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EVEN HARMONIC LASING *

Mark J. Schmitt, Los Alamos National Laboratory
MS F645, Los Alamos, New Mexico 87545
Phone (505) 567-0655, Fax (505) 665-3389

ABSTRACT

Operation of a free-electron laser at harmonics of the fundamental frequency is explored
with the numerical simulation code HELEX. This code includes coupling to the harmonics
caused by misalignment of the electrons with the optical beam and coupling due to trans-
verse gradients. Albeit weak, the transverse gradients produce the dominant coupling of
the electrons to the even-harmonic light. Even-harmonic lasing occurs in a TEM0,2m+l-like
mode where the field on axis is zero. As bunching of the electron beam progresses, ra-
diation at the higher odd harmonics is suppressed owing to the absence of higher-order
odd-harmonic Fourier components in the bunch. Growth of the even-harmonic power from
small signal requires suppression of competing harmonics (including the fundamental) that
have higher gain. Lasing at an even harmonic has yet to be experimentally demonstrated
in an open resonator (i.e. optical cavity). Strategies to make such an experiment possible
are discussed.

I. INTRODUCTION

Lasing on an odd harmonic of the fundamental free-electron laser (FEL) resonance
has been demonstrated both experimentally[I,2] and by computer simulation[3]. Although
the theory of the FEL interaction at the even-harmonic frequencies has been well docu-
mented in the literature [3-6], lasing at an even harmonic in an optical cavity has yet to
be observed. The probable causes for such an oversight are a general unfamiliarity in the
FEL community of the underlying even-harmonic physics and the difficulty achieving a
strong even-harmonic interaction when 3' :>'>1.

The electrons couple to the odd-symmetry TEM0,2m+1 modes of the cavity at the
even-harmonic frequencies. These modes have zero field on-axis where the electron beam
density is maximum. The reason the electrons can interact with such a mode is because
they axe distributed radiators. Since the electrons wiggle in the transverse direction, they
produce an electric field source over a finite transverse width (the wiggle range). For the
even harmonics this electric :field source has odd symmetry[5]. The electric field force
required to bunch the electrons is felt when the electrons wiggle off the optical axis.

In section II we discuss the even-harmonic radiation mechanism and determine how

this interaction can be optimized. The odd-symmetry cavity modes are discussed in Section
III. A simple method for determining the dominant lasing mode is given. In Section IV
the results of multiple-pass even-harmonic lasing simulations are given. The sirnulatio1_s
are performed with the three-dimensional code HELEX, which includes electron beam
emittance and energy spread. The conclusions are given in Section V.

* Work funded and supported by the U. S. Department of Defense, Army Strategic
Defense Command, under the auspices of the U. S. Department of Energy

i



• II. BACKGROUND AND OPTIMIZATION

For a single electron, the optimum even-harmonic FEL interaction occurs when an
electron's wiggle amplitude is equal to the distance between the asymmetric peaks of
a particular Hermite-gaussian cavity mode as depicted in Figure 1. To maintain this
strong interaction for a beam of electrons, the transverse width of the beam must be
small compared to the wiggle amplitude of an individual electron. This condition ensures
that ali the electrons in the beam radiate in (transverse) phase with one another. When
the electron beam and the electron wiggle amplitude have roughly the same size (dotted
curve of Figure 1) the strength of the even-harmonic interaction will be reduced due to
destructive interference between electrons at different transverse locations. For electron

beam energies in excess of 20MEV, the electron wiggle amplitude becomes quite small
(assuming a,_ -_ 1) such that some interference always takes piace.

To achieve lasing at an even harmonic in an open resonator one must maximize the
electron wiggle amplitude (or produce electron beams with extremely low emittance).
Ar,suming a nominal electron beam energy of 20 MeV (7 = 40), a large wiggler wavelength,
,_w = 5.0cm, and a wiggler vector potential of au, = 2.8, the electron wiggle amplitude is
given by

aw

xwiss,e = _w = .56mm. (1)

In a planar wiggler geometry, the electrons wiggle in the unmatched direction. Here the
electron beam has a parabohc envelope given by

= + (2)

where ro is the waist radius, z is the distance from the waist and e,, is the normalized 90%

emittance. For good interaction we place the beam waist at the center of the wiggler and
assume r2(z = L,,/2) = 2r02, Lw = 1.0m, and e, = 507r x 10-4cm rad such that

ro = _ = .56mm (3)

which is equal to the electron wiggle amplitude. Therefore, the desired macroscopic snaking
of the electron beam will occur as the electrons travel down the wiggler.

III. STRONG INTERACTION MODES

As previously mentioned, the even harmonics strongly interact with the TEM0,2,n+]
modes. The particular mode that will be most strongly driven depends on the optical
wavelength, the cavity Rayleigh range, the electron wiggle amplitude, and the transverse
electron beam size. To obtain good coupling between the optical mode and the electron
beam, we assume zr = L,,,/2 for all harmonics so that the optical spotsize is dictated by

=V-;7=V
2



where f is the harmonic number and A. is the fundamental optical wavelength obtained
through the resonance condition

._. _ 2A. Aw (1 + aw/2 ). (5)
272

To determine which mode interacts most efficiently, one must obtain a relation between
the spotsize and the distance between the electric field e_,rema for a particular transverse
mode.

The transverse dependence of the odd-symmetry (in the wiggle direction) resonator
modes can be expressed [7]

E 0¢H2m+l(_)e-el2 (6)

where ( = v/2x/w(z). To find the extrema we require

dE [dH2,,,+1 'H2m+l(_)] = 0 (7)d-__ d_
or

_,H_m+_(_)= dH2m+_d_ " (S)
Now, since [8]

dH2,.+1
= 2(g2,n+l (()- H2(,,+1)(() (9)d_

the expression for the extrema becomes

_H2m+l(_)- H2(m+l)(_). (10)

Using the asymptotic forms for the odd and even Hermite polynomials [9] gives

t_a = 4(m+ 1) (11)

where A = 2_/m + 1_ = V/8(m + 1)x/w(z) and w(z) = _/2zr(1 + z2/Z2r)/kw. The posi-
tions of the first electric field maxima (Xpeak), with respect to the spotsize of the mode (w),
are given in Table 1. The solutions to Eq.(10) are listed in the exact column, while the
solutions using the asymptotic form given by Eq.(ll) are listed in the asymptotic column.
A comparison of the two solutions shows that the asymptotic form is always accurate to
within 5°£.

The results of Table 1 (see bottom row) indicate that the transverse location of the
first electric field extrema decreases as rn -1/2. This gives rise to an increasing on-axis elec-
tric field gradient with increasing mode number. Since the strength of the even-harmonic
interaction scales with the electric field gradient, one would expect the electrons to in-
teract with odd-symmetric modes with large mode numbcrs. However, interaction with
these modes is limited by either the electron wiggle amplitude or the electron beam size.
For an infinitely thin electron beam, the electrons will interact most efficiently with the



mode m Xpeak/W i asymptotic
exact asymptotic error

TEM01 0 •707 •721 2.04 2%

TEM0a 1 •426 .447 1.79 4.9%

TEM05 2 .337 •349 1•71 3.6%
• • • • • •

• • • • •

W

TEM0,2_+1 l - v/s2(i+l ) 7r/2 _<5%
._

Table 1. Calculation of the normalized transverse positions of the first electric field
extrema for the odd-symmetry Hermite-gaussian modes.

mode that has electric field extrema separated by a distance equal to the electron wiggle
amplitude. (For higher order modes the electrons would sample regions with the 'wrong"
gradient.) Alternatively, for an electron beam whose transverse dimension is not negligible
with respect to the electron wiggle amplitude (which is typically the case), the mode with
extrema separated by

2Xpeak ---- 2r0 + Xwiggle (12)

will be most strongly driven. For the example given above, w0 = 2.5 mm and ro =

Xwigsle -.56 mm such that

- .336. (13)
w0

Glancing at Table 1 we see that this condition is satisfied for the TEM05 mode. To verify
this result, the small signal gain for the first three modes in Table 1 were calculated as a
function of wavelength for the second harmonic. The results are depicted in Figure 2. As
predicted maximum gain is achieved for the TEM05 mode. Using this mode initialization
for the even harmonic-frequencies, the small signal gains for the fundamental through
fourth harmonic were calculated. As shown in Figure 3, the second and fourth harmonic
gains are small with respect to the gains at the fundamental and third harmonic. Note
that the fourth harmonic has slightly higher gain than the second harmonic. This is due
in part to the smaller spotsize (i.e. higher gradient) obtained when assuming z,. = L,,,/2
for all the harmonics, consistent with Eq.(4). To force the oscillator to lase at an even
harmonic, the oscillator feedback for the odd harmonics was set to 1.0% (10% reflectivity
on each mirror) while the round trip even-harmonic reflectivity was 96%. This frequency
discrimination could be experimentally achieved by using dielectric coatings, gratings or a
dispersive element. Hole coupling has also been suggested, but it is not clear whether the
required discrimination can be achieved.

IV. HARMONIC LASING SIMULATIONS

Multipass simulations were performed at a fundamental wavelength of $1#m (second
harmonic gain curve peaks at 40.5pm) to obscrve lasing at the second harmonic. The in-
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tensities for first seven harmonics are included in a self-consistent fashion[3]. All harmonics
interact simultaneously with the same electron ensemble. Each harmonic is propagated
around the resonator in preparation for the subsequent pass through the wiggler. In ad-
dition to the parameters already specified, we assumed &7/7 = 1.2% and Ipe_k = 300.
Amps. As the simulation progresses, the second harmonic field grows from small signal to
saturation in approximately 50 passes through the wiggler. A maximum efficiency of 0.8%
was achieved. Cross sections of the mode shape after saturation are given in Figure 4.
Note that the mode retains a TEM0s-like transverse profile even though ali the electrons
are located between the two primary central peaks. This mode retains its shape at all
points around the resonator.

Bunching of the electron beam caused by second harmonic lasing gives rise to coherent-
spontaneous emission at the higher even-harmonic frequencies. This radiation is generated
in a TEM01-1ike mode. When observed at the mirrors of the resonator, this radiation

produces a transverse profile with a large on-axis hole as shown in Figure 5. Thus, very
little harmonic power is contained in the optical output beam if the resonator is hole
coupled.

Lasing at the fourth harmonic was also observed by setting the fundamental frequency
to 79/_m (the fourth harmonic gain curve peaks at 19.8/_m). Build up of the fourth har-
monic light was initially observed as expected. However, after approximately 30 passes,
the four electron bunches (contained in 27r of fundamental phase space) began to coalesce
into two bunches and the second harmonic interaction begins to grow. For several passes
both harmonics exist with roughly the same electric field magnitude. Eventually lazing
converts back to the second harmonic.

V. CONCLUSIONS

Simulations of lasing at the even harmonics of the fundamental FEL resonance have
been performed. Even-harmonic lasing is optimized by constructing a FEL configuration
where the electron beam radius is much less that, the individual electron wiggle amplitude.
Frequency discrimination against the odd harmonics must be provided so that the even
harmonics will have the largest round trip cavity gain. Advantages of even-harmonic
lazing include a larger intensity footprint on the resonator optics (reduced mirror loading)
and negligible hole outcoupling for the coherent-spontaneous emission at harmonics of the
lazing frequency.
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FIGURE CAPTIONS

Figure 1. Even harrnor, ic lasing configuration showing a single electron wiggling between the
asymmetric peaks of the TEM01 mode. Electron beam profiles for optimum interaction
(solid line) and degraded performance (dotted line) are shown.

Figure 2. Single-pass small-signal gains for the second harmonic for three different mode initial-
izatic, ns. The second harmonic frequency is half that on the horizontal axis.

Figure 3. Sivgle-pass small-signal gains for the fundamental and first three harmonics. The odd
harmonics are initialized in a TEM00 mode and the even harmonics are initialized in
a TEM05 mode.

Figure 4. Cross sections of the second harmonic lazing intensity at the wiggler entrance after
saturation.

Figure 5. Cross sections of the fourth harmonic coherent-spontaneous radiation at the wiggler
entrance during second harmonic lasing.
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