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An i t e r a t i v e  method i s  developed t o  f ind  an approximation 

t o  the  l e a s t  squares so lu t ion  of minimum norm, f ,. of .an 
0 

opera tor  equation, Kf = g, of  the  f i r s t  kind. I n  app l i ca t ions  

t o  i n t e g r a l  equations, the  superfluous o s c i l l a t i o n s  i n  the  

f i n a l  s o l u t i o n  of  mettiods,'in t h e  l i t e r a t u r e  a r e  not an 

apparent problem. Let K : H1 ,- H2 be a completely continuous 

opera tor  from a r e a l  separable H i l b e r t  space H t o  a r e a l  
1 

H i l b e r t  space H2. Let g E R(K) + N(K*) . A sequence 

I 
If C N(K) converging t o  f o  i s  constructed.  fh  minimizes 

. . h .  j-1 
J 1 

t he  func t ioqa l  QA ( f )  = I I K ~  - 8 1 )  + h i  ) ' I£  11 ,  h > 0. s t a b i l i t y  
i j 
J 

, . and  e r r o r  bounds a r e  obtained.' 
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. '  1. INTRODUCTION AND REVIEW'OF THE LITERATURE 

1.1. Statement of the  Problem 

Throughout t h i s  paper we w i l l  assume tha t  HI i s  a 

rea l  separable (or f i n i t e  dimensional) Hilbert space, H2 

i s  a r ea l  Hilbert space and K i s  a compact (or completely 

continuous) operator from H1 t o  H2. The basic def i- 

nitions used above can ,be found i n  .Bachman and Narici ' [3 ,  

" Chapter 6 and 1 7 1 .  

We w i l l  use the notation: 

R ( K )  = range of K, 

and 

where , ) denotes inner product in  the Hilbert space. 
. . 

. From Strand [20, page221 we have tha t  for an operator K 

- 
H2 = N (K*) 8 R (K)  where R (K)  i s  the closure of R (K)  , 

I 

H1 
= N ( K )  8 ( N ( K ) )  , 

and 



We are interested in finding an approximation. to the 

least squares solution of minimum norm, fo, of the 

operator equation Kf = g where g E H2, when such a 

solution exists. Kammerer and Nashed' [ll] give the follow- 

ing definitions. 

- 
Definition 1.1.1 , For f,c H1, g E Hz, an element f E H1 

is a least squares soluti,on of Kf = g if and only if 

( 

Definition 1.1.2 For f E H1, g E H2, an element f E H1 
0 

is a least squares solution of minimum norm of Kf = g if 

and only if it is a least squares solution of Kf = g and 

- 
Ilfoll 5 I(zII for all least squares solutions f of ~f = g. 

Strand (20, pages 23-24] notes that the least squares , ' 

solution of minimum norm to ~f = g exists (is unique and 

I 
. in N(K) ) if and onlyif g E H2 can be written in the 

form . 



where and For this 

assume g is always in the form g = gi + g2, with 

gl E R (K) : From Strand [ 201 and Diaz and Metcalf [5], f 

is a solution of ' I I K ~  - gll = inf[ l l ~ h  - gll 1 h E H ~ ]  i f  and 

. . 
only if f is a solution to Kf = gl. They also note 

that the least square solutions to K*Kf = ICkg and 

Kf = g1 are the same, this will become important later on 

in this paper. 

The least squares solution of minimum norm o'f Kf = g 

can be written as a series in terms of g and the 

eigenvalues and eigenvectors of KK* and K*K., so is 

known exactly ([20, page 251, [24, page 1431). However, 

finding each eigenvector of KK* is as di,fficult a problem, 

numerically, as the original problem. 

Twomey [25], Phillips [18], Tikhonov [23] and Strand : 

[20] consider various generalizations of the method of 

regularization for compact operators K, Strand [20] 

considers the functional 



where p E H1 is an estimate for the least squares solution 

of minimum norm of Kf = g . He proves that' (1.1.4) is 

minimized by 

Strand (20 J gives a proof for the following theorem. 

- 
Theorem 1.1.1. f = lim fX exists and Z is the unique 

x+o+ 
2 solution of K*K~ = K*g for which 1 1  f - pll is a minimum. 

We will use this theorem in Chapter 2 for the case where 

p 0, to obtain an approximation to the least squares 

. solution of minimum norm of ~f = g.. In general a method 

for determining a good choice for X in actual applications 

-1 and construction of an inverse to represent (K*K+XI) 

is difficult since ( R K  + XI) is generally ill-con- 

ditioned for a useful choice for X. In this dissertation, 

the problem of a choice for A will be considered and 

finding ( R K  + XI) -' will be avoided. 



1 . 2 .  I te ra t ive  Methods 

Landweber [13], Diaz and Metcalf [5], Kammerer and 

Nashed [ l o ,  11 ,121  and Nashed [14,15] study i t e r a t i ve  methods 

for finding the l eas t  squares solution of minimum norm of 

~f = g, by constructing a sequence [fi]y=l which 

converges t o  the l eas t  squares solution of minimum norm. 

The sequence [fi]y=l i s  defined by 

where a and W are chosen t o  give the method of 
n n 

steepest descent, conjugate gradient or weak steepest 

descent method. These methods converge t o  the l ea s t  

squares solution of minimum norm of .Kf = g for var,ious , . . 

choices for  a s tar t ing  vector and res t r i c t ions  on g E H2. 

'For perturbations of g by a function E i n  H2 we have 

the operator equation Kf = g + E which, since . g  + E 

might not be an element of R ( K )  + N(K*) , may f a i l  t o  have 
. . 

. ' a l eas t  squares ,solution of minimum norm. Strand 120, page 

473. shows tha t  these methods are sensi t ive t o  small pertur- 

bations of .g. and may f a i l  t o  converge t o  a function near . . ' 



the actual solution. .This is a serious problem for a 

numerical method, since discretization error and roundoff 

error like a perturbation of 

The iterative method considered in this dissertation 

,will depend on operators of.the form : 

(AI+K*K) : H ~  + H ~ ,  A > 0. Since A I + K" is 'bounded 

. . and positive . def =nite the inverse (A I. + K*K) -' exists and 
is defined on all of .H for each A ) .  0. For A not 

1 

to,o small the solutions of (K*K + XI) f = K*g will not be 

' as sensitive to perturbation of g ' as the equation 

K*Kf = K*g (see section 2.3), but has a solution close to 
. . 
. . 

the least squares solution' o f  minimum norm of K*Kf = K*g 

(or ~f = g) . 
Some examples will'be given, together with a discussion 

of some of the problems of discretization, of finding 

approximations to least square solutions 'of minimum norm . 

of integral equations of the first k,ind. 



2. DEVELOPMENT OF AN ITERATIVE METHOD FOR CONVERGENCE 

2.1.  In t roduc t ion  

F i r s t .  An i t e r a t i v e  method i s  obta ined  f o r  an 

approximate s o l u t i o n  t o  t h e  l e a s t  squares  s o l u t i o n  of 

minimum norm of Kf = g, when such a  s o l u t i o n  e x i s t s .  

Second. Severa l  theorems w i l l  be g iven  which s tudy 

t h e  p r o p e r t i e s  of  changes i n  t h e  s o l u t i o n  t o  K f  = g 

when g  i s  rep laced  with g  + E, k an element o f  H2, 

t o .  g i v e  an indica t . ion  of s t a b i l i t y .  

Third.  Theorems r e l a t i n g  X > o and f  E H1, 
h 

' ' . where f A  i s  a  s o l u t i o n  t o  (K*K + h I) f = K*g w i l l  be 

given, as w e l l  a s  sane  theorems on e r r o r  bounds. 

' 2 . 2 .  An I t e r a t i v e  ~ e t h o d  

The l e a s t  squares  s o l u t i o n  of  minimum n o r m '  
0' 

is 

J. 
an element of  [N(K) ] . For any element f  E N ( K )  we 

. . 

have K ( f o  + f )  = Kf + Kf = ~ f , ,  s o  s i n c e  f  + f  and 
0 0 . , 

f  a r e  mapped t o  the same element i n  t h e  range o f  ' K ' it . 
0 

. '  , i ' s . i m p o r t a n t  f o r  an i t e r a t i v e  procedure t o  s t a y  on 

[N(K) jL. The. g o a l  is td construct a sequence of f 'i~ 
. . . . . 1 ' '  



which sa t i s fy '  the, theorem below, converge t o  f ' and 
0 

stays i n  N(K)' .  

Theorem 2.2 .l. I f  f E H1 i s  the solution t o  X 

(K*K+A1)f =K*g, h > 0, then 5 E R(K*) c N(K)' .  

Proof: Since (K*K + h I) fA = K*g we have 

X f X  =K*g - K*K f h  which in  turn implies tha t  

- K*(g.-K f h )  , , . 

fh  - , thus fh  E R(K*) c [N(K) ] ' .  
X .  

Now we develop an i t e r a t i ve  method related t o  a 

steepest descent method for Tikhonov-Twomey regularization, 

which converges t o  the l eas t  squares solution of minimum 

. . 
norm, when such a solution exis ts .  The method developed 

allows one t o  find a solution of (K*K + 11) f = K*g for 

a X > 0.  When the convergence f a i l s  or becomes slow then 

the advantage of t h i s  method i s  t ha t  a new s ta r t ing  vector 

can be obtained. 

We rea l ly  wish t o  implement the procedure i n  'Step 1 and 

,: 2 following and i n  doing so the main resu l t  we use i s  given 

: . i n  the corollary on page 20 io r  Theorem 2 .2 .2  which follows. 
. . . . 



Step  1: Choose a sequence o f  p o s i t i v e  r e a l  numbers 

[ such t h a t  A 0 a s  i - m, a s t a r t i n g  element 

I" f . ' E H1 f o r  t h e  sequence [ f l J n  n=o converging t o  t h e  
, 1, 0 

so lu t ion ,  f l, of  (K*K + A 1 l )  f = K*g, ' a s  r equ i red  by 

Theorem 2.2.2. 

S tep  2 : we now proceed i n d u c t i v e l y .  Fox j = 2,3,4, . . . 
using  f = f 

j-1 
a s  a s t a r t i n g  .vector,  o b t a i n  t h e  

j , o  

1: sequence [ f j j n  n=o converging t o  f where f i s  
j ' j 

t h e  s o l u t i o n  t o  (K*K+A.I)f  = K*g. Continue u n t i l  A 
I j 

is less than  same pre-assigned va lue .  

Theorem 2.2.2. Let  fl., n+l = f + a  W a E 
1, n 1,n l , n J  1 ,n  

., r e a l s ,  f o r  each .  i n t e g e r  n 2 0 ' and f H1 
then  t h e  

1 9 0  

, . converges t o  t h e  func t ion  

2 
f = f l  E R(K*) t h a t  'minimizes Ql ( f )  = 1 I ~ f  - gll + 1111 f 11 2 

1 
A 

where 

w ' > '  

. . 

( ~ ; , n '  1 , n  a ' - - - . . 

1, n .  . . ( m l ,  n. W >  f o r  w $0, 
f + 'l(wl,n' l , n  . 1 ,n  

1, n 



and ' 
, . 

i f  nl i s  the  f i r s t  n such t h a t  W = 0 
1, n 

take a = 0 and f l  = f for a l l  n 2 nl .  
l , n  n, 1 

Proof: From Theorem 2 . 2 . 1  we have f l .  E R (K*) . T o  choose . . 

a consider fl,'n+i = f + a W  and 
1 ,n  l , n  - l , n  



.We now take the derivative.of 
*11 (fl,n+l ) with respect 

to .a and set the .derivative equal to zero:' 

Note also 

d for W $ 0. Solving - 
. Id' , da '11 (fl,n+l ) = 0 '  'for .a gives . :  
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So we have .from the expression f o r  a 
1, n 

Therefore,  we have '1 ( f l , n + l  
) 5 'X ( £ l , n  ) and e q u a l i t y  

1 1 

, . occurs  when ( K * K ~  + X f  - K*g,W1,n ) = 0 f o r  some n.  ' l , n  . 1 l , n  . , 

Note t h a t  i f  K*Kf 
+ ' l f l , n  - K*g = 0 f o r  some n, 

l , n  

say n 1' t h e n .  . f  = (K*K + X ~ I )  from (1.1.5) ,  
1, n1 

. where p 5 0, i s  t h e  minimizing va lue  f o r  QA ( f )  . Thus 
1 

i f  K * K ~  + ' l f l , n .  - ~ * g  4 o for n > n and 
1, n 1 

", K*Kf + - K * g = i )  f o r  t a k e  a = 0 = "1 1, n1 1 . :  l , n  

f o r  n 2 n  and 1 £ l ,n  = f . f o r  n 2 n 1 . In  g e n e r a l  t a k e  

' W = K*Kf + A '  f - .K*g. We have d iscussed  t h e  
,l, X I  l , n  . l , l _ , n  

. . . . 
. . . . 



c a s e  W $ 0 f o r  a l l  n, then  ( 2  . 2  .l) becomes . , '  

1, n 

and, 
. . .  

, Q~ ( f l , n + l  ) < QX ( f l ,  n )  f o r  a l l  n. We now have 
1 1 

.n 2 . .  
m 

So ) i s  an inc reas ing  

k=o . . 
. . 



sequence of'positive real numbers bounded above by 

QX (f ) and so converges. Now since 
7 190 

we have 

and 

Multiply each side of (2.2.5) by (W W , ) and sum 
. . .  

l,kJ l-,k 

1 k, yielding 

over 



So L ( w ~ , ~ , . w ~ , ~ )  converges, thus 
. . 

we now show { f lrn converges to 
1, n .n=o 

= (K*K + 1 I) -'K*~. Once this is done the proof will be , ' '  

complete, since this f . minimizes Q l  (t) . Since 
1 

1. 

(K*K + AII) is invertible, there exists a positive real 

-' such that for all ' n . number MA = 11. (K*K + XII) 1 1  
I 



Therefo're 'we have 

from (2.2.6) . 
So we have shown tha t  f converges t o  f l  i n  

1, n 

norm as. n + a). This completes the proof of the theorem. 

NOW. take I 2  
from the sequence {X j]7=1 and use 

f l  E R(K*) , from Theorem 2 . 2 . 1 .  as  a s t a r t ing  element, 

. . 
i . e .  take f and as  i n  the case for' A1 con- 

*,o 
= fl, 

s t ruc t  the sequence { f2,  I ,, which converges t o  

f 2  E R(K*) such tha t  f2 ,  n+l = f  ' + a  W where 2,n l , n  2,n 



and 

f o r  

and a .  ' = 0 ~ h e n ~ v e r  
2,n 

I n ' g e n e r a l ,  use  f  as a s t a r t i n g  element i n  
j-1 

R ( K * )  , t a k e  f - .  
- f j - l j  j =2,3,4,. .. a n d c o n s t r u c t  - j , o  

t h e  sequence 

( 2 . 2 . 8 )  ]* w h i c h  converges t o  f l f j , n  n=o j 

such t h a t  f  = f + a W .  
j , n+l j , n  J, n .  3, n  



where . 

f o r  

and ' a I = 0 whenever K*Kf . + A .f . - ~ * g  .= 0 .  
j, n j, n 3  3,,n 

From t h e  remarks . a t  t h e  beginning of s e c t i o n  2.2, we 

need t h a t  t h e  sequence de f ined  by (2.2.8) s t a y  i n  [N(K) ] I. 

Since f o r  j ) 1 and f = f  E R (K* ) , we have t h e  
j , o  j-1 

fo1,lowing c o r o l l a r y  t o  Theorem 2.2.2.  . 
. . 

Coro l l a ry  2.2.3.  I f  j ) 1 then  t h e  sequence def ined  by 

Theorem 2.2.4. Let  f b e  t h e  l e a s t  squares  s o l u t i o n  of 
0 

, minimum norm of ~f = g, f l j o  1" I?'- H1> { { f j , n  n=o 3-1 

cons t ruc ted  a s  i n  (2.2.8) and l e t  E ) ' 0 , '  t hen  t h e r e  
. . 

e x i s t ~ : ~ o s i t i v e  i n t e g e r s  n  and j such t h a t  , 



' Proof: Follows from ) I f j ,  n - f o I I  < I l +  INj -folio 

2 . 3  . Perturbations of q 

we have tha t  R (K)  + N(K*) c H2 is dense i n  H2.  For 

a perturbation of g by an element E belonging t o  H2 

it is  possible t ha t  g + E  w i l l  f a i l  t o  be an element of 

R ( K )  +, N(K*) , in  which case the l eas t  squares solution of 

m i n i m u m  norm i f  Kf = g + E would f a i l  t o  exis t .  The goal 

i s  t o  determine relationships .of the solutions of 

and the l eas t  squares solution of minimum norm'of Kf = g. 

' . Then an approximate solution of m i n i m u m  norm of Kf = g  

can be found, provided the perturbation of g i s  not too 

large. 

Theorem 2 . 3  .l. If  f E H1 i s  the solution t o  
X . 

( K * K + A I ) ~  = K*g and, f X , E ~  H1 i s  the solution t o  

(K*K + X I )  f  = K* (g + E )  where E belongs t o  H2 then 



.Proof: We have t h a t  . . 

Subtracting the  above equations, we ge t  

(K*K + X I )  f  - (K*K + X I )  f X  = K* (g + E )  - ~ * g ,  
1 , ~  

.(K*K+XI) (f - f ) = K*E. 
X , E  X 

Now since K*K + X I  has a  bounded inverse, , t he re  e x i s t s  
, . 

-1 -1 
an M~ = 11 (K*K+XI)  )I such t h a t  



Remark: With r e f e r e n c e  t o  Theorem 2.3.1, i f  we l e t  g be 

t h e  minimum ( o r  i n £  of the.) non-negative eigenvalues,  of  

K*K then  

Theorem 2.3.2. I f  given 6 ) 0 and 

I * .  £0 i s .  t h e  , l e a s t  squares .  s o l u t i o n  of  minimum norm of 

Kf = g, 

2 .  f .  is  t h e  so1,ution of  (K*K + X I )  f = K* (g '+ E) f o r  
.I> 

e a c h ,  j, 3 = 1 , 2 , - - * ,  

3.  . f de f ined  by (2 .2 .8) ,  
j J n r €  

4. E i s  an element of H2 then  

- 11  K I ~  11 E 11 - 
I I f -  - - f o I  I. -t- K for some j and 'n .  j , n , c  -1 -1 11 (K*K + A +I) 1 1 .  

3' 



proof :  Ilf -'foil =., 11 f . . . - ,f . + f . - i .. + f - f o i l  
j . ,n, E l Y n y €  3 , ~  3 , ~  J j 

Now t h e r e ' e x i s t s  a j and n such t h a t  

6 6 - 
- f .  11 < 7 and II f j  - foil < s a y  f o r  j = j IIf jyn,E . j , E  

- 
.n = n w e  have 

2 . 4 .  Some E r r o r  Bounds and P r o p e r t i e s  o f  . X 

Now we  w i l l  p rove  some theorems which w i l l  y i e l d  some 

bounds '  on 1 1  fk - foil i n  t e r m s  of  X > 0 where f E H1 X 

i s  a s o l u t i o n  t o  (K*K + XI)'£ = Wg and f i s  t h e  leas t  
0 

squa re s  s o l u t i o n  o f  minimum norm o f  Kf = g.  The bound on 
I 

11 f A - foil w i l l  depend on knowledge o f  t h e  . 's 'ingula'r ' system 



(U V n ; v n )  fo r  the  compact operator K which i s  described 
n  3 

below. The notation and r e s u l t s  follow t h a t  of Strand 

[20, page 191, [21] and Tricomi [24] . Define 

o (K*K) = o o  (KK*) = [ yn : y n  i s  an eigenvalue of 
0 

. .  . 

K*K, yn > 0, n  E q] where .q = [ I ,  2, . .. ,k],  ( k  may be 

Let 

an'd 

Since. K*K is  compact,.symmetric and non-negative definite.,  

assume t h a t  the  yn a r e  ordered such t h a t  

- -1/2 y1 2 Y 2  2 - * *  2 Y 2 - * *  > 0. Define pn - y n  3 n E Nk0 

Then we have 0  '< P i  2 U7 2 . . . ; 
u 

. . . . 
. . 

, and . 



Now.in this notation we can state Picard's ,Theorem, 

a proof of which is given in Strand [20, page 251. 

Theorem 2.4.1. (Picard) . Let (U,, Vn; pn) be a singular 

system.for the compact operator K : H1 - H~ and g E H ~ .  

Then the equation K f  = has a solution f o E H1 if 

2 2 - 
and only if , yn 1 (g, un) I < m and g E R(.K) . A ~ S O  

for g E R(K) we have f = 1 (g un)IJnVn- 
0 

n~ N, 

. . Strand [20, page 261 notes that for 

g = g1 + g2, g1 E R(K) and g2 E N(K*) then 

7-  

f = i < g,un > Y,V, is the least squares solution.of 
. 0 

minimum norm of the equation Kf = g. 



Theorem 2 . 4 . 2 .  L e t  

1. K*K have f i n i t e  non-zero spectrum o N k =  m, 
0' 

2 .  f i H1 be  t h e  l e a s t  squares  s o l u t i o n  of minimum norm X 

of K f  = g then 

Proof: 



v . .  . -1 n and since (K*K + XI) . Vn = + X we have 
'n 

Now we take t h e  square root  of each  s ide  of the  above 

. . inequali ty,  giving 

This completes the  proof of the  theorem. 

Theorem 2 . 4 . 2  can be extended t o  the  case where K*K 

does not hav.e a f i n i t e  non-zero spectrum. . . 



Theorem 2.4.3. If under the same.hypotheses as Theorem 

. . 
2.4.2, except that K*K. has non-finite spectrum and. an 

integer .M ) 0, areal number 6 > 0 are known such that 

then 

Proof: Simular to the proof of Theorem 2.4.2 we have 



Now we take the square root of eachs ide  of the above 

inequality, giving 



. . 

Remark: Let 

otherwise. 

From (2.2.7) ,and (2.2.8) we have 

Remark: Since the eigenvectors of K*K , associated with 

I 
its non-zero eigenvalues span N(K) and fo, fj, f 

j,n 

belong to N (K) for j > 1, we have 



and 

where y = i n f  
Yn 

(see Helmberg [7,  page .  2251 ) . 
yncuO (K*K) 

Since ~ * ~ ( f ~ - f ~ )  = A,.£ and 
I j 

(K*K+XI) ( f .  f . )  ='w w e  have 
3,n I j , n  

and 

Thus ( 2 . 4  . l)  can be rewri t ten  a s  





and 

The theorem follows immediately. 

We now prove that I J K ~ ~ ~ J  is increasing as X > 0 is 

decreasing. The theorem following is of interest, in its 

own right, when compared to Theorem 2.4 .4 .  

Lemma 2.4.5.  If a > 0, f 3 )  0, f E R(K*) is the solution 
a 

.to (K*K +.aI) f = K*g and f E R(K*) i s  the solution to 
B 

and' 



proof:  . We have . , the  r e s u l t  t h a t  

which impl ies  

Now tak ing  t h e  inner  product of  each s i d e  of (2.4.3) 

with f a  - f we ob ta in  t h e  fol lowing r e s u l t .  
B 

So we have 



. . 

The resu l t  

has a similar proof, s t a r t ing  with 

and then taking the '  inner product of each s ide with 

f a  - f g .  

Theorem 2.4.5. If 0 < f3 < a,  f E R(K*) i s  the solution 
a. 

t o  (K*K + a I )  f = K*g and f  E R(K*) i s  the solution t o  
B 

(K*K + P I )  f  = K*g then ' I I ~ f ~ l l  2 I I ~ f , l l .  

Proof: . Since we have 





In a similar 'way from 

we obta'in: 

Now add equations ( 2.4.4) and ( 2.4.5) , obtaining . . the 

inequality: 

.. SO (2.4.6) yields the result: 



Since 0 < f3 < a we have 

( K f g , K f g )  2 (Kf a, ,Kf  CL ) .  

Thus we have I I K F ~ I J  2 ll~f,ll and the theorem. 
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i s  minimized.  Note that  i f  Q' ( f  ) = 0 f o r  some choice  
l 1 .  

S . . .  

for X 1  > 0 .  then w e  would have obtained an equation 

which has f s  a s  i ts  ' so lu t ion .  

To minimize 6 (f  ) - k i t h  respect  to  ' X, w e . w r i t e  
. X  . s 

Taking the  der ivat ive  6 ( f  ) with respect  to  X and . '  . , 

X s 

s e t t i n g  A'X ( f ~ )  = 0 w e  g e t  the  r e s u l t  
dX 



2 6 

Q(fs) = 2(fsyfs) > 0, so that the , ' Note also. that - 
dh 

. . 

A . . .  
Q(fs) = 0 yields a minimum. solution to , , 

. . 

- 
solving -% (fs) = 0 fo,r 1, = 1, ' the minimum, 

dX 

we 'have the result: 

By substituting h = in 6 (f ) we obtain X s 

For the choice for A 1  we need X 1  2 0, so consider 

the following three eases: , 

Case 1. If = 0, . take h l  = and we have computed an . 

' exact solution, fs E R (K*) c N (K) L, to K*Kf = K*g. 



s i n c e  . K* , i s  .one-to-one on t h e  r a n g e  of  K we. have,  t h a t  
. . . . 

s o  Kf - - g1 . Thus we have computed t h e  leas ' t  squares  
S 

s o l u t i o n  of minimum norm, f = fo, of K f  = g .  
S 

Case 2 .  I f  1 ) 0 then  t a k e  = 1 and f = f  
l Y 0  S 

f o r  a  s t a r t i n g  element. 

'Case  3.  . I f  < 0' then  r e p l a c e  f  wi th  - f  i n  
S s 

(-3.1.1),  s i n c e  then  t h e  new va lue  of .r i s  

a s  compared wi th  equat ion (3 .l. 1) . So i f  (Kf, g  - Kf) 

i s  nega t ive  f o r  f and p o s i t i v e  f o r  - f 
s t a k e  

S 
- 

f .  = - f  and X1 = A  = -  
l., o S.  ( ~ f ~ , g ) .  - ( ~ f ~ , ~ f ~ ) .  

If (Kf ,g )  = 0 then  a  new s t a r t i n g  element f must 
S 

be  chosen. 



Now from here on suppose t h a t  ( ~ f  ,g)  $ 0. 
S 

1f (Kf,g,- Kf) i s  negative for  both f  and - f  
S s 

' then from (3 .1 .1 )  and .(3.1.2) there  e x i s t s  .a r e a l  number 
. . 

a > 1 such t h a t . f o r  the  scaled equation 

- 
we have X = (Kf,ag-Kf) 2 0 for  f  bne of the  elements 

f  or  - f  . In the above computation it was c r i t i c a l  
S S 

t h a t  (Kf ,g)  $ 0 .  So we take 
l1 

= X and f  s t o  be 
1 9 0  - 

the  element f  or  - f  which makes X 2 0. The new 
S S 

equation Kf = ag i s  then solved for  afo, the  l e a s t  
. . 

squares solution of minimum norm of Kf = ag, and scaled 

back t o  the l e a s t  squares solution of minimum norm, 
fo, 

.of the  or ig ina l  equation Kf = g a t  the  erid of the  

algorithm. 

In summary, for  each f  $ 0 where . ~IK*K£ 11 $ 0 and ' .  

f  E H1 a s t a r t i n g  element f  E R(K*) and a X1 2 0  
1 9 0  

can be chosen so t h a t  11 (K*K + X I )  f s  - a ~ * ~ l (  i s  a 

minimum (here a 2 1) . Thus we s t a r t  as  c lose '  as possible 

. . 
( i n  norm) , t o  .a solution of (K*K + X I )  f  - aK*g =' 0. 



Once Al 
is chosen, a sequence {.x.]* . can be 

-J j = L  

constructed such that X . > 0, X - 0 as j + a ~ ,  by 
I j 

taking 'j+l. 
= xX ' where 0 < x < 1. In practice the 

j 

sequence { X . lrn is terminated when X . i s  less than 
3 j=l. j 

some pre-assigned value . For the ' first X such that 
j 

Aj ( p  take X = p .  
j 

x is determined by numerical experimentation. 

3.2. The Sequence [ f . n]i=o 
J 

03 

The sequence ' f:j, nln=o' for j fixed, is constructed . . 

by taking 

where a and W are given by (2.2.8). The con- 
j9n j;n 

aJ 
struction of the sequence .' fj,nln=o is terminated when 

a measure of convergence fails, due to rounding errors in 

computation, to give an approximate solution f to'the 
j 

equation (K*K + A.. 1) f = K * g  (possibly scaled) . The 
I 

measure of convergence used is to note that from (2.2.4), 



for W $ 0, i.e. 
jJn (fj,n+l 

< Q, (fjJn), an approxi- 
j 

mation to f is chosen to be the least value of n for 
j 

which ) < Q(f ) fails in the computations, 
Qi (fj9n+l 
j j,n 

or I I w  1) is less than some pre-assigned value; which 
j ,n 

ever occurs first. 

We use I ~ w  1 1  as a measure of 11  f - fo(l, since 
j, n j9n 

(see 2.4 .l) . ~deally we first choose 1 so that 1 1  fj - folI 
is small and then make l1wj, j( small. ~n practice it is 

difficult to make 1 1  fj - fol( small with out sane knowledge 

of the .solution. 



3 . 3 . .  A Flow Diagram of the Basic Algorithm 

The following diagram, given in'Figure 3.3.1, is a 

basic description of the algorithm to find the least squares 

solution of minimum norm of the operator equation Kf = g. 
. . 

The flow diagram describes the program . . in ~ppendix A for 

matrix equations and the subroutine BITER for discretized 

integral equations in Appendix B. 



Begin 9 
Input : 
Operator K 
(Operator K* imput o r  constructed)  
Lambda.,multiplier 
Terminal lambda 

I:ontrolon 1,"  h,n  , 1 2 :  
I n i t i a l  s t a r t i n g  vec tor  ffO 
M, t o t a l  count o f  i t e r a t i o n s  a t  
each s tep  I 
I n i t i a l i z e :  
LL=O, t o t a l  count o f  i t e r a t i o n s  
Compute : 
K* (or omit) 

Yes no 

1 . . 

write:  
8 

The . s o l u t i o n  i s  
. the Zero Function 

.~igure 3.3, .  1. Flow Chart o£ the Bnoic  ~lgsrithm , . ' 



Compute: 
' 1-1 

Initialize: 
CR=l., .scaling factor 
U=2., scaling multiplier 
j=l 

Starting lambda 

.A yes 0 n o A  
hlrO 

yes If nn 

Figure  3.3.1. (Continued) 



Comment :. 

fs'f1,o . . 
Compute : 
Kf s-g 

a s - g ,  Kfs-g> 

K*(K~ 8-g) 
2 

4(*(Kf *-g),K*(Kfs-g)> - hl (minimum) 
a f  s -g,Kf s -g> + hl (initial Qh(fl)) 
W =K*(Kfs-g) + h f 

1 
1 1,o 1 s 

\ I  Initial lambda' Al 

I Starting vector f s I 
Initial W 

1,o 
Scaling factor CR. 2 
4(*(Kfs-g),K*(Kf s-g)> - h1 

Set h=hl + 
Initialize:. 1/_1] 

Figure 3 . 3 . 1 .  (Continued) 



T 

Save old: I 
) '  

' W~,k-l 
Compute : 

K*(KfA,k-l-g) 

Wh,k-l=K*(KfA,k-l-g) + ~ . f ~ , ~  - 

I IwA, k- 1 1 12=w 

Yes no 
rn 

J 

k=k- 1 . Compute: 

==%, k- 1 

1 lwA, k- 1 I 12' 
%,k-1 

~ i g u r e  .3.3.1'. (continued) 



I I write:  I 
A t  lambda= the 
maximum value of M 
has been a t ta ined .  

Figure 3 . 3 . 1 .  (Continued) 



Output: 

Figure 3.3.1. (continued) 

f 
A, k 

W 
A, k 

KfA,  k- 
! I 
I I K f h ,  k-g ! 1 
1 lK* (KtA, k-g 1 1 
Total iterations 

-. . i 
. 



4. EXAMPLES 

4.1. Matrix Examples 

Let the real Hilbert spaces 
n 

H1 = E , H2 = E~ where 

T 
= [ (xl,. . .,xn) : X. real] with the inner product 

1 .  

be given. In this finite dimensional case each linear 

. transformation A : H1 - H2 has a unique matrix repre- 

sentation 

with respect to each hasns [v1,v2, . . . ,vn) in H and 
1 

[w1,w2, . . .,w ) in H2. We shall always take our bases m 

vectors to be the canonical -bases. Since Hi and H2 are 

finite dimensional, all linear transformations.are bounded 

and compact. Since A is of finite rank we have 

R(A) = R(A), so the algorithm (see section 2.2) will 



. . 
. . 

converge to the.least squares.solution of minimum norm, x o ' 
of AX = g for all. g, E ,H2 

Let 

Then A has rank three. 

Consider AX = g for the following two cases. 1 .  

Case 2. 

T 
where -5,-2,-2,1,1,1) E N(A) . 

In both Case 1 and Case 2 the 'least squares solution 

of minimum norm, x of = gi, 1. = 1,2 is 
0' . 



+ 
x was' constructed by finding a basis 
0 

for N (A) . Then a basis 

I 
is found for N(A) . 

4 I - 
Since x is contained in N(A) , x , must be a linear 

0 0 

combination of the above. three vectors. Therefore to solve 

ax = gi we need only solve 



The algorithm in Appendix A was used to find the 

approximate least squares solution of minimum norm for 

Case 1 and Case 2 with the results given in Table 1. 

Comparisons with the actual solution were computed 

separately. 

For .Run 1 Case 1 we will satisfy the error bounds of 

Statement (2.4.1) so that 
IIfj,H - full < loW6. we will 

T assume that we know the eigenvalue& of A A, which were 

computed to be 56.96,4.72,2.32,0,0,0. ~ l s o  we will 

assume that we 'have an approximation for 11 foil, the norm 

of the least squares solution of minimum norm, say 9.5. 

Now from (2.4.1) we have 



We w i l l  choose t e rmina l  lamda, p = X j and I I w ~ ~ ~ ~ I  so 

t h a t  

and 

-12 
We a c t u a l l y  used p = 1. x and made I I w .  3 9 n 1 1 2  5 1 0  . 

The r e s u l t s  of  s e v e r a l  runs  of Case 1 and Case 2 a r e  

given i n  Table 1. F o r e a c h  run we used t h e  i n i t i a l  s t a r t i n g  

We computed vec to r  F = (1 . ,1* ,1* ,0 ,090)  



Table 1. Matrix ~ x a m ~ i e  

Run 1 Run 2 'Run 3 Run 4 

M = maximum number of allowable iterations for. a given step. 
. , 

TX = terminal Lambda. 

W1 = terminal choice for IIWj , n 1 1 2  
Xm = Lambda multiplier. 

11 = computed initial I19 approximately. 

EN computed IIfTX,n - foil 
EI = error bound computed from (2.4.1) . 
E2 = error bound computed from (2.4.2) . 

., E3 = computed max (f TX,n - £0 1 .  
W2 = computed 1 1  ( A ~ A  + X I )  f 

T 
TX,n - A 9ll 

Re = computed 1 1  (AfT~, n -S)II. 
TI = total iterations. 

Ex = execution time, seconds, WATFIVE. 



4 .2 .  An Inne r  Product  Space 
. . 

n  
We w i l l  c o n s i d e r  t h e  r e a l  n-dimensional s p a c e .  R 

w i t h  scalar f i e l d  t h e  real  numbers. Def ine  a  mapping from 

T 
where u  = (u1,u2, . - . , U  n) , V = (v1,v29 . . . ,vn)  and 

T .  ) 0, T .  .E R f o r  a l l  j = 1 , .  n .  Thus we have a 
3 3 . . 

H i l b e r t .  space,  'which "ill b e  denoted by  . L e t  

n  n  n  f e y e 2 ,  • .,en] be t h e  o r thogona l  ( n o t  n e c e s s a r i l y  normal- 

n  T 
i z e d )  bases' f o r  where e =, ( O , O ,  . . . ,I  . . . , o )  , 

j 1' 

I f  A : q 4 ~ ;  t h e n  A* : HS w i l l d e n o t e  t h e  

a d j o i n t .  

, .  . 

Theorem 4.2 .1 .  If A + < i s  ' ( ~ . a  ) t h e n  3 i, j i = l , n  
j = l , m  . . 

. . 



Proof: We w i l l  show that  the' above A* i s  the adjoint of 

A. 

and 

for a l l  k and A ,  therefore A* i s  the adjo.int of A .  



4.3 .  D i s c r e t i z i n g  I n t e q r a l  Equations 

We w i l l  o b t a i n  a  d i s c r e t i z e d  form ofFredho lm i n t e g r a l  

equat ions  o£ t h e  f i r s t  k ind ,  

(4 .3.1)  
~f  (y)  = ~ l k ( ~ , x ) f  (X)dx = g ( y ) ,  0  < Y < 

0 

where g E R ( K )  + N(K*) c L2[0,1] ,  f  E L2[0,11 and 

k ( y , x )  i s  square i n t e g r a b l e  wi th  r e s p e c t  t o  t h e  product  

Lbbesque measure on [O, 1 ] X [ O ,  1 1  . 
Akhiezer and Glazman [ l ]  prove t h a t  i f  

. . 

1 1  

[ (k(y,x) '12dydx < m t hen  K i s  compact. 

I 

For K f ( s )  = J k ( s , x ) f ( x ) d x  Bachman and Nar ic i  

0 

[3, page 4031 no te  t h a t  t h e  a d j o i n t  t o  K i s  K*, g iven  

1 
K*f (s) = r k ( x , s ) f  (x )dx .  

J 

Of p a r t i c u l a r  i n t e r e s t  i s  t h e  equat ion 



for X )  0. 

For numerical purposes, we will restrict the dis- 

cussion to the functions k (y, x) , g, and where we 

have Riemann integration. 

The methods of discretization of the integrals will 

initially parallel that found in Anselone [2, page 131 

and Isaacson and Keller [ 9 ] .  
. . 

We have that 

where Rm(s) is the discretization error. Here S. > 0 
3 

j = l,m, 1 Sj = 1 are the quadrature weights for 

0' = Y, < Y2 < . . -  < Ym.= 1, a partition of the interval 

[0,1] , chosen equally spaced for the Newton-Cotes closed 



integration formulae. 

1 
. . 

1 
For k (y, S) k (y,~) f (XI dx dy w e  have 

where k(s) is the discretization error. Here Ti > 0 
n 

for i = l,n, 1 Ti = 1 are the quadrature weights for 

i=l 

0 = x1 < x2 < . . . < x n  = 1, a partition of the interval 

[0,1] chosen equally spaced for the Newton-Cotes closed 

integration formulae. The partition and weights for the 

'i 
's are chosen as for (4.3.3) . 

Thus from (4.3.3) and (4.3.4), (4.3.2) becomes 



' . Now, (4.3.5) can be written in the equivalent form 

= 1 sjk(s,y )g(yj) +.~,(s). Where (vi)i.l,A 
j 

denotes an 

j =1 

A-dimensional column vector. 

Now partition the interval [O, 11 for s such that 

s = x for i .= 1,n. Thus we obtain the linear system 
i i 

Let 



and 

Thus ( 4 . 3 .6 )  can  be w r i t t e n  i n  t h e  form 

S i m i l a r  t o  (4.3.5) we have the i n t e g r a l  e q u a t i o n  



and its discretized form 

-# 

where R is.the discretization error vector. To solve 
1 

equation (4.3.8) numerically we consider the system 

for X > 0 and small. 

4.4. Error Bounds. 

Throughout this section we'wlll assume that 

Y = inf y - .  For X )0, first we will develop 

relationships between the solutions of the following 

equations 

and 



-b 4 

where 
5 . 9  Ro 

are the discretization error vector. 

4 -b =! 
f and fl 5' 0 

are the respective solutions. to the above 

equations. These relationships will depend on an estimate 

Assuming the above notation we have the following two 

theorems. 

Theorem 4.4.1. 

where g = inf yn. 
yneo (K*K) 

4 -b 

Proof: Since (K*K+ 11)f~ = K*; + 5 . and 

t - -b * 4 

(K*K+XI)fl = K * g  we have (K*K+hI)(f,-f,) =Rl. Thus 



Thus we have t h e  theorem. 

4 4 -b . - 4  

~ k a r k :  Sirice K * K ~  = K*g + R o  we have K* - 9) = R . 
0 . . 0 

Theorem 4.4.2. 

and 

(1 + Y )  llzoll + X l l ~ * i l l .  . . * 
(4.4.5) 112 o - fX/I  L f o r  ~ $ 0 .  

Y ( X  + Y )  

. = t  2 -b 

proof: For (4 .4 .2) :  Since K*KfX + I f X  = ~ * g  and 

= .  * 4 4 

K*Kfo = ~ * g  + % we have K * K ~ ~  + X f h  = - ,R o + :K*Kfo. 

2 2 -b 

.Thus . K*K(? .  - o f x )  = Ro + Xf Taking t h e  norm of each 

s i d e  and. using  t h e  t r i a n g u l a r  i n e q u a l i t y  we have 



2 2 
For (4.4.3) : Since Y l l ? o  -.fxll 2 I I K * K ( ? ~  - f I )  1 1 ,  t h e  r e s u l t  

'follows from (4.4.2) . 
2 4 =! 

For (4.4.4) : since K*K(? o - , f X )  = R o + XfX we have 
. .  . 

2 4 =? 
(K*K + X I )  (to - f X )  = Ro + Xf o . Taking . . norms of  e a c h  s i d e  

of t h e  above and using t h e  t r i a n g u l a r  i nequa l i t y  y i e l d s  

2 
1 )  (K*K + 1 I) (z o - f i) 11 5 1~s~11 + X llZoll . Since 

2 
( X  + Y )  illo - 5 1 1  (K*K + X I )  Go-  f X )  11 (4.4.4) follows. . ' 

., F o r  (4.4.5) : Since 11 (K*K + x I ) ? ~ ( I  = I I K * ~ ~ ~  and 

9 JI<*.s'~~ 3 3 . , 

(x+y)l l fXll  < I I  ( K * K + x I . ) ~ ~ I I  w e  have . l l f x l l  5 + . T ~ U S  

from' (4.4.3) t h e  r e s u l t .  fo l lows. .  

- .  
Now t ake  , i as a term in ,the sequence (2,2.8) 

j n 
' converging t o  t h e  l e a s t  squares so lu t ion .  of minimum.nonn, 

. . * 
0' 

of K*KZ = K*; + %. The following e r r o r  bounds on 

llzo - 2 1 )  can b e  obfained.  
j y n  



(4'.4.6). 
. . 2 . .  

z ~l'i~l~ + I I K * K ~ ~  , n - ~,*Gll 
l l ~ o - f j y n I I  < Y i f  y $ 0, 

and 

" . (4.4.9) 

IFj , I 1  . ( A j  + Y )  lIit0ll + ~ j l ~ ~ * ~ l I  . . - b  2 
I I f o  - f j Y n I I  < 1 ;. +' Y ( X .  + Y )  i f '  . y  $ 0.  . . 

3 3 . .  

e 4 

Proof: For (4.4.6) : Since K*Kfo = K*g + s*, we have 
4 .  

4 =? 
K*K (2 - ) = K*g - K*Kf + . Take t h e  norm of  each 

0 j , n  j r n  o 

s i d e  of  t h e  above r e s u l t  and u s e  t h e  t r i a n g l e  i n e q u a l i t y ,  

-$ .= !  
) 11 < .l~z~ll + IIK*; - K*K; ) I  . The ' . . y i e l d i n g  [ I R K  (fo - f ,  , 

jr n . . 

t 
' r e s u l t  (4.4.6) f0110w~. from Yll?o-fj,n 11 L I I K * K ( ~ ~  - - 2  j J n  111. 



. . 

follow from the triangle inequality 

+ 2 2. - 2 4 
4 

I f o  - , 2 [ I f j 9 n  - + f - f ,  ~heorm'4.4.2 and 

4.5. perturbations of q 

In the case where g is not known exactly, we have 

the, integral equation 

where E (y) E L~ [0, 1] . (4.4.10) may or may not have a 

solution (see 2.3). We follow the procedure and, notation 

of section 4.3 and obtain the matrix representation for 

(45.1) . Thus . , 

4 

where R2 is the discretization error vector. The system 

of equations actually solved is 
. . 



. . 

. .  . 
.. . . . 2 ' .  

.Let . f  b e  t h e ' . s o l u t i o n  ' t o  (4.5.3)  . 
1, E 

2 'F 
) I  < from Theorem 2.3.1 and s ta tement  

. . .  , . . 
(4.3 . l o )  :.:' . . 

2 
. . Let f  b e  a  term i n  t h e  ,sequence d e f i n e d  b y '  ' . j , . n , .~  

.. . 

(2 .2 .8) .  ~f  a  bound f o r  ( I ~ * ; l l  o r  I$\\ c a n  b e  found, 

' 2 4 . t  
: we c a n ,  o b t a i n  bounds dn \ I  fo - f. ' (1 and 

,, IIfo-f j ,n ,E 1 .  . . . . . . . 

Theorems 4 . 4 . 2  and 4.4'. 3  can b e  'extended, wi th  s i m i l a r  

. . . . 
' . proof, t o  t h e  fol lowing theorems. ' . 

. . 

. . . . 
. . . . . . 

. Theorem 4.. 5.1. . .. 
. . 



, (4 .5 .7 )  

4 2 - A  + 1 + h l l ~ *  (G + 2 )  1 1  i f .  y + 0. 
. [ I f o  - f x , E I I  I + Y), 

Theorem 4 . 5 . 2 .  . . 

I t  should be noted that  the  error bounds given by 

(4 .4 .6 )  and ( 4 . 5 . 8 )  are numerically not a s  n i c e  a s  they 

look. Even for  llsoll = I I K * ; ~ ~  = 0 and y f a i r l y  large, 



7 5 .  

4 

making IJK*KF - K*:~I small is not ,necessarily good 
&, n 

, measure o f  convergence for the foilowing reason. The 

methods of numerical quadrature used to obtain the matrix 

representation of the integral equation are essentially 

piecewise polynomial approximations to the integrand. 
d 

From numerical experimentation, making IIK*KT 
j,n - ~*s'll 

as small is possible, will cause oscillations in the final 

result. This is due to computer convergence. An apparent 

measure of this effect can be noted in the output column 

AF-G of the algorithm in Appendix B. 

4.6. Integral  quat ti on ~xamples . . 

For a first ex'mple we will consider, the integral 

equation with symmetric kernel k(x,y) =,.x + y, 

K*K has non-zero eigenvalues 

7 h l 3 ,  
. .  . 

and . - - 1  
12 3 

.005983. 



For (4.6.1) the least squares ' solution of minimum norm is . 

fo(x) = X., 

.The algorithm described in Chapter 2 and, listed in 

Appendix B was used to obtain the following approximate 

solutions. .Simpson's rule was used to determine the; 

quadrature weights. In this example II%II = 11 alll = 0, 
. . 

the norm of the discretization error vectors, The interval 

[O, 11' was partitioned: 

A 5 x 5 matrix represention for the integral 

equation (4.4 .l) gives 



79 
. . 

. . 

, .  and . . . . . . 

The .non-zero eigenvalues of 
5 were computed t o '  K*K : % ,- I-$, 

. be '1.160677 and 0.005983. We assumed t h a t  an es t ima te  ' , 

f o r  I I ? ~ I I  i s  known, 1110)1 .577 ' f rom (4.4.8) 

. : IIwi , rill . 5 7 7 ~ .  i .  . . 

o n .  1. 3 + 0.005983 + 1. .I + O.OA5983 

-9 - 8 ' .  - = t e rmina l  1 = 1. x.  10 a n d  I I W , , ~ ~ ~ ~  = 10. are 

-r = 
determined s o  t h a t  11 f o  - f , 11 < W e  used M = 6 0 0 ,  

maximum i t e r a t i o n s  per change i n  X , h i + l  = .OOOIXi ,  and 

f = 1, i = 1,5 .  i n i t i a l  s t a r t i n g  v e c t o r  ( f i i 1 ,  , The 

algori thm computed an i n i t i a l  s t a r t i n g  1, h l  = .133889238. 

s 
After  225 ' i t e r a t i o n s ,  we  found. t h e  f approx,imate 

j 

least squares  s o l u t i o n  of  minimum norm t o  be . . , . 



Also the following information was computed: 

and 

m a x  Iz (xi)-fo(xi)( <1.8 x lo-'. 
j,n i=1 ,5  

The same' problem was riin a second time using the 
. . 

same initial information, except to terminate when 

-15 
= 10 and llwjYn11* < 10 -28 obtaining, after 745 

j 

iterations, 



and 

-12 
max (xi)-fo(xi)l < 1.6 x 10 
i=1,5 j,n 

As a second example consider the integral equation 

which Bellman et al. [4, page 1591 used for testing purposes 
# 

of an algorithm he developed for finding the least squares 

solution. of minimum norm. (4.6.2) has least squares 

so1at.i 6n of minimum norm fu (x) = x. The quadrature method 

Bellman used was Simpson's rule, with 1 1  equally spaced 

points, as we will use. 

A bound for  thc norm of tho quadratllre error was 
4 

found to be l l ~ ~ l l  = 0, Since Simpsonls rule integrates 

1 2 
(y - x) f (x) dx for f (x) = x exactly and the errors for 



s u b t r a c t  i d e n t i c a l l y  when f (x)  = x .  

In  Bellman's example,, a l s o  based on a v a r i a t i o n  o f  

-7 r e g u l a r i z a t i o n ,  h e  used X = 10 and requ i red  a good 

i n i t i a l  a p p r o x i m a t i o n t o t h e  s o l u t i o n .  To o b t a i n  somewhat 
, 
comparable r e s u l t s ,  t h e  a lgor i thm i n  Appendix B wi th  h i s  

1 was used. 

11 11 
The mat r ix  opera to r  K*K; K*K : $ - $ , . h a s  com- 

puted non-zero eigenvalues .038101, .027778 and .000814. 

To compare t h e  r e s u l t s  of  t h e  algori thm i n  Appendix B wi th  

-7 
h i s  we used X i  = Terminal Lambda = 1 0  , c o n t r o l  on 

J 

-3 11 (K*K + X i I )  f - = 10-16, lambda m u l t i p l i e r  = 10 , 

maximum s t e p s  f o r  each 
'i 

= 300 and i n i t i a l  s t a r t i n g  

vec to r  
(fi.)i=l, 11 

where f = 0 f o r  i = 1,10, f l l  = 1. 
i 

The algori thm given i n  Appendix B choses a new 

s t a r t i n g  vec to r  and gave t h e  r e s u l t s  g iven  i n  Table 2 f o r  

'=! -6 

Run J . The bound for , 11 f j ,  - full , was computed us ing  

y = .000814 and * .577 ' as an es t ima te  f o r  l l ? o l l  i n  

(4.4.8) . The r e s u l t s  were about t h e  same a s  Bellman 

obta ined .  

Now Bellman also looked at the same exampie (4 ,6 .2) ,  

-6 

b u t  rounds t h e  d a t a  r ep resen t ing  g c o r r e c t  t o  t h r e e  

p laces .  W e  r a n  t h e  same example wi th  t h e  same s t a r t i n g  



information as for Run 1, to obtain two place accuracy 

compared to none for Bellman (see b able 2, ~ u n  2). For 

2 + '  
Run 2, the bound for I[£.. - foil was computed using 

3,n,E 

y = .000814, .577 as an estimate for ll?o l l  and 

in (4.5.10). 

For a third run of a discretized version of (4.6.2) 

the 11-point trapezoidal rule was used as the quadrature 

method. In this case, the matrix operator K*K has 

computed . non-zero . eigenvalues .040182, .028900 and 

.000926. . An upper bound on the norm of the discretization 

4 

error vector was computed to be . I I R  1 1  < .056. ,To compare 
0 

with Run 1, the same .starting information was used and 

the computed error determined by using (4.4.8 ) . 

Table 2. Integral .Equation Example 2 

Run 1 Run 2 Belhan . Run 3 . 

Total iterations 339 339 341 

Computed error 1. (-4) .11 61. 



For a last example we will consider the integral 
, . 

equation :of the first kind with kernel 

Tricomi [24, page 1161 notes that the eigenvalues associ- 

ated with 

Strand [20, page 711 shows that for 
. . 

2 4 .  5 
g(y) = Y (3 - 5y + 3 y  - Y )/30 E R(K,), 

1. . . 

~f (y) = k (x,y) f (x)dx = g (x) has least squares solution ' 

3 4 
, of minimum ,norm fo.(x) = x - 2x + x . 

For the discretization of the integral equation 



the error for. a 51 point Simpson's rule was estimated to 

be (upper bound) 1.4 X . 
The matrix representation for K*K has minimum 

-9 
positive non-zero eigenvalue y = 7.915 x 10 (computed). 

Since y is small a choice for the terminal 
'jy from 

the error bounds is not practical (see Theorem 4.4.3). 

Considering the expression 

numerical~'experimentation indicates that a reasonable choice 

. . for terminal X is for the order of magnitude .of 

A .  118.11 and 115 1 1  be &out the same. Assuming 
3 3 0 

il%jll 3 .22 ' ll-i0(l we get a choice for terminal X 
j ' 

-7 2 -16 X = 6 . 4 x 1 0  U s i n g  ~ I K * K ~  + A ?  -1(*<11*=10 
.j j9n jyn - -r - 
we get a computed error b,ound: - f 11 < .46 from' IIfj,.n o 

(4.4.8). We allowed a maximum of 500 iterations per 

step and .set the lambda multiplier = .001. The algorithm 

in Wpendix B generated its own starting vector from the 

initial starting vector 
. . 



Io o t h e r w i s e  

and i n i t i a l  X l  - .00795.  A f t e r  52 i t e r a t i o n s  we obta ined  
. . 

a c t u a l  results: . 

max : (xi). - fo (xi) ( < 3 . 0 2 4  x 
i = 1 , 5 2  Ifj ,n 

and 



. . .  

5. SUMMARY AND FUTURE RESEARCH 

5.1. Summary 

The advantage of the i t e ra t ive  method developed i n  

the paper i s  primarily tha t  it avoids the calculation of 

(K*K + h I )  d i rect ly and tha t  the i t e r a t i ve  process i s  

s table.  The unwanted osci l la t ions i n  the f i na l  solution 

tha t  often appear'in solutions by' other methods i n  the 

l i t e r a tu re  do not occur. In some applications the error  

bounds .obtained become large numerically when an upper 

4 .  

bound on l l ~ ~ l l  or II;II is large or when y i s  near zero. 

A n  upper bound for 1 ( % ) 1  can be d i f f i cu l t  t o  obtain unless 

some information about the solution i s  known: 

When comparing with other i t e ra t ive .  methods i n  the 

l i te ra ture ,  we generally have a t  l eas t  two additional 

s igni f ica te  figures. The i t e r a t i ve  method here converges 

for examples where other methods i n  the, l i t e r a tu re  f a i l  

t o  converge t o  a  solution. 



5.2. Future ~esearch 

It would be desirable to modify the algorithms. in 

Appendix A and B so that y and the parameters for con- 

vergence are computed within the algorithm. 

A method .of discretization for integral equations with 

non-uniform mesh'size should be developed that better 

describes the properties of a particular kernel and g . 
It would be nice to find a method of determining the 

weights for quadrature in representing the kernel, 

independent of any information about the form of the 

solution. 
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8. APPENDIX 

8.1. Appendix A,  Linear System 

The following program is written to find the least 

squares solution of minimum norm of an NN by N system 

o f  equations, Rx = g. The basic flow chart for the 

program is given in Figure 3.2.1. 

The user must input the following information in the 

order given: 

1. NN = the number of rows of the matrix A. The format 

for reading NN is given.in line' SYST0280. 

2. N = the number of columns of the matrix A..: The.format 

for reading N is given in line SYST0280. 

3 .  M = the maximum number of iterations per change in 

lambda. The format for reading M is given in line . .  

SYST0280. 

4. BB = terminal lambda. The format for reading M is 

given' in line SYST0320, 

2 
5 .  . DD = control on ~(ATAF + LAMBDA*F - ATGII . 'l'he f0iInat 

for reading DD is given 'in line S~ST0320-. 



6 .  The matrix A i s  r e a d  by  . r o w s .  The format  f o r  read-  

i n g  A , i s  g iven  i n  l i n e  ~ ~ ~ ~ 0 3 4 0 .  

7 .  Read t h e  v e c t o r  g.. The format  f o r  read ing '  g ' is  

g iven  i n  l i n e  SYST0340. 

8 .  Read t h e  i n i t i a l  s t a r t i n g  v e c t o r  F. The format  i s  

g iven  i n  l i n e  SYST0340. 

9 .  XLAM = lambda m u l t i p l i e r .  The format f o r  r e a d i n g  .XLAM 
. . 

i s  g i v e n  i n  i i n e  SYST0340. 

The o u t p u t  o f  t h e  s t a r t i n g  in fo rma t ion  b e g i n s  a t  l i n e  

SYST1440. The o u t p u t  o f  t h e  f i n a l  s o l u t i o n  b e g i n s  a t  l i n e  

SYST2370. 



THE F O L L O W I N G  I S  A  PROGRAM TO S O L V E  A N  N N  . B Y  N  S Y S T E M  O F  
ECUAT I O F i S *  AF=G*  FOR THE L E A S T  S O U A R E S  S O L U T I O N  OF M1,NIMUM 
NORM. I F  N  OR N N  I S  G R E A T E R  T H A N  1 0 s  T H E  01 M E N S I O N  
S T A T E M E N T  MUST B E  CHANGED T O  A T  L E A S T  A ( N N * N )  r G ( N N !  . F ( N )  r '  

A T ( N ~ N N ~  * A T A ( N * N )  * R ( N N )  r T ( N 1  * V ( N N ) * W  (N )  r S ( N N  1. AND' WW(N). . . 

I N P U T  : 

N= T H E  NUMBER O F  COLUMNS O F  THE M A T R I X  A 

NN=THE NUMBER OF ROWS OF T H E  M A T R I X  A. 

IV=THE M A X I M U M  NUMBER OF I T E R A T I O N S  P E R  CHANGE I N .  
L A M a D 4 .  . ' 

. C D = C O M  R O L  'ON ' I I ATAF+LAMCDA*F-AT GI ( **20 

XLAM=LAMBOA M U L T I  P L I E R .  

I M P L I C I T  R E A L * 8  ( A - H * O - Z )  
D I M E N S I C N  A ( 1 0 ~ 1 O ) r G ( l O ) ~ F ( l O  l . r A T ( l O s l O ) r A T A (  1 Q r l O )  * R ( ' ~ o )  
D I M E N S I O N  T ( 1 O )  * V ( l O )  v I I I ( l O ) r S ( l O )  r W U ( 1 0 )  
R E A C ( S r l 1 )  N N  
R E A D ( S ~ l 1 )  N - 

11 F O R M A T (  I S )  
~ i ~ ~ O ( s . 1 1 )  w 
R E ' A D ( E r 2 1 )  88 
R E A D ( S r 2 1  1 00 

2 1  F O R M A T ( 0 1 0 . 5  
31 . F O R M A T ( 8 F l 0 . 5 )  

00 10 I=l * N N  

R E A D  M A T R I X  A  BY ROWS. 

S Y  S 1 0 0 1 0  
S Y  S T 0 0 2 0  
S Y S T 0 0 3 0  
S Y  S T 0 0 4 0  
S Y  S T 0 0 5 0 .  
S Y  S T 0 0 6 0  
S Y  S T 0 0 7 0  
S Y S T 0 0 8 0  . 

S Y  S T  0090 
S Y S T O I O O  
S Y S T O l l O  
S Y S f 0 1 2 0  
S Y S T 0 1 3 0  
S Y S 1 0 1 4 0  
S V S T O  150 
S Y  S T O l 6 O  
S Y  S T 0 1 7 0  
S Y S T O l 8 O  
S Y S T O 1 9 0  
S Y  S T 0  200 
S Y  S T 0 2 1  0 
S Y  S T 0 2 2 0  
S Y  S T 0 2 3 0  
S Y  S T 0 2 4 0  
S Y S T 0 2 S O  
S Y  S T 0 2 6 0  
S Y S T O 2 7 O  
S Y  S T 0 2 9 0  
S Y  S T 0 2 9 0  
S Y  S T 0 3 0 0  
S Y S T 0 3 1 0  
S Y S T 3 3 2 0  
S Y  S T 0 3 3 0  
S Y  S T 0 3 4 0  
S Y S T 0 3 5 0  
S Y  S T 0 3 6 0  
S Y  S T 0 3 7 0  



, 10 R E A D ( Z r 3 1 )  ( A (  I r J I e J = l . N )  
. C 
C R E A O  VECTOR G OF AF=Go 

. C 

R E A D ( S m 3 1 )  IF( I) r I = l r N )  
f i E A D , ( S s 3 1 )  %CAM 
WR PfE( 6.12 NN9N.M 

12 F O R M A T ( ' 0 '  r m N N = ' ~  I S *  S X ~ ' N = ' . I S e 5 X *  ' M = * *  1 5 ) .  
# i I T E ( € . 2 6 )  00 

26 F O R M A T ( ' O a * * C O N T R O L  O N  I I .ATAF+LAMBDA*F-ATG / ( * * 2 = @  r D 2 4 a . 1 6 )  
' .  . W R I  TE (6 922 1 66 

2 2  F O R M A T ( ' O ' . * C O N T R O L  ON L A M B D A = * . D 2 4 a 1 6 )  
W 2 1 T E ( 5 * 2 4  X L A M  

24 F O R M A T (  '0'  9 '  LANSOA M U L T I P L I E R = '  r D 2 4 0 1 6 )  
W R I T E ( 6 . 3 2 )  

32 F O F M A T  ( '* 0' ** MATR I X  A=' r/ ) 

DO 20 I = I s N N  
20 W R I T E ( 6 i 4 2 )  ( A ( ' I . J ) , J = l r N )  
42 F O R M A T ( *  a . l O ( F 1 O o S r l X ) )  

W R I T E ( 6 , r 5 2  
52 F O E M A T (  '3' * ' G = '  . / I  

W R I T E ( 6 . 4 2 )  ( G (  I ) . I = l . N N )  
' W R I T E ( 6 . 6 2 )  . 

E 2  F O R M A T (  ' 0 '  .* S T A R T I N G  VECTOR F = *  . / I  
W R I T E ( 6 r 4 2 )  ( F (  1). I = l r N )  
LL=o 
DO 30 I = l r N  
30 30 S = l . N N  

30 A T (  I I J ) = A (  J. I) 
W 410 I = l r N  
ki( I =0.000 
DO 410 J=1 * N N  

~ ~ C : W ( I ) = U ( I ~ + P T ( I * J ) * C ( J )  

S Y S T O 3 8 O  
S Y  S T 0 3 9 0  
S Y  S T 0 4 0 0  
S Y  S T 0 4 1  0 
S Y S T 0 4 2 0  
SY S T 0 4 3 0  
S Y  S T 0 4 4 0  
S Y  S T 0 4 5 0  
S Y  S T O I 6 O  
S Y  S T 0 4 7 0  
S Y  S T  0480 
SY ST 0490' 
S Y  S T 0 5 0 0  
S Y  S T 0 5 1 0  
S Y  S T 0 2 2 0  
S Y  S T 0 5 3 0  
S Y  S T 0 5 4 0  
S Y S T O S S O  
S Y  S T 0 5 6 0  
S Y f  10570 
S Y S T O S B O  
S Y  S T  0590 
S Y  S T  0600 
S Y S T 0 6 1 0  
S Y  S T 0 6 2 0  
S Y S T 0 6 3 0  
S Y S T 0 6 4 0  
S Y  S T 0 6 5 0  
SY S T 0 6 6 0  
SY S T  O e 7 0  
S Y S T 0 6 B O  
S Y S T 0 6 . 9 0  
S Y  S T 0 7  00 
S Y  S T 0 7 1  0 
S Y  S T  0720 
S Y  S T 0 7 3 0  
S Y  S T 0 7 4 0  



Z Z  =O. O D 0  
DO 420 1 - l r N  

420 Z Z = Z Z + W ( I ) * W < l )  
Z Z = D S Q R T (  Z Z)  
W R I T E ( d r 2 9 )  Z Z  

29 F O R M A T ( * O 1  r' ( 1  ATG ( ( = * r 0 2 4 . 1 6 )  
' I F < Z Z . G E e I . D - 4 0 )  GO TO 430 

W R I T  E ( 6 r 4 2 1 )  
421 F O R M A T (  ' 0' 96x1' S O L U T I O N  I S T H E  Z E R O  V E C T O R '  r / )  

,GO T O  600 
C 
C O B T A I N  A  S T A R T I N G  VECTOR A N D  A N  I N 1  T I A L  LAMBDA. 

c 
420  DO 40 I = l r N  

00 40 J = l r N  
A T A (  I r J) =O.ODO 
DO 40 L = l r N N  

40 A T A (  I r J ) = A T A (  I ~ J I , + A T ( I . L ) * A < C S . J )  
DO 50 X = l r N  
T  ( I )=O.ODO . . 

D O  50 J = l  r N  
' 50 T (  I ) = T (  I ) + A T A (  I ~ J E * F (  J 

ZZ=OeCDO 
DO eo I=I,N 

60 Z Z = Z Z + T ( I ) * T ( I )  
Z Z = D S Q R T (  Z  Z )  
00 70 1=1r N . 

70 T ( I ) = T ( I ) / Z Z  
0 3 . 8 0  I = l r N N  
R (  I)=O.OCO 
D O  83 J=l  r h  

80 R(I)=R(I)+A(I .J)*T(J)  
CR =.i  DO 
L = 2 e  000 
J= 1 

90 X=O.OCO . 

03' 100  - I=1 r N N  

S Y  ST 0750 
S Y  S T 0 7 6 0  
S Y  S T 0 7 7 0  
S Y  S T 0 7 8 0  
S Y  S T 0 7 9 0  
S Y s T o e o o  
S Y  S T 0 8 1  0 
S Y  S T  0820 
S Y  S T 0 8 3 0  
S Y  S T 0 8 4 0  
S Y  S T 0 8 5 0  
S Y  S T 0 8 6 0  
S Y S T 0 8 7 0  
S Y  S T  0880 
S Y  S T 0 8 9 0  
S Y S T 0 9 0 0  . 

S Y  S T 0 9 1  0 
S Y S T 0 9 2 0  
S Y  S T 0 9 3 0  
S Y  S T 0 9 4 0  ' 

, S Y  S T 0 9 S O  
. ~ ~ ~ T 0 9 6 0  

S Y S 7 0 9 7 0  
S Y  S T 0 9 8 0  
S Y  S T 0 9 9 0  
S Y  ST 1000 
S Y S T 1 0 1 0  
S Y S f  1020 
S Y S T  1030 
S Y  S T 1 0 4 0  
S Y S T 1 0 5 0  
S Y  S T  1060 
S Y  S T 1  070 
S Y S T  1080 
S Y  S T 1 0 9 0  
S Y S T 1 1 0 0  
S Y S T  1110 



100 X = X +  (G( I ) -R (  I) ) * R ( 1 . )  
IF(X.GEoO.OD0)  GO T O  1000 
I F ( J o E O . 2 )  GO TO 1010 
C 3  110 I=1 ,N 

110 T( I I=-T: (I) 
W) 1 1 . 5  I = l . N N .  

115 R ( I f = - R ( 1 )  
GO TO S.O . .  

1010 CO 120 I=l ,NN 
120 G ( . I l = U * G < I  1 

J= 1 
Cl i=CRf  U 
GO TO GO 

1000 130 I=l .NN 
130 R ( I I = R ( I ) - G ( I )  

RR=OmCDO 
CO 140 I=l r ' N N  

1 4 C  R R = 9 R + R ( I ) * R ( I )  
00 150 I = l , N  
Y (  I l ~ = o ~ O C O  
DO Y 50 J=1 ,NN . 

. . 

150 w ( I ) = w ( I ) + A T ( I . J ) * R ( J )  . ' .  . 

, ZZ=QoOCO 
DO 3&0 1z l .N 

160 Z Z = Z Z + W ( I ) * u l ( I )  
YY=LZ-X*X  
AB=RR t X  

DO 170 I=l r N  
1 7 0  W (  I D = w (  I ) + X * T (  I) 

. C  
C O U T P U T  S T A R T I N G  I N F O R M A T I O N .  
C 

W R I T E ( d s 7 2  1 X 
72 FORMAT ( ' 0 '  r *  I N I T I A L  L A M B D A = '  e 0 2 4 . 1 6 )  

W R I T E ( 6 . 8 2  1 
82 F O R H A T (  '0' . 3X  , ' S T A R T I N G  VECTOR F' r l O X  s' A T A F + L A M B D A * F - A T G '  * / )  

00, 180 I = l r N  

S Y S f l l 2 O  
S Y S T l 1 3 0  
S Y S T 1 1 4 0  , . ' 

S Y S T 1 1 5 0  
S Y  S-T 1160 
- S Y  S T  11 70 
s v s ~ i i e o  . 

S Y S T 1 1 . 9 0  
S Y S T 1 2 0 0  . 

S Y S T  1210 
~ ~ ~ ~ 1 2 2 0  ' 

S Y  ST 1230 
S Y S T 1 2 4 0  
S Y  S T 1 2 5 0  
S Y  S T 1 2 6 0  
S Y  S T  1270 
S Y  S T 1 2 8 0  
S Y S T 1 2 9 0  
S Y  S T 1 3 0 0  
S V S T 1 3 1 0  
S Y  S T 1 3 2 0  
S Y  S T 1 3 3 0  
S Y  S T 1 3 4 0  
S Y S T  1350 
S Y  S T 1 3 6 0  
S Y  S T 1 3 7 0  
S Y S T 1 3 8 0  
S Y  S T 1 3 9 0  
S Y S T 1 4 0 0  
S Y S T 1 4 1 0  
S Y S T  1420 
S Y  S T 1 4 3 0  
S Y S T l 4 4 0  
S Y S T l 4 S O  
SY,ST 1460 
S Y  S T 1 4 7 0  
S Y  S T 1 4 8 0  



100 W R I T E ( 6 r 9 2 )  T . ( I ) * W ( I )  
9 2 .  FORMA.T( * ' r3024.16) 
96 FOgM AT ( ' ' r 024.1 6 

WR I T E ( 6  9 8 4  ) 
84 F O R M A T ( ' O ' r 1 O X r ' A F - G ' r / )  

DO 192 I=l r N N  
182 w R I T E ( ~ . s ~ )  R ( I )  

~ R I l E ( 6 ; 9 4  CR 
94 F O R M A T ( ' 0 '  . ' S C A L I N G  FACTOR='*  024.16) 

WR I T E (  6 , 1 0 2 )  Y Y  
1.02 FOGMAT ( '0 '  r 8  M I N I M U M  V A L U E = ' r D 2 4 e 1 6 )  

xx= X 

C 
C , M , A I N  I T E R A T I O N S  O F  'THE A L G O R I T H M  B E G I N *  
C 

1020 X = X X .  
K= 1. 

1'030 AA=AB 
Y Y = Z Z  
DO 190:  1=1 r N  
W W E I ) = W ( I )  
kr( I ) =O:*ODO 

. 00 190 J = l r N N  
1 9 C  W ( 1 . ) = W ( I ) + R T ( I r J ) * R ( J )  

D O  2 0 C  1=1 rN 

200 W (  I )=Y( I ) + X * T (  I) 
zz=o l 0.CO 
DO 2 1 0 ;  I=l r N  

210 Z Z = z z + u ( I ) * w ( x )  
I F C Z Z o L T o D D )  G C  TO 1040 
CO 220 1=1 r N N  

220 V ( l ) = R < I )  
DO 225  I=l r N  

225 F ( I ) = T ( I )  
VV=RQ 
00 230 I=l r N N  
S( I =0.. OD0 

S Y S T 1 4 9 0  ' 

s ~ s ~ l s o o  
S Y S T l S l O  
S Y S T  1520 
S Y  S T 1 5 3 0  
S Y S T 1 5 4 0  
S Y  S T 1 5 5 0  
S Y S T l 5 6 0  
S Y S T 1 5 7 0  
S Y  S T 1  580 
S V S T l 5 9 0  
S Y S T  1600 
S Y S T l 6 1 0  
S Y S 7 1 6 2 0  
S Y S T 1 6 3 0  
SY ST 1640 
S Y S ' C 1 6 5 0  
S Y  S T 1  660 

4 

S Y S T 1 6 7 0  . 

S Y S T  1680 
S Y  S T 1 6 9 0  
S Y S T  1700 
S Y  S T 1  71 0 
S Y S T l 7 2 0  
S Y S T  1730 
S Y S T  1740 
S Y  S T 1 7 5 0  
S Y S T  1760 
S Y S T  1770 
S Y S . T l 7 8 0  
S Y  S T  1790 
S Y  S T  1800 
S Y  S T 1  81 0 
S Y  S T 1 8 2 0  
S Y S T 1 8 3 0  
S Y  S T 1  846 
S Y  S T 1 8 5 0  



DO 2 3 C  J= l  .N 
2 3 0  S (  I ) = S ( I ) + A (  I r J ) * W ( J  

Y=0.000 
DO. 240 I = l . N N  

240 Y = Y + S ( I ) * S ( I )  
Y=Y+ X S Z Z  
e= ZZIY 
DO 250 I=l * N  

2 5 0  T ( I J = T ( I ) - B * W ( I )  
W 260 I=l r N N  
R (  I L=0.000 
00 260 J z 1 . N  

2 6 0  G ( I ) = R ( I ) + A ( I . J l * T I . J )  
DO 27C I = l r N N  

2 7 C  R( I ) = R ( I  1-G(  I) 
RR=Oe OD0 
DO 2 8 0  I=l r N N  

280 F R = & f i + R ( I  ) * R ( I  I 
AB=O. COO 
00 ,290 I=1 r N  . '  . 

290 A B = A B - + T ( I ) * T ( I )  
AB=RR +X*AB '  
IF(K.EO.1) GO TO 350 
I F (  A B e t T e A A )  GO TO 300 
CO 310 I = l r N  
T ( I ) = F ( I )  

310 W (  I ) = W W (  I )  
00 295 I=l .NN 

' 2 S 5  R (  I ) = V (  I) 
RR=VV 
ZZ=YY 
K = K - 1  
G 3  TO 330 

300 I F ( M - K )  6 0 0 * 3 3 0 * 3 4 0  
340 K = K + l  

GO T3 1030 
l O 4 C  K=K-1  

S Y S T l 8 6 O  
SY S T 1 8 7 0  
s v s T l e e o  
S Y S T 1 8 9 0  
S Y S 7 1 9 0 0  
S Y S T 1 9 1 0  
5~ ~ ~ 1 9 2 0  
S Y S T 1 9 3 0  
SY S T 1 9 4 0  
SY S 7 1 9 5 0  
S Y  S T 1 9 6 0  
S Y  S T 1  970 
S Y S T  1988 
S Y S T  1990 
S Y S T  2000 
S Y S ? 2 0 1 0  
S Y  S T 2 0 2 0  a 
SY S T 2 0 3 0  

03 

S Y S T 2 0 4 0  
SY S T 2 0 5 0  
S Y S T  2860 . 

SY S T 2 0 7 0  
S Y  S T 2 0 8 0  
SY S T 2 0 9 0  
SY S T 2 1 0 0  
S Y  S T 2 1 1 0  
S Y S T 2 1 2 0  
S Y S T 2 1 3 0  
SY S T 2 1 4 0  

. S Y S T 2 1 5 0  
S Y S T 2 1 6 0  
S.Y S T 2 1  70 
S Y S T 2 1 8 O  
S Y  S T 2 1 9 0  
S Y  S T 2 2 0 0  
S Y S T  2 2 1 0  
S Y  S T  2220 



3 3 0  , L L = L L + K  . S Y S T 2 2 3 0  
I F ( < . L T e M )  0 0  T O  4 Q G  SY 5 1 2 2 4 0  
W R I T E ( 6 r 1 1 2 )  X  SY S T 2 2 5 0  

. 112  F O R M A T  4 ' 0 '  93x9 * A T  L A M B O A = '  r D 2 4 . 1 6 r 3 X .  ' T H E  M A X I M U M  V A L U E  O F  M H A S '  S Y S T 2 2 6 0  
CBEEPJ A T T A I N E D *  1 SY S T 2 2 7 0  

4 4 0  I'F(x.E(P.BB) GO T O  3.60 SY S T 2 2 8 0  
XX=XLAM*X . SY S T 2 2 9 0  
I F I X X e L T o S B )  GO T O '  3 5 0  S Y S T 2 3 0 0  
GO T C  1 0 2 0  SY S T 2 3 1  0 

3 5 0  XX=BB . SY S T 2 3 2 0  
GO T O  11020 SY S T 2 3 3 0  

C SY S T 2 3 4 0  
C R E - S C A L E  T H E  C O M P U T A T I O N S  A N D  QUTPUT. . SY S T 2 3 5 0  

C SY ST 2 3 6 0  
3E0 U R I  T E (  61 1 2 2 1  SY S T 2 3 7 0  
1 2 2  F O R M A T  l ' 0 '  93x1 'F I N 9 L  S O L U T I O N  F ' r l O X r  * A T P . F + L A M B D A * F - A T G '  r / )  SY S T 2 3 8 0  

DO 370' I = l  ,N S Y S T  2 3 9 0  
T (  I ) = T Q  I ) /CR SY S T 2 4 0 0  

W ( I I = W I I ) / C R  SY I T  241 0 
3 7 0  Y R I T E ( B r S 2 )  f ( I I  r W ( 1 )  SY S T 2 4 2 0  

. WR I T E i 6 ~ 8 4  1 SY S T 2 4 3 0  

DO 375  I=l ..NN SY S T 2 4 4 0  

R( I ) = R 4  I )/CR SY S T 2 4 5 0  

375 Y R I O E ( d r 9 6 )  R ( 1 )  S Y S T 2 4 6 0  

Z Z = Z Z / I C R S C R )  S Y S T 2 4 7 0  

R R = ? R / i  CR*CR SY S T 2 4 8 0  
Z Z = D S C C T ( Z Z )  . S Y S T 2 4 9 0  

R R = D S O R T ( R R )  SY ST 2 5 0 0  
T T = 3  .OD0 SY S T 2 5 1  0 
DO :380 I=l r N  SY S T 2 5 2 0  

380 T T = T T + T (  I )  *T( I) SY S T 2 5 3 0  
T T = D S C R T  ( T T )  SY S T 2 5 4 0  

W R I ? E ( € r 1 3 2 )  SY S T 2 5 5 0  
132 FORUI IATC'O@.BX* * I  I F 1 1  @ r 1 2 X r ' 1  1 . A T A F + L A M B D A * F m A T G  I ( ' r l O X r  SY S T 2 5 6 0  

C ' l k  AF-G 1 I ' r f )  S Y S T  2 5 7 0  

W R I B E ( 6 r 9 2 )  TTIZZIRR SY S T 2 5 8 0  

DO 390 I = l  r N  S Y  ST 2 5 9 0  



V( I =0.000 
[?€I 390 J = l  r N N  

390 V( I ) = b (  I )  +AT ( I ,J ) *R (  J) 
VVV=OeC,DO 
00 400 14, r N  

.4oc v v v = v V Y + v (  x I . *V(  I 1 
V V V = D S Q R T ~ V V V ~  
W R I T E ( 6 . 1 4 4 )  V V V  

1 4 4  F O R M A T ( * O @ . 8 X r . ~ )  I AT(AF-'GI 1 )= ' .024.  16) 

W R I T E ( 6 . 1 4 2 )  LL 
1 4 2  F O R H A T C ' O ' r ' T O T A L  I T E R A T I O N S = ' r I b )  

C 
c IF THE A C T ~ ~ A L  SOLUTION I S  KNOWN. A PROGRAM T o  COMPARE THE ' 

C. A C T U A L  SOL.UT I O N  U i T H  THE COMPUTED S O L U T I O N  CAN BE PLACED . 

C HERE. TkE COMPUTED S D L U T  I O N  ' I S  G I V E N  BY T H E  VECTOR T. T H E  
C VECTOi? F C A N  aE A S S I G N E D  T H E  A C T U A L  SOLUTION.  
C 

600 STCP 
E N D  

S Y  S T 2 0 0 0  
S Y  S T 2 6 1  0 
S Y  S J 2 6 2 0  
S Y  S T 2 6 3 0  
S Y  S T 2 6 4 0  
S Y  S T 2 6 5 0  
S Y  S t 2 6 6 0  
S V S T  2670 
S Y  S T 2 6 8 0  
S Y S T  2690 
S Y S f  2700 
S V S T 2 7 1 0  
S Y  S T 2 7 2 0  
SY S T 2 7 3 0  
S V S l 2 7 4 0  
S Y S T 2 7 5 0  
S Y  S T 2 7 6 0  
S Y S T 2 7 7 0  
S Q S T 2 7 8 0  



101 

8.2. Appendix B, Subroutine BITER 

Subroutine. BITER is a program written to find a 1- 

approximate .least squares solution of minimum norm of an 

integral equation of the first kind. The subroutine BITER 

assumes that the integral equation is of the form 

A driver program must be written which obtains the 

following information: 

1. Partitions the. interval integrated' over, [0,1], into 

N - 1 equ'al subintervals for an N-point closed Newton- 

Cotes integration formula. The N-points constructed 

are stored in the vector XV. 

2. Partitions thc domain of g, [O, 11, into NN - 1 ~?q l l a l  

subintervals for an NN-point closed Newton-Cotes 

integration formula. .The NN-points constructed are 

stored in the vector W .  

3. Construct the vector GV(1) = g ( W ( 1 ) )  I = 1,NN. 



4 .  Construct the matrix representing the kernel 

5. Construct the vector WTK of weights for the kernel 

using a closed N-point Newton-Cotes formula. 

6. Construct the vector WTKT of weights for integration 

. of the adjoint of the kernel using a. closed NN-point . 

Newton-Cotes formula. 

7 .  The driver program must be dimensioned as the dimension 

statement for the subroutine BITER. 

8. The driver program must supply the controls on con- 

vergence given by 

XLMDA = Lambda multiplier, 
. . 

BB = ~erminal lambda, 

and 

2' 
DD = control on ~IATAF  + LAMBDA*F - ATG~~' . 

The output section of the starting vector and initial, 

lambda begins at line BITR1080. The output section for 

the final kesu3t.s begins at line BITR1930. 



SUEKOUTINE B I T E R ( N + N N r  b r  G V r W r K r  W T K T r X V r Y V r F r  XLMDArMrBBr  
C A T ~ A T A ~ : R ; T ~ V ~ W ~ W W * S ~ D D  

I M F L I C I T  R E A L S 8  (A -HrO-Z )  
D I M E N S I O N  A ( N N r N )  ,AT < ,NrNN)  rWTK(N) .WTKT(NN)  r X V ( N  ) * Y V 4 N N ) r F (  N )  
D I M E N S I O N  A T A ( N r N ) + G V (  N N ) r R ( N N ) r T ( N )  * V ( N N )  rW(N) r W W ( N ) r S ( N N )  

' LL=C 
C 
C CONSTRUCT THE ADJOINTZAT TO KERNAL=Ao 
C 
C  
C  TRANSPOSE T H E  UNWEIGHTEO KERNEL*  
C 

co 5 1 0  I=l r N N  
DO E l 0  J= l  .N - 

5 1 0  A T ( J 9  I ) = A (  1.J) 
C  
C  CGNSTRUCT THE WEIGHTED KERNEL. 
C 

DO 5 2 0  I=1 rNK 
00 5 2 0  J = l r N  

5 2 0  A (  I r J)=-b (I r J ) * W T K (  J )  
. - 

C  
C '  CCNSTRUCT THE WEIGHTED KERNEL TRANSPOSE. 
C 

DO 5 3 0  I=l r N  
DO 5 3 0  J=l r N k  

530  A T ( I r J ) = A T ( I r J ) * W T K T (  J )  
C  
C TEST FOR A ZERO  SOLUTION.^ 
C 

DO 8 1 0  I =l r N  
W (  I )=0.000 - 
00 610 J=l r N N  

810 W (  l ) = Y (  I ).+AT( I * J ) * G V (  J )  

ZZ=O 0 0  CO 
DO 8 2 0  I = 1  .N 

820 ZZ=ZZ+WTK(I)*(W(-I).*Y(I 1)  

61 TROOI 0 
. B I T R O O 2 0  
61 TFOO30 
81 T R 0 0 4 0  
' B I  f 6 0 0 5 0  
81 T R 0 0 6 0  
B I T  6 0 0 7 0  
81 T f i 0 0 8 0  
6 I T R O O 9 0  
B I T f i 0 1 0 0  
B I  TRO110 
'6  I T E O 1 2 0  
B I T F O 1 3 0  
B I T R O 1 4 O  
B I T F 0 1 5 0  
B I T R 4 1 6 0  
B I T G O 1 7 0  
B f  %GO1 80 
B I T R 0 1 9 0  
B I T G 0 2 0 0  
81 T R 0 2 1 0  
B I T 6 0 2 2 0  
81 T E 0 2 3 0  
6 I T R 0 2 4 0  
B I T R 0 2 5 0  
B I  T R 0 2 6 0  
B I T k O 2 7 0  
61 TR02  80 
B I T R 0 2 9 0  
61 T F 0 3 0 O  
B I . T R O 3 1 0  
8 1 T f i 0 3 2 0  
61 T R 0 3 3 0  
8 1 T R 0 3 4 0  
B I  T f i 0 3 5 0  
B I  T R 0 3 6 0  
01~k037'0 



ZZ=DSCGT ( ZZ) 
WRSTE(6r29) ZZ 

29 F O R M A T ( ' O ' r ' ( l  ATG 1 l=* rD24.16)  
IF(ZZoGE.1 eD-40 8 GO TO 8 3 0  
WRITE(d r821 )  

8 2 1  FOfiMAT(*O' r 6 X r  'SQLUT ION I S  THE ZERO FUNCTION' r / )  
GO TC C20 

C 
C CONSTRUCT THE WEIGHTED KERNEL TRANSPOSESYEIGMED KERNEL* 
C  
830 DO 543 I = l  r N  

DO 5 4 0  J=l .N 
ATA4 I~J)=O.ODO 
DO 5 4 0  L = l  rhlh 

5 4 0  A T A I I * J ) = A T A ( I ~ J ) + A T ( I ~ L ) * A ( L * J )  
C 
C OBTAIN AN ACTUAL STARTING VECTOR AND I N I T I A L  LAMBDA. 
C 

DO 2 0  I = l . N  
T(  I D=0.000 
DO 20 J=1 l N 

20 T( 19=T(  I ) + A T A (  I , . J ) *F (J )  
ZZ=O.ODO 
DO 30 I = l r N  

30 ZZ=ZZ+WTK( I ) * (  T(. I ) * T (  I 1 )  
ZZ=OSCRT ( Z Z) 
00 4 0  I = l r N  

40 T ( I D = T ( I ) / Z Z  
DO 5 0  I=l rNN 
R(  I D=OoODO 
DO 5 0  J=l r N  

50 R( I ) = R ( I ) + A (  I * J D * T I  J) 

CR=2 a000 
U=2.00 0 
J= 1 

s2 X=O.ODO 
DO 60 I = l r N N  

B I  ~ ~ 0 3 8 0  
B  1 TR0390 
B I  Tf i0400 
B  I TR0410 
B I T 6 0 4 2 0  
81 TCi0430 
B  I T R 0 4 4 0 -  
81 T  60450  
8 1  TR0460 
B I T 6 0 4 7 0  
B I  TR0480 
B  I T R 0 4 9 0  
B I  T f i0500 
61 TROSP 0 
B I T F 0 5 2 0  
B I  TR0530 ' 
B I T R 0 5 4 0  
B I  TC0550 
81 TR0560 
BITF;0570 
B I  TR0580 
B  I T 6 0 5 9 0  
81 T F 0 6 0 0  
B I T R O d l O  
B I T 6 0 6 2 0  
B I  TR0630 
B I T  60640 
B I  TKO650 
B ITRO660  
B I T 6 0 6 7 0  
B  I TRO68O 
B I T E 0 6 9 0  
81 TF0700 
B I T R 0 7 1 0  
B I T F Q 7 2 0  
8  I TR0730 
B I T 6 0 7 4 0  



60 X = X + ( G V < I ) - R ( I  ) ) * ( I? (  I ) * W T K T I 1 l 1 )  
I F ( X . e G E e O e O D 0 )  GO TO 1000 
I F ( J e E O e 2 )  GO TO 1 0 0 1  
J= .I+ 1 
00 70 I = l r N  

7 0  T (  I ) = - T (  I) 
W3 80 I = l ' r N N  

80 R ( I I = - R ( 1 )  
GO TO 92 

1001 I33 450 I=l .NN 
450 G V (  1 = . W G V (  I 1 

J= 1 
CR=CR*U 
GO TO 92 

1000 00 . 9 0  I = l . N N  
90 R (  1 1  =R( I ) - G V (  I 

RR=OeOM)  
CO 100 I = l . r N F (  

100  R R = R R + I T K T ( I  ) * ( R ( I ) * R (  I)) 
CO I 1 0  I = l . N  
W( f > =0.000 

. .  DO 110 J = l r N N  
110 W ( I ) = W ( I ) + A T ( I I J ) * R ( J )  

ZZ=  0.000 
CO 120 1=1 * N  

120 Z Z = E Z + h T K (  I)*( W (  I ) * W ( I  1 )  
YY=ZZ-X*X 
AB=RG+X 
W 13'0 I z 1 . N  

130 W (  I a = W (  I ) + X * T (  I) 
C 
C O U T P U T  SECTION FOR THE S T A R T I N G  I N F O R M A T I O N .  
C 

W R I f E ( d r 2 )  X  
2 F O R M A T t @ O @  r e  I N I T  f A L  L A M B O A = @ r  D 2 4 e  16) 

V R I T E ( 6 . 3 )  
3 F O R M A T (  @ O m  . 1 2 ~ r ' @ X = @ s  1 8 x 1  @ S T A R T I N G = * . 1 2 X ,  @ATAF+LAMB,DA*F-ATG=@ s/) 

B  I T R 0 7 5 0  
B I T  6 0 7 6 0  
6 I T R 0 7 7 0  
B I T R 0 7 8 0  
B  I f R 0 7 9 0  
61 T R 0 8 0 0  
8 I T f i 0 8 1 0  
B I  T R 0 8 2 0  
B I T R 0 8 3 0  
B I T G O 8 4 0  
81 T R 0 8 5 0  
B I T 6 0 8 6 0  
61 T R O 8 7 O  
B I T R 0 8 8 0  
81 T f i 0 8 9 0  
B I  T R 0 9 0 0  
B I T G O 9 1 0  
B I T R 0 9 2 0  
8 I T R 0 9  30 
B I  TF;0940 
81 T R 0 9 5 0  
B I T 6 0 9 6 0  
B 1 T R 0 9 7 0  
B I T 6 0 9 8 0  
B I  T f i 0 9 9 0  
B I T R l O O O  
B I T F l O l O  
8 1 T R 1 0 2 0  
B  1 T f i 1 0 3 0  
B I T F 1 0 4 0  
B I T R 1 0 5 0  
81 T f i 1 0 6 0  
B I  T R 1 0 7 0  
B I T 6 1 0 8 0  
B I  T 6 1 0 9 0  
B I T R l l O O  
8 I T K 1 1 1 0  



DO 140 1 - l r N  
1 4 0  W R I T E ( 6 . 4 1  XV( I) r T ( 1  ) r Y < I )  

4 FORMAT( * ' r3024.16) 
b R I T E ( 6 . 5 )  

5 FORMAT(  '0' . 1 2 X r ' Y = ' r  18X,'AF-G=' r / )  

DO 150 Hz1 r N N  
150 Y R I T E ( 6 r 6 )  YV( I) r R ( 1  

6 F O R M A T (  ' ' r2024.16 
W R I T E ( 6 r 7 )  CR 

7 FORMAT ( @ 0'  r ' S C A L  I N G  FACTOR=' ,0240 16) 
W R I T E ( 6 r 8 )  Y Y  

8 FORMAT(  ' O w  r ? M I  NIMUW VALUE=' rD24 .  16) 
XX=X 

C 
C T H E  M A I N  I T E R A T I O N S  O F  T H E  ALGORITHM. 
C 

1 7 1  X = X X  
K= 1 

4 1  AA=AB 
Y Y = Z Z  
DO 160 K = l  .N 
w w <  I ) = w (  I) 
W (  I)=O.OOO 
DO 160 J=l  r N N  

160 W ( I  ) = W ( I ) + A T (  I r J  )*F( J )  
DO 170 I=l .N 

170 W (  1 ) = W ( l  ) + X l r T (  I) 
Z Z = 0  .OD0 
00 180  I =I rN 

180 ZZ=ZZ+WTK( I ) * ( Y ( I ) = W ( I ) )  
I F (  ZZ.LT.00) G O  T O  403 
00 190 I=l r N N  

190 V ( I ) = R ( I )  
DO 200 1=1 .N 

200 F( I l =T (  I) 
VV=RR 
DO 210 I = l . N N  

B 1  T R 1 1 2 0  
B I T R 1 1 3 0  
B I T R l P 4 0  
B I T R 1 1 5 0  
B I T R 1 1 6 0  
BI'TRII~O 
B ~ T C ; ~  180 
B I T f i 1 1 9 0  
61 T R 1 2 0 0  
B I T F 1 2 1 0  
81 T R 1 2 2 0  
6 1 T F 1 2 3 0  
B I  T E 1 2 4 0  
6 I T R 1 2 5 0  
B I T 6 1 2 6 0  
61 T R 1 2 7 0  
B I T G 1 2 8 0  
61 T E 1 2 9 0  
B I T R 1 3 0 0  
8 1 T f i 1 3 1 0  
B I  T R 1 3 2 0  
B I T R 1 3 3 0  
B I  T f i 1 3 4 0  
B I T R 1 3 5 0  
B I T 6 1 3 6 0  
B I  T R 1 3 7 0  
B I T 6 1 3 8 0  
61 T f i 1 3 9 0  
6 1 T R 1 4 0 0  
6.1 ~ 6 1 4 1 ' 0  
B I T R 1 4 2 C  
B I T 6 1 4 3 0  
61 T R 1 4 4 0  
6 I T R l 4 5 0  
B I  161460 
B I  T R 1 4 7 0  
B I T  6 1 4 8 0  

I-' 
0 
0 
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403 K=K-1  
401 L L = L L + K  

I F ( K o L T o H )  GO TO 4 4 0  
Y R I T E ( 6 . 1  X  

1 F O R M A T ( ' 0 '  .3X. 'AT LAMBDA='  . 0 2 4 . 1 6 r J X a  ' T H E  MAXIMUM V A L U E  O F  M HAS 
C B E E N  ATT A1 N E D a  1 

440 I F (  Xo EQ. B B )  GO T O  6 0 0  
XX= XLMDA*X 
I F ( X X o L T o B B )  GO T O  610 
GO TO 171  

610 X X = B S  
GO TO 171 

C 
C O U T P U T  S E C T I Q N  FOR T H E  F I N A L  RESULTS.  
C 

600 W R I T E ( 6 . 2 3 )  
2 3  F O F M A T ( ' 0 '  r 1 2 X  r * X = ' r l 4 X * ' F I N A L  S O L U T I O N  F = ' r l O X .  

C a A T A F + C A M B D A * F - A T G = '  Q /  

CO 320 I=l r N  

T (  I ) = T (  I )/CR 
w (  I ) = w (  I ) / c a  

320 Y R I T E ( 6 . 4 )  X V ( I ) * T ( I ) . W ( I )  
W R I T E ( 6 r S )  
DO 330 I=l r NN 
R ( I ) = R ( I ) / C R  

330 W R I T E ( 6 . 6 )  Y V (  1 ) r R I  I) 
Z Z = Z Z / ( C R * C R  J 
RR=RR/ (CR*CR 
ZZ=DSCRT ( Z Z )  
R R = D S Q R T ( R R )  
W R I T E ( d r 2 6  Z Z r R R  

26 F O R M A T ( * O '  I ]  A T A F + L A P B D A * F - 4 T G  1 1 = ' . 0 2 4 . 1 6 . 5 X * ' 1  1 AF-G 1 I=** 
C 0 2 4 0  16 )  

W R I T E ( d . 2 3  LL 
28 F O R M A T (  '0' . ' T O T A L  I T E R A T I O N S = '  , 1 6 1  

CC=O 00 00 
DO 3 4 C  I=1  BN 

B I T E 1 8 6 0  
B I  T R 1 8 7 0  
~ 1 ~ ~ 1 8 8 0  
e ~ r ~ r a s o  
81 T R 1 9 0 0  
B I T F ; 1 9 1 0  
B I  T R I G 2 0  
B I T R 1 9 3 0  
B I  T f i 1 9 4 0  
B I T R 1 9 5 0  . . 

B I T 6 1 9 6 0  
B I  T R 1 9 7 0  
B I T f i 1 9 8 0  
B I  T f i 1 9 9 0  
B I T R 2 0 0 0 .  
B I T 6 2 0 1 0  
81 T R 2 C 2 0  
B I T 6 2 0 3 0  
B I  1 6 2 0 4 0  
B I T R 2 0 5 0  
B I T  f i 2 0 6 0  
B I  T R 2 0 7 0  
B I T 6 2 0 8 0  
B I  T F 2 0 9 0  
B I T R 2 1 0 0  
B I T E 2 1 1 0  
B I T R 2 1 2 0  
B I T G 2 1 3 0  
B  I f R 2 f  40 
B I T R 2 1 5 0  
B I T F 2 1 6 0  ' 

B I  T R 2 1 7 0  
B I T  F 2 1 8 0  
B I T R 2 1 9 0  
B  I T f i 2 2 0 0  
B I T 6 2 2 1 0  . 

B I  T R 2 2 2 0  



3 4 0  CC=CC+hTi( (  I ) * ( T ( I ) * T ( I  1 )  
C C = D S Q R T ( C C )  
WR I T E (  6 r9 )  CC 

9 FORMlAT('.O'. '  N O R M  OF TH€ S O L U T I O N = ' r D 2 4 o 1 6 )  

.DO 390 I=l r N  
V(  I l = O e 0 0 0  
D O  2 9 0  J=l r N N  

3 G C  'V( I ) = V ( I ) t A T ( I  r J ) * R (  J) 
VVV=O e 0 3 0  
DO 4 0 C  :I=l r N  

4 C 0  V V V = V V V + U T K T ( I  ) * ( V ' C I  ) * V < I  1. )  
W V = D S Q R T  ( V V V  1 
W 9 1  T E ( 6 . 1 4 4 )  VVV 

144  FCJRMAT( '0 '  . B x ~ . ' (  & T ( A F - G I  1 1 = ' r D 2 4 *  16) 
' 6 2 C  R E T U R N  

EN D 

B  1 . 1 6 2 2 3 0  ' 

81 1 6 2 2 4 0  
8 1 T ~ 2 2 5 0 '  
B I T 6 2 2 6 0  
8 1 7 ~ 2 2 7 0  
B I T F ; 2 2 8 0  
81 T 6 2 2 9 0  
B  I T R 2 3 0 0  
B I T 6 2 3 1 0  
B I T R 2 3 2 0  
6 I T  6 2 3 3 0  
81 T R 2 3 4 0  
8 I T R 2 3 5 0  
B I  T f i 2 3 6 0  
B I T R 2 3 7 0  
B I T  6 2 3 8 0  




