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ABSTRACT

Tho Oontrol Chart atatiatioal Bothoda, davalopod by Showhart for 

tho oontrol of quality of *envfaoturod products, ar* appliad to th« 

oontrol of Oaigor-iltller counting instnaenta. Rxporisiont* aro roportcd 

to thaw th« use of the Oontrol Chart »«thod for dotooting disturbances 

in initnuwntal bahartor mud for dotooting radioactive effoota so w«ak 

that they are noar tho limit of detection of tho inatrwwmta. As a 

corollary, tho oontrol chart can bo uaod to roduco to ita practical 

limit tho tino roquirod for toata*
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CONTROL CHART WSTBOD iPPLISD TO BUWRS IK RADIOACTIVE GOUMTIltt

WiniM 0. Sohleoht 

IHTRODOCTIOM

Tho study of weakly radioactive rocks and winermls by tho Section 

of Chonistry and Phyeioe of tho Geological Survey haa included deter* 

 inatlona of radioactivity by Cbigor~lf«.llor counters. Many of tho 

staples exaalned aro ao weakly radioactive that thoir offoot on a 

counting InatroBoat it of about tho aaiio aiao aa that of tho rorrounoV 

inga* Tho radioactivity to bo dotondnod thuo May bo noar tho natural 

liait of prooision of tho inotroaont, which io iapoaod by tho local 

background offoet* Thoro lo aloo anothor aorioua aourco of orror in the 

dotomlnationai tho dounting apparatua itaolf ia dolioato and is subjoot 

to »any dtpturbaBooa 9 OOBO of thoa ao aubtlo aa to easily oscape notico 

unloaa constantly vatehad for* It ia thorofbro inportant -that no 

precaution bo ovorlookod that will holp to avoid oiatakoo*

A oorios of oxporiBontt »ade in this laboratory ohow that tho 

Bodorn statistical Bothoda dovolopod by Dr. laltor A. Showhart at 

tho Boll Telephone Laboratorios aro vory usofal for handling probloBS 

arising froa both of tho source* of error Bontlonod, background 

flttotuations and instruBontal dofoots* ^h« Oontfol Chart Bctfaod Is 

a practical approach both for indicating defective behavior of tho 

counting instruaont and for determining wy weak radioactivitie*.
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Q04LITT CONTROL

Th* ahowhart aothoda voro developed to provide an ooononio baals 

for oontrol of  anttfaoturinf and inapootlon of product* need by tho 

teortoaa folopheno and Telegraph OoBpany* They have boon widely 

adoptod la Industry under tho aponaorahlp of tho oar Bepartawnt during 

tho second World War. Tho application of statistical vetheda to 

quality oontrol haa «ade poaaiblo an adequate and ooaiprohofialTo 

praotioal toot of atatlatioal theory* In manufacturing proceaaee, 

oporatlona and toata aro ropoatod nany thouaanda of tinoa, proriding 

at no oxtra oxponao »aaaoa of data that eould not bo oolloetod olaowhorof 

no ono oould flBaneo tho ropotitlon of oxperinonta ao nany timoa nnloaa 

thoy woro ineidontal to aomo ooonovlo prooaaa   Tho atatlatieal iiothoda 

found praetleablo and dopondablo la control of  anttfaoturod prodoot are 

alao wofttl in th« Intorprotation of aoiontiflo oxporlaoBta f bocanae 

tho aaao baaie probloa* aro ofton involvod* Thoy aro probloao of 

prodlotlnf» froB paat data, vhoro futvro point* would fall if there 

voro BO ehango la tho proooaa*

Tho outataadlBg foaturoa di«tinguiahinf Showhart'a quality eontrol

 othoda fro» tho oldor atatlatioal Mothoda aro tho grouping of oboerva- 

tlona and tho rotontion of thoir soquonce. Thoao aro aocoarpllahod by 

tho oontrol ohartf in which moooaalvo grotipa of  oaavroaanta f that I*, 

sa»pl«c f aro plottod in tho ordor In which thoy woro aado. Thia giroa 

a tost of tho randoBnoaa of tho fluctuation* in roaulta, which prorioua 

aMBthoda did not provldo* Any pattoma of rogularitioa In the arrango- :

 out of tho point* OB tho chart Indioatoa that tho procoaa ia "out of
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control/ that la, the variations ars not random. If the variations are 

random, control limits can be calculated, outside of which observations will 

seldom fall unless the process i« changed. This provides a sensitive test for 

disturbances in the process. The most useful limits are the *three-eigraa* 

limits} if a point falls outside these control limits, the assumption that some 

disturbance has taken place in the process will almost always be correct. The 

rattdomness test gives the other check on control; the appearance of any pattern 

or regularity on the chart shows that the process has changed.

Experience with atatistical methods in industry has made us realise that the 

idcaa of absolute precision and perfect certainty are a particularly expensive  

aad also nointless fora of uncompromising idealism. By spending enou h time and 

money we may greatly increase the precision of a measuring process -* » but there

J Before) the) last revolution In physics, it was considered thnt we slight 
in this way approach as close as we please to the "true* value of a quantity; but 
since actual constructive knowledge has seen deduced by recognising that there Is 
a natural limit to precision in the description of a physical system, the idea of 
perfectly exact values of Quantities must be considered meaningless.

is a point beyond which it is net worthwhile to go. This degree of certainty Is 

almost always that defined by the 3 o" limits; if we ,iet as if a point outside the 

3 er limit is assignable to a change in the process, we shall seldom be wrong. It 

isn't worthwhile to be any right er; we ean*t afford it.

The) S<r limits are empirical. They were chosen not because the chance of 

exceeding them is seme particular value, but bee me a they work beet in practice. 

The adoption of this opt imam condition, arrived at by experience, may be thought 

of as a definition ef "practical certainty." As long as the process is in control, 

we are "practically certain" thai a point will never fall outside the control limits; 

if it does, we are) "practically certain" thai the evidence of a change in the)



MDDC - 695

process is significant. Although the calculations are formally based on 

the norraai distribution, this rule of behavior holds for any distribution 

likely to be met with in practice*

Specific directions for making and using oantrol charts are published 

In tfco pamphlets by the American Standard* Association (1, 2)j these and the 

A. S. T. M. Manual on Presentation of Data (3), Supplement fi, contain a table 

of fractors for computing control limits. The cleaning of the procedure is 

clearly and concisely described in an article by Colonel Simon (4). T)r. W. 

Ed-wards Beming has given a practical discussion (5)* and Dr. Snewhart's pub 

lished lectures (6) <glve a nore detailed and philosophical discussion of 

Quality Control methods. Shewhart (7) and Sfcnoo (8) have written comprehensive 

textbooks on the subject.

The Control Chart method is clearly described in the literature Listed, 

so no attempt is made in this report to give detailed directions for using 

the method. It involves much computational labor, but this cannot be avoided 

by any method if observations are to be fully utilized, to the limit of their 

precision.

Useful as statistical methods are, it cannot be too strongly emphasized 

that they are no substitute for technical knowledge and experience. thea an 

instrument does not operate properly, the lunch of a competent technician 

may be far more efficient than the soundest statistical methods in locating 

the trouble* Nevertheless, they are a valuable aid to the technician who 

understands the instrument; and Insofar as they are based en common sense, 

they can be of help to the untrained operator, the
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control chart doe* not usually suggest what is wrong, but it does give 

a sensitive indication that something is wrong* Furthermore, it provide* 

a practical teat of hypotheses as to what *ay be wrong* 

CONTROL CHART FOR INSTRUMENTAL BEHAVIOR

Statistical Methods can be allied to errors of instruments only if 

the errors are randoa* it is often considered that if the variation* 

in a Measurement have the same distribution function as those following 

a rando* law, the actual variations are random* The condition that 

fluctuations have a frequency distribution like that of sone rando* law 

is necessary but not sufficient to establish their rando*ness f because 

the frequency distribution is not a coaplete description of the rando* law*

The coraparison of frequency distributions is thus an extremely 

delicate method for detecting certain kinds of defects in instruments} 

an outstanding us* of it has been the application of interval counter* 

to detection of spurious count* in Qeiger-Ifuller counters (9, 10, 11 )  

If a counting tube gives spurious pulses, its frequency distribution for 

a given source will show too many intervals containing hi.jh counts, or 

too Many short intervals between pulses* Thus if a counting tube doe* not 

pass the test with an interval selector, it is defective* But a counter 

that does pass this test is not necessarily free from all defects. Figure 

1 show* run charts illustrating this point as applied to an experiment 

with an interval selector* navis and Curtis» (Hef. 11, fig. 4) give 

a curve for distribution of intervals between alpha-particle counts in 

an ioniaation chamber, with a mean of 59 counts per second* Figure 1, 

A shows a sequence of 50 one-second counts fron a hypothetical rando*
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source following the Potaaon law, and having a aoan of 59 counts per 

second. Such * process would nave the distribution of intervals shown 

In T>avis and Curtiss   curve, and the run chart gives no reason to question 

its randoanees. ^i^ure 1, B and C shows sequences of counts having the 

sa?ne frequency curve as the random sample, as shown by the histogram 

on the ri^tt, ^hey would give the same distribution of intervals, but 

a counter showing such strange behavior in sequence of counts would 

certainly call for further investigation*

A frequency-distribution comparison is not a oonplete teat for 

randonness, because the sequence of the fluctuations is discarded in 

collecting together all the observations in a given size range* The 

frequency test lacks the essential condition to detect "runs" or patterns 

of regularity in the sequence*

"Run charts* are used in Quality Control to watch for patterns in 

the sequence. An empirical rule sonetine* found useful is (12) that 

if as nany as seven successive observations are all above the mean, all 

below the Bean, or successively increase or decrease without alternation, 

the process is out of control. This teat is possibly too delicate, that 

is, it may lead to suspicion of disturbances somewhat oftener than It 

Justified.

The important feature of the Shewhart siethod is the use of a 

control chart. Observations in sequence are grouped into aanples, to 

get an estimate of the dispersion about its Bean of the unlimited 

population of possible samples from which they were taken* The control
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limits are placed at a distance of three tines this estimated standard 

deviation on either side of the central line* The estimate of the 3<r 

control limits for the sample aear.s is made fron the average value of 

either the sain pi a ranges or the sample standard deviations* Figure 2 

is a control chart for 100 samples of 4, of which the first 50 indivi 

dual counts are shown in the run chart of figure 1A, taken fron the 

hypothetical random population with mean of 59* It shows that the 

estimated Mean and control limits for the parent population of samples 

are not determined exactly, but are estimated more precisely as the 

number of samples increases*

A control chart is also made for the scatter or dispersion within 

the sanples, expressed either as range (difference of the extreme value* 

within a sample) or as sample standard deviation* The control charts 

for ranges and standard deviations have been found nor* sensitive to 

short-tiue changes (changes within the subgroups) In the process than 

the control chart for aeans*

COKTROL CHARTS FOR C-ETOKTWlfilLER COUNTERS 

Laboratory Background Counts

Experiments were made to see if the Control Chart method is uceful 

for estimating the errors in Seiger-MQller counting apparatus, for 

detecting disturbances in the instruments, and for detecting weak radio 

activities with the apparatus. If tha control chart shows that the 

fluctuations in counts from a constant source are randoa, statistical 

formulas for error may legitimately be applied* A sample point falling 

outside the control limits is an indication of a change in the process*
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and the instrument if not reliable until the oauae of the disturbance 

is removed. Finally, if a counter is known to be 'in control,* any 

change in the condition* that will reproducibly threw it out of oontrol 

may be aaauned to be the cause of the loss of controlj to if a rock 

specimen brought near the counter results in poihti outside the control 

limits for standard conditions, it may be considered significantly 

different in radioactivity from the standard*

For low counting rates, a constant background is a suitable 

standard condition! for high rates, control charts Bight be Bade for 

.operation with a radioactive standard in the specimen holder*

The laboratory experiments were made with SB A. C. operated scale- 

of-eight counter, registering on Cenco High Voltage Impulse Counters. 

The field counts were Bade by counting clicks heard in the earphones of 

a battery-operated portable gamma-ray counter* Counts were Bade for 

five-ainute periods*

Because of the limited data available, the groupings of observa 

tions were restricted to the smallest sited samples practicable, so as 

to have as many points as possible on the oontrol charts. For the 

laboratory experiments each point on the control charts represents a 

tproup (sample) of four observations, saoh observation being a 5-minute 

count; for the field observations each s an pie point represents a group 

of three 5-ainute counts* These are the smallest sample sizes that 

give significant results*

8
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Laboratory background counts

Figure 3 shows background counts with a gaama-rey counting tube 

containing organic vapor, made by the Geophysical Instrument Company 

for use In the ^Series 0* portable counter* In operation with the 

laboratory acale-of-eight circuit, the counter was not shielded by the 

brass tube used in the field work. Each point represents a sample of 

four 5-sinute counts, reduced to counts per minute* the successire 

points represent background counts taken on different days orer a 

2*1/2 months period. The charts show satisfactory control! the control 

limits for samples 37 to $2 agree with those predicted by the prerious 

samples (see Appendix !) 

figure 4 shows the control charts for background with a beta-particle 

counting tube that changed its characteristics after tone satisfactory 

performance* It was a ^erbach and Hademan window tube, Type GL9 20. 

Each point represents a sample of four 5-ainute counts, expressed in 

counts per ralnute. The control chart shows how a point outside the 

control 15wlts gave warning of a change in the moan background count and 

in the control Halts*

Figure 5 shows control charts for samples of four 5-sdnute back- 

ground counts, In counts per ninute, with another H«rbaoh and 

GLB 20 beta-counting window tube, taken over a 7-weeks period* 

first 43 points represent samples taken on successive daysf the later 

samples were taken at the rate of 2 to 6 points each day* *he. apparatm 

was in control, and the actual performance after the 45th sasiple was 

not significantly different froa that predicted* This tube was used IB
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tha experiJBenta on the detection of weak radioactivity, because of ita 

aatiefaotory record of control. Control charts for rangaa and atandard 

deviationa ara both given, to ahow the oloae aiadlarity IB their behavior. 

The range la BOOB   in pier to calculate, and la Just aa good aa the 

atandard deviation for Indicating tha atata of control. The run chart 

for thaaa data it ahovn in figure 6} it ahowa no pattern* or runa* 

Each of ita pointa repraaanta a aingla 5-ninute count, reduced to 

count* par ainute.

field background counta

fn tha experience of tha Geological Survey, battery-operated field 

eountera have aeldoa given evidence of baing in control, Tho batteriea 

run dowr? and recover in irregular ways, and tha inatruaenta ara not 

aquippad to maintain conatant circuit conditions. Tha inatruaanta ara 

oftan Bovtd fro* ona location to another before enough background counti 

oan be sade to eatabliah control with a chart. If- a counter i« kapt in 

ona place for many daya, and ia found to be in control, tha control chart

 ethod aay be uaed to reduce tha ti»a needed for taating ipeciaeni, or 

to enable weaker apaoiaana to be tea ted.

Figure 7 ahawa control charta far background froa 219 5-ari.nute oounta

 ade by Kenneth Brill with a Seriea G portable fiald counter, kapt at 

on* fiald atation, over a period of 2-1/2 weeke. Each point repreaenta 

tha ««an of a aanpla of three 5-»inute counta, axpraaaad aa oounta in 

five ainutaa*

Tha control chart ahowa no patterna, and only three pointa actually 

out af control, bat too many pointa are naar and on tha control Unite. 

Since tha pointa look nearly in control, Mr. Rupert Qauae auggaatad tha

10
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use of an unpublished method derived by him, for eetinating the average 

non-rando* variation in certain Ar»y Ordnance t««t measurements, made 

'with litetniMnte subject to a drift in thoir aero reading or "blank." 

Fro* eetisoatea of the variation within the aamplee and of the aet of 

 aaplaa aa a whole, a coefficient ia calculated that represent* the 

average non-random drift, ao that a long-run eetinate oan be made 

ef what part of the fluctuation ia random (See appendix 2)*

For thia field counter, Qauae't teat givei an eatinate that about 

0*4 of the total fluctuation ia non-randon. Thua for thia particular 

Instrument and location, the Bean background calculated fro* the 

long-run behavior ia at leaat aa good an estimate aa that of any 

particular eubgroup of obaervationa.

DETECTION OF EKAK RADIOACTIVITI 

Choice of Action Liaits

If a counting inatrueent ia in control, the control chart method 

can be uaed to ehorten the time required to teat a ipecinen, or to 

teet weaker speoi»ena than utual. Any mineral specimen that throws 

the inatru«ent out of control ia practically certain to be radioactive. 

The definition of practical certainty nay be modified to auit the 

purpoae of the test* the control limits are action liaits, and the 

choice of action lisite depends on the purpose of the action* If we 

with to be right the opttarosi number of times in tea ting specimens, we 

adopt the 30s control liaits for the criterion of practical certainty* 

If we want to avoid any further examination of specinens that night 

net be radioactive, aa in searching for high grade orea, wider control

11
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limits are used. More usually, if we are looking fbr very weakly 

radioactive materials, we May want to be sure that no samples are 

discarded without further testing, if there is the least chance that 

they cmy be radioactive* *hen it is nore important that no «reak speel- 

rosnts be overlooked than it is to waste time in repeating tests on SOM 

non-radioactive specimen*, narrower Halts can be used. For example 

with 29" Units, about 5 percent of the specimen* enosen for further 

testing will be non-radioactive.

Statistical Tests of Significance

In specimens too weak to give a point outside the background upper 

control liait, the radioactivity nay still be strong enough to give a 

run of points above the Mean. In principle, such weak radioactivity 

may be detected with practical certainty if enough observations are 

made. The various refined statistical tests of significance nay be 

applied to runs, but oust be interpreted cautiously in view of their 

limitations (ref. 13, pp. 137-8) 

ftcauples

Use of the control chart method to detect weak radioactivity is 

illustrated by sone experlnents nade with the laboratory scale-of-eight 

counter, using the beta-counting tube that gave the record of controlled 

background fluctuations shown in figure 5. Between the background counts 

shown on the control chart, counts were «ade by putting the tpeciaens, 

in a 30 nl beaker, about 4 MB below the window of the vertically 

mounted counting tube. Sanplee of four 5-admtte counts were recorded, 

taken on different days when possible*
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A *peci»en of river gravel wag sorted into three fractions, 

according to their mineral composition, by Robert L. Saith of the 

Geological Survey* founts were made to determine which of the fractions 

is most radioactive. ?he largest part, Fraction B, weighing 108 grams, 

vat compared with an equal bulk of a standard mixture containing 0.17 

o/o uranin*; figure 8 shows this comparison along with background counts 

nade during the fame period. The standard gave a man of 11*8 counts

per nitrate above wean baokground count, ao the factor 0*17 s 0.014 % U
11*8

for each count per Binute above baokground was used to calculate the 

radioactivity of the specimen. Four of the six points for Fraction B 

are above the upper baokground control linit, so it la certainly radio 

active; the Mean is 3.2 count* per ninute above Bean baokground count, 

giving a radioactivity equivalent to 3.2 x 0.014 * 0*04 % 0.

The next largest fraction, C, weighed only 52 grans, so it was 

coopered with an equal weight of fraction I), about equal to it in bulk. 

At shown in figure 9, all the points for fraction C are inside the 

background control limits, so it is not certainly radioactive. The 

Bean count for fraction C is 0*4 counts per Binute above Bean background} 

a significance teat suggested by Dr. W. Edwards Deaing shows that the 

difference it not certainly real. The control limits for the speoiuen 

are 1.7 counts per Binute above and below the mean. The width of the 

control limits for the five points is divided by the square root of 5* 

giving control limits 0*75 counts per ninute above and below its Bean 

for a saiaple five tines as large as that represented by each original 

point* The Bean baokground is inside these control liaits, so that the

13



MDDC - 695

baokgraund is not certainly different froii the count* made on the 

specimen. These control Us its are shown enclosing the larger circle, 

representing the lumped points, at the right of the control chart*

The effect from 52 grams of Traction B is certainly real, because 

3 of the 5 points are above the upper background control limits. *f the 

activity of fraction C^ 0.4 counts p«r minute is real, it is only about 

1/7 that of Fraction 3, which is 2.8 counts per minute above background*

The smallest part, Fraction A, weighed 21 grans, and to was compared 

with the sane weight of Fraction B (with about the sane bulk). 21 grant 

of fraction C was also tested. In figure 10, three of the five points 

for fraction B «sre shown above the upper background oontrol linltj so 

that its effect is real even in a 21 grao portion. The mean effect i*

about 0*^4- s 0.017 % U for each count per minute above background. 
2*4

Fraction A givee points all within the background control limits, but 

it almost passes the lumped control limit test; if a few oore points 

were obtained that did not change the »ean and control, limits appre 

ciably, the difference of 0.9 counts per rainute above background, 

equivalent to 0.9 x 0.017 = 0.02 % U, oould be considered significant. 

As shown by the oontrol charts, if Fraction A is radioactive, it 

is more so than Fraction C who&e n«an difference from background, 0.6 

counts per ainute, is equivalent to 0.6 x 0.017 s 0.01 % U. the oontrol 

liniitfi for Fraction C differ by 2.1 counts per minute from its neanj 

the number of points necessary to be eure that the mean of 0.6 counts 

per ainute above background is significant can be estimated by the 

condition that the width of the lumped oontrol limits be IMS than 0.6i

U



MDDC . 695

At least 7 mere painte would have to ba obtainad, all consistent with tha 

eentrei limits and mean already found, to ba practically certain that Fraction 

C is radioactive.

th* control chart method thus ahowa in which of tha three fractions tha 

radioactivity af this email sample of gravel is concentrated, and also permits 

* rough eetimate of ita activity to be made. Still more information can be 

had if U Is worth the time.

A staple rcugh test of significance of runs ie illustrated in figure 11. 

Control charts are ahem far two specimens whose points era inside the back 

ground coatroi ilmite, but ara all above a certain level* We take the lowest 

point of the rm and calculate the ohanoe that a sample mean* f ron a normal 

distribution with tha same mean and control limits aa tha background, will 

exceed thla lowest value* 2% is tha area P under the normal curve and above 

tfeta given limltj and the chance that m successive points will all be above 

the given limit la the it** power of F. If F* is vary small, it ia unlikely 

that tha run la a background fluctuation. To correspond to tha 3<r limit for 

a normal distribution, we may eay that a run ia certainly different from 

background If 1* la smaller than 0.001.

Five samples af four 5*«dnute counts were made with a a lab of mangmneae 

ore umaer tha counter tube window* The control ehart for sample means, in 

counts par minute, shows that none of the five points are below 10 eounte per 

minutef the area of the background distribution curve above this level (U) 

ia F * 0.09* The ohanoe that the background will give aueh a run ia therefore 

not greater than P5 = 10~*j so the difference U probably significant.
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Another aat of five eount samples waa nada with a placer specimen, 

Mo* 492, under tha tuba window* Tha loweat point on tha control chart ia 

only 0.4 ooonta par minuta above tha background mean* Tha chance that a back 

ground sample will axoa«d this value ia P = 0.3, and ao P5 = 0.003| the mm ia 

not certainly diffarant from background by thia teat* A few more point* would bo 

neeessary to sett I* the question.

SUIMAliT

The examples riven show the advantage of tha control chart method ia plan 

ning for tba optimum or most economical use of counting instruments, and in ax- 

traating the greatest possible amount of information from tha observations. 

whan materials of fairly high activity are to be tee ted, tha daairabia procedure 

ia to uae methods of greater aenaitivity than the expected variations. With 

weaker activities, thia nay not be peaaibia because available instrument* are not 

aanaltiva enough* or because It would take too long* Than the control chart method 

makes it poaaibie to teat aa »any specimen* aa poaaibio in a given time at pr*- 

determined lavala of certainty, or to teat thaw, with tha optimal precision 

that i§ aoanomioaily daairabia*

I thank Dr. Starling B. Handrieka of tha Bureau of Plant Industry, Soil*, 

and Agricultural Engineering, 9. 8* Departaant of A «rri culture, for lending ua 

a ecaie-or-el^ht laboratory counting inatruaantj Mr. Shelley Kraanew of tha Gee* 

phyeloal Instrument Coapany for lending a gamma-ray counting tube} Dr. W. Edwarda 

Darning of tha Bureau of the Budget and Hr. Rupert Oauea of the Ball Telephone) 

Laboratories, formerly of the Ordnance Department in Washington, for making freely 

available their extensive exparianoe with control chart methods, and Mr. Causa 

far Baking available his unpublished method of estimating drift oerrectionj 

and Dr. franc is DavU of tha National Bureau of Standards for experimental 

records on the behavior ef an interval counter.

16
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APPENDIX 2* Gause*s estimate of non-random drift* 

An estimate of non-random drift In the sero-reading of an Instrument 

Is made from the control chart for mean «ero-reading, by estimating m, 

the fraction of the fluctuation that Is caused by non-randon effects*

0y , a measure of the average fluctuation within samples of n 

observations, oan be estimated from the mean range I. It Is an estimate

of the average random fluctuation, and Its ratio to the average total
« 

(random plus non-random) fluctuation, 0"* 9 gives the fraction of the
ST

total variation that Is purely random.

For points each representing a sanple of n observations,

Is calculated from the mean range R and the factor d2 (found in Table 1 

of reference 1, p. 50), as a measure of the random part of the fluctuation

of the points about the mean line x.
2 <y , the variance (standard deviation squared) of the sample

ft

points 5c about the mean line x, is taken as a measure of the total 

fluctuation, random and non-randon*

Gauss 'a estimate of the fraction of non-random fluctuation is

si- = 1 - n

21
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