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ABSTRACT 

A theoretical upper limit for the density in an ohmically heated 

tokamak discharge follows from the requirement that the ohmic heating 

power deposited in the central current-carrying channel exceed the impurity 

radiative cooling in this critical region. A compact sunmary of our 

results gives this limit n H for the central density as 
nM = [ Z e / < Z e " 1 ) 3 l / 2 n e o <BT/1T>(1m/R) where n e o depends strongly on the 

impurity species and is remarkably independent of the central electron 
14 —3 

temperature T (0). For T (0) ~ 1 keV, v-a have n e Q = 1.5 x 10 cm for 
beryllium, n = 5 x 10 cm" for oxygen, n e Q = 1.0 x 10 cm for iron, and 

n = 0.S x 10 cm for tungsten. The results agree quantitatively with eo 
Murakami's original observations. A similar density limit, known as the I/N 

limit, exists for reversed-fleld pinch devices and this limit has also heen 

evaluated for a variety of impurity species. 
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1. INTRODUCTIOS 

In 1976, Murakami et al. reported that the maximum electron density iL 

in an ohmically heated tokamak scaled as fl^/R where Bj, denotes the toroidal 

magnetic field and R the major radius. Murakami further noted that B_/R wa3 
2—6 proportional to the central current density. Several paperG have 

interpreted this limit as being caused by radiation from partially stripped 

impurity ions at the edge of the plasma where the local radiative cooling- rate 

is largest. These arguments necessarily involve the electron thermal 

conductivity at the edge of the plasma - & quantity which is not well-known 

either theoretically or experimentally. Thi3 paper shows that a radiative 

limiting density results from the simple criterion that the ohmic heating 

power deposited in the central current-carrying channel exceed the power 

radiated within the channel by impurity ions. This criterion is independent 

of models for the electron thermal conductivity, and must be obeyed by all 

ohmieally heated tokamaks. 

The Murakami density limit enters prominently into plans for the new 
7 B generation of large research tokamaks such as TFTR and JET. Because B„/R ia 

not large for these devices, the Murakami limit places important constraints 

on the achievable ohmic plasma densities in these machines. These ohraic 

plasmas serve as targets for auxiliary heating, and, in the final 3tages of a 

tokamak discharge when auxiliary heating has ceased, the Murakami limit also 

governs the oaximum density which allows a disruption—free discharge 

termination. 

The concept of a radiation limit to tokamak densities was explored in the 
2 1976 paper of Gibson. This work relied on empiriual formulae to express the 

magnitude and temperature dependence of erergy loss by radiating impurity 
g ions. Since that time, Bost et al. have derived expressions for the impurity 
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radiative cooling rates using coronal equilibrium theory. The paper of Ashby 

and Hughes used these expressions to obtain a formula for a density limit in 

tokamaks. The Ashby-Hughe* formula follows from the statement that the ohmic 

heating power deposited in the central plasma must exceed the power radiated 

by the plasma periphery, dearly, all steady -state plasmas must satisfy this 

condition, but the resulting formula for the density limit involves the 

electron thermal conductivity in the plasma periphery which is not well-

known. Our arguments indicate that a tokamak discharge can often meet this 

peripheral boundary condition via the freedom to adopt a particular central 

electron temperature provided the electron thermal diffusivity in the edge 

plasma remains below the Bohm value. Recent papers by Roberts also 

concentrate on the edge plasma and assume an empirical formila for the 

electron thermal conductivity in the plasma periphery to estimate a density 

limit. 

The aim of this paper is to show that by focusing attention on the 

central current-carrying portion of the discharge rather than the periphery, 

one arrives at a useful and straightforward upper limit to the density in 

ohmically heated tokamaksi The unknown electron thermal conductivity does not 

enter this argument? only rather general and experimentally well-established 

properties of the shape o-T the electron temperature profile are used. Our 

criterion is simply that nc more than 80% of the ohmic haating power deposited 

within the central current-carrying channel (defined by q < 2) can be radiated 

within this channel by impurity ion cooling. For common impurity species, 

this density limit is found to be insensitive to the central electron 

temperature T for experimentally typical values. The density limit exhibits 

a strong dependence on the impurity species. This simple density limit 

applies to all ohmically heated tokamak discharges, regardless of size or 



thermal conductivity physics, m particular, it will govern the density range 

where large tokamaks such as TFTR and JET can operate disruption-free without 

auxiliary heating. 

Reversed-field pinch devices also rely on ohmic heating to overcome 

inpurity radiation. A high density limit, known as the I/N limit, has been 

identified and shown to agree with impurity radiation losses. . The 

contribution of this paper is to evaluate a radiative I/N limit for a variety 

of impurity elements. 

Section 2 presents our principal arguments ar>d results. application to 

the i/K limit of reversed-field pinches is presented in Sec. 3. The paper 

concludes with a discussion. 

2. TOKAMAK DENSITY LIMIT 

The goal of this section is to derive a formula relating our limiting 

central density in an ohmically heated tokamak to the expression for coronal 

equilibrium radiative cooling rates. Evaluation of these cooling rates for 

many atomic species permits us to compute the limiting density as a function 

of central electron temperature and impurity species. Because this limiting 

density turns out to be remarkably independent of central temperature, we can 

define a limiting density for each impurity species. It also becomes 

independent of impurity concentration when the effective charge 2 e >> 1. 

The starting point for our calculations is an empirical model that 

describes the central current-carrying portion of a tokamak discharge. Our 

model assumes: (1) a Gaussian temperature profile, (2) q = 1 on the magnetic 

axis, <3) a uniform concentration of impurity ions, (4) a single impurity 

species, and (5) a coronal equilibrium model for impurity ionization states 

and radiation rates. Our limiting density then follows from the criterion 
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that the radiative losses cannot exceed 83% of the ohmic heating power input 

within the q < 2 current-carrying channel where moat of the ohmic heating 

power is deposited. 

A Gaussian temperature profile is quite representative of experimental 
11 12 

results in the central current-carrying portion of a tokamak discharge. ' 

we shall use this model only in regions where q < 2 (i.e., where T e/T Q >_ 

0.3). Consequently, our results will not be aenoj.l^e to the rapid decrease 

of the Gaussian at large radii. This rapid decrease is an artifact of the 

Gaussian functional form rather than of physics results. The statement that q 

= 1 on the magnetic axis simply serves to relate the central current density 

to the toroidal field and major radius. Itie assumption of a constant impurity 

concentration across the plasma radius is consistent with experimental data 

from typical plasma discharges13 and could follow from mixing by turbulent 

£ x B velocities of drift waves which transport various ionization stages 

without regard for their charge state. 

All tokamak discharges must supply a sufficient heat flux to the edge 

region where atomic radiative cooling rates are the largest.-*'4 Since the 

ohmic heating rate in the current-carrying channel varies as T ~ ' » an 

ohmically heated tokamak discharge may accommodate this demand by adopting a 

particular value for T Q. Looking forward to our results, we will find them to 

be insensitive to T a, and hence unaffected by details of the edge power 

demand. Our maximum density criterion simply requires that a modest fraction 

(20%) of the q < 2 ohmic heating input be available to maintain the edge 

plasma, and is insensitive to choice of a smaller fraction. 

The integrated heat output Q of an ohmically heated tokamak discharge can 

be written as 
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r -*2 2 
Q(r> = J 2%r,arl \^- - jp LfT) 1 (1) 

0 a 

where 

a = CT T 3 / 2 / 2 „ , (2) 
o e 

2.2 
T = T /T = e" r ' t3> 

e o 

3/3 (T ) 3 / 2 

o„ = Y K2pl -r?;-; , (4) o E n 1/2 2, „ ., m e (inA) 

z = 1 + ti <z > . (5) 
e 

Here n denotes the central electron density, TI the relative concentration of 

impurity ions, and the subscript stands for values at the plasma center, A 

multi-ionization state reformulation of the average-atom calculations of Post 
g et al. is used for the coronal equilibrium cooling rate L(T) and the mean 

2 square charge state <Z >. These results differ slightly from those tabulated 

in Ref. 9 as a result of improved energy level screening constants and other 

modifications. Since this work is concerned with the central regions of a 

tokamak discharge where the density profile is flat, we shall ignore any 

difference between the central and local electi densities. 

"?ne factor y E is tabulated in Spitzer's b< :. In our work, we shall 

consider two limits. In the first limit, the impurity concentrations are 

sufficiently large so that 2 >> 1 and y„ = 1.00. In the second case, the 

impurities are dilute so that 2 e « 1 and y E =0.582. In both cases, -yE will be 

constant across the discharge. Interpolation for intermediate cases is 

straightforward. 
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In a steady-state tokamak discharge, the current density profile depends 

on the conductivity and can be written as 

. . . . 3/2 1 + ^ 2 > o 
j = j„c/a - J_T 5 — 

o o o . . ._2^ 

where the central current density j follows from the fact that q = 1 on the 

magnetic axis 

j = K„c(2iiR)~ . (6) 

The Gaussian temperature profile enables us to eliminate the radius in 

favor of the temperature as the independent variable in the integral (1) for 

the heat flux* 

2,2 

«v - - t ~ , , + ^ > o ) ' ^ w {-^r~] ~ A° ̂  , 7 ) 

O t '+T1<Z > ._ C O 
0 

We introduce here the parameters % and A. related by: 

_ i t Z » 1 

v , Ur,<z\ I c 

A = T„ 5 = \ i/o <z~>n < 8 > 
1 + 1 « 2 > T - T T I ^ V ^ ^ ~ 

c o 

while Ac in terms of the density i s givtm by 

A r , r , o

2 L ( T o l - o » 2 t f ) 2

 Y g 2 ( 2 / 1 t ) 3 ' V f 

° BT

2c2(1+T)<Z2>o)mV 2e2(4nA) 

When expression (G) and (9) for A,, are equated, the local ohmic heating input 
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juat balances radiative 'losses at a temperature T = x c
T
0-

Let us define e as the fraction the ohmic heating power input into the 

region where T /T > x which ia radiated from impurities within this region. 

3 / 2 

f zf 
d t ' L(-r'To) 

( 2 / 3 ) (1—c ) -c c o 

o c 

l ^ c V 2 ^ 2 > , ^ c o 

1 - , L ( T ' T ) , dV o 
•c* L ( T T ) 

f

1

d T M T M 1 / 2 

J 2 
T < Z > .m 

T T 

Z » 1 (10) e 

2 >> 1 (11) 

The value of T remains to be specified. 

The integrals in Eqs. (10) and (11) run over the central current-carrying 

portion of a tokamak discharge. We shall define this to be the region where 1 

£ q i 2. ^ posteriori, we will investigate the sensitivity of the limiting 

density to this definition. "JOIUS, the limit of integration t is defined by q 

= 2. The relationship between q and T can be easily expressed by use of (3) 

q = 
r B Tc gn(V-c) 

2-itR J j 2rdr 
o 

J d T ' ( T ' ) V 2 f 1/2 , 1 +1 < Z >o 
1+T) <Z > T . T 

(12) 

Our two limiting cases yield the sinqple formulas 
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r 

q(To,t) a 

3An(1/T) 
2 < W 3 / 2 ) 

Z • 1 
e 

(13) 

JlndA) 

1 <z2> 
i d t-( t-> 1 / 2 £ 

<z Z> 
z » i 
e 

(14) 

T'T 

The equation q(T0,t) = 2 determines the limit of integration t in (10) and 

(11). When Ze = 1, this limit is x =0.346. Lastly, x is determined by the 

condition that 

e(T , T ) = 0.8 o c (15) 

The l i m i t i n g d e n s i t y n c i s obtained from T_ and T by equat ing expres s ions (8) 

and ( 9 ) . 

B C e m 1 / 4 ( A n A ) 1 / 2

 1 / 2 

n (T ) = — — (HP)'" 1 

c o 2-nR 
(16) 

where 

H(T ,x_) 

2 3/2 3 /2 
t<Z > Q ] T c „ 

o ' V 2 V 2 T 3 / 2 2 > 

O C O T T 
o o 

(17 ) 

and 
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Z » 1 
e 

(18a) 

2 <Z > 
c o 

,r«V v 
Z * 1 
e 

dab) 

Equation (18a) expresses the fact that the limiting density is independent of 

impurity concentration when Z >> 1. Biygicaliy, this occura because both the 

impurity radiation and the plasma resistivity (through Z ) are linearly 

proportional to the impurity concentration. 

It remains to express the impurity concentration which enters Eq. (18b) 

in terms of Z e for discharges in which Z is close to unity. Ti;e standard 

experimental determination Z assumes that Z is uniform throughout the 
"% 3/2 plasma .".ess section, and that the current density scales as T • Under 

these assumptions, the formula for the plasma resistance IL X is 

R = z px ex 
2R 

, 2 f
1 1/2 Jp a b f T dT o J 

(19) 

_a2..2 « ' is the value of t at the plasma surface. Here V denotes 

the loop voltage, I the plasma current, and Z the experimental value for Z e 

determined by combining the experimental values of V, I , and Te(r) according 

to Eq. (19). 

Our model ass'imes that the impurity ion concentration, not Ze, is uniform 

throughout the plasma cross section. The plasma current is then 
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1 1/2 
i = j ( 1 + T 1 <z z >)b Z n J - 1 — 2 2 _ . (20) 

The loop voltage ig evaluated on the magnetic a;:io by 

j 2BR -
v = — (1+n <zS ) . (21) 

0- ° 

Combining Eqs. (19) - (21) yields the desired relation between Z and T| 

f1 1 / 2 « 
J T rtT 
t 

Z = , a , ,, • (22) 
ex 1 1/2, 

J 2 
Tai+n<z > 

When T| is small, an accuiite expression for n can be obtained from a Taylor 

expansion coupled with Betting T =0. The result ig 

Z -1 
V^=- (23) 

2 <Z > 

where 

<Z > = / dx <Z > (24) 
o x T 

a 

3/2 and the variable of integration x = % • Expression (23), ie then 

substituted into (18b). We can combine (16), (17), ('.<sb), (23), and (24) into 

a formula for the limiting density n c valid when Z e ~ 1 

D o e m 1 / 4(JlnA> 1 / Z . 1/2 1/2 
W = 5S f S ~ ^ 5 ( 2 5 ) 

ex 
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where 

, , 2 3/2 3/2 
. (26) 

(0 .582) 2 5 / 2 T 3 / 2 L ( t T ) o k c o 

We should keep i n mind t h a t T d i f f e r s f o r the two c a s e s , Z >> 1 and Z • 1, 
c e e 

because of the different equations ((11), (14), and (IS) versus (10), (13), 

and (15)) used to determine T 0* 

We can rewrite our results for the limiting density n as 

n c(T e o) ~J 

U<»„> (z ' 1/2 fetft Z e " 1 <2'»> 
ex 

and use equations (16), (17), and (18a) to evaluate n. and (25) and (26) to 

evaluate n_. 

Figures 1 and 2 are the principal results of this paper. They show the 

lituil ing densities n. and n, evaluated nuneriqally as a function of assumed 

central temperature for » "sriety of common impurity species. It i« th«o= 

figures which demonstrate that this limiting density is remarkally independent 

of central electron temperature, particularly for experimentally typical 

values near T - 1 keV. o 

Sensitivity Studies. For an iron impurity, we have evaluated the sensitivity 

of our limiting densities to two of our assumptions: that the radius of the 

current carrying channel is determined by q = 2, .»nd that e =0.8 [See Eq. 

(1P)J. Figure 3 gives the limiting densities for various q and e values. Thi 

limiting densities are insensitive to modest changes in q and E . Since 
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increasing q (the si2e of the current-carrying channel) decreases the limiting 

densityf the values computed for q = 2 represent an upper limit as desired, 

other icjpurity species are similarly insensitive. 

Coronal equilibrium is not an accurate model for the detailed ionization 

state equilibrium in a tokamak. Impurity transport processes provide radial 

fluxes of individual ionization states that can compete with the ionization 

and recombination processes which govern coronal equilibrium. Charge 

exchange with neutral hydrogen atoms also alters the ionization 

equilibrium. In both casus, the effect in the central plasma region is to 

reduce the degree of ionization at a given temperature. This, in turn, 
Ifi 17 increases the impurity radiation rate, ' thereby lowering the maximum 

density. Therefore, the coronal equilibrium model provides an upper limit to 

the density, consistent with the objectives of this paper. To investigate 

the sensitivity of the density limit to deviations from coronal ionization 

equilibrium in a simple way, we have computed the limiting density from a 

model in which the coronal ionization equilibrium temperature T is lower than 

the excitation temperature 1 = T g used to compute the radiation rate of the 

various ionization stages. Figure 4 shows the results for several impurity 

elements when T_ - 0-8 T . As expected, the limiting densities are lower, but q e 
are 80%-90% of the unshifted T = T coronal equilibrium model. fts toftamak 

devices become larger, the importance of transport process will decrease 

relative tc ionization a.nd recombination and coronal ionization equilibrium 

will be more accurate. 

Let us summarize tur sensitivity studies. Increasing the current channel 

size (i.e., q > 2) and altering the -ioniaatio i equilibrium bo*-,h reduce the 

maximum density somewhat. Increasing e to e = 0.9 produced a negligible 

increase in the maximum density. We can therefore conclude that the maximum 
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densities reported in Figs. 1 and 2 are indeed bonafide upper limits for the 

central density of all ohmically heated tokamak discharges. To the extent 

that the density limit is determined by the radiative power balance, these 

sensitivity studies show that theBe calculated limits should be meaningfully 

close to those actually obtained in experiments. We note that our xesults for 

Iron and other intermediate - a impurities agree well with Murakami's original 

observations , while our results for low-z impurities such as oxygen are 

somewhat higher. 

Edge Radiation. The radiativ cooling rates for most impurities increase 

towards the low charge states typically found in the cooler edge regions of 

ohmically heated plasmaa, and energy transport from the center of the plasma 

must supply sufficient power to maintain this edge radiation. Previous 

studies of the Murakami limit have concentrated on critei ?.a which arise from 

this relationship. 4 ~ 6 We will consider the electron tnen al conductivity and 

cooling in a T e ~ 100 eV 'dge plasma to show that a tokamak can generally 

adjust its central temperature to satisfy the edge radiation criterion 

provided that the edge electron thermal diffusivity does not exceed the Bohm 

value. 

The paper of Rebut and Green introduced a useful and informative method 

for analyzing the thermal balance of the edge plasma. A slab model is 

perfectly satisfactory for the edge plasma so the steady-state electron 

thermal heat conductivity equation can be written as 

, dT , 
± - . _ ^ „ n % L ( T ) = 0 . (28) 

Rebut and Greene pointed out that by multiplying Eq. (28) by tc(dTe/dx), one 

Ctuld integrate Eg. (28) to obtain 
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dT T 
h 2 = U T^2 = 2 ( " 2HK M D d T + h 2 (29) 

dx Q a 

where h a is the heat flux at the plasma boundary. On the right-hand side of 

Eq. (29), the spatii.l dependence of density and thermal conductivity enter 

implicity through the temperature profile. 

Let us assume that the electron thermal diffusivity is bounded ty the 

Bohm value so that 

K < n f ^ ) . (30, 

The heat flux out of the current-carrying channel must then satisfy the 

inequality 

h 2 > i (n) 3 n f ~ Mt'lffl' (31) 
8 Q eB 

where n is an average density in the region where T L(T) has its maximum. The 

integral /JT" L(T')dT' will be shown to be reasonably independent of our 

chosen edge region defining temperature T ~ 100 eV. The value of the edge 

density n is normalized to the central density by the definition 

A = , n . -" (32) 
c T =1 keV o 

where n c is given by (27a) evaluated at T 0 ™ 1 keV. One expects that A will 

be a small number (i.e., & < 0,2). We note that the relative importance of 

any edge radiating "shell" region is sensitively dependent on the plasma 

density profile since radiative cooling is proportional to [n_(r)]2 assuming a 
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constnnt impurity concentration* 

The heat flux flowing out of the current-carrying channel is 

• 2 b 2 2 

2*a 2a 0"o o ' 0 < z 2 > 

Because our interest centers on inpure plasmas, formulas appropriate for the 

a >> 1 case have been used. The heat flux can. be recast, with the help of 

Eqs. (2) through (5) ?nd (14), into the form 

2 2 2 1/2 2, , 3/2 
B e a n<Z > m e UnA) n 

Inequality (31) can then be written as 

(1-E>2 BT ^ * % <*\ * ^ ^ > . 
£ 256n q£ iT Tg [V j0 T'MT')<W 1 

2 
where we used Z » TJ<Z > • Apart from the magnetic field and major radius 
scalings expressed by (27a) the quantity in the [ ] brackets is a property 

solely of the impurity species. Let us rewrite inequality (35) in practical 

units. The result is 

2 Z a <Z > n fB / 1 T l (R/1 m) 
1 1 ^ ( - I T ) ° T

 3 . T _ . — > 2 ° o ti6> 
A 3 R 2 q 2 , n* \l T-MT'ldT' 

L r V i W f r-V8

 3 -6 - , i 
10 erg cm sec 

where Table 1 should be used to evaluate the ( ] brackets. 

Ey.stlon (36) helps illuminate the behavior of the plasma as the density 

is raised and radiative losses begin to dominate the energy balance. It is 

the strong variation of <Z2> /T^ over the range 100 eV < T Q < 1 keV that 
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enables a tokamak discharge to adopt a central electron temperature which 

satisfies the edge heat flux inequality (36). If the central temperature is 

forced to drop to an extremely low value before our critical density is 

approached by the core, the edge region effectively dominates the plasma. 

- Inequality (36) shows that this will tend to occur at lovr fields, in smaller 

devices, and with flatter density profiles. For most tokamaks, the edge 

radiation can be supported by modest adjus'^uents in 1 , thereby moving 

rongideration of the critical power balance region to the core and the limits 

reported in Eqs. (27a) and (27b). In all cases, this core-derived limit must 

be satisfied by the plasma regardless of details of the core-edge relationship, 

3. THE REVERSED-PIELD PINCH I/N LIMIT 

Beversed-field pinch experiments depend on ohraic heating to overcome 

impurity radiation losses. A high density limit, known as the I/N limit, has 

been experimentally established and found to agree with a zero-diraensional 

criterion that the ohmic heating rate exceed the impurity radiation. The 

review of Ortolani and Rostagni provides an excellent account of these 

matters. 

The objective of this section is to evaluate the I/N limit for variety of 

potential impurity elements to aid in the selection <f materials and in the 

interpretation of experiments. For definiteness, we shall present a brief 

t derivation of our formula for the I/N limit. 

The starting point is the well-knoun force-free equilibrium for a 

reversed-field pinch which satisfies the equation 

c o (37) 
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where a is a constant. The solution is known to be 

I = B U J <ar) + 6 J1(ar)1 o v o 1 (38) 

so that 

J " ^ f ' B
! ^ ) W ' <"> 

In contrast to a tokamak where the current density is proportional to the 

conductivity, the current density In a reversed-field pinch is a prescribed 

function of radius which satisfies the force-free equilibrium Eq. (37). The 
19 

Taylor minimum energy principle says that oc must be a constant. 

Let us form the ratio ?, of the ohmic heating input to the raliative loss 

rate 
2 2 2 

.2 j (J +J.) 
T 3 = 2 °_J . ( 4 0, '' 2 . , . 2 ,, , 2, 2.2, V ' or, nL(T) <jnoL(T) [1-(r /a ) 

The spatial dependence of current density and plasma density are essentially 

the same for a parabolic density profile 

jo 

2 2 _ _ 2 
flj = (1 - ^ f - 1 - 5£_ (42) 
n a a 
o 

because a = i) / a and T) = 2.8 - 3.0 for reversed- f i e ld pinch configurations. 

Therefore the principal variat ion of r a t i o E with radius ar i s e s from 
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temperature variations whicli are not well-known. Our approach is to find the 

temperature at which the ratio E is a minimum and relate that to the I/N 

limit. 

We can use Ampere's law to relate the central current density to the 

total current 

21 B„ = B J,(aa) = — . (43) 6 o 1 ca 

Substituting from (43) into (39), one finds that the central current dentiity 

takes the form 

1 : a 1 = -5- r — ^ — ) . {44) 

The ratio Z can then be expressed as 

T2 3/2 ,,„ „ „ 2 V T) O I_ IS V,V 2J,,„nW <Z > u_3s ^ 1-> f^"-""« , 1'?^wsfe1' 
where the line density N is 

2 n na 
N = r— (46) 

and where the formulas (2) and (4) were used for the conductivity. Again, we 
2 use the limit Z e - 1 = T)<Z > >> 1 appropriate to plasmas with significant 

impurity concentrations. In this limit, the ratio of ohraic heating power to 

impurity radiation becomes independent of the impurity concentration as was 

noted by ortorlani and Rostagni. Equation (45) oa.i be .ecast to express I/N 

in terras of £ 



. . ._ T . . \ , 

-20-

£ = (T)}/2 VW (47) 

where 

„ T , - f - ^ l ) V 2 °-52 . ( 4 8 ) 

<z> m V etinA) 1^ 

and where the value t)a — 2.9 was adopted to evaluate the numerical factors. 

The purpose of our work is to investigate the I/N limit as a function of 

temperature for various impurity species. Hence we muot compute the quantity 

Y(T) versus temperature and determine its maximum value for each impurity 

species. The appropriate numerical value of ind is JlnA = 12. The maximum 

value of <t(T) corresponds to the I/N limit for a reversed-field pinch. Figure 

5 shows the results: ¥(T) expressed in amps-m for a variety of impurity 

elements. 

4. DISCUSSION 

Impurity radiation places an upper limit on the density of ohmically 

heated tokamak discharges. Our key result is that radiation from the central 

portion of the tokamak discharge determines this limit. The detailed behavior 

which leads a radiation-dominated tokamak plasma to disruption at some 

critical density is beyond the scope of this paper. Our calculation has 

instead examined the question of the ohmic heating/radiative cooling balance 

in the critical current-carrying core region of the plasma, and thereby 

arrives at a firm upper limit to this disruption density. Consideration of 

the core power balance is more straightforward and reliable than previous 

studies which focused on the edge region of the plasma. The relevance of our 
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approach is confirmed by the fact that it yields limits sufficiently low as to 

be of direct importance in the planning and analysis of typical tokamak 

experiments. 

Our simple single-impurity-species approach shows the important variation 

of the density limit as the impurity ijpeciea is changed. Equations (27a) and 

(27b) and Figs. 1 and 2 summarize the calculations. Moat real tokaraaks 

contain mixtures of several impurity species• In this case, our limits will 

fall between the corresponding curves. 

The density limits of Figs. 1 and 2 represent bonaflde theoretical upper 

limits. Additional physics considerations such as increasing the central 

region beyond the q = 2 surface (Fig. 3) or deviations from coronal ionization 

equilibrium (Fig. 4) result in somewhat lower density limits. fls true 

constraints, the density limits apply to ohmically heated target plasmas and 

discharge termination phases in future large plasm? devices such as TFTR, JET, 

or reactors. There are quite evident advantages to eliminating all medium-

and high-z impurity elnments should high density target plasmas be desired. 

Beryllium limiters would permit a target plasma density in excess of 10 cm 

for many propose^ devices if oxygen, etc. can be effectively removed as well. 

Experimentally, tokamak density limits have been found to depend on 

discharge current as well as BT/R. The data are often displayed on "Hugill 

plots.*1 Our density limits do not depend on current and therefore 

correspond to the highest density limit observed as the current is varied, 

i.e., to the maximum value of nR/Bt as 1/q, is varied on a Hugill plot. The 

broad maximum occurs near q L = 4. Indeed, tMs is where our approximations 

should be the best. When q^ = 4, the q = 2 surface is sufficiently within the 

plasma so that the surface boundary condition should not slter the electron 

temperature profile from the Gaussian form assumed. On the other hand, there 
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is not a. large plasma region outside the q = 2 surface which must be 

maintained by a heat flux from the central region- Quantitatively! our limit 
20 agrees with results from DITE/ given an oxygen impurity and an appropriate 

factor (e.g. 0.67) relating central and line - average density. 

Let us note that densities n, and n 2 have close numerical values. As a 

general guide, we can use the rough interpolation formula 

i 1 2 w e N 1 / 2 , T w 1 m , , „ _ v 

nM • \—T^T^ f ^ r i r i , 4 9 ) 

e 

to express the limiting density su cinctly. The values quoted in the abstract 

are based on Eq. (49). 

Radiation from the plasma periphery has been a principal feature in 

previous treatments of tokamak density limits. ~ Our arguments show that 

peripheral impuri-y radiation per se often need not be considered in a global 

radiative power balance derived density limit [see Inequality (36)]- On the 

other hand, ;••."• consequence of exceeding the density limit is to cool the 

plasma periphery because the ratio of local ohmic heating input to radiative 

cooling decreases outward in a tokamak. This decrease arises from two physics 

processes which reinforce each othar: higher rtdiation ratfes at low-

temperatures and smaller ohmic heating input because th-j current density is 

proportional to the conductivity. Exceeding the density limit simply means 

that no excess power is available from the plasma center to maintain the edge 

plasma. Ae a result the current channel shrinks and a disruption ensues. 

The I/H limit in a reversed-f ielcl /inch is essentially the same limit as 

the radiative power balance limit in tokamaks. Our contribution is to 

evaluate this limit for many impurity species. Figure 5 gives the results. 

As reversed-field pinch devices tUiSi towards Inconel metallic liners, it is 
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clear that Iron and nickel ittpuritiea will form a more formidable radiation 

barrier in the range 100 eV < T < 1 keV, than did' oxygen near T «* 30 eV. 

Beryllium is again a superior material. 

Let us conclude by observing that, while our density limit exhibits the 

B_/R scaling observed by Murakami, the multiplying factor is not universal 

but has an important dependence on impurity species and concentration. 

Reducing the impurity concentration obviously increases the density limit, but 

the inprovement is slaw according to Eq. (27b). It is more effective to 

eliminate high-Z impurity species by a judicious choice of litoiter material. 
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TABLE I . VALUES FOR EDGE RADIATION CRITERION 

T 
Jl 1 f T'LCT')<JT' < z 2 > o 

D 

, , _ 2 3 - 6 „ - 1 . (10 erg era s e c > 

l a p u r i t y 

Element <10 1 3 cm~ 3 ) T = 100 eV T = 200 eV T = 100 eV T = 1 fteV 
o o 

Be 12.0 

c 7.5 

0 5.0 

Tt 1.2 

Fs 0.9 

Ho 0.7 

H 0.4 

0.45 o.7e 
0.76 1.60 

1.20 1.75 

0.45 0.90 

0.20 0.95 

0.16 0.34 

0.04 0.12 

16 16 

28 36 

37 64 

116 360 

98 410 

165 610 

165 750 
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FIGUKE CAPTIONS 

FIG. 1. Central electron density n, to be used in Bq. (2?a). 

FIG. 2. Central electron density n 2 to be used in Eg. (27b). 

FIG. 3 (a) Sensitivity of the density n 2 to changes In the current-channel 

Bize (q-value) and to the value of e for an iron impurity. Solid 

curveB are for e ** 0.8 and the dashed curves for e = 0.9. (b) 

Sensitivity of the density n. to changes in the current channel 

size [q-value) «nd to the value of e for an iron impurity. Solid 

curves are for e •» 0.8 and the dashed curves for e = 0.9. 

FIG. 4. Sensitivity of the limiting density n. to deviations from coronal 

equilibrium for various impurity elements. denotes the 

temperature governing coronal ionization equilibrium and T = T 

the temperature governing radiation rates from a given ionization 

equilibrium. 

1 

FIG. 5. Zero-dimensional I/N limit, ?(T), for a reveraed-field-pinch for a 

variety of impurity elements. 
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