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1 . INTRODUCTION AND SUMMARY 

This report i s in a continuing series of reports that present analytic 

solutions for the dissolution and hydrogeologic transport of radionuclides 

from geologic repositories of nuclear waste. Previous reports (PI, HI, CI) 

have dealt mainly with radionuclide transport in the far-field, away from the 

effects of the repository. In the present report, the emphasis Is on near-

field processes, the transfer and transport of radionuclides in the vicinity 

of the waste packages. The primary tool used in these analyses i s mass 

transfer theory (SI) from chemical engineering. In the chapters that follow, 

the general format is that the problem statement, governing equations, and 

derivations of the solutions are presented f irs t , followed by Illustrative 

applications. 

The thrust of our work i s to develop methods for predicting the 

performance of geologic repositories. However, many of the results derived in 

the present report can be generalized to other situations of tracer or 

contaminant transport in geologic media. We would be interested in 

discussions with readers on other applications of this work. The subjects 

treated in the present report are: 

(a) Radionuclide transport from a spherical-equivalent waste 

form through a backfill (Chapter 2, Derivations; Chapter 3, 

Applications)• 
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(b) Analysis of radionuclide transport through a backfill using 

a non-linear sorption isotherm (Chapter 4) 

(c) Radionuclide transport from a prolate spheroid-equivalent 

waste form with a backfill (Chapter 5, Steady-State 

Solutions, Theory and Application; Chapter 6, Transient 

Solution, Derivations; Chapter 7, Transient Solution, 

Applications) 

(d) Radionuclide transport from a spherical-equivalent waste 

form through a backf i l l , where the so lubi l i ty , diffusivity 

and retardation coefficients are temperature dependent 

(Chapter 8) 

(e) A coupled near-f ielu, far-f ield analysis where dissolution 

and migration rates are temperature dependent (Chapter 9) 

(f) Transport of radionuclides from a point source in a three-

dimensional flow field (Chapter 10) 

(g) A general solution for the transport of radioactive chains 

in geologic media (Chapter 11) 

Radionuclide Transport from a Spherical-Equivalent Waste Form with Backfill 

In (CI), Chapter 7, we analyzed the transport of radionuclides from a 

bare waste form in wet, saturated rock. In the present volume ue extend the 
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solutions to waste forms enclosed by a layer of backfi l l or packing material . 

The presence of a backfill will help ensure that in the vicini ty of the waste 

package there is l i t t l e or no advection, and molecular diffusion will be the 

main mechanism for mass t ransfer . The aim is to find the rate of dissolution 

of radionuclides and their rate of release into the rock, and to predict the 

spat ia l and temporal concentration of radionuclides in both the backfill and 

the rock. The approach used here is to set a saturation boundary condition at 

at the waste form/oackfill in terface. The solutions allow the prediction of 

both concentrations and mass flux as a function of position and time. 

These resul ts are potential ly useful in showing compliance with the 

U.S. Nuclear Regulatory Commission's release-rate performance objective (Ul). 

The analytic solutions can be used, for example, to compute the flux of 

radionuclides from the backfill/packing material into the rock, without the 

potential problems that discontinuity in porosity and retardation at the 

backfil l /rock interface can introduce into numerical approaches. 

There are several important resul ts from the numerical evaluations. 

F i r s t , radioactive decay, higher sorption in the rock and the backfil l 

steepens the gradient for mass t ransfer , and lead to higher dissolution r a t e s . 

This is contrary to what was expected by some other workers, but i s shown 

clearly in the analytical solutions* Second, the backfill serves to provide 

sorption s i tes so that there is a delay in the arr ival of radionuclides in the 

rock, although this effect Is not so important for the steady-state transport 

of long-lived radionuclides* 
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Non-linear Sorption 

In Chapter 4, we analyzed one-dimensional radionuclide transport 

through the backfill in the presence of diffusion only, using a two-segment 

l inear approximation of the Langmuir isotherm to simulate the effect of 

saturation of sorption s i t es in the backf i l l . The analytical solutions 

provide a method of predicting the position of the saturation front as i t 

moves through the backf i l l . 

Radionuclide Transport from a Prolate Spheroid-Equivalent Waste Form with 

Backfill 

In (CI) we obtained the steady state solution as well as the ear ly-

time and large-time mass transfer from an infini tely-long and f ini te 

cylindrical waste forms. The analysis of cylindrical waste forms has 

a t t rac t ion because actual nuclear waste packages are expected to be cyl inders . 

In the limit of zero flow, the time-dependent mass transfer form a prolate-

spheroid waste in contact with inf in i te rock was analyzed. In Chapters 5, 6, 

and 7 of this report, the analysis of prolate spheroid waste shape i s extended 

in the following direct ions: 

- Inclusion of a f ini te backfill/packing material layer; 

- Inclusion of advective transport in the rock; 

Inclusion of an approximate solution between the 
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previously derived asymptotical results; 

The previous comment about the potential usefulness of these analytic 

solutions in determining compliance with NRC requirements (Ul) also apply 

here. 

Radionuclide Transport with Temperature-Dependent Solut i l i ty , Dlffuslvity and 

Retardation Coefficients 

In and around a geologic repository of nuclear waste, the temperature 

will vary as a function of time. This variation of temperature will have 

significant effect on the dissolution and transport of radionuclides by 

changing the saturation concentration, diffusion coefficient and geocheoical 

retardation processes such as sorption. In Chapter 8 we analyze diffusive 

mass transport from a spherical-equivalent waste form where the solubil ity, 

diffusion coefficient, and retardation coefficients are functions of 

temperature. Chapter 8 gives radionuclide concentrations and mass fluxes 

where solubil ity, diffusivlty and retardation coefficients are specified 

functions of time or temperature. 

In Chapter 9, we present an application of this temperature dependent 

theory, as well as a far-field radionuclide migration model. The coupled 

model calculates concentration profiles of radionuclides in the far field 

based upon nonisothermal dissolution of the radionuclides at the waste 

canister surface. 
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Transport of Radionuclides from a Point Source in a Three-Dimensional Flow 

Field 

In many repository projects , large-scale numerical codes are used for 

predicting the far-f ield d is t r ibut ion of radionuclides. There is a need for 

methods for testing these codes, especially when three-dimensional dispersion 

is being considered. In this chapter analyt ical solutions are derived for the 

advective-diffusion equation for three-dimensional transport from a point 

source. 

A General Solution for the Transport of Radioactive Chains in Geologic Media 

Chapter 11 provides solutions to the problem of migration of 

radioactive chains of arbitary length in geologic media of inf in i te or f ini te 

extent . These solutions are for very general conditions, and are potential ly 

useful in many s i tua t ions . 

Summary 

The following table Is a summary index for the waste-package models 

developed in this report. 
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Table 1 . Waste Package Models t n T h i s Report 

WASTE PACKAGE CONSIDERED FLOW CONDITIONS 

P Haste Form Shape 
T 
E With Without S p h e r i c a l P r o l a t e Q u a n t i t y D e r i v a t i o n ! Numerical S teady Tlae 
R B a c k f i l l B a c k f i l l E q u i v a l e n t Sphe ro id P r e d i c t e d ~ 

N 

N, H 

Exanplea S t a t e Dependent 

X 

D i f f u s i o n A d v e c t i o n Cons tan t V a r i a b l e L i n e a r 
Only 

X 

and 
D i f f u s i o n 

T,K,D,C T,K,D,C S o r p t i o n 

X » 
X H, t » 

N, H 

Key 

N - Rad ionuc l ide c o n c e n t r a t i o n a t t a t t i a s t 

M - Rad ionuc l ide f l ux a t r a t time t 

t * - Time to s t e a d y e t a t e 

T b " Tine to s o r p t i o n s a t u r a t i o n b r e a k t h r o u g h 

T ,K,D ( C - Ter p e r a t u r e , r e t a r d a t i o n c o e f f i c i e n t , d i f f u s i o n c o e f f i c i e n t and 
sa u r a t I o n c o n c e n t r a t i o n 
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2. RADIONUCLIDE MASS TRANSPORT FROM A 
SPHERICAL WASTE FORM SURROUNDED BY A BACKFILL 

P.L. Chambre 

In the following we investigate the time dependent mass transport of a 
radionuclide from a spherical waste form which is surrounded by a spherical 
shell of backfill material. Both waste and backfill are imbedded in rock 
extending infinitely in all directions, see Fig. 1. The mass transport through 
backfill and rock is assumed to occur by diffusion only and the transport by 
convection is not treated in this paper. 

The waste form has a radius R and the outer edge of the backfill shell a 
radius R,. The backfill porosity is e. and its retardation coefficient is K.. 
The rock has the corresponding properties e- a n <i K?- Th e radionuclide's 
diffusion coefficient in the water is D~ and its decay constant is A. The 
geometric factors for backfill and rock are a. and CT,, respectively. The 
nuclide is released at its solubility limit c at the surface of the waste form 
into the surrounding which is initially at zero concentration. Then if N. (r,t) 
and N.,(r,t) denote respectively the nuclide's concentration in the backfill and 

L 7 2 3 2 3 rock regions the governing equations read, see Fig. 1 with V = — s - + — ^~ 
3r r d l 

3N c D 
^ - D / N l - A N r R o < r < R,, t > 0, D, = - ^ (1) 

3N 2 ' o,D f XN 2, Rj < r < °°, t > 0, D 2 = -=-=- (2) 

\ Nx(r,0) = 0, R Q < r < R 1; N.,(r,0) = 0, ^ < r < » (3) 

*N 1fR o,t) = c s , t > , 0 (4) 
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X8L 64 5- 6966 
Fig. 1 Geometry of spherical waste form with backfill layer. 
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N 1CR 1,t) = N ^ . t ) , t j O (5) 

3N 3N, 
" £l al Df 3r~ = ' £ 2 a 2 D f 3 ^ at r = 1^, t > 0 ( 5 ) 

N 2 (<»,t) = 0, t >, 0 (7) 

Equations CI) and (2) describe the conservation of the diffusing specie in 
the backfill and rock regions respectively. The initial conditions are given 
by (3). Equation CO sets the solubility limited release on the waste form 
surface. Equations (5) and (.6) assure the continuity of concentration and flux 
at the interface between backfill and rock and (7) regulates the concentration 
in the rock region far from the waste form. The purpose in obtaining the 
solution to this equation system is to analyze the space and time dependent 
concentration and transport flux of the nuclide as a function of the eleven para­
meter system c s, A, D f > R Q , R^ K^, e^ and o^ («.=1,2). This will be done in Chapter 3. 

The analysis of equations (1) - (7) is facilitated through the introduction 
of new dependent variables which satisfy the equation system in absence of radio­
active decay 

3c, 2 

3t = D J V C J , R < r < Rj, t > 0 (!') 

S c 2 2 

j ^ - = D :v c 2, Rj < r < », t > 0 (2') 

c1(r,0) = 0, R Q < r < R X; c 2 [r,0) =0, R 1 .£ r < » (3') 

C ; L(R 0,t) = c s, t J.0 (4') 

CjCRj.t) = C 2 ( R r t ) , t >,0 (5') 
3c. 3c, 

£1°1 ^ = E2°2 7T ^ r = R r t > 0 (6-) 
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c 2 K t ) = o, t j.0 (7') 

One can then express R.(r,t), N-(r,t) in terms of the solutions of [1')-

(7*] as follows 
,t 

N^r.t) = X I e'^Cj^Cr.x) dx + e'^c^r.t) R Q ̂  r .< R^ t > 0 
•'o 

N2(r,t) = X f e" X T c2(r,T)dr + e~ X tc 2(r,t), ^ < r < », t > 0 

(8) 

(9) 
o 

This is readily verified by substitution (8) and (S) into the equation system 
(1) - [7) utilizing the fact that c, and c, satisfy eqs. (1') - [7'). 

In turn the system (1') - (7') is simplified through the dependent variables 

n2(r,t) = rCjCr.t), n2(r,t) = rc2(r,t) . (10) 

There results 
2 8n. 8 n 

vr'^-rr- V r < h- t > ° ^ 
or 

2 
^ 2 = D

 3 n 2 , R 1 < r < ' » > t > 0 (2") 

St " 2 ̂ T " 

n^r.O) = 0, R o < r < Rj; n2(r,o) = 0, Rj < r < » (3") 

n ^ . t ) = R oc s, t J.0 (4") 
î CRj.t) = n ^ . t ) , t 5.0 (5") 

ei°i (S 1" %) • ^z& - r) a t r " V * * ° (6"> 
n2C-,t) = 0, t 5.0 . (7") 

This is the principal equation system to be solved. 

We take a Laplace transform of (1") and (2") with respect to the t variable 

and apply the initial conditions (3"). This yields with 
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n £(r,p) 5 / V p t n £ ( r , t ) d t , * = 1,2 
o 

the equation system 

d 2n 
^ r • V i " °. R

0

 < r < « i » " ? = ^ 

(ii) 

j 2 -
2 2_ 2 

- 2 - - M ^ = 0, R x < r < -, p 2 = E_ 
(12) 

The general solutions are 

n^Cr.p) = A sinh y^Rj-r) + 3 cosh i^CRj-r), R Q 4 r ̂  R 1, (13) 

-y,(r-R,) 
n2(r,p) = De * , r > R 1 (14) 

with -n satisfying the Laplace transform of the boundary condition (7"). The 

three constants A,B and D are found with helj- of the transforms of equations 

(4")-(6"). With 

e l M l 
b • W y - e f i 2 + a • a -

E2- £l 
R l 

there results 
R c , A - ° s 

p Ycoshy.b+sinhp.b 

Be 

' zi m el°V l = 1 » 2 

B = D p Ycoshp-b+sinhy^b 

(15) 

(16) 

(17) 

Substitution into (13) and (14) yields after a rearrangement 

Vs eru-coshy^R.-r^e-Vo+cOsinhp, (R.,-r) 
• ,RQ .« r < R 1 

R „ c 

n2(r,p)=-p 
. -^Cr-Rj) W 

cTy-, coshu, b+ (E 'y^+aj sinhy.. b , r >R 

(18) 

(19) 
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(20) 

We turn next to the inversion of the Laplace transform n,(r,p), which 

is accomplished through the application of the complex inversion integral 

Since n, (r,p) has a branch point at p = 0 due to the term u. =-»/§- we 

adopt the integration contour shown in Fig. 2. One can show that the 

integrand has no singularities inside this contour and furthermore that the 

contributions of the integral along the semi-circular arc I vanishes as 

EL •* °° . Hence by the extended Cauchy theorem the integral (20) is equal to 

the contributions along the paths BA", DC" and the small circular contour s 

about the origin. We indicate the necessary steps to express these contribu­

tions in the real valued form. 

Along the circle set 

p = pe i B , dp = pe 1 ide, - IT < e < ¥ (21) 

Then 

^ - V f - V f > 1 / 2 e i 9 / z . * - i . ' (22) 

As the circle radius p •* 0, the hyperbolic function contribution in 

n,(r,p) of equation (18) are approximated by 

coshp = 1 + 0(p 2), sinhp = P+0(p 3) (23) 

Hence the bracketed term in (18) becomes, correct to first order terms 

(24) 
£{u 1+ay 1(R 1-r) E^+a(R1-r) 
Ê Uj+aUjTJ e'+ab 

Substituting for th i s into (20) one obtains with (21) the contribution 

Him 1 f pt - , , , D e { + a O y r ) , , . . 
P-0 2TT J e P "xfr.pldp * R o c s h C25) 
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Re(p) 

X8L 8412-5878 

Fit;. 2 Contour integral for inversion of Laplace transform. 

2-7 



For the path BA set 

p = D1nV-,|E=2fl (26) 

and make the following replacements in (18) 

"l = V ^ = •>/£"*'• -"; H = 7 i p " n/JTn. K£ - ̂  , £=1,2 (27) 
coshUjt ] = cosh (- in[ ]) = cosri[ ] (28) 

sinhu,[ ] = sinh(- in[ ] = - isin(n[ ]) . (29) 

These expressions are substituted into (18) and a common factor of i is 
cancelled from the quotient. On placing the result into (20) and reversing 
the direction of integration one obtains the integral contribution 

^ I „,- R „ c = / -D n t n 2 G n -iG, , 
1 / _pt— , „-, j _ _ _ o s / 1 ' 1 2 dn 

s r J e "i^p)* zr J e npug — 
BA o 

Gl = Eincos(n[R1-r])+ a sinOifR^-r]); G, = e £ y -g* n sin(n[R-L-

(30) 

HĴ  = e'ncos(rib) + a sin(nb); H, = f. V ]p nsin(nb) . 

For the path DC" set 

p - D i n
2 e « ; & = 2 <a (31) 

This changes the terms - i to i in equations (27) and (29) and thus alters 
the signs in the integrand quotient. In this case the integral contribution 
to (20) is 

f R e / " -D.tri2 G n + iG, , A- ]_ eP t v*.p>* - i P J * l ^ H (32 ) 

DC o 
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Finally combining the integral contributions (25), (30) and (32) one 

obtains the desired inverse 

n 1 ( r , t ) = R o c s • 
£ - + a ( R - r ) 2 f'-Tijtn G^-G^ d 

m + - ' e 2,„ 1 IT -5JTSF" i/ H 1 + H 2 

But in view of (30) and the definit ion of a by (15) th i s transforms with help 

of (10) into 

2 c ^ r . t ) 
f (r) 

-D.tr, 
' / < ' I(r ,n)dn, y r s < R . , t >. i 

where 

m - ^ ^ S . Km) = - f e l l i ! ) nsin(n[r-R]) 
r i + f i / M ' " r {c-ncos(nb)+a s in (nb) | ^{se ' 2 

(33) 

& • ) 

jc'ricos(nb)+a sin(nb)l + jSE2l s i n Clb) \ 

/E" E-- Er 
R r R o , B =VKT > « = " b 1 (35) 

This is the solution for a stable nuclide in the backfill region. By similar 
arguments one can determine the concentration field in the rock region. Since 
our principal interest centers on the nuclide concentration in the backfill 
and at the rock interface we shall not set out the solution in the rock field. 

The solution for a radionuclide is obtained by combining (8) and (34) 

N^r.t) 
1 f ( r ] + J e lTn I(r,n)dr\ -Vr, _, -At e dc+e £(r) • f ^ I(r,n)dnl (36) 

Interchanging the order of integration yields 

(r t ) r° °° " D l t n 

i _ J _ = f ( r ) + / l i ^ l L dr, + e ~ X t f ^ 2- ICr ,n)dn, R ^ R , , tjO (37) 
c s J oy J l + (VD n n) ° l 

o 1 + _1 'o 1 
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The first two terms represent the steady state solution and the last term 

the transient part of the concentration field through the backfill. When 

X = 0 this result agrees with that for a stable nuclide. 

The early and large time asymptotic behavior for N.(r,t) is established 

as follows. It is plausible by physical arguments that the nuclide concentra­

tion at very early times has not penetrated very far through the backfill 

which can thus be assumed to be of infinite extent. In this case the diffu­

sion in the rock can be ignored and the solution to this single region problem 

is given by 

iyr,t) 1 o 
"(r-VVf 

Cr-vV? &•*} 
erfc ° +"/vt \ r^R, t small .2/V J (38) 

This result can also be obtained from (37) by setting £,' - z' and K." = ICC. 

At large times, when N.(r,t) tends to the steady state solution, equation 

(37) can be given a form which is more suitable for physical and numerical 
NjCr,-) 

" interpretation. One observes from (8) that as t •* •», j — is represented 

as the Laplace transform with the parameter p formally replaced by X, i.e. 

Nx(r,») = XL {^(r.T)} j p =, 
= \n1(r,X)/r (39) 

Thus using (18) 
f 

Nx(r,») R Q E^yjCoshp1(R1-r)+(e2U2+a)sinhu1(R1-r) 

EjU,cosh(u1b) + (E2U2+0')sinn()J1'') } % < r < R1 

(40) 
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where 

This expression can be used to replace the first two terms on the right hand 

side of equation (37) so that 

» -D-tn 
T Kr.rOdn, R-<r^lL , tjO [413 

0 1+0/^0 ° a 

With the concentration profile N,(r,t) known it is a straightforward matter 
3N-

to compute the surface mass flux -e,a,Df ^-^ at the waste form surface and at 

the backfill-rock interface. The result of such calculations are presented in 

Chapter 3. 

Wjlr.tJ V r ^ __ s. M 

/ 
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3. THE NUMERICAL ANALYSIS OF NUCLIDE MIGRATION THROUGH A BACKFILL 

H. Lung and P.L. Chambre' 

In this chapter we evaluate and discuss the results of the transient 
nuclide mass transport through a backfill as developed in chapter 2 . For 
convenience we consider the transports of stable and radioactive nuclides 
separately. 
A. The Mass Transport of a Stable Nuclide 

The nuclide concentration c.(r,t) in the backfill region is given by 
equation (34) of chapter 2 . From it one can calculate the three quantities 
of principal interest in evaluating the performance of the backfill. Since 
the nuclide concentration at the waste surface is prescribed at the solubility 
limit, the concentration at the backfill-rock interface is of interest. It is 
computed from, see Eqs. [34), (35) of chapter 2 

c,(r,t) f" -D,tn2 

- - = f(r) + / e I(r,n)dn, R 0 < r <_ R ^ t J. 0 (1) s * o 
where , ./r ' 

R„ U? _ f 2 V i e 2 e Y s i n W r - R o ] ) YfVifiiY. { W = r 71TT • ^ ' ^ = A ** J HRT 

- 2 2 
H(nj = [e,n cos nb + a s in nb] + [ e e ^ i s i " ^ ) ] (2) 

The other two quanti t ies of concern are the to ta l mass fluxes M from the waste 

form surface and through the interface between backfi l l and rock. Since 

, , ac ( r , t ) \ 
M(r,t) = 4Trr I-e1<J1Df — ^ J , R 0 < r < R j , t > 0 , (3) 

one obtains from (1) 

., 2E 1 'E;B f°° -D,tTi2 nfricos(n[r-R ] ) - i sin(n[r-R ])1 
dn ^ • ^ i W 

2e'e;e r " -D t n 2 r,fncos(n[r-R ] ) - I s in (n [ r -R l ) l 
J. L ** i t * * u r oj 

TTN " I T — J e HTO < 
• r ( 1 + 6 \ ) - C4) 

Ro i r I R i - * 3- ° 3-1 



Some special cases of these results were investigated. With identical 

rock and backfill properties, i.e. K£ =• KX, e{ = £?> t n e results reduce to 

those of a single region problem 

, r > R , t > 0 ' — o — (5) 

which agrees with (38) of chapter 2 and 

M(r,t) = 4Tre.a.D_R 1 1 r o erfc 
^2/rTt/ /iriXY 

(r-Ror 
4D 1t 

r >_ R Q, t >_ 0 (6) 

As the steady state is approached (t •* ») the integrals in (1), (2) will 

vanish leaving 

fir) 

%<-?<-\ 

and 
M(RQ,«) = M(R1,») = tejCfjI)^ R 

1+5 

(7) 

(8) 

since there can be no accumulation of the diffusing rpecie in. the backfill. 

Equation (7) is a special case of (40) of chapter 2 . The last two results are 

applicable for arbitrary 1C and E ^ {I = 1,2) values. 

The evaluations of (1), (3) and (4) were carried out on a CDC-7600. An 
integration subroutine named DOIAJF was used to evaluate the integrals. The 

description of this subroutine can be found in Appendix 3A. 
2 _. „, . .. , . . .. . -D,tri which decreases rapidly in 

Since the integrands contain the term e 1 r ' 
magnitude as n increases (when D.t > 0) a cut-off value A was introduced for 

2 -the upper irtegration limit. Numerical experiments showed that for D.tA >_ 20 

the relative error bound for the value of the integral is 10 . In the calcula­

tions we used D,tA = 100. 
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Figures 1 and 2 show the graphs of M(R ,t)/c and M(R.,t)/c v.s. time with 
e;" and IC", KX as parameters. Figure 3 exhibits c-CR-.tVc in a comparable 
fashion. The remaining parameters were chosen as follows. The sphere radius 
was taken as 65.9 cm so that the surface area of the spherical waste form is 
equal to the surface area of the spent fuel canister which has a radius of 17.8 
cm and a height of 47C cm. The backfill thickness is 30 cm. The rock porosity 
e- = - = — and the nuclide's diffusion coefficient D r = 10 cm /sec in both 

2 aZ f 

backfill and rock. 
A cursory look of Figures (l)-(3) reveals that one can subdivide the time 

span into three separate intervals which will be called 
a) The early time span, ETS, which is controlled mostly by the backfill, 
b) The intermediate time span ITS, which is controlled by both backfill and 

rock, and 
c) The late time span LTS, which is controlled mostly by the rock. 
The figures show that these spans do not possess distinct separation points but 
their existence' can be argued on physical grounds as follows. 

Initially there is no nuclide present outside the waste form. As time in­
creases the specie diffuses from the waste surface into the backfill but in the 
ETS has as yet not reached the rock interface. Hence in this time span the mi­
gration of the nuclide is controlled by the backfill's properties only. 

As the concentration of the backfill-rock interface rises both regions begin 
to affect the migration until the backfill is mostly penetrated. After this ITS 
the rock primarily controls the nuclide transport and the backfill properties 
play a subsidiary role. Eventually the rock will also be fully penetrated and 
a steady state will have been reached. 

A semi-quantitative way to delineate the time spans is to compare the mass 
transfer rate at the backfill-rock interface with the rate at the waste surface. 
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Fig. 1 Normalized mass transfer rate as a function of time and retardation 

coefficients in backfill and rock; diffusion from a spherical waste 

form. 
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2 Normalized mass transfer rate as a function of time and retardation 
coefficients in backfill and rock; diffusion from a spherical waste 
form. 
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Fig. 3a Normalized backfill-rock interface concentration as a function of 
time and retardation coefficients in backfill and rock; diffusion 
from a spherical waste form. 
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Fig. 3b Normalized backfill-rock interface concentration as a function of 
time and retardation coefficients in backfill and rock; diffusion 
from a spherical waste form. 
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In the ETS, M(R,,t) ̂  0, since the nuclide has not yet reached the interface. 

On the other hand, in the LTS, M(IL,t) ̂  M(R ,t), since the backfill is then 

almost saturated. Thus one can use the ratio M(R.,t)/ M(R ,t) as an indicator 

for the separation points. We adopt the time T. and TJ defined by 

M(R x,T* b) 
(9] 

as the end points of the ITS. This delineates the three time intervals except 

for the end point of LTS which borders the steady state. In order to gain 

insights into the order of magnitude of T. and T, * computations were performed 

with equations (3), (4) and (9) with the following results 

Case 
Number K2 T b ^ T5(yr) 

1 0.01 0.01 10 10 2.2 8.9X101 without 

2 0.01 0.01 10 3 103 2.2xl02 8.9xl03 backfill 

3 0.2 0.01 10 10 7.6 2.0xl02 : 

4 0.2 0.01 103 10 2.2xl03 l.lxlO4 with 

S 0.2 0.01 10 103 2.0 1.80xl02 

i 

backfill 

6 0.2 0.01 103 10 3 7.6xl02 2.0xl04 • 

The separation time is an indicator of the backfill retardation function since 

it shows the breakthrough time of the backfill. Hence a larger T, represents 

a better backfill retardation performance. 

In the above table, cases 1 and 2 show the results for no-backfill. 

The rest show the results with backfill. The porosity of the rock is —j—and 
0 2 ' 

the porosity of backfill is — — in cases 3-6. From this table one can see 

that when KT ̂ > KX, i-e. cases 3, 4, and 6. T. is longer than that for no-

backfill, i.e. case 1 (against cases 3 and 4) and case 2 (against case 6). 

But when K.' < K£ as in case 5, T, will be shorter as seen in case 2. 
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Therefore a backfill material with a larger KJ compared to K£ is preferred. 

The drawback of the concept of T, is that a larger T, does not neces­

sarily mean a smaller mass transfer rate at the backfill-rock interface. For 

example, T. = 220 years for K~ = 10 without backfill as shown in case 2 while 
3 

it becomes 760 years when a backfill layer with K' = 10 is added. Though the 

T, is longer with the backfill present, the mass transfer rate at the backfill-

rock interface is always higher than the mass transfer rate with the backfill 

removed, as seen in Fig. 1 and 2, dashed curves for KT = K£ = 10 . 

A better way to evaluate the backfill performance is to use the ratio of 

the mass transfer rate at the backfill-rock interface for the case with back­

fill to the rate without backfill. This will be discussed later. 

We now consider the detailed behavior of the solution in each of these 

three time spans. 

i) Early Time Span CETS) 

Since backfill controls the mass transport in this time span, one expects 

that the same mass transfer rate at the waste surface should be obtained for 

the same backfill properties regardless of the rock region. This is verified 

in the calculations as can be seen in Fig. 1 and 2, solid curves for IC = KX = 10 

and K.' = 10 , K~ = 10. For the mass transfer rate at the backfill-rock interface, 

one would expect a very low value in this time span. This can be seen from the 

steep slopes of the dashed curves in Fig. 1 and 2. 

Since a large K. means a large retardation effect, the appearance of the 

mass transfer rate at backfill-rock interface will be delayed for larger K,, 

as seen in Fig. 1 and 2, dashed curves for 1CT = 10 , KX = 10 and K,' = IC = 10. 

On the other hand, the mass transfer rate at the waste surface increases with 

increasing K., due to the steepened concentration gradient near the waste 

surface, as seen in the same Figures, solid curves for K-T = 10 , KX = 10 and 

KJ = K^ = 10. 
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ii) Intermediate Time Span 
In this time span both backfill and rock exercise control over the mass 

transport. Nuclides start penetrating into the rock and the interface con­
centration increases with time as seen in Fig. 3a and 3b. The effect of rock 
on the mass transfer rate becomes more and more significant and tends to be the 
controller of the mass transport. This can be seen in Fig. 1 and 2, solid curves 
^or K^ = X'2 = 10 3, and K£ = 10 3, K^ = 10. 
iii) Late Time Span 

The backfill is now fully penetrated and has only little effect on the mass 
transport in this time span. The concentration profile and the mass transfer 
rate only depend on K . This is shown as follows. 

/
-D t nsin n(r-R ) 

e H 7 T T — — dn, can be approxi-
o 

mated by 
• A D^n 2 nsin n(r-R ) 

/
LLtn nsin n(.r-K J 

e TT7Z^—— dn, where A i s the cut-off point for the 

o 2 

integrat ion. As mentioned e a r l i e r , the requirement for A i s that D.tA ^ 2 0 to 

obtain a s ix-d ig i t precision in the computations. Hence for a very large t , 

one needs only a very small A. For a l l rib < Ab « 1, one gets 

sin (nb) £ rib, cos(nb) £ 1, sin n(r-R Q) £ n ( r -R Q ) . 

If further nBeiJb « e ' + ab, the integral then transforms into 

I 
A 7 1 2 ( r - R J 

-D1tn 2 dn 
e (eJn+ctnb^+Cge^b) 2 

*—2 ( r - R ° U r -D,tn — T -
-x- / e (e +ab) 
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(r-R 0) r A -D^n 2 dn 

( 6j+ a b ) 2 K 

(r-R ) j - rr~ 
= 7 ^ 7 3 ^VoTt «f (^tA) 

(e.+ ab) » 1 

(r-R ) j - rr-
% 2—«- -yVrTt » s i n c e e r f C ^ i 7 A ) * e r f C^O" ) £ ! • 
^ Ce£+ ab) V 1 i 

With this the transient integral contribution in (1) becomes for very large 

time 

Ce{* V 
(A) 

A similar form can be obtained for M from (3) except that the factor (r-R ) in 
R ° 

(A) is replaced by — . From (A) one finds that at very large t the concen­

tration profile or the mass transfer rate depends on YJ. alone. Eventually the 

K' dependency will also vanish when the steady state is reached. 

One observes from Fig. 1 and 2 that both mass transfer rates at waste sur­

face and at backfill-rock interface increase with increasing K,, as shown in 

both solid and dashed curves for K' = K^ = 10 , and K£ = 10 , K£ = 10. This is 

due to the larger adsorption of the nuclides by the larger K, in the rock which 

causes a steeper concentration gradient in the rock and extracts more nuclides 

from the waste form. In the LTS the difference between the mass transfer rates 

at waste surface and backfill-rock interface can hardly be seen. This means 

that almost all the nuclides released from the waste form are diffusing into the 

rock. The backfill can no longer retard the nuclides passing through it. 

In all these three time spans, the mass transfer rates at waste surface and 

at backfill-rock interface decrease with decreasing backfill porosity. The 
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same result also applies to the backfill-rock interface concentration, see the 

corresponding curves in Fig. 1, 2, and 3. Hence a low porosity material should 

be used as the backfill when available. 

As mentioned earlier in page 3-9, the ratio of the mass transfer rate at the 

backfill-rock interface with the backfill present to the rate at the same position 

without backfill can be used to show the effectiveness of the backfill layer. For 

the case without backfill (e,' = EX, IC = K~), the interface mass transfer rate is 

calculated at an artificial plane which has the position equal to the actual 

backfill-rock interface position. Fig. 4 shows this ratio as a function of time 

with K' and K' as the parameters. Backfill porosity is taken as -^— and all 

other parameters (R , b, D_, and eO are the same as in Fig. 1, 2, and 3. Re-
.- 3 

tardation coefficient K~ used for rock is 10 and 10 and that used for backfill 

is 10, 10 and 10 for each value of KX. The dotted segments are not reliable 

due to the limitation of the precision in computations. The solid curves are for 

KX = 10 while the dashed ones are for KX = 10 . One can see that for K,' > KX 
2 ^ such as K' = 10 , 10" and KX = 10, this ratio is less than unity up to some time. 

2 3 
For K' = 10 it is 100 years and for K. = 10 it is about 1,500 years. This 

implies that within this time span the interface mass transfer rate in the presence 

of backfill is always less than that without backfill although the porosity changes 
from — - — to — — . On the other hand, whe;< K.' .s KX as in all other curves, the a, o. 1 ̂  2 
ratio is always greater than 1. It means the backfill does not add any benefit 

to the retardation of the mass transport. Comparing the curves for K' > KX, one 

finds that the effective time to retard the mass transport increases with increasing 

H • 
As a conclusion, a low-porosity backfill should be used to limit the mag­

nitude of the mass transfer rates and a larger retardation coefficient for 

backfill compared to that for rock is required to lengthen the effective 
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Fig. 4 Ratio of mass transfer rate with backfill to that without backfill 
as a function of time and retardation coefficients in backfill and 
rock; diffusion from a spherical waste form. 
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retarding time in backfill layer. 

There is a restriction on the applications of the solutions (1) and (4). 

One can not use them to calculate the limiting case e 2 = 0. For e 2 = 0, the 

transient integral contribution in both equations vanish leading to the steady 

state solutions. It means either the problem is time-independent or it reaches 

the steady state instantaneously. This is certainly not the real situation of 

this problem. Hence a separate method must be applied. Since e, = 0 implies 

that the nuclides can not diffuse into the rock, one will have a zero gradient 

c-> 0 condition at the backfill-rock interface. Therefore the governing 

equation for rock and the zero concentration B.C. at infinity will not appear, 

and the interface B.C. should be changed to 

3c, 
" ei°iDr ¥T = 0, t >. 0 (10) 

r = R l 

By solving the proper governing equation and side conditions, one can get a 

correct solution for this special case. 

B. The Mass Transport of a Radionuclide 

The radionuclide concentration N.(r,t) through the backfill region is 

given by equations (40) and (41) of chapter 2. 

-u ,r\Z 

- '• ° 1?) 
where I(r,n) is defined in (2). The total mass flux at any point in the backfill 

is then 
7 3N (r,t) 

M(r,t) = - 4irr E o.D, - 4 - , R < r < R, , t > 0 (12) 
l i t or o - — 1 — 

Again the three principal quantities of interest are the mass transfer rate at 

the waste form surface and the radionuclide concentration and its mass transfer 

N l (r,t) N l (r,~) I e_^_ ^ ^ d n ( n ) 
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rate at backfill-rock interface. The numerical integration was used to 

calculate N,(r,t) and M(r,t) in Equations (11) and C12]. The same subrou­

tine E01AJF used in Part A was adopted again and is described in Appendix 3A. in 

these computations, three different radionuclides were considered. They are 
2 3 7 N p with half life 2.14xl06 years, 1 4 C with T „ = 5730 years, and one artifi-

244 cial nuclide with T ,, = 15.3 years which is close to CmfT- ,? = 17.6 years). 

Fig. 5 shows M(R t)/C and M(R.,t)/C v.s. time with T.._ as the parameter. 

Other parameters used are e' = 0.2, eX = 0.01, K̂ " = K| = 10 . The results for 

stable specie (T_ ,~ = m years) are also plotted for reference. Fig. 6 and Fig. 

7 show the same quantities with different parameters. In Fig. 6, e" has been 

changed to 0.01, i.e. it exhibits the single region results. In Fig. 7 not only 

e' has been changed to 0.01, but IC also changed to 10. Fig. 8 to 10 shows the 

interface concentration N-.fRj.tJ/C as a function of time with the three sets of 

parameters mentioned above. One observes that for T. ,~ = 15.3 years the interface 

concentration is so small that almost all radionuclides released from waste 

surface have decayed before they reach the interface boundary. This can be 

seen from Eq. (11) for N-(R, ,t) at steady state: 

C s Rx e^u1cosh(u1b) + (EjP2+ct)sinh(M1b) ^ 1 3) 

As T.,, decreases (X increases), u-. = V g - increases, causing cosh(y.b) and 

sinh (Mjb) increasing very rapidly, resulting a very small N(R ,»)/C . Eq. (13) 

can also be used to calculate the range of T, ,, for which the radionuclides will 

have decayed during the diffusion through the backfill layer. From (13) one 

can solve for X in terms of N.(R.,»)/C and other parameters. For example, if . 

N^Rj.-VC = 0.01, ej = 0.2, z'2 = 0.01, K^ = K^ = 10 3, as used in Fig. 5, one 

finds that X = 8.5x10 /yr, or T.,, = 81 years. This means if a radionuclide 
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Fig. 5 Normalized mass transfer rate as a function of time and half-life; 
diffusion from a spherical waste form. 
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Fig. 6 Normalized mass transfer rate as a function of time and half-life; 
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Fig. 9 Normalized backfill-rock interface concentration as a function 
of time and half-life; diffusion from a spherical waste form. 
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with half life no longer than 81 years at least 99% of the specie will have 

decayed in the backfill layer before reaching the interface boundary. One 

would expect that for larger K£ or smaller z^ this decaying effect will be 

more significant because of the longer traveling t̂ -ne in the backfill due to 

the higher retardation. For instance, if E£ = 0.01, T, ^ may be as long as 

110 years if other parameters are fixed. On the other hand, when the half 
fi 2^7 

life is so long as 2.14x10 years ( Np) , the interface concentration is al­
most equal to that of the stable specie. Hence a radionuclide with half life 
of a few million years can be treated as a stable nuclide for the backfill 
calculations. This is also shown in Fig. 5 to 7. In these figures, the mass 

237 transfer rates M(R ,t)/Cs and fl(H, ,t)/Cs for Np can hardly be distinguished 
14 244 from the results of stable specie. The results for C and Cm are somewhat 

different. Since the radionuclides with relatively short half life will have 

decayed an appreciable amount in the backfill, a lower concentration profile 

will be produced in the backfill resulting in a steeper gradient near the waste 

surface. Hence a higher mass transfer rate at the waste surface will be ob­

served, as shown in curves for Tj,, = 15.3 and 5730 years. On the other hand, 

the mass transfer rate at the backfill-rock interface can not so easily be 

predicted. For very short-lived radionuclides, such as Cm, the concentration 

drops to such a low level that almost not a single nuclide can reach the inter­

face boundary. Hence the interface mass transfer rate is very close to zero, 

as shown in Fig. 5 to 7 for the case T. ,- = 15.3 years. For C, however, the 

situation is changed. Since not all the nuclides will have decayed in the 

backfill, the concentration gradient at backfill-rock interface may be either 

higher or lower than the stable specie. For instance, the curves for C 

in Figs. 5 and 6 have the higher numerical values than the curves for 

stable specie, while in Fig. 7 they become lower. It is worthwhile noting 
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that the time to reach the steady state is shorter for radionuclides than for 

stable specie, as seen in Figs. S to 7, since the decay can accelerate the 

mass balance in addition to the spherical geometry. 

As a conclusion, the backfill can effectively stop the mass diffusion for 

very short-lived radionuclides, but makes no difference between the very long-

lived radionuclides and the stable nuclides. For medium-lived radionuclides, 

though the decay in the backfill will lower the concentration profile, as shown 

in Figs. 8 to 10, the interface mass transfer rate may not be necessarily lower 

than the stable species. This is contradictory to what was expected by some 

other workers. Hence a complete transient analysis like this one should be 

used to predict the backfill performance. 

The following comment was supplied by Dr. W. Lee: 

One of the important potential uses of results in Chapters 2 and 3 is to show 

compliance with the NRC release rates requirement. Within the repository 

projects the approaches to showing such compliance is not well developed. Part 

of the reason is that the boundary of the engineered barrier system is not well 

defined, and may include some host rock in addition to the waste package. The 

predictive tools developed in Chapters 2 and 3 will apply no matter where the 

boundary is set. The case of the boundary set in rock is illustrated by the 

calculations in which the porosity and retardation of the rock and backfill are 

the same. 
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Appendix 3A 

D01AJF is a general-purpose integrator which calculates an approximation to 
the integral of a function f(x) over a finite interval (a,b): 

• b 

/ £ W I = / fMdx (1) 
It is an adaptive routine, using the Gauss 10-point and Kronrod 21-point 

rules, and is suitable as a general-purpose integrator. It can be used when 
the integrand has singularities, especially when these are of algebraic or 
logarithmic type. 

The user can input the desired accuracy as the absolute and the relative 
ones. However, it can not guarantee, but in practice usually achieves the 
following accuracy: 

] I -1 I <_ max (labserrl, Irelerr x ij) (2) 

where 
I = computing result for I 
abserr = desired absolute accuracy 
relerr = desired relative accuracy 

Equation (2) was verified for the limiting case that the backfill and rock have 
the same properties, that is, Eq. (5) and Eq. (6), and is assumed to be accept­
able for other calculations. 
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4. MASS TRANSPORT IN BACKFILL WITH A NON-LINEAR SORPTION ISOTHERM 
H. C. LONG 
P.L. CHAMBRE 

One of the functions of the backfill is to retard the migration of the 
radionuclides from the waste form by adsorbing the nuclides on its surface. 
The sorption effect is usually measured by the so called distribution co­
efficient defined as 

where N f = concentration of nuclide in liquid phase, 
N • concentration of nuclide in solid phase. 

The relationship between the nuclide concentrations in the liquid phase and 
that in the solid phase under equilibrium condition is described by the sorption 
isotherm. The retardation coefficient is then defined by [}.] 

K(N £) = 1 + llS. K d(N £) (2) 

where E = porosity of the medium. 
Usually one assumes a proportionality between N f and N so that Kj(Nf) 

and therefore K(N f) are constants in time and space. However, if the nuclide 
concentration in liquid phase is sufficiently large so that the solid phase 
can not adsorb all the nuclides then sorption saturation in the solid phase 
will occur [2], 

Frequently a Langmuir sorption isotherm is assumed to take into account ~ 
the sorption saturation. Figure 1 shows the Langmuir isotherm with Q the 
saturation concentration in solid phase. In the present anlaysis we approxi­
mate the langmuir isotherm (the solid curve) by two linear segments (the 
dashed lines) so that for liquid concentration N f < N*, we have a linear 
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Fig. 1 Approximate Langmuir isotherm. 
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relationship between N f and N ; while for N f < N*, the solid phase is satur­

ated and N = Q for all N_. N* is called critical (nuclide) concentration. 

We wish to model the radionuclide transport controlled by a sorption 

isotherm. We assume one-dimensional nuclide transport through the backfill 

and neglect the effects of convection in the liquid phase and diffusion in 

its solid phase. The governing equations for the nuclide concentration in 

the absence of precursors and sources outside the waste form are given by 

[1] 
3(eNf) 3 2(eNJ 
It"1"= Df —TT- - Wf'V - *£Nf C 3 ) 

oX 
3[(l-e)Nj 

3 ^ — - = <KN f,N s) - Ml-e)N s [4) 

where D^ = diffusion coefficient of nuclide in liquid phase 

<KNf,N ) = interphase reaction rate 

X = decay constant. 

On adding Eq. (3) to Eq. (4), one obtains 

^2, 

It K + c l - £ ) N sJ • Df ~ j - - » K + CI-ONS] (5) 
3x 

Suppose the equilibrium is established for the nuclide concentrations between 

the phases. If the approximated Langmuir isotherm is applied, then for 

Njr * N*, N = Q = constant, and Eq. (5) reduces to 

3(cNf) 3 2(EN,) 
— ^ ± - = D f j-i- - XeNf - X(1-£)Q, N £ > N* (63 

oX 
N • 

For N- < N*, we have a linear isotherm so that by equation (1), Tp = K,. 

If this is combined with (2) and substituted into (S) one gets 

3(KeNJ 3 2 ( E N J 
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Fig. 2 shows the anticipated concentration profile N~(x,t) at the fixed time 
t in the backfill. With the approximation of Langmuir isotherm the backfill 
can be divided into two parts: 

a) an inner saturated region, close to the waste form, within which Np 
is greater than N*, and 
b) an outer unsaturated region of lower concentration. 

If we assume a zero initial condition and a constant boundary concentration 
at the waste surface (x = 0) which is greater than the critical concentration 
N*, then at time zero the entire backfill is unsaturated. But as time increases 
saturation will occur at waste surface and an interface moves outward into the 
backfill. The interface position s(t), between the saturated and unsaturated 
regions, is thus a function of time with s(0) = 0. 

If one applies the above side conditions to Eqs. (6) and (7) with the 
assumption of constant properties one obtains for the saturated region, with 
N E N, s f 

3N (x,t) 3 2N (x,t) , 
— | f = D f £-2 - ANs(x,t) - x i_£ Q, 0 < x <_ s it), t > 0 (8) 

3X 

unsaturated region, with N = N f 

3N (x,t) D„ 3 2N(x,t) 
— ^ = ̂  ^~i " *N u(x,t), x > s ( t ) , t > 0 (9) 

3x 
Initial conditions 

NuCx,0) = 0, x > 0; Ns(x,o) unknown, (10) 
Boundary conditions 

N (0,t) = N Q > N*, t > 0 (11) 

Ns(s(t),t) = Nu(s(t),t) = N*. t > 0 (12) 
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Fig. 2 Conceptual concentration profile in backfill at time t. 
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3N fx.t) 3N (x,t) 
" e Df ~ h = " e D f — 3 x , x = s(t), t > 0 (13) 

Nu(»,t) = 0, t > 0 (14) 
The initial condition for N (x.t) is unspecified because at t = 0 there exists 
no saturated region in the backfill. Equation (11) described the nuclide 
concentration at the waste form surface to be greater than the critical con­
centration because otherwise there will be no saturation effects. Equation 
(12) assures that the critical concentration is reached on both sides of the 
moving interface and (13) insists on the equality of the flux at this surface. 
Eqaution (14) is self evident. The last term in (8) can be given an alternate 
form. It follows from the approximation of (1) that K, = Q/N*. If this is 
substituted into (2) and that equation is solved for Q one obtains 

where 
W = (K-l)N* (15) 

One can thus replace the term in (8) by XVI. Equation (15) shows that for 
K = 1 (K, = 0), Q = 0, which verifies that there is no adsorption in the 
solid phase. 
The Early Time Solution 

For the time span much shorter than the half life of the radionuclide, the 
decay terms in both Eq. (8) and (9) can be neglected. The governing equations 
become 

3N (x,t) 32N (x, t) 
—It— = nf — h — . ° < x i s f t ) . t > ° c 1 6 ) 

3x 

3N u(x,t) _ D£ 3 2 N u (x , t ) 
x > s ( t ) , t > 0 (17) 

The side conditions remain unchanged. 
The solutions for N (x,t) and N (x,t) have the following forms 
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N (x,t) 
- ^ =Aerf ( * ) + 1, 0 < x <. s(t), t > 0 (18) 

N o 

A e r f (—*-\ 

c/-==\ , x>s(t), t > 
N„(x,t) , v „ 

• - - ( l 9 ) 

A and B are unknown constants to be determined by the boundary conditions. 

Equations (18) and (19) already satisfy (10), (11), and (14). 

From (12) one obtains 

Ns(s(t),t) N * 
N = N" o c 

+ 1 
f"' 

B e r f c /-Mil 
D,t 

2\/-f-
N (s(t),t) 

- - % , t >_ 0 . (20) 
' o 

Since A, B, D,, and K are constants, the argument in the error functions must 

also be constant. Therefore, 
-iil = k or s(t) = k/t , t >_ 0, (21) 
/t 

where k i s constant in time and must be a function of the parameters of the 
N* problem, i . e . D f , K, and 57- . From (20Jand (21) one gets 
" o 

N^ .. N* 

o D _ o 

erf/ 
[2/D-fJ 

' ' ' K 
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Substituting into (13) one obtains 
,2 

exp (CK-1D jk- j erfc ( ~ A &L J^ 

1 5 7 3 ^ " " " - • ° ( 2 3 ) 

C ^ 
One can solve this transcendental equation for k. The results are shown in 

Fig. 3. There k is plotted as a function of the dimensionless interface concen­
tration N*/N with the retardation coefficient K as the parameter. D f is fixed 

-5 2 in these computations at 10 cm /sec. One sees that as N*/N -*• 1, k •+ 0, since 
the saturated region becomes very narrow, on realizing that N* <_ N (x,t) <N 
and that N •+ N*. On the other hand, as N*/N •* 0, k •* °°. In this case there o o 
is almost no unsaturated region in the backfill and hence the interface position 
will move very rapidly towards infinity. Five different K values were used in 

4 3 •? 7 the calculations. They are 10 , 4 x 10 , 10 , 10 , and 10. It is seen from 
Fig. 3 that for an increasing K the Interface position moves more slowly, since 
a large K implies a strong retardation effect and hence a slowdown of thf satur­
ation in the backfill. 

The interface position s(t) is an indicator of the backfill performancs 
because it shows how quickly saturation takes place with a resulting loss of 
nuclide retardation. If the backfill thickness is L tnen the retardation by 
the backfill disappears when the saturation interface penetrates a distance 
equal to L. The breakthrough time T, for such penetration is given by 

T, b ($ C24D 

Fig. 3 also shows the breakthrough time as a function of N*/N with the same 
parameter K. The backfill thickness is taken to he 30 cm. Since T. is inversely 

2 proportional to k , as N*/N decreases, T, decreases, and as K increases, T. 
increases also. The importance of saturation in the backfill can be seen by 
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Fig. 3 Breakthrough time T. as a function of normalized c r i t i c a l concentration and retardation 
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comparing these results with those in which saturation is assumed absent. 
Assuming a linear isotherm with slope K = 4000, and for the (same] diffusion 

-5 2 coefficient D f = 10 cm /sec, Nowak [3] showed that it would take 1000 years 
to raise the concentration at x = 30 an to U of N . However, if saturation 
can occur, wi:h N* = 0.01 N , the breakthrough time is reduced to 60 years as 
seen in Fig. 3, i.e. only 6% of the breakthrough time in absence of saturation. 

In the present analysis, a semi - infinite medium for backfill, as described 
in B.C. (14) was assumed. Therefore some restriction must be imposed if one 
wants to apply the results to a finite backfill layer. We assume for this that 
the concentration at the outer edge of the backfill must not exceed 101 of the 
concentration at the inner edge of the backfill, N . This limits the time span 
of the solution to a concentration N*/N £ 0.1 at the backfill-rock interface, 

4 which is indicated by the vertical dashed line in Fig. 3. Since for K <_ 10 
and N*/N ± 0.1, T. is always less than 2000 years, nuclides with half lives 
greater than 5000 years can be treated as nondecaying for the purpose of using 
the early time solution. 
The Steady State Solution 

At steady state, time derivations in (8) and (9) vanish so that 

3 2N (x) 
D, ^ — - AN (x) - AW = 0, 0 < x < s(°°). (25) 

1 3x s 

D f 3 2N ,(x) 
J- j — ' AN (X) = 0, x > s{»), (26) 
K 3x 2 u 

where W = (K-l)N* as defined in (15). The boundary conditions are 

N s(0) = NQ > N*. N u H = 0 (27) 

N S (SJ = N U (SJ = N \ S^ = s ( t = - ) , (28) 

3NSCSJ 3N u (SJ 
- E D , — i - — = - eD f 3x "-"f 53E (29) 
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where S is the interface position when steady state has been reached. The 

solutions of (25) and (26) subject tc the boundary conditions (27) - (29) 

take the forms 
k -k 

N (x) = Ae s + Be s - W, 0 < x <_ S^, (30) 

-k x 
N„(x) = Ce U , x > S . (31) 

*«rek s-V^ > \ = ^ C32) 

and A, B, C are constants of integration. After substituting (27) - (29) into 

(30) and (31), one gets 
k S k S 

, - . W(e s "-1) + N e s °° -N* 
I FCI* * ) • * ] - 2FS 2 (33) 

_ s » - 1 

Let 
l '' S 

j [N*(l + /f)+ W] = S, e s °° = y, (34) 

then 

By 2 - (W + NQ)y - (B-W-N*) = 0 (35) 

Hence 

+ V(W->" ̂  (W-N ) + VCW+N ) + 4B(B-W-N*) 
y = 2 2B 

so that 

•v?. S„ = V j r l 0 S ) ' C36) 

In the solution of y the choice of root is determined so that log y is non-negative. 
2 

The radicand is always greater than [(W + N Q) - 2(3] since N is larger than N* by 

definition. 

Fig. 4 shows the steady state interface position S^ as a function of N*/N 

for a half life T, ,,'= 10 yr. Similar to the transient case an increase in the 
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Fig. 4 Steady-state interface posit ion as a function of normalized 

c r i t i c a l concentration and retardation coefficient in 

backf i l l . 
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retardation coefficient K results in a decrease of Sro. The effect of decay can 

be seen from the equation (36), A decrease in T.. ,2 (an increase in X) decreases 

S^. Although the semi-infinite medium assumption was used in solving this prob­

lem, one can still get some insight into the effects of saturation. If, for 
N* 4 

example, TJ- = 0.01 and K = 10 , then S^ is about 300 cm for a radionuclide of 4 ° 
Tl/2 = 1 0 y e a r s o r 3 0 c m f o r Ti/2 = 1 0 ° v e a r s - S o if f° r a backfill thickness 
of 30 cm, and radionuclides with half lives longer than 100 years, the interface 

position from the waste form will always be greater than the backfill thickness. 

This implies that the backfill totally saturates before the steady state is 

reached and is thus rendered useless as a barrier to the migration of the 

radionuclides. This once more confirms the importance of the saturation of the 

backfill as already shown in the early time solution. For a boundary condition 
N* as TJ- -+ 1, the saturated region disappears, resulting in a almost zero inter-
o 

face position as shown in Fig. 3. This is also true for S^ i.e. S^ * 0 as > N" TT- •* 1, though not shown i" Fig. 4. 
o 

To make the backfill more effective, one can a) increa.-e the backfill 

thickness to lengthen the breakthrough time T. as seen in (24); b) use a backfill 

material with large retardation coefficient K to slow down the interface movement 

which in turn increases T. as seen in Fig. 3. A large K also implies a small S^ 
N* N* as shown in Fig. 4; c) use a backfill material with high TT— , i.e. JT- •»• 1, which 
o o 

will limit the interface position close to the waste form surface even at the 

steady state, as described in the previous paragraph. With proper combination of 

the above three suggestions, it is possible to make a backfill not totally satu­

rated and hence effective at all times. 
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5. STEADY STATE MASS TRANSPORT FRCM A PROLATE SPHEROID WITH BACKFILL 

P.L. Chambre' and H. Lung 

In [1], we obtained the steady state solution as well as i e early time and 
large time behaviors of the mass transport from a finite sized waste form by 
diffusion. The waste shape was approximated by a slender prolate spheroid of the 
same surface area and volume. Here we extend '•he steady state analysis to in­
clude the effects of a finite backfill layer between the waste and rock and. 
include the transport by advection. 

The waste form is approximated by a prolate spheroid with a focal distance 
f (cf. Fig. 1). The surrounding backfill is idealized by a prolate spheroid 
layer of the same focal distance. L is the backfill layer thickness at the 
equator of the waste form, a. the semi-major axis of the backfill, e the rock 
porosity, and £^ the backfill porosity. 

Water is flowing perpendicular to the axis of the waste form with a constant 
pore velocity U far from the waste. The backfill such as bentonite, possesses 
an extremely low hydraulic permeability. It is assumed that no water can flow 
inside it once it is saturated with water. Hence the nuclides can only be 
transported out of the waste by diffusion in the backfill and then carried away 
by both diffusion and convection into the porous rock. 

In the present analysis we consider the steady state solution in the ab­
sence of radioactive decay. Under this condition retardation effects in both 
backfill and rock regions do not arise. 
Governing Equation and Side Conditions 

The governing equation for the radionuclide concentration C, (a) in the 
backfill is given by 

aV ( s i n h a azr) = °- ° s i a i ai • C 1 ) 
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Here a is the spatial coordinate in the prolate spheroidal system and a. and 
0, are the coordinates of waste surface and the backfill-rock interface, 
respectively Ccf. Fig. 1). A solubility limited concentration C of the nuclide 
is assumed at the waste surface. The (spatially) average nuclide concentration 
of bfjkfill-rock interface is C. which must be determined in the analysis. Thus 

Wcs- W = c r c« 
The solution of Eq. (1) subject to side conditions (2) is 

c c(«) - c s - (c s- C l) .vv-w. a <_ a £ a. (3) 

where 
Q o(a) = log (coth f ) 

From (3) one can compute the local mass flux 

(4) 

(5) 

on the backfill-rock interface 
£b°b Df d C b 

J (a T ) da 

%%Df 

where 

fCsinh^j + s i n 2 B ) 1 / Z 

,, . . 2 . 2.,1/2 
= f(sinh a + sin B) 

C -CT s I 

w - w 
1 

sinh a . 

a, = geometric factor for backfill 

(6) 

(7) 
and D_ is the diffusion coefficient of the nuclide in water. The total mass 
transfer rate out of the backfill rock interface of surface area S derived from 
concentration gradient in backfill is then calculated from (6): 

Mi. MbCoj) = J J (ax)ds 
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J J 1 w - w 
0 0 1-

r c -c 
- rlrr-Fr rr V\ 1 S i 

f sinBe. a. D.diJdS 

4»fVbDf [ W W J » 

h a = h = f (s inh 2 a • s i n 2 3 ) 1 / 2 

h. = fsinh a sin 8, 

,ir . 2ir , 

(8) 

where 
(9) 

(10} 

This mass transfer is carried away by diffusion and convection from the inter­
face boundary into the exterior porous rock where the concentration vanishes 
far from the waste. The total mass transport rate from the interface into 
tho exterior field calculated from convection and diffusion in rock is represented 
in the usual form. Q J \ 

% - W i 
where h is the ;... s transfer coefficient, and S T the interface area. If one 
defines a Sherwood number for mass transport by 

s h = liVrr(^) (12) 
p P f (I) 

with L some characteristic dimension of the waste form and a the geometric 
factor for rock one can restate (11) as follows 

BecauseL can be arbitrarily chosen, we choose it as (cf. Appendix 5A) 

Lo = 2 a I (14) 

Since the Sherwood number is primarily a function of the Peclet number > 
Ua. 

Pe = p one can express (13) in the form 
P f 

M = Sh (Pe) 4irCT£ a D^aT (15) 
p i p p n 

Under steady s ta te conditions the mass transported out of the backfil l 
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must equal the mass transported into the rock region in a unit of time. There­
fore one can equate equations (8) and (15) and solve for the interface concen­
tration C_ as follows 

C I = 7 F ^ ~ »« 
(*-*_) [ W " W ] c°shC«l)Sh(Pe) t 1 

On combining this expression with (15) one obtains the total mass transfer rate 
valid in either backfill or rock region 

4Tre_a_.Dj.Ca. M - -,—-r P P f S I ( 1 7 ) 

( S ^ . W ' V V ] C O s h ( aI } + [shCFe)]"1 

The physical content of this result is brought out by introducing the dimension-
less mass transfer resistances for backfill and rock 

% • (_^) [ V ^ W J c o s h ^ % ' [sh(Pe)]"1 (18) 

so that 
4TTE_O_D-C a, 

M - ^ l 5 ' (19) 
V Rp 

The Sherwood number dependence on Pe used in (16) and (17) is given by 
(cf. Appendix I) , 1 , fv , P» ,, ,] Q.ice-KoshCa-J [ 20.(0^cosh(Ujj J 
Sh(Pe) - , 1 / 2 

[|e t_nh(a-)j Pe >_ 4 coth (a-) (20) 

Equation (19) shows that the resistance to the mass transport consists of two 
parts: the backfill resistance and the exterior medium resistance. The back­
fill resistance is due to the properties and geometries of both media, as can 
be seen from (18), and is independent of the flow conditions. On the other 
hand, the exterior medium resistance is determined by the backfill-rock inter­
face geometric factors a. and a. as well as the flow speed U. From (20) one 
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can see that Sherwood number is a monotone increasing function of Pe. An 
increase in Sh will thus reduce the exterior medium resistance in accordance 
with fl.8). The result is a decrease in the total resistance and hence an 
increase in the mass transfer rate. The effect of the flow condition on the 
concentration drop can also be seen from (16)• As U increases and thus Sh 
increases, C. will decrease causing the concentration drop across the back­
fill to increase. 

Figure 2 shows the dimensionless interface concentration as a function of 
e 

backfill layer thickness L with the parameters -2- and Pe. Figure 3 shows 
eb 

the normalized mass transfer rate as a function of L with the same parameters 
as in Fig. 2. In all these calculations, a fixed diffusion coefficient 

-5 2 D, = 10 cm /sec and a fixed rock porosity e = 0.01 were used. The waste 
form is taken to be that of a spent fuel canister with the radius 17.8 cm and 
height 470 cm. The approximating prolate spheroid of this waste form has a 
semi-major axis of 272 cm and a semi-minor axis of 20.3 cm and has the same 
surface area and volume as the spent fuel canister. 

E o. 
The solid lines in Fig. 2 and Fig. 3 represent the case for ^ = ->0a , 

On 
i.e. backfill porosity is 20 times the porosity of the rock times rf- • The 
dashed lines in Fig. 2 and Fig. 3 are for the case that -E = — , i.e. backfill 

a a b p 
porosity e, = e -£ = 0.01 -E . In both cases the Peclet numbers are taken to 

, b p °b °b 
be 0, 10", and 10 . For the waste form geometry, consider here Pe = 100 corres­
ponds to a pore velocity U = 1.1a m/year. 

As L increases, the distance traveled by the nuclide inside the backfill 
increases. Since the nuclide can only be transported by diffusion, a longer 
travel distance implies a layer concentration drop across the backfill to 
maintain an equilibri'jm concentration gradient at constant exterior conditions. 
Hence the interface concentration C T is lowered as L increases for all the cases 
in Fig. 2. 
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Fig, 2 The djjnensionloia backfill-rock interface concentration as a 
function of backfill thickness L, porosity ratio c „ A b and 
Peclet number Pe. 
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Fig. 3 The mass transfer rate as a function of backfill thickness L, 
porosity ratio E /c and Peclet number Pe. 
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£ e a. 
The effects of -£ on Cz is noteworthy. When -^- = jn^- > the concentra-

b , b p e a, 
tion drop is small even for Pe = 10 . On the other hand when -E- = —- , C T 

eb °p L 

decreases in a more pronounced fashion as L increaaes. For Pe = 10 and L = 30 cm, 

Cj drops to about 10$ of C . This is due to the fact that when the backfill 

porosity e. becomes so small =f0.01 -2-1, most of the resistance to the mass 

transport resides in the backfill especially at highwater flow speeds. From 

(16) one observes that as the Sh number increases with increasing flow speed, 

C, decreases. This can also be seen in Fig. 2. 

From (18) one can see that the backfill resistance is proportional to 
the ratio -E. but the rock resistance Sh(Pe) is independent of it. There-

£b E 
fore an increase in -E will increase the backfill resistance but will not 

Eb 
affect the rock resistance. The final result is an increase in the total 
resistance and this causes a decrease in the mass transport according to (19). 

One can see this by comparing the solid curves with the dashed curves in Fig. 3. 

Consider next the effects of flow speed. As already mentioned an increase 

in the water flow or Pe number will increase the magnitude of the Sh number. 

This decreases the rock resistance but leaves backfill resistance unchanged. 

The net result is then a decrease in the total resistance and a higher mass 

transfer rate, as can be seen in Fig. 3 for different Peclet numbers. 

The effect of layer thickness on the mass transport, however, is more 

complicated. Since a change in the layer thickness L will cause both backfill 

resistance and rock resistance to be changed due to the changes in cu and a,, 

the net effect also depends on these parameters. From Fig. 3 one sees that 
for -£- = ™ — (the solid lines), M increases with increasing L. But for 

tb - u a n 
ab E = E. — = 0.01 (the dashed lines), M decreases with increasing L. Since as 

P P 
L increases, both a. and a. increase, (cf. Fig. 1), causing 0 ( a T) to decrease 

from (4) and Pe to increase from definition. Hence the final results are an 

increased P, and a decreased R from (18). Thus the competition between 
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R. and R will determine the total mass transfer rate M from els'). If e is 
P / a i N • P 

fixed as in our calculations, I „ + R 1 and hence M increase with the increas-
o" Vb p/ 

ing L for cb = 20 e -f- , as seen in Fig. 3, due to the fact that part of the rock 
is replaced by a more porous backfill material which results in an increasing 
diffusive mass transport. On the other hand, (5-5-I and M decrease with the 

a Vb V 
increasing L for e, = E -*- . In this case the diffusive mass transport remains the 

* b 
same but the convective mass transport decreases for there is no water flow in 
the backfill. 

In either case the mass transfer rate tends to a limiting value as L ap­
proaches to infinity. As the backfill thickness is increases, the convective 
transport effects in the rock region become less significant since the radio­
nuclide has more backfill to diffuse through. When L becomes infinite, so that 
there is no more rock region, one is left with a diffusion problem in the 
backfill. The limiting value is then given by 

4*E bo bD £C sf 
Q (a ) xo s 

(21) 

which was already obtained in [1], eq. (7.1.35). In conclusion, for the ranges 
of the parameters used in the calculations, a thick backfill is prefered if a 
low interface concentration C T is desired, as can be seen from Fig. 2. How-

e a, 
ever, if a low mass transfer rate is to be achieved then for -E- = =£ ofb 2 0 ° - • one 
should use as thin a backfill layer as possible. For e b = e *-?. the situation 
is reversed, as seen in Fig. 3. 

Reference 
1. Chambre, P.L., et al., "Analytical Performance Models for Geologic 

Repositories," LBL-14842, Vol. II, Ch. 7, October 1982. 
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APPENDIX 5A Derivation of Sherwood Ntmber 

From (13) 
M = 2TTE o D fCj(L 0Sh) (13a) 

Since for fixed geometry and properties, M is also fixed, one finds from (13a) 
P 

that (L Sh) is also fixed. Hence for different choice of L , one will have 
different Sh. We choose 

L Q = 2a : . (14) 

From Eq. (17), the mass transfer rate out of the backfill is 
4ire a D_C a T 

P P f s I (17) 

( i ^ ) [ V V - W ] C 0 S h ( a i ) + [ s h( p e>l _ 1 

As Pe = 0, we want (17) gives the correct answer and the solution for the t rans­

port by pure diffusion in both backfil l and rock regions 

4TTE a D£C f 
M(Pe=0) = - — — E-S-L* (a) 

(§£) [W-W] +V": 
Comparing (17) and (a) one obtains, with cosh (a.) = -v , 

Sh<-o) = (^(ajjcoshfctj) • 

This is the Sh number for mass transport from the backfill-rock interface for 
vanishing Pe. Now for small Pe number, the Sherwood number is expressed as [1] 

Shf T 1 2 L n U 1 
i(Pe) = Sh(o) ^1 + i Sh(o) £-£- I . (c) 

t i tu t ing (14) and (b) into (c) one gets 

Sh(Pe) = - - , — . L - K V — r 11 + TFT-T—?e i ; — r , Pe small (20) 
C^loijJcoshCctj.) I ZC^CajJcoshtaj) J ' v ; 

where 
Ua 

* " 3-D7 • & 
P f 
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For large Pe, we use the results for the infinite long cylinder with radius 

r = b T, the semi-minor axis of the backfill, and a finite section with length I 

M = 8 E . . 
P P <- - - "« p" £ " p " £ 

to (13a) one obtains 

~fiK U r „ 
a DCC, V ^ T i - !•, ^TTT- > 4, (7,2,28) in LBL-14842. Equating this 

obtains 

V p f 

8e o D-CT*\/—V- l = 2 7 r £ ° D<A(L Sh) p p f I y TOnDp p p f I o 

ira 

= 2t_ JE-Jlz ^ ° - > 4 fel TiaT

 VTT V a . ' a D, 4 l e j 

I I p f 

Now we l e t the surface area of the prolate spheroid be equal to the surface area 

used for mass transfer of the cylinder sect ion, assuming b , = r « a. % f, so that 

- I f „ IT and 

% Zirbj ( a j £ ) 

- * \ r 0 . 

Mence 

* - T a I 
r b T 

Also, - 2 = - i = tanh(a T ) 
a I a I X 

Ur Ua. / r \ 

Substituting (f)-(h) into (e) one obtains 

ShtPe) " V i j r tanliaj , Pe tanh (oij) > 4 

Cf) 

(g3 

(h) 
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or 

Sh(Pe) = (|£ tanhaj) 1 / 2 , Pe > 4 coth(aj) . (20) (ii) 

If any other choice for L is made, the expressions for the Sh number (20)(i)(ii) 

will be different. This will alter the form of eqs. (16) and (17). However, if 

the new Sh number forms are substituted into the altered eqs. (16) and (17) the 

present result is recovered. This shows that the choice of L is arbitrary. 

Reference 

1. P.L. Chambre, to be published. 
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6. THE TIME DEPENDENT MASS TRANSPORT OF A RADIOACTIVE NUCLIDE FROM A WASTE FORM 
BY AN INTEGRAL METHOD 

Paul L. Chambrg 

In reference [1] we investigated the diffusive mass transport from a 
cylindrically shaped waste form imbedded in a porous medium in absence of 
convection. On emplacement of the waste form the diffusing species is released 
from its surface at the solubility limit c where upon it diffuses into the 
exterior unbounded space. 

Due to the mathematical complexities of the equations, only the early time 
and the asymptotically large time behaviors of the solution were investigated. 
We now fill this gap by constructing the complete time dependent solution to 
this problem by a suitable approximation method. Furthermore, the analysis 
is extended to include the effect of radioactive decay on the mass transport. 

As in [1], the shape of the waste form is approximated by a slender prolate 
spheroid. With (4,M,IJ;) the prolate spheroid coordinates, a solution is sought 
for the species concentration c(5,u,t;A) uhich is independent of the longitudinal 
angle <p on account of the uniformity of the surface concentration c . The species 
concentration satisfies the governing equation, see (7.1.19), reference [1] 

es<?<°°, -i<ugi, T>O 

where 

ct?.u,t;X) = £LUL&iH (2) 
s 

T - D f t , X - X M L 
icr ' Df 
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Here D f is the diffusion coefficient of the radioactive species in water, K its 

retardation coefficient in the porous medium and f the focal distance of the 

prolate spheroid (see Fig. 7.1.1, reference [1]). 5 defines the surface co­

ordinate of the prolate spheroid. 

The initial condition for the concentration is 

c(5,u,0;X) = 0, C S«G<% -1«P<1 (3) 

The boundary conditions are 

C(C S,P,T;X) = 1, (4) 

(5) 

(6) 

C(»,U,T;X) = 0, 

together with a condition of synmetry about the midplane |j=0, 

At this point it is convenient to remove the radioactive decay term from 

CI) and construct the function C"(C,|J,T;0) . We have shown [2] that with know­

ledge of C"(C,U,T;0) the solution with radioactive decay is given by 

CCC.U.TJA) = TJ e" X T ca,w,x';0)dT-+e"XT C(5,U,T;0) 17) 

However, for simplicity of writing, all references to X are now suppressed 

until needed. 

The above problem (l)-(6) is solved for the average surface mass flux of 

the diffusing species which is the quantity of primary interest to us. For this 

purpose an approximation method is employed and its effectiveness and accuracy 

is tested later by comparing it with an exact analytical solution. 

As in [1], equation (1) is first subjected to a Legendre transform with 

respect to u 

c(C,2n,T) = / cU.y.T) P. 
1 

2n(M)du (8a) 
0 
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On account of the symmetry condition (6) only even orders of the Legendre 
polynomial set •jP^n^ r a r e r e cl ui r ed- I t ; n a s been shown that only P (u)=l 
is needed in order to obtain the leading term of the early and late time 
solutions. Hence one of the assumptions of the approximation method consists in 
ignoring the u dependence of the surface mass flux and treating it as an average 
defined by 

;.T) = / c[?,n,T]Po(n)du = / cCs.U.x) dp c(C,-0 = J c[?,n,T]Po(n)du = / cCs.U.x) du (8b) 
0 J 0 

assumed valid for all time. For simplicity of writing, the dependence on n 
has been suppressed. 

If one applies the integral operator (8b) to every term of (1), with X=0, 
there results 

o 
CS<C<~, T>0 

The second term on the right hand side vanishes at the lower limit by the sym­
metry condition (6) and vanishes also at u=l. The integral is in view of (8b) 

.1 A 
J (^-u^cCc.u.Tjdp = (c2- I ) C(C,T) - I J CCC,U,T)P. 2Cu)du (9b) 
0 0 

The integral on the right hand side gives no contribution to the terms for the 
early and late tim? solutions and the approximation method assumes this term to 
be negligible for all times. Hence there results for C(C,T) 

with the transformed side conditions 

CIO) 

c(C,0j = 0, c s<?<" CH) 

C ( ; S , T ) = 1, -rjfl (12) 

C ( « , T ) = 0, TSO (13) 
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This parabolic equation problem is solved by a moment method which in 
continuum mechanics is commonly called an integral method. Its physical 
motivation is the following. 

The diffusing species spreads from time T = 0 onward into the surrounding 
porous medium which is at zero concentration causing a concentration boundary 
layer to form about the prolate spheroid. The thickness of this layer, denoted 
by <5(t), will increase in a monotone fashion with time. The species concentra­
tion varies from c(; ,T) = 1 at the inner edge of the boundary layer 
next to the w?ste form to an approximately zero value at its outer edge. This 
outer boundary progresses into the porous medium where c=0. It is customary to 
assume that the gradient of the concentration also vanishes at this outer bound­
ary. These conditions replace those of equations (11) and (13) and their forms are 

6(0) = 0 (14a) 
3c(c +6(T),T) 

c ( C s + 6 W , T ) = V s
3 j. '-= 0 (14b) 

One now integrates (10) with respect to l over the boundary layer thick­
ness, which yields with (14b) 

J k'-l/3)f «* - - fo-l) - ^ . T*> (15) 

One can interchange the order of differentiation and integration by Leibnitz's 
rule and using once more (14b) there results the integral form for the concen­
tration boundary layer 

^ / V 6 C T ) G 2 - i / 3 W ) d T = -(^-x)%l),t>o 
, C C + 6 ( T ) 

(16) 

The physical content of this equation is the following. The surface flux issuing 
from the waste surface, which is proportioned to the right hand side of (16), 
gives rise to the rate of accumulation of the species in the boundary layer of 
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thickness 6(T). 

The principal part of the approximation method consists in a choice of 

a suitable concentration profile c(c,x) for the boundary layer. I assume the 

form , 

C(?,T) = 1 slTT 
Q 0(O W , 5S<C«CS + «(x) , T>0 (17) 

where 

Q 0CO 
is the Legendre function of the second kind of zeroth order. One observes 

that this form automatically satisfies the required boundary conditions (12) 

and (14b). On substitution of (17) into the integral form for the concentration 

boundary layer there results 

i2 C S+O(T) 
d 
a? fc/V^-Stf $&*•«-*[, 2 < W ,T>0 (18) 

Tnis can be transformed into an ordinary differential equation for the 

unknown boundary layer thickness &(x). With 

K .. 
X 

(18) becomes 

«M) «/ G2-l/3) [l -t^] ^ . dc 

d K l U l i . ^ Qj,Ccs] 
«rrr"o-To 0^s J 

(19) 

(20) 

One can now separate variables and express, since the boundary layer thickness 

is initially equal to zero by (14a), T explicitly as a function of 6 in the 

following form 
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• / 
T(a) - / u±-£U dt, (21) ni ' (n) 

(<M . 2 'W1 
To simplify this one has from (1 7) 

<^y • - -rr-
5 s 

and from (19) 
Ss+ri 

I ' M = 2j (c 2-l/3) / l-
? s 

^ ) 
CC-5S) 
' 2 ' n 

(22) 

ds C23) 

With these, there resul t s the solution for the growth of the boundary layer in 

the form 

6 
T(6) 

J n ' (A+Bn) I -
0 c - . 

Where 

6 5 s

+ n 

= f -7—-— ( f (? 2-i/3)(c+n-0(c-?J oTJn d c r d r i ( 2 4 a ) 

J n2(A+Bn) \J K s s VV J 

A = 2 ( C

2 - l ) . B- [QoCc s j ] 

The inner integral can be readily evaluated which leads to 

T ( 6 ^ = n-TTT / ~h —^ < 2 4 b > 
V V J n̂ A+Bn) 

0 
The functions I,(n), I-(n) are listed in Appendix6A. The remaining integration 
in (24b) was performed numerically and yields the inverse function 6=6(T) 
describing the boundary layer thickness as a function of time. 

With knowledge of 6=6(T) one can at once calculate the transform of 
the concentration profile C ( C , T ) . By applying the Legendre inversion formula 
with n = 0 to this, one recovers c~U,u,x) = c(c,t) to the present approximation. 

The quantity of primary interest to us is the surface mass flux of the 
species from the prolate spheroid surface which is given by [I], eq. (7.1.DO) 
and (17) 
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+ D f £ c s 3c 
3? S=5„ 

Dfec 
T>0 

where y 2 2\^^2 

(25) 

(26) 

From the above discussion <S(x) can be considered to be a known function in (25). 

This result is valid in absence of radioactive decay. The application of (7) to 

the surface flux yields then in presence of decay 

(27) 3"(T;X) = x f e"XT'j"(T';0)dT- + e" X T J(T;0) 

which will be used in next section for calculational purposes. 
The surface mass transport as derived in (25) consists of two parts. The 

first term in the bracket describes the transient behavior of the flux. Since 

6(0) = 0 by (14a), the flux is initially infinite in magnitude. From the mono­

tone trend of T(6) given by (24) one obtains a boundary layer thickness 6(t) 

which tends to infinity as T*<». Hence the first term in the bracket of (25) 

tends to zero leaving the second term which exactly represents the steady state 

mass transport from the prolate spheroid, see [1] eq.(7.1.28) and sequel. 

Of considerable interest is the time needed for the surface flux to attain 

the steady state to some degree of approximation. This time t is a function 

of the prolate spheroid geometry. Consider a set of prolate spheroids with 

identical surface areas but differing ratios of minor to major axis (b/a). 

The limiting cases for this class are the sphere with b/a = 1 and the needle 

with b/a = 0. We will show in next section that t* decreases with decreasing 

(b/a) which could be of importance to waste form designs which operate within 

the framework of the present theory. 

To test the effectiveness and accuracy of the integral method we apply it 
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to the determination of the mass transport from a sphere. The sphere is a 
member of the family of prolate spheroids. In this case the major and minor 
axis of the spheroid are identical and the focal distance f = 0. We consider 
a limit procedure in which ? b' ;omes large but in such a way that the (new) 
radial coordinate r is given by 

r = f? (28) 
The radius R of the sphere is then defined by 

R = f? s (29) 

In the same way one scales the position in the boundary layer by the new co­
ordinate 

a = fn (3C) 
and the boundary layer thickness by 

A = f« . (31) 
We proceed in making these seal?"? transformations in (24a). With (2) 

D t A C R + a 

i ? ' 7I c*2 [ R 2 J + f ^ d ) ] { fy- ftR+*-r3 ir-Ri • 
• v^7fl / d a ( 3 2 ) 

From (17), as f*0 

Hence 

fa n - l / R V , 1 „. Qptr/f) R 

1" ^0 Cf J 2 a R ; Q^R7fT 7 ( 3 4 ) 

so that, on cancelling -? from both sides of (32), one obtains on letting f-K) 
r 

D t A f R + C l 1 
X = i r f^-i J f r(R+a-r)(r-R)drl da (35) 
KR R J ci [2R+a] [J J 

0 R 
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This is readily integrated and yields 

D£t 1_ 
12 

Next one applies the same Limit considerations to (25). 

With 

W f; W %m? 
one obtains for the surface mass flux from the sphere 

2 JCT;0) V c s 
WRJ + l 

V c s vr A 

+ 1 T>0 

(36) 

C37) 

(38) 

u s i n g (3b ) . 

The exact analytical solution yields precisely the same form but with /b 

replaced by /iF . The numerical error of the approximation is less than 3% 
throughout the entire time span. Although this "spot check" for a single geo­
metry does not uniformly validate the integral method for prolate spheroids of 
arbitrary slenderness ratios, it is hoped that the principle of this method will 
b'. substantiated by future refinements and extensions. 

References: 

1. Chambre, P.L., et al, "Analytical Performance Models for Geological Repositories 
LBL-14842, V.II, October, 1982. 

2. Chambre, P.L., "Nuclear Kaste Management Seminar, NE 298)", Spring Quarter, 1982. 

6-9 



APPENDIX 6A E v a l u a t i o n o f t h e I n t e g r a l 

•S 2 r € s + 6 ' 2 - 2 %™ 
3 «-zCA+BO J . s s V ? s J 

6 , . C + 6 ' 

o 6'Z(A+B<5 ) J , s s \5 V 

= rTTTT- / — T - 1 / J C«2" P )(?-? -6 ' ) (C-?J [J ta (?+l ) - ) !na- l ) ]d td6 ' 
W Jo 6 (A+B6-) J 5 = s s 

/
C +6' s ? _ • 

Cr-iT' 
Let I, = / " ( r - I T 2 ) ( ? - C -fi')(c-5j«.n(i;+l)dc 

l 2 = | a 2 - u 2 K ? - ? s - « ' ) C ? - ? s ) J . n ( ; - l ^ ? 

then 
T = ^TTT f - r 1 cir^^ 5 ' • 

V V J r CA+B6') ^ L 

Now l e t U = c+1 , C x = C +1 , D x = C s + 6 ' +1 , 

h= L1 r^-^-t^w-Dpoj-c^yj du 
= f X ( U 2 - 2 U + l - i I 2 ) [ l J 2 - ( C 1 + D 1 ) U + CjD^ftn U dU 

Jcl 
= fDl { L ^ - C ^ + D ^ U 3 + [ ( 1 - y 2 ) + 2(C1+D1) + C ^ l u 2 - [(1-p 2 ) ( C ^ ) + 

h 
* 2C 1 D 1 ]U+(l-iJ 2 )C 1 P 1 } inUdU 

= ( i (u 5 ? .nU - 5 - ) - j ( C 1 + D 1 + 2 ) ( u V u - ^ - ) + i [ ( l - U 2 ) + 2 ( 0 ^ ) + ^ ] . 

('J3ZnU - ' J_) - | [ ( l - i ! 2 ) (C 1 +D 1 ) + 2 0 ^ ] (u2£nU - ^ ) + (l-U2)C1D1(lUnU-U)} 

Let V = c -1 , C2 = c s " l , D2 = ; s + « ' - l , 

I 2 = J 2 [(v+1) 2 - ]I 2](v-D 2)(U-C 2)Jln v dv 
« 2 

3 , - 2 2 — 2 

' c 2 

' J {v 4 - fC 2 *D 2 -2 )v J *[a -y i ) -2 (C 2 + D 2 ) + C 2 D 2 ]v ' i - [ a - i 7 i ) (C 2 +D 2 ) -2C 2 D 2 ]v 

+ Cl-U 2 ) C 2 D 7 } In v dv 
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. 1 1 (v 5 t av - f - ) - i (C 2 + D 2 -2)(v 4 tav - f - ) + i [Cl-U 2 )-2CC 2 + D 2 )+C 2 D 2 ](v 3 tov - ^ - ) 

} [Cl-U 2)(C2*D2D - 2C ?D 2](v 2£nv - | - ) + (1-p 2 JC^vJ lnv-v ) ] 

Then 

T C S D 
i r 5 cij-v 

f£?V r 

I am indebted to H. Lung for this calculation. 
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7. THE NUMERICAL EVALUATION OF THE TIME DEPENDENT MASS TRANSPORT OF A 
RADIONUCLIDE FROM FINITE SIZED WASTE FORMS OF DIFFERENT GEOMETRIES -

INTEGRAL METHOD 
II. Lung 

P. L. Chambre' 
In last section equation (25) an expression for the surface mass flux J(T;0) 

from a prolate spheroid was given. We turn now to the numerical evaluation of 
th:s result which is reformulated in terms of the total mass loss M(T ; 0 ) from 
the waste form 

M(x;0) = / / J[T;0) h h ^ d p C l a) 
-1 J0 

Here the metric coefficients are evaluated at C=? and are given by 
1/2 

h* = f (r7-) ; N - ' ^ 2 " 1 ) ^ 2 ) ) 1 7 2 ob) 
The result of the integration is obtained with (25)in the last section ; obtained with 

b2 [ 2 V ? J 1 M(x;0) = 4 T C D f C s f- j f _ - « * I T>0 (2) 

where b is the minor semi-axis of the prolate spheroid 

, s l L V 2 -41-) (3) 
The numerical evaluation of M(T;0) is based on the following porous medium 

parameter values 

D f = 10" 5 cm2/sec; e= 0.01; K = 10 3 (4) 

The cyclindrical spent fuel canister, which is to be modelled, has a radius 
r and a height h 

r = 17.8 cm; h = 4.70 cm (5) 
The prolate spheroid dimensions are chosen so that its surface area and volume 
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are equal to those of the spent fuel canister. This determines the prolate 
spheroid semi-major axis a and semi-minor axis b, the surface coordinate z, 

and the focal distance f 
a = 272 cm; b = 20.3 cm; c,s = 1.003; f = 271 cm . (6) 

In addition we shall refer to a spherical body of radius R which has the same 
surface area as the cylindrical spent fuel canister 

R = 65.9 cm (7) 

f'lft * 0") With the values given by (4) and (6) ' has been computed and is shown as 
C s

 7 

curve 1 :n Fig. 1 as a function of the physical time in the range 1 yr<t<10 yr. 
Starting at t = 0 from an infinite value (not shown), ' decreases in time 

c s 
to a steady state value which is reached at about 2xl0 5yr. Shown also in Fig. 1 
are the early time and the large time solutions which were derived in [1] 
Section 7.1. It is seen that the present solution, which covers the entire time 
range, tends to these asymptotic forms. Finally, curve 4 gives the mass trans­
port from the equal surface area sphere defined by (7) and computed from the exact 
solution. The trend of that curve is close to that of the prolate spheroid up 
to time t = 10 yrs and for larger times it falls about 205 below the steady 
state solution of the prolate spheroid. The equal surface area sphere solution 
will be used as an approximation in part of the following discussion. 

The time t* necessary to reach the steady state plateau in Fig. 1 is a 
quantity of interest since it gives an indication when the minimum mass trans­
port rate is achieved. It will be shown that t*, aside from the parameters K 
and D f , is a function of the prolate spheroid geometry. We define t* as the 
time at which the transient part of the solution (2) is a fraction x of its 
steady state part, i.e. 

2 < W 
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A. 
10 

T 

Df = I0"5 cm2/sec , r = 17.8 cm 
h = 470 cm 

C =0.01, K = I0 3 

-Eorly time 
, solution 

Use integral' 
method 

Large time 
solution 

Equol-surfoce-oreo 
sphere solution -, 

(R=65.9 cm) \ 

y— - x 

JL _L I J_ 
I0 2 I0 3 I 0 4 I0 5 I 0 6 I0 7 

Time, years 
XBL 8412-9901 

Fig. 1 Normalized mass transfer rate as a function of timej diffusion 
from a prolate spheroidal waste form and from a spherical waste 
form. 
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This can be solved for T * which yields with (2) of last section, 
2 

t* - U- • T* , (S) 
u f 

T* is the inverse function of S as given in equation (8). We wish 
to compare the mass transport from a set of prolate spheroids of identical 
surface area S, but of different eccentricities e = b/a. For this it is 
convenient to express f in terms of S and e and c in terms of e. The relation­
ships are the following (S = surface area of the prolate spheroid) 

. _ i 

~£7 (10) 

- 2*b2(l+ | J sin"1 f ) 

(U) 
eVl-e2 / 

2 If one solves (11) for f in terms of S and e and substitutes this together 
with 5 from (10) into (9) one obtains 

t* = ̂ F (x,e) (12) 
uf 

where F(x,e) is a known numerical function of the steady state criterion x and 

prolate spheroid eccentricity e. 
The time to reach steady state is thus directly proportional to the surface 

area of the waste form as well as to the retardation coefficient and inversely 
proportional to the diffusion coefficient. The dependence of t* on waste form 
geometry is less obvious. It is shown in Fig. 2 as a function of e with X as 
a parameter. The other parameter values are those of (4) and (5) with a value of 
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I 10-' lO"2 10- 3 

b/o 
XSL 8412-5902 

Fig. 2 Time to reach steady state as a function of body slenderness 
and error bound. 
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S • 5.46 m . One observes the principal feature that the time necessary to reach 

steady state decreases with decreasing values of e = b/a. Hence the sphere with 

— = 1 requires the longest time and the needle, for which —-+ 0, the shortest 

time to reach steady state. The x criterion which characterizes the close­

ness to the steady state affects the value of t* in an understandable way. Holding 

e = b/a constant, t* increases as x decreases. The marked point on the x parameter 

curves represents the operating point for the prolate spheroid form specified by (6). 

As an illustration of the effect of the eccentricity e of the waste form on 

the time t*, consider x = "•!> i-e- curve 3. If a spherical waste form is used t* 

will be approximately 4.5 x 10 yr which is about one order of magnitude greater 

than t* at the operating point specified by (6). Hence a slender waste form 

geometry shortens the time to reach steady state at which the mass transport 

attains its lowest value. 

We turn next to the discussion of the effects of radioactive decay on the 

mass transport. As stated in last section, equation (7), the transport in presence 

of decay M(T;A) can be compactly expressed in terms of M(T;0) by 

M(T;A) = Xj e'*~s K(s;0) ds+e"^T M(T;0) (13) 
0 

With M(T;0) given by (2) one can readily carry out the integration numerically, 

since 6(T1 is a known numerical function. However, an analytical formula for 

M(T;A) offers the advanti e of exhibiting its parameter dependence on X as well 

as on some of the geomet) c characteristics of the waste form. One can accomplish 

this by approximating curve 1 of Figure 1 by two curve segments. 

The first segment covers the transient time interval 0<i<T*. As shown in 

Fig. 1, the equal surface area sphere of radius R, given by (.7), closely approx­

imates the mass transport from a prolate spheroid defined by (5). Thus in this 

time span we apply the surface integral of (38) of last section with its correct 

numerical factor 
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M(t;0) 4-ITED.C R f s , / KR" 
^ Tffl.pt 0 < t « T * (14) 

When used in (13) this expression can be readily integrated analytically. 

The intersection of (14) with the exact steady state mass transport from 

the prolate spheroid determines the beginning of the second segment which is 

given by (7.1.13), (7.1.29) and (7.1.35) of [1] 

M(t;0) = 4TTEDfCsfQp1(5s) , t>T* (15) 

The transition time T* is obtained by equating (14) and (15) 

m T* = 

|W"sH' 
(16) 

With the last three equations one can evaluate (13). With the total flux 

expressed in terms of the physical time variable t, 

M(t;X) = 4TT £D £C S 

l+/erf At + —2— [ I Mt 
R < 

e ^ n a V * 

l+ierfAfT + 

y 
AT*\ 

0<UT* 

(17) 

Da 1/2 , t>T* 

where 

Da ; KAR 

For K=l, Da represents the dimensionless Damkohler modulus used by chemical engin­

eers in analysis of problems involving a chemical reaction of the first order 

and subject to diffusive transport of the reactants. Retardation of the diffusing 

specie modifies $ in our application. 

Equation (17) is the approximation for the total mass transfer rate from a 

prolate spheroid for a specie undergoing radioactive decay. It is evaluated 
237 14 244 with the data given in (4) and (7) for the radio nuclides Np , C , and On 
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with half l ives 

T 1 / 2 ( N P

2 3 7 ) = 2.14 x 10 6 yr ; l y 2 ( c 1 4 ) - 6.14 x 10 3 y r ; T 1 / 2 ( o n 2 4 4 ) = 

- 17.6 yr (18a) 

The corresponding X values are 

* ( N p : j 7 ) = 3.24xl0" 7 y r " 1 ; x ( c 1 4 ) = 1.13xl0~4 y r " 1 ; x ( cm 2 4 4 ) = 3.94xl0" 2 y r " 1 (18b) 

The results of the calculations are shown in Fig. 3. Curve 1 represents 
the total mass transfer rate without decay and curves 2 to 4 show those of the 
three radionuclides. The effects or decreasing the half life are quite pro­
nounced. The transition time T* decreases from 10 years to about 80 years. 
The steady state (plateau) value of the mass transfer rate increases by more 
than one order of magnitude. The physical explanation for this increase re­
sides in the fact that the radioactive decay removes the specie close to the 
waste form surface thereby causing the concentration profile to become steeper. 

In turn, this increased gradient increases the mass flux. 
237 For a radionuclide of very long half life such as Np , which exceeds the 

time T* to reach steady state, i.e. 2.14 x 10 yr » 6.89 x 10 yr, the effect 
of the decay on the mass transfer is negligible as curves 1 and 2 in Fig. 3 show. 
This can also be seen from (17). If T. ,2 »T*, then Xt is very small for t<T*. 
Therefore erf/XT=0, e" A t=l and the first line of (17) shows that Sl(t;>.)=ft(t;0). 
This approximation even holds for some time span beyond T* as seen in Fig. 3. 

244 If on the other hand T.,, «T*. as is the case for Cm , then even for 
smill and moderate values of t, Xt is large, so that erf At" = 1 and e » 0. 
Equation (17) shows that then a steady state is reached relatively quickly, 
within several times of T,,,, with a value 

M(~;X) = 4TieDfCsR [l+Da 1 / 21 (19) 
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_1_ 

n 1 1 r 
Df = IO"5cm?/s, r = l78cm 

h = 470 cm 
£ = 0.01, K = I 0 3 

T|/2 = I7.6yr 

6. l4x |Q 3 yr 

2.14x10 yr, oo 

TS=6.89*I0V 
l L j _ 

Fig. 

I 10 I0 Z I0 3 I0 4 I0 5 I0 6 I07 

T: me, years 

xaLe4:2 ssoj 
3 Normalized mass transfer rate as a function of time and half-life; 

diffusion from a prolate spheroidal waste form. 
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This can be compared with the total mass transport at steady state (t>T*) in 
absence of decay. From (14), 

I ~ 
M(-,0) = 4 T CD fC sR 1+ / ^ j 

With the definition of the Damkb'hler modulus 
,, 1/2 

(20) 

M(°°;X) 
M(»;0) 

Kr) 
1+ 

1+ 

1+ 

/jarin2_\ 
WW 
/ 2 N 1 7 2 " 

(21) 

From this it is seen that if T. ,, « T * then M(°°;X) will have a much larger steady 
state value than M(«;0) as shown in Fig. 3. 

It should be noted that the effects of radioactive decay on the mass transfer 
have been made specifically for a waste ronu described by (6) in terms of its 
replacement defined by (7). For other waste form geometries the qualitative 
trends shown in Fig. 3 should remain unchanged. To obtain quantitative results 
for other waste form geometries the numerical integration of (13) is readily 
carried out. 

Reference 

1. Chambre, P.L., et al, "Analytical Performance Models for Geological repositories," 
LBL-14842, V.II, October, 1982. 
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8. TRANSIENT MASS TRANSPORT OF A RADIONUCLIDE WITH TEMPERATURE-DEPENDENT 
SOLUBILITY, DIFFUSIVITY, AND RETARDATION COEFFICIENT 

P.L. Chambre 

This analysis focuses on the time dependent, diffusive irass transport of a 
radioactive specie from a spherically shaped waste form, imbedded in a porous 
medium, in absence of water convection. It was shown in chapter 7 that one 
can approximate, subject to stated restrictions, the mass transport from a 
cylindrically shaped waste by that from an equivalent surface area sphere. The 
analysis given below incorporates a number of physical features of practical 
importance and leads to a convenient analytical formula from which their effects 
on the mass transport is readily judged. The analysis includes aside from the 
effects of decay, the influence of a time variable temperature environment. Thus 
it applies to the non-isothermal time span which arises shortly after the em­
placement of the waste form. 

The surface temperature of the waste package is time dependent, on account 
of the time variable heat release of the waste. Since we are primarily interested 
in the surface mass flux, it is the effect of the variable surface temperature on 
the mass transport which we wish to take into account. Since the solubility 
concentration and the diffusion coefficient of the diffusing specie are assumed 
known functions of temperature, they in turn depend on time. They are respect­
ively c (t) and D f(t). The analysis applies of course also to isothermal con­
ditions where these parameters are constant in time. 

The concentration N(r,t) of the diffusing specie, in absence of precursors, 
is governed by for constant porosity 

T =Df(t)4ff(r2f)-K(t)XN,Ro<r<»,t>0 (1) 
r 

The initial conditions are 
N(r,0) = 0; r>RQ (2) 
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and the boundary conditions, 
N(R0,t) = c.(t), t>0 (3) 

N(-,t) = 0, tiO (4) 
Let 

Xt D f ( t ) D0 c(r,t) = rK(t)N(r,t)eAt; j ^ - ^ g W _ (5) 

then (1) - (4) transform to 

f = ^ 8Ct) ^ ; r > V t>o (6) 

c(r ,0) = 0, r>RQ (7) 

cCRg.t] = R 0KCt)c sCt)e X t, t>0 C 8 ) 

c(»,t) = 0 , t>0 (9) 

The solubility concentration is given by 
K(t)cs(t) - c s Qf(t) , t>0 CIO) 

The dimensionless functions f(t), g(t) represent the known time dependence 
of K(t)c (t) and J> ! respectively. In order to reduce (6) to a constant coeffi­
cient equation let 

*- Ro 
x(r) = — - , rjRg (11) 

T(t) = —H- y / g(f)df , tiO (12) 7 fg( 
w { 

C(X,T) = c ( r , t ) (13) 

then (6) - (9) transform into 

| £ = !__ , o<x«° , T>0 (14) 
3 T dx 
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C(x,0) = 0 
C(0,T) = M ( T ) 

C(»,T) = 0 

(15) 
(16) 
(17) 

where 
B-lty sO f(x) = f(t(r))e Xt(T) (18) 

To solve this problem apply a Laplace transform, with respect to the vari­
able x, to (14) and impose the side conditions (15) - (17) with the result 

C(x,s) = Bf"(s)e"x,/* , x>0 
The primary interest is in the surface concentration gradient which will be 
denoted by $(T) 

,(T) - - i^H 
Its Laplace transform is obtained, with help of (19), 

• Cs3 = - i ^ i 

= Bsf(s) — 

Since 
L-Tort)" 1 7 2} = s" 1 / 2and L -ff"' (x)\ + f"(0+) = sf(s) 

:he alternate form (21) takes on the alternate form 

<Ks) = S 

provided f"(f) is a continuously different iable function for T>0. ((>(S) can 
be inverted with help of the convolution theorem 

T 
• CT) - i- 1C0+1 + f f'(T •n) dn 

where the ' denotes differentiation with respect to the first variable. 
One can now compute the surface mass flux per unit surface area from 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 
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the spherical waste form into the exterior field. It is given by 
3N(R 

m(t;X) = -Df(t)e — g ^ 
3N(R Q )t) (2S) 

where e is the porosity of the exterior medium, assumed independent of temp­
erature. From (5), (11) and (13) 

3N(r,t) 
3r 

-Xt 
K(t 

-At 

3_ fc(r,t)] 3r [ r J 

mr tl[ 1 r 3r J 
C(x,T(t)) , 1 1_ 
[R0(l.x)]Z W*> h 

3C(x,t(t)) 
3x (26) 

Hence 
3N(R0 t ) e " A t 

3r K(t) 

-
Rg K(t) 

. C(0,T(t)) + l_ 3C(0,t(t)) 
3x J 

[S7(l(t))+ *(Tlt))] (27) 

on using (16) and (20). If one combines this with (24) there results the desired 
solution for the mass flux per unit sphere surface 

m(t;X) = R 0K(t) 
•Xt 

f(T (28) 

Equation (28) shows that if initially 7(0+) f 0, the mass flux is infinite 
at T = t = 0. To evaluate the right hand side of (28) one uses f(T) as defined 
by (18) with t(t) defined by (12). An application of the determination of m(t) 
in a time varying temperature environment for a stable nuclide is given in 
Section 9. 

We illustrate (28) for a radioactive nuclide diffusing into a uniform and 
time invariant temperature field. 
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For this case 

g(t) = 1, f(t) = K(t) = K 0 > t >, 0 

From (12) and (18) 

K0 R0 

-=-, , Xt(x)„ f(x) = e J K n 

/ X Ko RoV 
exP\—— 7-0 

With this there results from (28), 

-At 
m(t;X) = 

D 0 c s 0 e e 

h exp 
M^\ + ^, i , *A 
KT^o / /"if' /rm Do 

I 
i ( t ) XKnR' 

° ° (xctj-n) 
e ° *1 

/n" 

which with (30) reduces to the convenient formula 

m(t;X) = 
D 0 c s 0 E [-VSe-+V^^(^) Rg ^ . MUQU . „ Q 

In absence of radioactive decay this reduces to 

m(t;0) 
D 0 c s 0 £ 

«0 
1 + 

K„R; o'o 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

a well known result. A comparison with (33) shows that the mass transport is 

enhanced by the decay. As already discussed in chapter 7 this is due to the 

removal of the diffusing specie due to decay which increases the concentration 

gradient close to the waste surface. Quantitatively (33) and (34) give the 
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following expression for small and large times, with A f 0 

m(t;A) 

mm 

1, for t « 1 

2 
1 + — ^ , for t - » D, 0 

(35) 

In Figure 1, the total mass transport mft;X) from a sphere is shown as a 

function of time with X as a parameter. Three nuclides of widely different 

half lives have been chosen to compare the effect of X on ni(t;X). For con­

venience m has been normalized with the solubility concentration c fl. Start­

ing at t = 0 from an infinite value where according to (35) there is no 

effect with X, m(t;X) 
Cs0 

decreases in time to a steady value which is reached 

approximately at t*. It is seen that t* decreases with the nuclide half life. 

On the other hand, the steady state plateau increases in magnitude with the 

decrease in half life in accordance with (35). These resul\s are similar to 

those discussed in chapter 7 which the reader might consult. 
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10 ;Z 

,6 5 

T|/2 = 15.3 yr 

5730 yr 

I4*l06yr 

65.9 cm, D 0 = I0" 5 cm 2 / s 
£ = 0.01, K0= 1000 

I 1 _L 
10 I02 I0 3 I0 4 I0 5 I0 6 I0 7 

Time, yeors 
XBLS4IZ-S890 

Fig. 1 Normalized mass transfer rate as a function of time and half-life; 
diffusion from a spherical waste form. 
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9. THE EFFECT OF HEATING ON WASTE DISSOLUTION AND MIGRATION 

W.J. Williams, III, C.L. Kim, T.H. Pigford, P.L. Chambre 

9.1. THEORETICAL DEVELOPMENT 

The time dependent theory for the near-field mass transport from a spher­

ical waste canister embedded in a purely diffusive field with time dependent 
/ 

temperatures., solubilities, and diffusion coefficients7 has already been developed 
in chapter 8 . An existing far-field one dimensio Hal nondispersive migration 

model is coupled to this near-field model. The cotipled model can be used to 

calculate waste concentration profiles in the far field based upon the noniso-

thermal dissolution of material at the waste canister surface. This method is 

applied to a conceptual commercial high level waste repository in basalt. 

Ir. the present study several assumptions were made in developing the waste 

canister mass transport and migration models:. 

* The cylindrical waste canister can be modeled as a sphere of the same 

lateral surface area. 

9 The waste is embedded in a purely diffusive isotropic field. 

* The near-field mass transfer of material from the waste surface is 

controlled by diffusion, and near-field convective effects on mass 

transfer are negligible. 

* The surface temperature of the spherical waste package is spatially 

uniform. This temperature is the spatially averaged surface temp­

erature of the actual cylinder and is a known function of time. 

0 The solubility and liquid diffusion coefficients of each chemical 

species of interest are known functions of temperature. 

t The retardation coefficeint is constant and not a function of temp­

erature for each chemical species of interest. 
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0 The initial concentration of each chemical species of interest is 

zero outside the waste canister. 

# The maximum surface temperature of the waste canister occurs at the 

time of emplacement in the repository. 

0 The steel waste canister fails instantaneously at the time of emplace­

ment in the repository. 

9 The waste is infinitely massive, i.e., the concentration of material 

in the ground water next to the waste surface is never less than the 

solubility limit. 

« The radius of the waste form is constant even though mass is being lost 

to the surrounding ground water. 

9 The waste package surface temperature is determined by considering the 

heat generation of all the canisters in the emplacement array. These 

canisters are identical and were deposited in the repository at the 

same time. 

# The concentration plumes resulting from the dissolution of other waste 

packages in the repository are neglected. 

9 The ground water concentration of each chemical species dissolved from 

the waste falls rapidly toward zero in the region within a few canister 

diameters of the waste (see Figure 9.1). 

* A transition zone (see Figure 9.1) exists near the waste where diffusive 

and flow effects are both significant. 

The last two assumptions are needed to couple the waste surface mass flux to 

the far-field ground water concentration. In the transition zone dissolved waste 

tends to be swept away by the flowing ground water. Since the concentration in 

this region is generally much less than the solubility limit at the waste surface, 

the transition zone concentration is assumed equal to zero in the near-field mass 

transport model. This assumption, however, does not apply to the far-field 
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Non-linear Sorption 

In Chapter 4, we analyzed one-dimensional radionuclide transport 

through the backfill in the presence of diffusion only, using a two-segment 

l inear approximation of the Langmuir isotherm to simulate the effect of 

saturation of sorption s i t es in the backf i l l . The analytical solutions 

provide a method of predicting the position of the saturation front as i t 

moves through the backf i l l . 

Radionuclide Transport from a Prolate Spheroid-Equivalent Waste Form with 

Backfill 

In (CI) we obtained the steady state solution as well as the ear ly-

time and large-time mass transfer from an infini tely-long and f ini te 

cylindrical waste forms. The analysis of cylindrical waste forms has 

a t t rac t ion because actual nuclear waste packages are expected to be cyl inders . 

In the limit of zero flow, the time-dependent mass transfer form a prolate-

spheroid waste in contact with inf in i te rock was analyzed. In Chapters 5, 6, 

and 7 of this report, the analysis of prolate spheroid waste shape i s extended 

in the following direct ions: 

- Inclusion of a f ini te backfill/packing material layer; 

- Inclusion of advective transport in the rock; 

Inclusion of an approximate solution between the 
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migration calculations, since the far-field concentrations are of the same order. 

Given the above assumptions, the solutions obtained in chapter 8 can be 

applied for near-field diffusive mass transport and the theory which governs the 

subsequent migration of radionuclides from a repository is develop d in the next 

section 9.2. 

Section 9.3 describes the method used to find the best polynomial fitting 

curves for solubility C and diffusion coefficient D as the functions of temp­

erature. These two quantities are then tabulated as the functions of time 

according to the temperature history. Section 9.4 uses the cubic spline functions 

to fit the above two quantities as smooth functions of time. Section 9.5 then 

applies the cubic spline technique to obtain the mass transport from the waste 

surface developed inchapter 8. This mass transport is used as the boundary 

condition for far-field migration model developed in section 9.2. Section 9.6 

presents the results of these calculations and finally section 9.7 gives conclu­

sions about this analysis. 

9-4 



9.2. Radionuclide Migration through Nondispgrsive Porous Media 
The one dimensional migration of a radionuclide through a water 

saturated nondisp^rslve porous medium is described by the following' 
differential equation: 

K | ^ + V | ^ + A K N - 0 (2.1) 
dt 3z 

where N(z tt) is the ground water concentration of the radionuclide, v 
is the ground water pore velocity, K is the retardation coefficient, 
and X is the nuclide's radioactive decay constant. 

For N(z,t) the following side conditions apply: 
N(z,0) - 0 , z > 0 (2.2) 
N(0,t) - N o:(t) , t > 0 (2-3) 
N(»,t) - 0 , t > 0 (2-4) 

Taking the Laplace transform of equation (2.1) yields the ordinary 
differential equation 

^ + - U + s ) N - 0 (2.5) 
dz v 

where N(z,s) "^{N(z,t)). Equation (2.5) may be solved to produce 
- X - - — 

N(z,s> - A(s) exp I - I (X + s) zj - e v j A(s) e v 1 
(2.6) 

Assuming that its Laplace transform exists, boundary condition 
(2.3) may be transformed to the B domain to obtain 

N(0,s) - N 0SKs) (2.7) 
where f!(s) - j£{u(t)}. The function A(s) may be determined by applying 
this transformed boundary condition to equation (2.6) : 

A(s) - N R(s) (2-8) 
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Thus, 
_ - X —z r z s 1 
N(z,s) - e v J N Q!Us) e v t (2.9) 

The inverse Laplace transform of equation (2.9) may be determined by 
2 applying the Laplace transform translation theorem: 

e" b S F(s) - i£{f(t-b) u(t-b)} , b > 0 (2.10) 
where F(s) - j£{f(t)} and 

u(t-b) = •{ (1.11) 

Hence N(z,t) is given by 
- A - z 

N(z,t) - N Q e v u,(t - £ z ) u(t - | z ) (2-12) 

A diaensionless relative concentration may be defined as 

»*<*•'> " M ^ 7 (2.13) 
Substituting equation (2.12) yields 

t u(t - - z ) u(c - - z ) -X-z 
N (z,t) - Y~^=) " e V < 2 - 1 4 ' 

Boundary -,ondltion (2.3) must be coupled to the surface mass flux 
at the waste canister. As shown in Figure 9.1, a plane z-0 is assumed 
where the ground water stream lines become parallel. Since the migra­
tion is nondispersive, all of the dissolved radionuclides are contained 
within a cylinder of radius R whose axis coincides with the z-axis. 
The intersection of the plane z«0 and this cylinder is a disc of radius 
R . This disc is the migration source plane. Because all of the waste 
must pass through this disc, the coupling between the surface mass flux 
and the far-'field migration may be achieved by assuming the following 
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proportionality: 

Thus, 

u(t - £z) - M(t - £z) (2.15) 

H(t - - z ) u(t - - z ) -X-z „•(,,,) . ?. i_ e v ( 2 1 6 ) 

M(-) 

Note that since M(0 ) is infinite, the maximum concentration passing a 

given point, N (z), cannot be defined for nondispersive migration. 

The mass transport and migration models just developed require 

functional representations of diffusion coefficients, solubilities, and 

surface temperatures. Generally the values of these functions are known 

only at a feu discrete points. In Che next cvo sections, cvo curve 

fitting techniques, polynomial least squares analysis and the method of 

cubic splines, are developed. 

9-7 



3.3. Method of the Least Squares for Polynomial Fitting 

The mass transport equations (5) and (10) in chapter 8 presume that 

the solubility (C ) and the diffusion coefficient (D) of each chemical 

species of interest are known at the waste canister surface as functions 

of time. Generally, however, these functions are tabulated with respect 

to temperature as discrete experimental data points. Thus, one must 

construct approximations to C (t) and D(t) based upon the tabulated data 

and the surface temperature history, T(t), of the waste canister. 

The first step of the construction procedure is the fitting of the 

tabulated Cr(T) and D(T) to continuous functions. Since the ranges of 

C , D, and T are only a few orders of magnitude, the method of poly­

nomial least squares is an appropria-te fitting technique. 

Consider a set of data points (x.,y.). The polynomial to be fitted 

to these points can be represented as 

y(x) - I a 
j-0 * 

x j (3.1) 

where the a are to be determined. Define the error, e., as follows: 

L $-0 J 

where n is the order of the -polynomial to be fitted. 

In a least squares analysis the bert fit of the data to the 
2 function y(x) is obtained when o , the sum of the squared errors, is 

a 2 - I e 2 (3.3) 
i-1 

where m is the number of data points. Since a is generally greater 

than zero, curve smoothing is an integral characteristic of the least 
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squares technique. The set of coefficients a for which o is minimum 
3 is given by the following system of equations (normal equations): 

m - _ m _ . m _ ^ m m 
r 0 0 ^ r 0 1 . r 0 2 . , r O n r 0 

a 0 i x i x i + ai i x i x i + a2 i xx +.. . +a I xx - i xy 
0 i-1 x i-1 i-1 n i»l L 1 i-1 * 1 

ra__.ni m _ m m 
I x l X ± + a. J, x ^ + a . J, x ± x 1 + . . . + a n J. x . x , - J x^y 

r Z 0 . r Z 1 . r Z Z . . v 2 n r 2 
a„ 2 x . x , + a, ) x . x . + a , > x . x . + . . . + a ) x . x . » ) x . y . 

0 i=l i i ' A i i Z 5 - 1 i i " i-1 i i i-1 i l 

r n O . r n 1 v n 2 r n n r n 
a 0 i X i X i a i i X i X i + a 2 i X i X i + " - + a n i X i X i " i x i y i 0 i-1 l i-1 d i-1 n i-1 1 1 i-1 x 1 

(3.4) 

In matrix form the normal equations reduce to 

£ a - X*y 

where J_' is the transpose of £ and 

(3.5) 

(3.6) (3.7) 

i 2 3 A 
1 X j X j X j X j . 

1 X ,2 3 4 
2 "2 2 2 

2 3 4 
1 X3 X3 X3 X3 

i 2 3 4 1 X X X X m m m m 

(3.8) 
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fi = 

r 0 0 p 0 t r 0 2 
I XX I XX J, XX . . 

i - 1 i - 1 i - 1 
V 1 0 v 1 1 r 1 ; 
I x . x I x x i x x 

i - 1 l l i"l L l i-1 x 

I 
i-1 " i " i 

1..2 

r 2 0 v 2 1 r 2 2 
l X±X J, XX I XX 

1-1 1-1 X l i-1 X X 

r n 1 r n 2 
2. x x I x x 

i - 1 1-1 

V O n 
J-i ^^ 

m 

r I n 
I x x 

i - 1 X X 

m 

r 2 n 
I x x 

i - 1 

I 
i - 1 

n n 
x i x i 

(3 .9) 

The quadratic matrix, £, can be represented in terms of >C: 

(J - X'X (3.10) 

Thus, equation (3.5) can be expressed in terms of equations (3.6) through 

(3.10) as follows: 

(X'X)a - X'y (3.11) 

Solving for a yields the desired result: 

a - (X'X)"1 X'y (3.12) 

provided that (JC'JC) is invertible. The best fitting polynomial of order 

n is now given by substituting the elements of a into equation (3.1). 

In general n should be chosen such that there are more equations 

than unknown coefficients, i.e., m > n. If n > A, y(x) may oscillate 
3 wildly. Hence polynomial fitting is not always an appropriate curve 

fitting technique. In the case of the functions C (T) and D(T), the 

selected values of n were all less than 4. 

Consider a data point (t ,T.) on the T(t) curve. Since T(t) is 

monotonically decreasing, values of C (t.) and D(t.) can be determined 
s i i 

by evaluating the polynomial expressions for C (T) and D(T) at several 
T.. Thus, the transformation from the temperature (T) domain to the 
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time (t) domain has been accomplished. 

Unfortunately, C and D are once again in tabular form, now as 

functions of time. At first glance it may be tempting to apply the 

least squares fitting technique a second time. However, because the 

range of t is at least seven orders of magnitude, the resulting fit is 
2 very poor and 0 Is very large. 

A better approximation might be calculated by analyzing C and D 

as funtions of In t instead of t. Substitution of logarithmic poly­

nomials into equations (12) and (28) in chapter8 for g(t) and f'(t) 

results in intractable integrals. While numerical integration theoret­

ically could be performed, such calculations require large amounts of 

computational effort to achieve a result which has reasonable accuracy. 

Because of these shortcomings of least squares curve fitting over 

large orders of magnitude, another technique, the method of cubic spline 

functions, was used instead. The theory of cubic splines is developed 

in the next section. 
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9.4. Cubic Spline Functions 

Consider an interval [a,b] containing the nodes x such that 

.. < x <• b , 0 < i < n (4.1) 

and y - *(x ) (4.2) 

Suppose that ¥.(x) Is the set of cubic functions (spline functions) 

which best approximates the actual function t|/(x) on each interval [x, , 

x ), where 
3 2 

•^(x) - a 3x + o 2x + o x + a , 1 < 1 < n (4.3) 

and o , a , a , and o are coefficients. Since the method of cubic 

splines is not a smoothing technique, 
y 0 - +<* 0) - fj(x0) (4.4) 
y± - iKx^ - fjCXj) - 'l'1+i<5t

i) . 1 < 1 < n-l (4.5) 

y - *(xn) - ¥(x ) (4.6) 

n n n n 

The V are constrained by continuity considerations at the nodes: 

f i(x 1) - ^ ( x j ) , 1 < i < n-l (4.7) 
f i C x i > " ' i + ^ V • 1 1 i i n-l ( 4 , 8 > 
t,

J[(xi) - f'i+1(x1) , 1 < i < n-l (4.9) 

Note that only the third derivative of V may be discontinuous at a 

nodal point. Two additional-boundary conditions are required to perform 

the analysis. Since ip(x) is of no interest for x < a or x > b, one sets 

t"(a) - 0 (4.10) 

y"(b) - 0 (4.11) 
n 

Define the following parameters: 

h l - *i " x i - l ' l - * - n < 4 ' 1 2 ) 

d 
v i - y<., y< - y i^i - 1 i - 1 , l < i < n (4.13) 

i x t - x i _ 1 h t 
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c E " v ^ " ~*r~ ' 1 - i - n - x i - i " - x - x i • ( 4 - 1 4 > 

Given the data (x ,y.), constraints (4.4) through (4.9)> and definitions 

(4.12) through (4JL4), the solution may be expressed as* 

i'i[t(x)] > ty ± + (l-Oy^j + hjtd-tXtkj^-J^i-t) - (kj-d^t] , 
1 i 1 i n (4.IS) 

where 

2k Q + kl • 3dj (4.X6) 

1 < 1 < n-1 (4.17) 

h. k + 2(h +h, )k. + h.k, = 3(hd, , + h ,d.) i+1 i-1 i i + 1 i i 1+1 v i 1+1 i+1 i 

k , + 2k - 3d ,, ... 
n-1 n n (4.18) 

represent a non-recursive system of equations. Equations (4.16) through 

(4.18) however, can be represented in matrix form: 

Alt - D" (4.19) 

where 

. . 0 0 0 0 

. . 0 0 0 0 

. . 0 0 0 0 

0 0 0 0 . . . h 2(h +h ,) h „ 0 
n-1 n-Z n-1 n~2 

0 0 0 0 . . , 0 h 2 ( h + h ) h 
n n-1 n n-

0 0 0 0 . . . 0 0 1 2 

(4.20) 

2 1 0 0 

h 2 < W hi ° 
0 h 3 2 ( h 2 + h 3 ) h 2 

and k and b are given by 
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" k o ~ 
k> 
k 2 

• 

k n - 2 

k n - ! 
k n 

(4.21) b - 3 (4.22) 

V 2
 + Vl 

V 3 + h 3d 2 

h , d . + h d „ n-2 n-1 n-1 n-2 
h ,d + h d n-1 n n n-1 

Equation (4.15) requires k. Solving equation (4.19) for k yields 

K " A 
-1 

k - A b 

provided that A exists. Equation (4.15) can be expanded in terms of 

the definitions (4-12) through (4-14) to obtain for each i: 

a_ » c 

(4.23) 

where 

1 
- t c i C 3 + C* + V 
di + C1 C2 + C 3 ( C 4 + C 5 ) 

c 2(c 4 + c s) 

\ + ki-l " " i 

(4.24) 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

ki-l " di 

(4.29) 

(4.30) 

(4.31) 

(4.32) 

Boundary conditions (4.10) and (4.11) were chosen primarily in the 

interest of computational simplicity. The actual curve to be fitted, 
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however, may not have vanishing second derivatives at the end points a 

and b of equation (4.1). It n*is been found, fortuitously, that only the 

spline functions near the coordinates a and b are sensitive to the above 

boundary conditions. By extrapolating the actual function in the regions 

just outside the end points, dummy data points may be computed. These 

dummy points "insulate" the actual data from the effects of the assumed 

boundary conditions. 

One must also exercise caution in the selection of the points on the 

interval [a,b]. In low slope regions the time interval between adjacent 

points must be small in order for the spline approximation to accurately 

represent the actual function. It should also be noted that adjacent 

points may not have the same ordinate value. 

The fitting of solubilities and diffusion coefficients 13 now com­

plete. The next section describes the application of the cubic spline 

technique to the mass transport equations developed in chapter 8. 
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9.5. Cubic Spline Functions Applied to the Mass Transport Equations 

The functions £lt) and g(t) of equations (5) and (10) in chapter 8 

respectively, can be approximated up to the time t=t by cubic splines: 

f i ( t ) ' ' l . 3 t 3 * - i 1 2 t 2 + * i , | t + ' i ( 0 ' 1 i 1 l n (5 .1 ) 

8 l < t ) - " 1 > 3 t 3

+ b i > 2 t 2

+ b i ( 1 t + b i j 0 , l < l < n (5 .2 ) 

Define 

G ± ( 0 H J g l ( t ' ) d t ' , ti_1 < t < t ± , 1 < 1 < n ( 5 . 3 ) 

- v^V t 5 + V' , + v (5-4) 

The defining equation for T(t) must be adapted in order to account for 

the piecemeal nature of g,(t). From the transport analysis in ehapter 

8 one recalls that 

t(t) = — - g(t') dt" , t > 0 (chapter 8, eq. 12) 
K R 0 J0 

For t < t < t . , l < i < n , t « 0 , and T - 0 

D. i - 1 f ' j D f ' 
T<t) - ~ I \ g . ( t ' ) d f + - ^ g ( f ) de ' 

K R 0 i"1 J < > > J K R Q J e ± - i 

- v 1 4 i ¥ , > - G i < , i - . " ( 5 - 5 ) 

K R o 
where 

D„ i - 1 D n r ' i - i 
i , " - % I I C i ( e l > - G 1 ( C 1 - 1 ) ] * - h \ 8 ( f ) dt - (5 .6 ) 
1 - 1 KR? J - l ] : 1 1 1 K R 2 J 
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Consider the convolution integral used in equation 28 of chapter 8: 
,T(t) 

I ( t ) ./ f'(T(t)^T'} d T , ( 5 . 7 ) 

The approximation of f'(t) by quadratic (derivative of cubic) spline 

functions is shown in Figure 9.2. Note that in equation (5.7) T is fixed 

and T' is the variable of integration. Define 

T" 5 T(t) - T' (5.8) 

The transformation of f' from the time (t) domain to the T " domain is 

obtained by applying eq 12 of chap. 8.) Figure 9.3 shows the transforma­

tion when D(t)/KR is taken to be constant. In general, however, D(t) is 

not constant and the proportionality between each t. and T. is lost. The 

upper bound of integration, T(t), is selected to lie in the i interval. 

A simple change of coordinates is made so that f'Cr") is plotted against 

T". N O W equation (5.7) can be rewritten as below: 
r T ( t ) . 

I(t) =/ f ( T , I ) dT" (5.9) 
J0 /T(t)-T" 

1-1 r T j f ' . d " ) r T < t ) f , ( T " ) 
= I I n dT" + / 1 

j = l J /T(t)-T" J /T(t)-T" 
j-1 i-1 

dT" (5.10.a) 

(where T = 0 , T . , < T ( t ) < T . , and 2 < i < n) 0 1-1 — i — — 

rT(Of (T") f^'f'.C") 
/ dT" (0 < T(t) < T , i = 1) (5.10.b) 

J /T(t)-T" 

Notice that one must take care to perform the convolution integral using the 

appropriate spline function f , between the limits T. and T in each inter­

val j , i <_ 2 £ i- Thus, the convolution integral can be treated as the 

summation of the i separate integrations. And to remove the singularity 

which appears in the second term of the right hand side in equation (5.10.a) 

define 
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- f'(t) 

Figure 9.2 

* • * 

Plot of 
f in the 
t domain. 

Figure 9.3 — Plot of 
f' in the 
T-T 1 domain. 
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U 2 = T(t) - T" (5.11) 

Then, 
T(t)f,(T") 

dx" 
(t)-T" 

• r ^ ^ i - l 
= 2J f| {t(C)-u2| du (5.12) 

Similarly, equation (5.10.t>) can be reformed as 

f™ h(r'"> r^1^ i 2, 
/ — dx" = 2/ f,' (r(t)-ii }du 

J

0 A(t)-T" J l ' ' 
(5.13) 

Now combine the equations (5.12) and (5.13) into the equation (5.10). 

i-1 ,x. f!(T") /r(t)-x 
Kt) = 

i-1 , t . fI(T") f i-1 
I f J - 1 dT" + 2/ f . {x(t)-u2l du 

j=l J /T(t)-T" J 1 I / 
J-l 

X , < x(t) I T . , 2 £ i <_ n 

-/x(t) 
or 2 f{ JT(t)V| du 

o < X(t) £ X, , i = 1 

(5.14a) 

(5.i4b) 

At this point apply the trapezoidal rule to the equations (5.14.a) and 

(5.14.b) and obtain the following results: 

i-1 
Kt) = I 

j=l 

f'.(x.) f!(x. ,) 1 

/x(t)-X. /t(t)-X. , ^ ] ^ V 

f! {x(t)( +fi<T 1_ 1) /x(t)- (5.15.a) 

where 

T. , < T(t) < T . , 2 <_ i <_ n . 

I(t) = TfJ {x(t)} + f|(o)[ /xTt)" 
where 

o < T(t) <_ x. , i = 1 

(5.15.b) 
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9.6. RESULTS 

The results of the waste dissolution and migration from a canister 

embedded in a conceptual basalt repository are presented in this section. 
237 Two species, SiO (silica) and Np, were considered in the analysis. 

The dissolution of silica is indicative of the performance of the boro-
237 

silicate glass matrix in the repository environment. Np is represen­
tative of many long lived (t. - 2.14-10 y) radionuclides. Their activi­
ty can be appreciable even after thousands of years. 

The time dependent rock temperature at the emplacement hole surface 

was supplied by Altenhofen for commercial high level waste that has 

been cooled ten years prior to emplacement. In the present study it was 

assumed that the emplacement hole surface temperature was the same as 

the waste package surface temperature, T(t) . Furthermore, the time axis 

was shifted such that the maximum surface temperature occurred at time 

t = 0, an adjustment of six years. The assumed waste package surface 

temperature history is shown in Figure 9.4. 
6 The tet;erature dependence of silica solubility and liquid diffusion 

coefficient i = shown in Figures 9.5 and 9.6 and also is tabulated in 

Appendix 9A. Using the construction technique described earlier in this 

study, Figures 9.4, 9.5 3nd 9.6 were combined to yield discrete time 

dependent values of the silica solubility and diffusion coefficient. The 

resulting 47 data poincs of each variable were then splined to produce 

the continuous functions plotted in Figures 9.7 a n d 9.8. These results 

are also tabulated in Appendix 9B. The interval of each cubic spline 

function is delimited by a vertical string of dots in these figures. 

The neptunium solubility and diffusion coefficients were not known 
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Figure 9.4 — Waste package surface temperature history for a conceptual 
commercial high level waste repository in basalt. 
(Adapted from reference 5) 
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Figure 9.5— The effect of temperature on silica solubility 
(Data from reference 6) 
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Figure 9.6— The effect of temperature on the liquid diffusion 
coefficient of silica. (Data from reference 6) 
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Figure 9.8 — Silica liquid difTusion coefficient history at the waste 
canister surface. The vertical dotted lines delimit the 
intervals used in approximating this curve by splines. (See SA) 
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funccions of temperature. It was assumed that silica and neptunium have 

the same specific heats of solution. Consequently, the following relation­

ship is valid (see Appendix 9D for derivation): 

NP « NP 0 (6.1) 
C S 1 0 2

( T ) CSi0 2(T 0) 

where T is a reference temperature at which the solubilities of both 0 
—7 8 species are known. This ratio was determined to be 2.0-10 . The 

diffusion coefficient of both species was assumed to be the same. The 

retardation coefficient of silica was assumed to be K-l, the worst case 

value, and that of neptunium was taken as K-100, the generally accepted 

value for basalt. 

Using the time varying solubility and diffusion coefficient func­

tions, the total surface mass flux from the waste canister was computed 

using equation (23)' in chapter 8. The results are shown in Figures 9.9and9.10 

and are also tabulated in Appendix 9C> A steady state waste dissolution 

rate is reached after ; "jout 10,000 years for silica and 100,000 years for 

neptunium. Less than two percent of the total silica inventory was dis­

solved from the waste after 10,000 years of emplacement (see Appendix 9E). 

Applying the one dimensional nondispersive migration model of Section 

9.2. the concentration profiles of the waste were computed. The ratio 

of the waste concentration at a particular time and displacement to that 
* 

under ambient temperature conditions is denoted by N (z,t) [see equation 

2.13)], where N(0,») is constant. Since N (i,t) is hard to visualize, 

it is plotted with one coordinate fixed. Thus, the function N (t) is the 

concentration ratio at a fixed position and N (z) is the concentration 
* * 237 

ratio at a fixed time. The N (t) and N (z) for silica and Np are 
plotted in Figures 9.11 through 9.14 for various values of z and t. 
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Fig. 9.9 Total surface mass flux of Silica from a spherical waste form as a function of time. 
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Fig.9.11 Far-field relative concentration of Silica from a spherical waste form as a function of time 
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Since silica is stable, N (z,t) appraoches unity at large times. Np, 

however, decays, though very slowly. The limit as t tends to infinity for 
* 

N (z,t) of radioactive species tends to zero instead of unity. This effect 
237 can be seen for Np in Figure 9.12. 

The retardation coefficient, K, appears in both the mass transport 

and migration equations. By comparing the shapes of Figures 9.9 and 9.10, 

however, its effect in the near-field region is negligible on the shape of 

the surface mass flux curve. In the far-field region, the effect of K. is 

very dramatic. Comparing Figures 9.13 and 9.14 shows a K-fold increase in 

the time necessary for the waste dissolution front to reach a given point 

over the water travel time. One should also note that the initial impulse 

magnitude increases with K, but decays rapidly to the same order of magnitude 

as the K=l case; 
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9.7. CONCLUSIONS 

The results of the total surface mass flux calculations demonstrate 

that the dissolution rate of the borosilicate waste glass matrix in a 
237 basalt repository is indeed very small. The quantity of Np leached 

from the waste would hardly be detectable, less than one gram over 10 

million years. 

At first glance these results appear to verify the adequacy of the 

conceptual basalt repository. One should note, however, that many of 

the assumptions made in this analysis are not strictly valid in the 

actual repository environment. The effect of fissures in the host rock, 

for example, was not studied. Other practical considerations such rs 

finite waste mass, convective ground water flow, sequential waste cani­

ster emplacement, varying canister corrosion properties, and the inter­

actions of adjacent canisters in a repository may play an important role 

in future theoretical developments. 
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APPENDIX 9A 

Computer Program LSQR 

LSQR performs a polynomial least squares analysis on a set of data 

points (see Section 3 for theoretical development). Sample program 

outputs for C (T) and D(T) follow the FORTRAN listing. 
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PROGRAM LEDft 
C " • . M - . . . I . — . . . . . H . . i . r r . . . . » . . r i l . y i , . B b - f . « . . . u 
C ! FIT THE NTH Okt'EK LF.Aiil SOLIAfifa POLYNOMIAL TO A SET Of [ml A i 

PARAMETER «l"3itN»-.l 'J,N?.'J« 
[tItirNSJON ITRAH5(Htt.HI).X(Mtl.N»> , XDUA1U Nil. Mil J rXUECT(MW) , Y I Mil > . 

1 XYfN|>.A(HI)rXOIMU(Mf,M9lrGj lHI .N2) 
POUKC PRECISION OJ 
COUtVALENCE (XOUAIM I . t>.XOIHV<1»I)> 
OrCN(UNlTal<NAHi:>'LSOR.CIiA' • TTPO'Nl.W' > 

c 
UMTC<3>9> 

3 rORHATI//33H EHTEh MUNRKK DC DATA r01 HIT. AHH OftOCR Of-' PQlYMOMlAI !> 
KCAt'(5tt> H*H 
N-NM 

C CHECK ARRAY IOUNUS 
I t (H ,GT. K« ,0k . W .GT. Ml) GU10 4WW« 
URITFtS.13) 

15 F0RMAT(//3AH EMTF.k X UirCTOfc. ONF. Vrtt.UC PEI; L I W : > 
C I GAP THE X AN[i X TkANSIOSiC PATRICKS 

DO ? • • • I - l i h 
READ<3**> XUfCTO) 
[ ( M i l ) , 
XTRANSU. I> ' l • 
DO l l t l J-T.N 

X( I rJ )»XVrCT<1)**<J- l> 
XTRANMJ. I> tX l I . J) 

1101 CONTINUE 
; • » » coNtiHur. 

c 
VKTrr(S*4S> 

• 5 FORMAT CC/36H EMTt.R T VI. Li OK i ONI' vol Ul. FF K LINi::) 
l<0 Jll» I-l.M 

Rr*n<5.«> t i n 
Ida* CONTINUE 

C XnUAD'-XTUANStK 
CALL HULT(XTRANS.X.inuA|I.W.K,N,NI.M.N»l 

C Xr-XTkANSlY 
CALL MULT(XTRAMR.Y.XY.N,M. 1.NtfrHflr1> 

C X(MMV-XCWAti*#t-l> 
C.AU. lNU<&JiK{|IIAli>K(l)NUtUi2tNtHt») 

C *• XOINVIXY 
CALL nULl (XnlMV.KT. A.N.N. l .NI.Nt*. I ) 
Vl{lTE<S.9l> 

t | I0F.MAT(//1»H A Vi.CIUk.') 
CAI L. PR.T<A.N.l .Ml . l ) 

V k l T C f 5 i l « l l 
1*1 FURHATC//9X. 1HX.1* I . l?MCALCULrtTi:Li Y.4X. BHACTUAL Y*7X.HHKCL OUT z' 

t f X d H - r l D X ' i i r H .AX.0H . /X .BH- / ) 
[ I - S L O N * C . 

C CHECK LEAST SQUAMIS F t ! AGAINST INPUT ["flirt 
10 4(111 t * l . M 

CALC-POLY(A.NtXUECT(I)> 
EFSL0N-EF-5L0MtCCALC-Y(I> ) * *2 
IF <Y<J> .EO. f . t GOTO 3-J## 

»P1FF-(CAI.C-Y<IJ»/Y(I) 
UR IT [ ( & • ! » • > XVfCT(I) , CAt.C.rt I > .MUFF 

i n FOimM' jcu..t»ri3.ai 
GOTO « • • • 

3310 UftlTCI S t i f f ! XVECT< [>tCAI.e»Y( I ) 
4«fJ CONTINUE 

C 
UklTLCl.115) CFSI ON 

H i F0ftKAT(//29H SUM Of TMC 6UUMiCt> ERRORS - .El3.fc> 
c COMPUTE ADDITIONAL DATA POINTS 

URITK<3.11») 
H I F0RMAK//31H INITIAL* FINAL. AND STFP -- POLYNOMIAL EVALUATION/! 

klAIMZ,,*) START.riHAL.STrP 
c 

IF t t i t W ! ,0E. • •> GOTO 510* 
CLOSE (UNIT -1 . MSI-OSE-'I'ILETE' j 
C010 I I I ! 

ittt IF (START .GT. FINAL) OOTD 7Mff 
U F i l T E U . i r i l START. HlLYtrtfN.START > 

121 FOKnATt?tlA./>) 
ITARTHSTARTISTEF 
GOTO SBII 

6ft» WMTt(3.13») 
1.11 FOkrtAT(//37M ri« '«! l [ON PAF.AMI Ttk< SJ AKl." TOO LARDC'! 

7 f f t CONTINUE 
CI tlSLtUNIT-l.DUiF [1SI>'SAUE' ) 
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9 M « CONTINUE 
(ND 

SUBROUTINE PRT(A.Krt..K*>LI> 
C .-
c i F R I N T THE CONTENTS or ttattnv A 
e , . . , . . , . . . • 

CIMENSION A<k#.L«) 
C 

DO I t-l,K 
URlTE(Srl>> (At I*J)»J'l*U 

It rORHATt1IE13.S) 
1 CONTINUE 

RtlUf-'H 
EMU 

SUBROUTINE nULT<ft,H-C-I. J-t.-I»r Jfl-<vl> 
C •* — - — 
c : nut-TifLY M A T R I C E S : C~A*U : 

MHCHSIOH A( I I . J0) rfi< J0.K9) >C(Itf<K«> 

t>U 3 I l - t . I 
[•0 2 hK ' l th 

[iQ i j j - l . J 
Ct I I ihK)-CCI I»Kh>t-ACI Ir JJjifM JJiKK) 

1 CONTINUE 
2 CONTINUE 
3 CONTINUE 

RETURN 
END 

SU*R0UTIHE IMHAifciCtN.HtNf > 

! INVERT MATRIX A ! 

: SUW0UT1ME JMV WAS AfAI'TCD FUOH A (iftSIC (MIGRAM IN AI'PEMdlX J 
! (INVERSE Or A MATRIX US I MO OAUKB-JORI'AN ELIMINATION) Of TM|. 
! TEXTBOOK *COnr-UTATlDNAI. LINEAR AL.GE&R6 WITH HOPEIS* CV GftKlH 
: u u L i * n S r setOMtt Etar iON. ALL*M I PACON. I N C . . rosroNi i ? r u . 

t'l MENS I ON AtN.h) . BtHBiNt) •CfHa.HS) 
I'OU*LC PRECISION A.r.r.z 
HO 17 I-l.M 

I'O U J"l.H 
IF (J .GT. N> GOTO 12 

A( I*J)»l'f»LClb<W.I>> 
ODTD 16 

12 IF <J .F.O. N+It OOTO 19 
A ( I , J ) - » . 
GOTO 16 " 

13 » < I > . » - 1 . 
U CONTINUE 
17 CflHUMUE 

I . ) OOTD 76 
PO ?• T-K+l .N 

i r f A U ' A j . r o . * •> DO JO 70 
00 * • J-K.M 

T-A(K»J) 
A ( K i J ) * A ( I . J ) 
m i . j j - T 

CONTINUE 
IDTO 76 

CONTINUE 
OOTO 171 

IF <*<RrK> ,E0 . I . ) OOTO »S 
r-A(KrK> 
DO • • i - * » n 

At KiL)»A<K.D/Y 
CONTINUE 
OU 12f I -1 1N 

I F ( i , E D . ik . O R . A t i . K i . r n . #.> corn 120 
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DO I I S J-K.M 
M I . J l - A U . J > - Z * A f V . J ) 

itr< coNttNui: 
ir« CONUWUC 
125 CONTINUE 

DO 15* I - l . M 
DO 14S J -MM.h 

C(I»J-MJ'BMOl <rt( I .J)> 
l«5 SUNT I HUE 
11» COMT1HUC 

ooto : • • 

? • • CONTINUE 
kt TUliM 
INI) 

FUNCTION POLVfAiNrX) 

: COHtUti: THE (H-IJTH ORT'KR fOirMOHIAl F<X> 

Atl> IS THH CONSTANT TERM 
fttN) [S TMi: CUtrCtCILMl OF THE I N - D I H TERM 

[•IMrnSIDH *(N> 

sun-ft(H>ax 
OO I I - l » H - J 

IUh- (SUH*A(H- I ) ) tX 
1 CONTINUE 

f-OlV*-SUn*ftU> 
. tl.tUh'H 

(HO 
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>I!UN LSC1R (C) 

ENTER NUMBER OF DATA POINTS ANN OREiEl! OF 
6 2 

POLYNOMIAL: 

ENTER 
20 
50 
100 
150 
200 
250 

X VECTOR, ONE VALUE PER LINE: 

ENTER Y 
5E-5 
U.SE-5 
1.7E-4 
2.BE-4 
4.2E-4 
5.BE-4 

VECTOR, ONE VALUE: PER LINE: 

A VECTOR: 
0.30399E-04 
0.87371E-06 
0.53143E-08 

CALCULATED Y ACTUAL Y REL DIFF 

0.20O00OE+O2 
0.500000E+02 
0.100000E+03 
0.150000E+03 
0.200000E+03 
0.250000E+03 

0.499992E-04 
0.873706E-04 
0.170913E-03 
0.2S1028E-03 
0.417713E-03 
0.580970E-03 

0.500000E-04 
0.880000E-04 
0.170000E-03 
0.280000E-03 
0.420000E-03 
0.580000E-03 

-0.00001 
-0.00715 
0.00537 
0.00367 
-0.00544 
0.00167 

SUM OF THE SQUARED ERRORS «= 0.845712E-11 

INITIAL, FINAL, AND STEP ~ POLYNOMIAL EVALUATION: 

0 - 1 0 
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>RUN LSUR (D) 

ENTER NUMBER OF DATA POINTS AND ORDER OF POLYKOHIAL! 
6 3 

ENTER X VECTOR, ONE VALUE PER LINE: 
20 
50 
100 
ISO 
200 
250 

ENTER Y 
1E-5 
2E-5 
4.5E-5 
7.9E-S 
1.2E-4 
1.6E-4 

VECTOR, ONE VALUE PER LINE: 

A VECTOR: 
0.71642E-05 
O.BB650E-07 
0.34343E-08 

-0.53642E-11 

0.200000E+02 
0.500000E+02 
0.100000E+03 
0.150000E+03 
0.20QOOOE+03 
0.250000E+03 

CALCULATED Y 

0.102680E-04 
0.19511BE-04 
0.450076E-04 
0.796'2a4E-04 
0.119351E-03 
0.16O153E-O3 

ACTUAL Y REL DIFF 

0. 
0, 
0, 
0. 
0. 
0, 

.100000E-04 
,200000E-04 
,450000E-04 
.790000E-04 
.120OO0E-O3 
.160000E-03 

0.026BO 
-0,02441 
0.00017 
0.00795 

-0.00541 
0.00095 

SUH OF THE SQUARED ERRORS •= 0.114943E-11 

INITIAL, FINAL, AND STEP ~ POLYNOMIAL EVALUATION! 

0 - 1 0 
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APPENDIX 9B 

Computer Program SPLINE 

SPLINE performs a cubic spline fitting on a set of data points (see Section 

4 for theoretical development). Sample program outputs for C (t) and D(t) 

follow the FORTRAN listing. 
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PROGRAM SPLINE 
j COMPUTE THE CUMC SPLINE FUNCTIONS WHICH BEST FIT rue C<ATA : 

PARAMETER •*••*?. N;'-V« 
MMENSION R(NirNl') •A[NVIN».Nf) . ALPHA M >. M N0> . D( N0) ,F (4) . 
I H ( N » > P M N » > . X ( N » 1 .y<N*I 
DOUtLC PRECISION A 
REAL A 
t GUI VALENCE <A»AtNU> 
OPENCUHIT^l•NAHE«'SPLINE.OOA'»TYPE •'NEW> 
0r*EHtUHir«3iNAt1(:*''SILlNC.0U1'rTriT»'NCU'> 

UkITt<5»lS> H» 
I I r0kHAT(//3»H ENTER mirtPF.R Of t>ATA POINTS (MAKIKUH r f 1 3, 2m : ) 

UAr>(S>*> N 
IF CH .GT. Nl) CUIO 99tV 

U R I T E C I S S ) 
?• FURMATC//47H ENTIk X AND * VECTOKSf DNI [>M A POINT Pit." LIN1.:> 

DO I M I I»1»N 
REA0(S*«) X C n . Y ( I ) 

1»|£ CONTINUE 
c 

: 
N < l ) > l . 
D i l l - * . 

C 
DU 13M I-WN 

C ZERO THE 'A' MATRIX 
DO lilt J-l.2»N 

HII.JI'I, 
11»* CONTINUE 

C LOAD THE IDENTITY HATRIX IN THE RKiHT HALT 01' 'A' 
fttl*N+X)-l. 

C 
If ( I .CO. 1) GOTO 1?M 

NU)>XCJ>-X{ I - t> 
t l < I ) - ( T ( I I - T ( I - l ) l / M I U 

l? t# CONTINUE 
C LDAp THE 'A' HAIklX AND Tur ' » ' VECTOR 

A ( l , l ) - r . 
«(1 • : ' > - ! . 
P(] >>3.t[>f I > 
(•0 14M 1 -2 .N- l 

*u. i -u-r»pi .c<H<i + i ) > 
A U r l >-DPLE<2.KH( I ) + H ( I M ) >> 
A< I . I + l ) - M ' l . r ( H ( I >> 
• < t>»3.»<M<IH>»t i< I )+H<I>t t i (H- l>) 

14t» CONTINUE 
* < M . N - 1 ) - 1 . 
A<N.H>-r. 
P<H)-3.*U(N> 

C INVERT THE LEFT HALF OF THE 'A' MATRIX 
CALL INV(A*AIMUpN>2«NfNf>N2) 

C 
UkITECSi6l> 

6* F0RMAT</'49H ENTER MUMPER OF POINTS TO COMPUTE PETUECN NOtT SI> 
READt3.»> NSPLIN 

C COMPUTE THE M I I 'S -
CALL MULTlAIHV.PrK.NrN.UN».N»,1 > 

C 
MMTE<3»?S> 

7l# f 0RMAt</ /2X»lHI .<X.4HXi I - l l ,SXi?HrCXt I >-l) 3 • 3X. IffHF ' IX ( 1-1 ) 3.2X. 
1 I tHF 'C X < I - I ) J . 3 X . 7 H F C X(1)3 F 5X.BHF • t X(1>3,4 X r 
2 •HF ,(X{I>]»6X,4HA<3).7X»4HA<:!>» 7X»4HA<1>»7Xr4HA(0)/ 
3 2X. lH- i4Xi«M .3X.9H >3X.13H ,2x» 
* l » H — — — « — . 3 X . 7 M - —-»5XiBH »4Xr 
5 •»<>«-—-•- • tX'4H-- - - -»3<7Xr 4H >/) 

C 
t"Q t 6 t i I»3«N 

C EVALUATE EXPRESSIONS TO COMPUTE THE CUPIC COErr I CII'.NTS 
c i - t K t i ) + n ( i - n - 2 . « i i < r ) ) / < H U J * M ( i > > 
C 3 - X ( I > » X I I - l ) 
C 3 - X U ) f X ( l - l ) 
C 4 - ( k ( I - l ) - [ i U > > / H ( l ) 
C3-C1»X<I-1> 

C CALCULATE THE COEFFICIENTS OF THE ClJMC SPLINE 
C NOTE THAT A3 - A1.PHA<l)i h2 - ALP1IA12I. AL - AlfttAt.l> f ETC. 

ALPHAU)-C1 
AlPHA(2)*-<C44-Cl*<C3+X<1-m> 
»LrHA(3»-n<I)+C3»(C4+t:3l + Cl«C2 
ALPHA(4>-<X(I > t y U - 1 > - X ( l - l ) t Y I I M / H ( n - C r > ( C 4 4 C t ) 
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CALCULATE F(X) AT THE TuO SPLINE NODES 
r < 1 » -POL T t Al F'HA » 4 i X ( I - 1 ] ) 
f <4>»F-0LTlALMini4.Xtl ) ) 
CALCULATE THE CUHC SHINE'S FIRST DCfi T i>hMVL" CDCM H, 11 Nl S 
ALPHAI H-3.*AU-HA( 1) 
ALPHAt2)"2.«ALPMA<2) 
CALCULATE F'(X> AT THf TUO SPLIW HO\>il[i 
t I 2)"POLY(ALPHA* J t X U - I )) 
r < s i -roLT t A L P H A . 3 . x < i > > 
CALCULATE TMr CUhIC SPLINE'S SECOND [tCfclVAUVE COt t f 11. It.H I !. 
Al.PHAtl »»2.»ALPHA(1 ) 
CALCULATE T-(X> AT THE TUQ SPLlNf HDM5 
F( J)-P0Lir<ALPHA.2iX<I-l>> 
M»>«i*aLY<ALrHn.2»>u n > 
RESTORE THE COEFFIC1CHTS or THE CUBIC SI'UMI. 
ALPHA<1>>ALF-HA<1)>'6. 
ALPHA(2>*ALrHft<2>/2. 
TO TERMINAL 
Uftirt4 3»Bi> I - 1 » X I I - 1 ) * ( F ( J ) . J-1.61 i < ALPHA<L)fl.»l»4) 

I FORMAT!I4»E11.3>X*4E)2.*'Xr4E11.3> 
TO GRAPHICS D I E 
WRITEUiVi) X t l - l ) . l ( l > 

• F0RMAT(2E16.5> 
TO COEFFICIENTS FILE 
URITECZil»<f> lt( [ -1 > >XC £ (.(AI.PHA(5-L>n L-1 .4) 

! • • rDRHAT(AElA.B) 
PELTAX»<X(I>-X( I -1 ) ) /M.DAMMSILIH+I ) 
DO iZ,»$ J-lrNSPl.IN 

X l I - U - X d - l l H ' l l L T A X 
URITE(l»*i> XI 1-1 )(rOl.r( ALPHA i 4.Xf I-L)) 

lCtf* CONTINUE 
!*•• CONTINUE 

C 
ukirr.< i»»f) xtN) .Fi4) 

••»9 CONTINUE 
CLOSL(UNir-l>tilSFUSr*'BAVE'> 
CLOSE* U«ir-2i0t!ifD!iC«'SAUi:'» 
END 

C * « * ( * a t B * » » « t t t t * * k M t * « f t « t t M * t * t i * t * t * r » t « t a « t « a t t » t t * * * * » « * * i « t 
C i • • * • « • • « • * • • » * * • • • • • » • • > » • * > • • » • • # • * • * • • • « * > * t t * * t i » m > * i « c » k « « » * * 

r.uM>QUTlNF HUl.T< 4. I<.r . 1 i Ji K.I l»».Pfl. KB ) 
(. • " " • • • • • • r t . . . r t . . i . , t i . 
L : MUlTIPIT MATtjrt!;; OA*K I 
C . . . . . . . . . . . . . . . . . . . . . a . r . . . . , .,.:...,., 

fllMEHSIOM 4 ( I I ' J « ) . ( i ( J » < N » ) r [ : l I D ' K 0 ) 
C 

no 3 I I - I . I 
t>0 2 HK-lrK 

C < I I * h K ) < f , . 
PQ I J J » t . J 

C ( I I »KK)»G( I I >KIO»A< I I • J.ll»f.< JJ.KK) 
1 CONTINUE 
2 CONTINUE 
3 CONTI HUE 

RETURN 
END 
• • a t v i t v t t • s*»»*B«tt>*»«« t t i t * « t t M t * t * * a * t « t t * » s t * < » * » i * * * i * * « » « * « 

SUBROUTINE INV<AtAINVrN.M*NftrMf) 

! INVERT ilfilRIX A i 

SUBROUTINE INU UAS ADAPT EI' PROH A l>ASIC PftODKAN IN AP*ENtiIX j 
(lfJUERSE OF A AATfclK USING GAUSB-JORt'AN ELIMINATION* OF Till! 
TEXTAQOK 'COMPUTATIONAL LINEAR ALOEPRA U[TH MODELS* ft 3ARCIH 
UULlAHSr SECOND CD1UUN. ALLYH 1 EtACtJNi INC. . POSTOH- *9?H. 

DIMENSION A<Na.nSO.AIHU<N».Nf> 
DOUBLE PRECISION A.T.VrZ 

t'O 123 I I" I .M 
IF 4A(Rih) .NE , 1 . ) OOTtl 76 

DO ?• -K + WN 
I F ( A l i . K ) .CO. fl.) GOTO 

tU) * • J-ts *M 
T-A(K,.I) 
Alk..(>-«( 1 • J) 
A I I . J W 

CONTINUE 
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GOTO 76 
79 CON?IHUE 

OOTO 171 
76 IF (Mfcrk) ,KO. 1.) GOTO tZ 

V-MKiK) 
PO •>• l-ls.H 

?» CONTINUE 
t i , PO ]?« I - I . N 

IF I I ,EQ. H .OR. M l f h ) .ED. », ) DOTO 13» 

.DO li:> J-K.M 
(t( I . J ) - r t ( I . J)»Ztft(K. J) 

11!* CUNT I Mill: 
121 CONTINUE 
125 CONTINUE 

00 IU9 I-lrfc 
PO 143 J-NtlrH 

AINUtli J-M>«flNGt.<ft(I»J» > 
1*5 CONTIUUE 
158 CONTINUE 

GOTO run 
17f MKITC(5."»> 
?99 FURK»T(//27M THt INVCKSE GOES MOT EXTfiT/) 

2*» CONTINUE 
fcETUKM 
INK 

ruNCUow roLrcrt .N.y) 

: COMPUTE THE (N-DTH ORDER PQLrNOHIAl F(X) 

ft<t> IS THE CQEK-ICICNT OF THE (N-UTH Oft&ER TEhh 
DIN) IS THE CONSTANT TFIKM 

MMVNSIQM M N ) 

Sim>ft< 1 J«x 
it <N , L C 2) Guru 2 

C'U 1 1-7* H-I 
Bun«(suHf fit i j i t x 

1 CONTINUE 

KLTUKN . 
ENI< 
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>RUN SPLINE' 

ENTER NUMBER OF DATA POINTS (MAXIMUH = 47)! 
47 

ENTER X AND Y VECTORS» ONE [IATA POINT PER LINE 
-0.400E+OI 0.5460E-03 
-0.220E+O1 0.5390E-03 
D.OOOE+OO O.529OE-03 
0.500E+01 0.5090E-03 
0.150E+O2 0.4610E-03 
0.2SOE+02 0.4120E-03 
0.350E+02 0.3740E-03 
0.450E+02 0.33aOE-03 
0.5SOE+02 0.3110E-03 
0.650E+02 0.2940E-G3 
0.750E+02 0.2770E-03 
0.8S0E+02 0.2660E-03 
0.950E+02 0.2S7OE-03 
0.145E+03 0.2240E-03 
0.195E+03 0.2040E-03 
0.295EM>3 0 .1850E-03 
0.395E+03 0.171OE-03 
0.495E+03 0.1610E-03 
0.600E+03 0.1560E-03 
0.700E+03 0.1S20E-03 
0.800E+03 O.1480E-03 
0.900E+03 0.1450E-03 
0.100E+04 0.1430E-03 
0.150E+04 D.1340E-03 
0.200E+04 D.1290E-03 
0.300E+-04 0.1230E-03 
0.500E+04 0.11?OE-93 
0.750E+04 0.1160E-03 
0.100E+05 0.1144E-03 
0.15OE+O5 0.1122E-03 
0.2O0E+OS 0.1112E-03 
0.300E4-O5 0.1106E-03 
0.500E+05 0,1096E-03 
0.750E+05 0.1086E-03 
0.100E+06 0.1081E-03 
0.15OE+O6 0.1073E-03 
0.2OOEtO6 0.1067E-03 
0.300Et06 0.10S9E-03 
0.500E+06 0.1050E-03 
0.750E+06 0.1041E-03 
0.100E+07 0.1035E-03 
0.150E+07 0.1026E-03 
0.200E+07 0.102OE-O3 
0.300E+07 0.1012E-03 
0.500E+07 0.1004E-03 
0.750E+07 0.9955E-04 
0.100E+08 0.9895E-04 

ENTER NUMBER OF POINTS TO COMPUTE BETWEEN NODE 
25 
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Tabic of Cubic Spl ine Functions fo r C ( t ) 

F • r x c i - 1 J i t •(x< i i ) ) 

0.4001*01 
0-220E»Dl 
O.OOCEIOO 
0.5001*01 
0.1501+02 
0.25OE*O2 
0.35OF»D2 
0.4^01*02 
0.550E+02 
0.650E402 
0.750E»C? 
O.BSOt+02 
0.9501*02 
0.1451*03 
0.19SEt03 
0.2951*03 
0.395E+O3 
0.4951*03 
0.400E+O*3 
0.700E+03 
0.B00E*Q3 
0-9OOE*D3 
0.100E*04 
0.150E*04 
0.200E+04 
0.3001*04 
0.300E*04 
0.7301*04 
0 . l00Ef03 
0. 150Et03 
0.2001*05 
0.300Et05 
0.300E*05 
0.750E*05 
0.100HG6 
0. 150E+04 
0.2OOEtO6 
0.300E«06 
Q.500Et04 
0.730EtO* 
0.[OOEtO? 
O.lSOEfrO? 
0.2001107 
0.3O'-j£tO7 
0.5OOE*O7 
0.750E*07 

0.5460E-03 
0.33901 -OJ 
0.52901-03 
0.5090E-03 
0.4*101-03 
0.41201-03 
0.3740E-03 
0.33B0E-G3 
0.31101-03 
0.2940E-03 
0.27/OE-03 
0.246OE-G3 
0.2570E-CJ 
0.2240E-03 
0.2040E-O3 
0.183OE-O3 
0.1710E-03 
0.1610E-03 
0.1560E-03 
0.1520E-03 
0.14B0E-O3 
0.MS0E-O3 
0.M3OE-O3 
0.1340E-03 
0.1290E-03 
0.12301-03 
O.U90E-03 
0.11601-03 
0.11441-03 
0 -U22E-03 
0.U12C-U3 
D.11061-03 
0.1096E-33 
0.10B61-03 
0.IO81E-O3 
0.10731-03 
0.1O67L-03 
D. 1059E-03 
0.10301-03 
0.1041E-03 
0-IO35E-03 
0.1026E-03 
0.10201-03 
0.10121-03 
0. 10Q«t-0J 
0.99551-04 

D.3153E-05 
-O.6J07F-05 
-0.3720f.-05 
-0.«30BE-05 
-O.51141-05 
-0.4336E-05 
-O.SMIE-OS 
-O.3301E~0'l 
-O.?Oi7E-0 , i 
-O.la7JE-0:i 
-O.1431E-05 
-0.9210C-C6 
-0.B643E-06 
-O.5U29E-06 
-0.3041E-06 
-O.1396E-04 
-O.1277E-06 
-0.6972E-07 
-0.3793E-07 
-0.4147E-07 
-0.3616E-07 
-O.2JU7E-07 
-O.1B34L-07 
-0.1456E-07 
-O.7421E-0Q 
-O.4354E-0B 
-0.1034E-08 
-0.10O4E-0B 
-0.4695E-09 
-0.3346E-0? 
-0 .1 I19E-09 
-0.3914E-10 
-O.312OE-10 
-0.2815E-10 
-0 .16221-10 
-0.1441L-10 
-0.1016E-10 
-0 .62411-11 
-0.3737E-11 
-0.305BE-11 
-0.2032E-11 
-0 .1492E- I1 
-O.LOOtl-11 
~0.61271-12 
- 0 . 3 2 2 7 E - ; : 
-0.3021E-12 

-0 .129*1-04 
0.24S2C-D5 

-0.lOOBE-Oi 
-D.1342E-06 
-0 .2 /131-07 

0.1U27E-0A 
-0.4334E-07 

0.11161-06 
0.13/2E-0* 

-0.60511-07 
o. t i ;««i-ot 
0.1264=-0« 
0.100*1-07 
O.439*E-0B 
0.3335E-0B 

-0.2643E-09 
0.30171-09 
0.4577E-C9 

-0.5257E-10 
-0.1786E-10 

0.1240E-09 
0.121BE-09 

-0.U05E-10 
0.2616E-10 
0.2392E-11 
0.3742E-U 

-0.42221-12 
0.44*21-12 

-0.1B52E-13 
0.72481-13 
0.1660E-13 

-0.204BE-M 
0.81391-15 
0.1001E-14 

-0.463BE-16 
O.tlBBE-15 
C.S114E-1* 
0.27191-16 

-0.21491-17 
0.7SB1E-1? 
0.6241E-18 
0.I537E-17 
0.4278E-1B 
0.34BDE-10 

-0.5B04E-19 
0 .74SH- ;9 

0.3390F-OJ 
0.5290E-03 
0.5090E-O3 
0. 46101-03 
0.4120E-03 
0. 37*01-03 
C33BCE-D3 
0.31 IOC-03 
0.2940E-03 
0.27701-03 
0-246OE-O3 
0-237OE-D3 
0.2240F-O3 
0.20401-03 
O.IB50E-03 
3.17101-03 
0 .1*101-03 
0-15401-03 
0.1S20E-03 
0.14B0E-03 
0.14301-03 
0.1430E-03 
0.1340E-03 
0.1290E-O3 
0.1230E-03 
0.11901-03 
0 .U40E-03 
0.11441-03 
0.1122E-O3 
0.1W2E-03 
0.1106E-03 
0.109AE-03 
0.1086E-O3 
0-1DB1E-03 
0.1073E-03 
0-10*7£-03 
0.1059E-03 
0.1030E-03 
0.1O41E-D3 
0.1O35E-O3 
0.102*E-03 
Q.1020E-03 
0.10121-03 
0.1OO4E-03 
0.9955E-04 
0.VU95E-04 

-0 .43071-03 
-0 .37 :01 -05 
-0.4308E-05 
-O.31141-03 
-0 .433*1 -03 
-0.3*411-03 
-0.3301E-OS 
-0.2D57E-05 
-0 .14731-03 
-0.1451C-03 
-0 .9211E-0* 
-0.B643E-04 
-O.3O29E-04 
-O.3041E-04 
-0.1396E'-0* 
-0.1277C-06 
-0.4972E-07 
-0.3793E-07 
-0.4X471-07 
-0.3416E-07 
-0.2387E-07 
-O.1B34E-07 
-0.14S6E-07 
-0.7421E-0B 
-0.4354E-08 
-0.1034E-0B 
-0.1004E-OB 
-0.4*951-0? 
-0.3344E-O9 
-0.1119E-09 
- 0 . 3 7 U E - I D 
-0.5120E-1O 
-0.2B15E-10 
-0.1622E-10 
-0.1441E-10 
-0.1016E-10 
-0 .62411*11 
-0.3737E-U 
-0.303BE-11 
- 0 . 2 0 3 2 E - U 
-0.1492E-11 
-0 . I001E-11 
-0.6127E-12 
-0.3227E-12 
-0.3021C-12 
-0.2090E-12 

4321-05 
100BE-D* 
1342E-D* 

-0.2713E-07 
0.1B27E-D* 

-0.4334E-D7 
O.U16E-0* 
0.1-372E-0* 

-0.4031E-07 
0.104BE-0* 
0>12B4E-OB 
0.1006E-07 
0.4396E-0B 
0.3S33E-OB 

-0.2643E-09 
0.3017E-D9 
0.6577E-O9 

-0.5257E-10 
-0.17B6E-10 
O.1240E-OV 
0.121BE-09 
-0.M05E-10 
0.2616E-10 
0.2392E-11 
0.3742E-11 
-0.4222E-12 
0.4442E-12 

-0.1K2E-13 
0.724BE-13 
0.1440E-13 

-O.2048E-14 
0.8439E-15 
0.1001E-14 

-0.463BE-16 
O.lteeE-15 
0 .51141-1* 
0 .2719E-1* 

-0.2149E-17 
0.73811-17 
0.6241E-1B 
0.1537E-17 
0.4278E-1B 
O.34B0E-1B 

-0.H804E-I9 
0.74S1E-19 

-0.25831-23 

0.1431-03 
-O.193E-06 
- o . i i i i - o e 
0.17B1-08 
0.330E-0B 

- 0 .3771 -08 
0.259E-08 
0.4271-09 

-0 .3301-08 
0.2761-09 

-0 .1731-08 
0.146E-0? 

-0.1B9E-10 
-0.2B0E-11 
-0-437E-11 

0.126E-11 
0.260E-12 

-0 .113E-11 
0.378E-13 
0.234E-12 

-0.37BE-14 
-0.221E-12 
0.1241-13 

-0.792E-14 
0.225E-15 

-0-347E-15 
0.579E-U 

-0.3101-1* 
0.JD3E-17 

-O.J06E-17 
-0.311E-1B 

0.241E-19 
0.104E-20 

-0.49BE-20 
0.551E-21 

-0 .226E-21 
-0 .399E-22 
-0 .245E-22 

0.649E-23 
-0 .464E-23 

0.304E-24 
-O.370E-24 
-0 .133E-25 
-0-33BE-23 

0.BO4C-26 
-O.4971-26 

0.1061-04 
-0.SO4E-07 
-O.504F-O7 
-0 ,9381-07 
-0.1711-06 

0.374E-06 
-0 .2931-04 
-0 .1921-08 

0.6121-06 
- 0 . 5 4 8 1 - 0 * 

0 .4411-06 
-0 .347E-07 

0.1041-07 
0.342E-08 
0.5501-08 

-0.124E-0B 
-0.573E-10 
0.2OOE-OB 

-0.130E-09 
-O.5D6E-09 
0.7111-10 
0.659E-09 

-0.427E-10 
0.4871-10 

-0 .154E-12 
D.499E-11 

- O . l D B E - l l 
0 .9201-12 

-0.100E-12 
0.1201-12 
0.270E-13 

-0.319E-14 
0.265E-15 
0.207E-14 

-0.1B8E-1S 
0.161E-1S 
0.495E-1& 
0.3561-16 

-O.10BE-16 
0 . M 2 E - 1 * 

-0.601E-1B 
0.243E-17 
0.294E-18 • 
0.4791-18 • 

-0 .162E- IB 
0.149C-ia • 

0.19BE-04 
-0.372E-05 
-0.3721-05 
-0.350E-03 
-0.235E-03 
-0 ,1*01-04 
0.739E-05 

-0.373E-03 
-0.3911-04 
0.3721-04 

-0.3841-04 
0.2141-03 

-0.233E-05 
-0.132E-35 
-0.172E-05 

0.272E-06 
-0.2041-06 
-0.122E-03 
0.5611-07 
0.319E-06 

-0.143E-06 
-0.471E-06 
0.299E-07 

-O.107E-O6 
-0.931E-08 
-0.249E-07 
0.342E--08 

-0.95St-08 
0.426E-O9 

-0.248E-0B 
-0.8171-0? 
0.874E-1D 

-0.856E-10 
-0.221E-09 
0.494E-11 

•0.473E-10 
-0.2S2E-10 
0.210E-10 
0.220E-11 
0 .1* *£ -10 
0.174E-11 
0.629E-11 
0.202E-11 
0.237E-11 
0.6301-12 
0.170E-11 

0.546E-O3 
0.329E-03 
0.5291-D3 
0.529E-03 
0.523C-03 
0.63*1-03 
0.364r-03 
0.5611-03 
0.11B1-02 

-0.4621-03 
0.141E-02 
0.259fc-03 
0.401E-03 
0.352E-03 
O.37BE-03 
0.1821-03 
0.2451-03 
0.4131-03 
0. I37E-03 
0.9351-04 
0.219E-03 
0.377E-O3 
0.143E-03 
0.212E-03 
0.147E-D3 
0.I62E-O3 
0.112E-03 
0.1491-03 
0.1ISE-03 
0.1321-03 
0.119E-03 
0.110C-03 
O.U3E-03 
0.116E-03 
0.109E-03 
0. 112F-03 
0.1101-03 
O.UOE-03 
0.1O6E-D3 
0.110E-03 
0.1061-03 
0.100C-D3 
0. I05E-03 
0.1061-03 
0, 1001-03 
0.1061-03 

http://-0.3720f.-05


>RUM SPLINE (u) 

ENTER NUMBER OF DATA POINTS (MAXIMUM = 47): 
47 

ENTER X AND Y VECTORS. ONE DATA POINT PER LINE 
-0.400E+01 0.1520E-03 
-0.220E+01 0.1510E-03 
O.OOOE+OO 0.14BOE-03 
0.500E+01 0.1430E-03 
0.150E+02 0.131OE-O3 
0.250E+02 0.118OE-03 
0.350E+02 0.1070E-03 
0.450E+02 0.9670E-04 
0.550E+02 0.8890E-04 
0.650E+02 0.3270E-04 
0.750E+02 0.7810E-04 
0.850E+02 0.7510E-04 
0.950E+O2 0.7220E-04 
0.145E+03 0.61BOE-04 
0.195E+03 0.5560E-04 
0.295E+03 0.4940E-04 
0.39SE+03 0.4500E-04 
0.495E+03 0.4200E-04 
0.600E+03 0.4020E-04 
0.7OOE+03 0.3910E-04 
0.800E+03 0.3790E-04 
0.900E+03 0.3710E-04 
0.100E+04 0.3620E-04 
0.150E+04 0.3360E-04 
0.200E+04 0.3190E-04 
0.300E+04 0.3O40E-04 
0.500Ef04 0.2890E-04 
0.7S0E+O4 0.2790E-04 
0.100E+05 0.2739E-04 
0,150E+05 0.2672E-04 
0.2OOE+O5 0.2644E-04 
0.3OOEtO5 0.2633E-04 
0.500E+05 0.2597E-04 
0.750E-(-05 0.2564E-04 
0.100E+06 0.2550E-04 
0.15OE+O& 0.2S27E-04 
0.200E+06 0.2509E-04 
0.300E+06 0.248&E-04 
0.500E+06 0.2459E-O4 
0.75OE4-O6 0.2432E-04 
0.100E+07 0.2414E-O4 
0.150E+07 0.2387E-04 
0.200E+07 0.23A9E-O4 
0.300E+07 0.2347E-04 
0.500E+07 0.2325E-04 
0.750E+07 0.2299E-04 
0.100E+08 0.2282E-04 

ENTER NUMBER OF POINTS TO COMPUTE BETWEEN NODES: 
25 

9-48 



Table of Cubic Spline Functions for D(t) 

r - I M I - I >) r i i d - i o F'I Kt I ) J 

U.400L*01 
O.?:DMOI 
0.O0OE4OO 
0 .1001*01 
0.1^0E*0? 
0 .230E«02 
0.35OE*O? 
o.4Soeto2 
O.OSOE'O? 
0.6SOE*02 
0.730E*O2 
O.BSCE*02 
0.9S0EI02 
O.I4SE»03 
0.193E*03 
0.2?5Ef03 
0.393EfD3 
Q.495E*03 
0.600Et03 
0.7OOE*O3 
O.BOOE+03 
D.900Ef03 
D..00Ef04 
D.15DE*0« 
J,200Ef04 
J.300E+04 
3.S0OE»O4 
^.7iO£^04 
J.IOOEtOS 
>.150£*05 
).rooEtos 
).300E*OS 
) .S00E»05 
) . / 50EtO3 
) . i aoEt06 
>. 150E»06 
>.200EtO6 
).3001106 
J.SOOEtOA 
).730Ef06 
>.100E»0 7 
>. C.0EI07 
>.roocto7 
) .300€*Q7 
>.300E*o? 
>. / t i o i t u / 

o. i'jroE-oj 
0. IMOl 03 
0. 14B0E-03 
0. 1«30£ -03 
0.131GE U3 
C.UBOE-03 
0,.O70E-O3 
0.9S70E-04 
0.8b90E-04 
0.B2/0E-04 
0.7B10E-04 
0.7S10E~04 
0.722OE-O4 
0.61B0E-04 
0.5360E-04 
0.4940E-04 
0.4500E-04 
0.42OOE-O4 
0.4O70E-04 
O.39I0E-04 
0.379OE-D4 
0.3710E-O4 
0.3620E-04 
D.3360E-04 
0.3190E-04 
0,3040E-04 
0,^a*OE-04 
Q.2790E-04 
0.273?E~04 
0.2472E-04 
0.2A44E-04 
0.2A33E-04 
0.2597E-04 
0.25A4E-04 
0.2530E-04 
0.2527E-04 
0.2509E--04 
0.248AE-04 
0.2459E-04 
O.24J2E-04 
0.2414E-04 
0.2387L-04 
0.23*-*C -D4 
0.1M47E-04 
0.232SL-04 
0.22WC-04 

0.6301E-06 
-O.12A0E-0S 
-0.1297E-0S 
-0.V441E-06 
-0.1339E-05 
-O.1198E-Q3 
-O. 1Q4BE-G:. 
-0.919BE-0fc 
-O.AB29E-06 
-0.5486E-06 
-0.3627E-D(, 
-0-28OAE-04 
-0.2848E !-06 
-O.1S3BE-0A 
-0.9609E-07 
-0.4509E-07 
-O.3834E-07 
-0.2273E-07 
-0.124BE-07 
-0.1141E-07 
-0.1D10E-0? 
-O.79V3E-0B 
-0.892'»E-0H 
-O.3507E-09 
-0-2B43E-08 
-O.H244E-09 
-O.A044E-09 
-0.2SV7E-09 
-0.1490E-09 
-0.9291E-10 
-0.2939E-10 
-0.6B4BE-U 
-0.2UME-1D 
-0.7929K-11 
-0 .4549E-U 
- 0 . 4 2 3 4 E - U 
-0 .3037E-U 
- 0 . 1771E-U 
- O . l l S l E - l l 
-0.90V7E-1? 
-0.6122E-12 
-0.4485E-12 
- 0 . 2 9 3 6 E - U 
-0 .1M1E-12 
-0.9606E-13 
-O.V0D4L-13 

- 0 . 1 B S 2 E - 0 5 
-O.J4B6C-0.4 

0 . 2 H 3 E - 0 * 
- 0 . 7 4 3 4 E - 0 ? 
- 0 . 4 6 3 I E - 0 8 

0.32B7E-0? 
-0.4B3TE-D8 

0.36«?E-07 
0.10DBE-07 
0.15VBE-07 
0.2120E-07 

-0.4794E-0B 
0.3972E-0B 
0.12A7E-0B 
0 .1041E-0B 

-O.3743E-10 
O.:«B4E-0V 
O.I240E-09 
0 . 7 I 2 7 E - I 0 

-0 .3379E-10 
0 . B 3 6 8 E - 1 0 

- 0 . 4 1 7 3 E - 1 0 
0 . 2 3 0 5 E - 1 0 

- 0 . I 3 6 B E - U 
0 . 4 0 2 6 E - 1 1 
0 .749VE-14 
0 . 2 1 4 7 E - 1 2 
0 . 6 1 0 4 E - 1 3 
0 . 1 1 3 3 E - 1 3 
0.1889E-13 
0 . 4 5 2 5 E - 1 4 

- 0 . 2 0 1 7 E - M 
0.6BHOE~13 
0.2883C-13 

- 0 . 1 B 0 1 E - 1 6 
D.277BE-14 
0.1B89E-1S 
0.4427E-17 

-0.2294E-18 
0 . 2 1 * 4 1 - 1 7 
0 . 2 U 6 E - X ) 
0.442VE-18 
0.176UE-1H 
0.8828E-19 

-0 .2 .123E-1? 
0.2741E-19 

0. I M 0 L - 0 3 
0. M80E-03 
0. M30£-O3 
C1310E-O3 
0. HUuE-03 
0.107CE-OJ 
0.96V1E-D4 
O.QflVOE-04 
0.B27OE-O4 
0.7B10C-04 
0.7S10E-04 
0.7:-20E-04 
0.41BDE-O4 
0.334OE-O4 
0.4940E-O* 
0.4500E-04 
0.42OOE-O4 
0.4O2DE-O4 
0.3910E-04 
0.3790C-04 
0.371OE-04 
0.3620E-04 
0.334DE-O4 
0.3190E-04 
0.3040E-04 
0.2890E-04 
0.279CE-04 
0.273TE-O4 
0.2672E-D4 
0.2&44E-O4 
9,;<>33E-04 
0.2597E-04 
0.2364E-O4 
0.2550E-Q4 
0. i527E-04 
0.2309E-04 
0.24B&t-04 
0.24S9E-04 
0.24 32E-D4 
0.2414E-O4 
0.23B7E-O4 
0.2369E-04 
0.2347E-04 
0.232T.E-O4 
0.2299C-O4 
0.22B2L-04 

-0.IT60E-O3 
-0.12V^E-DS 
-0.944SE-DA 
-0.133VE-03 
-'*. U9BE-03 
-0.10ABE-05 
-O.919BC-06 
-O.&B29E-0A 
-0.S486E-0A 
•0.3<>:VE-06 
-0.2B06E-0A 
-0.2B4BE-0A 
-O.153BE-0A 
-O.9609E-07 
-O.41B9E-07 
-0.3B34E-07 
-0.2273E-07 
-0.124BE-07 
- 0 . 1 U 1 E - 0 7 
-0.1010E-07 
-0.7993E-0B 
-0.8927E-OB 
-0.3307E-OB 
-O.2B43C-08 
-O.B266E-0? 
-0.6U44E-0t 
-0.2597E-09 
-0.1690E-09 
-O.9291E-10 
-O.2939E-I0 
-0.&B4BE-11 
-0.2014E-10 
-0.7929E-11 
-0 .4548E-11 
-0 .4254E-M 
-0 .3037E-11 
-0.1771E-11 
- 0 . U 5 1 E - U 
-O.V092E-12 
-O.A122E-12 
-0 .44B5E-12 
-0 .2936E-12 
- 0 . l i U E - 1 2 
-O.*606£- I3 
-0-7UB4E-13 
-O.'JAUBE- 13 

-0.24B6E-0A 
0.21*J3t>D6 

-0.7434C 07 
-0.46.IPE-08 

0.32B7E-07 
-0.6B3n.-0B 

0.3649E-O7 
0. 10U8E-07 
0.139IIE-07 
0.2120E-07 

-0.4794E-OB 
0.3972E-0B 
0.1267E-08 
0.1041E-DB 

-0.3743E-10 
0.1B64E-D9 
0.1240E-09 
0.7127E-10 

-0.3379E-10 
0.83BBE-1D 

-O.4173E-10 
0 .2303E-10 

- 0 . l 3 A B t - l l 
Q.4G2LE-U 
0 .7499E-14 
0 . 2 M 7 E - 1 2 
0 .6104E-13 
0 .1153E-13 
0 .18B9E-13 
0.&323E-14 

- 0 . 2 0 1 7 E - 1 4 
0 .6680E-13 
0.28BSE-15 

- o . l f i O l E - l t 
0.2T7BE-IA 
0.1889E-1A 
0.A427E-17 

-0 .2294E-1B 
0.21&4E-17 
0.211AE-1B 
0.4429E-1B 
0.1768E-1B 
0.8B2BE-1P 

- 0 . 2 3 2 3 E - 1 9 
0 .2741E-19 

-0 .12V2E-25 

0 . I49F-D& 
0.3S1E-O7 

-0.VftSt-OB 
0 . I16E-0B 
O.A2!:r-09 

-0.662E-09 
0.722E-09 

-0 .42 /E-0? 
0.B49E -10 
0.B71L-1D 

-0.433E-09 
0. 146E-D9 

-0.902E-11 
-0.731E-12 
-o.iaoe-ii 

0.376E-12 
-0.107E-12 
-0.B36E-13 
-0.20BE-12 

0.229E-12 
-O.209E-12 

0.10BE-12 
-0 .B14E-14 

0 .180E-14 
-O.670E-13 

0 . 1 7 3 E - U 
- 0 . 1 0 2 E - 1 * 
- 0 . 3 3 0 E - 1 7 

0 .245E-1B 
-0 .412E-1B 
- 0 . 1 4 2 E - 1 I 

0.223E-19 
-O.2A6E-20 
-0.204E-20 

0.139E-21 
-0.363E-22 
-0.2DBE-22 
-0.555E-23 

0.1A0E-23 
- 0 . 1 3 0 E - 2 3 

0 . 7 7 I E - 2 5 
-O.B87E-25 
• 0 . 1 4 7 E - 2 i 
-0.V2VE-2A 
0.338E-2A 

-0 .1B3E-26 

0.B53E-0A 
0.10DF-06 
0.10BE-06 

-O.S46L-07 
- 0 - 3 0 4 E - 0 7 

0 . 6 6 I E - 0 7 
-0.792E* 07 

0.73PE-07 
-O.B37E-0B 
- 0 . 8 9 ( E - 0 B 

0.10BE-0& 
-O.397E-07 
0.456E-08 
0.9AOE-09 
0.157E-O8 

-O.332E-0V 
0.22ilE-09 
0.JB6E-O9 
o.4iie-or 

-O .509E-0? 
0 . 5 4 4 E - 0 9 

-0 .312E-OP 
0 . 3 5 9 E - 1 0 

- 0 . 8 7 B E - 1 1 
0 . 4 0 3 E - H 

- 0 . 1 3 2 E - 1 2 
0 . 2 6 1 E - 1 3 
0 . 105E-12 

-0-159E-14 
0.2U0E-13 
0.11BE-13 

-O.304E-14 
0 . 7 4 4 E - 1 5 
Q.fc04E-lS 

-O.SI-eE- l* 
0 . 3 1 2 E - U 
0 .21FE-14 
0 .B21E-17 

- 0 . 2 5 1 E - 1 7 
0 . 4 0 1 E - 1 7 

- 0 . 1 2 3 E - 1 8 
0.A21E-1B 
0 . 1 7 7 E - 1 8 
0-12BC-IB 

- 0 . * 2 3 E - l t 
0 -b4BE- l» 

0.348E-06 
-0.13DE-03 
-0.130E-05 
-0.4B4E-06 
-O.B4BE-06 
-0.324E-03 

0.183E-03 
-O.315E-03 
-0.311E-0A 
-O.4B3E-0* 
-0-T24E-03 

0.329E-03 
-0.904E-0A 
-0.365E-04 
-0.304E-04 

0.A34E-07 
-0.143C-04 
-0.14AE-0* 
-0.2BOE-06 

0.343E-04 
-O.479E-04 

0 .292E-04 
- 0 . 3 4 4 E - 0 7 

0.107E-07 
-0.189E-07 
-0.383E-09 
-0-243E-0B 
-O.127E-08 
- 0 . 2 U E - 0 9 
-0.434E-09 
-0 .33 IE-09 
o.nsE-or 

-O.743E-I0 
>0.440E-10 

0 .203E-11 
- 0 . 1 1 2 E - 1 0 
- 0 . 9 3 1 E - U 
- 0 . 3 2 0 E - 1 1 

0.141E-12 
- 0 . 4 7 3 E - U 
-0.593E-12 
-0.171E-1I 
-0.B24E-12 
-0.477E-12 

0.273E-12 
-0.403E-12 

0-149(-03 
0, 148E-03 
0.14RE-D3 
0. 147E-03 
O.MBE-03 
0. I69C-03 
0.'39E-OJ 
0.214E-03 
0.129E-03 
0 .128E03 
0.34BE-03 

-O.BOBE-05 
0.123E-03 
0.997E-O4 
0.107E-03 
0,31tE-04 
0.81SE-04 
0.78&E-04 
0.104E-03 

-0.447E-04 
0.160E-03 

-0.513E-04 
0.448E-04 
0.313C-04 
0.510E-04 
0.324E-04 
0.339E-04 
0.330E-04 
0.294E-04 
0.316E-04 
0.293E-04 
0.230E-04 
0.2B2E-04 
0.27TE-04 
0.237E-04 
0.244E-04 
0.262E-O4 
0.238E-04 
0.24VE-O4 
0.2A2E-04 
0.24BE-04 
0.253E-04 
0.247E-O4 
0.244E-04 
0.23OE-O4 
0.252E-04 



APPENDIX 9C 

Computer Program SURMF 

SURMF calculates the total surface mass flux from the spherical waste 

canister (see chapter 8 for theoretical development). The data created by 

SPLINE (see Appendix 9B are used as input to SURMF. In SURMF the input data 

are again interpolated to increase the number of data points being used in 

the calculation of the total surface mass flux by routines called SPLIFT, 

SPLINT and SPLIQ. These three routines are obtainable from the SANDIA 

Mathematics Library which is one of the Background Mathematics Libraries at 

LBL. SPLIFT computes the parameters of an exact spline fit to data. Then 

SPLINT interpolates values on a spline using parameters from SPLIFT. And 

SPLIQ integrates a cubic spline defined by SPLIFT or SPLINT. Besides the 

routines from SANDIA one more subroutine CONVOL is included in this i rogram. 

CONVOL calculates the convolution integral (see equation (5.7)) by metliod 

explained in Section 5. List of M^, -_?(t) obtained from this program follow 

the FORTRAN listing. In the next page the symbols used in SURMF are ex­

plained. 
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Symbols Used in SURMF 

T Array of abscissas (actually time in increasing order) 

Chat define the spline. 

F Array of ordinates that define the spline. See eq. 10 

in chapter 8 and eq. (5.1) for definitions. 

FP Array of first derivatives of F at abscissas T. 

FPP Array of second derivatives of F at T. 

G Array of ordinates that define the spline. 

See eq . 5, ch. 8 and (5.2) for definition and details. 

GP Array of first derivatives of G at abscissas T. 

GPP Array of second derivatives of G at T. 

N The number of data points. The arrays F, G, FP, GP, 

FPP, GPP must be dimensioned at least N. (N >_ 4). 

W Array of working storage dimensioned at least 3N used 

in routine SPLIFT. 

ISX Must be zero on the initial call to S P U R . If a 

spline is to be fitted to a second set of data that 

has the same set of abscisses as a previous set, ISX 

may be set to 1 for faster execution. 

Al, Bl, AN, BN Specify the end conditions for the spline determined 

by the routine SPLIFT. The end condition constraints 

are 

FPP(i) = Al * FPP(2) + 31 

FPP(n) = AN*FPP(N-1) + BN 

where |Al| < 1 and |AN| < 1. 

TLO Left end point of integration intervals in the routine 

SPLIQ. 
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Array of abscissas (in arbitrary order) at which the 

spline is to be evaluated by the routine SPLINT. At 

the same time it is the array of right end points of 

integration intervals used in the routine SPLIQ. 

The number of right end points in the routine SPLIQ. 

Same as the number of abscissas at which the spline 

is to be evaluated by the routine SLINT. 

Array of integral values, thai: is, ANS(I) = integral 

of G from TLO to TUP(I). 

Array of dimensionless times defined by eq . 12 of ch. 

Array of values of the spline F at TUP. 

Array of values of the first derivative of spline F 

at TUP. 

Array of values of the second derivative of spline F 

a. TUP. 

Array of values of the spline G at TUP. 

Array of values of the first derivative of spline G 

at TUP. 

Array of values of the second derivative of spline G 

at TUP. 

Array of values of the first derivative of spline F 

at TAU which is to be used by subroutine CONVOL. 

Value of the spline F at time t = 0. 

Value of the first derivative of spline F at dimen­

sionless time T = 0 (see eq 12 of ch. 8 for definition 

of T ) . 

CI defined *by equation (x.5). 

C defined by equation (x.12). 
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EPS The porosity of the surrounding medium. 

R The radius of the spherical waste canister. 

COEFK Retardation factor. 

FLUX The total mass flux fro m the entire sphere surface 

expressed by eq. 28 in capter 8. 

CONVIN The convolution integral used in eq. 28, chap. 8. 

CUMFL The accumulated mass flux since the beginning of 

dissolution. 
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• •PRGCHAM SURMFOK INPUT ,OUTP UT , TAP E 5=! NP UT , TAPE 6=OUTPUT) * * 

PROGRAM SURMFCK INPUT .OUTPUT , IAPE5=l NPUT ,TAPb6 = CUTPUT ) 

CINEhSICN CF ARRAYS FOR 5 P U C ANC SPLIFT 

FAR/CETER N=*7,NUP=6'« 
DIMENSION l i M tGIN) ,GP(N) ,GPP(NI ,TUP(NUP) , ANS (NUP I 
OIMENSION F ( N ) . F P ( N I ,FPP(N) ,FKNUP) ,FPI (NUP) ,FPPI (NUP) 
CIMENSICN GI (NUP) .GPI (NUP) ,GPPI (NUP) 
DIMENSIGN h lN .31 >TAU(NUF1 ,FPT (NUP) 
COMHON/CAL/FPO 
CATA P A I / 3 . 1 4 1 5 9 2 6 5 3 5 / 

SET VARIA8LES NEEOEO FOR SPLIQ 

1L0»C. 
REACI5 .500 ) OO.CSO.EPS.R.COEFK 

500 FCPPAT(5F10.0J 
V.RI T E l t . d l C ! OC.CSC.EPS.R.CQEFK.NUP 

610 FCPMAT ( 1 H . 4 H C 0 =• F8. C. 7hCM * * 2 / S , / , 5H CSO=, E 8 . l ,7HG/CM»*3 , / , 
1 5H E P S = . F 8 . 3 . / . 5 h R. = , F3 . 3 , 2nCM , / , 5H K = , F 8 . 0 , / , 
2 2CH NG CF CALCULATIONS; , 131 

SEAL I5t 501 ) ( T ( I ) , G ( I ) , F ( I ) , I = 1,N) 
501 FCPfAT(3F IO.O) 

NO=O 
CC 10 L = l , 8 
OC 1C 1 1 = 1 , 9 
FL = LL 
T P = a . » 1 0 . * ' » ( L - l ) * F L 
NC=NC*1 
TUPIN0 )=TM 
IF(NC.EC.NUP) GC TC 11 

1C CCNTINLE 

SET VARIABLES FOR S P L I F T ANC THEN CALL SPLIFT TO 
, OBTAIN THE OTHER NEEOED INPUT FCR SPLIQ 

11 1SX=0 
A1=0. 
B 1=C. 
AN=0. 
BN=C. 
CALL S°LI FT( T ,G ,GP,GPP,N ,h , IERRl .1 SX , Al ,B1 , AN, BM 
1FI IEPf-1 . E C . l I CO TO 20 
PPINT fcCC 

600 F0RMAK/1X.3CHMISTAKE MAOE I N SPLIFT ABCUT GI 
20 CCNTINUE 

CALL SPLIQM,G,GP,GPP,N,TLG,TUP,NUP,ANS, IEHR2) 
IF I IERR2.EQ . 1 ) GO TO 30 
FF1NT 601 

hOl F0RMA1(/1X,21HMISTAKE MADE IN SPLIQ) 
30 CONTINUE 

CALL SPLINT ( T , G , GPP, N.TU P, GI , GP I , GPP I ,NUP , 1ERR3) 
I F I I E R R 3 . E Q . i l GC TO 40 
PRINT 6 0 2 . IERR3 

iC2 F C f * A T ( / l X , 6 H I E R R 3 = , 13) 
<.C CCNTINLE 

A SPLINE IS TO BE FITTEC TO A SECUND SET UF DATA 
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*»FFCOFAM SUPMFOK INPUT .OUTPUT , TA PL 5= INPU T , TAPE 6 = UUTP UT) * • 

THAT HAS THE SAME SET CF ABSCISSAS 
1SX«1 
CALL S P L I F T ( T , F , F P , F P P , N , H , I E R N 1 , I S X , A I , H 1 , A N , H N I 
I F U E R I U . E G . 11 GC TO 5C 
FPINT 603 

603 FCRPAT {/1X.3CHHISTAKE MACE IN SPLIFT ADGUT Fl 
50 CONTINUE 

CALL SFLINT t T, F, FPP, N, TUPi H . FP I . FPP I ,NUP , I ERR <<) 
I F I I E R R 4 . E C . 1 I GC TO 60 
PRINT 6C4, IERR4 

6 0 * FCFNAT( /1X ,6HEPR4» . 131 
6C CCNTINLE 

F0*F(TIME T = 0+ YEARI 
FPO=F« (TIPE T = 0 * YEAR) 

FC--F[ ; i 
FF0=FP(3 ) 
FPINT 620 

*2J FORMAT! 4( /» , <iX , 1H T , I 5X. 3H TA U ,1 OX ,'.HF ( T I i 9X , 5HF* <T ) ,B X , 6 FF' ' (T I , 
1 10X,<.HG(T>, 9X, 5HGMTI ,BX,6HG« ' ( T) , 
2 2X.12HSURFACE F L U X . l l h CUMMU.FLUX, 
3 /< .X ,1H- ,15X ,3< I H - ) . I C X . M 1 H - ) , 9 X . 5 U H - ) ,8X ,6 ( 1 H - ) , 

<> 1 0 X . M 1 H - ) , 9X, 5( 1H- l , 8 X , 6 ( 1H-) , 
5 2X.12 ( 1 H - I , I X , 1 0 U H - 1 I 

FLO>C=4.«PAI»R*DO*CS0*EPS*365.2 5*2<i .*36CC. 
CCNST^CO/CCEFK/ ( P«*2 I *365 .2 •5*3600 . * 2 4 . 

CALCUIATE THt FIRST DELI VAT IVb OF F IN TAU. 
DC 90 L M 1 iNUP 
FPTI L M = F P I ILNI /CUNST/GKLNI 

90 CCNTIKUE 
FFC=FPC/CCNS1/G(3) 

CALCULATE STEADY-STATE SURFACE MASS FLUX AND 
TIME-DEPENDENT SURFACE MASS FLUX. 

CC 100 • ^ l .MJF 
JAU J*=CCNS7*ANSIJ) 
CALL C3NV0LIFPT.TAU, J ,NUP ttON VI N) 
FLLX = F I U X 0 - G I ( J ) * ( F I < J ) + (F0 /SCRTITAU(J I )+CDNV IN I/SORT ( PA I ) > 
I F I J .EU . I I GC 1C 1C1 
CUMFL=CUMFL*(FLUX*FMEM0)/2.*< TUP ( J )-TLP I J -11 ) 
CC TC 1C2 

1C1 CUMFL=FLL>*TLPI I I 
102 F*£MC=FLUX 

hBITE( fc ,630 l T L P ( J I , T A U ( J I , F 1 ( J ) , F P I ( J ) , F P P I ( J I , G I ( J I , G P I U I , 
• GPPIt J l .FLLX.CUCFL 

63 0 FCFKT !1X , l F E B . 2 , 8 t l « . 5 , E 1 1 . 3 ) 
ICC CONTI NUE 

STOP 
ENO 
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• •SIBRCITINE CCNVCL[FPltTAU ( KK,MJP,CCNVINI*» 

SlBRCUTIfvE CCM/ C i ( FPT , I AU, KK , NUP, CJNV IN t 
OIMF.NJICN FPKNUPI .TAUINUP) 
CCfHCMCAL/FPO 
sue=o. 
0 0 2CC I 1 = 1,KK 
1FI 1 I . N E . 1 ) GO TO 201 
1 F U 1 . F . C . K K ) GC TC 2 0 3 
SUM=SU1MFPT( I I /SQRTC TAUI KKI-TAUI I ) HFPO/SukT ( I AUIKKI M * . 5 * T AU i l l 
GC TC 200 

203 <UI">SL>+<FP1I1 )+FP0) *SCIU(TAUUI ) 
GO TO 2C0 

201 IF [ I I . U . K K I GO TQ 2 0 2 
S O - S l i f M F P T I I I I /SQRT(TAU(KK1-TAU| I I J I t FPT I I 1-1 l/SQRT ( I AUIK.K I - TAUI 

» i l - 1 1 l ) 4 . 5 * I T A U ( l i t — T A U I I I - l l I 
GC TC 200 

REMOVAL OF SINGLLARITY 

202 5Lf = SLMt(FPT(KKH-FPTIKK- l l I *S QHT IT AU ( KK I-T AU (KK-1 I | 
:.Q3 CQNUNLE 

C C ^ I M S U f 
RE URN 
£ND 
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DO = 1 . CM»*2/S 
CSO* . 1E + C1 G/CM**3 
EPS* . 010 (For S10,) 
R » A2.C<iC CH 
K « 1 . 
NO OF CALCULATIONS; 6<i 

STEADY STATE SURFACE HASS FLUX = 0 . 3 7 6 a /y 

TIME SURFACE 
ELAPSED HASS FLUX 

Ca3 C9/a3 

l.OOE+OO l . 7 2 6 2 8 E « 0 l 
Z.OOEtOO 1.57110E+01 
3 .00E+00 1.49258E + C1 
A.OOE+OO 1 . 4388*. F. +01 
5 .00E+00 1.395SSE + CI 
6.OOE+OC 1.35B28E+01 
7.CCE+00 1 . 3 2 i * « E « 0 1 
B.OOE+OO l . 2 9 0 « E * 0 1 
9 .00E + 00 1 .25863E+01 
1 .00E+01 1.2277fcE + 0 l 
2 . 00E+01 9 .58371E+00 
3 .00E + 01 7.65706E + 00 
< . .00E»0l 6 .20799E + 00 
5 .00E+01 •J .082UE+00 
6 . 0 0 E + 0 1 4. 39CC7E+CC 
7 . 0 0 E » 0 1 i . 8 7 2 9 6 E * 0 0 
8. OCE + 01 3.50121E + 00 
9 . 0 0 E + 0 1 1.2b750F.*00 
I . 0 0 E + 0 2 1 .02671E+00 
2 . 0 0 6 * 0 2 1. 872fc8E*0C 
3 . 0 0 E + 0 2 1 .62357E+00 
<.. 00E + 02 1.283<V3F + O0 
S.OOE+02 1 .130 79E+CC 
t>.00C*02 1.05511E+00 
7 .00E+02 l.COO-iSE+CC 
a . 0 0 E « 0 2 9 . 4 3 7 8 7 E - 0 1 
9. CCE + 02 9 . 0 5 2 2 9 E - 0 1 
1 .00E+03 8 . 7 H 2 9 E - 0 1 
2.0OE+03 6 . v 2 0 C 5 £ - 0 l 
3.0QE+03 6. 28613E-01 
<..00E«03 5 .9T7 19E-0 1 
5 . 0 0 E + 0 3 5. 77932E-01 
6 .00E+03 5.618<;6E-01 
T .00E*C3 5 . * 8 6 9 4 E - 0 l 
8.C0E + G3 5 .3874 7E-01 
9 . 0 0 E + 0 3 5 . 3 1 5 3 3 E - 0 1 

TOTAL HASS 
DISSOLUTION 

CS3 

1.726E+01 
3 .375E+01 
4.9C7E+C1 
6 .373E+01 
7.79CE + 01 
9 . 1 6 7 E + 0 1 
1.051E+02 
1- l f l lE + 02 
1 .309E+02 
l.<t33E + 02 
2 .526E+02 
3 .388E+0 2 
<..082E + C2 
4.646fc + 0<> 
b. V2CE + 02 
b.533E»02 
5 .902E+02 
6. 240fc • 02 
6.55<.fc+02 
9.0C3E + 0Z 
l . 0 7 0 f . * 0 3 
1.211E+0 3 
1. 33 I t *C3 
I .<.<.1E«0 3 
l . 5 4 3 t * 0 3 
1.641E+03 
1.733E + 03 
1.822E+03 
2.b0<»t»03 
3.2<><VE + 03 
3 .877E+03 
<t.<.65E*03 
5.035E+C3 
5 .590E+03 
6. 134F+C3 
6.6J.9E + 03 
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TIME SURFACE TOTAL MASS 
ELAPSED MASS FLUX DISSOLUTION 

Call C a / y ] Ca3 

t . O O E * C i 5 . 2 5 7 4 1 E - C I 7.198E + 03 
2.0OE+O4 4 . 9 2 5 8 9 E - 0 L 1.229E + 04 
3 . 0 0 E * 0 4 4 . 8 7 S 7 4 E - 0 1 1 . 7 1 9 E * 0 * 
<>.OOE*0<i < i .82561E-Ol 2.2C^E+OA 
5 . 0 0 E + 0 4 4 . 7 6 L 4 7 E - 0 1 2.6B3fc + 0<t 
6 .C0E+04 4 . 7 0 8 8 2 E - 0 1 3 .157E + Ct 
7 .00E»0A 4 . 6 7 0 2 7 E - 0 1 3 . 6 2 6 E + C i 
8 . 0 0 E + O * 4 . 6 4 2 8 7 E - 0 1 * .092E+0 '> 
9 . 0 0 E * 0 4 4 . 6 2 3 1 6 E - 0 1 <<.555E+C<i 
l .OOE+05 4 . 6 0 7 0 5 E - 0 1 5 .0 l6E+0<i 
2 . 0 0 E + 0 5 4 . 4 7 1 1 3 E - C 1 9 .555E + C4 
3 . 0 O E * 0 5 4 . 3 9 5 5 4 E - 0 1 1.399fc*05 
<>.00E*05~ 4 . 3 4 6 9 7 E - 0 1 1 .836F+05 
5.J>DE»05_ 4 . 3 0 9 4 8 E - 0 1 2 . 2 6 9 E * 0 5 
6 .C0E+05 (, . 2 7 3 5 2 E - G I 2 . f t98E*05 
7„OOE+05 <. .2397BE-01 4 .124E+05 
8 . 0 0 E * O r j 4 . 2 1 1 3 3 E - 0 1 3 .546E+05 
9 . 0 0 E + 0 5 4 .1BU47E-0L 3 .966E+05 
1.C0E+C6 4 . 1 6 8 7 9 E - C 1 4.3a<.E«-0t> 
2 . 0 0 E + 0 6 <>.D3083fc-0l 8 . 4 8 4 E * 0 5 
3 . 0 0 E + 0 6 ' 3 . 9 6 U 7 E - 0 1 l . 2 4 8 E * 0 6 
* . 0 0 E * 0 6 3 .S2172E-C1 1.642C»06 
5 .00E*0£i 3 . 8 9 3 1 1 F - 0 1 " 2.033fc+(H< 
6 . COct-06 3 .H622HE-01 2 . 4 2 1 £ * C 6 
7 . 0 0 E » 0 6 3 . 8 3 0 9 2 E - 0 1 2 . 8 0 5 E * 0 6 
8 . 0 0 E + 06 3 . U C 2 2 E - 0 1 3 .LB7L«06 
9 .C0E»06 3 . 7 8 3 3 6 E - 0 1 3 - 5 6 6 t « 0 6 
1 .00E+07 3 . 76551E-01 3.9<K.E*0b 
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00 • 1. CM*»2 /S 
xso- • 2E -06 G/CH**3 
E P S » 
R • . . 

. C I O 
. 4 2 . C 4 0 

237 
(For N 

CH P 
K a 1 0 0 . 
NO OF CALCULATIONS; 6<t 

STEADY STATE SURFACE MASS FLUX = 0.752E--07 a/y 

TIME 
ELAPSED 

CM3 

I . ,0OE' »oo 
2. .00E< • 0 0 
3, .OOE • 0 0 

<•, , 00E< • 0 0 
5, .OOE • 0 0 
6. , 0 0 E * 0 0 
7, , COE' • 0 0 
8 , ,00E«0O 
9. , OOE-• 0 0 
1 , •OOE+01 
2 . ,0OE-•01 
3. , OOE* 01 
<. .OOE • 0 1 
5. ,00E ' •01 
6 .OOE' • 0 1 
7, ,00E • 0 1 
8, , OCE< • 0 1 
9, .OOE • 0 1 
I . . 00E< • 0 2 
2 .OOE' • 0 2 
3, .OOE • 0 2 

<.. , OOE' • 0 2 
5. .OOE • 0 2 
6 . , OOC • 0 2 
7 .OOE • 02 
b , 0 0 E » 0 2 
9, . CCE • 0 2 
1 .OOE • 03 
2 . 0 0 E * 0 3 
3 .OOE' • 0 3 
<. .OOE • 03 
5, .OOE • 03 
6 .OOE • 03 
7. .OOE • 03 
a .OOE • 03 
9 .OOE • 03 

SURFACE TOTAL MP.3S 
MASS FLUX DISSOLUTION 

1 .1 - .225E-05 1 . 1 4 2 E - 0 * 
H . 6 6 1 9 8 E - 0 6 Z . 1 4 6 L - 0 5 
7 . *0< i53E-Ct 2 . 9 5 0 E - 0 5 
6. t i299<.E-06 3 . 6 5 2 E - 0 b 
6 .C772BE-06 <, .?87E-05 
5 . 6 4 5 1 2 E - 0 6 <, .B73L-05 
5. 20633E-C6 5>.<,?CF-05 
< . . 9 8 3 3 * E - 0 6 5 . 9 3 3 1 - 0 5 
4 . 7 1 5 7 7 E - 0 6 6.<. ldfc-05 
* . W 6 5 3 E - 0 6 fc.878E-0'j 
2 . 9 2 4 9 8 E - 0 6 l . 0 5Hf-0«4 
2 .093*5E-0<> 1 . 3 U 9 E - 0 * 
l /56t )3<.E-06 1 .4S2E-C* 
1 . 1 9 9 3 9 E - 0 6 1 .630F -0 * . 
1.C19CGE-CG I . 7<.l f ' -04 
8.8<»2C6E-07 1 .H36E-04 
7 . 3 5 0 9 8 E - 0 7 1 .920E-0 - . 
7 . 3 6 6 1 5 E - 0 7 1 .9S6E-0 ' . 
6 . 8 0 4 4 5 E - 0 7 2 . 0 6 7 E - 0 4 
3 .947C6E-C7 2.60<tE-0' . 
3 . 2 7 7 3 4 E - 0 7 2 . 9 t 6 E - 0 ' . 
2 . 7 5 8 9 * E - 0 7 3 . 2 6 7 E - 0 ' . 
2 . 4 2 0 8 2 E - 0 7 3.52hE-0-'» 
2 . 2 8 7 0 1 E - 0 7 3 . 7 1 2 E - 0 * 
2 . 1 7 4 e 9 E - C 7 3 . 9 8 5 1 - 0 * 
2 . 0 4 3 1 8 E - 0 7 <,. 19fcb-0'i 
1 . 9 6 1 3 2 E - 0 7 4 . 3 9 6 L - 0 * 
1 . 8 9 4 2 2 E - 0 7 «.5B9E-0<. 
1 .491 17E-0 7 < : . ? f l l E - C 
1 .3513CE-07 7 . 7 0 3 L - O * 
1 .28215E-07 S .019E-04 
1 . 2 3 8 3 0 E - 0 7 1.02BE-C3 
1 .1S989E-C7 1 .1S0E-0J 
I . 1 6 7 2 0 E - 0 7 l . 2 f t 8 E - 0 3 
1. 143C9E-C7 1 . 3 8 4 L - 0 3 
1 . 1 2 5 8 8 E - 0 7 l .«,97C-U3 
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TIME 
ELAPSED 

C«3 

l . C 0 £ » C 1 
2 . Q 0 E + 0 4 
3 . 0 0 E * 0 4 
*.OOE*Q<i 
5 . 0 0 E + 0 4 
6 . C 0 E + 0 1 
7 . 0 0 E * 0 4 
8 . 0 0 E + 0 4 
9 . 0 0 E * 0 4 
1 . 0 0 E + 0 5 
2 . 0 0 E * 0 5 
3 . 0 0 E * 0 5 -
<t .00E+05 
5 . .0QE*05_ 
fa.C0E*05 
7 . 0 0 E + C 5 
8 ,QOE*05 
9 .COE+05 
1. 4.QE+C6 
2 . 0 0 E * 0 6 
3 . 0 0 F + 0 6 
* . 0 0 E * C 6 
5 .00E*0(> 
6 . C0E*06 
7 . 0 0 E * 0 6 
8 . 0 0 E + 06 
9 . C 0 E * 0 6 
l . G O E * 0 7 

SURFACE TOTAL MASS 
MASS FLUX DISSOLUTION 

Za/nl Ca3 

1 . 1 1 1 8 1 F - 0 ? 1 . 11 ',1. - C ?. 
1 . C2880E-C7 2 . { . 7 9 f - 0 J 
I . 0 1 2 6 2 E - 0 7 3.7C0C-O.'. 
S. 9798(bE-C8 - i . 7 C i L - t; ! 
9 . U K 8 9 E - C 6 5 ,?,<,5l-0 j 
9 .6H27UE-0U <>.h70L-OJ 
S. S8559E-CH 7.< j " '?L-0 i 
9 . 5 1 5 2 3 E - 0 8 a . 5 H H t - o . i 
9.<*6320E-OB •>. 53 71:-C 5 
9 . ' . 2 0 1 7 E - 0 8 1 .CK IU -0 , . 
9 .0B579E-OB 1 .973L -0 . ! 
B.9073CE-CH 2 . 8 7 3 t - 0 < : 
8 .79<.21E-0B 3 •7 '>8 t - ( )2 
R .70826E-08 ' • .633f--0/> 
8 . 6 2 7 9 7 E - 0 S 5 .5C0C-0 . ' 
8 . 5 5 3 9 1 6 - 0 8 h . 3 5<5F-0 2 
H.<i<; ie^E-C8 7. ? 1 ?L - 1 : . : ' 
8 . 1 4 2 0 O E - 0 8 8 . 0 5 8 E - 0 . -
8 . 3 9 9 1 4 E - 0 8 R.*JCOI :.-0> 
8 . I 0 3 9 2 E - C 8 1.71SE-C1 
7 .95759 E IH ? .5 1.U-C 1 
7 . 0 7 3 0 1 E - 0 3 3 . 3 1 0 1 - 0 1 
7 .81259E-C8 <. .0 ' ; ' . i . -o i 
7.7<tH<V6E-0« '. .rt 72L-OI 
7 . 68375E-C8 5 . 6 4 4 f c - 0 l 
7 . 62882E-0B 6 . 4 0 9 E - 0 1 
7 .58587E-CH 7 .1 / C t - 0 1 
7 . i >V)12£ -08 7. 92 7L-C1 
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APPENDIX 9D 

Derivation of Solubility Proportionality Law 

The dissolution of a chemical species into a liquid such as water 

is governed by the following equation: 

AH (• AM i 
C(I) - A exp | - - ^ j (D.1) 

where C(T) [g/cm ] is the temperature dependent solubility concentration, 

A is a constant with the same units as C(T), AH [J/mol] is the specific 

heat of solution, R [J/mol»K] is the gas constant, and T [K] is the tem­

perature of the liquid. 

Suppose C(T) is known for a chemical species at two temperatures T 

and T . Then, 2 

^ f ' " s T i i l l 

If one assumes Chat &H is constant for all species of interest and that s 
it does not vary with temperature, it is obvious that the right hand side 

of equation (D.2) will, be a constant once T and T are selected. Thus, 

W W 
C,(T) ' C,(T) l U - J ; 

J 1 J 2 
where 1 and j are the two species of interest. This formula is useful for 

determining the fourth member of a set of related solubilities when only 

three members are known. 
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APPENDIX 9E 

Mass Loss From a Waste Canister 

In section 1 of this report the assumption was made that the radius 

of the spherical waste canister, R, does not change with time. It may 

be of some interest to use the mass transport results to strengthen the 

basis for making such an assumption. 

Consider the actual cylindrical waste canister of radius R and 
c 

length L . This cylinder is modeled in the present study by a sphere of 

equal lateral surface area. The relationship between the sphere radius, 

R, and the cylinder radius, R , can be expressed as follows: 

• - / 
R L c c - j - (E.l) 

The total amount of silica mass initially contai.ied within the cylinder 

is given by 

m - •^T.fpR' 5 - f . T P « L ) (E.2) 
3 3 c c 

where y is the mass .fraction of the waste that is silica and p is the density 

of the waste. Taking y " .50, p - 3 g/cm , R « 15.24 cm, and L = 2.32 m, 

one obtains 

mSiO " 4 7 ° k g (E.3) 
2 

At time t-10,000 y the total SiO mass loss from the waste is 7.2 kg 

(see Appendix 9C). The loss in silica inventory from the canister is thus 

about 1.5Z, a rather small amount. Since 

m « R 3 (I-.4) 

the effect on R would be much smaller and can be determined from the fol-
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lowing expression: 

m - Am [Sfl2 

1/3 
» R - AR 

[ m - Am j 
m J M = ! _ | iiLZ-Hil | (£.5) 

Subst i tut ing the parameters from the previous page into equation (E.5) 

r e su l t s in 

™ - .005 (£.6) 

Thus, the waste canister dimensions do not change appreciably 

during the first 10,000 years of emplacement and the constant R assump­

tion is well founded. 
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10. THE TRANSPORT OF A RADIONUCLIDE IN A THREE DIMENSIONAL 
FLOW FIELD FROM A POINT SOURCE 

P.L. Chambre 

The following analysis describes the concentration pattern in three dim­
ensional space and in time of a radio-nuclide which is emitted from a point 
source. The source is located in a porous medium permeated by water flow. 
The magnitude of the advective and dispersive transports in the three principal 
coordinate directions can be prescribed with some latitude. The solution to the 
mathematical problem has been obtained in terms of elementary functions, specif­
ically an integral, which can be evaluated in a straightforward manner. The 
result of the analysis is useful as a benchmark for comparison with numerical 
solutions of the governing equation. It can also serve as a model for the far 
field migration of a radionuclide emitted from a single waste form. 

The modei is based on the governing equation for the nuclide concentration 
N(x,,x ,,x,,t) with a retardation coefficient K 

*%+ (vvi) i :*Cvv 2)lx7 + ( w 5 ) % -
a) 

hq(S % ) + k(B2 %) • hq(S %) - ™- V - ">***» 
For mathematical convenience the cartesian space coordinates are labelled x ,x,,x, 
and the dispersion coefficients D.,D?,D,. The unbounded space is Va. The strength 
of the nuclide source, located at x? , i=l,2,3, in D^ is M(t)d-i and measures the 
mass of material released at time T during the time span dr. The release gives 
rise to the concentration N(x 1,x 2,x 3,t) at position x-.x^x, at time t>T. This 
concentration is initially zero throughout Va and satisfies suitable boundedness 
conditions at an infinite distance from the source position. 
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Furthermore N obeys a vanishing flux conditions at interior surfaces of 0 r o 

which are not penetrated by the advection nor by the dispersion. 
In [1) the pore water velocity components: 

(Gj+^xJ , (u 2+a 2x 2), (u-+a 3x 3J; u 1,u 2,u 3,c. 1,a 2,a 3 constants, (2) 

which are chosen for a linear velocity field, are spatially dependent and are 
subject to the constraint imposed by the conservation of mass equation for an 
incompressible liquid moving with velocity v through the porous medium 

div v = 0 (3) 
This yields with (2] 

S 1+a 2+S 3 = 0 (4) 

The coefficients cL^.a-j can be selected to satisfy a few physically meaning­

ful potential flow patterns. 
Illustration A. The choice: Uj = u 2 = u 3 = 0; c^ = a 2 > c<3 = -2a 1 > leads 

to the velocity components 
u^ = SJXJS u"2 = a 1x 2 ; u"3 = - 2 0 ^ (5) 

for which the three-dimensional flow stream tubes appear as shown in Fig. 1. 
The flow pattern simulates the streaming past the source point (x°xi,x°) by 
a wide jet, which is symmetrical about the x, axis and which impinges against 
an impenetrable (x.,x2) plane from both positive and negative x, directions. 
By suitably adjusting the dispersion coefficients D,,D 2,D 3, addiiional 
skewing of the concentration field, over that caused by the velocity field, can 
be achieved to test the applicability of a numerical code calculation. 

Illustration B. If one choses a., = a, = a, = 0, the flow pattern is con­
stant in space and without loss of generality one can take the flow direction 
along one of the coordinate axes such as x, by setting u ? = u, = 0 and u. ? 0. 

This rectilinear flow pattern in the completely unbounded V can be used to 
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< Point Source 

(a) Stagnant Potential Flow Field Bounded by 
X, - X 2 Plane 

4*2 

JL 
Point Source 

(xf.,xS, x°3) 
I 

(b) Rectilinear Potential Flow Field Along X ( Axis 

X8L 8412-3894 

Fig. 1 I l l u s t r a t i v e flow f ields for sample problems A and B. 
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model the far field migration from a single waste form. Other choices for 

the parameters u.,a. (1=1,2,3) can be made which lead to other useful physical 

simulations. 

To solve equation (1) we first eliminate the decay term with help of 

c(x1,x2,x3,t) = e ^(Xj.Xj.Xj.t) (6) 

If one divides the resulting equation by K and sets 

Di = i r • u i = r • ai = r • i = 1 ' 2 , 3 m 

there r e su l t s , i f the D-'s are considered constant, 

H + (Ul +"lV % + (V a2 x2l % + C W s ' f% " 

2 2 2 
D i L £ 7 + T ) 2 L £ J + h 1 - £ T ' x i E p ~ > t > 0 ' i = 1 ' 2 - 3 

oX-i oX rj dXn 

(8) 

To solve this represent c(x. ,x2,x,,t) in the product form 

c(x1,x2,x3,t) = c1(x1,t)c2(x2,t)c3(x3,t) (9) 

where the c.(x;,t) satisfy the "one-dimensional" equations defined by the 

differential operator L 

3c. 3c. 32c, 
Lc^x.,1) = ̂ i + (lya-x^ ^ji- - D i \ = 0, i=l,2,i; - »< X i<», t>0 (10) 

i 3x. 

To show that the product form (9) is a solution of the governing equation (8) 

is straightforward and leads on substitution of (9) into (8) and some re­

arrangements to 

c,c3 JLcA + CJCJ "|Lc2J + cl c2 {Lc3f" = ° ^1V) 

Since the bracketed terms vanish by (10) the result is established.; 
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Hence the solution of the problem (8) is thus reduced to the much simpler 
equations (105 which have the common form 

| | + C u + a x ) | £ = D £ c C 1 2 ) 

on dropping the subscript labels. As explained in the paragraph below 
equation (1), c(x,t) must satisfy the initial condition 

c(x,o) = 0, xzVm (13) 

and the source condition at x " ^ . 
We reduce the variable coefficient partial differential equation (12) to 

one with constant coefficients. Let 

<Cx.t) - I {e^ [l • S ] -x} (14) 

(15) 

(16) 

*M • k (I-"**) 
and 

c(x , t ) = C ( ? , T ) . 

From (14) 

• ^ = - u e " a t fl+ 5* 1 & = 3t e I 1 uJ ' 3x 
e - a t 

and from (15) 

dT -2ott 
at * e 

(17) 

(18) 

With these expressions the derivatives of C(?,T) are computed from 

3 C . 3 C dT + 3C H_ 
at ~ 3T dT 3; at 

. e"2ot |£ . e - « t ( u + a x ) 3C a 9 ) 
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3c _ 
3x ~ 

3C 
3? 3x 

= e - a t 3C 
35 

3 2 c = e -2ot 3 2 C 

7̂ 

(20) 

(21} 

Substitution of (19) - (21) into (12) yields the desired constant coefficient 

equation 

3C 
3T 

2 
(22) 

A solution of (22) with a point source singularity of unit strength at 

5=0, T=0 is given by the well known Kelvin function 

C(?,T) = 
2/ifDT 

exp {"*} (23) 

In terms of the original x,t variables one has in view of (14) - (16) for a 

point source singularity now located at x°, 

c(x,t) = 

(' £ [I-"**]) 
(24) 

This is the solution of the system (12) and (13). In turn this allows one now 

to construct, with help of (9) and (24), the solution for the nuclide 

concentration c from a point source singularity of unit strength located at 

x° (i = 1,2,3) 

3 
c(x 1,x 2,x 3,t) = n ci(xi,t) 

i=l 
(25) 

The source condition produced by integrating Eq.(25) with respect to x̂ ^ from 
- » to + °», i = 1,2,3, is e ' - ' W 0 ^ 1 = 1, since a% + ct2 + a 3 = 0 from Eq.(< 
Hence c indeed is the solution of the unit strength point source condition. 
By construction N(x,,x7,x,,t) from Eq.(6) is seen to satisfy equation (1). 
x,.x',u,a and D are replaced by x.,x?,u.,cc., and D. respectively in (24) to 
give the function c(x.,t) in (25). 
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In turn the solution due to a point source located at x?, releasing the 

mass Mdldi at time i during the time span d-r, creates the concentration dN 

at the time t(n) at x. 

3 
r. It r- rl mf,l _ M 

i:K 
where c is the porosity of the porous medium. The reason for using this form is 
presented in Appendix 10A.Hence the concentration at time t, at x., due to the 
mass liberated during the time span (Kr-t is given by the superposition integral 

t 

dN = On(r)dT)e" X C t" T ) II c.(x.,t-r) , m(i) = Mili 
i=l l 1 | : K 

(2b) 

N(x.,x.,,x,,t) 
/ • 

m(r)e A(t-r) 

where 

Sfx^t-O 

and 
•M<i.,t-0 

.. | 7-i 4,(a.,t-T)J 

[l-exp^a^t-r])] 

3 
II 
i=l 

exp 

(x.,t-r)dT (27) 

— J _ 
2 jjf *(dj,t-T) 

(28) 

liquation 127) represents the solution to our problem in an unbounded D o space. 

It should be noted that one can utilize this point source solution to model 

the emission of a radionuclide from a surface source of arbitrary shape. Por 

this one integrates the source position x? (i = 1,2,3) over the surface to 

obtain the desired answer. This can be carried out analytically for the 

simulation of line, plane, cylindrical and spherical surface sources hut the 

results are not reported here. As an example of the theory we consider the 

Illustration B with u, = u, » a. = a 7 = a, = 0 and u, i 0 representing a 

rectilinear flow field which is independent of position. I'urtherniore we 

assume the source to he located at the origin so that x 

following limits are required in (28) 
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Ka- , t -T ) 
lim —* 
Oj-0 2 a i 

t -T, i = 1,2,3 

f - a . ( t - T ) r u 1 u . ^ 

a^O 1 ^ + ( X i " X i T ^ j = C V * P " U i C t ' T h * = 1 > 2 ' 3 -

(29) 

With these resul ts (27) reduces to 

• dT (30) 

where 

D 5 (D^Dj) 1/3 

The integral can be simplified for an easy numerical evaluation with the 
assumption D. = D 2 = D, = D. Let 

2 2 2 ^ 2 r = ^ + x 2 + x 3 

and 

(4D[t-T]) 

Then (30) reduces to 

N(x 1 >x 2,x 3,t) = 

T72 

(31) 

(32) 

2 Or J Dr _ „ /rzr i N u J ' a r/2/Dt 

m (t - - O do 
\ 4Qj / 

(33) 

For the special case of a constant mass release for T>0 

m(i) = m , T>0 

one obtains on carrying out the integration 
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-~Z5~ 
N C x l s x 2 , x 3 , t l = —g^pjr 

-r* 2 - erfc 

(345 

where 

vfco1 
$ = 2 

As with t •* » a steady state concentration field is established which has the 
form 

N t x rV x 3>"> = SDF e x P ' T i r " 2 ($r + (w)j W 

Equation (33) can be used to describe the far field migration from an isolated 
waste form. The solution for the case of unequal dispersion coefficients can 
be obtained in a similar manner but is too lengthy to be reported here. 

Eq. (27) is a solution for the governing equation (1) subject to the pre­
scribed initial and boundary conditions. If there is no mass transport through 
the (x.,x2) plane, either by advection or by dispersion, the solution can be 
obtained by superposing a point source at (x, ,x. 
mass flux at x, . The final result for u. = u, = u, a, i t s 
a, = a, = - -y- , as described in Illustration A is 

x, ) to cancel out the 

o and 
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/

l-

mOOe" ( - t " T ^ [ f ( x 1 - x 1

0 , x 2 - x 2

0 , x 3 - x 3 ° , t - i ) 
o 

+f(x.-x. , x 7 - x 7 ,x,+x, , t-T)J dx, - °°<x1 ,x 2< °°, o<x,< •» , t>o, 

where 

£ I.X-. "X- >X-j ~X~ »X™ — X 7 j C J 

=(A 
exp-

(*lV) 
2 -2a . t e 1 

2 D . ( l - e - Z V ) / a i 

o \ - 2 a T t 

e x p V ^ 7 ^ ) / 3 

' 2D 1 V2 ft r 2D , »1 1/2 

(36) 

C37) 
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APPENDIX 10A 

In P,q. (2d| the source term m(t) used in the solution is related to M(t) 

by iii(t) = •• - , where M(t) is the total mass release rate (j;/sec) at the 

source point, c is the porosity of the norous medium, and K is the nuclide 

retardation coefficient. This relation can be derived as follows. 

let N(x. ,x2,x,,t) he the nuclide concentration in the liquid and N. 

(x.,x,,x,,t) the nuclide concentration in the solid, then conservation of 

the nuclide specie in the porous medium rec|iiires that 

f f f [cN + n->:)Nj clXjdXjdXj - I M(t )e" A ( t _ t ' di . (11) 

"' -" / . N \ 
Since iN * fl-i IN = iN 1 +Up- ^-J 

- rKN 

I I I ikNdXjdx^lx^ • / M< l-:<|. (11) becomes | \ \ ikNdx.d.x-.dx^ • / M(i ) e ' A ( t " t \ \ \ ( I J ) 
o 

But from [ID we have, wi th he lp of ( 2 5 ) , for the l e f t hand s i d e 

\ \ l >KNdx,dx 2ux 3 - j . k m d l o ' ^ ' ^ d i (IS) 

Comparing (!_') and ( l . 1 | , one f inds iii(t) - ^ r p 
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11. ON THE TRANSPORT OF RADIOACTIVE CHAINS IN GEOLOGIC MEDIA 

Paul L. Chambre 

The following analysis deals with the migration of radioactive chains in 
geologic media of finite and infinite spatial extent. The governing equations 
are sufficiently general to model the specie transport by dispersion and 
advection in a water saturated porous medium. They can also be applied to 
diffusion of radioactive chains in denser media such as rocks permeated by 
micro-pores where advection is negligible. 

The formulation of the equation system and its solution form is given 
in Section I. Two classes of problems, dealing with dispersion-advection 
and diffusion respectively, are formulated together with very general boundary 
conditions in Section II. Sections III and IV give the exact closed form 
(non-recursive) analytical solutions for the radioactive specie concentra­
tions of chains of arbitrary length in media of finite and (semi) infinite 
spatial extents. Section V illustrates the theory by applying it to the 
problem of radionuclide transport by dispersion and advection from a reposi­
tory surface to the biosphere, positioned at a finite distance. At the 
latter position the specie fluxes are shewn to be given by explicit analytical 
formulas. 

The results of the analysis generalize the recursive chain calculations 
on which the Computer Code UCB NE 10.2 and 10.3 arc based, to chains of 
arbitrary lemjth in both finite and infinite spatial geometries. 
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I. The Governing Equation System and its Solution Form 

Consider the canonical system for zeP, t>0 

K l JT + V 3 Z 1 + W l " 

3N7 3N, 
K 2 3 T + T 3 T + *2K2N2 " 

= D i 

= D 2 

a 2 ^ 
3z 

3 2 N , 

3z 
X 1 K 1 N 1 

3N. 3N. 
= D. 

1 

3 2 N. 
i + 

3z 
X i - 1 K i - 1 N i - 1 

CD 

which is to be solved for N. = N.(z,t), in a one-dimensional domain V which is 

either finite or infinite, for times t>0. The D- are the diffusion coefficients 

of the individual species to be specified later. All other symbols have their 

usual meaning. The functions N.(z,t), i=l,2,... are subject to the initial 

conditions 

N^z.O) = 0, ZEP (2) 

and the boundary conditions 

3N. a 
-D.e rr-i + v N. = •>• N.<(>.(t) for z=0, t>0 (3) 
1 3z l 1 1 

<j>.(t) = 0 for t<0 

The left hand sidt represents the total flux of specie i through the boundary 

surface z=0 of P while the right hand side describes the rate of supply of 

specie i in terms of the abitrarily prescribed integrable functions N. $.(t). 

These functions describe the time release of the chain members from a repository 

surface or waste form located at z=0. z is the porosity of the medium. In case 

of no advection the terms involving v are dropped from (1) and replaced by other 

parameters in (3) as will be discussed later. The second boundan' cn.idition for 

the N.(z,t) at the other boundary of P will be stated in Section II. 
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The general form of the equation system CI) is 

K. 3N. 3N. 3 2 N . 

1 1 3z 

where 

V i . K i - i ^ i - i 
D i ' V i " ~^r~ 

(5) 

The aim is to obtain the general (non-recursive) analytical solution for the 
N^z.t). 

On account of the linearity of [4), the solution for the individual chain member 
N. can be represented as a sum of functions, which satisfy (4), and selected 
boundary conditions. We specify 

N^z.tj = V^Cz.t) 

N2(z,t' =N 2
C 1)(z,t) t N ^ C z . t ) (6a) 

N3Cz,t) = N3

a){z,t) + N 3
( 2 )Cz,t) + N 3

C 3 ; )Cz,t) 

and for an arbitrary i chain member 

N (z,t) =N, C i )(z,t) + ̂  N.W(z,t) . (6b) 
3=1 1 

Thus, in order to obtain the concentration of the i chain member, every function 
N. 1 -,J(z,t) must be known. We begin with the construction of N *• J(z,t). It is 
chosen to be a solution of (4) (with v = 0) which satisfies both the initial 
condition (2) and the boundary condition (3). This determines N,(z,t). To de­
termine N2(z,t) we require two solutions of (4). N- (z,t) is chosen so that 
it obeys the initial condition (2) and the homogeneous boundary condition (3) 

o 
with N', = 0. This function yields the contribution to N7(3,tJ which is due 
to the radioactive decay of its precursor N (z,t). N, (z,t) on the other hand 
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is chosen to satisfy the inhomogeneous boundary condition (3), as well as of 
course (2). But since the precursor contribution to N2(z,t) is already accounted 
for, the inhomogeneous term v,N. is not included in eq.(4) when one solves for 
N~ ^(z,t). One proceeds comparably in the construction of N,(z,t). N, 1 ̂ fz,t) 

(2) and N, (z,t) are precursor contributions stemming from chain members N..(z,t) 
and N2(z,t) respectively. Their solutions of eq.(4) satisfy homogeneous boundary 
concentrations, with N, = 0, while N, ^(z,t) yields the contribution to 

0. However, N,(z,tJ due to the inhomogeneous boundary condition (3), with N, f 

for the determination of N, (z,t) the inhomogeneous term v 2N 2 is dropped from 
(4). 

According to this decomposition of the problem, the functions N„ ̂  (z,t) 
must satisfy the following equation system for zzV, t>0 

K 3N C j ) 3N ^ 3 2N ^ 

1 3 z J* I. 

The functions are subject to 

N^fz.O) = 0 (8) 

3N , C j ) C 0 , t ) m 

-V -Si + ^^"Co.O - 6 t i \ v*.(t), & 
where 6,• is the Kronecker dtlta which vanishes for Ifj and is unity for £=j. 
Furthermore 

N ^ ^ f z . t ) s 0, for <>sj (10) 

which assures that for J.£j the inhomogeneous [source) term uo_iNo_i vanishes. 
The second boundary condition which N.^^(z,t) must satisfy in V will be dis­
cussed in the next section. At this point however one can verify that the 
solution to equations (7) through (9) when substituted into (6) will satisfy 
the original equations system (1), (2), and (3) due to the linearity of the 

(9) 

11-4 



latter equations. 

II. Specification of Problems 
We now wish to specify a number of problems of practical interest which 

will be seen to have a common mathematical basis. For this purpose we take 
the Laplace transform of (7) with respect to the time variable and define 

00 00 

N ^ ^ z . s ) = j e ' ^ ^ U . t J d t ; $.( s) = (e~St<f>j (t)dt (11) 
0 u 

The transform of equation (7), on utilizing the initial condition (8), yields 
2- m - 0) 

1 ? Bl ~^ 
A. \ _ o) „ o) 

setting 
for N, (z,s). It is convenient to remove the first order derivative term by 

Then 

N, (z,s) = e .i/^fz.s) (13) 

^ r - [ofs + ^ + (4) Jn* = -vi Vi e vD* Vi A 

-I =(^» ••«). -,* [̂  + (4) 2 ] '* w E^fe-tr)' 
equation (14) reduces to the compact form 

2 0) 
— ^ - tyi/^Cz.s) = - v ^ n^OAz.s) e " Y W z , j«A (16a) 

This differential-difference equations system with variable coefficients is the 
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governing equation of our problems. Equation (10) transforms to 

n^^hz.s'j 5 0 for isj (16b) 

The general solution to these equations is a matter of some complexity aixl will 
be treated later. Here we consider two special cases of (16) which describe a 
number of physically important models. 

Case 1. We assume the dispersion coefficients of the radioactive species 
in the medium are equal 

D^ = D, for all I . (17) 

Then y vanishes, removing the complicating exponential term from (16). The cor­
responding equation system (1) together with (2) and (3) describes the far 
field migration problem in the presence of advection and dispersion. For a 
concentration boundary condition of form of (9), the general (non-recursive) 
analytical solution for radioactive chains of arbitrary length i has so far not 
been available to us. The most extensive model to -late has been the recursive 
three member chain in a semi-infinite domain V^ on which the computer code 
UCB NE 10.2 is based. In the following we shall consider two distinct far field 
migration problems. One of these is the nuclide migration in a (semi) infinite 
domain Va, the other the migration in a finite domain V?. Thus we need to 
consider appropriate boundary conditions at the second boundary joint of P. 

For Vm, 0<:z<°°, iV. («,t) and hence N. ̂  (°%t) together with their derivatives 
must vanish sufficiently strongly 

i - n. ( j )(z,s) = 0(e" k Z) a s z - » , k>0, r=0,l,2..., zzV^ (18) 
dz 
For the problem in Vr, 0<z<L, a general boundary condition of Type III is 

specified 
3N.(L,t) , 

DE — - ^ + h [Nj(L,t) - N.(t)j = 0, t>() , (19) 
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h may be a velocity dependent parameter which describes the surface coefficient 
of specie transport at z=L, into a medium z>L in which the i specie concen­
tration is a prescribed function N.(t). The boundary position z=L can, for 
example, be interpreted to represent the biosphere boundary. As h is varied 
from 0 to », the flux through the boundary at z=L varies from zero to an 
infinite value causing the specie concentration to decrease there. To express 
(19) in terms of the N^ J(z,t) functions, substitute the equation (6) so that 

DE 

(J) 
h k (- ! )(L,t) - ̂ jN^(t)j = 0, i4l, t>0 (20) 

Hence the N. (z,t) satisfy homogeneous boundary conditions for j<l, 

while Nj (z,t) satisfies the inhomogeneous condition at z=L. On taking the 
Laplace transform of (20) and using the transformation (13) results finally in 

3n/ j J(L,s) - |t 
Ite — ^ + h-jn^a.s) = 6 4 jhe l u N ^ s ) , j«S. (21) 

where 

h 2 S ( h +Z~l) 

Summarizing, we have for the problem with advection in either Vr or Vm the 
governing equations (16), the Laplace transformed boundary condition at z=0, 
i.e. equation (9), 

3n ( j )(0,s) m o 
- UE — ^ + hjn^^O.s) = 6 ^ v^Cs), j a where 1^ = v - ̂  (22) 

The second boundary condition is given by (18) for Va and by (21) for V?. 

Case 2. Consider again the governing (16) but now without advection, 
i.e. v=0. By (15) y vanishes, thus removing again the variable coefficient 
term from the differential difference equation. For this case, the specie 
diffusion coefficients D. need not be identical in order to obtain an analytical 
solution. The advection free formulation is applicable to the rock fracture 
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problem where one wishes to account for the diffusion of radioactive 
species into the rock from water filled fissures. Another possible appli­
cation can be found in the analysis of the diffusive migration of radio­
nuclide chains with small half-lives in a water saturated backfill region 

(2 ) which surrounds a waste form . Backfill materials, such as Bentonite, 
. possess low permeability to water flow so that the principal mechanism of 
transport through the layer may occur by diffusion. In case of the rock 
fracture problem the domain can be either 0^ or " f while in the backfill 
problem it is Pp. 

At the present time there appear to be insufficient data to apply the 
formulation to the diffusion of specie with unequal diffusion coefficients. 
For this reason we conduct the analysis, assuming the radionuclides to 
satisfy equation (17). The solution given below can however be readily 
generalized to include unequal D 's if desired. 

Since the boundary conditions remain of the same mathematical form 
as quoted in (18) ,(20), (21) and (22) it is seen that Case 2 is merely 
a special case of Case 1 obtained by setting v=0 in the governing eq. (16) 
and assigning special values to h, and h, in equations (21) and (22) as well 
as to their right hand side functions. In the following we shall concentrate 
on the solution of Case 1. Although the solution procedures of this 
problem in Vm and Vc have certain common features, it is best to present 
their solutions separately. 

III. The Solution of the Problem in P f. 

The solution of the system of equations (16) in Vc is constructed with 
help of a finite Fourier transform with respect to the variable z. We define 

L 
n * ( J ) < B m , s ) = /*«W Z> n/ j ) (Z'S) d z (23) 
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The Fourier kernel K(B ,z) satisfies the Sturm-Liouville system 

d 2K(B,z) 2 

_ _ ! _ + e m
2K(S m,z) = 0 (24) 

dk(6 .0) 
-DE ^ • hlK(Sm.O) = 0 (25) 

dK(B .L) 
DE —jJ! + h2U6m,L) = 0 (26) 

The B 's are the positive eigenvalues of this system. The kernel has the 
form C 3 ) m 

8 cos(3 z) + a 1 sin(B m z) 

^ - n tr: z—i % ->i/2 <*> {(^X^hj' 
where 

^ h 2 
a l ' DE ' a2 ' DT (28) 

The eigenvalues form a discrete, countable spectrum which is given by the 
solutions of the transcendental equation 

6 (a-i+a, J tan(B I) = m } x •-' , m = 1,2... . (29) 
m 1 2 

If one applies the kernel to every term of equation (16) and integrates with 
respect to z over the interval (0,L) there results in view of (23), since y=0. 

2 J 

/
d n» U.s ) m 

— ^ 2 K ^ dz - "A" CfVs) = -Vl V l ^ . s ) 
0 

The integral term J yields , with integration by pa r t s , 
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• / 

L , (j) 

dz" 
K (3m,zJ dz = 

n<> l z , S J dz 

By (25), (26) and (28) 

-\ z=L 

z=0 

dn C " ( Z ) s ) 
m ' dz 

(j) V J J (em>s) 
(31) 

dK(B ,0) dK(e ,L) 
-nr- - aiK«m'°3 ; —£— -« 2K(fy« (32) 

so that 

J = K(Em,L) 
dn/^CL.s) ^n/^CL.s)] 

" K(em,0) 
dn U )(o,s) ... 

dz 
2 0) 

On applying equations (21) and (22) together with (28) results in 

- vL 

(33) 

•, (J) Sm"n. (3m,s) 
(34) 

IVhen this is substituted into (30), one obtains the difference equation 

n^(Sm,s) K-1 V l C 3 ) «WS> + VA' S )] 7T— j<£ (35) 

where 
vL 

W s ) 
K ( Bm' L)hc Z I ) ] K(Bm,03 
l)E NtCs) De "a v y«. M» v*c(s) (36) 

Equation (lbb) transforms to 

n i - l j ) ( 3 m ' s ) = ° > £«J (37) 
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Equation (35) is solved in a recursive manner by setting j = 1 and letting 
% run from 9. = 1 to I - i. This process is repeated for j = 2,3,...i in order 
to obtain the solution for the i nuclides of the chain. 

Starting with j=l, and letting SL run through the values l,2,...i, one 
takes from (373 n 0 ^ ( g ,sj = 0 , so that (35) yields 

CD ,a = 1 =
 g i ( V s ) "1 ' ^ = TT 

-m "1 

„ (Dr. o V l n i a ) ( B m , S ) W B m » s J 

. . : . . _. s;yi [%;.uins;.^ 
(1, . V2--i-l M ^ ( 3 8 ] 

Next one takes j = 2 and lets SL run through the values l,2,3,--,i . 
From (37) one has n/^CS^s) = 0. Hence (35) yields 

n C 2 ) f 6 s l - g2 ( Bm- 5^ 
2 ^ ' ^ ^ 

(2), 0 ., _ v2 n2 ( 2 )( Sm' s ] _ v 2 8 2 ^ « - s 1 

n 3 ( 8m' S ) = —i 2 2 
. . . . . . . . y . : u.\.. (s . y.ly.: vA 

12),. , V 3 — u i - l g 2 ( B m ' S ) .... 
n. '(B,s) = — j , 2 ( j 9 ) 

Continuing in th is manner one shows that in general, 

U), 
A i ( J ) 8 i C B m . s J 

n / J J ( S m s) = -i - p 5 , i>j (40) 
m ' (6 + u ) 

n=j 

where 
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( j ) 
i-1 
IT \, 
r=j 

(41) 

while for j=i one has 

n {i) f B s l . g i ( B m > s ) (42) 

Equations (40)-(42) represent the solution of the difference equation (35)-(37). 
We turn next to the Laplace inversion process with respect 13 the t variable. 
By (IS), with D n = D, 

K 
% = D- ( s + a n } (43) 

where 

n K l m nJ 

n 
(44) 

Hence (40) becomes 

n i l t V s ; Kt 1 i 
(j) gj ( gm' s^ 

n (s + a ) 
n=j 

(45) 

with 

Cj) A. W i-1 
(A 

n=] 

Now the inverse off , ^ I JI (s + 
\n=j v) 

,-1 1 
1 
7T 

n=j 
(s + -njj 

"V 
n=j 

r=i (a - a ) 
r̂ n 

(46) 

(47) 
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-at 
If one applies the convolution theorem to g-(B ,t) and e , equations 
(40) and (41) yield, with the * symbol denoting the convolution integral, 

"i°X.t)-f qOJ i efm>t)*S " -i>J C48) 
1 n _ J TT ( V a n ) 

n=j 

1 

This is followed by the Fourier inversion with respect to the z variable. 
The inverse transform of (23) is given by (with I now replaced by i in n , ^ J ) , 

n ^ U . t ) = I K(8m,z) n.k' }(B m,t), i*j (50) 
m=l 

The n. -^(B ,t) in the summation are taken from equations (48) and (49). The 
inversion can be shown to be valid if n. -* (z,t) is continuous and satisfies 
Dirichlet conditions on 0 £ z ̂  L with t in the domain t > 0. From (44) one 
separates the B dependence as follows 

a -a = r S 2 + Y (51) 
n r rn m ' rn 

where 

r -° (k'k) •Ym = h"v" ^ 2 r ™] (52) 

There results with (48), (51), on substitution into (50), the inverse function 
-a t 

n .^>(.z,t) = 5 _ C W I I - » L-J5 , i>j (53) 
1 n=J m = 1 J (T B

 2 + y ) 

and for n / l ) f z , t ) from (49) and (50), 

n i C i ) ( z > t ) = T T I K ( W ^ * 6 "^ (54) 
i m=l 
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On re-introducing the ejcponential multiplier of (13) into the last two equa­
tions, one obtains all component parts of the solution for the chain member 
N.(z,t). Their substitution into (6b) yields the general (non-recursive) 
solution in Vr, 

N,(z,t) = e 4 Z J " - V i;1 m i " K(em,z)gl.(S,t)*e V 

D" D J L W W ' * T ciCJ) , I :r^ i^ m=l j=l n=l m=l / 2 IT ("r $ 
r = j \ nr m 
r#i 

(55) 
It is readily verified that the dimensional terms in these equations have the 
following units (cgs) 

It follows from this that N. (z,t) = ^ - 3 > as required. 
1 Lcm J 

The form of the solution (55) does not explicitly exhibit the steady state 
form of the solution N.(z,°°). This limiting form is contained in the convol­
ution time integrals and it results on letting t •* °°. Alternately if one sets 
s = 0 in (45) (for i > j) and proceeds with the Fourier inversion with respect 
to z, following ^ne indicated steps, one is led to N.(z,»). The resulting 
°ries can in some instances be summed in terms of elementary functions. 

IV. The Solution of the Problem in V . 

The solution of the system of equations (16) in 0 follows along similar 
steps to that given in section III. In order to exhibit the correspondence of 
the solution method with the previous work we indicate corresponding equations 
by u dash mark. 

We introduce an (infinite) Fourier transform with respect to the z v^-iable 

n/ j )(p,s) = J K(p,z) n £
 ( j )(z,s)dz (3'j 
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The Fourier kernel K[p,z] satisfies 
2 

d K ( g ' z ) + p Z K(p,z) = 0 0^z«° (24') 
dz 

-De d K^P»°) + hj K(p,0) = 0 (25') 

and instead of (26), K(p,z) satsfies a boundedness condition as z + ». The 
solution to this problem is given by ̂  •* 

nr pcos(pz) + cc,sin(pz) 
K ( P ' Z ) "% — f 2 2 1/2 ^ 

IP + a l l 
p replaces the eigenvalues S in (24), and it represents a continuous spectrum 
of range 0̂ p<">. One now transforms (16) with help of (23'). This leads to a 
set of equation steps comparable to (30)-(35), except that L is replaced by (°°). 
On account of the boundedness of K(p,z) and its derivative and in view of (18) 
the contribution to J at z = °° vanishes leaving us with 

n/ j }(p,s) = { v i V l U ) ( p ' s : i + V j g S l C P , S ) ) x ~ " ' k l ( 3 5 , ) 

where 

g £ ( p , s ) = ^ - N ; h l V s ) C36') 

and 
n ^ ^ C p . s ) = 0, !>$j (37') 

The steps of the solution of the difference equation (35') are identical to 
those in section III leading, on inverting with respect to t, to equations 
(48), (49) with 6 replaced by p. However, the Fourier inversion with respect 
tc z is in place of (50) given by 

CO 

n ^ t z . t ) = JlCCp.zjn^Cp.lOdp, i * j (50') 
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Hence all steps between equations (51) to (55) remain unchanged except for 
00 CO 

the replacement of B by p and that of the summation £ by J ( ) dp. 
m=l J° 

The result is the general (non-recursive) solution in V , 
v I ' a t 

7TT Z n f" -«,•* i"1 m i r" K(p,z)g.(p,t)*e n 

N ( z , t ) = e 2 D {^-/KCp,z) g i(p,t)*e 1 dp + I C . ^ I f [' ' * > * ' 
iJ n j=l X n=l ,' /,. 2 \ 0 o w [ r p + Y i I ^jV. nr F rnr/ 

r#n 
0$z<=>, t>0, i=l,2,. 

(551) 
with g^p.t) prescribed by (36 1). One verifies by dimensional arguments of the 
right hand side of (551) that N.(z,t) = [S2J . 

1 [cm J 
V. The Advective-Dispersive Far Field Migration of Radionuclide Chains in Vf 

We illustrate the theory with an application of the diffusive and advective 
transport of radionuclide chains in the finite span Vf : 0<z<L. It is assumed 
that the chains orginate at the repository joundary z = 0. Subject to a release 
rate, which is a particular form of (3) i.e. 

N.(0,t) = N? *.(t), t>0 i = 1,2,... (56) 

At the biosphere boundary 
NjCL.t) = 0, t>0 , i = 1,2... (57) 

These boundary conditions are special cases of (3) and (19) for which the 
original proble.,1 was solved. By specializing the parameters in the previous 
section III, the solution to the present problem is obtained by a limiting 
procedure. 

First the Kernel Junction K(S z) is constructed from the equation system 
m, 

(24) to (2b) with homogeneous boundary conditions of Type I. The comparison 
shows that in the present case D=0 in (25), (26), so that Qj = a, = » in (28). 
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With this (27) yields in the limit the kernel function 

K(Sm,z) = y T sin(Bmz) (58) 

The eigenvalues S are determined from (29) which reduces to 

sinB L = 0 (59) 

with the positive solutions 

6m " L 
m , m = 0,1,2 (60) 

Now the theory developed in Section III, and specifically the set of equation 
(31) to (35), assumes that the boundary condition for K(B ,z) at z=0 and z=L 
are of Type III, i.e. of the form of (25), (26) 

dK(B.o) 
- Be d

m + ̂ KCB^O) = 0 (61) 

dK(B_,L) 
D. - ^ ™ — • h 2K(B m,L) - 0 

Since in the present case the boundary conditions are of Type I and thus do 
not involve the derivative term, one must foriiially make the following limiting 
replacements in (36) 

KCBm'L> 1_ " ^ . D . K^m'°J . 1 d K ( V ° ) 
UE " h 2 dz ' De ^ dz " ( 5 2 J 

] ] 
Further, a comparison of (57) with (19) shows that ^(t) E 0 so that Nj_(s) = 0. 

This leaves only the second term in (36) which reduces with the above to 

dK(Sm,0) 

(63) 
8*<Vs) -~^hh^ 

•vf r s

r a ' W s > 
With K(6 ,z) and g.(B ,t) determined the solution of the problem is given by 
(55). 
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The quantity of principal interest is the specie transport through the 

biosphere boundary at z=L which in view of (57) reduces to 

3N.(L,t) 
nuft) = -DE — i ^ (64) 

which will be investigated in the future. 
As a second application consider the transport of the radionuclide chains 

vL 
ID by diffusion only, so that v=0 in (55). Aside from the term e being re-

2 
placed by unity, one must delete the term (yn) ™ t' l e expression for a. in 

(15). Recall that Y(S,) = 0. For the present boundary condition (56) a compar­

ison with (22) shows that v can formally be set to unity so that no further 

changes are needed in (55) other than those mentioned. 
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