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Experimental evidence indicates that the top quark exists and has a mass 

between 50 and 200 GeV/c 2. The decays of a top quark with a mass in this 

range arc studied with emphasis placed on the mass region near the threshold 

(or production of real VV bosons. Topics discussed are: 1) possible enhancement 

of strange quark production when Mw + m, < mt < Afiy + m^; 2) exclusive 

decays of T mesons to B and B' mesons using the non-relativistic quark model; 

3) polarization of intermediate W's in top quark decay as a source of information 

on Lite top quark mass. 

The production of heavy top quarks in an e + e~ collider with a center-of-mass 

energy of 2 TeV is studied. The effective-boson approximation for photons, Z°'s 

and IV "s >s reviewed and an analogous approximation lor interference between 

photons and Z 0 , s is developed. The cross sections for top quark pair production 

from photon photon, photon- 2° , Z"Za, and IV+VV" fusion are calculated using the 

effective-boson approximation. Production of top quarks along with anti-bottom 

quarks via -jit'4" and ZQW + fusion is studied. An exact calculation of 7e + —• vto 

is made anil annpared with the effective-H' approximation. 
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1. Int roduct ion 

The la&t character {except ibe Niggs) lo be added ID the cast of ibe Standard 

MooVI with three generations is the top quark. Since the top quark has yel to be 

discovered, the first question we murt address is: *What top quark?'' By the top 

quark We mean the partner to the b quark in an. SU{2) doublet. The existence 

of the top quark is inferred from the measured properties of the 6. Experiments 

at PEP and PETRA, in which c4f~ -^ 7,7° -» &£ is measured, show a non­

zero forward-backward asymmetry. This indicates that the axial coupling of the 

hot ton t lo the 2^ is non-zero, ruling out the possibility that the bottom quirk 

is an .9(f(2J singlet. Furthermore, if the h were an SU{2) singlet th«re would be 

decays mediated by flavor-changing neutral currents, such as b —» . « + e~ , which 

are not seen.' Lastly, t]jr top quark is needed on theoretics] grounds, in order that 

the Standard Model be anomaly-far. 

The / quark mass is constrained to be above 29 GeV from TRISTAN, above 44 

flrV from TAJ, And above about 50 GeV from theoretical considerations based 

on the AKGTS result' for fi - S mixing. In fact, the B - § mixing results, 

iul«Tprel,eil within the standard model, Would have one entertain ( quark masses 

in the vicinity of 100 GeV. Hecent results9 from CDF. t 'Al. and UA2 show no 

evidence for a top quark with mass less than 60 GeV and new data accumulated 

by CDK should be a We to srt a hound thai approaches the W mass. 

In t'hapirr 2 wr consider in Rome detail the transition region between the 

pradurtion «>f "Virtual** and "real" H"s in t decays, i e.. values- of mi & M w •+ mj. 

The absolute width for a t quark with a mass in this range has been considered 



I>rrwn«j^)> . iiMjfllh «> a >/•>•' l i l' < *'*<' nf ii ^rnrr i t heavy ijnark decaying to a irvd" 

Alter n-\. n-wui&MMur <.}( il«i> aiiah'si)- A\ the beginning of Chapte r 2. we examine 

some pa i lnu la r properties i»f I he region where I»J, a= M„ + itit, noting especially 

how the possibility of a sharp transition or threshold is smeared out, hy tin- finite 

width of the II'. In Section 2.3, we consider the decay rate for t —• s •+ \V compared 

to that for 1 -* ft + IV. Tlie first process is suppressed relative to the second by 

the ratio of Kobayashi Maskawa matrix elements squared, | V i a | 2 / H r ^ | ' J , which is 

known ( t; be 5= 1/500. Then* is a region, however, where t he first process it Above 

threshold for production of a real W, while the second is below threshold. T h e 

question of whether this can compensate for the Kobayashi-Maskawa suppression 

is answered (negatively) in Section 2.3. 

In Section 2.4 we consider the possibility that the h a d r o n k final s ta te recoiling 

against the IV and containing a ft quark will be dominated by a very few hadronic 

states, rather than be a sum »f many states in the form of a je t . We calculate the 

specific matrix elements in this case in the quack model—one of the few cases in 

which (he nonreiativistic quark model may really be well-justified a priori. 

This ties into Section 2.5, where we examine the relative population of longi 

tudinal and transverse H"$ as we move through the threshold region. The rat io of 

decay widths involving longitudinal and transverse l i "s varies fairly rapidly near 

the threshold and we show how the associated lopton or quark jet angular distri­

bution in the W decay can be used to measure this quant i ty and help determine 

the t quark mass to a few GeV. 

2 

Serin in 2Xi mutants a summary of Chapter 2 and ^inclusions 

Chapter 'I if* devilled to the study of lop quark production via vector-bovon 

fusion in ati t + » " <ollid«T with a center-of-mass energy of 2TcV. We first review the 

ellertive phoion approximation and Lhen use it to calculate the production of f - t 

pairs via photon photon fusion Wr then review the effective bosfjti approximation 

for W* and Z 1 ' bosons, deriving a consistent set of distributions and showing that 

the interference terms between different helicities do not contribute. 

In Sections ll.fi 11.7 we discuss the production at i -I pairs via W + W~. -)/?°. 

and ZllZv fusion. These calculations Are carried out in ihe effective-boson ap­

proximation. We present the results as a function of mi for a variety of Higgs 

masses. 

The analogue of the effective-boson approximation for the interference between 

photons and Z° ' s is derived in Section 3.8. We then use this formalism t o calculate 

the contribution of these interference terms to e + e ~ —• e + e " ( ? . 

The next two sections concern the production of top quarks with associated 

an t i -bo t tom quarks, These processes proceed through 7 W + and Z ° W ' + fusion. 

We calculate, the cross section for fW+ fusion in the effective-W approximation 

and compare the result In an exact calculation of e + 7 —» v\ £. 

The luminosities for beamstrahlung photons are presented in Section 3.11. The 

cross sections for fusion of bcamstrahlung photons into top quarks and interactions 

of beamst rahlung photons with positrons to produce f — 6 pairs are calculated. 

We conclude Chapter 3 with a summary and comparison to previous results. 
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2. Top Quark Decays when mt « Mw + mh 

2.1. INTRODUCTION 

The decays of a heavy top quark have a much different character than the 

decays of the tighter quarks- Even for values of Tn( a; 50 GeV, the finite mass of 

the W results in a & 25% increase in the ( decay width over the value calculated 

with the point ^infinite Mw) Fermi interaction; for M* w 100 GeV we have decay 

into a "real" W resonance and the width is proportional to GF rather than Ci\. In 

lliis chapter wr focus on the transition region between the production of "virtual" 

ajui "real" H"s in t decays, i.e.. values of mt ss Mw + mi,. 

2.2. Tin: DKCAY RATE FOR t -* b e+ur 

Consider the semileptonir detay of / to b. The tree-level width, for any value 

of in,, can In1 calculated from the diagram in Figure 2.1. 

F i g u r e 2.1 The Fcynmai] diagram for ihe «mi-leploiiK decnv uf ihv lop quark, I — bi + iv 

r(r— ftf\) = 

( t n , - m t ) J 

0 

where r w is the total width of the W and the integration variable Q2 is the square 

of the four-momentum which it carries, with the associated quantities 

Qo = ( m ? + 0 1 - m j ) / 2 m , , 
(2.2) 

IQ|2 = 0S-Q ? -

In general, the right-hand side of Eq. (2.1) should contain the square of the relevant 

Kobayashi- Maskawa matrix element, IWil2* which in the case of three generations 

is one to high accuracy. 

In the limit that m ( < A/ W l the momentum dependence of the W propagator 

can be neglected and the expression simplifies to 

r ( i - i c +i , , )=£p. y d<?2|Q|[2|Ql2 + 3<?;(]-Q,,/m,)] 
o 

(„.-„.)' ( 2 3 ) 

0 

i ^ | fl - SI2 + SJl 6 - A 8 - 24A4 / n i l . 92irJ L J 

where A * m f r/rn r . 

In the other limit, where mt is sufficiently above \fM, we may integrate over 

5 



Ilu- UTI'.I Wigiu-i fin pnnlming fl "teal" IV. and niiiis 

rewrite Kq l- M a-s 

r ( , _ „ + ,v-r,,%,) = »(*•-«.,,•^[2;Qi' J + 3«i<i - J-)]. (2.s) 

where now y-' = M:l. so that Q„ = (m; + if J - m|)/2nii and (Qi J = Q& - A/; . 

For wry large values uf in,, the width in t'-n, ('2.5) behaves as 

r-</ _ 4 + H ' - / > / • * * , ) = /?(H' - o v ) •n,-m}/»ry/rl, <-'.fi) 

to he contrasted with F.q. (2.3). 

The finite width of the IV determines I he behavior of the rate as we cross 

the threshold for producing a real IV. Once we arf several fill] widths of the IV 

above threshold, the nincli larger width given in Kq. 12.5) for producing a "real" IV 

dominates the total I decay rate. This is seen in Figure 2.2. where the I — 6r + c, 

decay rate is plotted versus m,. The dashed curve is the result in Eq. (2.5) which 

would hold for production of a real, infinitely narrow IV, while tin- solid curve 

gives the result of integrating Eq. (2.1) numerically' For smaller values of m, 

the width is less than f;*mj/192ir5 because of the finite value of m t [here taken 

to he T> CrcY. see Eq. (2.3)]. but then is enhanced by the W propagator as m, 

increases. The exact result quickly matches that for an infinitely narrow IV once 

we are several W widths above threshold. The finite H' width simply provides a 

6 

0 50 100 150 
m, (GeV) 

Figure 2.2 !"(/ — h i+v.J/fGJmf/lM*3) u a function of m, from the full expression in 
Eq (2.1) for M„ = 83 GeV. r» = 2.25 GeV and mi = 5 GeV (solid curve), and from Eq (i 5) 
for decay into a real, infinitely narrow W (dashed curve). 

smooth interpolation as the decay rale jumps by over an order of magnitude in 

crossing the threshold. 

The peaking of the differential rate around the Wyolc can be seen in Figure 

2.3, in which we plot dT/dQ7 for a range of values for mi. We see that for top 

masses above the threshold for real W production the peaking of the distribution 

becomes pronounced and the bulk of the rale comes from values of Ql very near 

M$,. This rapid change in both the absolute rate and its phase-space distribution 

is what will drive the processes which we will study in the following sections. 

7 
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QJ Tor a succession of top quark masses, spanning the threshold for decay into a real W and 6 
quark The masses axe taken as Ai*M. = 63 GeV and nij = 5 GeV, 

2 3 . RATIO OF t -+ b TO t -* s 

Ordinarily the weak transition t —* s is suppressed relative to t —• 6 by the ra 

lio of the relevant Kobayashi-Maskawa matrix elements squared, |V,S| /|V(*|* as 

1/500 However, we have seen that T{i —• b €+ft) increases sharply as mj crosses 

the 14' threshold, changing from being proportional to G~r to being proportional 

to &T Thus we expect T{t —• se*t>e) to be enhanced relative to V[t — 6f"*".'() 

when mt lies between the two thresholds: A/ w + m, < mi < \h% 4- TT,6. The que? 

lion is whether the threshold enhancement "wins" over the Kobayashi-Maskawa 

suppression. 

To examine this quantitatively we consider the ratio of the widths with the 

1.0 

%L_ 0.8 

r 
* 0.1 

^ 0.2 h 
20 

i 1 i | i — | 1 — 

'J ~ 

4 0 60 60 
m, (GeV) 

100 

Figure 2.4 The ratio of decay rata with Kobayuhi-Maskawa factors taken out, 
{T(l — b e+j/,W|V,,|')/fr(I - je+».)/|Vr„|>) with m, = 5 GeV and m, = 0.5 GeV and V, 
equal to fictitious values of 0.0225 GeV (dotted curve) and 0 225 GeV (dashed curve), and the 
expected 2.25 GeV (solid curve). 

Kobayashi-Maskawa factors divided out: 

r ( i - . . e + y . ) / | y . . l ' 
r(. - st+».)/\v„\> ' 

Either well below or well above threshold for a "real" W this ratio should be 

near unity. For an infinitely narrow W the denominator is strongly enhanced, 

but the numerator is not, when Mw + m, < mt < Mw -r mj. The ratio indeed 

drops dramatically near i -• 5 -+- W threshold, as shown in Figure 2.4. for Vw = 

0.0225 GeV (dotted curve) and even for r „ = 0.225 GeV (dashed curve). However, 

the expected H' width of 2.25 GeV (solid curve) smears out the threshold effect 

over a mass range that is of the same order as m t - m,. and gives only a modest 

dip (to =s 0.6) in the ratio. This is hardly enough to make f —• s comparable to 

f - 6 . 



2 4, E v t i sivt ' M o m s 

When Mir is in ihr present experimentally acceptable range, the rate for weak 

decav of the constituent I quarks within possible hadroiis becomes comparable 

with that for electromagnetic and weak decays. Weak decays of toponium become 

a major fracti.m of. say. the . / ' ' = 1~ ground stale, and even for the T*{tq) vertor 

meson, weak (let-ays can dominate the radiative magnetir dipole transition to its 

liyperfine partner, the T meson ,/ = 0" ground s la te . ' 

In decays of heavy flavor mesons the branching ratios for typical exclusive 

channels scale like [f JMQ)*. where / is a meson decay constant (like j v or / ^ - ) , of 

order 100 MeV. and A/y is the mass of the heavy quark. For D mesons individual 

channels have brandling ratios of a few percent; for B mesons they are roughly 

ten times smaller; and for T (or T') mesons they should be a hundred or more 

times small. 1! yet. Il should be possible to treat 7* decays in terms of those of the 

const ituen* / quark, t —» b + M ' + . with the b quark appearing in a b jet not so 

different from those already observed at P E P and PETRA. 

There is one possible exception to these last s ta tements , and that is when 

wt =s m^ + A?w . the situation under study here. In this ease there is a premium on 

giving as much energy to the W as possible, i.t.. Keeping as far above threshold for 

"real" \Y production as possible, and hence on keeping the invariant mass of the 

hadronic system containing the 6 quark small. Then we expect the T and T* to 

decay dommantly into a few exclusive channels: a "real" W plus a f l o r a "real" 

W plus a B\ 

Furthermore, this r one place where the use of the non-relativistic quark model 

10 

it, a fiusn* well juMihVd. The / quark and final \V are very heavy. When int ft 

"'b + M« • 1 ' " ' l i " a ' >»'**•}' ' ' quark is restricted to have a few f > V or less of kinetir 

energy if the H* is In he as "real" as possibl*'. The arcompanying light quark in 

the '!' hadrun ^ very mm li a spectator wl'idi simply becomes part of t he final B 

or It* ]iadi«ii, Thus we can match up the weak current of heavy quark stales. 

( / , ( , v A 6 i | V " - / i * | ( ( p . , A , ) ) = f i ( ; > s . W ' ( i - : i M P , , A , ) . (2.7) 

sandwiched between the appropriate hadronic wavefunctions in spin and flavor 

space, with (he matrix elements of the exclusive hadroi 

and T — B" + H' , defined in terms of the form factors 

space, with tin* matrix elements of the exclusive hadronic channels T —* H + W 

M-ir. 

(B(Pa)\ V \T(pT)) = U{p» 4- p%) + / . ( p f - rf) (2.8) 

(i)-{pH.i)\V-A"\T\pT)) = 

til" + HPT • <')(Pr + p U ) * + c(Pr ' f'KPr - P„)" + ' 9 ' " „ J , P? pf, ( 1 * -
(2.9) 

The quark-level calculation is carried out using explicit spinors and -j-niarrices 

i the rest frame of the t: 

u(p,,A) = \/2rn7 

(2.10) 

u (p»"M = yEi •+"•» 



w i t h 

x-+ = 

and where fc'$ is the energy of the 6-quark and p =* — Qi* '» its momentum-

Evaluating the matrix elements from Eq. (2.7) yields 

( M w . W l « ( p . . * 0 > = 

f(£»+"i»)/ |p| . o. o, l, A,At = + + . — ; 

| p l { 0, - 1 , - i , 0; A,A t = + - ; 

0, 1. - i , 0; AiAj = - + ; 

/ Ek + ">t 

and 

(*lp». A 6 ) | /V !•(,>,. A ()) = 

IPl/t £» + "'»). 

0. 

0. 
^ 2 1 1 1 , 1 ^ + r ,) 

0, 0, I; A rAk = + + 

l , t , 0; A,A(, = + -

1. - i , 0: A,Ak = - + 

l - lpl /O-j + m,). 0, 0, 

\ \> rlioosi' th r pol^ri^ali^n vectors of the '.V lt> hi 

I 

- I ; A,A, = 

~ Ji 
( U , ± l . i . 0 ) , 

I - !PI , o.o./•:„), 

(2.11) 

(2.12) 

( i i 3 ) 

where /.., is 111!' energy of I lie IV. To obtain the amplitudes we dot llie currents 

Cr,>iu I'.qv (2 111 and CM'.!] willi the polarization v e l a r s : 

M\,i. = C- lW-HtP ; . !'(;>, - A , ) ) ' ; ' -

• H . U = ( * l W . A t ) | ^ | ( ( p , . A J ) ) r ; ' 

1 hi' appriipiiate polarisation vector t« go with cadi spin con figuration is chosen 

l-'-UI 

by angular momentum conservation. For the vector current we find 

Vfv - u ' _ _ j / m m < 4 I 
P . 

^ = «-- = A/??b # ( - + ""). 
(2.15) 

and for the axial current 

^-=- M - + =V3S l p l ' (2.16) 

M \ 4 = -Mi. = 2v f m,( E t + m t ) . 

The quark model results for the amplitudes for T — B W and T — B ' W 

are obtained by sar-Jwiching the quark level lesults between the appropriate wave 

functions in spin and Ilavor: 

| B J = + 1 ) = | f c T * T ) . l 2 i 7 > 

|s ;=. i> = I M * i ) . 

wlit-n* i/ i> H Itfihl tjiirirk. y - n, J , or .--

\ \ r ean now write down the quark model results Tin* devay / ' —* BW yields 

only longitudinally po jamed H"'s. by angular moment urn conservation. By parity. 



it pwrerd* mi!> ltmmc.li Mu' vr i lur I'lirrellt: 

Mil •- / / » ' , ) = \ i M \ t -i Ml. 

I 2"<< "" Ipl 

The dccA\ of a 7' into *i i ransversr li* involves both tin* &Ktal a«d wrli>r rur tculs 

whereas the dtf ay into A longitudinal 7J* involves; otj.lv \\\e axial ro r rcn l : 

-M[7' - » L + ,H'w,) = -^5'-^-+ + M1 + 1 

J , , ' " 1 (g< + >»t + |p|). 12 IP) 
V r.& -f 77jj 

.W<7'-. B ; . _ , H ' i . . , i - - H ( . M : . + A < 1 + ) 

Jv~— (£1 + mt - lp|). (2.20) 
V r-6 4- r n 6 

. K I T - B;iV,)= - U M i + + A1«.) 

l a i i - m i l 1—-=~ 
= ^ y m ( ( £ j + me). (2.21) 

The corresponding quantities in terms of the farm factors are computed by 

dotting the polarisation vectors into Kqs. (2.8) and (2.9). 

.M(7 ' - . f l -MV,) ,2 ; ^|p| / - f 

• Ml7' -1 It' + IV, ) a. (o 4 A».JWr|p|) (-2.22) 

,M(7 - 7T + H',,) = —-^ (Q(IP[ J + EB.EW\ + 2*mf |p| 2] . 

Identifying m , = m r and raj = m s sr m y i . and comparing the quark level and 
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liadritlt Lt'M'l cvpM'SMtti 

v / ' i n t r ( 7 : „ 4 m „ | 

u s y 2tHr(rV» 4 r » „ | 

_ 2 (2.23) 

-E,) 
| p | ! 

In the limil | p | — I) the form factors reduce 10 

r — m t + " * ' 
l,JmTmB 

;2.24) 

2^/mTma 

Tlwse result*, agree in tlie appropriate limit a-ith previous results 

factors / + . a, and g at) have straightforward limits as (p( —* 0, while that for 

i» can or suVrtle. as explicitly seen in Eq. (2.23) H is more sensitive to bound 

quarks being off the mass-shel) Our result agrees w-iih that of Ref 16 with the 

appropriate change of flavors. 

2.5. IV POLARIZATION IN ( DEC/\Y 

Within the scenario of discovery of the top quark at a hadron collider, it would 

be useful to have several handles on the value of m,. An indirect method would 

be to measure a quantity in top decays which depends strongly on the top mass 

http://ltmmc.li
http://otj.lv


For rn, in the vicinity «r A/« + mj, we now show that such a quantity is the ratio 

of the* production of longitudinal Ws to that of transverse Ws in top decay. 

The decay widths into longitudinal and transverse IV's are defined by decom­

posing the numerator of the W propagator as 

9^ ~ QMMl = ^tM(XK{X) = ei+ ,<i+»* + t$]$)m + 4" ,*i-"' ' . (2-25) 
x 

where the superscripts give the helicity of the W, whether virtual or real. In 

calculating the ( decay ratt- in Eij. (2-1), we define VL = T' 0 1 , originating from IV's 

with helicity zero, and T r = T' + l -f V^~\ originating from VV's with helicity ±1. 

There is no interference between amplitudes involving the different W hclicities, 

sine*1 the helicily of the t and t> quarks determines the helkily of the intermediate 

IV. Separating in this way the portions of Eq. (2.1) originating from longitudinal 

And tTansvrrsi* H'"s„ we find 

0 

r - G ' < m ? f Art M " I Q I \-rtn Qa<\ IT™ 

A 

In the rase it\t <.<. A/„ Hie integrals become 

{m, — m»)* 

(2.2$) 

- S / <̂ K< ' " ^ ^ / ^ : IQI|2Q : ( ! - £ " ) ] 

Noticing that 

dQ* 2|Q|V ^ m , / ' l i " f f l ' 

and using integration by parts, we find 

(mi-mt)' 

Q 

r - 7 0 / «'Wr-
(2-30) 

Without needing to perform the integrals we see that 

T r = 2 . (2.31) 

Sufficiently far above the W threshold we need only calculate the relative pro­

duction of longitudinal and transverse real W's: 

As m* gets very large the longitudinal piece dominates because its coupling grows 

like (mr/AJrt.)" For the case of an infinitely narrow W. r £ / r T = ^, precisely at 

threshold. At the threshold the decay is purely 3-wave and the three polarization 

states are produced equally. The value of l\/rT near the threshold is shown in 

Figure 2.S for IV = 0.0225 GeV (dotted curve), 0.225 GeV (dashed curve), ani 

the expected 2.25 GeV (solid curve). In this case we see that even for the expected 

value of IV the ratio varies rapidly with m r , especially just below the threshold. 
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F i g u r e 2 .5 The ratio \\l\'t of I — 6 -f IV — b z*v. decay widths into longitudinal 
compared to transverse 11'"$ as a function or "ii for IV equal lo fictitious value* of 0 0225 GeV 
(dotted curve) and 0 225 GeV {dashed curve), ami the expected 2.26 GeV faolid curve) 

The ratio of longitudinal to transverse H"s is reflected in the angular distribti 

lion of the electrons from i ts decay. With the final o quark direction as a polar 

dcose) 

whe 

1 + 0 QOS0 + O COS2 0 , 

I'T - r L 

(2.33) 

[2.341 

Thus a measurement of the piece of the angular distribution even in 6 gives a value 

for F t / r r and indirectly a value fat mt. In particular, o becomes positive only a 

few GeV below the threshold, and this may provide a useful hm« 1 on ni, 

The coefficient of costf contains information on the difference between the l»'o 

i tHn^ci '- ' ' |"»lflnv.ali'His 

o f _ l - L3-: i t f2.:«» 

If the energy of the l> quark is much larger than its mass then the 6 will lie Ml 

lniic|«'(l, him <• its coupling to the W is V - A. Thus if the spin of the lop quark 

i* aligned along the W momentum then the IV will be dominanily longitudinal; 

if vht- ld|> spin is anti-aligner) with t he W momentum then the VV will prefer 

ti«-g«ti*T helicity. So between the two transverse s ta tes t he negative helicity state 

will dominate when the b energy is high. Indeed, in the case of a massiess b the 

positive helicity s ta te would not be produced at al!. However at the threshold for 

making a real IV. nit/Kb is no suppression at all and the two transverse states are 

produced equally. To see how this comes about consider the difference of the two 

transverse rates divided by their sum: 

Q - ' ~ r ' + J . (2,36) 

Kor toj> masses, sufficiently fir away from the threshold this ratio will be close 

to one a* the positive helicity piece will be suppressed. At exarily the ihresh-

old the ratio goes to zero, in the limit that the VV" is infinitely narrow. The 

results lor the expected width of the H" are shown in Figure 2 6 . along with 

iwu fkLitiuu;* choices of the width for comparison. We see that for very small 

values of the width the ratio becomes very small near the threshold, but for 

tin- expected width the effect is slight, the ratio achieving a minimum of — 0 K 
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F i g u r e 2 . 6 The ratio ( [ " ( _ ( - r ( + ) ) / ( r ( _ i + r , + , ) of f — b+W — b r + e , d w a y widths into 
Ml handed minus right handed IV'$ divided by Lhe sum AS a f u n d ion of m ( for P H equal in 
fictitious *alu«. of H 0225 O V {dolled m t w ) and 0 225 GeV (dashed rurvc) , and tht- eKjircled 
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2 .G . SVMMARY AND C O N C U ' S I O N S 

We have seen thai the range of top masse? near the threshold For production of 

real U' bosons has a rich structure. Both the absolute width of the top quark fuid 

its differential width in Q1 vary wildly across this region. Top quarks in this region 

have a slightly enhanced decays inLo strange quarks. The exclusive decay rates for 

top mesons ititi calculated around the threshold using the nonrelativisiie quark 

model. The relative populations of the different polarization:, of intermediate It' 

in (op quark decays change!; rapidly in this region and could provide information 

on the lop quark mass. 

3. Top Quark Product ion in e*e~ Colliders 

3.1. INTRODUCTION 

In the last several years much thought has gone into the prospects for physics 

using an c+c~ collider with energy in the TeV range. These machines show great 

promise for being able to address a wide range of experimental issues. These include 

(hut are not limited to) Higgs boson searches, W-pair production, supersymmetry 

searches, and charged Higgs &earchcs. Here we wish to study the production of top 

quarks in a e + c~ collider with a total cei;ler-of-mass energy of order 1 TeV. Top 

quarks, besides being of considerable interest in their own right, provide signals 

and/or backgrounds in all the aforementioned experiments. In particular^ since 

Higgs bosons couple predominantly to the most massive particle available, top 

tjiiarks will figure prominently in any Higgs study, whether for a charged or neutral 

Higgs. 

The scale of cross actions for all Standard Model processes (and most non­

standard ones) is set by the elementary QED point cross section: 

47TQ2 86.8 fb 

^ = "5T = [ £ ( T e V r ( 2 ' 3 6 J 

The canonical production mechanism for fermion pair production is e +e~ annihi­

lation into a photon or Z°* shown in Figure 3.1. At center-of-mass energies much 

larger than the Zlt mass the lowest order cross-section for a fermion. / , can be 

written 

, + - f -n .. [ 'PCM + 2Qh>l(i - 6 4 ) + ' - < 4 + & t ] „ - . . 
«{r , - / / ) = „„ ,V 164(1 - . ' . . ? ' ' ' 

•vhere i\ is- the weak isospin of the fermion, Q ilb charge, and .V,. is the number of 



t e+ 

t e 

F i g u r e 3.1 The Frynman diagrams for r+e' —>-),Za — M 

colors, 1 for leptons. 3 for quarks. For compactness we have written sip0M. = * w . 

FOT top quarks ^or any other up-type quark for that matter) the cross, section is 

<x(c+t- - . < ( ) - 2.1 o p l (2,36) 

where we have assumed s > m^,A/^ a n ^ taken J H . = 0.23. 

The question we want to investigate is whether there are any other imporUnt 

production mechanisms for top quarks. The natural candidates are the vector 

bosun fusion processes These processes are suppressed relative to aft by a faclor 

of a~. However, since the vector bosons are exchanged in the /-channel they <"*" 

come close LQ being on shell in the limit where the energ}- they carry is much larger 

than their mass. Furthermore, longitudinal bosons have enhanced couplings to 

heavy fermions. These factor -~ould combine to make vector-boson fusion processes 

competitive with annihilation through i or Z 

in this chapter we will make an exhaustive survey of the vector-boson fusion 

processes which contribute to the production of top quarks. We will calculate cross 

sections for these processes using the effective-vector-boson approximation. For 

li'liiiitrii'"^ «•• will present n'null.i for a nil lit Iff Willi a renliT-of-rnass enrrgv of 2 

IVV 

3 .2 . Tin E n T . r i i Y K I ' I I O T O N A P P R O X I M A T I O N 

Anioiifi the vector- boson fusion processes, the one with LIH; longest history by 

far is pliulon photon fusion, with theoretical investigations Ruing all Ihe way bark 

lo Williams and L?ndau and Lifshitz in 1934. At the energies in which We a i r 

interested, these reactions are well described by the effective photon Approxima­

tion, originally developed by Kerini, Weizsacker and Williams, and Landau and 

Lifsliiu." and given a modern Uealment by Brodsky. Kinoshita and Terazawa, 

Fur roinpleteness and as a warm-up for subsequent ralculations, we will present 

a brief derivation of ' l ie effective-photon approximation, kipping only the leading 

term, tu Uiia strategy' we will neglect the mass of the electron wherever possible. 

We will follow closely the treatment of Kef, '21. 

Consider the process depicted in Figure H.'J. The essence of I he effective photon 

approximation is tha t I lie cross section is dominated by phase space configurations 

in w h e n the virtual photon is nearly on shell, i.e.. when the final electron goes 

almost straight forward. The strategy is to integrate over forward angles and 

ex p r o s the result as the cross srrt ion for tf —• .Y multiplied by an effective flux of 

piK'tons inside the elertron. hi this respect the effective photon approximation is 

identical to the parton model of hadrons. the difference being that the distribution 

of photons inside the electron is calculable, whereas the distribution of quarks and 

gluons within a hadron must be extracted from experimental data. 
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Figure 3.2 One-photon production of M arbitrary fin*! iL&tt X in a collision of an electron 
with in v-bittmry tmtiaJ pvticlv / t~ f — e~ X 

The amplitude (or this prort&s can be wriUtn 

M = fi(,')i.c7*)»u.> ̂ Sal A\ (2.36) 

where A" describes the three-point coupling. i'f —• .V After summing over ihr 

brlii itirs ot Ihe initial and final rlwVron and performing the Dirac trace we have 

5 £ I-Ml* = i~JY^'" + '•'"'" ' ' • P^)AfAl. (2.30) 

Proceed ID the cross section: 

icy.-f - f".V) - ^ | ^ ( 2 ^ " + i j y - j ^ ^ M ' M f . ,3.1 

(2*1' 
1i: 

"here j = (n + j>/>\ (r = p - p'. ik the momentum of the photon and dT is the 

invariant phase spare of the state A 

We now break up the photon propagator into a sum of polarization vectors: 

- f f " - £ ' ' ' • " (3-3) 

Tile sum runs over the two polarization vectors perpendicular to the photon mo­

mentum k plus a longitudinal one. Inserting Eq. (3.3) into Eq. (3.1) yields 

M f ! - f.V) = JL y flL £ J2(p ,,)(p ,)) + i(r, , ^ 3 ] (X £.)M' • O ^ 
(2.36) 

The integral over the azitiiiitlial angle of the final electron causes the polariza­

tion sum to be diagonal; thr interference terms between longitudinal and transvec** 

polarizations and between the I wo transverse polarizations integrate to give zero. 

Furthermore, the contribution from the longitudinal polarization vector* is sup­

pressed. The longitudinal polarization vector becomes proportional to k when the 

photon goes uu shell Tims the Ward identity guarantees that it couples with an 

extra factor of J^ compared to the transverse mode. The longitudinal piece will 

only be important if it is anomalously enhanced, r g . b\ a small maas appearing 

in a propagator, or if (lie transverse roupling is forbidden: the longitudinal piece 

will not contribute significantly lo ")") produrlioti of fermion pairs, and we neglect 

it in what folkiws 

After (he amri«fri«il mU'$r<uu>n is ;tedoenwd. uc hare 

<ln{, 1 -_,.V) * / I'Vi - t - l - d c r t - , / - A). [ZA\ 

whr'»- ~' - /•.' - t.' is (he energy a( (he photci and p± is the projection of p 



jM-rptTHlu-uLi: ro k In writing YA\ i'.\A) w havr made t 1M* sul^tituliuri 

1=1 : 

Tht j remaining integral over 1he polar angle of the final r i r d u n i is peaV'-d 

sharpK around 0 = 0 so we replace 

*•- ~ - 2 £ A (I - r o f f l ) - n t ; -
££' ' 

/>i = - § * ' • (.1,1) 

Changing, variables to integrate over fr* we ftnd 

^(e-/ -, r-.Y) - i y ^ i ^ ^ ^ ^ h / - X). (3,0 

The leading term comes from the fact that the smallest k2 is proportional to m; : 

fdk1 , 4 E £ ' . E 
- / - p r = l o g ^ - 5 = = 2 l o g — ( • ) • • ' i 

We present the final answer in the form 

o(t'S - /-V) = J-iifilzWif - A')|.=ij. (3 4) 

where i = U + p / l 2 . We conrUuk thai the leading contribution to t he photon flux 

n T m. 

T h e term pruportional to 3 / x derives from photons with spirrs aligned with the spin 

of the incoming electron, while the term proportional to (1 — J ) 2 / J * provides the 

F i g u r e 3 ,3 The *ff«t*ve flux of photon* in an el«tron •with thcigj 1 *T>V as & function 
of the momentum fraction * Ibe fuH expiewioji, Eq. {3 tS), eompajn) to the leadmg-logariihni 
approximation, Eq (3 5) 

distribution of anti-al igned photons. At an energy of £ — 1 TeV the logarithmic 
r 21 

enhancement is log ~ ~ 14.5. The full expression is 

(3.6) 

T h e full photon flux compared to the "leading-log" distr ibution is sbo*n in Fig-

ure 3,3. We see tha t a t these energies the leading term approximates the full 

distribution to high accuracy 
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3.3 TWO-PHOTON PRODUCTION or TOP QUARKS 

In the previous section we derived the effective-photon approximation for a 

process involving one exchanged photon. To treat photon-photon collisions we 

need to fold in another factor of the photon flux. Accordingly, the cross section for 

two-photon production of top quark pairs is 

,r(e +e- _. e+e-l?) = J rfx,^ / , ( * , ) / T ( T , ) 0(17 -* (?), (3.4) 

where c{"jy —* ti) is evaluated at a center-of-mass energy squared, s — Jirjs and 

/ , ( i ) is given by Eq. (3.6). 

J, ' \ /W\ 1 > 

Yo'Vu'V/V 

n\ 

t ylh 

t T s 

Figure 3.4 The Feynmeoi diagrams for TI — I ?• 

The two-photon process proceeds through the nvo diagrams in Figure 3.4. TSe 

cross section is (for unpolarized photons) 

a[<n -» ") = <*N<QW^ \J{\ + 4A, - SA?) - 1 - 4A,1 , (3.4) 

with the dependent:*' on the top-quark mass entering through 

0t= T/1 - 4 A , , (3.7) 

and 

ID Figure 3 5 the full cross section at ^/s = 2 TeV U plotted far various values of 

tTi( We see thai far rn< ^ 100 GeV the two-pboton cross section ii comparable to 

that from annihilation through a photon or Z°. 

10-1 

1 , 0 * 

1 0 s 

0 100 200 300 400 
m, (GeV) 

Figure 3.5 The cross section for two-photon production of top quarks, e+e" — 77 — l U 
»l -Ji = 2 TeV in the effective photon Approximation as « function of th* cop quark mass 

3.4. THE EFFECTIVE-W APPROXIMATION 

Jn this section we derive the analogue for massive vector bosons of the effective-

photon approximation, in order to use this technique to calculate top quark pro­

duction from the fusion of W1s and Z's. The effective-IV approximation has been 

discussed extensively in the literature. It has been used to calculate production of 

very heavy Higgs particles and heavy fermion pairs arising from W-boson fusion, 

both in the context of hadron-hadron collisions and electron-positron collisions-

There are several immediate differences between processes involving photons 
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and tliwe liiu.hmi: 11 i or / " . The U ± and Z° have both vector and axial 

>eclor couplings it* fermions. As we will see shortly, interference between IIM-M* 

coupling will cause the hosons of holiHl.v +1 to have different distributions From 

those witli hflni'v - I Since llir H'* and 7, are massivr, processes involving 

these particles are suppressed until very high energies are obtained If a process 

is. to be well-described by th«' effective boson approximation, the energy that (lie 

virtual bosun carries must be significantly larger than its mass. This creates a 

threshold below which the effective-hoson approximation is mi longer applicable, 

For example, we do not expert the effertive-boson approximation to be applicable 

to the production of light fermion pairs, since these are produced most copiously at 

energies much less than Mt and M w . Finally, the W* and Z a , being massive, art-

allowed to have longitudinal polarization states. Longitudinal polarizations couple 

to the mass of form ions and thus become important in heavy fermioti production, 

whereas in photon interactions Ihe longitudinal contributions are suppressed dre 

to the Ward identity, 

Tlit\w distinctions duly noted, the derivation of the effective-W approximation 

proceeds in a very similar fashion lo our previous derivation of the effective-photon 

approximation, We will present the derivation in detail because there has been 

some controversy in the literature and because the cross sections for heavy fertnidn 

production from vector bason fusion depend strongly on the parton distributions 

used. We will follow closely the treatment of Dawson, Ref. '11. 
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Figure 3.6 The production of an arbitrary final >lai* X via exchange of a massive vector 
boson V b«tw«n an electron and MI arbitrary initial parti tie /̂  c" / -»\X, I i» either an electron 
or a neutrino depending on whether the V is a Z° or a W~. 

For generality, we study processes involving a massive vector boson, V t which 

may be either charged or neutral. We allow V to have arbitrary vector and axial-

vector couplings to the electron, gv and ga, respectively. Consider the process 

depicted in Figure 3.6. The amplitude for the process is 

M = fi(j/)(-ih''(*. + sa-r5M>>) (t»l?%r») •*'* <3-4) 

where as before A" describes the three-point coupling: Vv + / —» X. For W* and 

Z° bosons the couplings are, 

and 

w±- y' = -s* = 53' {3A) 

cos9„ 4 ^3 4j 
9 

9' 4 cos $w' 
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Squaring ilit- Amplitude and summing over spins yields 

I.W - I £ W = 2 _2

A f , { (J,J + rfjfrY- + P V - p • P V I 

+ 'Jiff,* < " n " PPP<, }s**M*V "** * 

\\V now decompose the propagator into a sum over polarization vectors. W'v 

choose unitary gauge and subst i tu te 

* X 

We chuosc the helirity basts for the polarization vectors: .V runs over A = ± 1 . 0 . 

The expliiit polarization vectors we will use are: 

<; = 4io.±i...<». 
, (3.101 

<; =-^pdki.o.o.-'). 

where k defines the i axis. Note that since k is a space lik.-1 vector {h2 < 0) . to must 

he lime-like, if it is to be orthogonal to k. Thus to •*$ = + 1 . whereas <± • c± = - 1 

Inserting Eq. i3.il) into Eq. (3.8) yields 

f,:i.i n 

In urtln lot the diTu-Aiinn io proceed it is necessary thai ,-vll the interference term> 

hr'tu'iM-ii .huVri'iii [mWi/atioiis vanish,* either identically or after integration ovei 

tlir- ri/imul hiil angle of;/. Tins condition is indeed satislird, as we will now sec 

To facilitate the argument define explicit components for p and p ' . Momentum 

conservation etjuires that the components of p and p ' perpendicular to k be equal 

and opposite. With k defining the z-axis we write: 

p = i p i c o s < & , p J 5 i n 0 , p 3 j . 
(3.4) 

p ' =: [-f>1 COS*. ~pL Sill <&.p'a). 

fjf-t us analyze each of the terms in Eq r (3 . I I ) separately, focussing on the case 

i ^ j in the dual polarization sum. When i = ±1 and j = 0 the first two terms are 

linear cum h-inat kins of sin <£ and cos d and so vanish upon the * integration. When 

i - +1 and j = - 1 these terms yield p ^ ( c o s ? tf> - s in 2 £ ) , which also integrates 

to zero. The third te rm, being proportional to (* <j-> is automatical ly diagonal. 

since t he different polarization vectors are orthogonal. Now examine the piece 

containing t , t n p a . The antisymmetry of the t symbol causes this term to vanish 

when J = -H and j = - J . s i n c e e * = - r _ . When one f is transverse and the o ther 

is longitudinal each term in the Lorenlz sum is forced to have exactly one power 

of either sm t> or cos # L again yielding zero under the £ mlegral, We conclude tha t , 

as claimed, the interference terms do not contribute. 

Discarding the off-diagonal terms in Eq. (3.11). and inserting the explicit po­

larization vectors from Eq. (3,10). we find 

CI. 12) 

Note thai the term proportional lo gryQ change;- sign depending on the helicity 

:*3 
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of the virtual boson, rr.milting in ilifTerenl distributions for the lWt> tran>verx< 

polarizations" 

Wr can now pas* to the cross section: 

1 " • " ' - I ' d f . , : < , , ^r^,x)=^r4^ 
where eir is delined by Eq, (3.2). The integration over 4> gives a factor of 2TT and 

the rrnsN sect ion becomes 

J 0 ( ( - / ^ ; - ( " > * ) = - ^ ( E'dE'dcos 0\M\2<if. (3.13) 

Up to this point we have made no approximations; Eq- (3.13) is exact, with 

|.Mj~ given by Eq. (3.12). To implement the effective-boson approximation we 

assume thai the amplitudes \A • t(A)|2 are slowly varying with respect to the rest 

of Lhe integrand in Eq.(3.13) so that we can take them to their values at 0 = 0 and 

remove them from the integral over cos#. The cross section fô  the sub-process. 

V + f —* -V is given by \A'i(A)\2, multiplied by the appropriatr phase-space factor. 

Since the transverse polarization vectors have straightforward limits at 8 = 0 *e 

write 

Yitn\A-t±\2<tT = | d a ( V ' A = ± I + / - * ) . (3.4) 

The corresponding limit, for the longitudinal amplitude is slightly more subtle. 

The longitudinal polarization vector in Eq. (3.10) contains a factor of l / ^ - f c 2 , 

which diverges in the forward direction. So in order to make our continuation to 

I lie forward direction wr define a "physical" longitudinal polarization vector 

We then wrilt-

lim \A i„|- dT = - p ^ - d<r[\\=B + / -* X). (:U) 

The furtur of Sl'Hi-k2) results rrom the conversion from the "virtual" polarization 

vector lo the "physical" one, and the sub-process cross section is evaluated using 

*pliys-

We define the effective hoson distributions, fx hy 

d<r(t-f-IX) = '£fdxhlI)<li>lVi4-f~X)\ (3.15) 
x J '*"' 

Comparing Eq. (3.13) and Eq. (3.15) and using Eq. (3.12) for |.Vi|2, we can read 

off Ihe distribution functions: 

and 

It is convenient to define linear combinations of the transverse distributions: 

F±[l)=U{x)±f.{l). (3.!5) 

Before performing the integrals in Eqs. (3.16) and (3.17) we need to do some 

kinematics, expressing the relevant quantities in terms of s and t 2 . The quantities 
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we need arc 

* E2E'3sin20 - * 3 , , l 2 l 

{p t o ) 1 = I5ikf ( 2 "- r ) 2 ' t 3 1 5 ) 

with |k| 2 = u.-2 - t-2. With these substitutions we have 

F , r l _(sl+9l)T I rfF(-F) . 

^ 

(3.IS] 

The integrals are straightforward to perform; the results are: 

- ^ < ^ ) + 4 ' ' - ; ^ : U + A 1 } - «-' 
p | r ) - W > | , ; - J ' l ( j I ^ , , f l Z - x - T i f X l + ^ l 

with the definitions: 

' -7 1 - 4d (3.15) 

Although Eqs. (3 19) - (3.21) appear singular u i j - i O , they are in fact well-

behaved, as they must be, since Eqs. (3.18) are clearly smooth u u i Mv. 

The leading terms in the distributions are obtained by taking A < i ' (which 

of course forces A <£ 1). The distributions in this limit become 

P + ( l ) = to|)li±li^l!!log(i.), ( 3 2 2 ) 

f . ( x , - ^ ( 2 - , ) l o g ( l ) . (J.2J) 

/ o ( l ) = < * L ± ^ > i Z f ,3.24) 

The averaged transverse distribution, F+(x)t is the analogue of the effective-

photon distribution, derived in Section 1. Whereas the photon flux is enhanced 

by a factor of log(s/m^), the transverse states of a massive vector boson, V, are 

enhanced by a factor of U}g( s/JW*), a much weaker enhancement. The boson mass 

takes the place of me because it is Mv that prevents tlie boson propagator from 

hitting the pole. The relative enhancements can be seen in rigure 3.7 in which we 

plot the fluxes in the leading log approximation for the case of h W~ being emitted 

from an electron; the photon flux is presented for comparison. We should note that 

approximating F+[x) by its leading, term can lead to a gross overestimate of the 

flux, sincr the term proportional Lo log(I/j) may cancel destructively against the 

leading term." especially at small i. The parity-violating distribution, F-{r)-
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whirh is. not present in tli»- rffertive photon distribution, ranscs the two transverse 

helicities to haw distinct fluxes. For Z" bosons, for which the vector coupling 

to electrons is very small, f'-(x) is negligible and the Iwo helicities, ± 1 . have 

approximately the same HUK. 

For II'* bosons, the parity violating term charges sign depending on the charge 

of the 11'. as required by CI' invariance. Since IV bosons have V - A couplings, 

F-(jr) is negative, causing lefl-handed IV"'s to be enhanced over right-handed 

ones, and vice versa for IV'+'s. To see this in more detail, assume the neutrino in 

Figure 3.6 to be emitted al a small angle 9 from the incoming electron. Defining 

the polarisation vectors as in Eq. (3.10) and using explicit lefl-handed spinors, we 

can readily rompute 

, x (3.15) 
i^ph'uAp'U; ~ - 0 . 

We see that for r cfose to I, when the IV carries most of the mome-Xum, the 

left-handed polarisation dominates; while for small i the two helicities are equally 

likely. This behavior is manifest in the leading log distributions, [f we write the 

helicity distributions for A IV~ we find: 

w&Mi)< 
. » , . - , * / I N ( i l 5 ) 

32T? I ' " * V A J ' h(>) = zb-2[1~^ 

The distribution of longitudinal bosons does not exhibit the logarithmic en­

hancement of the transverse modes. Instead, the longitudinal ^Tode is enhanced 

by a factor of s/Ml, which we have absorbed into our definition of the longitudinal 

10° 
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t0 ' z 
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F igure 3.7 The leading logarithm approximation lo effective dialributjoQ for W bosons in 
an electron [Eqs (3 25^(3.24)] with beam energy I TeV am a function of tbe momentum fraction 
r The effecti"-c photon distribution is ttiown. for companion 

polarization vector. The longitudinal and transverse fluxes depend differently on 

M*/$ AS A result of thefr different, kinematics; emission of a. longitudinal boson is 

allowed in the full forward direction, while the emission of a transverse boson is 

forbidden by angular momentum conservation- We also note that for the longitu­

dinal distribution the leading term accurately approximates the full distribution 

since the next order term is suppressed by a factor of M^fs. 

The distributions derived here agree in leading approximation with those in 

the literature. However, the non-leading terms differ between authors depend­

ing on the exact definitions of the distribution functions and the extent to which 

higher order terms in M*/* are retained. In situations in which the effective-

boson approximation is accurate these differences in the non-leading terms are not 
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important numerically. For definiteness we will use the distribution functions of 

Eqs. (3.19) - (3.21). They are displayed in Figure 3.8 for a beam energy of 1 TeV, 

along with the leading approximations for comparison We see that the leading 

approximation to the longitudinal distribution is quite accurate, whereas in the 

transverse case the leading-log distribution differs from the full distribution by as 

much ss i for tor tA \V>. 

to- 1 

B* r 
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Figure 3 .8 Comparison of the full expression Tor the W fluxes in AH electron (solid lines) 
at energy 1 TeV with the leading logarithm approximations (dashed lin«) at a function of tii** 
momentum fraction x a) Sum of the two transverse distribution. F+{i). b] Difference of the two 
transverse distribution, F+{i), c) The longitudinal distribution. / D ( I ) 
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3,5 T O P Q U A R K P R O D U C T I O N rnoM WW FUSION 

In this section we compute the cross section for e + e ~ - • vt/tt through WW 

fusion. \\V will treat this process in the effective W approximation derived in 

the previous section. By employing the effective-W approximation we restrict 

cm\ ai\t-n\iim \o the so-catted W fusion diagrams, those q| ihe form shown in 

Figurr 3.W. We ex perl these diagrams to contribute the bulk of the cross sections 

Flgur? 3 .0 Production of lop quark pun via WW fusion 

At high enough energies. The "peripheral diagrams" that we neglect are shown in 

Figurr 3.10. The degree to which these diagrams alter the cross section is unknown 

in general although there have been exact cajculations in some special cases. 

wl ^<: 

Fi gure 3 . 1 0 Peripheral diagram* for r 4 «~ — svti neglected in the effective-W approx­
imation a.c) the mlrrmediale bocon coupling to 1'ie f ? pair can be a Z9 emitted from any of the 
four Icplon legs or a photon from the electron d positron, b) the Z° can he emitted from an> of 
thr Tour fcrmion lines 
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Since the effective-IV approximation yields different distributions for the three 

possible polarizations of the W"s, we must treat the polarizations separately when 

computing the cross section for the subprocess W*H" —> 1 ?. Furthermore, the an 

propriate choice of basis for the polarization vectors of the W's is the helicity basi..., 

since the effective-Vf' approximation is diagonal only in that basis. Accordingly, 

we write the full cross section as 

u(f + e- - ..CM ) = J^ "('*'' - W+t W[_ - I?) 
J M -

i I * 

(3-25) 

where the hehchies Â  of the W± each run over 1,0, - ] . 

The cross section for the sub-process W+W~ —* (f is straightforward, if te­

dious, lo calculate H proceeds through the diagrams in Figure 3.11. 

W ~ \ A A A 

• b 

—-t vr^ *\-

Figure 8.1 1 Pilgrims coattibuting lo W + W — t F. 

Along with the Compton-like graph, familiar from photon-photon fusion, we 

have the j-channel graphs involving the photon, Z", and Higgs. U it well known 

that the individual graphs are not well behaved al high energies and that it is 

only the sum of the graphs which is unitary. The cancellations between diagrams 

art* especially large for pmrcssrs involving longitudinal bosons, since they have a 

polarisation vrrtur which grows with energy, e* — fc^lAf* For simplicity, we will 

pnviPTil intss s*'. !IC»I»N MimmfJovcr tlir spins of the I and I. We note that, since the 

II Fia-s Irff handed couplings to fernuuns. left handed top quarks (accompanied by 

right handed anti quarks) will dominate. 

In the calculation of W*W" —• (? crosa section we will take the momenta of 

the IVs to be light-like: k3 = 0. There are two reasons for this. First, the limit of 

the integration over k2 in the cfferlive-W approximation is k2 = 0; continuing k2 

to k2 = M\ adds additional error al the order of M\.fs. Second, it is simpler to 

perform the calculation for fr2 = 0 than for k2 = Af£. For polarization vectors we 

take those defined in Eq. (3.10) for helicity ±1, and Eq. (3.14) for the longitudinal 

polarization. 

We begin with the cases where both the W* and IV" are transverse: A = ±1. 

Note that not all of these configurations are independent: CP invariance requires 

«(W'+_ t !tV J[ = + 1 — r() = fffWjf,.,!^., - . i't). The actual calculation of the 

cross section is routine: add the various diagrams, square the full matrix element, 

sum over the quark spins, and finally integrate over the phase space. The cross 

sections for the various helicity combinations are: 

*n. + l »7— - fl)= i ^ f {*A?(l-4A,)| + i+|a,-8A?J. (3-26) 

^ i - , ^ - - , -<*>- ^ f { 2f[l-4A, +7A?-4A?]-£ + f A.-4A?}. 
(3.27) 
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| ; l - 4 A , - . Y , ( l - 2 A , ) 4 . Y , ( l - A , H R e . Y „ < l - 2 A , ; | 'S^K 
4 A,[4-.'J.VH.V,-(2l(r-.V„--J,V-'-^V z.V r +^VM.V„| : !] CI.2SI 

- 2A?[6-2.V1 + .V,+6Rf.VM + 2|A-„|2] + i [z.Vj-2.VJ.V,4.Y,2] J, 

The quant i lies £ ( , &* and Aj an 1 defined as in Eq. (3.7), while .i r t . is defined as 

l>efoti*, j t t — sin flw • The other quantities are 

v - *'L 
A * ~ i-rtTJ-
•V, =4(3,4 \ „ 

H..V = " i ^ - ^ ; - n > i-1-2" 

I'lirrr a i r tivi. principal factors HI work in Kqs. (3.261 (3.28). Kirs', the ( 

and r q u a r t s want 10 be left handed and right -handed, respectively, because of 

the l ' - -I cimpliiic. Ui the I f . Second, the helicitv of t lie- I prefers to follow that of 

tin- H •* while the lielicity of the f lends to follow tin' I t ' " . The only configuration 

in which (n.ih of these conditions ran he met is when [he \Y+ is left handed 

and the \\ i? np<lil fiiiudril. Ihrn the cross section receives lln' enhancement 

proportional to 4',. as exhibited III Kq (ll.27t The other eases do not receive 

this enhancement I'.q (3.261 has a constant term in place of the logarithm and 

Ki|. (:!.'2S1 is suppressed l.y powers of w f / s and A/;'/>. ( Note that only these latter 

sUtvs Willi sinn piojei lion s, _ 0 along the collision axis receive any contribution 

from the photon, Z", and Higgs diagrams, and so have any dependence on Mz or 

A/«.) 

To obtain the contribution of each of the intermediate polarizations to the full 

cross sect ion for e"• r~ - t vv i 1 we need to integrate over the flux distributions using 

Eo (325) . We note that the contributions from W + . _ , W ^ _ , and H ^ = + 1 H r ^ + 1 

are equal, since the cross sections for the subprocess and the distributions are equal. 

The results of t he numerical integration are shown in Figure 3.12. Comparing 

with the photon-photon results from Figure 3.5 we sec that the contribution to 

1< production from transverse W's is three orders of magni tude smaller. This 

difference is due mainly to the fluxes of Vf's being much smaller than the photon 

flux, especially at small momentum fractions. 
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F i g u r e 3.12 (.'nntntiulions to Ihr cross section fur e ' e " — i-rl? i l i / I = 2 T«-V from 
fusion nf iraiis^rrsc ll"s in On- ti[ni]\r \Y approximation a* a function of m, 

Nov* consider the processes involving longitudinal I!"s The longitudinal stale 
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couples differently i lwi I he transversr ones, its pnlnri/iiliiMi vrr lor being r[J -

H'VM\i . N"lively, this would lead In a unitarilyviolaliiift coupling proportional lo 

.«/.\/|Y. However, large cancellations between I he various diagrams reduce t >i î  to 

TH;7A''ii** a C sufficiently high energies. We van t-xplatii thi-s behavior in terms of 

the Higgs mechanism. Il is the charged part of t he original so iUr doublet which 

is "eaten" to provide the longitudinal degree of freedom of t he 11**. At high 

energies (.* "> A/£) . the electro weak symmetry is restored and the longitudinal 

stale couples like the scalar particle from which it came. Just like Ihe Higgs, the 

longitudinal state couples lo fennions via their ma-ises. For very heavy fermiwis 

this can yield a substantial enhaiicemenl, one factor of irifj\iw in the ampli tude 

for every longitudinal IV involved. We begin by including one longitudinal H". 

W'c cai» easik calculate the contributions from hrlirjly s ta i rs in which one H" is 

transverse and the other longitudinal. Just as in the completely transverse cape, 

11 if rHative sizes of th«* cross sections are determined by the heliritv structure of 

the initial s t a t e The process v*Hh \ + = - 1 and A_ - 0 will be enhanced over 

that m which A + = +1 and \ - = fl. Invarianre under CP requires equality among 

the cross sections for some of the initial states: 

" l ' V ; = + l H ^ 0 - . ( ? ) = W ^ W ^ - , - II ) 
(3.151 

After some algebra we can write down the two independent cross sections, for a 

left handed H ' + and longitudinal U " . 
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x j ^ [ ( l - : ! A , r . > A ^ ( l - . V 2 ) - A , . V 1 ( l - A I ) ] 

+ I [«- 3.V^ + ?.V, + .V 2

3-2.¥ ^.Y«-A', : ,] 

+ A,[l-.V! + i.V,]+si-[.M-.AVV, + I.V?]}. 
(3.30) 

and for a right -handed H , + with a longitudinal W~, 

+ A 1 [ l - . V I + j A ' , ] - i [ 3 A ' 2 - 2 . V , + A'=+2.V 2 A-,-.Y?] (3.31) 

We see that , as advertised, the leading terms in the cross sections at high 

energies are proportional to (",,/yV/w ) 2 . The cross section for a left-handed W + , 

Eq. (3.30), contains the logarithmic enhancement proportional to Ct. The right 

handed cross section. Rq. (3 31). is suppressed by a power of A, relative to the 

left handed pro<-*s5. Neither process depends on the Higgs, since coupJing of a 

transverse W and a. longitudinal IV t o the scalar Higgs is forbidden. 

To obtain the contribution of these processes to e+r~ —• vv i 7 we again need to 

fold in the effective-H' distributions from Eqs. (3.19) [3.21) and integrate over the 

momentum fractions of the two IVY To get the full contribution wc multiply by a 

factor of two to account for the cross sections in which the H " + is longitudinal and 

the l\'~ is transverse. The results are displayed in Figure 3 13 W^ see that the 

contribution from Wj"*_+.M<'±=Q dominates , as expected. The factor of (rntiMw) 
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cause* the cross section to be basically flat as mt grows. However, it never surpasses 

the two-photon result. 

0 100 200 300 400 
m t (GeV) 

Figure 3 . 1 3 Contributions to th* cross section for e + c~ — uutl *t «/• = 2 TeV from 
fusion of a transverse W with » longitudinal ovw in ihe *ffetli.e-W approximation as a function 
o f ITI(. 

The remaining configuration to be considered is when both H""s are longitudi­

nally polarized. The leading contribution to this cross section is proportional to 

(jiiifM*-)*. In this case the Higgs plays a critical role. The f-channel, photon, and 

Z diagrams add to cancel the bulk of the unitarity-violating behavior. However, 

there arc terms of order mix/sfM^. in the amplitude that remain, only to be can­

celled by the Higgs contribution. At energies below the Kiggs mass ( i / I < AijJ), 

this, cancellation will not occur. This will lead to an enhancement for Lop-quark 

masses less than A/w/2. 

The cross section is 
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x | ^ [ l + i | U X « + A , ( 2 A a - ^ ) ] ^ 4 [ l - ^ + 5 ^ + H e ^ + | X l l | ^ (3-32) 

It contain* the leading (actor of (mi/JWwV, as claimed. The strong dependence 

on the Higgs mass comes from the term containing |X*| /At- When the center of 

mass energy i/I is substantially less than the Higgs mass, \XH\ c= 1. In this case 

the term proportional to \XH\ /At produces a term proportional to rnf£/AT&. Of 

course as soon as s grows beyond M£, the correct asymptotic behavior is testored. 
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Figure 3-14 ContribmionJ lo lh« «><«• •«'•<»> f ° ' «*•" - " p l i *' J* ~ 5 T t V (""" 
f u l l on of lonsiliKiin.l Wt in lh» efTeclive-W .ppfoiimMion « « funrtion of m, for lhr« A « K M 
D[ tnc HIJJS n t s M„ = 10D GeV. 500 GtV. w>* 1 TtV 

The (ull cross section lo. e+e" — tt itawgfc fusion o! longitudinal I*""* » 

ihown in Figure 3.14 for rtpre.ent.tiv* values of the Higgs mass. The numerical 
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results exhibit the promised enhancement for top quark masses less than \1„. as 

much as a factor of 10 for M„ = 1 TeV, and 100 for M„ = 500 GeV. The sum of 

all the H'+W~ contributions is graphed in Figure 3.15. For Higgs masses of 500 

GrV and 1 TeY the contribution from two longitudinal H"s dominates. 

irr 

10 

io J 

I 
I 

1 ' > 
t 

i / 

-J ' 1 ' = 
\ M H - 5 0 0 G e V ~ \ \ v 

1 
11< 1 i.J—

•-

\ 1000 -\ \ 

-
1 i i i , 

3 _ 

100 200 
. (GeV) 

300 400 

Figure 3 . 1 5 The full cross sectjon fot t*t~ — ml I at Jl = 2 TeV in the «rTtctive-H' 
approximation as a function of m, for three choices of the Higgs mass' kf„ - 100 GeV. SOOGeV, 
and 1 TeV. 

3.6. TOP-QUARK PRODUCTION FROM 22 FUSION 

In this section we compute the cross section for e+e~ —• e +e~ ii through 22 

fusion, again treating the process in the effective-boson approximation. The Z-

fusion process is easier to analyze than the U'-fusion process because to a high 

degree of accuracy the distribution for the two transverse helkity states are the 

same. Recall that the difference between the distributions for right-handed and 

left handed boson' is proportional to s„o.. The vector coupling of the Z° to thr; 

electron. <t„ - \-\ + sin2 <>„,), is negligible, since sir20w" ^ 0.23. ( This would 

not be the case if we were considering Z°'s being emitted by quarks in hadron 

collisions.) Thus., we are allowed to sum over the two ttansverw polarizations in 

our calculation of Z'Z" — It. 

The cross section for the sub-process, Z°Z° —• I f, is readily calculated. The 

relevant diagrams are depicted in Figure 3,16, the two Compton-like graphs and 

the Higgs graph. Again, only the sum of all three graphs is well-behaved at high 

energies. We will present crow sections summed over the spins of the I and r. 

Jusi as in our W-fusion calculation, we will take the Z° momenta to be light-like. 

k"1 - 0. For polarization vectors we take those denned in Eq. (3.10) for helicity 

±1, and Eo (3 14) for the longitudinal p larization 

y' t ' -• 
Z 1 t *1 t Zi \ . y VTT~ V-<^ 
•WvJ-—a! j ' Ti « ^ %^ 
z\ T zj 7 z| T 

F i g u r e 3 .16 Diagrams contributing to Z"Z" — I i 

Let us begin with the cases where both Z°'s are transverse The cross section, 

averaged over the two transverse polarizations is 
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- 4 A . ( l - 2 A , U 3 - 2 r f . - e<) A t U . v V H 0 - 1 A , U I - r j ) ] - I - H r J - r J (3.3:t| 

+ 4A,(7 + 2 r ; - f ; + 8 K e A \ + 4 | r M | 2 | - 6 I A f < I V j ! R < - . V M + | . V „ | a ) J . 

r\>r convenience, we have defined r rehired vcrloi and axial vrrtnr couplings i»-f Jht-

Z° to the top quark r 

Aiul intniduced c„ = ctintft, In writ m^ l\q. {'.l.'.Y.i) we have used r„ = - 1. The cither 

<«nstaEirs arc flrtrtictj as in the previous seel urns. As a check on our calrulalion. 

wt» can set r„ - 0. r,. = - 1. and .Y„ — - 1 am. so retrieve t h r form of the photon 

ptititoti result [rum Section J, 

To gel 11 it* Full ruiitriitiilum from (ransverse ZQ'h In < +f~ - • r * ( ~ (7, we use 

the distriUrjinms d e m e d m Section 1 Tin- results for -,/* = 2 TeV and 9 Hl£S> 

mass of Kill l i rY an- displayed ID FiRim- '1.17 T h e numenra l results deprnd onh 

weakly on the lli&g:- mass We see that the transverse 7.® contribution is smaller 

than the transverse H' contribution by an order «if magnitude. T h e difference is 

due mainly to the smaller coupling* of the Z{\ both lo ihee le r l ron and to the top 

quark. 
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F i g u r e S.17 Contribution! to the croia section for f+e - - . e + e " ( ? i t y 7 = 2 TeV from 
fuaion of two transverse Z°'t and from one transverse Z° with a longitudinal one in the effective-
Z approximation as a (unction of m, The Hiifs mass if taken to be MH = 100 GeV but the 
result in very insensitive to M* 

Now let us include the longitudinal polarization As with the W*, we will 

t ake Ihe longitudinal Za to have a polarization vector, <„ = kuIMt. U?t us first 

present the result for one transverse and one longitudinal 2, averaged over the two 

transverse polarizations: 

As we found for K ' j J , ± ] K \ ^ 0 — ( i , £ q . (3.3?1 is proportional to ( m ( / W , l 2 and 

independent of the Higgs mass. Note also that the result is proportional to <-*, since 

without the axial coupling the Z" would mimic the photon and its longitudinal 

mode would no! couple. (An on-she!J Z° would also have a vector ampli tude. 

but il would be suppressed by M2/s.) The result afler folding in the effective-Z 

distr ibutions is shown in Figure 3.17; it is again much smaller than the equivalent 

H'-fusion process. 
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Figure 3 . 1 8 Contribution* to the crow Kction for e*c~ — e+i~ it at *Ji = 2 TcV from 
fusion of two longitudinal 2°' i in th* effective-^ tpprtHUWfctvan M & function Df mi for tbre* 
choices of th» Hug* mm M„ = 100 G«V, 500 GeV. ind 1 TeV 

Finally, considrr the proress with both Z's longitudinally polarized. The cross 

sf clion is 

(3.36) 

]t has the expected factor of (rnt/Mt)*. The result also contains a factor of c* = 1, 

si.ire each Z\ couples with a power of c.. Repeating the familial procedure of 

integrating over the effective fluxes we obtain the contribution of longitudinal ZD's 

tat+i~ —* c + e~ ft. The full results are shown in Figure 3.18 for our three canonical 

values of the Higgs mass. We see again the delayed unilarity cancellation for the 

larger two choice* of the Higgs mass. The sum of all ZZ fusioo contributions 

to top-quarlc production is shown in Figure 3.19 for the same three choices of 

the Higg& mass. The contribution from longitudinal Z*& dominates for th* whole 
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F i g u r e 3 .19 Theaumof vhe toniTibuiionx to the « a u MCYIOTI foi t*t~ —• e+e~ t t M Ji = 
? TeV from fusion of Z°'B in ihe effective-J? approximation u * function or m, for thr« choice* 
or the Higgs mass Mu = 100 GeV, &U0 GeV. Mid X T>V 

considered range of m t if MH = 500 <K IQQQ GeV, «ad (QC m* > 200 GftV for 

A/ w = 100 O V . 

o.T. P H O T O N - Z ° FUSION PRODUCTION OF T O P QUAHKS 

Leaving no stone unturned, we now direct out at tent ion to the production of 

t t pans through fusion of a photon and a 2°. The diagrams are the same as those 

for photon photon fusion, with one of the photons replaced by a ZQ. They are 

depicted in Figure 3.20. 

The calculation of the cross section for the sub-process ~)Z° — it holds no 

subtleties, we simply add the two Amplitudes, square the result and integrate over 

the t J phase spare. Since the distribution of transverse J?*'s in the electron is very 

nearly independent of the helicity, we will average over \\\c transverse helicities. 
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• i t 
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(3.38) 

- * , 

F i g u r e 3 .20 Diagrams contributing i« T JT'* — ' t 

The cross section fur transverse Z° ' s , averaged aver polarizations, is 

(3.37) 

where rj and r T an* rrdiired r ight-handed and left-handed couplings of the £° to 

the top quark: 

c, = 1 - 2Q,s2

w 

Cr = -2Qtsl. 

T h r cross section for photon-photon fusion to top quarks is regained if we set 

<-t = r+ - Q t 

Tlip cross section for the case of longitudinal Z°'a is equally easy lo evaluate. 

Tin" Ffaull, avenged over photon spins, is 

c { l , ^ l i ) = ^fhL(^)\q-^C-l. (3.39. 

Our result contains the expected factor of ( m , / A f , ) v Sinn ' (he longitudinal Z° 

couples uxially at high energies, our result is also proportional to ( Q - rv)"' = 1 
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F i g u r e 3.21 CnnCrihiitions to the cross section for <*r~ — ** c~ t't At Ji = '2 TeV frem 
fusion uf pi pliouw with & Z" in (lie enectwe-boson approximation Tor hotli photon and Zv it. i 
fuiirtinn of m, 

T h e convolution of these cross sections with the relevant distributions yields 

the portion of the c+r.~ —> e*e~tt cross section due to p h o t o n - / 0 furioti. The 

results of Ihc numerical integration arc displayed in Figure 3.21. We see that the 

transverse contribution is very small, two orders of magni tude below the photon 

photon rrsiill. The enhancement of the longitudinal mode allows the longitwlir.al 

• W result in surpass the two photon result for top masses above 300 G e \ 

3 .S . P I I O T O H '/," I N T E R F E R E N C E 

In th ' 1 previous serl iuns we have discussed the effective boson approximation 

for )>rorr,-se« nnnlv ing tin- pliiitmi. '/." ami VV1 Our discussion has neglecle.1 the 

fin I thai amplitudes involving Hie photon may inlerferr with amplitudes involving 

I be '/."• l'heie is no <i p r i o n reason why these ampli tudes should vanish. In 

this section we derive the analogue of the effective boson approximation lm lh«si' 
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Figure 3 .22 Production of an arbitrary final state X in a collision of an electron witli an 
arbitrary initial particlr / by exchingr or a photon or a Z°: c~j - r~.Y. 

interference terms. We then proceed to calculate the interference contribution to 

f*f~ —• <*e~tt using our formalism. 

The derivation proceeds in complete analogy to our previous derivations of the 

effective boson approximation for photons and heavy vector bosons. We begin by 

considering the process depicted in Figure 3.22^ e~ J —• e~ X, for some particle / 

and final state A', both arbitrary. The full amplitude is a sum of the photon and 

ZQ diagrams1. 

where, as before, Ae is the three-point coupling *}/ —* X, and >lj is the analogous 

quantity for the Z°. When we square the amplitude and average over the spin of 

the electron we find 

\M? = - £ [M? = | JW„| 2 + \M„\* + |A? i D l | 2 . (3.41) 
ipLQ* 
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wltivri' iln- init-ir '̂TTOiT roirtrilimion is 

"S^M^A-Z + A'.A:'). 

(3,12) 

Wlim WI- rfpla*'.' the propagators by polarization sums JEq. (.'J-9)| we obtain 

where the sum runs over the three polarizations of the intermediate photon or 2°: 

t.j = 0. ±1. We see immediately that Eq. (3.43) has the same structure that we 

observed in the effective-boson approximation, Eq. (3.11). The same argument we 

used in thai cn.se shows to that the terms in the double sum for which i ^ j vanislu 

either identically or after integration over the azimuthal angle of the electron. 

As wr did in the effective photon approximation we will neglect the longitudi­

nal coupling of the photon. Thus the sum in Eq, (3.43] runs only over transverse 

polarizations. When we insert the explicit polarization vectors defined in Eq. (3.10) 

into Eq (3.43), dropping the off-diagonal and longitudinal terms in the sum, we 

find 

i*-f - -Pi£sjj£, {»«" ^> - * < * - *'">} ( 3 , 4 ) 

*[[A,-iWl-<'i) + [A,;x)(Al-t\j\. 

Note thai lln- term proportional to $, in Eq. (3.44) is proportional to the helicity A. 

When w repeat our argument for the case in which the photon and Z° are emitted 
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from a positron we find that this term also changes sign, the sign difference coming 

from an iiilen.-riii.nge of i> with />'. We expect the axial portion of the distribution 

to dominate since (he vector coupling of the Z u to the clertron is small; however, 

the sign flip from electron to positron will cause some of these terms to cancel, as 

we will see. 

We now invoke the assumptions of the effective-boson approximation: we re­

place the ampli tudes Ar and Az with their values at h' = 0 so that they can he 

removed from the angular integral. We define an interference cross section 

<u-)i* 0}/ - A-) = / ^ [ ( . v u H ^ - j -, (A2 tl)M;•<:)]. 0.4S) 

where <fl" is t he invariant phase space of the state A'. We write the contribution of 

the interference terms to the full cross section as 

< r ' > - / - f - . V ) = / < ( T V / r i T ) < J " " ( ( i ( A ) | ^ , l i X ) ) / - . . V ) | . (3.46) 

Just, as we did in Section 4, we can read off the interference distr ibutions: 

For convenience, we break up the distributions into vector and axial vector 

pieces-
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Fi gure 3 .23 The interference distributiona |Eu> (3.49) and (3.S0)] for a photon interfering 
with a 2G emitted from an electron at energy 1 TeV as a function of. the momentum Traction x 

When wo insert the kinematics (torn Eo, (3.7) and perform the integrals, we find 

/rw= - ^ - / l o g l 2 - 1 : . ^ 
1 6 i r 2 n | £ [2-x+jn 

+ log 1+n 

1-J (350) 

where rj ami A} are defined as before, Az = M\js and r/ = ^/l - &tfr-. The 

interference distr ibutions are plotted in Figure 3/23. T h e axial distribution is 

between it farlor of 2 and 10 times as large as the vector distribution. 

Now thai wc have developed our formalism we can proceed to calculate the 

contribution I " r*t~ — r + i "11 (rum the interference of diagrams involving dif­

ferent numbers of photons and ^ V Tltc complete set of diagrams are shown in 

Figure 3.24. h r u l e force procedures could be used to calculate each amplitude and 

interfere it witli each of the others, followed by integration of the terms over the 
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e"—> 

F i g u r e 3.24 The set ofdiairaniH contributing lc» the cross section for e*r~ — e+e~ti in 
the enVttive-bnsan approximation. 

appropriate distributions. However, since there are many contributing amplitudes, 

we wilt use our knowledge of the distributions to pick out the dominant terms and 

compute those only. 

Since the photon distributions are much larger than the Z° distributions we 

might naively expect the dominant contributions to come from interference terms 

involving thp maximum number of photons. The terms with the maximum num­

ber of photons are products of a photon-photon fusion diagram with a photon- Zn 

fusion diagram as shown in Figure 3.25a. However, the axial portion of this con­

tribution will be cancelled by the mirror-image term, shown in Figure 3.25b. the 

product of a photon-photon diagram with a photon-? 0 diagram with the photon 

being emitted by the positron and not the electrtm. The piece left over contains 

only lb** "VI'CIOT** distribution, proportional to y». which is considerably smaller 

than the axial distribution. Similarly the terms involving three Z°'s and one phu-

-C3B)-G§I 
(a) 

-C3S) GSJ 
(b) 

Figure 3.25 The diagrami reptoienLing terms Involving three photon* and one Zc. Thr 
txial portion from the term in a), where the Z° ia on the positron line, cancels with the axial 
portion of the lerm in b}F where the 2* if on the electron line 

ton will only receive vector contributions; we will neglect these terms completely, 

since the flux of Z 0 , s in the election is much smaller than the flux of photons. Con­

tributions from the "axial" distribution will cancel out from all terms except those 

shown in Figure 3.26. These are the diagrams which are symmetric with respect 

to interchange of the electron and positron. So we expect the leading terms to be 

those involving three photons with a single Z° and those involving two photons 

and two Z 0 ' s . 

We begin with the interference terms containing three photons and one Z . 

It is straightforward to calculate the product of the two amplitudes and integrate 

over the appropriate phase space. Since the "vector" interference distribution is 

independent or helicity we can sum over the helicities of the interfering bosons, we 

average over the belicily of the photon. An additional factor of two comes from 

the fact that the £° can be emitted from the electron or the positron. The result 
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Figure- 3.2G The OuiRraniF Trprwrniing the U-rms Oia( MC symmetric with re-hper t in ihr 
tntwIiAfijre of the electron acid ftosttren These arc ihr ortft- frriiM thai rtvetvr a mnlrii>utinn 
fr«n thi1 AVIA! distribution 

is: 

*"'• =• 2-,- £ < T " " ( { I ( M Z V I » M ^ - ( i ) 

(3.5I) 

- - ^ ~ T I O + <V) - ( 1 + - I A . - 8 A , 1 ) - 1 - 4 . i , } . 

where <-• rtnH e, describe the right and left handed couplings of the Z° to the top 

quark defined in lit). (It.;1S). Tin 1 polarization sum rims over Aj,Ay = i l . Thr 

astute readet will recognize i hat [*<j, (3.M ) has the same form as I he cross seel ion 

for 1") * ( ( . Note also UUU this "ctos* section." is. positive. 

Tlk' interference terms involving two photons and two /f"'s are ill so straight 

for war r] to calculate. In this case w<< do not average over polarization?* Since the 

Stfili o f t l t r "axial" diMrdnilion al ternates with l))r- hehcily \vr . a h . d a l e the sum 

over poLin/rttiuiis weighted by a farioi of \ ] \ _ . 

"""- ^ ^ ^ ( { . ( ^ r ' l M H ^ . i i / Y V ' H - ( i ) . 
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We ral"'i|liile the terms depu ted in Kifture .1 "ifi i n i t i a l e d over the f - / ph**e 

* * « J -*r f £ i ( > 
C! V2) 

Note thai this "cross section" is negative. 

Tin- t oiilrilmtion to f 4 ( ~ —• r + {~*!( are then obtained hy folding in the ap 

propriafe (iis(rtl»icl rcifis: 

«; r ' ( r + , - - , + , - / ( ) = / d j - i i r . C U i W i U j I ' " " ! . • 13.531 

J I.S = JIJJA 

Tin* factoi tif 1 in K<|. [3.M] comes from the axial interference distribution off 

of the positron Sinn* rr"11 is negative, both contributions a,re posilive. The tin* 

•nrn/a l ijjte^mtiojj wf KIJS. l'.\.:&) and (3 .M) are plotted in Figure '.I'll. J hi- two 

coiitritnitions an* of roughly equal magni tude, the vector contribution dominates 

at smaller masse*, since the vector distribution is peaked at small \ while the axia! 

distribution is relatively flat. We might naively expect the interference to be larger 

than the - .£ ( l fusion ronlrihuiiuti . This is nut the C M 1 due tu the cancelat ion of 

tin- leading axial terms. Instead, the interference contribution i.s rough 1> unnpa­

rable with thai from fusion of transverse Z(]\, two urdet?- of magnitude lesi- than 

the ~)ZK contribution, 
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Figure 3.27 Th<- contributions to th* *roB8 wction for r* r~ — c + r " tl at \A = ^ TeV 
from interference among diagrams involving photons and Z c ' s as a function of m t, 

3.9. P R O D U C T I O N O F I 5 P A I R S F R O M *JW F U S I O N 

There exists another vector boson fusion process which is capable of producing 

top quarks. In this section we will calculate the production of ( b pairs through the 

fusion of h photon and W*. This process has an advantage over the 11 processes: 

it has a lower threshold energy, since the bottom quark is much lighter than the top 

quark. Since the cross section for the subprocess of two bosons going to fcrniion and 

anti fennion goes like 1/s, the lower threshold provides an effective enhancement . 

Furthermore, the efTeclive-photon flux grows at the lower momentum fractions 

allowed in ibis process. Finally, the -jW fusion process involves a bot tom quark 

propagator which may become nearly on shell in the forward direction, causing an 

enhancement proportional to l o g ( i / m j ) . 

We will first treat the process in t he effect ive-tV approximation, even though 
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i t 

W + b w b W b 

F i g u r e 3 .28 Key n man diagram! for the process f\V* — tb 

this is an occasion in which wc Ho not have much trust in the accuracy of the 

approximation. The effective-lV approximation breaks down when the energy 

of the virtual W does not exceed its mass. There are parts of the phase space 

for which this is the case in the production of tb pairs. However, these parts 

of the phase space do not contribute the bulk of the cross section. Rather it is 

configurations where the photon is at low i and the W at relatively high x which 

will domina te . These par ts of the phase space are well described by the effective-W 

approximation. 

Fusion of a W* and a photon to form (6 proceeds through the diagrams in 

Figure 3.28, The photon may couple to the I quark or the anti-A. (Note that this 

second diagram is absent in the analogous leptonic process: yW — iu.) We will 

restrict ourselves to top quark masses above Mw, so that the j - channeJ W will 

never be on-shell. We will present the analytic forms of the cross sections for t he 

sub-process -jH 7" 1 -+ i 6, with the different helicity combinations treated separatefy. 

Our numerical results will averaged over the polarization of the photon, sinde the 

effccljve-photon distributions are polarization independent 

T h e calculations of t he cross sections are easily carried out . T h e results for 



transverse Ws are; 

c ( l A = + ] H ' J

+ = + , - ' i ) = ^ j { - 2 4 A , £ ,

r [ l - A , + .V„|l+A,)] 

+ (l-Ai)[l6+6.Yi - A((7-48.V,v+3.V;) - 3A,2(3+A'£.)] 1. (3.55) 

" ( ^ = + i » t - , - ' * ) = ! ^ { 2 ^ ( ' - ^ ) 2 + 8 A ? £ ; - ( l - A 1 ) ( T - 5 A , + 6 A f ) j , 

(3.56) 

»(?*=-iH '»=+i - » * > = ^ ^ [ s £ ; ( J + 5 A , + 3 A ? } - ( ] - A , ) ( 2 5 - H J A , + 6 A ? ) l , 

(3.57) 

"hx.-iwt-i - <*) = 7 ^ p { -SA?£;(1 +3V„) + 4A, 2 ^ 

+ (1 -A,)[4+6A^.+A,(13+12X,..-3.Vj)]V (3.58) 

In writing Eqs. (3.55) (3.58) we have used the values of the quark charges; 

Qi = j and <?t = - j . We have also liken m» = 0 wherever possible. The oniy 

place where in 6 enters is in the logarithmic term: 

(3.59) 

where A^ is the analogue of A r for the b quark: A& = m-bjs. 

The cross sections as displayed in Eqs. (3.55) (3.55) are rather complicated 

but their general structure is easily understood. Note that it is Eqs. (3.56) and 

(3.57) that feature the logarithmic enhancement ruining from the forward direc­

tion. The hulk of Eq. (3.56) comes from the h quark exchange diagram which is 

enhanced when the t is emitted in the direction of the W+ momentum and is left-

handed. In this case the virtual b quark becomes almost on.shell. The logarithmic 

enhancement in Eq. (3.57) comes from the I quark exchange diagram in exactly 

the same way Note thai the difference in the coefficients of C[ in Eq. (3.56)ajid 

£', in Kq. (3.57) is ? factor of Q]IQ\ = 4 The other two belic.ity configurations, 

Eqs. (3.55) and (3.58) do not receive the logarithmic cnhancen.ent. 

Remaining are the processes involving longitudinal W's. The cross sections for 

the two photon helicities are: 

+ 2 ^ f 4 + ( l - ^ 0 [ l 0 + ^ r ( 2 « - 1 8 X w - 3 X ; ) - 4 2 . Y H . - 3 ^ + ^ ] | . (3.61) 

We see that only Eq. {3.60) contains the logarithmic enhancements C!t and C'h, 

indicating that this cross section is peaked in both the forward and backward 

directions. The analogous logarithmic terms in Kq. (3.61) liav^ been omitted, 

since they are suppressed by powers of (rn6/.Vf(v). 

To obtain the contribution to c*t~ —• e~PfE from ^W fusion WP average the 

above cross sections over photon polarizations and integrate over the momentum 

fractions of the IV and photon. The results are plotted in Figure 3.29. 

As mentioned earlier, we have no guarantee that the effective--VV approximation 

will give accurate results for -jH' fusion, ev^n at energies as high as 2 TeY. In what 
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F i g u r e 3 . 2 9 The contributions to the cross section foi e * e ' — e ~*>li at -Ji =: 2 TeV from 
iW fusion in the effective—boson approximation as a function of m, with m» = 5 GeV. 

follows we will check the effective-W approximation by doing an exact calculation 

of the process e+mj —• vib. In calculating the full process e +e~ —t- e~vth we will 

continue to treat the photon in the effective-photon approximation, since we have 

confidence in its accuracy. We will also neglect the peripheral diagrams that do 

not contribute in the effective-photon approximation. 

The cross section for the process e*-y —» vib is calculated via the diagrams 

in Figure 3.30. Note that the diagram coupling the electron line directly to the 

photon line was neglected in our effective-lV calculation; this diagram must be 

included where the effective-IV approximation is relaxed, in order to cancel gauge 

dependent terms. The calculation of the cross section is quite lengthy- We have 

used REDUCE Lo perform the trace over 7-malrices and the angular integration 

of the ( b system. The remaining phase-space integrals are performed numerically. 
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F i g u r e 3-30 Feynmaii diagrams for the process * + 7 — vlb 

To obtain the full cross section for e + e ~ —> e~vtT> we integrate over the photon 

distribution in the electron. 

To compare the exact result with that obtained from the effective-W approx­

imation we plot the differential cross section versus the energy fraction of the 

intermediate W: 

i=±1.0 

where T is the energy fraction of the W. This comparison is made, for several values 

of the lop mass, in Figure 3.31. We see that we achieve very good agreement for all 

three masses, except at very small values of i where the exact cross section increases 

dramatically. Figure 332 show 'he results of integrating the exact differential cross 

section over the photon distribution. It agrees with the effective-W caJculation to 

within approximately 30%. This process competes with the photon-photon process 

for top quark masses larger than 200 GeV. 
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F i g u r e 3 3 1 The din"rrrn<ial cross section dct(i:*-, — i> 1 b ) /dr at •/* = 2 TeV s i a function 
of a calculated exactly compared lo calculated i m h e effective W approximation for three choices 
or the top n i l «) m, = 1[)0 GcV. b) m, = 200 GeV. c 1 m, = 400 GeV The bottom mass is 
m 4 = 5 CrV 
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F i g u r e 3 . 3 2 The contribution to the cross aeclion for c*e" — ( " P I * at *fi = 2 TeV from 

T | t J fusion as a function of tlie rop mass calculated using the- effectivc-hoson approximation Tor 

hotl i tlic photon and ibr W lomjtatci i to the result using Iho eireccive-prioloii approximation 

alone- and treating the IV exactly The bottom mass is " I j = 5 GeV 

3.10. PHODUCTION OK i t PAIRS nv n z FUSION 

The finalf!) production process which we will discuss is W2" fusion. This 

proems is .similar in s l rudur r to ->W fusion, wi l l ] the 7° Vailing l l i f place of the 

photon. We do not expert the effective boson approximation lo have high accu­

racy for this process sinre. even for heavy top quarks, there are portions of tlic 

phase space in which the intermediate 11" and Z" carry energies less than their 

masses. These uncertainties aside, we « i l ! use the effet live-hosmi approximation 

in estimate the contribution from H ' Z 0 fusion 

The process W*Z" -~ 11 is calculated via the diagrams in Figure 3.S3 This is 

the same set of diagrams we studied i l l the case of 11 - •> fush.li. with the 7° taking 

the place or the photon l l is a ledums hut straightforward exercise to evaluate 

the diagrams, and sum them to find the complete amplitude The cross sections 
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FlJC'ire 3 . 3 3 F«ynman diagram* for the process Z°IV + — t b. 

for the various polarizations of the W + and Z° are then obtained by squaring the 

amplilude and summing over the quark spins. We first write the results for the 

cases in which both W + and Z° are transverse: 

x | d , C ; [ 2 4 3 ^ ( ^ - ^ ) + A , ( 9 - 1 8 A ^ - 4 2 ^ + 2 4 4 ( A ' U » J . ) ) ] 

+ (:-A,)^\esi,+6X"+^21sl-Tst

ll, + iaX'„-iSsl,X[v) 

i?(3e 4

w + * * ) ] } , (3.62) -3Af 

»(w 1

+

= + )zS.-i-iS> = 

x |£',[9-24s^, + 16ii.+Ai(54-1324+80j , „) + 12A?cJ,(3-44) 

+ (l-A,)[-30+78ji .-50ji .-A,(57-138s^.+82sl .) - 12ciA?j 1, (3.1 63) 

"(Wi^zL+i -<M 
ir/V,o 2 

18s*,d-' 

x | ( l - A i ) 2 £ i ( 9 - 1 2 s ^ + 4 s ,

w ) + A f £ ; ( 9 - 2 4 4 + 16st) 

l -A, ) [ -30+42s i -Ui < „+A| (33-42s i ,+10s i , ) -12c l ,Af] | , (3.64) 

x | A ? £ i ( 9 - 1 2 * i + 4 5 t ) - 8 s i A f £ i ( a i - 3 X i . ) 

+ (1 - Ar)[4.s i .+6X^-A,( l2si ,Cl+^)- t35 4

H , + 1 8 X ^ + 3 ^ ) 

- 3 A ? ( ^ + .V2)]1, (3.651 

with A[„ = c*wXw and the other quantities are as defined in the previous sections. 

The structure of Eq&. (3.62)-(3.65) is determined by the same dynamics we discov­

ered in our earlier studies: the coupling of the W to fermions is left-handed and 

the spin of the fermion prefers to align with the boson to which it couples. When 

both of these conditions are satisfied the cross section is enhanced. The cross sec­

tions involving longitudinal W's and Z 0 , s are calculated in the same manner- The 

results for the various combinations of helicities are 

" ( H t - . Z ' - o - <*> = J 5 * r ( f t ) * < > - A,) 2(2 + A , ) , (3.66) 

x J3(]+4A-„,<i)(,C;-l+A,) + ? ^ E ( 1 - A , ) * ( 2 + A , ) | , (3.67) 

^ ^ c ^ + ^ . M = ^ g J ( £ ; ) S { ( 9 - . 2 4 + ^ K . - A l W 

+ £ ,

l[l6si,!l + A l -2Af)-4SA 1 aiX^.-27A;] 

(1 - A , ) [ - 1 8 + 4 8 ^ - 5 6 J 1 . + 1 2 X ( 3 + 4 ) - 6 A ' ^ + 1 2 - ^ 

+ A l(45-108a2„,+56sl,-36<£.A';v-6A';j)] ] , (3.68) 



The leading terms in Eqs. (3.66) (3.60) are propoKional to (ru (/Af z) 2 ar {rnt/Mu f-

as expected. 

The calculation of the fusion of a longitudinal H ' + and a longiLudinal Z° is 

slightly morpsublle than the previous cases. Our general program has been to use 

light-like momenta for the H"+ and Z° and to use longitudinal polarization vectors, 

t* = kv j\U , The cancellations involved in the full longitudinal calculation are very 

delicate. If the bosons arc not taken on their physical mass shell the cancellations 

do not take place. Of course, if the physical momenta and polarization vectors are 

used Lhe cancellations occur and the unitary behavior of the gauge theory is seen. 

Our procedure will be t» ralrulntf- the full amplitude for on-shell bosons. This 

amplitude will bp fret* of unitarity-violating behavior. We will then continue the 

amplitude back to k2 = 0 and (* = frp/Afv for both W+ and Z°. 

The resuli of this procedure is 
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Figure 3.34 Contributions to the cross section for tl production at </$ = 2 TeV via WZ 
fusion in th« effective-boson approximation as a function of the top m&u with mi ^ 5 GeV. 

(3.70) 

The cross section has the expected factor of m^. 

To find the contribution to (J pais pioductioo from these psotesws «* seed 

to repeat the familiar process of folding in the effective boson distributions and 

performing the integrals over the momentum fractions The results of this are 

shown in Figure 3.34, as a function of mt. The results are comparable with those 

from WW fusion. 
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3 .11 . B F A M S T R A H L U N C 

Since most processes of inierest in a linrar collider scale like 1/* it is nrrpssary 

for a TeV linear collider to have a very high luminosity. If the process of interest 

has a cross section on the orvler of £rpt then a luminosity of order lD 3 3cm~*sr<;~ 1 

is necessary to produce JO3 events in a year. At the hunch densities required to 

produce this luminosity the hulk interactions between the bunches become impor­

tant. One of the consequences is that the incoming electrons bremsstrahlung in 

the field of the positron bunch. This intense radiation, called "beamstrahlung," 

smears out the energy of the electrons and positrons. 

There is also the possibility of the beamstrahlung photons interacting with each 

other and the electrons and positrons in the colliding beams. Zjlankenbecler and 

Drell have shown that the effective luminosities for photon-photon or photon-

electron collisions can be quite large, depending on the parameters of Lhe machine. 

The beamstrahlung two-photon luminosity can even dominate the flux of "virtual" 

photons, calculated in the effective-photon approximation, as shown in Figure 3.35. 

The electron-photon luminosity, plotted in Figure 3.36, is also substantial-

We can easily calculate the production of top quarks from the fusion of beam­

strahlung photons: 

"b«n..t™M.« l(« +«" - * + e-<T) = / d * ^ p i fff-n "> *?) | , ^ (3-71) 

The results of the numerical integration are shown Figure 3.37. We see that for our 

chosen set of beam parameters the beamstrahlung production process dominates 

the effeclive-photon process by Lwo orders or magnitude. 
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Fi gure 3 .35 The differential photon-photon luminosity dCiy/dt relative to the incident 
electron-pocjlran Bus u a function of the energy fraction < = \fi(* at a 2 TeV linear collider 
The bunches are taken to h»v« circular crew Kction and the luminosity and laboratory bunch 
length are: C - 2.8 * 10 3 0 cm"*T *nd k -~ 0.15 mm, respectively. The two-photon flux from 
the effective-phoion approximation » shown for comparison. ( Reprinted with permisaion from 
Blankenbteler and Drell, Ref. 31) 
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shown for compuison. { Reprinted with perrnitaion from Blwtkenbecler *nd Diell, Ref. 31.) 
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F i g u r e 3 . 3 7 TV cross Ktrtion for production of top quorlca by fmion of bearnfltraMung 
photons as a function or the top quark man for the aame choice or beam parameter* as in Figure 
3.35 The contribution from the effective-phototl approximation is displayed for comparison. 

We can also calculate the production of I — t pairs as a result of the interaction 

of beamstrahlt ing photons interacting with positrons: 

Cb»m5„j,i0„B('+f" - « - ' ' ) = J*' ^ "('+t - w M ^ , s , - ( 3 ' 7 1 > 

This cross section, calculated in the effective-W approximation, is displayed in 

Figure 3.38. Again the beams t rah lun j contribution dominates. Of course an equal 

number of an t i - top quarks are produced in th<f charge-conjugate reaction These 

result* were calculated for the cast? or circular beams which give thp maximum 

beamstrahlung flux. For flat beams the fluxe* can be reduced by an order of 

magnitude. 
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F i g u r e 3 .38 The cross section for production o! ( -I !>.•"« by fusion of bcamslrahlung 
plwlMU Mil urinal W bosons, calculated in the erTwt)ve-W' approximation, as a function of 
the top quark mass lor the same choice of beam parameters as In Figure 3 35 The contribution 
from the effective-photon approximation is displayed for comparison 

3.12. SUMMARY AND CONCLUSIONS 

After reviewing the range of possible vector boson fusion processes we see that 

the -,-, fusion dominates at the smaller top masses. n\, < 200 GeV and exceeds 

lowest order cross section for m, < 100 GeV. At larger masses, fusion of longitudinal 

H-"s exceeds the 7 7 result, dur to the enhanced U' couplings. Processes involving 

Z"\ are seen to be an order of magni tude smaller than the analogous processes 

involving 11 "s T h e interference between photons and Z u ' s is seen to be much 

simile, than one would nam-ly expect due t„ the small vector coupling of t l" ' 

electron to the Zv. Our check of the e lec t ive H approximation in the ir.iclion 

c + •> - u t h shows that it i» accurate to within 30%. Including boarnslrahlung can 

greatly enhance the phulon Muxes. For circular beams the photon photon cross 

section dominates boll, the lowest order cross section and the effective photon 



result for ni< < 200 GrV. 

These results arr easily transferable to production of other heavy quarks or 

heavy lepLons, In -|") fusion we simply need to scale by the charge to the fourth 

power. The leading terms in processes involving longitudinal IV and Z^'s are the 

same for up-type quarks, down-type quarks and heavy leptons. 

Our results on processes involving longitudinal VT's and Z 0 l s agree with those 

presented by Yuan, Ref. 23 and Eboli el a/-, Ref. 23. 
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