes sign depending on the helicaty
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of the virtual boson, resulting in different distributions for the two transverse

PR
polarizations

We can now pass to the cross section:

. 8 1 By .
doe ja!.\)_:z—(?‘T)]/Fl.Hldl. [34)
where o is delined by Eq. {3.2). The integration over ¢ gives a factor of 2r and

the ¢ross section becomes

1

dote™] e~ () = g

/ E'dE'dcos 0 | M [T (3.13)

Up 1o this point we have made no approximations; Eq. (3.13) is exact, with
|MJ? given by Eq. (3.12). To implement the effective-boson approximation we
assume that the amplitudes [A - ¢(A))* are slowly varying with respect 1o the rest
of the integrand in Eq.(3.13) so that we can take them to their values at # = 0 and
remove them from the integral over cosf. The cross section fo. the sub-process.
V+f — X is given by [A-¢(A)[?, multiplied by the appropriate phase-space factor.
Since the transverse polarization vectors have straightforward limits at @ = 0 we

write

lim 4~ e dT = Zdo(Vags + 1 = X). (3.4)

The corresponding limit for the longitudinal amplitude is slightly more subtle,
The longitudinal polarization vector in Eq. (3.10} contains a factor of 1/v/~kZ,

which diverges in the forward direction. So in order to make our continuation to

k1]

the forward direction we define a “physical”™ longitudinal polarization vector

L k" .
fohys = M. [EREY]
Weo then write
‘ S Y Y :
g'_ng‘M tul =Em:;*)d”( a=0t f— X (3.4)

The factor of A2 /(—k?) results from the conversion from Lhe “virtual™ polarization
veetor wo the “physical™ one, and the sub-process cross sertion is evaluated using
Cphys:

We define the effective hoson distributions, [y by

do(e‘f—-!.\’):Z/dzf;(z)dv(V;+f~X) (2.15)
A

=33
Comparing Eq. (3.13) and Eqg. (3.15) and using Eq. (3.12) for }M|?, we can read

off the distribution functions:

E'w dcos 8@ . 1,, , ,
fi(z) = w? m[(ﬂf +9i) (sz - 5"‘ ) * 24094 E'pa — EP])] (3.16)

and

E'w deosd M2

PO |
Jolz) = i ‘(kg_—Ms)g(f‘T)(gz +93) [(P‘iol' + 51‘1] - {3.17)

It is convenient to define linear combinations of the transverse distributions:
Falr) = f4lz) 2 -1 {3.15)

Before performing the integrals in Eqgs. {3.16) and (3.17) we need 1o do some

kinematics, expressing the relevant quantities in terms of s and k?. The quantities
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we need are

E2E%5in? 9 —k?
L el _ 2
T 4|k|7[’“ 1)+ K (3.15)
E'p - Epy = m(b + EN, {3.15)
—kls
(pa)= W(z - 1), {3.15)

with [k[* = w? — k?. With these substitutions we have

(g2 + y,,) dk*(—k?) 'Y
Falr) = =y /(w, TR = M,)g[ (1 -2y + 27 - 47,
Qngx dk( *Z 1
Fo(z) = E(2 )/ Tt “‘1 M
(y. +y. ? di? 2
Jola) = M| e [s2 = 2 - 4(uf ~ k7).
(3.18)
Tke integrals are straightforward to perform; the results are:
L} + a z
Fu(r )—(9—-——9 {[1 L )1log(l+ =)
_a2-s) 2z, Al -o) 224114 4A)
T log (—) + A0 =11 A) } (3.19)
F. =9n9rl2-2){ 2 2-z-ap)(l +7)
) 8x2 1ipd {#" - 28] log (2-z+ap)(1=n)
2_

(gi+97) (-7 A
fatri = 2”; { s2-rf log[ :Tmlﬂ_:}, (3.21)
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with the definitions:

3
\/_ﬁ (3.19)
E 4

Although Eqs. (3.19) - (3.21) appear singular as y — 0, they are in fact well-

behaved, as they must be, since: Eqs. (3.18) are clearly smooth as w ~ M,.

The leading terms in the distributions are obtained by taking A <« z? (which

of course forces & & 1), The distributions in this limit become

F+(.‘|:) (9u8+ ya)[] +(‘:_ z) ll (A)' (322)

F_(r)= M‘ 92 - 2)log (K) . (3.23)

Joiz) = (y,+9.)l-r
x

(3.24)

The averaged transverse distribution, Fy(r), is the analogue of the effective-
photon distribution, derived in Section 1. Whereas the photon flux is enhanced
by a factor of log(s/m?), the transverse states of a massive vector bason, V, are
enhanced by a factor of fog(s/MZ), a much weaker enhancement. The boson mass
takes the place of m, because it is M, that prevents the boson propagator from
hitting the pole. The relative enhancements can be seen in Figure 3.7 in which we
plot the fluxes in the leading log approximation for the case of a W= being emitted
from an eleciron: the photon flux is presented for comparison. We should note that
approximating Fy{r) by its leading term can lead to a gross overestimate of the
flux, since the term proportional 1o Jog(1/z) may cancel desiructively against the

leading term?® especially at small r. The parity-violating distribution, F_(z).
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which 1 not presemt in the effective photon distibmtion, vanses the 1wo transverse
helicities to have distinet fluxes. For Z° bosons. for which the vector coupling
to clectrons is very small, F.(z) is negligible and the two helicities, £1. have

approximalely the same flux.

For 1§'* bosons, the parity-violating term changes sign depending on the charge
of the W', as required by CP invariance. Since W bosons have V — A couplings,
F_(x) is negalive, causing lefl-handed W' ~'s 1o be enhanced over right-handed
ones, and vice versa for W+'s. To see this in more detail, assume Lhe neutrino in
Figure 3.6 to be emitted al a small angle & from the incoming eleciron. Defining
the polarization vectors as in Eq. (3.10) and using explicit lefl-handed spinors, we
can readily compute
a-q

T

a(p)r*u Py ~ a,

| (3.15)

iil(p)w“ul(p')e; ~ ;0‘
We see that for r close to 1, when the W carrics most of the mome-ium, the
left-handed polarization dominates; while for small x the two helicities are equally

likely. This behavior is manifest in the leading log distributions. If we write the

helicity distributions for a W™ we find:

2
g 1 1
f-ta) = 37 log (—A) )

2 2
g” U-1 !
Jeln) = 35 Ix log (K) .

{3.15)

The distribution of longitudinal bosans does not exhibil the iogarithmic en-
hancement of the transverse modes. Instead. the longitudinal ~ode is enhanced

by a factor of 5/M2, which we have absorbed into our definition of the longitudinal
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Figure 3.7  The leading logarithm approximation to effective distribution for W bosons in
an electron [Eqs (3.22)-(3.24)] with beam epergy 1 TeV as & function of the momentum feaction
T The effecuve photan distribution is shown for comparison

polarization vector. The longitudinal and transverse Suxes depend differently on
M1/s as a result of their different kinematics: emission of a longitudinal boson is
allowed in the full forward direction, while the emission of a transverse boson is
forbidden by angular momentum conservation. We also note that for the longitu-
dinal distribution the leading term accurately approximates the full distribution

since the next order term is suppressed by a factor of M2/s.

The distributions derived here agree in leading approximation with those in
the literature’ ? However, the non-leading terms difer between authors depend-
ing on the exact definitions of the distribution functions and the extent to which
higher order terms in M2/s are retained. In situations in which the eflective-

boson approximaticn s accurate these differences in the non-leading terms are not
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important numerically. For definileness we will use the distribution functions of
Eqgs. (3.19) -~ (3.21). They are displayed in Figure 3.8 for a beam energy of 1 TeV,
along with the leading approximations for comparison. We see that the leading
approximation to the longitudinal distribution is quite accurate, whereas in the
transverse case the leading-log distribution differs from the full distribution by as

much as a {actor of 10.

£, (x)
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;
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Figure 3.3 Comparison of the full expression for the W' fluxes in an electron (sohid lines)

at energy 1 TeV with the leading logarithm approximations (dashed lines) as & function of the'

momentum fraction x a) Sum of the two transverse distribution, £,(z), b) Difference of the two
transverse distribution, Fi{z)}, ¢) The longitudina!l distribution, fo(r)
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3.5 Tor Quarx PropuvcTioN FrRoM WW Fusion

In this section we compute the cross section for e*e™ — vpt1 through WW
fusion.  We will treat this process in the effective W approximation derived in
the previous section. By employing the effective-W approximation we restrict
out =liention o \he so-called W fusion diagrams, those of the form shown in
Figure 3.9 We expect Lhese diagrams o contribute the bulk of the cross sections

v

Figure 3.9 Ptodurtion of top quatk pairs vie W W fusion

at high rnough energies. The “peripheral diagrams” that we neglect are shown in
Figure 3.10. The degree to which these diagrams alter the cross seclion is unknown

. N . . 1t
in general although there have been exact calculations in some special cases.

v. v L) Z ‘: t
t
w
i e
(24 Voo i
() ®)

v

Figure 3.10 Peripheral diagrums for e*e™ — »i#41 neglecied i the effective-W approx-
imsuion a.c) the intrrmediate boson coupling to the ¢ 7 pair can be a Z° emitted from any of the
four kepton legs o a photon from the electron o: positron, b} the 29 can he emitted from any of

the four fermion hines
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Since the effective-i4" approximation yields different distributions for the ihree
possible polarizations of the W's, we must treal the polarizations separately when
computing the cross section for the subprocess W+¥% '~ — 1]. Furthermore, the ap
propriate choice of basis for the polarization vectors of 1the W''s is the helicity basis,
wince the effective-W approximation s disgonal only in that basis. Accordingly.
we write the full cross section as

alete” = ubtl)= z olete” — W:,WA__ — 1)

AgAa
= ¥ [draden fu (e rten) oW W i),
" (3.25)

where the helicities Ay of the W= each run over 1,0, ~1.

The cross section for the sub-process W¥W= — t1 is straightforward, if te-

dious, to calculate. It proceeds through the diagrams in Figure 3.11.

Whrann—e—1 wt t
b R4
W vnan—e——3 w 3

wt wt
z° } H <
w ™ W i
Figure 8.11 Diageams contributing to W+W= — (1.

Along with the Compton-like graph, familiar from photon-photon fusion, we
bave the s-channel graphs invalving the photon, Z°, and Higgs. It is well known
that the individual graphs are not well behaved at high energies and that it is

only the sum of the graphs which is unitary. The cancellations between diagrams
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are especially large for processes involving longitudinal bosons, since they have a
polarization vector which grows with energy: ¢ 2 k* [M.. For simplicity, we will
present (ross sestions summed over the spins of the { and I. We note that, since the
H has left handed couplings to fermions, left -handed top quarks (accompanied by

nght handed anti quarks) will dominate.

In the calculation of WHW™ — ¢ cross section we will take the momenta of
the I's to be light-like: &2 = 0. There are two reasons for this. First, the limit of
the intrgration over k? in the cffective-W approximation is k% = 0; continuing k?
1o k¥ = M2 adds additional error at the order of M3./s. Second, it is simpler to
perform the calcutation for k2 = 0 than for k* = M2, For polarization vectors we
take those defined in Eq. (3.10) for helicity +1, and Eq. (3.14) for the longitudinal

polarization.

We begin with the cases where both the W* and W~ are transverse: 1 = +1.
Note that not all of these configurations are independent: C P invariance requires
alWl (Wi, —tl)= (Wi _ Wi _| — t1). The actual calculation of the
cross section is toutine: add the various diagrams, square the full matrix element,

sum over the quark spins, and finally integrate over the phase space. The cross

sections for the various helicity combinations are:

. - *Nea? g Ly 12 2
o(W:’:“wA:_,—d:):W?{4A§[1—4A|)E+§+5A.-SA. . (3.26)
!er’&

oW _ Wiy, — 1) = i

7
{2% [1-4A+7A7-44]) -%+§A.-4A,’}A

<

(3.27)
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st ) =AWl WO i)

o Theal th {u;ﬂ-‘ ]n‘-u,A X (1-2A04 Xy (1= M) 4 Re X (! —m.)]
1

ot &
s &

o
W |4.u:.\', X4 2Re N, - 3

20 1o
. E‘,\,,\,+§,\,“+|.x,,|’] (1.28)
—24? [s.-zx,+x, +6Rr.\',,+2|4\',,|2] + é [2,\'5-2,\',.\',+.\'EI }

The quantities £, A and A are defined as in Eq. (3.7), while s, is defined as

before, s, = sinf,. The other quantities are

(12
Re\y =

v =

Fhere are twe principal factors at work i Fgs. (3260 (3.28). Firs, the ¢
and T quarks want 1o be left handed and right -handed. respectively. because of
the V'~ 4 coupling ta the W Second, the helicity of the # prefers to follow thas of
the H'* winle the helicity of the £ tends to follow the W, The only configuration
1 owhich both of these conditions can be met is when the B s left handed
and the W o nght handed: then the ¢cross section receives the enhancement
propurtianal to Lr.oas extubited i Fy (3270 The other cases do not receive
this enhancement Fq (3,26} has a constant term in place of the logarithm and
Eo. (32801 suppressed by powers of mi /5 anl .\f;'/::. { Nate that only these latter

states with spin projestion s, = 0 along the collision axis receive any contribution
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from the photon, Z%, and Higgs diagrams. and so have any dependence on A, or

M,.)

To obtain the contribution of each of the intermediate polarizations Lo the full
cross section for ¢ ¢~ — v 17 we need to integrate over the fux distributions using
Eq. {3.25). We note that the contributions from W} _ Wi\ and Wit WL .,
are equal. sinre the cross sections for the subprocess and the distribulions are equal.
The results of the numerical integration are shown in Figure 3.12. Comparing
with the photon-photon results from Figure 3.5 we see that the contribution to
11 production from transverse W's is three orders of magnitude smaller. This
difference is due mainly to the fluxes of W's being much smaller than the photon

flux, especially at smalt momentum fractions.
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Figure 3.12 Contnitwtions to the cross section for ¢* e~ — virtf at /3 = 2 Te\' from

fusion of rransrerse Wy a0 e eflective W appeoximation ax a function af m,
Now consider the processes invalving longitudinal #s. The longitudinal state

4%



couples differently than the transverse ones, 1ty polarizalion vector being of =
E# )My, Nuvely, this would fead ta a unitarity-violating coupling praportanal 1o
_:/J[“"._ However. large cancellations between the varions diagrams reduce this to
mifAg . at sutliciently high energios. We can explain this behavior in terms of
the Higgs mechanism. [t is the charged part of the original scalar doublet which
is “eaten” to provide the longitudinal degree of freedom of the W2 At high
cniergies (&3 M), the electro weak symmetry is restored and the longitudinal
state couples like the scalar particle from which it came. Just like the Higgs, the
longitudinal state couples to fermions via their masses. For very heavy fermions
this can vield a substantial enhancement, one factor of my M, in the amplitude
for every iongitudinal W ipvolved, We begin by including one iengitudinal W
We can casily calrulate Uie contributions from helicity states in which one W is
transverse atid the other longitudinal. Just as in the completely transverse casc,
the relative sizes of the cross sections are delermined by the helicity structare of
the initial state. The process with Ay = -1 and A_ = 0 will be enhanced over
that i which Ay = +1 and \_ = 0. Invariance under (' P requires equality ameng

the cross sections for some of the initial states:

oW Wi~ tl)=a(Wi W,

LS AN t)

_ i (3.15)
oUW Wine = 1) = a(WE WL, — 1),

After same algebra we can write down the two independent cruss sections, for a

left handed UW'* and longitudinal W=,
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. . R Nt 24
n(u;:_lum, — i -x——_‘,” (:—;:‘) (—"
C, b o2 . ,
x —[(I—JA,+.!.l,)(|—,\z)-—A..\;(l—A.)]
B
( 9 p
+ l-_.[G—»:I.\,+§X,+X§—2_’(,.’(‘--,\,’]
1.1, 1 ez o L,
+.3,[1-x,+5,\.] Sy [¥2 "\""‘"i“']}‘
(3.30)

awl for a right -handed W+ with a longitudinal W=,

) Nea? 2
AW, Wi ~t1) = T2 (2L) ﬂ{__—A’L'

s WMo/ 5| B
1 3
+ A [1-,x,+§x.] —%l:m— XXX Xe=X2] (331)

[.\',+A,(2—2x,+,\',)]

LIy x, x4 la2
+M'[.\, .\,x.+2,\,]}.

We see (hat, as advertised, the leading terms in the cross sections at high
energics are proportional to (/M }¥. The cross section for a left-handed W+,
E¢. (3.30), contains the logarithmic enhancermment proportional to £, The right-
handed cross section. Fq. (3.31). is suppressed by a power of A4 relative to the
Icft banded procsss. Neither process depends on the Higgs. since coupling of a

transverse W oand o longitudinal W 1o the scalar Higgs is forbidden.

To obtain the contribution of these processes to e*e™ — vt T we again need 1o
fold in the effective- W distributions from Eqgs. (3.19) {3.21) and integrate over the
momentum fractions of the two W7's. To get the full contribution we multiply by a
factor of 1wo 16 account for the cross sections in which the W i longitudinal and

the #'~ is transverse. The results are displayed in Figure 3.13. We see that the

4

contribution from W et

Wy o dominates, as expected. The factor of (mg/Muw)?
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causes the cross section to be basically flat as m¢ grows. However, it never surpasses

the two-photon result.

102

0 100 200 300 400
m, (GeV)
Figure 8.13  Contributions to the cross section for ete™ — ubtT at /3 = 2 TeV from

fusion of & transverse W with a langitudinal one in the effecti.e— 4’ approzimation as a function
of my.

The remaining configuration to be considered is when both H''s are longitudi-
nally polarized. The leading centribution to this cross section is proportional to
(mefM«)Y. In this case the Higgs plays a critical role. The f-channel, photon, and
Z" diagrams add to cance! the bulk of the unitarity- violating behavior. However.
there are terms of order my\/s/MZ in the amplitude that remain, only ta be can-
celled by the Higgs contribution. At energies below Lhe Higgs mass (V3 < M2).

this cancellation will not Drcur Thns wil) lead to an enhancement for Lop-quark

masses less than M, /2.
The cross section is

138

- Nea? Y/
oWiWins » 10 = TG (1)

8s3, i

1 g
x {15—'[1+1§Rex,,+;:\.(2x.—xdl [l Xet pXerheXut Xl (332)
t
1 % 1 2 2
- E.A.‘[.1x.+x3+2x.x.-x3-[x,,|‘] + m[x,—zx,xﬁx,]}.

It contains the leading factor of (mqfMy )Y, as claimed. The strong dependence
on the Higgs mass comes from the term containing ]X,IQIA,. When the center of
mass energy /3 is substantially less than the Higgs mass, iX,,Iz 2~ 1. In this case
the term proportional to |X,,1’/A. produces a term proportional to m?a/MY,. Of

course as soon as 3 grews beyond M, 2 the correct asymplotic behavior is restored.
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Figure 3.14  Contributions to the crom section for e¥em — vt at fi = 2 TeV h.nm
fusion of longriudinal Ws in the efective- W approximation as a function of rn, for three chaices
of the Higgs mass M, = 100 GeV. 500 GeV. and } TeV

The {ull cross section fos ete™ = 1T through fusion of longitudinal Ws is

shown in Figure 3.14 for representative values of the Higgs mass. The numerical
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results exhibit the promised enhancement for top quark masses less than A, as
much as a factor of 10 for M, = 1 TeV, and 100 for M, = 500 GeV. The sum of
all the W* W~ contributions is graphed in Figure 3.15. For Higgs masses of 500

GeV and 1 Te\' the contribution from two longitudinal W's dominates.

W T I T T T
E Rl S\ M= 500 GeV
Vs Ay
_ ; 3 ]
- 4 \ -
’ L
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L
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103
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‘o-d L ] ) | 1 | i
o 100 200 300 400
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Figure 3.13  The full croas section fot e* e~ — virt1 at /3 = 2 TeV in the effective-W’
approxitnation as a function of m, for three choices of the Higgs mass: Af,, = 100 GeV, 500 GeV,
end | TeV

3.6. Tor-QuUakk PRODUCTION FROM ZZ FUSION

In this section we compute the cross section for e*e~ — e*e™ 1 through ZZ
fusion, again treating the process in the effective-boson approximation. The Z-
fusion process is easier to analyze than the W-fusion process because to a high
degree ol accuracy the distribution for the two transverse helicity states are the

same. Recall that the difference between the distributions for right-handed and

0

left -handed bosons is proportional to guge. The vector coupling of the 2° to th:
electron. g ~ (=4 4 sin?0u), is negligible, since sin? fw = 0.23. { This would
not be the case if we were considering 2%'s heing emitted by quarks in hadron
collisions.) Thus, we ace allowed Lo sum over the two transvesse polarizations in

our calculation of Z°Z° — ¢i.

The cross section for the sub-process, Z°Z% — 11, is readily calculated. The
relevant diagrams are depicted in Figure 3.16, the two Compton-like graphs and
the Higgs graph. Again, only the sum of all three graphs is well-behaved at high
energies. We will present cross sections summed over the spins of the t and .
Just as in our W-fusion calculation, we will take the Z® momenta to be light-like,
k? = 0. For polarization vectors we take those defined in Eq. (3.10) for helicity

1, and Eq (3.14) for the longitudinal p larization.

Z A t 24 1
ANNAN r—i——
H.
'Y ¥ il
VT -
rH 1 23 1 2 1

Figure 3.16  Diagrams contributing te Z°2° — 11

Let us begin with the cases where both Z%'s are transverse. The cross section.

averaged over the two transverse polarizations is
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Mol g [ )
i {Br[l+6r,,+r.,

G(Z?Z(r\ ~t= G4l et &

— A= 2ANR-2E ._\.R‘-x“u--m.\u-ch]-u-nci—r‘ (3.231

v

+ 4.3,(7{\2:‘3,—(:+Sﬂc.‘(,‘,+4[.\'"|2)—6(.3‘2(l+2li<n\',,+!.\',,i2)}.

For convenience, we have defined reduced veclor and axial vector couplings of the

Z" to the top quark:

g |
S C vy wAlTL (3.34)
and introduced e = cos @ I weiting . (3.93) we have used cq = ~ 1. The other

constants arc delined as 10 the previous sections, As a check on our calenfabion.
we can sel ¢g = 0. e, = —1.and X, — —1 and so retrieve the form of the photon

platon result from Section 2,

To get the full contrhution from transverse 2% to ete™ = e* 7 (1, we use
the distributims derned i Section 4. The results for 5 = 2 TeV and a Higgs
mass of 100 GeV are displaved i Figure 317 The numerical results depend onla
weakly on the Higgs miass We see that the transverse Z° contribution is smalier
than the transverse W contribution by an order of magnitude. The difference is

due manly to the smaller couplings of the 2% buth 10 the electron and to the top

quark.
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Figure 3.17  Contributions to the cross section for e¥e~ — e*e™ 17 at /i = 2 TeV from
fusion of twe transverse Z%'s and {rom one transverse 2° with a longitudinal one in the effective
Z approximation a8 & function of m, The Higgs ranse it teaken to be M, = 100 GeV but the
result in very insensitive to M,

Now let us include the longitudinal polasization. As with the W¥, we will
take Lhe longitudinal Z9 to have a polarization vector, ¢, = k,/M,. Let us first
present the result for one transverse and one longudinal Z, averaged over the two

transvetse polarizalions:

no_.*_’f_Neaic?.ﬁg_zfgz 2&_1
222 ~ 1) = (M,) s[(c"”")ﬁ, 2(-,]A (3.35)

As we found for W W1 — 7, Eq. (3.35) is proportional lo (me/ M) and
independent of the Higgs mass. Note also that the result is proportional to <], since
without the axial coupling the Z% would mimic the photon and its longitudinal
mode would not couple. (An on-shell Z° would also have a vector amplitude,
but it would be suppressed by M, /5.) The result aftet folding in the effective-Z
distributions is shown in Figure 3.17; it is again murh smailer than the equivalent

W -fusion process.
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Figure 3.18  Contributions to the croas wection for e*e~ — e*e~ (1 8t /5 = 2 TeV from
fusion of two longitudinal Z% in the eflective-Z spproximation as a funclion of m, for three
choices of the Higgs mass My, = 100 GeV, 500 GeV, and | TeV

Finally, consider Lhe process with both Z's longitudinally polarized. The cross

section is

. wNat rm B, . 7L 27 1
2020 1) = 45!:6!.- r’:) f[(l+2ReAH)(F:—2)+|.\’,,| (E—z)].

(3.36)
1t has the expected factor of {m/M,;)%. The result also contains a factor of ¢} = 1,
since each ZD couples with a power of ¢,. Repeating the {amiliar procedure of

integrating over Lhe effective fluxes we obtain the contribution of longitudinal 2%'s

toe*e™ — e*em tL The full results are shown in Figure 3.18 for our three canonical
values of the Higgs mass. We see again the delayed unitarity cancellation for the
larger two choices of the Higgs mass. The sum of all Z2 fusion contributions
o top-quark production is shown in Figure 3.19 for the same three choices of

the Higgs mass. The contribution from longitudinal Z's dominates for the whole
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Figure 3.19  The sum of the comribytions te the crom wetion for e¥e” —ete" tia 3 =
2 TeV from fusion of Z°'s in the effective-2 approximation as s function of m, for three choices
of the figgs mass A, = 100 GeV. 500 GeV. and | TeV.

considered range of my if Ay, = 500 or 1000 GeV, and fov my > 200 GeV far
My = 100 GeV.

3.7. Fnoton-2Z° Fusion Propuction oF TopP QUARKS

Leaving no slone unturned, we now direct out attention Lo the production of
11 pairs through fusion of a photon and a Z°. The diagrams are the same as those
for photon-photon fusion, with one of the photons replaced by a Z% They are

depicted in Figure 3.20.

The calculation of the cross section for the sub-process 1Z2° — t{ holds no
subtleties, we simply add the Lwo amplitudes, square the result and integrate over
the t I phase space. Since the distribution of transverse Z%s in the electron is very

nearly idependent of the helicity, we will average over the transverse helicities.
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Figure 3.20 Diagrams comtnbuting 10 12" — f{

The cross section for transverse Z's, averaged over polarizations, is

- *NQia® B [ L, 2,.2 2 2
a(yZy — 1) = —EW? E(q+r,+8c,c,.’l.—lﬁqc,A,)—ci——c,—Sclc, \

(3.37)
where ¢; and ¢, are reduced right-handed and left-handed couplings of the 2010

the top quark:

aq=1- QQ,sf,.
(3.38)
o= —ZQgS:.
The cross section for photon-phaton fusion to top quarks is regained il we se(

=6 - Q

The cross section for the case of longitudinal Z%'s is equally easy o evaluate.

The result, averaged over photon spins, is

2
—) (e - e?&t (3.39)
Fd 5

Our tesult contains the expected factor of (m /M, ). Since the longitudinal 29

couples wxially at tagh cnergies, our Tesult is also proportional o {g — ¢, ¥=1
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Figure 3.21  Contributions o the cross section for e*e~ — e*e™ (1 at /o = 2 TeV from

fusion of & photon with & Z7 u the effective-bosan approximauon for hoth photon and 29 252
functson of ny,

The convolution of these cross sections with the relevant distributions vields
the portion of the ete™ — etet1 cross section due to photon-Z° furion. The
results of the numerical integration are displayed in Figure 3.21. We sec that the
ransverse contribution is very small, two orders of magnitude below the photan
photon result. The enhancement of the longitudinal mode allows the longitwdinal

oy O
result W surpass the two pheton result for top masses above 300 Ge\

3.5. PuoroN Z° INTERFERENCE

[n the previous sections we have discussed the effective hoson approxunation
for processes molving Hhe photon, 70 and W3 Our discussion has neglected the
fuet Lhat amphitades mvolving the photon may mtetfere with amplitudes involving
the 2", There 1§ no a priort reason why these amphtudes should vamih. In

this secnion we derive the analogue of the effective-boson approximation for these



Figure 3.22  TProduction of an arbitrary fina! state X in a coliision of an electron with an
arbitrary amuiad particle f by exchange of a photon or a 2% e~ ~ e~ X,

interfefence terms. We then proceed (o calculate the interference contribution to

+,-

ete™ ~ ¢*eti using our formalism.

The denivation proceeds in complete analogy to our previoys derivations of the
effective boson approximation for photons and heavy vector bosons. We begin by
considering the process depicted in Figure 322, e~ f — €~ X, for some particle f
and final state X, both arbitrary, The full amplitude is a sum of the photon and
Z9% diagrams:

o B g4
M= alp)[ A _ (oot 1«4:

T K (3.40)

where, as before, A. is the Lhree-point coupling 1f — X, and 4; is the analogous
quantity for the 2°. When we square the amplitude and average over the spin of

the electron we find

— 1 — _— p—
B = 5 30 IME = [Real 4 [Fo [ + | B[ (341)

spins
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whert the interference contribudon is

2

[ 2 {3 [-3 . 1
My | = —-m{g,_ [P + o - (rr29") + :g.(ucnhm}

% gun Gt (AL A + A1),
{3.42)
When we replace the propagstors by polarization sums {Eq. (3.9)] we obtain
— 1 2e 1 ;e ' .
l-M'ulll = —mﬁ .z, {gn [(P'l:)(l’ 'Q)+(P":)(P ‘)= (p-pYer "))1
+ :gut““"(,'“c,.,p,p:,} [(A-(.)(A;»c;) + (A (A2 e;)]
(3.43)
where the sum runs over the three polarizations of the intermediate photon or 27
1.y = 0,41, We see immediately that Eq. (3.43) has the same structure that we
ubserved in the effective-boson appreximation, Eq. (3.11). The same argument we
used in that case shows tu that the terms in the double sum for which i # ; vanish.

either identically or after integration over the azimutha! angle of the electron.

As we did in the effective photon approximalion we will neglect the longitudi-
nal coupling of the photon. Thus the sum in Eq. (3.43) runs only over transverse
polarizations. When we insert the explicit polarization vectors defined in Eq. (3.10)
into Eq (3.43), dropping the off-diagonal and longitudinal terms in the sum, we
find

— %e i
T = gy 2 {orl = g4 -l - )|
A=l

x[(de- ) (A3-65) + (As-aHAz-63)].

(3.44)

Note thal the term proportional to ga in Eq. (3.44) is proportional to the helicity A.

When we repeat our argunient for the case in which the photon and Z° are emitted
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from a positron we find that this term also changes sign, the sign difference coming
from an interchange of p with p'. We expeet the axial portion of the distribution
to dominate since the vector coupling of the Z¥ to the clertron is small; however,
the sign flip from electron 1o positron will cause sume of these terms to cancel, as

we will sec.

We now invoke the assumptions of the effective-hoson approximation: we re.
place the amplitudes A, and A, with their values at 7 = 0 so that they can be

removed from the angular integral. We define an interflerence cross section
o' (212°)f ~ X) = jdr[(,q,-q)u;-(;) o) Ag)]. (348

where dU is the invariant phase space of the state X'. We write the contribulion of

the interference terms to the full cross section as
MmN = /dr'Zf;"‘ma'"‘m(x)|z“m)f -x| . aae
T =14

Just as we did in Section 4, we can read off the interference distributions:

nt o dcosd T P
1= (27‘_)_»1'-*'/ke(kz_.“g’{gl'(l'i"ék )“’\VH(EPJ_EPJ)}-

For convenience, we break up the distributions into vector and axial vector

pieces

. dcos P

nt !yl' 2

: _ S o f _FSE e g2 347
W -t A T (347
" _ _eg,, o, dcos @ T At AR
M= ('ZT-_):‘E .../k——'——:(kz_m,;l] (Eps—£'p). (3.48}
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Figure 3.23  The wnterference distributions [Eqgs.(3.49) and (3.50)] for a photon mterfering
with a 2° emitted from an electron at encrgy 1 TeV as a function of the momentum [raction ¢

When we insert the kinematics from Eq. (3.7) and perform the integrals, we find

iy _ G l-c+a.) 2N 2-ry(2-7)
) = Swznl,!{log[*az ](1 A,-:+2) |og[T]_2— .(3.49)
w9 ), 2—z-1y i+n

2 (T} mrgn{ og [2—-——_“”] +log et B0 (3.50)

where 1 and A, are defined as before, Ay = MI/s and 5y = /1 - A;/z°. The
interference distributions are plotted in Figure 3.23. The axial distribulion s

between a factor of 2 and 10 times as large as the vector distribution,

Now that we have developed our formalism we can proceed to calculate the
rontnibution 1o rte™ — ¢+ (7 from the imerference of diagrams involving dif-
ferent numbers of photons and Z*s. The complete set of diagrams are shown in
Figure 3.24. Brute force procedures could be used to calculate each amphitude and

interfere 1t with each of the others, followed by integration of the terms over the
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Figure 3.24  The set of dingrams contributing (o the cross scction for e*e™ — e*e~ 1T in
the eflective-boson approximation.

appropriate distributions. However, since there are many contributing amplitudes,
we will use our knowledge of the distributions 1o pick out the dominant terms and

compute those only.

Since the photon distributions are much larger than the Z° distributions we
might naively expect the dominant contributions to come from interference terms
involving the maximum number of photons. The terms with the maximum rum-
ber of photons are products of a photon-photon fusion diagram with a photon- 2"
fusion diagram as shown in Figure 3.25a. However, the axial portion of this con.
tribution will be cancelled by the mirror-image term, shown in Figure 3.25h, the
product of a photon-photon diagram with a photon-Z% diagram with the photon
being emitted by the positron and not the electron. The piece left over contains
only the “vector”™ distribution, proportional to g, which is considerably smaller

than the axial distribution. Similarly the terms involving three Z"'s and one pho-
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Figure 3.25 The disgrams representing terms involving three photons and one Z°. The
axial portion from the term in a), where the Z° in on the positron line, cancels with the axial
portion of the term in b}, where the 2% is on the electron line.

ton will only receive vector contributions; we will neglect these terms completely,
since the Aux of Z%'s in the electron is much smaller than the fux of photens. Con-
tributions from the “axial™ distribution will cancel out from all terms except those
shown in Figure 3.26. These are the diagrams which are symmetric with respect
to interchange of the electron and pasitron. So we expect the leading terms to be
those involving three photons with a single Z° and those invalving two photons

and two Z%7s,

We begin with the interference terms containing three photons and one 2°.
It is straightforward to calculate the product of the two amplitudes and integrate
over the appropriate phase space. Since the “vector” interference distribution is
independent of helicity we can sum over the helicities of the inlerfering bosons, we
average over the helicity of the photon. An additional factor of two comes {rom

the fact that the 2% can be emitted from the electron or the positron. The result
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[EN

M o, '7 Y n'"'({q(.\mz(’u.)}m:) - n)

A

(3.51)

Y d Ia a3
et c,){E(l +13-83) - 1~ 43},

Ry
where o and ¢, describe the right  and left handed couplings of the 2% to the top
quark defined i Fg.o (3.38), The polarization sum runs over X &y = 41, The
astute readet wall recognize that Eq, (3.51) hax the same form as the cross section
for 11+ 4. Note alswo that this “cross section” s positive,

The mterference terms mvolving two phetons and two Z%s are also straight
forward to calculate. ln this case we do not average over polarizations Since the
sigh of the "axial™ distribittion alternates with 1he hebeity we calenlate the sum

over pularizations weighted by a factor of 4,

# =Y TN ne ™ (B AIZ 2 (] - 1),
PIE Y
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We caleulate the tenps depicted in Figure 326 antegraled over the 1 = 7 phase

Sptee

. Legy : 3
A { -{' Ir; + e - Nylep - r,)-} .(-f—r: 1',(‘,] (152}
I

Nute that this “cross section” is negative,

The contribution to e*e” — e+ (7t are then abtamed by (olding in the ap-

prrapiriade distoibndtions:

AT Lty = jd:,d;_-f','"(:,),',(;,.w"" (3.53)

&= T)r;s

AT ettt = —/dr.n’:;[;"'(:,]j;'"(:_-)ﬁ‘"'l [3.54)

S =T

The facton of 1 in Eq. (3.54) comes from the axial intetfecence distribution off

of the positron Sinee 7™

is negative, both contributions are positive. The -
merical integration of Egs. [3.53) and {3.54) are plotted in Figure 327 The two
contritmtions are of roughly cqual magnitude. the vector contribution dominates
at smaltler masses sinee the veetor distnbution is peaked at small x while the axial
distribution is relatively flat. We might naively expect the interference to be farger
than the » 2% fuson contribution, This i not the vase due to the cancellation of
the leading axial terms. Instead. the interference contribmtion is roughly compa-
rable with that from fusion of transverse Z%°s, two wrdets of magnitude less than

the v 2% contribution,
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Figure 3.27  The conteibutions to the croes section for ¢*¢~ — e¥e™ (7 at /s = 2 TeV
fram interference among diagrams involving photons and Z°'s as a (unction of m,.

3.9. PrRODUCTION OF { b Palrs FrROM YW FusiON

There exists another vector boson fusion process which is capable of producing
top quarks. In this section we will calculate the production of t b pairs through the
fusion of a photon and W, This process has an advantage over the 11 processes:
it has a lower threshold energy, since the bottom quark is much lighter than the top
quark. Since the cross section for the subprocess of two bosons going to fermion and
anti fermion goes like 1/, the lewer threshald provides an cffective enhancement.
Furthermore, the eflective-photon flux grows at the lower momentum fractions
allowed in this process. Finally, the vW fusion process involves a bottem quark
propagator which may become nearly on shell in the forward direction. causing an

enhancement proportivnal Lo log(é/m;)‘
We will first treat the process in the effective-W approximation, even Lthough

66

Y t Y t
i R
1 t b

'\/V\/\.a-—(—-: —-(—-_—-

W+ b W+ b

Figure 3.28 Feynman diagranis for the process yW* —

Lhis is an occasion in which we do not have much trust in the accuracy of the
approximation. The effective-W approximation breaks down when the energy
af the vi;tual W does not exceed ils mass. There are parts of the phase space
for which this is the case in the production of tb pairs. However, these parts
of the phase space do not contribule the bulk of the cross section. Rather it is
configurations where the photon is at low z and the W at relatively high = which
will dominate. These parts of the phasc space are well described by the effective-W

approximation.

Fusion of a W* and a photon to form tb proceeds through the diagrams in
Figure 3.28. The photon may couple to the £ quark or the anti-b. {Note that this
second diagram is absent in the analogous leptonic process: TW — 1.} We will
restrict ourselves to top quark masses above M,,, so that the s-channe) W will
never be on-shell. We will present the analytic forms of the cross seclions for the
sub-process yW*+ — 1B, with the different helicity combinations treated separately.
Qur numerical results will averaged over the polarization of the photon, since the

efiective-photon distributions are polarization independent.

The calculations of the cross sections are easily carried out. The results for
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transverse W's are;

aNea?
o {-24A,£',[1-A.+.'<,.l1+A,)]
w

O Tpasi Wiy — 1) =

+{1-A)[16+6X2 = A(T-48X., +3X2) ~ 33.,2(3+x3,)]}. (3.55)

o meaWioy = €8) = 264(1-20) 4841 L~ (1~ AJ(T-5A,+6A] )},

(3.56)

(3.57)

BAILHI +3X,.) + 403L;

o(nae Wiy = 1B = 2 Neo? {B (1452, +307) =(1 = A)(25+4) A, +5A] )}‘
(N Wiy 1) = {
(

+ {1 = Ay) [4+5 X244, n+12x‘.—w?)]} (3.58)

In writing Egs. (3.55) (3.58) we have used the values of the quark charges;
Q= % and @y = —%. We have also taken my = 0 wherever possible. The only

place where 1y enters is in the logarithmic term:

Es+p (- A

Yol -'!m)( ) oy [ }
By-p A
Ei+p i

o=t g, )= (

L Dg(!:]—p log a)

where .lb is Lhe analngu(- of Ar for the b qunrk: _\5 - ms‘/.ﬁ.

(3.59)

The cross sections as displayed in Egs. (3.55) - (3.58) are rather complirated
but their general structure is casily understood. Note that it is Eqgs. (3.56) and
(3.57) that feature the logarithmic enhancement ronting from the forward direc-

tion. The bulk of Eq. (3.56) cames from the b quark exchange diagram which is
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enhanced when the ¢ is emitted in the direction of 1he WY momentum and is left-
handed. 1n this case the virtual b quark becomes almost on-shell. The logacithmic
enhancement in Eq. {3.57) comes from the ¢ quark exchange diagram in exactly
the same way. Note that the difference in the coeflicients of £y in Eq. (3.56)and
L} in Eq. (3.57) is 2 factor of Q?/QF = 4. The other two hekicity configurations,

Fqs. (3.55) and {3.58) do not receive the logarithmic enhancen.cat,

Remaining are Lthe processes involving longitudinal W's. The cross sections for
&

the two photon helicities are:

ol ramp Wi —~ 15) =

wNel ( m,
18523 (Mw

) {BC (1+A—28F-3A,Xu)

+2C',,(l—.'_\.g]2+(1~A.)[—28(1—L\,)—6Xw(l+3A,]+3X3., (I%-J-A,)] }.(3.50)

H
+ - aNea? { my
”('Y,\:-l‘v

2
o =15 = g E) {a-_x.c',[:;x,um.)—m,—mf]

, 5 6X%
+2_\,’£[,+(l—A;)[lO+A:(28—18XW—3.’(") 42Xw-3X2 + ’A ]} (3.61)
2]

We see that only Eq. {3.60} contains the logarithmic enhancements £ and L},
indicating that this cross section is peaked in both the forward and backward
directions.  The analogous logarithmic terms in Eq. (3.61) have been omitted,

since they are suppressed by powers of (rmyfM ).

To obtain the contribution 1o e*e~ — e~ 515 from 7W {usion we average the
above cross sections over photon polarizations and integrate over the momentum

fractions of the W and photon. The results are plotted in Figure 3.29.

As mientioned earlier. we have no guarantee that Lhe effective-W approxifation

will give accurate results for 7W fusion, even at energies as high as 2 TeV. In what
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Figure 3.29  The contributions to the croag section for ete” — e~pthat /5 =12 TeV from
W fusion in the effective-boson approximation as a function of m, with my = 5 GeV.

follows we will check the effective-W approximation by doing an exact calculation
of the process ety — 51b. In calculating the full process ete™ — e~5td we will
continue to treat the photon in the effective-photon approximation, since we have
confidence in its accuracy. We will also neglect the peripheral diagrams that do

not contribute in the effective-photon approximation.

The cross section for the process e¥y — #1b is calculated via the diagrams
in Figure 3.30. Note that the diagram coupling the electron line directly to the
photon line was neglected in our effective-W calculalion; this diagram must be
included where the effective-W approximation is relaxed, in order to cancel gauge
dependent terms. The calculation of the cross section is quite lengthy. We have
used REDUCE to perform the trace over y-matrices and the angular integration

of the tb system. The remaining phase-space integrals are performed numerically.

wn

e v g v
wt b w* b
b
Y annnd t b4 1

-]
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+
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-

¥ b7 b
Figure 3.30 Feynman diagrams for the process ety — Btd

To obtain the full cross section for e*e~ — -5 ¢b we integrate over the photon

distribution in the electron.

To compare the exact result with that obtained from ihe effective-W approx-
imation we plot the differential cross section versus the energy fraction of the

intermediate W:

ety b)Y filz)o( Wi~ th),

dz A=110

where r is the energy fraction of the W. This comparison is made, for several values
of the top mass, in Figure 3.31. We see that we achieve very good agreement for all
three masses, except at very small values of z where the exact cross section increases
dramatically. Figure 3.32 show *he results of integrating the exact diflerential cross
section over the photon distribution. It agrees with the eflective-W calculation to
within approximately 30%. This process competes with the photon-photan process

for top quark masses larger than 200 GeV.
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Figure 3.31  The differential cross section dafe* 4 - 7t 5)/dz al /& = 2 TeV as & function
of x caleulated exactly comparrd to ealcutated in the cffrctive 8 approxsmation for three chowces
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Figure 3.32  The contribution to the cross section for e*e” — e pthat /5= 2 TeV from
+W fusian as a function of the top mass calculated umng Lhe effective-bason approximation fot
both the phiton and thr W rwnpated 1o the result using the ellectrve-photon approsumation
alone and treating the W cxactly The bottom mass 15 my = 5 GeV

3.10. PRODUCTION OF 1b PalRs BY W Z FUSION

‘The final(!) production process which we will discuss is WZ" fusion. This
process is similar in struciuse to 2W fusion, with the Z% aking the place of the
photon. We do not expect the effective -boson approximation to have high accu-
racy for this process since. even for heavy top quarks, there are portions of the
phase space in which the intermediate #° and Z% carry energics less than their
imasses. These uncertaintics aside, we will use the effective-troson approximation
to estimate the contribution from W Z® fusion

The process W* 2% — this calculated via the diagrams in Figure 3.33. This is
the same set of diagrams we studied in the case of W+~ Tusion, with the 29 waking
the place of the photon. 1 18 a tedious but straightforward exercise to evaluate

the diagrams, and sum them to find the compleie amplitude The cross sertions
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Figure 3.33  Feynman disgrama for the pracess Z°W* — 15,

for the various polarizations of the W* and Z° are then obtained by squaring the
amplitude and summing over the quark spins. We first write the results for the
cases in which both W and Z° are transverse:

xN.a?

Zen =18 = s
3

eWicn

x {A.c; [24,3,(x;v-sf,)+a.(9-1sx:,-4243,+2433,(x(,+s$,))]
F(1-41) [165.‘.,+6)(:3 +0:(2453 ~ 754, +18X/, ~4852, X1}
—3A23c, + xz)] } (3.62)

rN.a?

0 By =
a(W:=+,Zl=_l—olb)— 184,25

x {E’, [9—24sfv+16:1,+A.(54—132st+sos;)+|2A,’c3vm—453,)]
+(1=4¢) l—30+785£.—505',‘,—A,(57—l385‘,‘,,+8233,.) - ncfvag} } (3.63)

rN.a?

0 T =
oWl _(Zy_yy —=+1b) = T8st, s

x {(l—A;)ZLL(Q—l2sfv+4sf,)+A?£:(9—24sfv+16.sf,.)

(1-A,)[—30+4253,-14s:,+A.(33-42.«§,+1ost,)-12:3.A3]}, (3.64)

i

xN.a?

g0 b = ——
(LPETIT I= i

A=-1
x {A?L;(g— 1252, 4458, )~ 82, AZLY (52 -3 X))

+(1 - Ay)

4sd +6X1- 81253, (14 X),)-135%, +18X), +3X2)

- 3A}‘(3CL+.\’13)] } (3.65)

with X[, = & Xw and the other quantities are as defined in the previous sections.
The structure of Eqs. (3.62)-{3.65) is determined by the same dynamics we discov-
ered in our earlier studies: the coupling of the W to fermions is left-handed and
the spin of the [ermion prefers to align with the boson to which it couples. When
both of these conditions are satisfied the cross seclion is enhanced. The cross sec-
tions involving longitudinal W's and Z%'s are calculated in the same manner. The

results for the various combinatiens of helicities are

oW _ Zig—18) =

x*Na® (XL,
M,

2
oL —) (1 - A2+ A, (3.66)

2 1
" v _ xNe ™
Wy 1250 th) = 125, 2,3 (Mz)

2¢4, X2
A,

x {3(1+4chi', WCi—1+4,) + {1-A, )’(2+A.)}, (3.67)

_ N.a?

2
e - 2 4 — I,
Tl i Mw) {(9 120, +43, J(1-A0°Ly
+ 0 [ms:( l+A.—2A3)—4SA.s§x;-27A3]
1 Xn
- A.)[—-18+4843,—563f,+12xf,.(3 + .s?,,)—GXﬁHQ-A—‘:

+ A((ds—1083§,+561:,—35c3,){:,—ﬁ)(g]] } (3.68)
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0 __;N,o’ o
oW ,Zi, —1h) = 36:8, 033 (W)

x {c;lasx;-w,;x;,,_lm.(s—?.-i+4s:.—sx:v+4s.’.--';)
—AX(27-604%, +32.e1,)] +ARLY (91285 +dsl)

+- .'.\‘1{9— 2402, 42008 ~ 12X (6 715, )~6 X2

e 12X72
+ A(45- 10852, 45658, —36¢%, XL —6X2)+ AX'* ] } {3.69)

The leading terms in Egs. (3.66)- (3.69) are proportional to (m /M, Y or (m/Mu)?.

as expected,

The calculation of the fusion of a longitudinal W* and a longitudinal 20 is
slightly more subtle than the previous cases. Our general program has been to use
light-Jike momenta for the W+ and Z° and to use longitndinal polarization vectors.
e = k¥ /Af, . The cancellations involved in the full longitudinal calculation are very
delicate. If the bosons are not taken on their physical mass shell the cancellations
do not take place. Of course, if the physical momenta and polarization vectors are
used Lhe cancellations occur and the unitary behavior of the gauge theory is seen.
Our procedure will be 1o calculate the full amplitude for on-shell bosens. This
amplitude will be {ree of unitarity-violating behavior. We will then continue the

amplitude back Lo k> = 0 and ¢* = k*/M, for hoth W+ and 29.

The result of this pracedure is

10° E
A R
104 E
° E 3
105 1 1 1 | n |
100 200 300 400
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Figure 3.34 Contributions to the cross section for & production at /s = 2 TeV via W2
fusion in the eflective~boson approximetion a6 a function of the Lop mass with my = 5 GeV.

2 4
+ o0 = wNeo m} )
a(Wi,0Zrag — th) Wk a3 (-_M,E,Mg,

x {3L;(1-4x:v+2x.,) + (l-—Ag)[—3—655,X..~(1—2:2w+4x:.).\’£,

] , 2 fiyas, 2X2
+—A'(GXW+(-1+2!u-+23w)Xw) + _A3 .
(3.70)

The eross section has the expected factor of m}.

To find the contribution to ¢ B pair production from these processes we aeed
to repeat the familiar process of folding in the effective boson distributions and
performing the integrals over the momentum fractions. The results of this are
shown in Figure 3.34, as a function of my. The results are comparable with thase

from WW fusion.
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3.11. BEAMSTRAHLUNG

Since most processes of interest in a linear collider scale like 1/s it is neeessary
for a TeV linear collider to have a very high luminosity. If the process of interest
has a cross section on Lhe order of op then a luminosity of order 10%em~gec ™!
is necessary 10 produce 10° evenls in a year. At the bunch densities required to
produce this luminosity the bulk interactions belween the bunches become impor-
tant. One of the consequences is that the incoming electrons bremsstrahlung in

the Hield of the positron bunch™ This intense radiation, called “beamstrahlung,”

smears out the energy of the electrons and positrons.

There is also the possibility of the beamstrahlung photons interacting with each
other and the electrons and positrons in the colliding beams. lankenbecler and
Drell®' have shown that the effective luminosities for photon-photon or photon-
clectron collisions can be quite large, depending on the parameters of the machine,
The beamstrahlung two-photon luminosity can even dominate the flux of “virtual™
photons, calculated in the effective-photon approximation, as shown in Figure 3.35.

The electron-photon luminesity, plotted in Figure 3.36, is also substantjal.

We can easily calculate the production of top quarks from the fusion of beam-

strahlung photons:

- 3 dL. -
abcunllrnhlunl(¢+¢ —ecteTtl) = /d: d:’ o(ry — 1)

Viza i @m

The results of the aunerical integration are shown Figure 3.37. We see that for our
chosen set ol beam parameters the beamstrahlung production process dominates

the effective-photon process by Lwo orders of magnitude.
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Figure 3.35 The diffetential photon-photon luminosity dCqy/d1 relative 1o the incident
electron—positron flux as a function of the energy fraction & = Vils st 22 TeV linear callider
The bunches are taken Lo have citcular croes section and the luminosity and laboratory bunch
length sre: £ ~ 2.8 x 10% em~7 and Iy ~ 0.15 mm, respectively. The iwo-phaton flux from
the effective-photon approximation is shown for comparison. { Reprinted with permission from
Blankenbecler and Drell, Ref. 31.)
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Figure 3.36  The differential photon—electron luminosity dL./dz relative to the incident
electron-positron flux as a function of the epergy fraction : = V]38 . The beam parameters ate
the same as those in Figure 3.35 The phaton flux from the effect:ve-photon spproximation is
shown for comparison. { Repninted with permission from Blankenbecler and Drell, Ref. 31.)
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Figure 3.37  The cross section for production of top quarks by fusion of beamatraklung
photons as a function of the top quark maa for the samic choice of beam paramelers as in Figure
3.35 The contribution from the effective—phaton spproximation is displayed for comparison.

We can also calculate the production of £ — b pairs as a result of the interaction
of beamstrahlung photons interacting with positrons:
Loy

- _ .= d, n
Cheamstrabiungle* €™ = FET1D) = f s aler—mb) o L Q)

This cross section, calculated in the effective- W approximation, is displayed in
Figure 3.38. Again the beamstrahlung contribution dominates. Of course an equal
number of anti-top quarks are produced in the charge-conjugale reaction. These
sesults were calenlated for the case of circular beams which give the maximum

beamstrahlung flux. For flat beams the fuxes can be reduced by an order of

. 1
magnitude.
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Figure 3.38  The cross section for production of ¢ — & pairs by fusion of heamstrahiung
pliotons wetl victaal W bosons, calculated in the effective~W approximation, as a function of
the top quark mass for the same choice of beam parameters as in Figure 335 The coninbution
from the effective-photon approximation 1s displayed for comparison

3.12. SumMaRy aND CONCLUSIONS

After reviewing the range of possible vector boson fusion processes we see that
the 7 fusion dominates at the smaller top masses, me < 200 GeV and rxceeds
owest arder crass section for my < 100 Ge¥. At jarger masses, fusion of longitudinal
s exceeds the vy result. due to the enhanced W' couplings. Processes involving
7% are seen to be an order of magnitude smaller than the analogous processes
mvolving Ws. The interference between photous and Z%s is seen to b much
saller than one would panvely expect due to the small vertor conpling of the
electron to the Z%. Onr check of the elfective W approximation i the 1eackion
¢+ — @ thshows that 1t s accurate to within 30%. Including beamstrahlung can
greatly enhance the photon fuxes. For ¢ircular beams the photon photon crass

section dominates both the lowest order cross section and Lhe eflective-photen
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