
MM tutwniiiej minufcttipi U*t Ueen iuiticHid
by » conwacio* ol thi U. S. Govtrnmtnl
undci comi»?l Mo. W-3M09-ENG-38-
Accordingly, th« U. S Govgir- ^r-% rtuini •
nontxclutivt, (oyaltylf** lie* • ** ' i publiifi
or rapfoducs th« publiihcd fonn of this
contribution, or illow olhtri to do iot for
U. S- Govfrrvnini purpoMt.

y - - . _ ; • i!.

TORSION AND CEOHBTROSTASIS IH COVA1IANT SUPERSTMHCS
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Tht eovariant action for freely propagating heterotie
»uper$tringt eoneiets of a nutria and a toreion term uith a
special relative etrength. It it ehoan that the etrength
for uhiah toreion flatten* the underlying 10-dvmneional
eupertpaaa geometry ie preoieely that tihich yield* free
oecillatore on the light eone. Tkie ie in complete analogy
with the geometroetaeie of tuo-diiwneional o-noiele with
Vaee-Zumino interactions.

I an reporting on some observations made In collaboration with T.
Curtrlght and L. Heilocescu' concerning the geometrical structure of
covarlant free auperitrlnga. To this end, I ahall exploit the striking
analogy of thla formulation to the geometrostaais2 of two-dimensional
o-models with torsion , I . e . a Uess-Zumino Interaction*.

In o—«odels, when the atrength of the torsion tern In the action
Is such that the underlying group geometry Is paral le l ized, the renor-
raallzatlon of (.his geometry ceases and the system reduces to a free
theory2 . The ccvarlsntly formulated heterotlc string Is a <r-raodel
whose fiber (target) coset Is 10—dimensional superapace. It appears
like an Interacting theory, but (I reduce* to the light-cone o s c i l l a -
tors comprising the free superttrlng when the strength of the torsion
term relative to the metric tern Is such that the underlying super-
space Is flattened—and only then. This specific connection lo the o-
model should be contradistinguished from treatments which associate
ef fect ive descriptions of strings propagating In non-trlvlal back-
grounds with generalized o-nodels whose cose I r. are not. In any case,
superspace . Recently, however, Ultlen has formulated the problem
super-covarlantly in curved supersp«ceh.

I briefly review some relevant background on plain bosonlc chlral
o-models with torsion 2 . The base space Is flat two-dimensional space-
time, while the group fiber Is the coset C^«fiR/fiv. The protective
coordinates of this group manifold are the "plons" •*, i . e . the Namhu-
GoId91one bosons which shift under the nonlinear axial Iransfornatlons.
Exponentiating i ^ T 3 yields the standard Rroup elements U, and hence
U dU are elements In the algebra. All uroup manifold tensor functions
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of * a are expres sed In terms of f l a t tangent space I n d i c e s ( t , ) , k , . . . 1 ,

converted from curved group i n d i c e s ( a , b , c , . . . ) through the v l e l b e t n

one-form and the counterpart c u r r e n t s def ined in the f l b r a l l o n ,

4- ' dll = J 3 T T r ( I )

The conventional o-model is then limply the flat contraction of space-
time and group Indices In the current bilinear, amounting to a metric
term, the "Sugawara action":

li 7'dM-v;r , <2>

where X Is the dtmenslonless coupling ( - l / f f ) .

The properties of this model are modified dramatically if a tor-
sion (Weas-Zumlno) interaction term I2 '* Introduced. The group mani-
fold considered is typified by a fundamental invariant three-form
constructed from the structure constants of the algebra:

Tr U"'dU U"'dU U"ldU ( 3 )

where n In an arbitrary numerical strength. This form Is amittclaled
lo Cartan'ii torsion two-form, and the corresponding rank-three ant l -
symmelric tensor s"b c Is the torsion complect-.4 the Chrlstoffel
symbols r ^ inside covarlant derivatives on the group manifold, n^
Is closed, dftj • 0, but not exact. I . e . i t may only be derived from a
polvnllnl two-form (J2 locally on the group manifold: ft, " d(L .

Using th i s , the torsion Interaction terra

f . - . j
i . i k X

JJ

may he converted to a two-dimensional Interaction through Integration

by parts. However, the coefficient n Is constrained by the cohomology

of the manifold to equal Nl2/c, where N Is an arbitrary Integer .ind c

Is a normalization charar•eristic of the group; e.g. c » 2» for the

conventional r>/perspher leal model based on SU(2 ), «SU(2 )R/SU(2 ) v .

At 0 " £l, 11 may he seen by use of the Maurer-Cartan equation
1V' " "'|k v^ v k lhflt n3 " -nv'dV1 reduces lo the parallelizing torsion.



I . e . the one dictating the vanishing of the general 1 zed curvature iwo-
form gt1^. (For n - -I this i s obvious, since the spin connection
vanishes, while the curvature In definable as Its covarlanl curl.)
When the geometry which drives the ronoraal1zatIon of these models Is
flattened, renorraal Ir.ation comes to a s t a n d s t i l l , as the lnfrareil
geometrostattc fixed point Is reached 2 ' 3 ' 4 . This fact WAS checked to
two loop* Jn ret. 121 and and ahould not he unexpected4; It waa
finally proved to a l l order* In perturbation theory in ref. | 7 | . The
only bosontc geometries with this property are actually the Rroup
manifolds discussed above. At the geonetrostatlc polnl, n « i t . these
theories nay also be shown to he free •

Tliis result pers ists upon N-l supersyrametrlzation, I . e . when
Hajorana splnor superpartnera of the •*'« are Introduced, which arc
not protective coordinates themselves, however .

ami hence, unlike the ensu ol hosonlc s tr ings , a torsion term Is nec-
(.•xsary In formulating strings covariantly.

The projectlve coordinate!) corresponding to the nonl lnearly real-
ized 10-t rsnslat Ion ctid the 32! l6)-coraponent H«tornna-Ueyl mipersymnwtry
are X" and 8̂  respect ively , whe p and a are flat tangent space vector
and (Ha.lorana-Weyl) splnor indices, respectively. In addition, the fcrmlonlr
representation of che heierotlc string also u t i l i z e s 32 ancillary
Maiorana-Ueyl world-sheet splnors T ,̂ ° which are ucalars under the
action of the above superspace co ie t . They are thus to be contrasted to
tne above projectlve coordinate* (Xv,6m) which are world-cheet scalars
hut, of course, transform nontvWlally In 10-dlmenslonat superspace.

The aupervlelbein one-fons and the counterpart currents are

«M 8, de") s (S)

Figure. The nanormalization of the boeonic hyperephere o-model oith
torsion: At high energies the coupling X decreases indefi-
nitely, i.e. the radius of the group hyperephere r » / w » 1/*
increasee iittt'i energy. At loo energies however, in lieu of
infrared slavery, X increases to a critical value l/rc =
/2w/N and stops evolving oith decreasing energy, i.e. achieves
conformal invariance.

Formulating free superstrlngs In a covariant language, so thai
(heir spacetlme syrametries and supersymrcetry are manifest, results In
l.isranglans which appear at f irst to describe nonlinear Interactions.
Covariant superxt r I ne.s may be regarded as bosonic two— dimensional
o-models in curved spacetlme (the world-sheet), with constraints
which arise from the extra variations of the world-sheet metric, and
from the appropriate boundary conditions. I wl 11 discuss the 10-dimen-
slonal heterotic KuperBt rl np.. ' ° The flher coset of this string Is
10-dlmensional N-l superspace. In .-.ontrast. to ordinary spacetlme
uhlch nay be flattened ulihout u n i o n , flai supcrspace needs torsion,

where C denote the two world-sheet coordinates . The metric term of
the action (which alone contains the bosbnlc s t r ing ad 8 * 0 ) i s

« /=R
U V

pv a B
(6 )

This Is mmifestly world-sheet reparamelerlzallon Invariant, and ulob-
.illv l/>reitz and supersymmetrv Invariant In ten dimensions.

The fundamental Invariant three-forn constructed from the super-
symmetry structure constant Is

a, - -in(cr ) u
i u mn

- -tndxw(der de)
u

( 7 )

Because of Incomplete antisymmetry of the above s tructure i -onstanl , uu

appears not t h r i c e hut once In the above e x p r e s s i o n , which wi l l r e s u l t

In an extra factor of 1 In tht normalization of the action analog of F/j. ( 4 ) ,

C l e a r l y , flj Is not onlv c l o s e d , hut a l s o e x a c t : fl.. " dft,,

a, • in dx"("er do).
The resulting torsion term for the hoterotic superstrlng Is thus

which conta ins the s t r i n g tens inn factor )us l l i k e the metric terni.



This terra has no analog for thu purely bosonic string In flat space.

Note that because- of the lack of a nontrlvlal topology In Hw supe-r-

upace considered, there arc no coliomologlcal reasons to constrain the

coefficient n to he a priori quantized. '

The parallelizing torsion In auperapace 1« (du",O): for that

value the spin connection and hence the curvature vanishes. The fun-

damental three-foro corresponds to Chit value for 1 " 1, aln-e fl-j •

n u din . For both o-nodels and guperatrtngs, the torsion and Its

normalization may be Identified fro™ equations of motion o'.: I( + I2.

The heterotlc superstrlng Is not chlrally symmetric, and thus the

value n " -1 amount! to reversing the sign of the 1* natrlces and

reversing the chlrallttes of the two sectors of the string discussed

below to yield and equivalent nlrror-lnage theory-—actually this

theory conforms to the sense chosen In ref. (10|.

The geometrical correspondences between <r-aodels and the

covarlant superstrlng covered so far are collected belou:

CI1IRAL o-HODEL WITH TORSION

Base space: 2-dlm. spacetlme

Cosec: C^ x GR/GV

Projecllve coordinates: * 5Va •

Vlelbeln form: V 'd*a»l 'dXp

a u

i-iaurer-Cartan Kq. dv'» - f '

Metric term:
I - ' I i \ n u » 4 j 1 , X

1 2X2 Ik u v

1-form-torsion:

Tofsi on term:

• i i k

da , l o c a l ly

COVARIANT M-l HETEROTIC SUFERSTRING

2-dlra. curved world-sheet

N-l SUSY 4 Polncartf / SO(9,1)

nm
m
U", 0)

aB u «

n,- -in(cr ) » W
J m n

s. of motion:

At rrtl, ftj.WJdV- and

free theory
At n-l. Oj-u^

free strtng

and

The central observation In this discussion Is that It Is only for

the special strength n-l selected by the geometric criterion of

parallei l iabi l i ty that the string action Ij + tj possesses a local

fermlonlc lnvariance: this lnvarlance Is eaaentlal for Its reduction to

free oscll lato-s on the light-cone , I . e . the free superstrlng, to b*

detailed belou. Naturally, one expects Chat this i s not » mere coin-

cidence, but no couplete causal connection Is available so far.

The following full covariant formulation of the heterotlc super-

string, in addition to I | and ly with n>l, alec contains the rrpara-

meterl zatlon Invarian. kinetic terra for the ancillary, non-supersyirr-

metrlc fernluns:

where Y0 " are world-sheet nirac raatrtcef. deflreu from
a a c raatrtcef. deflreu from t.inge

space ones through the world-sheet zueibein e a , Yp 's the pseudo-
aflafl

scalar matrix, and P?" i fg° i -— )/2 Is a projection operator which

enforces the Woyl c h l r a l l t y on T:

(10)

As a res ' i ' . t , the T's d e s c r i b e only 1 ft degrees of freeo.'ffl. 1 w i l l

conclude l.y s k e t c h i n g how t h i s ac t ion merely d e s c r i b e s n f ree s t r i n g .

As a lready remarked, the a c t i o n ( 9 ) p o s s e s s e s the fol lowing local

fermlonlc symmetry , c h a r a c t e r i z e d by .i l f ! -d lmenslonal s p l n o r , world-

sheet vec tor parameter K0™, w i t h P_K » <:

9 x a . e r a
a 6 it



u a

0 .

This, along with the other syraiielrles of the string, may he used to

prune out the superfluous degrees of freedom in the equatlonSgOf notion.

The light cone la defined by X* = and

Recalling thai r r+ - 0, the invarlance (II) permits rotating half of

the components of a away (a total of 8, corresponding to P"x). so as

lo gauge fix on the light cone frame: T 6 • 0. Reparameteriration

lnvariance Is then used to go to the conformal gauge, /-g" g° • 1° ;

and conformal liwarlance to fix to the evolution time, X+ - p+f.

Lastly, consistently to the above, a two-dimensional tangent space

rotation fixes the zueibein to <e°t - e°o) + (e'o - e'T) - 2.

The equations of notion of (12) then collapse to free equations

derivable from the light cone action

I * - S - er"(so - a )e + — T V O + 9 )
(12)

where the transverse coord inates X take 8 v a l u e s . This y i e l d s the

hybrid spectrum of the h e t e r o t l c s i r i n g . The l e f t -mov ing s e c t o r

conl . i tns R bosonlc components and R fermlonlc on'is (8) and i s s u p e r -

symmetric; the right-moving s e c t o r c o n t a i n s 8 boaonlc components and

16 ftrmlonlc ones ( t) without sunersymine t rv —upon b o s o n l z a t i o n of

the L i t t e r , they a l l add up to 24, equal to the transverse dimensions

of the bosonlc s t r i n g . To r e c a p i t u l a t e , for the s p e c i a l va lue n " 1 a

local supersymmiHry emerge:, so as lo re luce Ihe g e n e r a l i z e d superspace

o-motiol lo the free h e t e r o t l c s t r i n g .

A reasonable quest ion ic ask j l t h i s point i s whether properly

defined quantum t h e o r i e s with n ^ 1 are c o n s i s t e n t , and If s o , whether

they are re lated to i n t e r a c t i n g s t r i n g s . Furthermore, in that c a s e ,

would the renormalIzal ion group push them to the n " ' l i m i t In the

infrared , analogously to o-models?

Extension of t h i s geometric connect ion to the Green-Schwarz super-
str lnj; Is not s tra ight forward . This I s because the fundamental c l o s e d
form n-j breaks thu 0(2) symmetry which connects the two fermtonir
coordinates with earn o i l i e r , in ihr I0-.I Imenslonal N - 2 superKpnn: on

which they are d e f i n e d . On the other hand, the p a r a l l e l i z i n g tors ion

does not . Aspects of '.his f e i l u r e may be understood In terms of the

recent curved superspace for imi l? i 'o . . f the IIB s u p e r s t r i n g . ' ^
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