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Interpolating Dynamical Systems"
Applications to Experimental Data Analysis

Robert E. Ecke

Physics Division and Center for Nonlinear Studies

Los Alamos National Laboratory, Los Alamos, NM 87545

Abstract

Experimental data from Rayleigh-B_nard convection is used to demon-

strate new techniques in data analysis. The data, in the form of Poincar5
sections, are fit to a map of the plane as a function of a system control pa-
rameter. This provides a very useful method for interpolating experimental

low-dimensional dynamical systems. The fitted map can then be studied

using numerical bifurcation methods or other nonlinear dynamics analysis
techniques.

Introduction

When analyzing data from physical experiments that are being investigated as

nonlinear dynamical systems, one would often like to have results at more param-

eter values. Unfortunately, the ability or time necessary to obtain this additional

information is typically not available. An extremely helpful procedure would be to

interpolate the dynamical system to intermediate parameter values in the spirit oi

interpolation schemes for functions of a single variable such as linear interpolation.

cubic splines, etc. Here I outline two examples from experimental Rayleigh-B_.nard

convection in which interpolating the system dynamics has been very valuable. The

first example is the analysis of quasiperiodic data 1-4 at a golden mean winding num-

ber with the purpose of obtaining the universal dynamic scaling function. '5'6 This

has proven very difficult in the past due to the requirements of very high cycle

length and precise parameter value. By using least-square cubic splines to fit the

lD return maps derived from experimental data at two nearby parameter values,

the dynamic scaling function for the quasiperiodic transition to chaos has been ac-

curately obtained from experimental data for the first time. The second example

involves more complex global bifurcation structures that occur above criticality in

the experimental parameter space. 7-9 In that regime, the dynamics can only be

represented by a 2D mapping of the plane. The mapping is obtained at multiple

parameter values using radial basis or neural network functions. The fitted map.

as a function of control parameter, is then studied l° using techniques of lmmeri-

cal bifurcation theory. The results are compared with the experimental map (the
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Poincar4 section) to determine how well the fitting procedure catches quantitative
aspects of the experimental dynamics. The ability to interpolate such dynamical
systems tlas substantial implications for practical control problems in numerous
engineering applications, li

The experimental system is small-aspect-ratio Rayleigh-B#.nard convection in a
mixture of :31]ein s_lperfluid 4tie. Details appear elsewhere with only the essential
elements reproduced here. 3'1'2'13A local probe samples the time-dependent tem-
perature at a s_ngle point in the convection cell which, for the dynamics descIibed
here, is sufficient to characterize the dynamic state of the system. These states are
a function of two control parameters, the Rayleigh number R and the PraL_dtl num-
ber Pr, that are functions of operating conditions and fuid parameters, lt is not
necessary for the purposes of this paper to define these quantities. Instead, in terms
of the sine circle map picture of quasiperiodicity and mode-locking, 1 variations in R
are approximately proportional to changes in winding number f_ whereas decreas-
ing Pr leads to a general increase in nonlinearity K. Recall that the the sine circle

map is a lD mapping of the circle given by 0_+1 = (_ + f_ - _ sin(2rr_9_),nzod 1.
Thus as R is increased at fixed Pr various mode-locked tongues are traversed and
a "devil's" staircase of locking intervals is revealed, Fig. 1. As Pr is decreased the
mode-locked

.... I ' ' ' ' [ ' ' _ ' [ ' _ ' '

_ 6/37/-
5/31/"

16 - 4/25
• 3/1.9_." 7/44

8/51 -"
5/32

_ 2/13

3/2.J_/'- 8/53

•15 7/4_"

.... 1 .... I i _ f I I J i i

11.8 11.9 12 12.1 12.2

R/Rc

Figure 1" Frequency ratio f2/fl vs. R/R_ showing experimental devil's staircase of

mode-locked intervals for 1/Pr=14.9, slightly above criticality. Prominent Iockings are
indicated.

widths increase and the "Arnold tongues" open up, eventually overlapping and
forming hysteretic global bifurcation structures, Fig. 2. The dynamical state at
each point in this parameter space is determined from time series of the local probe.
Many nonlinear dynamics techniques can be used to analyze the time-dependent
nature of the states including power spectra, autocorrelation functions, fractal
dimension, f((_), etc. Here we generate the appropriate mapping of the system
dynamics by reconstructing a phase space using delay coordinates and producir_g
Poincar_ sections by interpolating the intersections of phase space trajectories witll



a plane in that phase space.
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Figure 2: Resonance horns in parameter space of inverse Prandtl number 1/Pr and

normalized Rayleigh number R/Rc. Dashed vertical lines trace golden-mean lines with

winding numbers p(1)p(g2), p_3), and p_4). Lightly shaded regions indicate hysteresis;
the interior structure of the 2/13 resonance consists of stable spiral periodic cycles and

secondary Hopf bifurcations (SHB) of the periodic cycles. Also shown are estimated

location of critical line (..... ) from analysis of spiral periodic cycles (.) and of f(c_)
spectra(o).

Dynamic Scaling Function

It is possible to identify a critical line in this parameter space 2'3 and study the pre-

dicted universal scaling at the quasiperiodic transition to chaos at golden-mean-tail

winding numbers. Results for the f((_) spectrum are very good but anMvsis of the

dynamical scaling function has proven difficult. This is because the scaling function

is more susceptible to noise and has more severe convergence requirements than the

averaging methods. 4 It is very desirable, however, to obtain a good representation

of the scaling function because it gives a complete invariant dynamical description

of the chaotic orbit. 6 Whereas the f(c_) spectrum is derived from a static set of

intervals obtained after successive iteration of the dynamics (either numerical or

experimental), the dynamic scaling function actually gives information about tlw

map dynamics itself; the scaling function is approximated by ratios of segment

lengths under successive iteration of the endpoints of the segment (a segment is

defined as the arc-length between nearest neighbor points of some mode-locked

cycle). Furthermore, it has been shown that the f(c_) spectrum is a l_ecessary

but not sufficient criteria for determining the _lniversality class o['a partictllar



Table i: Five-scalescaling functions: the exact value, the experimental value obtained
with reconstruction, and directly without reconstruction.

scale exact exp. direct
C_o 0.468 0.,15 4- 0.04 0.,12
_1 0.407 0.41 + 0.05 0.36
ct2 0.700 0.65 4- 0.03 0.70
ct3 0.781 0.75 +0.03 0.54
ct4 0.826 0.74 4- 0.05 0.59

multifractal. 14'is We attempted to calculate the scaling function directly from the
experimental data that had given such nice results for the f(a) spectrum. The dif-
ficulty irl the data was that there is a small drift in the experimental parameters,
amounting to a variation in winding number of only about 5x10 -s. To obtain bet-
ter results we would need to improve the experimental conditions substantially, a
formidable task, or find some way to interpolate the dynamical states to reduce the
drift problem. The latter approach proved highly successful and mucl_ more time
and cost effective than the experimental improvement path and shows effectively
how such techniques can be very useful.

The system dynamics for the quasiperiodic transition to chaos can be reduced
to a one-dimensional map of a suitably chosen angle variable as in the sine circle
map. After iteration of the map by the system a finite set (about 100) of points
,_I_the map is obtained. These points are fit to a monotonic least-squares cubic
spline that avoids the excessive wiggles of a pure cubic spline and maintains the
monotonicity of the map as given by the individual points, is Two different data
sets at slightly different parameter values are fitted in this manner and the map
for intermediate parameter values is obtained by linear interpolation. This map
is checked for self consistency by looking for locking structure; the locking widths
obtained from the interpolated map give the universal scaling exponent 5 = '2.8
to within 20%. Now the big advantage of this procedure is that the map can

' 4. .

be interpolated to the middle of a high cycle locking interval. This is crl,cial
because the scaling function is sensitive to where within the locking interval one
happens to be. In numerical work the appropriate quantities are evaluated at the
superstable point of the mode-locked cycle. In practice the numerically ,'a.lculated
scaling function is rather insensitive in the central part of the window but changes
alo_ near the edges. So provided one picks a value in the middle of the locking
interval for the interpolated map the scaling function should work out well. Such
indeed is the case as can be seen in Table 1. The first three elements of the function

ct0, tri, ct2 are in good agreement even without interpolation but the values for _:_
and ct4 are far from the theoretical expectations. After interpolating the map to
the proper winding number, the values of all five scaling function values are in
excellent agreement with the predictions of the universal scaling theory. :'''l



Global Bifurcations and 2D Maps

,\bore ct'il icalitv in the experimental system one encounters a (:omplex set of states

that ca nIl_)t [)e described by' a one-dimensional map. '['hese states and the llys-

teresis I)etween them are caused by coexisting attractors in pllase space and rntlcll

of the complex dvnamics in this region arise from global bifurcation struct.tlres, s':)

Again the idea is to fit the experimental dynamics, represented by Poincar6 sec-

tions, to a two-dimensional map of the plane at a sequence of par;,tneter values.

The states were sampled in their steady state after transients had decayed. An

example of the sequence of dynamical states that are observed is shown in Fig. 3.

The experimental 2D map is then fit using neural network or radial basis funct, ion

methods. 1° By fitting every other experimental parameter value one can test the

prediction for the unfit parameter values. Although there are some small quan-

titative differences the intermediate states are predicted quite weil. This is good

evidence that the features of the experimental dynamics are being captured by tile

fitted mapping.
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Figure 3: Comparison of the experimental mapping and the fitted map (primed figures

in second row) at four parameter values: A (12.020), B (12.033), C (12.041), and D
(12.049) and A' (12.024), B' (12.033), C' (12.036), and D' (12.049). The figure on
the bottom is a bifurcation diagram constructed from the fitted map.



Now rather than a set of discrete states at fixed parameter value one has an
empirical model of the system as a continuous function of the control parameter
ttlat can be studied using the methods of nonlinear dynamical systems anttlysis
including numerical bifurcation techniques. In Fig. 3. a small subset of the interval
where the dynamics is relatively simple is illustrated. The map was st,tdie(i usitlg
the AUTO package for bifurcation analysis. 'a With this program one can identify
periodic points and invariant circles and calculate the stability eigenval_les o{"lhc
attractors. The bifurcation diagram at the bottom of Fig. 3 was construcl,.,i in
this manner and shews the supercritical Hopf bifurcation of the period-2 orbit at
R/R_=12.037 and the subcritical transition to the period-8 orbit at R/Rc=I2.030.
The crucial element in the bifurcation analysis is the determination of the stability
which depends on the behavior of transients in the experimental data. It would,
therefore, have been appropriate to include transient data since the steady state
dynamics does not probe the stable and unstable manifolds of the attracting set.
Future work will include such transient behaviors although care must be taken
to ensure that the transients are on the same low-dimensional manifold as the

attractor. In general one is not guaranteed this separation of time scales for systems
such as R ayleigh-B4nard convection where the potential degrees of freedom are very
large.

Conclusions

In summary, we have illustrated how interpolatiHg nonlinear dynamical systems
can be highly advantageous for data analysis and for getting a good empirical
model for the system dynamics. Especially when the dynamics are complicated
good model can help elucidate experimentally-observed features in a way that the
Poincar_ section data alone could never do. Details of the map fitting techniques.
the experimental data, and the numerical bifurcation analysis for the global bifur-
cation structures in the supercritical regimes of the experimental parameter space
can be found elsewere, l°

In practice this procedure of interpolating the experimental data with a map
model can have definite advantages in applications such as the control of a complex
dynamical system. For example, suppose that we want to control a continuous
chemical reaction that displays a number of instabilities to chaotic states. By
building an empirical model of the dynamics (assuming that it is low dimensional)
it is possible to obtain much better control than with standard PID (proportional-
integrating-differentiating) feedback. It is also superior, in most cases, to a mod(_i
based on first principles, since few such models are quantitatively accurate. Details
of the applications of these fitting techniques are described elsewhere.l°
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