This technical report has been made
electronically available on
the World Wide Web
through a contribution from

L%ngw

Office of Scientific and Technical Information
Office of Science

U.S. Department of Energy

April, 2009

fﬁ% U.S. DEPARTMENT OF r Office of ‘;X\OSTLQOV

W ENERGY ~d Science




ANL-6633

ANL-6633

Argenne JRationat Laboratory

CONTRIBUTICN TG THE THEORY
OF TWO -PHASE, ONE-COMPONEN)
CRITICAL FLOW
by

Hans K. Fauske




LEGAL NOTICE

This report was prepared os gn accowunt of Govermment Spomsored
word.  Merdher the {friited Staies, nor the OCramissiaom, woy amy
person acting on behal fod the Commessron:

A Mubes any worvanty or refresentation, expressed or wmplied,
witlh respect 1o the accuwracy, completeness, or  usefulress
af the anformation carBarned tn thas repord, ar thatf the use
of any informetion, gpdarotus, method, or process disclosed
tn thes report moy not enfringe privotely cwmed rights; or

f. Assumes any liebilrties wrfh respect to the uze oF, or for
damages resulting From the wse of any 1nformation, apporetus,
method, oy process drselnged 10 theis report.

As uzad i the above, "persan acling on behalf of the Commrsston”
tacludes any employes or contractor of the Commrssion, or embloyee
of sueh vontractor, to the pxtent that such employes or contracter
of the Comaisston, or embloves of such comtractor prefares, di<-
seminntes, or provides access ta, ady informablion pur swanf L bas
employment or contract weth the Commissron, or hrs employment wnbh
such contrackor.

Price 3275 . Avarlable from the Office of Technical Sertices,
Department of Commerce, Weshington 25, ILC,



DISCLAIMER

This report was prepared as an account of work sponsored by an
agency of the United States Government. Neither the United States
Government nor any agency Thereof, nor any of their employees,
makes any warranty, express or implied, or assumes any legal
liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process
disclosed, or represents that its use would not infringe privately
owned rights. Reference herein to any specific commercial product,
process, or service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its endorsement,
recommendation, or favoring by the United States Government or any
agency thereof. The views and opinions of authors expressed herein
do not necessarily state or reflect those of the United States
Government or any agency thereof.



DISCLAIMER

Portions of this document may be illegible in
electronic image products. Images are produced
from the best available original document.



ANL-6633

Engineering and Equipment
(TID-4500, 18th Ed4.)

AEC Research and
INevelopment Report

ARGONNE NATIONAL LABORATORY
3700 South Cass Avenue
Argonne, Illinois

CONTRIBUTICN TO THE THEQRY OF
TWS-PHASE, ONE-COMPONENT
CRITICAL FLOW

by
Hans K. Fauske

Reactor Engineering Dvvision

COctober, 1962

Operated by The University of Chicage
under
Contract W-31-109-eng-338
with ths
U. 5. Atomic Energy Commisgsion



FREFACE

The exparimental part of these investigations was carried out
during the time from June 1959 to August 1960 at the Chemical Engi-

neering Depariment, University of Minneaota, Mimnmescta.

First of all, 1 want to express my sincere gratitude to my
teacher, Professor Dr. Herbert 8. Isbin, University of Minnesota.
He initiated my interest in two-phase flow in general and in critical
flow in particular. He has never hesitated in placing at my dispogal
hie profound experience in the fundamental problems of two-phaze
flow. I am especially grateful for the opportunity of becoming ac-
quainted with his methods of appreach to scientific problems, as well

as his attitude toward science in general.

The extension of experimental studies was made possible by
an Arponne National Laboratory centract, and the development of the
theory and interpretation of the data was continued under an Atomic
Energy Commission contract on Reactor Containment Studies. The
author is also grateful for the Research Assistantship provided on
these two contracts with the Chemical Engineering Department,

University of Minnesota, Minnesocta.

I furthermore wish to express my pincetre appreciation to
Mr. John B. Antolak for his advice and criticigsms on the building of

the equipment.

Finally, I wigh to thank Graduate Students Stanley L. Gordon

and Henry H. Chien for assistance with the nurmearical calculations.



TABLE OF CONTENTG

PREFACE. . . . . . . . i i i et st i i s s s e e e e e e PRI

NOMENCLATURE . . . . . . . o i et i e e e e o n

CHAFTER

L.

11.

111

INTRODUCTION TO TWO-PHASE FLOW , . ... ... ... ...
LITERATURE SURVEY . . . . . . . 0 0 o et i e e me s va s

2.1. Past Work on Slip, Void Fraction, and Flow Patterns , .

2.2, FPast Work on Two-phase PressureDrop. . . . .. ... .,
2.3, Past Work on Critical Flow . . . . . . . . . o o v s v v v v v
EXFERIMENTAL EQUIFMENT. . . . . . . . . ¢ o ot o v oo o v w s
3.1 General . . e e e e e e e e
3.2 Steam SUpply . . . . . . . . . L e e s e e s e e
i3, WateT Supply . - - - . . e e e e e e e e e e
3.4, Atmospheric Pressure . . . . . 0 0 v 0 et e v 0 a P
3.5, Surge Tanks . . . . . . . .. L
3.6. Dead Weight Tester ., ., ... .. ... o0, .
3.7, BMIXer. . . o . e e e e e e e
3.8. Teat Section . . - v+« r 0k v o e e e e e e
3.9. The Condenser. . . . . . . . . . . ittt i i me it et .
3.10. Piping, Valvegand Insulation . . . . . .. .. .. ... ....
1), Pumps . . . L e e e e e e e e e e e e e
3,12, Imstrumentation . . . . . . . . . . L e e e e e e e e e
EXPEEIMENTAL PRGCEDURE . . ... ... .. . ... «uu... .
4.1, Definition of Critical Flow irom Experimental
ViewpoIint . . . 0 v . v v ot e e e e e e e e e e e e e
4.2, Initial Startup . . . . . o e e e e e e e s
4.3, Eleeding the System . . ., .., ... .. ..

ii

19
11

24

24
26
ZB
8
29
29
29
K1Y
35
35

35
41

47

47
47
45



TABLE OF CONTENTS

Fage
4.4, Check of Systemn Using All=ligquid Flow. . . . .. .. .... 48
4.5, Commencing the Flow of Steam. . . . . .. .. .. .. .. .. 48
4.6. Introducing the Water Phase. . . . . ... ... .. .... .. 48
4.7, Stabilizing the Two-phase Flow. . . . . .. .. .. ...... 49
4.8. Makinga Run. ., . . . ittt i ii i it it i v iv e 49
4.9. Organmization of the Runs . . . . . v v v v v v v v v v v v v v o s 51

THECQCRY OF TWO-PHASE CRITICAL FLOW, .. .......... 23

Frevious Theory on Critical Flow. . . ... .. .+ - .. 53
5.1, Genexral . .. 0. v v s i s s s s s s 2]
§.2. Single=phage Flow . . . . . . .00 i v v v v i v m o e o e o 53
5.3, Two-phase, One-component Flow . . . ...+ s v v v rnaa 5D
5.4, Homogeneous Two-phase Flow {("Homogeneous

Flow ModelM). . . o . . e s s s ot e st s v s e s s s mn s Eh
5.5, Complications of Two-phase Flow., .. ., .. .. s .. .. 57
The Author's Theory of Two-phase Critical Flow. . .. .. .. .. b2
5.6, General & .. . i i et i i it i s s e e e. B2
5.7. Daveloprnent of the Equation of Meotion Degcribing the

Two-phase, One-component System in a Pipe ., ., .. .. b4
5.8. Definitions Used for Critical Two~phasge Flow . . . . . .. 73
5.9. Derivation of Slip Ratic and Veoid Fraction for Critical

Two-phase Flow. . . . . v . v r v v s v s s ua s arssaras 14
5.10, Discussion of Void Fraction and Slip Ratio . . . . ... .. 9

5.11. Derivation Leading t¢ a Theoretical Evaluation of the
Critical Flow Rate . . . . . . . .. .. .. & . i i i uu . 80

5.12. Derivation Leading to Evaluation of the Two-phase
Friction Coeificient for Critical Flow .. . ... ...... 89

5.13. OQOutline of the Procedure for Calculating the Mixture
2uality at Apny Point along the Test Section from
Experimental Data . ., . ... ... .. ek ke e e e a e e a wa 90

5.14. Absolute Average Velocities for the Two Phases at
Critical Flow Conditions . . . . . P

iii



TABLE OF CONTENTS

V1. ANALYSIS OF CRITICAL TWO-PHASE FLOW DATA,
COMPARISON WITH THE DEVELOPED THEQORY, IN-
CLUDING PREVIOUS MAJOR INVESTIGATIONS . ... ... ..
6.1, Treatmentof Data . . . . . . . . i v i v s o s r v v a e a0 e
6.2, Pressure Praofiles . . . . . . .. ... o i
£.3. CGraphical Pregentation of the Data . . . . . . . ¢ 2«4 o &
6.4. Effect of Pipe Geometry on Critical Flow, . ., . ... ..
6.5, Comparison of Resulty with Other Investigators., ... ..
6.6. Comparison between Ohserved Data and Theory. . . . . .

VII. THE MECHANISM OF CRITICAL TWO-PHASE FIPE FLOW. .

YVIII. SUMMARY AND CONCLUSICNS . ... ... .... ... ......
Bl SUummAaTry . . v . e e e e e e e e e
B2, Conclusions. . . . . . . . i i ittt s s it it e
BIBLIOGRAPHY. . . . . .. ... ...« . E e r e e e e e e e e ‘o
AFPFPENDICES
A. Tabulaticn of Critical-flow Data . . . .. ... .... e e
B. Tabulation of Upstream Pregsures . . .. . .. . ... ...

C. Calculation Procedure for Graph 14, Representing the
"Homogenecous Flow Model" . . . . ... .. ... 0000

D. Calculation Procedure for Graph 22, Showing the Author's
Theory for Predicting Critical Two-phase Flow Rates . .

E. The Error Intreduced by Evaluating dv/dP from Steam
Table., . . . . . e e e e

F. Sample Calculation Showing the Determination of
Critical Mass Veloeity, Critical Pressure, and Quality
at Any Point aleng the Test Section from the Experi-
mental Data. . . ... .. ........... e e e e e e e

. Caleulation Procedure for Evaluation of the Friction
Coeifficient from Equation {5.12-7). . . . .. e e e e

iv

Page

102
118
119
122

L25

129

129
129

132

142

147

150



LIST OF FIGURES

MNa. Titie Fage

. Alves' Limits of Flow Patterns. Coordinates are auper-
ficial phase velocitiea. . . . . . . .o o 0 e e e e 8

2. Krasiakova'a Limits of Flow Patterns. Coordinates are

superficial phase velocities. . . . . . . . . . i v v v v s i e a 9
3 Diagram of the Experimenial Equipment. . . . .. ... ... ... 25
4, View of the Steam Generator ., , . . .. .o v oo v h Y |
5 Schematic of the Mixing Section . . . .. v v v v v v s v vw ... b
6. View of the Mixing Section. ., . . . . . . .. ..o 32
7 Diagram of the Test Sections . . + v v v v v v m v v v s v wu... 36
B View of the Test Sections before Installation. . . . ... ... .. ay
3.  View of the Teat Section after Installation. . . .. . ... .. I £
10. View of the Condenser. . . . .. .. . ... ... .. 39
l1. View of the High-pressure Water Pump . . . . .., ... ... ... 44
12 Viewofthe Panel Board . . . ... .. .. ..ot nn... %2
13. View of the Electrical Equipment . . .. . ... .. ... ... .. 43
14. Prediction of Critical Flow Rate from Homogeneous
Flow Model. . . . . . . o . . . i i it e s e e e 58
15. Physical Pictures of Annular Flow . . ... ., .. ... .,..... &5
lé. Velocity Profiles for Two-phase Annular Flow . . . . . ... .. 65
17. Theoratical Prediction of the Specific Volume for Critical
Flow .. ..., ... e e e e f e e e 72
18. Pressure Profiles for Two-phase Flow .. .. .. .. ...« ... T3
19. Two-phase Friction Factor Plctted Versus Slip Ratio. . . . . . 78

20. Theoretical Prediction of Void Fraction for Critical Flow. .. 81
2l. Theoretical Prediction of Slip Ratie for Critical Flow, ., ... B2
£¢. Theoretical Prediction of Two-phase Critical Flow Rates . .. B88
23, Simple Flow Diagram of the Two-phase Flow Loop, .. .. ..., 91

Z4. Theoretical Prediction of the Vapor-phase YVelocity
Compared with the Velocity of Sound . . . . . . .. .. ... ..., 95

15,  Experimental Pressure Profiles. . . . . . . . v v e v e ... 97




No.

Zh.
27,
Z5.
23,

in.

3l.

3z

33

34,

35,

36,

3.

3B

39,

40,

41.

42,

LIST OF FIGURES

Title

Experimental Pressure Profiles. . .. ... ... ... .. .. ...
Experimental Pressure Profiles. . . .. - . . . . v oo v
Experimental Pressure Profiles. . . _ . . ... «c. .+

Comipatrison between Data and Theories: (Quality Equal
tﬂ 1% 1 a a L * # r = r = = = = = & * L] + r r r r r - r - r - - - - -, . - r - r -

Camparison between Data and Theories: Cuality Equal
e T .

Comparison between Data and Theories: Quality Equal
B0 300 . v vt e e e e e e e e e e e e e e e e e e .

Comparison betwaen Data and Theories: CLmality Equal
tﬂ 4% 1 - + # = & ®§ = § = ®§ ¥ ® ® ® 4 1 ® = ®m Fr = m L " L - L - " [ " r " r - L -

Comparison between Data and Theories: Quality {rom

Comparison between Data and Theories: Quality frem
L

Comparison between Data and Theories: Quality from
zS-EE%PI!#-ﬂ-c---l--1-----.-..--.-.; ....... . o oa

Comparison between Data and Theories: Quality from

Comparison between Data and Thecries: QOuality from

55-55%-— @ *# = F = = = = = = u % 4 4§ 4 g = Fp 2 g oE ®w m a ®F = oFP = " " oEoE R E * a
Comparison between Data and Theories: CQuality from
65-?5% """ T’ r - - - r a L - + + - L - L] - L] L] n + + + - + - - r r - L] - +

Comparison between Data and Theories: (uality from

Comparison between Data and Theories: Quality from
B5=95T0. . . . . e e e e e e e e e e e e e e e e e e e e .

Comparigson between Data and Thecries: Quality Equal
tﬂ?ﬁ?ﬂli‘%#brrllll. --------- 4 ok & w v m om & m k mow o ow® o r

vi

103

104

105

136

107

108

109

1143

111

112

113

114

115

116



LIST OF TABLES

No. Title Page
[. Two-phase Critical Discharge Data Sheet. .. .. .. .. .. o 50
II. Range of Experimental Variakles . . . . . ... .. ... .. ... 52

III. Table of the Specific Volumes as Defined by Eqs. (5.7-15)
{5.7-16), and by the Author, Eq. (5.7-19}, Using Void

Fraction as Derived in This Work . . . . .. .. . . ... .. .. .. 7l
IV. Tabulation of Critical Flow Data Made with TSII - Long . . . . 142
V. Tabulation of Critical Flow Data Made with TSIV - Bhort. . .. 143

VI. Tabulation of Upstream Pressures for Runs Made with

TEIL - LONE - . . . o o o o e e e et e s e b e e e s e e e e 144,145
¥II. Tabulation of Upstream Pres=sures for Runs Made with

TSII - Short. . . . . . . . e e e e e e e o idé
VHI. Thermodynamic Properties . . .. .. ... ... ... ... .. 151

IX. Tabulation of I[dx/dP}H for Various Values of Cuality
at 600 paia . ... .. . ek ek e e 4 e e e e e e e e e e e e e 152

XK. Tabulation of Calculated Critical Flow Eates for Various
Values of Quality at 600 psia . . . .. .. .. ... . ......... 152

XE. Tabulation of Approximate Critical Flow Rates for
Various Values of Quality at 600 psia. . .. .. .. .. ... ..., 153

it



S

NOMENCLATURE

Cross-sectional area of flow, ft?

Cross-sectional area cccupied by the vapor phase, ft?
Croses-sectional area occupied by the liquid phase, it?
Constant in the empirical relation, vg = ap-n
Specific heat at constant pressure, Btu;"lbm-"F
Specific heat at constant volume, Btu/lbm-nF
Equivalent diameter or diarmeter of test section, ft
One- and two-phase friction factor, dimensionless
Average friction factor, dimensionless

Total frictional forece, lhy

Friction force {shear force) in the vapor phase, lby
Friction force {shear force) in the liquid phase, lbg
Maszs flow rate, lbm/sec-fta

Gravitational constant, 32.2 ft/sec?

Conversion factor, 32 .2 Ibm-ftflbf-secz

Total snthalpy of the two-phase mixture, Btu/lbm
Enthalpy of superheated steam, Btu/lbm

Enthalpy of saturated liquid, Btu/lby,

The change in enthalpy going from liquid to vapor state,

Btu/lb_
Enthalpy of subcooled water, Btu/lbm
Conversion factor, 773 ft-lhf/Btu

Ratic of the specific heats at constant pressure and volume,

dimensionless

5lip ratic, dimensionless

Length in direction of flow, {t

Length in direction of flow, {t

Constant in the empirical relation, Vg = aP™n
Static pressure, lbg/ft?

Heat loss, Btu/hr

Entropy of saturated liquid, Btu/lbm-°F

viil



Stg ;:/;:;mngq; in entropy going from liquid to vapor state,
m

Sim Total entropy of the two-phase mixture, Btu/lbm-"F

T Temperatura, °F

t Time, sec

1.1g Average linear velocity of the vaper phase, ft/sec

wy Average linear velocity of the liquid phasze, ft,/sec

v The specific voelume of the two-phase mixture, ft’/lbm

" The specific volume of saturated vapor, fts/ll:nm

vl The specific volume of saturated water, fts/‘lhm

W Total mass rate, lbm/sec

WE Weight of vapor flowing, lbm/sec

w, Weight of liquid flowing, 1b,/sec

Wy Shaft work, ft-lbs/1b

X Quality, lbmsteamflbmmixture. dimensionless, or length in
direction of flow, ft

z Height, it

CGreek Letters

o Vaid fraction, dimensionless

l-x

I'= Tvlk ft/sez

g Density, Lb,,/ft?

Subscripts

Ann Annular flow

& Exit of pipe

£ Liquid phase

fg 1. Change in properties between the vapor and liquid state
2, Indicates friction in vapor phase

f1 Indicates friction in liquid phage

E g&s phase

Hom FEefers to the "Homogeneous Flow Model”

KE Kinetic energy

1 Liquid phasae

ix



ob

sm
5l

TP
TH

th
l to 6

Two-phase mixfure

Refers to observed conditions
Refers to steam

Refers to constant entropy
Refers to subcooled liguid
Refers to two-phase flow

Refere to either {1} the thecretical mass velocity calculated
from the "Homogeneous Flow Model” or {Z) the per cent
gteam c¢alculated zssuming homogeneous {low,

Refers to conditions at the throat of the conduit

Refers to location of pressure taps along the test section



CHAPTER 1
INTRODUCTICN TO TWO-PHASE FLOW

The term two-phase flow encompasses a vast field. In general,
two-phase flow refers to the fluid flow of countercurrent and cocurrent
mixtures of any two of the three phases - gas, ligquid, and solid. The
field of two-phase flow can be further subdivided into two-component and
one-component flow. The second of these is complicated by mass ex-

change between phases, accentuated by heat transfer,

The flows of gas-liquid systeme always have not only definite ex-
ternal bounding surfaces. but also internal interfaces between the flowing
media, which are generally variable in space and time. Interactions of
forces, and, in nonisothermal flow, thermal interactions as well arise at
interfaces. These interactions fundamentally affect the changes in the
fields of flow velocities, pressures, temperatures, and thermal and dif-
fusion {luxes transferring from one point of space to another point sepa-

rated from the firgt by an interface.

The existence of twice as many flow and property variables than
in single-phasze flow intimates that even the simplest physical model will
produce intricate relationships. The simplest of models has not been ade-
quate. Thus, the challenge is to construct new physical models, based on
data, which retain enough rigor to describe the phenomena but do not
Lecome sc¢ intractible mathematically as to render them useless. This is,
of course, the goal of engineering research in all fields. Uniortunately,

in two-phase flow we are a bit farther behind than in most other fields.

The material now available in this field, which can beat be de-
scribed as data accumulation, is so large that we may speak of a new
bread field of hydrodynamics, "the hydrauvlics of two-phase flow." It is,
therefore, beyond the scope of this work to carry out a comprehensive

investigation of every aspect concerning two-phase flow.



From the very beginning of confrontation with fluid-flow problems
of this kind, a phenomenon resembling critical flow in a gaseous system
in particular apprehended the author's heedfulness. This was at a time
when a shortage of experimental data exi sted and a fupdamental understand-
ing of the mechanism causing two-phase critical flow was altogether miss-
ing. This type of flow has become of vital importance in nuclear reactor
technology due to the trend toward progressively higher fluid temperatures
in coolant applications. The two-phase, critical-flow phenomenon is a
facter which limits the amount of ceelant which can travel through piping
geometries. Exact knowledge of this phenomenon is necessary since it is
a factor vital to the determination of the overall hydraulic characteristics

of a reactor cooling system.

The design of efficient and ¢conomic reactor-containment gystems
is in many instances dependent upon predictions of critical flow behavior
for a reactor coclant. Typically, the primary coclant contains congider-
able energy and centamination in a water-coocled reactor. Upon the incident
of a rupture of some part of the primary coclant system, the escaping
coolant must be contained in order to prevent the release of radicactive
materials to the environs. Since the critical-iflow phenomencn plays an
important role in the rate of loss of the primary coolant, exact technical
knowledge of its mechanism is required for the design of efficient and

economic containment, and of prassure-soppregsion systems.

Critical two-phase fluid flow is encountered in other engineering
and industrial eoperations. It occurs commonly in cascade drain pipes of
boilers and turbines, in traps of steam heating plants, in the low-temperature
flow of refrigerants and condensed gases, in the high-temperature flow of

rocket propellants, and could take place in almost any fluid-flow system.

Critical flow in & gaseous systern, which is quite often in the
literature referred te either as maximum or sonic flow, is defined as the
flow phenomenon characterized by having the fluid velocity equal to the

rate of pressure propagation. As the preasure on the downstream szide of



. an orifice or nozzle is reduced, the velocity in the throat increases until a
maximum valua iz chtained. At this point, the rate of pressure propagation
up the pipe ia equal to the iluid velocity down the pipe. Discharges greater
than the critical value can be obtained in expanding nozzles. Single-phase
critical flow can ba predicted by thermadynamic equilibrinm theory., How-
ever, thuse far no reliable theory has been #stablished to predict two-phase

critical flow.

The purpose of the experimental work presented here was to proe-
cure data for critical two-phase, one-component flow at higher pressures.
Asg far as the anthor knows, there exist no unclagsified data for critical

two-phase flow for critical pressures over 1040 psia.

A new method of achieving two-phase critical flow data on the
flow of steam and water was developed, which involved the use of a high-
pressure, high-temperature stearn generator and a high-pressure water
pump to premix a steam-water mixture. This method required an extensive
period ef planning, ordering, and building the high-pressure equipment,
followed by a long period of overcoming difficult engineering problems to
get the equipment operating properly. Only investigators with substantial
experience in building and operating two-phase flow loops can really ap-

preciate the many design problems encountered.

The range of experimental variables covered here is as follows:

Total flow rates: 500-4300 lb,,/sec-f1?

QOualities: 0,01-0.7
Critical cutlet
PreEsuUTes! 40-360 psia.
Pipe sizes: 0.4825, 0.269, and 0.125-in. inside diameter

and with lengths of 564 and 110 in.

The auther has alsc presented a new theory for critical two-phase
flew. This includes a new defipition of the specific volume of the two-

. phase mixture. Furthermore, a new postulate for two-phase critical flow



ig introduced, which leads directly to an expression of void fraction ag a
function of quality and pressure only. Hence, a thecretical expreasion for
predicting the critical flow rate was derived. The model can zlgo be used

to calculate two-phase friction coefficients for critical-flow conditions.



CHAPTER U
LITERATURE SURVEY

Z2.1. Past Work on 5lip, Yoid Fraction, and Flow Patterns

One of the most laborious problems associated with two-phase
flow in general. both in using existing models and promoting new ones, is
knowing the fraction of the cross-zectional area occupied by ¢ach phage.
The fractional area sccupied by the gas phase is often referred to as the
void fraction. Uniortanately, the void fraction cannot be caleulated from
the mass flow rates of the individual phases aleone, since it is generally
accepted that the gae travels at a velocity greater than that of the liquid.
The void fraction depends, therefore, wpon the difference in phase velocities
or the so-called slip velocity. The slip velocity. in turn, is presumably
influenced by many interacting variables, such as mixture quality. the total
and the individual phase-flow rates, temperature, pressure, physical prop-
erties of the phases, direction of flow, means of circulation (naturai or
forced), heat lost or gained, and the size and shape of the confining cross
section. Because of the inherent complexity of the problem, no satisfactory
method of predicting void fractions has yet been davised. Consequently,

empirical and semi-empirical approaches have attained unusual prominence,

Literature surveys, such as those of Ambresel3) and Galson,(37)
show that virtually no slip, void-fraction, or flow-pattern data have been
taken at the velocities found in critical flow, with the exception of one
inve stigamr.(ﬁﬁ} In that case no attempt at correlation was made. Pa.ttiﬁ(-"'g}
cites the recent void-fraction investigations available and discusses cor-
relations for predicting void fractions which have been proposed by
Martinelli et al. A70) Armand,(7) Yagi et al. (104) Untermeyer.“ﬂm and
Zmola and Bailey.(10} A table is also presented which gives for each
investigation the system geometry, phases used, means of circulation,
pressure and quality ranges studied, and the method employed for meas-
uring veoid fractions. Larson(®Z} gives in his work a good resumé of dif-

ferent methods adopted for measuring void fractions which have been

5



proposed by Martinelli and co-workers,(70) Armand,(7) Schwars, (87}
Smith and Hoe,{93) Dengler.(za:l Anson et g}.,{ﬁ} Bailey at al. {10} cook,(26)
Egen gt i_l,,{H:J Rodrigues,m” and Dixon.(30) Lottes, Petrick, and
Marchaterre.{”] have summarized all the data that have been obtained up
to date at the Argonne National Laboratory. Several possible correlations
are discussgsed and compared with data of other investigators for vertical
up-flow of stearn-water mixtures. Also, working curves are presented
which may be used for the prediction of the density of steam-water mix-
tures. Besides Schwarz,(87) other German investigators have carried out
work on density distribution and pressure drop in two-phase flow, among
these can be mentioned Zinzen,{108} Zinzen and Schubert,(107)} and

Jaroschek and Brandt.(55)

In an effort to explain two-phagse flow, the variour systems stadied
were described as possessing a given flow pattern in much the same way
as single-phase flow is described as viacous or turbulent. Many different
flow patterns and transition regions have been proposed for horizontal,
inclined, and vertical pipee, but these proposals have all been similar in
many respects.{‘%} To describe it in another way, two-phase flaw <an
occur in several different geometric shapes. Although most of the work
of classifving these flow patterns has been done on two-component, (bwo-
phage flow, the trend has been to uze the regults of theee investigations
as a comparison when other systerns are uaed, Bergelin and Gazle-,r.“'ﬁ}

Alves,(t) Kosterin,(60) and Krasiakova(6l) have studied flow patterns,

There is some variation in the definition of the flow patterns given
by different obgervers. However, for herizental flow, the most general
types of the various geometrical arrangements of liquid and vapor which
Can exist are:

l. Annular. One component flows in the core of the conduit sur-
rounded by the second phase which flows along the inner
perimeter of the conduit. This flow pattern may be attained
if both phases move at high rates, although the individual

phages do not move at the same velocity.



2. Stratified, The heavier phase flows at the bottom of the conduit
and the lighter phase flows above it. The interface is amooth.

EY En_g. This pattern depicts both phases intimately dispersed and
flowing essentially at the same speed. The mixture is assurmned
to be homogeneous.

4. Wavy. This flow pattern is similar to the stratified pattern
except that the interface is wavy rather than smooth.

5. Bubble. The lighter phase flows as bubbles concentrated
primarily at the top of the conduit.

6. Slug. The heavier phase flows as a continuous phage, while
the lighter phase flows in slugs along the top of the conduit.

7. Plug. The heavier and the lighter phases appear to flow al-
ternately; however, the heavier phase may be coatinuous in

some regions.

In addition, Kosterin subclassified plug flow by the amount and
type of foam generation, and Krasiakova subclassified annular flow by the
concentration of waier in the core. Alves has also made some measure-
ments of the amount of water in the gas core. The above flow patterns
have heen pictorialized by several authors.{4.11.61.36.86} alves rEpre-
sented his observations by plotting the dernarcations between flow patterns
on a curve with cocrdinates of superficial vapor velocity and superficial
liquid velocity. Krasiakeva represented her observations using superficial
vapor velocity and the ratic of superficial vapor to liguid velocity. For
comparison, both of these presentations are shown in Figures 1 and ¢,
Alves' coordinates have been used. It iz not surprising that some dif-
ferences exist between these two representations since they were both
arrived at from visual cbservaticons and are, therefore, somewhat depend-
ent upon the sbgerver, Attempts have been made to generalize the co-
ordinates for representing the flow patterns [see B.a.ker“l}]l Lut the

rational is yet to be proved.
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Another prominent scheme of classifying two-phase flow was given
by Martinelli et EL.J':?U} who divided the varicus flows into flow types by
considering the superficial Reynolds number of sach phase and making an
analogy with single-phase flow. For a Reynolds nurmber greater than
2000, the flow type is considered to be turbulent, whezreas for a Reynolds
number legg than 1000 the flow is considered viscous. The region of
Reynolds number between 1000 to 2000 is conaidered as the transition
region in which the flow may be either viscous or turbulent, depending on

the system and the surroundings.

Although the descriptions are qualitative, the types of flow en-
countered are important because, to a large extent, they characterize the
nature of two-phase flow and, hence, of critical flow, Visual chservationa
and measured effects, however, may not agree in all cases. Since the flow
patterns are very important concepts and closely related to the author's

theory, they will be dircussed in mare detail in Chapter V.

2.2. Past Work on Two-phase Pressure Drop

No attempt will be made to cover in detail the literature on two-
phase pressure drop and heat transfer. The interested reader is referred
to the following literature surveys: BEnnett,“E} Collier,{25) Gresham (39)
Isbin,(46) Jacobs,i54) and Masnovi.(73)

Gresham's survey, which includes one hundred and eighty abstracts,
gives g very complete coverage of the literature prior to 1953. Collier's,

one of the latest, reviews the literature up to the end of 1957.

Because the mathematical rmodels required for theoretical analyses
of the problem of two-phase flow are guite complicated, the more successiul
approaches have been empirical and semi-empirical. The majority of
theoretical analyses [e.g., Harvey and Fnust(41}] have assumed that the
phases are mixed gufficiently to be considered ae a homogeneous fluid.

The work of Lim1ing{“3“5*:| is an example of & semi-empirical approach;

Linning get up "one-dimensional" meodels for froth, stratified, and annular
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flow configurations, determining unknown parameters experimentally.
Lockhart and Martinelli{71) presented a moderately successiful correlation
for the two-component problem, Martinelli and Nelson(72) adapted the two-
component correlation of Lockhart and Martineili{7!) to single -component
systems by means of a simple correction to account for changes in the axial
component of momentum. The potential advantage of this approach over
that of Harvey and Foust is the relative simplicity of the computations.
Haowever, Martinelli and Nelson did not pessess sufficient experimental

data to verify their approach.

Cne of the moasat recent works on the prediction of pressure drop in
two-phase, single-component fluid flow is that of Iebin et 3._1.'[45} They con-
ducted extengive experimental work with stearmn-water mixtures at qualities
ranging from 3 to 98 per cent and at pregeures ranging from 25 to 1415peia.
They attempted to correlate their data by use of the Martinelli correlation,
but found sericus flow-rate and pressure efiects. The use of a homogenecus
friction-factor medel also proved unsuccessful. Therefore, they correlated
their data in a restrictive manner which took into account the flow-rate and

pressure dependencies.

In spite of the large amount of literature in this area, the informa-
tion is still inadequate for obtaining accurate and reliable degign procedures

for two-phase, single-component flow gystems.

2.3, Past Work on Critical Flow

Much more is knoewn about critical flow of a single-phasa fluid than
is known about the two-phase c¢ritical flow of fluids. Many text books, such
as that of Hall{40} and that of Shapiro.{8%) are available which give the

theory of single-phase flow.

Mast of the research which has been done in the general realm of
twa-phase flow has concerned sither two-phase, two-component systems
or two-phase, single-component systems very close to saturation ¢condi-

tions. Most of the work involving the first has been done in the United States,



whereas British investigators have taken the initiative with the latter, by
studying the behavier of saturated water or mixtures of liquid water and

gteam resulting from some kind of an expansion or flashing process.

The field being of such a complexity, it was not surprising to find
a2 variety of possible simplifying assumptions being made by different in-
vegtigators in an attempt to bring theory close to fact. To date, however,
no eingle design method has vet been proposed that will prove satisfactory,

except for a few limiting cases,

The first real attempts at a sericus study of two-phase flow were
probably thosa of Sauvagewﬁ} in 1892, Arcording to Isbin.(46) RateaulB0)
in 1902 showed the existence of critical flow in the flow of baoiling water
through nozzles. He cobtained this critical condition by dropping the back
pressure until the diacharge reached a maximum. He alsc developed a
method of calculating the quantity of saturated water discharged through

a nozzle based upon iszentropic expansion.

Mellanby and Kerr(75) in 1922 studied the flow of wet steam
through nozzles. All four nozzles used were of the simple convergent or
convergent parallel type. Two of the nozzles were used in conjunction
with a search tubhe 8o that the tests included pregsure measurements as
well as flow daterminations. Only flow tests were carried out on the
other two, as these were not fitted with a search tube. In all cases, flow
determinations werxe made with varying initial superheats at a supply pres-

sure of about 75 psia. The flow curves that these investigators have pre-

sented for these four nozzles showed certain variatione betwean themselves,

but they all agreed on the two points; (1) that the flow, at and near the
initially dry state, was excessive when compared with the theoretical as
obtained con the agsumption of stable expansion, and (2] that the form of
the flow curve over a small range of superheat beyond the initially dry
condition was not in agreement with the theoretical assumption of com-
Plete supersaturation on any rational basis of expangion losses. Eguations
were developed in order to estimate the "fractional reversion” {(fraction

liquid actually present/fractinn liquid with no supersaturation} existing in

12
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the nozzles. The fractional reversion was found to be less for the nozzle
with central search tube than for the full-bore jet. The diffarence geerns
rather unaccountable, From their calculations, it was noticed thai there
was no indication of revergion before a value of roughly 1} per cent

equivalent weilness was reached.

The work of Stanton{94} in 1926 gave valuable insight into the high-
speed flow of air through sharp-edge orifices, convergent nozzles, and
convergent-divergent nozzles. This investigator obtained both axial and
radial pressure profiles by using both search and Pitot tubes. The most
important conclusions derived in this work are as follows: (1) In each of
the threa characteristic types of orifices which may be used for the dis-
charge of gases from a vessel at constant pressure into a receiver at a
pressure appreciably below the critical value {0.527 times the upstream
stagnation pressure), the area of the jet diminishes to a minimum value,
at which the velocity is that of sound under the conditions existing. and
then increases. This mininmum section in the caze of a free jet is not
constant in area or position relative to the plane or throat of the orifice,
but depends on the total ratio of expansion. {2) In a jet in which the ex-~
pansion takes place within golid boundariez, i.e., a diverging nozzle, the
minimum section may for zall practical purposes be regarded as coincident
with the throat of the noszle for all ratios of expangion. {3) The flow of the

fluid up to the minimum section is adiabatic in character.

Goodenocugh(38} in 1927 s2id the fact that the speed of the water
drops is only a small fraction of the speed of the steam has a decided ef-
fect on the discharge of wat steam, for the total friction is comprised of
nct caly the interaction between the fluid and walle, but alsc of the internal
interaction between stearmn and water particles., Goodenough further showed
by calculation that supersaturation would give a net increase in isentropic
flow for a given pressure drop. He alsc pointed out that the surface energy
of the droplets formed in such flewe could be quite large. Another compli-
cation is that any entrained drops (usually larger than those formed by

condensation) probably do not cool fast encugh during the expansion to



maintain thermal equilibrium with the steam. He points cut that all the

above could acecur sirmultanecusly in a flow process.

Kittredge and Dnughert}r{f’a} in 1934 presented an expression for
the calculation of critical discharge capacity for steam traps baged on the
initial and discharge pressures, and the specific volume of the mixture
avaluated at the digcharge pressure. Their calculated values presanted in
graphical form are said to be 100 to 200 per cent greater than experimental

values through a nozzle.

In 1934, Yellott(105} investigated drop size and supersaturation by
gtudying the {flow of low-pressutre steam through nogrles similar to those
used in turbines. This investigator experimentally verified the existence
of suparsaturation with the aid of light rays, applications of the laws of
optics, and a search tube for nozzles, He found that the condensation
occurred between the 3 and 4 per cent motisture lines on a Mellier diagram

if an isentropic expansion is assumed.

Rettaliatta(8l} in 1936 extended Yellott's work and intended pri-
marily to determine the effect of wall roughness on the flow of steam in
nozzles, It was found that wall roughness, causing a retardsation of steamn
flow, made the peint of initiatl conden=ation occur at a higher pressure and
farther downstream than in the smoocth-walled nozzle. Thie causged the
Wilson line to occur at the 3.2 per cent moisture line on the Mollier dia-
gram for the rough-walled nozzle, instead of at the 3.7 per cent moisture
line as was found for the smooth nozzle. Rettaliatta clairmed that this was

the result aof the increased time of expansion in the case of the rough nozzle.

In 1437, urged by a need for more information on criticzl flow for
the design of cascading drain pipes, Bnttﬂmley,{zu} experimeanting with flow
of boiling water through orifices, found that his actual flows based on ex-
perimental data were 5 tirmes pgreater than the predicted values hased on
computation by the single-phase equilibrium theory. His explanation 18
that the effects of surface tensions lower the pressure at which the propaga-

tion takes place. Because of surface tension, the condition of flow at the

14



throat iz that of unstable equilibrium. Bottomley furthar cites one experi-
mental test on pipe flow to show that pressure drops and critical outlet
presgures are in accordance with his assumption that there is sero rela-
tive velocity hetween phases. Unleas the flow form in Bettomley's test
was of the frothing type, as a congequence posgibly of some additive in the
water, his results and conclusions differ radically from those presented

here, as will be seen later.

Also, Hodkinson{44} in 1937 noted that his actual flows of bkoiling
water were larger than given by his equilibrium calculations. His evalua-
tiony of critical discharge were made at congtant entropy and under the

assumption of phase equilibrium.

In 1942, Benjamin and Miller{]3) reported on the flow of a flashing

mixture of water and steam through pipes. They assumed no slip between

the two phases and complete approach to thermodynamic equilibrinum. They

derived an equation for mass velocity which includes a friction term. How-
ever, they state that, while friction [i.e., pipe length) will affect the inlet
pressure, it will not affect either the critical flow or the eritical pressure.
The expansion was consgidered to be izsentropic. The egquation of continuity
and Berncoulli's equation formed the basig for their derivation. A value

for "' or 0.012 was used, and this corresponded to the value measured by

Bottomley. Their flow equation is as follows:

F,
fo % ap
@) G)E - oo (2.3-1)
A \2g/\144/ ~ In{p,/p,) + (FL/D) ' '
where
= flow, b /sec p = density, b/}
cross-sectional ares ft? f = friction factor.

dimenszsionlags

Ll

acceleration of gravity, ft/secz

mma [

D diameter of pipe, ft.

pressure, 11:~i~/’it1

I5



16

Obszerved and calculated flows and pressures agree rather well. These
authors were not certain that the critical velocity and the acoustic ve-

lacity were the same.

Wooda and Wnrthingtan'[ln3] in 1943 discussed in detail boiling in
the pile. They were interested both in pressure-drop caiculations and also
in eritical flow. They assumed isentropic expansion in their calculaticns
for critical flow. They also considered no slippage and thermodynamic
equilibrium. A method for the computation of pressure drop was outlined
which is ¢ssentially the Fanning method., Mixture properties were used,
and the reciprocal method of averaging wag used for viscosities, Small
incremental lengths of pipe weare talken with the pressure drop being

computed over each section.

Stuart and Yarnell{37:28) i 1944 ueged two crifices in series for
their eaxperiment with metastable flow of saturated water as related to
surface effect. Their firat paper{‘”} pregented a theoratical analysis of
the flow of water and steam through two orifices in serizs sver a wide
range of pressures and temperatures. Their second paper{gg:’ presented
the resgults of experimental investigations on this subject, with water at
an initial pressure of 100 psia and over a range from room temperature to
saturation temperature. The principal data sought were the pressures
established in the intermediate chamber between the two orifices, and es-
pecially the variations of this intermediate pressure with reference to the
temperatare of water supplied and the type of orifice. One of the most
significant facts revealed by these researches is that under certain condi-
tions of flow the fluid agsumes a metastable state which greatly influences

the characteristics of the process.

Silver and Mitchell{92) in 1945 carried out experiments on
convergent-parallel nozzles and developed a theory. based on the assurnp-
tion of delayed evaporation, to account for the high mass flow rates obtained.
The expansion in a nozzle takes place rapidly and the possibility of a meta-

stable state cannot be discounted. It would appear from their description of
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the flow farm, however, that relative velocity between phases must exist,
and that this will exercise an important influence on mass flow. This fac-
tor was neglected in the theory developed by Silver and Mitchell. Their
experiments and theory correlated well for the nozzle of gmaller diameter
( & in.) but not for that of larger diameter (+ in.}. It also should be
mentioned that, though they observed a critical flow effect, they were
hampered in their study of this by the fact that a pressure tap located at
the throat partially destroved the metastability and resulted in a reduced
flow rate. Therefore, they interpelated between the pressure measured
experimentally with the tap and that predicted by their theory to arrive at
an estimate of the critical pressure. They noticed z slight increase in
mass velocity as the back pressure dropped below the critical, and at-

termnpted to explain this by increased heat loss from the nozzle.

BurnelliZ3) in 1946 was the firgt investigator to suggest that the
peculiarities exhibited in evaporating flow could he accounted for by the
exigtence of relative valocity between the phases., He publizhed conclusive
experimental evidence that relative motion was present in the evaporating
flow of water. This concept of different velocities later aided subasquent
investigators. DBurmnell worked with both nozzles and pipes. He developed
a theory for nozzles similar to that of Bottumle:,r's.(zm but it was some-
what more refined. This approach correlated the cbserved nozzle flow

rates quite well.

However, his flow rates in pipes were 15 fo Z timee those calcu-
lated by using a friction facter {4f = 0.012) and assuming homogensous
flow, He attzmpted toc measure metastability with a therrmocouple and
found that none existed, and, hence, explained his higher flow rates by

slip.

Silver{?1) in 1948 extended the work presented in a previous
paper{‘?z} to include a more detailed study of critical flow in nozzles.
A theory for the actzal amount of vapor which will form was given, to-

gether with an analysis of its effect upon the velocity of flow and the



quantity of fluid passed by a nozzle. It was found that, although the system
consists of a central core of liquid and an eavelope of vapor, the calculated
limiting velocity of flow, which was the velocity of pressure propagation

in the system, was low, There was a corresponding critical pressure,
anzlogous to that in a gas nezgle. But in contrast to the gas case, both the
<ritical pressure and the limiting velocity itself were functions of the
diameter and length of nozzle. Experiments were described which con-
firmed thase theoretical deductions in all respects and which also showed
good quantitative agreement with caleulated velocities, critical pressures,

and amounts of discharge and of evaporation.

In 1949, Tangren, Dodge, and Seifert(99) derived a general ex-
presgion for the flow procass in an idealized mixtare. They assumed that
a gag-water mixture, when expanded through a de Laval nozzle, acts as a
compressible fluid. Their general thermodynamic relations for critical
flow of helium-water mixtures through a de Laval nezzle approximated the
critical flow expression for perfect gas. Their equations are not directly
applicable to a two-phase, single-component {low system with mass

transier.

Allen{3) in 1951 preaented a method of degigning piping and valves
for carrying a flaghing mixture of water and steam. He used Bernoulli's
equation and the equation of continuity to arrive at a result similar to that
of Benjamin and Miller. {13} He, however, assumed isenthalpic expansion
tc cccur, and con that basis he found the specific volume as a function of

pressure. He obtained a mathermatical expression for the flow rate but

did not solve for the maximum value by differentiation. However, by assum-

ing acougtic velocity, he then developed an expregsion relating inlet pres-
sure, cuilet pressure, and flow. He assumed equal velocities for both

phases,

In the same year, Eaile}rfﬂ reported on experiments relating to the
flow of saturated water through orifices and nozzles. He treated the prob-

lern on the basisg of heat transfer irom a metastable caae to the surrounding
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vapor. He concluded that metastability could exist in both orifices and
nozzles, biit was more probable in orifices. Flow rates were predicted to

within 10 per cent accuracy.

In 1951, the efiect of forced circulation on both heat transfer and
pressure drop was studied by Schweppe and Foust.(38) They introduced
to their elecirically heated test section liguid water at its boiling peint.
They found that the critical flow rate corresponded appreoximately to the
homogeneous theoretical maximum discharge rate. Their values may be
erronecus because of the fact that their outlet section of the line was not
of uniform ¢ross section and, most of all, their indization of eritical exit
pressure was hased on the preasure tap placed at % in. frem the and of
the pipe, which would not reveal the large kinetfic pressure drop as the

pipe exit was approached.

In addition, Harvey and Foust{il) the same year studied two-phase
flow in evaporator tubes and reported on experiments in which critical
flow was realized. They aleo carried ont 2 mathematical analysis by
applying the energy, momentam, and continuity equations to the differential
section at the end of a tube, leading to an equation for critical flow. As-
sumptions made included homogeneous flow, equal phase velocities, equilib-
rium, periect gas behavior of water vapor, and pressure drop predictable
by Martinelli's correlations. The equations, however, are not of direct

application to the present problem.

Linning(ﬁﬁ} in 1952 presented an analysis of the adiabatie flow of
evaporating fluidg in pipees which he supported with experimental data
using boiling water. Linning set up "one-dimensional" models for annular,
stratified, and froth flow configurations, determining unknown parameters
experimentally. Good agreement between his ochserved critical tempera-
tures (pressures) in a 0.128-in. pipe and thoge caleulated from his equa-
tion for annular {flow were obtained. Visual observation of the leaving

stream confirmed the annular flaw postulate,



Pasqua“m in 1953 discussed the flow of saturated and subcocled
liquid Freon-12 through small-diameter orifices, short tubes, and noz-
zles. Experimental data confirmed the establishment of a metastable
state of fluid flow which ac¢counts for the large discrepancias found from
a thermal-equilibrium analysiz. A method was presented whereby the
actual mass flow rate of saturated liquid could be calcyiated. The anal-
ysis was based upon experimental investipations and was reatricted to
adiabatic conditions. When the theories of Silver and Mitchell{92} or
Ba.ile'f{?} were applied te saturated Freon-12 flow through nozzles with

large length-to-diameter ratics, large discrepancies were found.

In the same year, Cruz{27) reported on the results of his study of
critical flow, which represents one of the first nonclaasified studies under-
taken explicitly to mezasure critical flowg of stearmn-water mixtures over a
wide range of quality. He found that the critical pressure was not sensitive
to the manner of initial mixing. to the phase distribution, or to the length
of the pipe. He measured pressure gradients throughout his test section
while holding inlet guality and flow rate constant. The outlet pressure was
varied and critical conditions were taken as the point at which the pres-
sure gradient was no longer affected by a decrease in the pressure of the
discharge receiver. His results were correlated by plotting percentage
deviation against quality., He also plotted Burnell's data and showed ex-
cellent coxrrelation between the two sets of data. This investigator's work
will be discussed in more detail later on in this paper, since his results

are closely related to the aguthor's.

Stein and co-authors{?5} in 1954 studied pressure drop and heat
transfer to water in an internally heated annulus. They found maximum

masg velocities preater than those predicted by homegeneous {low.

Additional data on the critical flow of steam-water were presented
by Mn}r“?} in 1955, He continued the work of Cruz(27) and extended it to

gther sizes of pipes and over a greater range of pressures, up to 43 psia.
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Moy correlated his data in the same manner as did Cruz, Several analyt-
ical models were tried. A modified momentum modal based on Linning's
approach and making use of slip values irom Martinelli’ s work vyielded
fair results over the quality range from 10 per cent to 10U per cent, the
error increasing to +25 per cent as the quality decreased to 10 per cent.

This work will also be discusgsed in more detail later on in this paper.

A rather comprehensive study of the flow of a flashing mixture of
water and steam was givan by Havbenreich(42) in 1955 In his experiments
he had unsteady flow but, by choosing peints carefully, he could approxi-
mate asteady-state conditions. He assumed that the expansion wae at con-
stant enthalpy and, by so doing, was able to calculate values for thefriction
factor. He found that the friction factor was a function of pressure and
pipe diameter, but independent of Reynold's number. He assumed equal
velocities for each phase and thermodynamic equilibrium. The use of the
"Fanno" line for describing flow conditiong along the test section was

discussed.

In the same yvear, a paper by Hoopes{‘”’} considered pressure drop
for the flow of steam-water mixtures in an heatad annuluz. He found no
"sonic" jump at the outlet. The flow through the annulus was up to four
times as rmuch as would be theoretically calculated from the corresponding
acoustic velocity, He believed that the very steep pressure gradient at
the cutlat tnay have heen interpreted as choking by other investigators.

He found the Martinelli-Nelson method to he reasonably satisfactory for

predicting presaure drope through small annuli.

In 1958, Agostinelli and Salemann(l} studied the flashing flow of
gaturated water in fine annular clearancesz. The ranges of experimental
variables were as follows: temperature, 220 to &00°F; inlet pressures,
500 ta 3000 psig: diametral clearances, 0.006, 0.009, 0,012, and 0.017 in.;
ingert shaft lengths, & and 10 in.; and flow, 0 ta 35 lbn-,/’min. For all
temperatures, clearances, and lengths, critical conditione were chserved

experimentally. From the test results, plots of mass-flow rate versus
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the ratio of exhanst pressure to inlet pressure were made to illustrate
graphically the encountered critical flows. For inlet temperatures up to
400°F the critical flows were encountered at back pressures correspond-
ing to the saturation presgure. The critical mass-flow rate at 400°F ie
slightly in excess of the mass-flow rate corresponding to saturated condi-
tions. For inlet ternperatures greater than 400°F, the maximum mass
velecity was greater than that corresponding tc the saturation pressure,
Further, these investigators found that for ordinary engineering computa-
tions the critical conditions can be estimated with sufficient accuracy by
use of the limits given by the acoustical velocity equation (Homogeneous
Flow Model}). This could have been assumed initially, gzince the physgical

size of the flow sectionrenders separation improbable.

Chisholm{24) in the same year developed by a rather novel approach
a relationship which gives good results for the flow of low-quality mixtures
through orifices. It agrees with the data of Benjamin and Miller{13} to

+10 per cent.

In £959, Ishigai and Sekoguchi(53) reported experimental data on
the flaghing flow of saturated water through horizontal pipes. In this
paper, a new correction factor for the friction loss iz introduced to satisfy
the discrepancies between their e¢xperimental data and the homogeneous
equilibrium thegry, and is determined by experiment. The factor is the
ratio of the true coefficient of friction for the flashing flow to the calculated
coefficient of friction for a hamogeneous flow. An empirical formula for

this factor is determined from the experiments from 50 to 120 psia.

Later the same year, Faletti{33) presented one of the most extensive
studies carried cut on two-phage, one-component critical flow. The flow of
gtearm-water mixtures was stadied in concentric annuli having ¢enter rode
of 0.188- and 0.375-in. OD. Critical throat pressures ranged from 26 to
106 pgia, and qualities ranged from 0.1 to 97.5 per cent. The data were
correlated by plotting the ratio of the observed mass velocity to the theo-

retical mass velocity (homogeneous aquilibrium theory) versus the gquality.
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His pressure profiles for runs at critical flow were all characterizad by
extremely steep pressure gradients near the throat. Faletti also found

that the critical throat pressure was sensitive te changes in back pres-
sure when the back pressure was less than the critical pressure. Furiher,
he states that the mass velocity for a system initially at critical conditions
was not sensitive to large increases in baclk pressure. Faletti also found
no gignificant effect of initial mixing and preheating, and states that critical
mass velecities in full-bore pipes may not be a strong function of diameter,
in agreernent with chservations made by Cruz and Moy. The work of
Faletti will be discussed later on when a presentation of the author's data

is given.

From the preaented literature survey, one can easily see that a
better understanding of the critical-flow phenoemenon is nesded, Data at
higher pressures are needed to check any formulation of a theory. In-
deed, it should be quite obvious to the reader after being introduced to the
enormous problems existing that the achievement of such a goal would he
a contribution of considerable magnitude to the science of high-speed two-

phase flow.



CHAPTER IIIL
EXPERIMENT AL EQUIPMENT

3.1, General

The proposed study of the two-phase critical-flow phenomena
requaired the equipment to be sufficiently versatile, Not only ia the
problem quite new and in the gualitative state, but also in the range of
variables explored in this work no unclassified data have been published
to the best of the author's knowledge, Hence, the equipment was designed
to provide for different ways of mixing the two phazes, as well as to allow
changes to be readily performed te permit a study of different factors in-
volving piping alteratiens. A long time was devoted to achieve the hegt

possible cperating conditions.

The spparatus, as built on the third floer of the Chemical Engi-
neering Building, University of Minnesota, Minneapolis, Minnesota, and
used in this regearch, is shown schematically inFigure 3. Views of the

equipment are shown in Figures 4, &, 8, 9, 1€, 11, 12 and 13,

Emphagis was placed on easy and rapid adjustments to any kind of
conditions that might be imposed on the system. This meant that the
overall equipment had to undergo zeveral changes and improvements
before it could be considered guite satisfactory. Mention will occagion-
ally he made to the things that were learned "the hard way," as their

nature bears on the present discussion.

Ax it now stands, the equipment provides means to prepare and
feed to test sections with various geometries, a mixture of steam and cold
water, steam and hot water, or hot water alone, where pressires measure-
ments can be taken. It was designed to allow for suitable condensaticn of

the pipe diacharges and for a quick application of vacuum to the condenser.
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In Figure 3, the conventional symbols are used to designate throt- -
tling valves (needle valves were not differentiated from globe or gate valves),
check valven, safety valves, strainers, air vents, etc. Pressure stations
are indicated by P, and temperaturs meagurements were rmade at points
indicated by T.

The reiative complexity of the equipment promjpts a consideration
of each piece of apparatus. Its descripticn will be broken up into the fol-

lowing main headingas:

3.2 Steam supply

3.3  Water supply

2.4  Atmospheric pressure

3.5 Surge tanks

3.6 Dead weight tepter

3.7 Mixer

3.B Test sections

3.% Condenser

3.10 Piping, valves, and insulation
3.11 Pumps

312 Instrumentation

2.2, Steam Supply

A steamn boiler wag used as the source of superheated steam. The
steam generator is a Besler, Mode) 15, with a capacity of 1500 lb/hr at
00°F and 2000 lbf/in,a. The steam is generated in 2 long, continuous tube
ceiled in the furnace, which is oil fired. More will be said about the steam
generator when the operating procedure for the equipment ig degcribed.

A view of the steam generator is shown in Figure 4.



Figure 4.

View of the Steam Generator
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3.3, Water Supply

A Westinghouae ghell-and-tube condenser was used as the source of
aubcooled water,. Stearn from the university main steam line and exhauat
from the test section were condensed. A Worthington reciprocating vartical
triplex water pump,. used to deliver the pressurized subcooled water to
the teat section, had a capacity of 5000 lb/hr at 1750 lbi/in.zi A Worthington
centrifugal pump and a Simexr paddle pump were used for the tranafer of

watar from the source condenser to the supply tanks.

3.4, Atmmospheric FPressure

In order to establish the existence of critical flow at the end of the
test pipe, it was necessary to provide means of reducing the downsiream
pressure. Agr critical pressures close to atmospheric were not ¢contem-~
plated, it was not necessary to carry this reduction into the vacuum
region; rather, atmospheric pressure was sufficlent. This wag simply
assured by keeping the condenser connecting to the downstream side
half ernpty or less at all times. A Bogrdon gauge connected to the down-
stream secticn, 4 in. away from the test section, indicated thie was true,
By this means, vacuurn was eaeily obtained in the condenser, and the duct
carrying the discharging fluid from the tegt pipe to the condenser was
designed to reduce the preseure drop between these two points by
£-3 psia for most rune. When the flow rates were extremely high and
most of the flow was in the vapor phase, this pressure loss bacame as
high as 5 psia, Calculations indicated a 4-in, pipe was adequate for this

purpose.

Since the pressure droap increased with volume of steam flowing,
in which case the ¢ritical pressure ig higher, the fact was of no concern,
especially when the lowest critical outlet pressure explored in this wark

was 40 psia,
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3.5. Burge Tanks

An anomalous behavior wae observed when the fizst attempt was
made to take pressure-drop data for subcooled water alone flowing through
the tept section. It was noticed that, for a conatant flow rate of water at
room temperature, the pressure drop over a section of test section varied
markedly with pressure, paseing through a maximum and a minimum (a
negative reading}. This behavior was found to be due to the pressure

fluctuations of the water pump, which was of the reciprocating type.

In order to remove theae variations, two surge tanks were connected
to the aystermn. One was placed at the pamp outlet and the other jusat before
the mixer. With theae agurge tanks in operation there was no effect of

fluctuations due to the power pummp except above 1300 lbf/ in.2.

The surge tanks were Bendix hydraulic accumulators {made for the
hydraulic lines of the brake system of a Douglas DG-é6b airplane), having
2 volume of about one gallen and & maximum operating pressure of 1500
fcr one and 300 lbf/ in.? for the other. A bladder containing nitrogen inside

the surge tank absorbed the pressure fluctuations.

3.6. Dead Weight Tester

An Ashcroft tester was used to check the Bourdon gauges.
3.7, Mixer

A general way of mixing the liquid and vapor phases had to be de-
veloped. The mixing method ie in itself a problem, which has not received

the attention it deservea in the literature.

The purpose of the mixer was to mix both entering phases so that
the discharge, which immediately entered test section I {not test section IV},
wouid be at equilibrium. The unit consisted of a 6-in. piece of heavy duty

pipe, of 1.689-in. internal diameter, which was flanged at both ends. Copper
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rods, 4 in. long and ;_a in. in diameter, were packed into the pipe. These
rods were held in place by a ﬁ -in.-thick perforated stainless steel disc

on the downstream side and a bronze screen on the upstream side, The
superheated steam entered the top of the mixer at right angles to the
subcooled water flow, which entered the mixer axially at the upstream

end. The idea for mixing was taken from Mosher's work.{76) Indeeq,
measurements of the pressure and temperature of the resualting two-phase
mixture at a point half a foot downstream from the mixer outlet indicated
that physical equilibrium had been established within the limits of accuracy
of the measurements. The mixer is shown schematically in Figure 5, and

a view of the mixing secticn can be seen in Figure 6.

3.8, Test Section

The steam-water mixture obtained by injection of water into the
steam flow was fed to the sco-called test sectien, where pressures weare
meagured and at the outlet of which the critical-flow phenomenon was to

be chserved.

Four test secticns weare built, which wers degignated as test gec-

tions I, II, III, and IV.

a) Test section I, TSI

This test section was cold-drawn, extra heavy, steel, seamless,
mechanical tubing with an internal diameter equal to 0.4825 in. and an out+

side diameter of 0.75]1 in. Length of the test section was 110 in.

b} Teat section II, TSI

This test section was of sarne material as test section [, with
an internal diameter equal to 0.269 in, and an outside diameter of 0.505 in.,

and the length equal to 110 in.
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Figure 6.

View of the Mixing Section
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c} Teat section III, TSIIL.

This test section consisted of the same material as for the
two previous ones, with inside diametsr of 0.125 in. and outeide diameter

equal te 0.253 in., and with a length of 110 in.

d) Test section IV, T3IV.

This test zection was identical with test section III except that

the length was shorter, being 56% in.

The outlet end of all four test sections was carefully filed so that
a plane and sharp crossg section would be obtained. Micrometer measure-
ments of the diameter at the outlet of each pipe, at sight equally apaced
points, were made. The diameter at the cutlet was taken as the arith-

metical mean of that set of valuee for each pipe.

5ix pressure taps were placed on each of the four test sectiona at
the following distances from the pipe cutlet: the preasure tap closest to
the outlet of the test sectiona was always placed one diameter length {rom
the cutlet. This pressure tap was designated tap I. Fressure taps II, III,
IV, V, and VI were placed the following distances from pressure tap I,

sarme for all test sections: 6, 12, 24, 36, and 48 in.

A brief survey of the literature failed to diaclose a conclusive
report on the best manner of installing pressure taps. Allen and Hooper's
suggestions [see Transactions of the ASME, 54, Hyd. 54-1 (1932)] were
used as & guide for drilling the tap holes and completing the taps. The
gizes of the pressure tap holes for the four test tubes are as follows:

Test section I, %-in. holes; Test section II i -in. holes; Test sections III

* 16
and IV, 0.0465-in. holes.

The holes were drilled through plugged iron {fittings previously
welded to the pipe side. The size of the plugs was such that a %-in. length

of uniform-diameter hole could be assured. In order to minimize flow
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disturbances at the points of pressure measurements, the holes were
carefully reamed free of burrs by means of a very eoit file, hut they were
not rounded on the inside pipe surface. The inside of the pipe was sanded
with fine emery cloth. The test section was cleaned after the pressure
taps were made and at intervals, thereafter, by forcing a cloth soaked in
acetone and carbon tetrachloride through the section and rinaing with
water. The pressure taps were cleared by running water through them.
It should be mentioned that a close-fitting metal dowel was placed ingide
the section while drilling the pressure tap to minimize burring of the
inner surface. The internal surfaces of a test section were checked
vizsually after drilling and filing, and appeared to he perfectly smooth.
The pressure taps were then connected to the i—-in. COPpPer manometer

lines by means of flared nuts.

The tap closest o the pipe outlet deserved special atiention.
Although it would be convenient to obtain a pressure measurement as
cloae as possible to the pipe exit, the minimum distance at which the
tap could be installed, without the flow being disturbed, was not known,
and the rather conservative distance of one diameter leagth, respectively,
for each of the four test sections was adopted. For test sections I¥ and
IV, this means that the center of pressure tap ] ia %-in. from the pipe
exit, for test section II 0.269 in., and for test section I 0.4825 in. As a
consequencea of this, the last tap had to be contained inside the down-
siream expansion section. Although the free space between the test pipe
and the inside surface of the expansion section wae only about 1% in.,
this tap was very satisfactorily connected, through the upstream section

flange, to the manometer linesg. Thue, for all four test sections, the

meagurement of preassure at tap [ was successiully made.

As leaks counld easily develop at the connections associated with
this tap, without being immediately detected, due to its position, checks
were very frequently made of the working condition of this agsembly, but

fortunately ne leaks at any time were discovered.
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Figure 7 shows test sections II and IV with their pressure taps
and measurements, and in Figures 8 and 9 views are shown of the test

sections before and after inetallation,

3.9. The Condensger

A Westinghouse shell-and~tube condenser of more than the required
capacity condensed the discharged iluid from the test aection. It received
its charge through a 4-in. pipe and the condensate, when operation was at

atmospheric preasure, could be pumped out or withdrawn by gravity.

The liquid level in the condenser, which could not be allowed to rise
above the point where vacuum wag applied, wae indicated by a gauge glasgs.
Thiz indicator alac helped in establishing the necessary suction head for
pumping against higher presgure. A view of the condanger ig shown in

Figure 10,

3.10. Piping, Valves, and Insulation

Piping was of high-pressure, galvanized iron pipe, except for sec-

tions of "black pipe,” which were used wherever welding had to be done.

Water linee were not insulated. The steam linea, the mixer, and
the test section were ingulated with magneaia pipe lapping, which served

to minirmnize the heat lossen in the system.

Meedle valves were used on the water and stearn lines just before

and after the rotameters and before the mixer,
3.11. Pumps

A Worthington reciprocating vertical triplex water pump with a
capacity of 5000 lb/hr at 1750 1hﬂ/in.= was usged to deliver the subcooled
water to the test section and can be seen in Figure 11. A Worthington
centrifugal pump and a Simer paddie pump were used for the transfer of

water froem the source condenser to the supply tanks.
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Figure 8. View of the Test Sections before

Installation




Figure 9. View of the

Test Section after Installation
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Figure 10. View of the Condenser
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Figure 11.

View of the High-pressure Water Pump

0F



41

3.12. Instruvmentation

Instrumentation was designed to supply the following kinds of

measurements;

a. flow rates;
b. temperatures; and

¢. Ppressure measurements.

Views of the panel board with instruments and electrical equipment

are shown in Figures 12 and 13.

A Flow Measurements

a) Buperheated stearm: - The steam was measured by means
of a rotameter equipped with an extension arm and a magnetic fcllower.
The range of the instrument was from 100 to 1500 1b/hr measured at

&00°F and 400 psig.

The steam flowrator was calibrated by welghing the con-
densate and correcting this rate by a correction factor which corrected
for the difference in steam temperature and pressure from that at which
the flow rate was designed, namely, 600°F and 600 peig. The corrvection

equation is given by

WL = We {vg/vil?: (3.12-1)
wherein

W) = the true mass rate of steam flow at G00°F and £00 peig,
Iby/hr

W = the mass rate of steam flow measured at experimental condi-
tions, lbm/hr

vg = specific volume of steam under experimental conditions,

3

1*/1b_

vy = specific volume of ateam at 600°F and 600 psig, ft3/1b,, -




Figure 12, View of the Panel Board
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Figure 13. View of the Electrical Equipment
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The maximum deviation noted for this flowrator was
ts 1bm/hr or a maximum of 3% for the low flow rates. This deviation ia
well within one-half of the least reading. The least reading being
25 Ib,,/hr, the precision of the instrument was taken as ¥ 12.5 Iby, /hr.

b) Subcooled water - Two rotameters were uged, one for

the low flow rates and the other for the high flow rates.

The low-flow-rate rotameterwas a direct reading Fischer
and Porter meter with a 100~ to 750-1bm/ /hir range. The rotameter for
the high flow rates was a Fischer and Porter meter equipped with an

extension arm and & magnetic iollower. The range of this meter was
500 to 5000 lbgyy/hr.

The high-flow water flowrator was calibrated by weigh-
ing the effluent in & 55-gal drum. The resulting measured flow rates
ware an average of 37 lbm/hr higher than the indicated flow rate. This
figure is within the established precision of the instrument of one-half

the imast reading. The precision of this instrument is taken as

t 25 by, /he.

The low-flow water flowrator wae calibrated by the aame
method as above. Here an average deviation of +10% was found. The

coocrdinates for the calibration curve were:

Flowrator Setting, Measured Flow Rate,
b, /hr 1By, /hr
150 137
200 192.5
200 275
400 349
600 BEE
700 665

750 697
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B. Temperature Measurementa

All temperatures were messured with iron-constantan thermo-
couples, silver soldered into mild steel protection tubea of OD equal to
0.125 in. and ID egual to D.081 in, All thermocouples extended a minimurmn
of & in. into the stream heing measured and were centered approximaitely
parallsl to the flow. All of the thermocouples, except the one meaguring
the inlet temperature of the test section, were held ia place by one-inch
pipe plugs to which the protection tubes were soldered. Seven different
temperatures of the aystem in the range from 50 to 700°F were read on a
ILeads and Northrup * Speedomax" multipoint recording pﬁtentiomete r.

The "Speedomax" waa designed to read off 8 thermocouples automatically.

The iron-constantan thermocouples were calibrated with
protection tubes against a similar couple standardized by the Standards
Laboratory of the University of Minnesota, Minneapolia, Minnesota, The
couples were placed in a steel plug set in a block of ingulation. The agsem-
bly was heated to a stable and uniform temperature by a surrounding
nichrome coil. The czlibration showed that each thermocouple was accu-

rate to within T 0.02 mv or T 0.7°F.

Figure 13 shows the electrical equipment used for measuring

the temperatures.

Z. Pressure Mesasurements

The static pressures at the rotameters, right after the mixing
saction and at the end of the test section, were measured with Bourdon
gauges. The differential pressures were measured with, in some cases,
a Meriam well-type mercury manometer with a range from 0 to £00 in.
of water differential pressure. When the pressure drops became too high,
Bourdon gauges were used on each of the aix pressure taps, which then

gave the static pressuares directly.



The Bourdon-tube gauges used to measure the ateam and water
preasures at the reapective flowrators were calibrated with an Asheroft
dead weight tester, The pointer and level mechanism of each gauge was
adjusted until perfect calibration was attained. The manufacturer's

stated precision for these gauges is 110 psi.

The Meriarn well=type mercury manomaeter was assumed o
be accurate to within the limits of one~half the least reading. This would

make the precision 0.5 in. of water.

The effect of astatic pressgure on the differential pressure
readings was studied while pumping water through the system. In the
static presgsure range from atmospheric to 800 psig, the differential
pressure readings varied ¥ 2 in. of water for essentially the same fluid

temperature, flow rate, and pipe length.

A single-phase pressure-drop traverse waa taken down the
test aection te check similarity of the pipe and tap constructien. Both

superheated steam and liguid water were used.

Congistency of data was checked by repeating two runs which
had been run 24 hr before or earlier. In all cases the results were within
the range dictated by the precision of the meagured variables. Also, usu-
ally three, and at least two, trizls were taken for each conatant setting of
the operating variables to assure congistency. In numerous preliminary
water and guperheated ateam runa, single-phase consistency was

ascertained,
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CHAPTER 1V
EXPERIMENTAL PROCEDURE

4.1. Definition of Critical Flow from Experimental Viewpoint

In this work, the term critical throat pressure refers to the pres-
sure existing at the exit plane of the test section (throat} when maximum
flow iz achieved., Maximum flow is obtained when the downstream or back
pressure is sufficiently low such that a change in this pressure will not
affect the approximate steady-state upstream awial pressure profile. It
6hall be pointed out here that, although the pressure profile remains the
sare before and sfter a change in hack pressure, during the change it is
disturbed and becomes quite unstable. Since anomalousz behavior has been
observed by othar investigatars.{z-l:"—":'?” such as the throat pressure baing
sensitive to back pressures amaller than the critical preasure, it is im-

portant to remember this definition in order to avoid confusion.

4.2, Initial Startup

The experimental procedure varied somewhat depending upon the
purpoae of the run. Consequently, only a general description of the scheme

will be given.

Cooling water and steam from the University mains were allowed
to flow into the condenser. The paddle purmp, which transferred the con-
densate from the condenser to the adjacent storage drums. was started.
The centrifugal pump,. which transferred the liquid to the fifth-floor tank,
was started, The two surge tanks were filled to two-thirds running pres-
sure with nitrogen gas. The recording potentiometer was switched on.
The rotameter light, the liquid-level indicator light, and the control cir-
cuit were switched on. The recording potentiometer was checked by

switching out the thermocouples and switching in a known ernf.

Ice was placed in the thermocouple cold well, Freguent renewals
of the ice supply were made during the day. Time for equilibrium was

dlways allowed before any temperature readings were taken.
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4.3. Bleading the System

The Worthington reciprocating pump and the boiler feed pump were
allowed to pump water through the system with the bleed valves cpen. This
was done with the system throttled to about 300 pei and a flow rate of about
3500 lbm/hr of water. In this manner, the systemn, including the manometer

lines and the differential pressure gauges, was completely purged of air.

4.4. Check of System Using All-liquid Flow

The boiler output water was valved to the drain, and the bleed valves
were shut off. The water temperature and flow rate were noted along with
the static pressure drop for each increment alang the test section. These
data allowed a friction factor to be calculated which could be compared te
the friction-factor data already established. This comparison gave an indi-
cation of the condition of the system, particularly with regard to scaling of

the internal pipe surface and to pockets of air within the system.

4,5, Commencing the Flow of Steam

The water flow was valved off and the boiler output was valved back
into the test section. The burner control switch on the panel board was
switched on, and the anap switch just below it was rnoved to the "B (boiler}
position. The fuel was then ignited by switching on the burner switch located
on the boiler panel board. The differential pressures along the test section
were noted. These presasures were controlled by the inlet valve of the test
section, the bypass valve for the steam line frorn the boiler, and the fuel and

normalizer valve settings of the boiler.

4.6, Introducing the Water Fhase

After the boiler delivery had been stabilized, the Worthington recip-
roecating pump was switched on simuttaneously with moving the snap switch
to the "C" [control) position. The pump exit pressure was increased to
ahout two-thirds of the anticipated static pressure for two-phase flow in the

inlet tesi section by closing dewn on the pump recycle valve, It should be
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mentioned here that the mixing process of the high-pressure water and
gtearn streams caused many difficulties. A long time was devoted to this
particular problem of the experiment before satisfactory performance of

the equipment was achieved.

4.7. Stabilizing the Two-phase Flow

The contrgl variakles of steam flow rate, water flow rate, and
static pressure of the inlet test section could be varied by adjusting (1) the
air-fuel ratio of the boiler, (2} the inlet valve of the test section, and {3) the
amount of steam and water recycle. Because of the relative difficulty in
getting the inlet superheated steamn flow rate, thie variable was first es-
tablished and then the inlet water flow rate was changed. In this manner

the quality of the two-phase mixture ¢ould be varied from 0 to 100 per cent.

4.8. Making a Run

After the preliminary preparations were completed, the flow rates
and temperatures were set in such a manner that the pressure at the exit
of the test section {the throat pressure) and the stagnation enthalpy were at
the degired value. As total flow rate, stagnation enthalpy, and throat pres-
sure were all inferrelated, this meant that some trial-and-error valve
setting was necessary. In the tneantime, the pressure in the downstream
receiver {the back pressure) was kept at atmospheric or lower at all times.
With some practice this operation did not pose any particular difficulty and

required anywhere from 45 to 60 min.

The time interval preceding the taking of data for any particular
run varied somewhat. It was sommetimes as long as 5 to & hr, but never
sharter than lé hr for the first run in any operating day. Duration of a run
was eatimated at 2 hr, although the actual recording of the essential data

usually took only abhout 0.5 hr.

It should be mentioned here that, because of the randomly varying
gteam pressure in the boiler and cccasionally cycling inherent in the system,

conditions were not as steady as desired. Pressures might vary by several psi.



The steam boiler sometimes was hard to operate at steady pressure.
Consequently, whenever possible, the data were taken in a rapid manner to
take advantage of short spells of steady behavior. In spite of the obvious
shortcomings of this procedure, rather good results were obtained hecause
of the short tirne required for the system to reach steady state. The heat
balances were all guite good,and, likewise, whenever material balances were
made, good results were obtained. The measurements which probably suf-
fered the most were the upstream pressures in the teat section, since these
were not taken in the same manner. This was not true for the pressure tap
next to the throat, which was recorded simultaneocusly with the flow rates
and the temperatures. The throat pressure was also ocbserved over a period

of time to get & better perception of the presaure fluctuations.

When the temparatures, pressures, and flowrates appeared atable,

data were recorded as shown on the data sheet (see Table I}. After the

Tabls 1

TWO-FHASE CRITICAL DISECHARGE DATA SHEET

(Corrwcted Valusa)

Bun No. TSII-4& Water Flowmater: Small
Date : March 17-19460 Stwatn Flowmater: Large
Time : 2 hours
Fresaurs Readinga Flow Rateg
Position psia Phase b/ hr
Bteam Boilex 1350 Steam 322
Btaam Flowmeter 350 Water S95.5
Water Flowrnetsr 595
Cwtlat Mixing-Section 2an Termperature Readings
Pressure Tap & 173
Presgure Tap 5 159 Position cF
FPressure Tap 4 jz2
Pressure Tap 3 93 Steam Baoiler G45.0
Presagurs Tap 2 85 Steam Flowmeter 58313
Fregaure Tap |1 Sh Watet Flowimeter F&.0
Back Freasurs 15 Steam Inlet Mixing-Section $13.3
Watat Inlat Mixing-Section 9%.0
Outlat Mixing-Section 410.0

Bemazks: Pressure fluctuations at Steam Hoiler 15 péia
Prezeura flucmations at Steam Flowmeter £ 2 pain
Proasurs fluctuations at Preqaure Tap & T 5 paia
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above data were taken, all the data were then rechecked to see if any gross
erroT in reading had been made. Quite often two complete sets of data were

taken in order to get an idea of the randorn change in system conditions.

{One must remember that the proceduere was not always the sare,
but varied depending upon what was thought to be advantageous. However,
care was taken to always follow good practice, so that errors were kept to

a rninimum.

4.%. Organization of the Runs

Intuition would indicate that there would be a certain minimum length
and diameter of test section at which the critical flow rates and pressures
might he affected because of lack of tirne to reach the flow patterns, slip
and metastability, etc. On the other hand, increased length and diameter,
by increasing the pressure drop prior to the throat, reduces the maximum
¢ritical pressure that can be obtained. Ceonsequently, the writer followed

the plan of action given below.

The first test section built, TSI, was a 0.4B25-in.-1ID steel pipe. Its
purpose was to give some idea of the pressure gradient along the pipe.
Since the highest outlet critical pressure that could be obtained with this
test section was &0 psi, it was decided to go to pipe of smaller size, without

taking any complete ¢ritical two-phase flow runs on test section I,

The next test section, TSI, was a 0.269-in.-ID steel pipe with a
length of 110 in., the same as TSI. With this test section 90 complete
two-phase critical flow runs were taken, with qualities from 10 to 70%, and
critical pressures from 40 to 140 psia. All of these runs were considered
to be very good. Excellent pressure profiles were obtained and are shown

in Figures 25 and 26, Chapter VL.

The third test section, TSIII, with 0.125-in.-I0 and a length of
L10 in., wasg built with the goal in mind to obtain still higher cutlet critical
preasures. However, the i -in. test section connected directly to the

l-in.-ID mixing section, as had been done previously for TSI and TSII,



cauged sericus pressure fluctuations at the inlet of the test section. Thesze
pressure fluctuations were transrnitted down toward the throat of the pipe
and made it itnpossible to obtain any reliable pressure profiles on this

test section.

After a careful balance of the factoers involved, the test section was
shertened to 56- F; in. and was built and connected to the rmixing secticn as
shown in Figure 7, Chapter III. This wag test section 4, TSIV. The efiect
of length was checked by making some low-pressure runs with this shorter
test section. With this change in the design, 56 two-phase critical flow
runs were obtained with qualities from 1 to 50% and pressures from 80 to
360 psia. Again, excellent pressure profiles were obtained and are shown

in Figures 27 and 28, Chapter VI.

Summing it up, 146 two-phase critical flow runs were tabulated with

the following ranges of the variables:

Table H

RANGE OF EXPERIMENTAL VARIABLES

Number
Pipe of Runs F, psia G, 1]::-11.1/549:::-f1:3 Quality, %
TSI1 90 40=140 HO0=-1300 10-70

TSIV 56 BO-3560 1400-4300 1-50
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CHAPTER V
THEQRY OF TWO-PHASE CRITICAL FLOW

Previous Theory of Critical Flow

5.1, General

Although the theory concerning critical discharges of single-phase
flow, in particular of gases, is well known, the direct opposite is true for
two-phage mixtures. This is the result of phenomena such as the relative
velocity between phases, changes of phase caused by the preassure pradient,
and the possibility of lack of thermodynamic equilibrium. Before discuas-
ing these phenomena, if would be well worth while to describe the critical

flow of a single-phase compressible fluid.

In fact, it still remains to be determined whether auch a phenomena
occurs for two-phase flow with the same implicatlons that it carries for

gingle -phase flow.

As Hall points uut,{‘m} it is more ajgnificant to consider & maximum
dischargé from the viewpoint of propagation of pressure impulses than irom
the viewpoint of acoustics, as one is quite independent from the other.

Spound is just one example of the much wider realm of moving pressure
gradients. It appears logical, then, because sonic two-phase flow may be
in doubt, to appreach the problem from the viewpoint of maximum flows
by first investigating the critical velocitiea of gaaes, secondly, extending
that concept to a homogeneous mixture, and, thirdly, to a heterogeneous

mixture.

5.2, Single-phage Flow

If one imagines a flow syatem, such as a pipe attached to a constant-
pressure gource on one end and to a large receiver on the other, one knows

that, when the downstream preasure is reduced below that of the upsiream
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end, flow begins and a pressure gradient is set up in the pipe. When steady
state is reached,the force on the fluid from this pressure gradient is
exactly Balanced by frictional and inertial forceg, and, therefore, the flow
stabilizes. If the upstream pressure and thermodynamic state of the

finid are kept constant, further drop in the downstrearm pressure will re-
sult in an increased flow rate until a maximum {low rate is obtained.

When this flow rate is reached, further reduction of the receiver presaure
will no longer affect the flow rate., For a single-phase mixture, the pres-
sures in the pipe are alsc invariant. A derivation of the equation giving

thig maximum or critical flow rate follows.

The criterion adopted for critical flow of a compressible fluid

throeugh a pipe is

(3) o

at conetant upstream pressgure Pl and with I, the friction factor, egqual to
zeroe. Here, F. is the exit pressure and the partial deasignation is used

to indicate constant entropy.

In general, for steady-state turbulent flow, the mechanical energy

balance can be written (see Ref. 31, page 312} as

£ dz+dF + 2 Qu+vaP=dw, . (5.2-2}
£a Ec

When there ig no friction, mechanical work, or head to be congidered,

this becomes

2 du+vdP=0 . (5.2-3}
Bc
Now, differentiating the continuity equation Gv = u with respect to P, cne

obtaina

(5.2+4)
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and, aince dG/dP= o,

du dv
ap - Omax gp - {5.2-5)

Substitution of this into the flow eguation yields

Wiy dv

v+ ge dP= {5.2-86)

or, since u = Gv,
G:na.x dv

vt e v d—P=ﬂ . (5.2-7)

Rearranging,
dP
2 = - = -
Gmax = Ec ( dv) , (5.2-8)

where G,y is the maximum mass velocity, and Pand v the presaure

and specific volume, respectively, at the exit end of the discharging line.

If the magnitude of the pressure change {propagated through and
by the fluid) is considered negligible, so that no heat transfer or fluid
friction regult from the temperature and pressgure gradients developed,
as is found with flow of gases, the direct action of impulse ia then hoth

adiabatic and isentropic.

it is interesting to note that for a single-phase medium the egquation
giving the critical velocity ia identical with the equation for the velocity of
scund in the same medium,. For a single phase, it can be said, with rea-
scnable safety, that the maximum flow and critical pressure are reached
when the velocity of the astream is egual to that of a rarefaction wave in
the same medium, Because of this, the downgtream pressure can no
longer be transmitted up into the pipe; therefore, the downsetream condi-
tions no longer affact the conditions in the pipe., For a periect gaa, then,

&n equation such as

Wnax = 8cKPVY (5.229)



where u, P, and v are, respectively, the velocity, pressure, and specific
velume at the pipe cutlet, g. the conversion constant, and K defined by

the relationahip K = ¢ /cv, can be usged to calculate critical velocities.

In the case of steamn, <alculations can be performed very conveni-

ently by using the steam tables.

5.3. Two-phase, One -component Flow

A simple way to extend these concepts to the eritical flow of
steaan-watar mixtures is to assume that the mixture is perfectly

homogeneous.

As defined, homogeneous two-phase flow involves an intirnate
mixture of steam, as the vapor phase, in equilibrium with water drop-

letg, ag the liquid phase.

The procedurs in the past haa bheen to adopt the simpler assump-
tione of thermodynamic equilibrium and equal phase velocities. When
these limitations could not be justified {markeddifferences were found
between theoretical and obgerved values), different phage velocitiea were
ascribed to each phasae or & transient state was consldered. Very little
attention has been devoted to the casa in which equilibrium iz not present
nor do the two phases flow with the same velocities. When one considers
the complexities involved in such a situation, it becomes obvious why
this has been ao.

5.4. Homogeneous Two-phase Flow ("Homogeneous Flow Maodel").

If, with the assumption of reveraible, adiabatic flow, equal phase
velocities and additive specific velumes are postulated, the mixture can
Le given the same theoretical treatment which appliez tc single-phase

Ilows .

The specific volume for two-phase homogenecus flow is defined

an followa:

v =V (l'x}+vgx . {5.4-1)
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where v, Vg and » are, respectively, the specific volumes of liquid and
gas. and weight fraction of vapor in the mixture. Differentiation of the
spacific volume of the mixture with respect to pressure P at constant

entropy yields:

(g—;')am = x(%:g.)sm + {vg-vl] (%%)am + (1=x) (?f;_l)sm . (5.4=2)

Ingerting this in the equation for maximum single-phase flow {6.2-8),

12
Gmax = [x(dvg/dP}Sm + (vg-vlj(dx/dP}Em + {1 -x}[de/desm] .

{(5.4-3)
If tha Essumptinns were correct, a chart prepared for any desired range
of conditions with total outlet pressure plotted versus maximum mass
velocity with critical guality as parameter would be of cbvicus value.
Such a2 plot waa prepared for pressures from atmospheric to the critical
pressure and 1g shown in Figure 14. Because the method of calculating
is important and aubject te different possible interpretations ina few

points, the computing precedure is explained in Appendix C.

5.5. Gomplicationa of Two~phase Flow.

The flow of a two-phase, single-component mixture is much more
complicated than the "Homoegeneous Model" would indicate. It would he
wise to spend some time discussing the phenomena which complicate the
problem. These are: (1) change of phase, boiling or condensation,

{2) slip or Telative velocity between the phases, (3) flow pattern, and

{4) possible occurrence of metastability. The first of these occurs be-
cause of the existence of the pressure drop which propels the fluid. In
general, for an isentropic expansion, the exit quality {per cent steam by
weight) tends to increase for lowar values of initial quality and to decrease
for the higher values. When initially saturated water undergoes an isen-

tropic expansion, the volame increase for a given pressure change is
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extremely large. I no slip is assumed, this lzade to rather low values

of the maximum or critical velocity.

However, thia has been found not to ke the case. Much higher maaa
velocities have been cbeerved. This statement has been verified for low
pressures.(23.27.33,66,77) Some investigators(23.47.66} have explained at
leaat qualitatively the discrepancies of observed data and theory by the

existence of slip and the possible lack of thermodynamic egquilibrium.

Slip aoccurs mainly because the vapor phase is less denee than
the liquid phase and, therefore, is much more easily accelerated by the
forces arising from the pressure gradient. Friction between the phases
and entrainment of the liguid in the form of dropleta (and frothse) tend to
decrease the relative velocities between the phases. Slip reduces the
momentum and kinetic energy associated with a given mass velocity.

Therefore, a greater flow rate may result from a given pressure drop.

The ability to predict accurately the gt=am wvolume fractions in
boiling syetams is a prerequisite for a competent evaluation of the per-
formance characteristice of such systems. This is especially true in
boiling water reactors where the nuclear agpects are intimately inter-
related to the two-phase flow characteristica of the aystem. The reactor
recirculation rate, coolant and moderator dansgities, core neatron kinetics,
and reactor stability are all dependent upon the steam volume fraction or

the slip ratio.

The significance of theae terme is dependent upon the flow pattern.
Thus, with unsteady flow patterns, such as the plug and slug type, the ligquid
holdup at any croas section fluctuates with time and is only a consatant over
a considerable tube length. Alternatively, in annular flow, the liquid hold-
up remains constant provided othexr conditions are constapt and ia the true

fraction of cross-sectional area occupied by liquid at that point.



Turbuient cocurrent flow of a liquid and a gaseous phase through a
pipe or channel is characterized by several regimes, If the volumetric
rate of flow of the gas ia much greater than that of the liquid, the gas will
flow am a continuoug phage. The liquid in thig cage will be either a con-
tinucus or a dispersed phase, depending upon the mass velocities, the
pipe diameter, and the orientation of the flow axis. In horizontal flow
at relatively low rnass velocities, the liguid flows along the bottom of
the pipe {etratified flow). This is certainly not the case for critical two-
phase flow. If the mags velocities are increaged, keaping the ratio of
the volumetric flow rates constant, the interface becomes guite wavy,
and eventually a portion of the liquid is entrained as droplets in the gas.
If the gas mass velocity only ia increased, the liguid tends to epread cut
inte an annular film over the walls of the pipe (annular flow), This last
example ia more likely to be the true physical picture of two-phase cri-

tical flow and will be discussed in more detzil later on.

Metastability, the lack of thermodynamic equilibrium, bhas been
shown to exigt in orifices and nozzles,{?'?E'?BrgTrga} though its existence
in pipes has not been proven. With a saturated liguid, metastability can

cccur hecause of the delay in initiation of boiling as the fluid flows into a

region of pressure less than its saturation pressure. This delay can occur

either because of the lack of nuclei or becaunse of the short time of expan-
sion or both. In the case of saturated ateam, which is cooling during an
isentropic expansion, the situation i quite complex. Here nuclei are
needed; the more suhcooling which occcurs, the amaller the size of nuciei
which will suffice. Both the time rate of expansion and mechanical dis-
turbances are alsc important. This type of metastability can result in
"condensation shock," an irreversible phencmenon in which a cloud of
fine water droplets form, giving rise to a sudden, almoat instantaneous,

prespure rise,
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A third type of metastability occurs becanse of the inerease in vapor
presaure of curved aurfaces. This type ia not really a true metastability
and renders thermodynamic data, such as thosa found in the steamn tablea,
somewhat inapplicable to flow regions where the water phase exists par-

tially or entirely in the form of fine drops.

Az mentioned earlier, the lack of thermodynamic squilibrium has
been shown to exist in orifices and nozzles, though ita exiatence in pipes
has not been proven. The author stroagly believes that the lack of equi-
librium is not a major problem, and, indeed, the equilibrium conditions
are believed to he satigfied in straight tubes. This statement ie verified
by Burnell,{za) who obtained critical {low data with pipes of amall bore,
which Mﬂ}r{??} compared with hig own critical flow data and were found
in good agreament., Movy's data are compared with the author's data in
Chapter VI. Not only did Burnell recognize the probability of each of the
phases flowing at different veloccitiea but, by actual pressure-temperature
checks, he was able to determine that equilikrium was attained. However,
where one has a sudden change in the pressure gradient, ag in orifices

or nozzles,the failure to attain equilibrium is understandable.

Thermodynamic instability, metaatability, or nonthérmodynamic
equilibrium between phases has been suggested ag a second cause for the
actual critical flow rate exceeding that predicted by the homogeneous flow
model. Stuart and Yarnell(98} first observed this phenomencn during
steam -water expariments with orifices. Their explanation was that sur-
face tensicn increased the effective presaure and thus retarded bubble
formation. Due to its character, the affects of metaatability are exceed-
ingly difficult to include in an empirical or analytical expression. For
this reason, it is generally omitted and thermodynamic equilibrium is
assumed. Fortunately, it is generally accepted that metastable conditions
exist ooly in orifices or short lengths of pipes and that in critical flow

studies in relatively long sections of pipe its effects can be safely ignored.
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Later on in this work it will be shown that the assumption of
thermeodynamic equilibrium in a straight pipe flow appears to be valid
and that the differences between experimental data and the only theo-
retical model developed before this work, the "Homogensous Model
is mainly due to slip hetween the phasea. Other semi-empirical
moddels have been dmrelaped,(‘“rﬁﬁ:' but have been dependent upon alip
data. Since slip data have not been determined for high velocity ranges,
as is the case for critical two-phase flow, the anthers of theae zemi-
empirical models have used slip correlations for low velocity
rangen.':'?rﬁ?:'?” These models have not achieved significant

recognition.

As one can see, any attempt to attack this problem completely
analytically will be dependent upon the derivation of a theoretical ex-

pression for the slip ratie or veid fraction under critical flow conditions.

In the gecond part of this theoretical discussion of two-phase
critical ilow, the author's proposzed model and theory for predicting

critical flow conditions will be premsented.

The Author's Theory of Two-phase Critical Flow

5.6. General

The simultaneous flow of two phases in a pipe renders possible
the occurrence of a variety of flow mechanisms, and it is recessary to
consider these qualitatively before developing the appropriate theory.
Az mentioned in Chapter II of this work, this feature of two-phase flow
has received considerable attention by American investigators, notably
by Martinelli and others{70) and by Bergelin and Ga.zley.“ﬁ} In Great
Britain, Lewis and Robe rtann':f’5]' have described the forme of flow oc-
curring in a heated vertical tube passing evaporating water. Russian
contributions have been made by Shugaev and Sﬂrakin,wﬂ} Koste ri.n,{ﬁﬂ}

and Krasiakova.(61} A number of atternpts have been made to predice



flow patterns by plotting one function of the properties of a system againat
another and assigning flow pattern types to various areas. Both Alves{®)
and Krasiakova(61) {see Chapter II of this work) have presented such plots
where the functions were simply superficial gas velocity versus guper-
ficial liquid velocity. The forma of their regicnal plots are similar.
Ba]cer{”} obtained a similar type of regional graph but employed em-
pirical dimensional functions of the properties of the systemns as

coordinates.

When the vapor-phase flow rate is continually being increased in a
tube from inlet to outlet due to heat tranafer or flashing of a saturated
liguid, then the flow patterng will be sirilar to those stated by the above
investigators with the difference that there may be a continuous transi-
tion from one flow pattern to another consgistent with increaging vapor
and decreasing ligquid flow rates. Thuos, several flow patterns may ba oh-
served in one length of pipe under particular conditions. Observations of
fluide beiling in vertical tubes indicate that the flow patterns may not be
s¢ clearly defined, which is obviously due to the agitation induced by con-
tinuous forrmation of vapor bubbles whenever heat is transferred to a
predeminantly liquid phase, Flow patterns reported have heen mainly those
for beoiling liquids in vertical tubes. Authors who have made such studies
include Barhat,“zj Kirgehbaun, Kranz, and Starck,(57} Eadger et 11”{3,22,26]
and ]:Ihtanglnar.'l:z"ﬂ’:l Looking at Figure 1 and 2, presented in Chapter II of this
worlk, and havirg in mind the failure of the "Homogeneous Flow Modsl," it
seems obvious to explore an annular flow pattern in setting up a mathe -
matical model for explaining the two-phase critical-flow phenomenon. It
appears evident from the literature that, when the superficial phase veloc-
ities are high enough, an annular flow pattern is astablished for the flowing
two-phase aystem. Since the superficial velocities under critical flow con-
ditiong are higher than the limite for initiation of separated flow, it becomes
a logical choice of the flow patiern for the mathematical treatment of two-

phase ¢ritical flow.

63



64

To assume a homogeneous flow pattern where the velocities of
vapor and liquid are identical, as presented in pari I of this theoretical
discussion, wili be shown, in Chapter VI, not to be valid, as haa been
the case in previous work on the subject matter. Other flow patterns,
including the dispersion of some of the liquid in the vapor phase, could
be considered but would complicate a mathematical analysis of this

preblem beyond resolution.

5.7. Development of the Equation of Motion Describing the Two-phase,
One-component System in & Pipe

When saturated water flows through a tube, evaporation may occur
apd produce a two-phase mixture of vapor and liquid to flow through the
tube, Inasmuch as the vapor is much more voluminous {at pressures
less than the critical value} than the liquid from which it was formed,

a marked acceleration of the mixture will oceur during evaporation.

The force for acceleration and overcoming frictional resistancea pro-
duces the pressure gradient. The pressure ia assumed to be uniform

at a cross section of the tube, The result is that very different velocities
exist in the tube, with the vapor portions always having a higher velocity
than the liguid portions. This type of flow is called slip flow in that
slippage occurs between the vapor and liquid phasea. Although a general
description of slip flow is clear-cut, a specific description of how the
liquid and vapor become arranged in a tube, and an exact mathematical
expression for pregsure drop, phase velocities, and critical flow condi-
tions have not yet been developed. [n the following pages the author pre-
sents how this has been done in an effective way, baaed on the follawing

physical model.

The flow model assumed is annular flow, i.e., one component flows
in the core {gaa phase) of the conduit surrounded by the second phase
{liquid) which flows along the inner perimeter of the conduit. Physical

pictures of annular flow are shown in Figures 15 and 16.
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Figure 15, Physical Pictures of Annular Flow

The velocity profiles for the two-phase annular flow model might look like

those seen in Figure 16,
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Figure 16. Velocity Profiles for Two-phase Annular Flow

The analysis is restricted to the one-dimensgional, steady flow of real
fluids, The assumptions of one-dimensional flow is astrictly applicable to
cases where the velocity of the fluid is uniform over the entire crosz sec-
tion of flow. The analysis is therefore valid only for an ideal cage, but in
practice an average velocity may be used for a variety of velocity profiles
and the problem considered ideal. Henca, average velocities are uged for
the vapor and liguid phase in the continuwity, momentun, and energy

equations.

When a momentumn balance is formed for the vapor phase, and

forces acting in the direction of flow are made positive, it may be shown

that
(P+AP)(AgtL Al + PAg+ (P + %—P) LAy - bFgg
(a) {b)
} [ug + ﬂug)lwg+ &wg} . ugWg N ulaﬁwg -
Ee Bc Ec
(c) {(q) (e}

) (5.7-1)



Q or, in the limit as Ax—0,

dlu W) wdw
g g, 1 8.5 (5.7-2)

Ec Ee

-d(PA,) + PdAg - dF gy -

where the terms in Eq. {5.7-1) denoted by leiters under them represent:

{a) total static force applied to vapor over the length Ax;

(b) friction force applied to vapor over the length Ax;

{c} momentum of vapor leaving the section Ax;

{d) momentumn of vapor entering the section Ax;

{e) entering momentum of fluid entering section Ax as liquid and
leaving ae vapeor, i.e., momenturmn change of liquid evaporated

in section Ax {(note that - AW = ang

In this equation,

crose-sectional area of the vapor phase, {t?

ol

P = gtatic pressure, ll:tf,/ﬂ;a

ng = friction force in the vapor phase, lhg
Wg = weight of vapor flowing, lbm/uc

||.1g = linear vapor velocity, ft/sEc

u; = linear liquid velocity, :Et/ BEC

g~ = conversion factor, lby, - ftflbj-BEI:z.

When account is taken of a loss of momentum from the liguid phase by mass

transier to the vapor phase, the momentum balance of liquid phase yields

(P+AP)(Aj+ AA) + Pag + (p + 5= ) aay - AFy
(a) {b)
fuy+ Ay Wi+ AW gWp waw
1 LWy U, mWl waw | (5.7-3)
Ee Ec Ee

{c) (d) {e}

or, in the limit asa Ax—+ 0,

d{uy, W) oydw
@ ~d(PA;) + PdA; - dFy, - gl Ly lg Yeo (5.7-4)
G c
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The nomenclature is the same as in the vapor-phase momentum balance
except that the subscript 1 refers to the liquid phase. The momentum
balance for the entire iluid is cbtained by adding the geparate momentum
balance Eqe. [5.7-2) and (5.7-4):

'[deg + dry;) - [d[P.FLg]+ d{PAj}] - [d{ugwg)+d(u1'w1]] =0 . {5.7-5)
But, aince

day, = ‘d.ﬂ.g . and dwl = ‘dwg . EE.T'&}

Eq. (5.7-5%) reduces to

-A dP - {dF¢, + dFp) - EL dugWg + Wi} =0 {5.7-7)
<

(£) (2) (h}

wherein

{f) total static force applied to fluid over the length dx;
{g) total friction force applied te fluid over the length dx;

{h) total momentum change of fluid over the length dx, and
A= AE + Aj = total cross-sectional area of tube.

The term (g} will be rewritien as dF ¢y + dFp = dF,. Then

Eq. {5.7-7) can be rewritten in the form

4P 1 d
-A T g_c o {Wlu.l + Wgug:l -

dF,
gl o . {5.7-8})
The equations of continuity for a two-phase flow system, as in Figures 15
and 16, when a normal gsection of the flow at any stage in the evaporating
expansion of a fluid through a horizontal pipe ie considered, can be written

as follows:

ng = Gx/u.gpg (5.7-9}
w = Gli-x)/{1-aglp (5.7-10)
Wy = xGA {5.7-11}
W1 = (L-x)CGA {5.7-12)
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Substituting the continunity equations into the equation of motion, (5.7-8),

one gets
1 4 - —z, AP  dF; .
2 dx(alplu1+ agpgug}:r =tmZ -0 (5.7=13)

In order to make 2 more detailed accounting for the rate of mo-
meatum gain by viscous transfer, asgume that the total friction can be
expressed in the following manner:

G2 A aL

L ,

(5.7-14}

wherein

{ represents the two-phase friction coefficient, dimensionless
v is aspecific volume assignedto the twe=phase mixture, ft“'/lbln

G is the flow rate, lbm/sac -ft?

Dis internal diameter of the conduoit, ft.

The next problem is to determine the specific volume v of the
two-phase mixtura, What function is v with respect to the asystem variables
such as quality, void fraction, and preaaure? For homopgenecus two-phase

flow, the specific volume has been defined in the following way:
v = v {1-x) + ?gx . {5.7-15)

which obviously cannot be used here, since this includes no slippage. A
list of applications of the homogeneous flow maodel, which implies

Eq. (5.7-15), iz given below:

{2) analysis of natural circulation loope
Hayrwood,H?*} Lewis and Robertann,[65} Markson El:_iﬂ..[ﬁgj
Silver,(91) Schwarz. (87}

{b) flow of Nashing water
Benjamin and Miller,(13,14) Allen,(3) Bottomley,{20} Briage,(21)
Burnell {23} ishigai and Sekoguchi.{53)



{c)

{d}

(e}

(f)

(g}

(h)

(i)
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flow of flashing refrigerants

Marcy,(68) Bolstad and Jordan.(19)
vaporization of mixture in horizontal tubes
McAdama, Woeds, and Heroman.”“l‘]

flow of gas-oil mixtures

Dittus and Hildebrand.{2%)

flow of gas-oil mixtures

Uren et al.,(101) versluys.{102)

air-water (emulsion) flow

Shugaev and Sorokin,(#0)

forced circulation boiling

[ehin et g,,{‘iﬂ} Jeng and Leppert,{f'ﬁl Knel,{fi?} Stein et ﬂ.(gfl}
burnout studies in two-phase ilow

Isbin et 3_._1.,(5” Fauske .{3%)

Earlier invegtigators have defined the specific voelume for slip flow

{annular flow) as follows:

- pll:l'u.g] + Pglg

where

“g

: , (5.7-16)

= AE/ A, void Ifraction

g, density, lb_ /1t

To utilize this definition of the two-phase specific volume would not be in

agreement with Eq. {5.7-14). The form of Eq. (5.7-14) may be considered

to be a restriction imposed upon the evaluation of the specific volume of

the mixture. This assumption implies that the specifiic volume v which,

through proper mathematical interpretation, can deacribe the rate of

momentum by convection, muat be identical with v in Eq. (5.7=14).

The following mathematical procedure and a physical comparison

of two-phase and single-phage flow suggest a suitable definition for the

gpecific volume v. As will he seen later, the definition appears to be

justified.



Substituting Eqs. {5.7-14)}, (5.7-9}, (5.7-10}, {5.7-11), and (5.7-12}
into Eq. (5.7-8), one gets

2 xtv 1-x)%v
(E:'- d[ag-i(l_{_j 1 +£;':}1 +dP =0 . (5.7-17)
c (2 g

The equation of motion for one phase only flowing through 2 conduit is

] [ ]
S— [dv' +%‘é§] +dP' =0 (5.7-18)
=

wherein the aymbols designate the same as used under two=phase flow, the

superecript indicating one -phase system,

Since Eq. (5.7~17} represents the motion of the total fluid (both
phases), it seems reascnable to compare this equation with Eq. (5.7-18),
which degcribes the motion of total fluid also (one phase). One should
particularly note that the specific volume ! occurs both in the accelera-
tion and friction terms. Therefore, by equating similar ferms in
Eqgs. (6.7-17) and {5.7-18) one can draw the following conclasion: the
definition of the specific volume v for two-phase flow utilizing Eq. (5.7-14)
is
x“vg . (1-x)3%

Y= 1-
Cf-g El,g

A (5.7-1%}

This is a very significant result fox:

1) In this fashion v ig not only a function of void fraction and
pressure, as defined by earlier investigatora, but azlsc of
gquality x.

2) With v defined in this faahion it is posaible to solve the system
and obtain analytical solutions for void fractions, and hence
for critical flow, ag will be seen later,

3] As Qefined here, calculated values of v will lie between cal-
culated values as defined by Egs. (5.7-15) and (5.7-16), which,
indeed, are two extreme definitions of the spacific voelume of

the two-phase mixture. Table III showa thia.

T0
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. Table IIL

TABLE OF THE SPECIFIC YVOLUMES AS DEFINED BY EQS. (5.7-15)
{5.7-16), AND BY THE AUTHOR, EQ. {5.7-19}, USING VOID FRACTION
AS DERIVED IN THIS WORK

From Eq. (5.7-15}

VHomogeneous. From Eq. (5.7-16) From Eq. (5.7-19)
%, % t1/1b Vannular. t*/1b V¥auske, ft*/1b

- 10 1.0652 0.0640 0.1953
& 20 2.1133 0.1220 0.5667
E 40 4. 2005 0,2025 1.8895

80 8.4018 1.4762 6.8552
v 10 0.4592 0.0486 0.104%2
E 20 0.9004 0.0865 0.2784
S 40 1.76834 0.1963 0.6850
£ 80 3.5491 0.9079 2.9269
s 10 0.1105 0.03416 0.04957
2 20 0.2013 0.05160 0.09298
2 40 0.3829 0.100086 022042
£ 80 0.7462 0.3540 0.6378
g 10 0. 0640 0.03170 0.03961
= 20 . 1084 0.04370 0.06304
g 40 0.1912 0.07790 0.12617
A 80 0.3608 0.21990 90,3174

In Figure 17, the specific volume of the two-phase mixture as defined by
Eg. (5.7-19) is plotted versus guality x, with pressure P as a parameter
for a pressure range from atmespheric to the critical point, namely,
3206 psia. If Eq. {5.7-19} is substituted into Eq. (5.7-17), the general

differential equation describing the fluid motion of the two-phase syatem

hecomes
o2 2y (1-x)2v 2 1-x}ev
& g, = - +x5+{l_}1-i%dL + &P =0
& Ay %g Cg tg

{5.7-20)
This momentum equaticn must be solved in such & way that the solution
may not only give the relations among the pressure drop, the masas flow

. rate, and other factors, but also he applicable without discrepancy to the

critical flow.



FRESSLURE F, psin

o 500 000 1500 2000 2500 3000
' ' | r ' | PRESSURE ' ]

20 pe20 08

(Y [ Puﬁu T
5.0 .

pa100E

20 e 20§34

10 P2 200

o
i

SPECFIC VOLUME v, #¥Ib
o
4 ]

CRITICAL
FPRESSURE

o P:EDO ps W00 pka
I o P 3000
005 ‘!—_____.__ CRITICAL PRESSURE P= 3206 psia
X=l
X=0
onaf” X0, QUALITY
D.m | I ] 1 | { | | | L l
o 0z Y 06 0B )
QUALITY X

Figure 17.

Theoretical Prediction of the Specific Volume for Critical Flow
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5.8, Definitions Uzsed for Critical Two-phase Flow.

1. The flow is called the critical flow when flow rate no longer

increases with increasing pressure difference, i.e., when

daG
ab - 1] . (5.8-1)

This definition of critical flow ia the basic one and has been used by most

investigators in this field.

2. At conditions of critical flow, the preasure gradient along the
pipe proceeding to the exit has an absolute, finite maximum possible value

for a given flow rate and quality. In mathematical form,

dP AP .
aL o AL “ g {mulmm}h‘inite - {5.8-2)
.x ’x

The reasoning for saying that ]dP/dLlﬂ,x hag a finite maximuam
value can be interpreted from Figure ]8. There csn be no doubt that the
pressure gradient approaches a maximum value as one proceeds towards
the outlet of the pipe, if one compares lines I and IHl in Figure 18. The
specific volume of the mixture increases with decreasing system pressure

and the frictional and momentarn pressure drops per unit length increase.

Pressure P

upatream | downstream

Length L

Figure 18. Pressure Profiles for Two-phase Flow



Line | representa a typical pressure profile for a given flow rate G and a
quality x, these corresponding to critical flow. Line III corresponde to a
typical pressure profile for ordinary two-phase flow in which critical
conditions do not exist. Pressure profile Il would be obtained if one had
a throttling valve at the exit. of the pipe and no iree expansion could taks

place.

That Idp/d]"l(},x for critical flow is finite is the next question
to be congidered. If line Il should represent the critical prezsure profile,
indeed IdP/dL'G,x would be infinite. Howewver, line I has been verified
experimentally in this work, and data will be presented in Chapter VI,
Cruz.{zﬂ Moy.“ﬂ and F'il.1~\=:1:t1'.[-:"*?’:I also verified the finite maximum pres-
aure gradient by an examination of the pregsure profiles. Definition
number 2 hae been postulated by the aunthor and, as far as is known, has
nct been applied to any previous mathematical treatment of twoe-phaae

critical flow,

5.9. Derivation of Slip Ratio and Veid Fraction for Critical Two-phase Flow.

The slip ratio k ia defined ag the ratio of the average vapor veloc-

ity tc the average liguid velocity.

Cormbination of the eguations of continuity (5.7-9) and {5.7-10} and

aclution for the void fraction ag gives
=1
- ¥
ag = (L.’f s 1) , (5.9-1)

wherein k is defined as above.

Substituting into Egq. {(5.7-19) for g the expression in Eq. (5.9-1).

the specific volume v becomesg a function of slip ratio as follows:

] [{l-x}ﬂk+m;ﬂl +x{k-1}]

v (5.9-2)

T4
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Dividing through by dL in Eq. (5.7-20) and using the expression

for v in Eq, (5,9-2), we obtain the equation of moticn as

E I: {[I:l-x_:l'\rik+xvg][1 +x (k- 1]]} {[(I'x]vlki-mrg][li-x{k 1)]} ]
L

dP
+ T o . {5.9-3})

From the second definition of critical two-phaase flow, Eq. {5.8-2),
it ahould be clear from Eq. {5.9-3) that also the sumn of the acceleration
and friction terme should possess a maximum value for a given flow rate
G and quality x correspending to critical-flow conditions, as one pro-

ceads down the pipe toward the gutlet,

In a two-phase flow system in a conduit, the prezsure drop per
length is in high degree dependent upon the flow pattern obiained in the
system. Since the void fraction or slip ratio related in Eq. (5.9-1) is
reatricted to the flow pattern, in this case separated flow, it aeems
reagonable to maximize the sum of acceleration and friction terma with
reapect to the veoid fraction or slip ratio, 2o that this can satiefy the
maximum pressura drop. This ig logical since the slip ratio k is the
only system variable that apparently is not fixed by the definition
Eq. {5.8-2}). The void fraction or the glip ratio is, in other words, one
extra degree of freedom in the two-phase {low system. Hence, k or
dg is a tool by which a maximum pressure gradient |dP/dL| can be
achieved both physically as well as mathematically an long as iree ex-
pangion can take place in a two-phase flow system where a sufficient

pressure difference {P;.-Py) exists.

As a direct result from what haa been atated above, the following

relation can be written:

a{ [ {[{1 x]lvlki-xvg][_Hx[k l]']} fr- x]"-’lk*'x‘-’g][l*?‘{k 1]']} ]} - o
A K 2D

{5.9-4)
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Carrying out the partial differentiation with respect to the system variabis

k and interchanging derivatives, we find that Eq. {5.9-4) reduces to

G| d fav f fav v {Of
-g-; [a-i: (ﬁi)-lrﬁ (E-E)+ ﬁ(ﬁ)] =1 ' {5.9-5)
wherein
[(1-x}v1k+xvs]£l+x(k-l}]
v = .
k
as before. Further,

Substituting for &w/ak into Eq. {5.9-5),

2 [ froorn- it foate 0} ] oo

A number of interpretatione of the maximization process are
feasible, at leaat irom a mathematical point of view. Thke reader should
have in mind that the functional relationship of the two-phase iriction
factor is not known with respect to the various parameters involved,
Hence, if analytical solutions are hoped to be achieved, one is restricted

to the following interpretations of Eq. (5.9-5):
{a) Isentropic flow:

If a parallelism to aingle-phase critical-flow theory iz adapted,
where the friction factor is set equal to zero {isantropic flow}, there is

only one possible solution that satisfies Eq. {5.9-5):

(5.9-8)

02
ol B
i
=]

As one can see, this procedure requires no particular definition of the
specific volume of the two-phaae mixture [see Ega. (5.7-14) and (5.7-19)].
However, due to the adopted model, different phase velocitias involve iT-

reversibilities which are, naturally, incompatible with isentropy.



(b} MNonisentropic flow:

If nonisentropic flow, where f ia not zero, is coneidered, the
problem of not knowing the functional relationship between f and k becomes
apparent. Therefore, in order to satisfy Eq. (5.9-5} and to obtain a closed

solution for k, one is restricted to the following:

%l_'-: = 0 (5.9-9)
g—:__ =0 (5.9-10})

This particular soclution is made possible due to the adoption of
the specific volume v as defined by Eq. (5.7-19). If Eqs. (5.9-9) and
(5.9-10) are satisfied, so is Eg. (5.9-5). Hence, from Eq. (5.9-6) one can

get the restriction on the slip ratio k:
v
g—; = (x-x%} (“'1 'Elg') =0 ; {5.9-11)

Equation {5.9-11) is automatically satisfied for x = 0 and x = 1, respec-
tively all water and all steam. Hence, in thege two limiting cases no slip
can occur and the value of k 18 talken as 1. As a direct result from

Eq. (5.9-11} and what has been stated above,

)

+

{Vg/\'l}l“ = f(P) for 0<x<] :
(5.9-12)

k=lforx=Dandx =1

S0, with k given by Eg. {5.9-12) and E?.’rf/ak = {J, the second definition of
critical two-phase flow, Eq. (5.8-2), ie indeed satisfied. There are two
ways to interpret the mathematical meaning of 3f/Jk = 0 for nonisentropic
flow, In the first one, f remains constant for varying k. In the second, f
goes through a maximum or minimum at which k = {vgfvlj'f %, Although
the first interpretation seems rather unjustified, the second certainly
would compensate for av/ dk = ( in the momentum equation., That this is

s0 was checked by integrating the momentum Eq, {5.7-20) and solving for

T



the average friction factor ;. If experimental data are used and different
values of slip ratio k are tried, a graph similar to Flgure 19 may be
obtained. As cne can see from Figure 19, f,, goes through a mawimum,

M2 The reader

this point corresponding apgroximately to k = {Vg/"'l
should be aware that the model adepted is strictly applicable only at the
exit, where the critical phenomenon occurs. However, in obtaining

graph 1%, the model was extrapelated upsiream in the steepest part of the
curve of pressure versus langth, where critical flow is almost fully de~-
veloped., Therefors, from this comparison of experimeantal data, the
maximization procesgs of the sum of acceleration and friction tarms can
be said to have been justified for nonisentropic flow. The procedure for

integrating the momentum equation will be shown later, and a numerical

examnple for obtaining Figure 19 ie shown in Appendix G.
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Figure 19. Two-phase Frictien Factor Plotted
Versus Slip Ratio

As in the manner carried out above, by taking into account a new
definition of critical flow, a very significant result is obtained regarding
the slip ratio. By use of the obtained result in Eq. (5.9-1), the void frac-

tion becomes

y 148 -1
ag = [1—"(—1) ¥ 1} . (5.9-13)
L VE
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Eguations (5.9-9) and (5.9-10) can, of courge, be written as

oV _ .
_g =0 (5.9-14)
and
af
o (5.9-15)

and will yield the same result as obtained in (5.9-13).

As a reault of this, slip ratio and void {raction can he determined
for critical flow by specifying pressure and quality of the two-phage
system. As will be aeen later, when pressure and quality are specified,

the flow rate is automatically fixed, since these three variables are in-
terrelated. {This is only true for critical flow.) Hence, the following

can be postulated;
og = H0,P,G) = i, P) = Mix0) - VG, p) . (5.9-16)

%.10. Discussion of Yoid Fraction and Slip Ratio

Te check if the limits of Eq. {5.9-13), which predicts the void

fraction, are right, the following restriction must be aatisfied;

1) forx-=290, ag =0 {no gaa phase);

2} forx=1, Gy = 1 {all gas phase}.

These two restrictions are certainly satisfied by an examination of

Eq. (5.9-123).

As can be seen from Egq. {5.9-12), there is no quality eifect on the
elip ratie, which at first may puzzle the readar. Marchaterre and
Petrick,(E'TJ however, verify this to some extent. From their experimental
resulta one can conclude that the effect of quality on the slip ratio de-
creases with the preaaure for the range of variablea uszed at Argonne
National Laboratory. The quality effect on the slip ratic alsc appeara
to diminish with increasing mass velocity, Thia has been ohaerved for

recent data obtained in the range of higher mass velocity. Since the
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superficial velocity is extremely high under critical-flow conditions,
up to 100 times higher than the usual investigations, it seems reaponable

that the slip ratic is indeed independent of gquality.

Further, ae the superficial velocity increases, the slip ratio de-
creasesa. This is also in accordance with the theoretical expreassion for
slip ratio, for if maeg velocity is increasing under critical flow for a
conetant quality, the pressurs must increase and, therefore, the alip

ratio is decreasing.

As expected, the slip ratio decreases with increasing pressure,

and this ie certainly fulfilled by Eq. (5.9-12).

As a final conclusion from what has been stated above, the theo-
retically developed expreseion for slip ratio has the same trends and
indications that have heen found by other inveatigators in experiments

at low-velocity ranges.

Although the theoretical expression for the slip ratio as developed
by the author bas the same trends, it should be mentioned that the slip
ratio is markedly greater than previousgly determined glip ratios for low-
velocity ranges. It should also he pointed out that Eq. (5.9-12) only holda
for two-phase systems under critical-flow conditiona. Figure 20 shows
how vold fraction Qg varies with guality x, with pressure P as a param-
eter, calculated from Eq. (5.9~13). Figure 21 presents the slip ratio, k,
as a function of pressure.

5.11. Derivation Leadins to a Theoretical Evaluation of the Critical
Flow Rate

Integrating the equation of metion, Eq. (5.7-20), in the interval irom

Pyto P, one gets

P 2 £ L
f l;dP P & [1“:_*_';1: ] =0 {5.11-1)
P 4]
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wherein v, is the specific volume of the two-phase mixture at P, as defined
by Eq. (5.9-2}, and v is the ppecific volume as defined for vy at any pres-

sure P, and
P o au/u)
£ =f f ar . (5.11-2)
B, dP

Equation [5.11-2) gives the two-phape friction factor for the fric-
tion logs over the range from F, to P with length I.. Here P,- F is taken

to be relatively small ag compared with P,

The flow is called the critical flow when the flow rate no longer
increases with increasing pregsure differences. Thisg ie the bagic defini-

tion of critical flow mentioned before in Eq. (5.5-1}.

Carrying out the diffarentiation of Eq. (5.11-1) with respect to P

and uesing Eq. {5.8-1), one gets the following relation:

P
1 v  ImL dlnv , L Gim 1
:[1“:,*21:] [dp +ﬁﬁ]j; vap=0 o 151

Combining Eq, (5.11-1} with {5.11-3) and solving for the critical

flow rate Geopit, one gets the fellowing;
172

-
Gerit = [v[dlnv/dP ¥ L/2D dfmfdP]] : 5.11-4)

Furthermore, at critical -flow conditions for a given G and x, one can

wTite

df of
(=) Yo 11-5)
Gerit: ¥crit

But, since afm/ak = 0, it follews that

dim
== _ (5.11-6)
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Application of the definition of specific volume v and use of Eq. {5.11-6},

leads to the following equation for the critical flow rate:

Ee- 1/2
Gerit = [d/dP ({{1-xjvktxvg} {14 x{k-l}}/k]] . (5.11-7)

The dependent variables vi, Vg, X, and k have to be differentiated
with respect to the independent variable, namely, the pressure FP. 1If this
is carried out, the final expression for determining-Gerit theoretically

becomes

e 12

f-x s wae} dv,,:dm{ug[1+zn-zanu|rzut-zt-zzkhk?l} tigr+ (W[l 2k plb ovep

H

erit '
{5.11-8)
wherein the slip ratio k is given by Eq. {5.9-12).
Since the specifie volume of liquid changesz very slowly with pres-
sure, the term including dv/dP can be neglected for pressures up to
400 psia. A numertical example showing the error by doing so is shown

in Appendix D.

Thus, by specifying the outlet pressure and quality, the critical
two-phase flow rate can be calculated from Eq. (5.11-8). At this point,
a decisicn has to be made as to whether the evaluation of the partial
derivatives in Eq. (5.11-8) should be carried cut under isenthalpic or
isentropic conditions, For adiabatic flow, such as in the flow of flaghing
mixtures of ateam and water, both isentropic and isenthalpic cenditions
have been assumed by earlier investigatore to evaluate v in the integral
fdP/v, where v is defined by Eq. {5.4-1). If the kinetic energy or po-
tential term is significant, the izenthalpic condition is not correct; and
with frictional losees present, the isentropic asaumption is alao in error.
In many cases, very little difference is found between the use of isen-
thalpic and isentropic expansions for ilashing steam-water mixtures.
Bridge{z” has evaluated the integral fdP/v for isenthalpic expansions

for initial saturation pressure up to 600 paia. Allen(3) derived analytical



axpressions for the iaenthalpic expansion. As for the only theoretical
model preaented of the problem considered in thie work previous to the
author's, the so-called "Homogeneous Flow Model,” the evaluatien of
the partial derivatives ax/alp, avg/aP, and Bv_]/a‘P were carried out
under isentropic conditions. This is in accordance with the model,
gince the friction factor in the momentum equation is set equal to zero.
In 1959, Ishigai and Sekoguchi(®3) published a paper on the flashing
flow of saturated water through horizontal pipes. In this paper, a new
correction factor for {riction loas is introduced to satisfy the before-
mentioned discrepancy between the "Homogeneous Flow Model" and
obaexved data, and is determined by experiment. The only difference
between the "Homogeneous Flow Model" as discussed earlier in this
work and the above-menticned semi-empirical model is that the first
neglects friction and the second takea it into account. However, Ishigai
and Sekopguchi contradict themselves, as their evaluation of dv/ dP is
carried out under isentropic conditions. Since the friction term is in-
cluded in the momentum equation, this cannot be considered to be a

revarsible process.

In this work, isenthalpic conditions are adopted for evaluation
of dv/dP ic Eq. {6.11-7), in accordance with nonisentropic flow (see
Section 5.9). The existence of different phase velocities, which is the
cage in the writer's theory, implias that two-phase critical or maximum
mass velocities are not isentropic mass velocities as is the case in
eingle-phase flow, Different phase velocities involve irrevereibilities
which are, naturally, incompatible with isentropy. Furthermore, the
kinetic energy and potential terms for the flashing flow of water-steam
mixtures are in moat cases negligible compared with the total enthalpy
of the flowing fluid in the pipe. Hence, the adoption of isenthalpic rather
than isentropic conditions seems more adequate. The procedure for

evaluation of the derivatives in Eq. (5.11-R) is as followe,

ES



Calculation of dx/ dP

The derivative d.x/dP is approximated by ﬁx/&P determined at

constant mixture enthalpy. Feor a given pressure P and quality x, one

has

Hy, = he + xhig (5.11-9)
or

dx 1 (ﬂhf dhfg)

—==z- —il==4+x . {5.11-10)

P

dP h'fg dP 4

wherein

Hp, is total enthalpy of the mixture, Btu,r" lbm

hg is enthalpy of saturated liguid at pressure P, ]3t-.1,/11:~,m

hfgy is the change in enthalpy in going from the liquid to the
vapor state, Btu/lbm.

An approximate value for dx/dP ia, then,

fi Ak
E-m 4] =- - 1 —hf-]- x —‘fj. . {5+11-11}
d F hfgﬂp fuli o

where hyy Ahg, and Absp can be found from ateam tables.

"

>

Calculation of dvg/ dP

The derivative dvg/ dP ¢an be approximately repreaented by

ﬂ.vg/ AP evaluated at constant mixture enthalpy. Actually, vg is the specific

volumne of the saturated vapor and is a function of pressure; hence,

dv Fan'y
bl Ve -1 -
TR {5.11-12)

where &,VE can be found in ateam tables.

Calculation of dvy/dP

The value of dv)/dP is approximatad by Av)/AP determined st

constant mixture enthalpy and is determined in the same fashion as

d\rg/ dP.
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The uvse of steam tables implies that we may assume a plane
interface between phases, which is not necesgsarily the cage in high-
speed pipe flow. In the caae of liquid drops suspended inthe vapor,
the interface area is indeed greatly increased, and surface tension
effects should be considered. However, if the auspended liquid drops
are of the order 4 x 10”7 in. in diameter, the heat of vaporization is
increased by only approximately ona Btu/lb.,. If liquid droplets should
occur in the vapor phase, it is assumned that they are of sufficient size

1o eliminste the need of aurface tension corrections.

A complete numerical example of calculating the critical flow

rate from Eq. {(5.11-8) is shown in Appendix D.

It should be pointed out here that, insofar as the author knows,
Eq. (5.11-8] represents the first complete theoretical solution for pre-
dicting the two-phase critical flow rate, taking into account alip between
phases without the use of any experimental correlations. This contribu-
tion was made possible mainly due to an analysis leading to new defini-
tione of the specific volume of the fwo-phase mixtare apd for critical
two-phase flow. From these concepts, a theoretical expression for void
fraction Qg can be obtained. In Figure 22 the critical flow rate & as
caleulated from Eq. {(5.11-8) is plotted versus the critical discharge
prezsure and quality, respectively, with quality and pressure as param-
eters. The quality range ia from ] to 100% and presgureg from atmos-
pheric up to the critical pressure, namely, 3206 paia. This chart is

calculated for steam-water mixtures.

As mentioned before, Eq. (5.11-8) gives the ¢ritical discharge

flow rate for two-phase, one-component flow.

For two-phase, two-component flow with no mass transfer,

dx/dP = 0 and Eq. (5.11-8) reduces to the following:

1.2

“gck
Gcrn::[{“..x+kxhg{dy&/dpj+{k[1;x{k-z}-x?{k-1jD{dynyﬂ]

{5.11-13}
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Typical two-phase, two-component systems are air-water and oil-gas

mixtures,

5.12. Derjvation Leading to Evaluation of the Two-phase Friction
Coefficient for Critical Flow

Solving Eq. (5.11-1) for the average friction factor Iy, one gets

r
2D | B¢ 1 v
fm = 1 I:G‘ j‘; m dP + log Tﬂl] . {5.12-1)

To be able to calculate f., from Eq. (5.12-1), one would have to be able
P

tc evaluate the integral .[P (1/%) dP.
o

Evaluation of fPP {1/v) aP
%

If the expresaion {5.9-2) for specific volume is inserted, the inte-

gral becomes

P
- k -
: -./;3,, ® {Hl-xl/ﬁ] v1k+vg} +xk-1;] °F - (5.12-2}

The most sensitive variable, by far, in Eq. (5.12-2} is the specific
volume of gas, Vg For a short interval Pyto P, (P - P ia relatively amall
compared to P), the mean values for the variabies k, x, and v) are reason-

zble approximations.

If thermodynamic equilibrium is assumed between the liguid and
vapor phages, the specific volume of the gas phase becomes a function of
pressure alone. Therefore, the following empirical relaiion between

apecific volume and presaurs can be used:

vg T aP™ {(5.12-3}
wherein a and n are constant for all practical pressures and can he evalu-
ated from the steam tables. If the above approximations are applied, the

integral to be evaluated takes the following form;



P
| 4 1 =20 i
' l:x[J"I-x{k"'”']:IrrnﬂamE jl;u. 1+(r/a) P dP ! (5.12-4)

whereain

I':l-_xv'lk .
X

The integral in Eq. {5.12-4) cannot be solved analytically, but i

|£ PR, {5.12-5)

cne can expand this integral in a series aa follows:

Kk pn‘l'l oo [- l_'l"/a}l:'n]m P )
I=l:x“+x{k-”]]mean rnzn nim+1)+1 B, - (5.12-6)

in most practical cases Eq. (5.12-5) is satisfied, and, therefore, since the
series converge, only 3 to 4 terma are needed. Further, singe it is an
atternating series, the error is always less than the next neglected term,
a0 one can easily control the error involved. The complete equation for

calculating the friction factor then becomes

g = -ZDJES k il O il + log —-
m L x{1+x(k-1)}] mean nim+1)+1 P g vl '
o

{5.12-7)
where.v and k are given by Eq. (5.9-2) and (5.9-12), respectively. Equa-
tion (5.12-7)was applied in the extremely steep portion of the curve of
pressure versus lengthior several runs with various conditions where
curves like the one in Figure 19 were obtained.

5.13. Dutline of the Procedure for Calculating the Mixture Quality at Any
Point Along the Test Section from Experimental Data.

The quality of the steam at a point in the system is determined by

using a total energy bhalance,

20



The following assumptiona are made;

1 no heat input;

2. no change of potential energy;

3. sygtemn at thermodynamic equilibrium; and

4 phase velocities represented by average linearwelocities. Con-

sidering Figure 23 below:
Tytal energy in at 1 = total energy cut at 2. .
This can be written:

Wauh  WsLugL

* (KE)yp + QLogs + (5-13-1)

here Qy .., represents all the energy logses.

1 Water
W, 1, Ib/hr —————y
Diameter = D, Saturated steam
l—=2 Wprlb/hr
1 Superheated steam Diameter = D
W, lb/hr —————=

Dhameter = D

-]

Figare 23. Simnple Flow Diagram of the
Two-phase Flow Loop

If Eq. (5.13~1) is solved for the quality x, there is obtained

_ WHg+ Waphgy + (Waut/2g.T) +{Wen51/28c)) * (KE)TP ~ QLoss - Wmh)

Wby
§ (5.13-2)
wherein
W =W+t W, = Wg'b W)
In general, for turbulent flow
xwmui (1- x}wmu.i
(KE]TP = ZEcJ- ¥ 2gcd {5.13-3}

wrn
= 303 [xu*g+{1 -x}uf] . {5.13-4)




For homogeneous {low,

ug = 1) = Ugpy . {513'5}

Inserting Eq. (5.13~5} into Eq. {5.13-4), one gets

wm“?n wm‘-‘;n
(KE)TP,Homogeneous -m}[xﬂl x)j = 2 ] . {5.13-6}
Now,
um = G"Irm 3
where
Vm T Xvg + (1 -x}vl
Thus,
W, GvE Woov
_'m m _“"m¥m )
[H—E:'TP,HumDEEnEQus - 2gd = chJAF . (5.13-7)

For annular flow, the equaticns of continuity are

ug = xl’_'ivg/ag : {5.13-8)
g = Lo®oa (5.13-9}
T-ag

wherein dg is given by Eq. (5.9-1). If theae velocity expressions are in-

serted in Eq. (5.13-4),

w W vl (1-x)W v |
rem a5 {=(FY + 00 [t oo

=

E
x Py
=2W?.n;[x3\;§+{l X} 31_:| (5.13-11)
g7 A Cg {l-a.g}

If Eq. (5.13~11} is put into Eq. {5.13-2) and cne lets A = 7D?/4, there

results

x=xg+¢ . (513"12}
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. wherein

B WeHg + Wyihgy, - Qloss - wmhl

Xg Wi {5.13-13)
m™ig
3 2 32
) 8 Weve WeLveL W |[xvg (1-x)v]
T g £ + 4 2 - 3
T ged Winhig | DY Df . D* [ ap  {1-ap)
(5.13-14)

The term x,; can be thought of ag an approximation to the true quality and

the term c as the kinetic energy correction factor.

To calculate the guality from the Eq. (5.13-12), an iteration pro-
cedure is used which converges quite rapidly. First, the quality x is
approximated by xg from Eq. (5.13~13}). Having a first estimate of x,
then ¢, the two-phase kinetic-energy correction factor, is approximated
by Eq. (5.13-14). This procedure is repeated until the quality x becomes
constant, This usually requires at the most 2 t¢ 3 evaluatione of the cor-

rection factor c.

Fram the above procedure the gualities along the tzet sections were
calculated from the experimental data obtained in this work. Equa-
tion (5.12-7) was adopted rather than Eq, {5.12-11) for the kinetic-energy
term, and the errcr introduced is negligible. In Appendix F an example
calculation ia carried out, showing the quality calculated by both ways.
For all experimental results reported, the quality noted is based upon
the evaluation using Eqe. (5.13~2) and {5.13-7).

5.14. Absolute Average Velocities for the Two Phases at Critical Flow
Conditions.

The absclute average phase velocities can be calculated from the
continuity Eqs. (5.7-9) and (5.7-10}:
ug = xGv/a, (5.14-1}

) (1-x)Gv;

. uy W . (5.14-2}
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The following scheme represents the procedure:

Choose P and x.

Galculate the slip ratio k irom Eq. {5.9-12).
Calculate ¢ritical flow rate G from Egq. (5.11-8)
Calculate void fraction ag from Eg. {5.9-13).

A R b N e

Calculate the absolute velocities from Eqa. (6.14-1) and

(5.14-2).

As will be discussed in Chapter VII, the absolute velocities cal-
culated from this theory are far below aonic velocitiea, except when the
quality approaches 1.0. In Figure 24, the linear vapor velocity is plotted
versus gquality, with presesure P ag parameter,. Figure 24 showse that no
true sonic choking occurs for two-phase critical flow. When the quality
approaches 1.0, Eq. (5.11-8) convergea to the solution for one-phase

critical flow, for which sonic flow doesa ooour.

Putting » = 1.0 in Eq. {5.11-8), there iz obtained

L/2
-gck g
G= [k{{dvE/dP] + 2vy [1-(1/k}] {dx/dp}]}] - {5.14~3)

But at quality equal to 2.0 (only vapor phase}, no slip exists. In this case,
k is taken aa | from Eq. (5.9-12), and Eq. (5.14-3) reduces to

172

G = [&v.:?g;r] ' (5.14-4)

which is exactly the solution for one-phase critical flow in which the dis-

charge velocity of the gas iz equal to the velocity of sound in that medium.
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CHAPTER VI

ANALYSIS OF CRITICAL TWO-PHASE FLOW DATA;
COMPARISON WITH THE DEVELOPED THEORY,
INCLUDING PREVIOUS MAJOR INVESTIGATIONS

6.1, Treatmeant of Data

Thermocouple potentials, read in millivelts, were converted to de-

greesg Fahrenheit by the use of calibraticn charts.

Pressure readings were converted from ¢m Hg, in. Hg, and psig to
psia. The pressure measurements taken along the test section at critical-
flow conditicns were plotted against length in order to determine, by ex-

trapolation, the value of the critical pressure.

Steam and water flow rates were ¢onverted into usable units with
the aid of calibration charts, and corrected for temperature and pressure

whenever necessary.

Computations involved in determining the critical mass velocity,
critical pressure, total energy of the two-phase mixture, and exit quality
from these data are illestrated by the sample calculations kased on run
{TSI[-42), the corrected data for which appear on page 50 and are shown in

Appendix F.

6.2, Pressure Profiles

Pressure profiles were drawn from pressure measurements ob-
tained with the taps on the wall of the test section. This was done far every
run, in crder to oktain the ¢ritical throat pressure by extrapolating the pres-
gure curve obtained, from pressure tap [ to the exit of the pipe. Repre-
sentative profiles obtained with TSIl and TSIV are shown in graphs 25
through 28, The upstream pressures taken from wall taps are tabulated in
Appendix B for all critical two-phase runs made in this work, with back

pressure subcritical,

The extrapolation method employed in this work was used by

earlier investigators, among them lshin, Cruz, and Mt}}r.{‘”} They studied
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the critical phenomenon in pipes ranging from cone-quarter- to ene-inch
nominal pipe gize, In addition, a4 ona- by three-guarter-inch annulus and

& thres-gquarter- by one-quarter-inch annulus were studied.

Falettil33} measured critical flew of s{eam-water mixtures in con-
centric anpuli having center rods of 0.188- and 0.375-in. OD. These rods
ran the entire length of the 0.574-in.-1D test section and extended beyond
the throat {exit pla.ne]. Fressure taps on the walls of the test section and
on the center rods (one of which could be moved axially) permitted a study
of the pregsure profiles both upstream and downstream of the throat; in
this way Faletti could measure the critical presaure at the exit plane, and
an extrapolation method was not necassary., Further, he stated that an ex-
trapolation method, such as the ons used by Isbhin, Cruz, and Moy, could be
in serious error, singe the chservation was made that the pressure pro-
files dropped off sharply }g in, upstream from the throat, The ingide diam-
eter of Cruz's{27) test section was 1.041% in., and his last pressure tap was
13
0.3 equivalent diameter with respect te Falatti's cheervation, As for Moy,{?”

in, from the exit plane of the test tube, This distance corresponds to

his smallest test secticn had an ID of 0.3743 in., with the last pressure tap
% in. from the exit of the pipe. This distance corresponds to 0,63 equiva-

lent diameter, For the two test seciions used in this work, the distance of

% in. corresponds to 1.25 eguivalent diametera for TSII and 2.5 equivalant
diarmeters for TSIV, The taps for these twe test sections are within one
diameter from the exit and should be close enough to the exit to observe any
sharp drop in the pressure gradient, Indeed, by looking at the pressure pro-
files shown in graphs 25 through 28, the sharp drop in pressure gradient is

accountable in every run,

The methed used by Faletti, with a probe extended beyond the throat
{exit plane), is not free from errors, inasmuch as serious disturbances at
the exit might be induced by the extended probe in the region of critical flow,
It should be mentioned here that the method of probing from the sxit end was

examined by Ishin and Cruz in preliminary runs of their research. The



method was discarded in favor of the extrapolation method, because of ob-
served flow disturbances caused by the probe. The prassure profiles oh-
tained in this work are believed to be of high accuracy, since the flow

disturbances were minimized, and the sharp drop of the pressure gradient

¢lose to the exit plane of the test pipe as stated by Falaetti has, indeed, heen

observed in this research by the extrapolation method without using a probe.

A study of the profiles given in graphical form shoews that both the
steepness and the shape of the profile upstream of the threat were a func-
tion of quality. As a generazl trend, the stespness of the pressure gradient
along the pipe sgems to increase with increasing quality. This can best be
seen in graph 28 by comparison of Run IV-17 with Run IV-15, fer which the
pressure profiles cross each other. However, this work is devoted toe the
details of the critical phenomenon which occurs at the exit plane of the pipe,

rather than to the characteristics of pressure drop upstraam.

Ag for the second criteria of critical two-phase flow postulated by

the autheor,

dP
lE G« = {M&ximﬂrﬂ}ﬁni_te (6.2=1}

can be verified by locoking at the pressure profiles in grapha 25 through Z28.
From an analysies of theee graphs, it appears to be correct to state that '%El'l
is finite, Furthermore, the increasing stespness in the pressure profile as
one approaches the exit of the tube indicates simply that the pressure gra-
dient approaches a finite maximum value, This value is determined by the

flow rate G and quality x corresponding to the critical-flow conditions.

£.3. Graphical Presgentation of the Data

All data have been plotted in Figures 29 through 42.

In the se plots, the ordinate pives the critical outlet discharge pres-
sure, and the abscigsa represents the critical two-phase flow rate. Hence,

the data are gathered in 14 groups, each graph showing the quality x as a
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parameter for different ranges, these being 1, 2, 3, 4, 5-15, 15-25, 25-35,
35-45, 45-558, 55-65, 6575, 75-85, 85-95, and 96%. The reasoning for
grouping the data in the above-mentioned quality ranges should be quite
clear from an analysis of the obtained data. At low qualities (1-5%), the
critical flow rates are very sensitive to changes in quality, whereas as
the quality becomes larger, the corresponding changes in the critical flow
rates are smaller. It should be peointed cut hare that the qualities raported
are based on the homogeneous flow model, at least as regards the kinetic-
enerpgy term, These gunalities were found to be nurnerically the same or
within about 0.01 below the values c¢al¢ulated when slip was included. An
appreciation of the labor saved by doing 5o and the estimation of the error

involved are illustrated in Appendix F.

In the work of Cruz,{z-?] which represents one of the first neaclas-
gified studies undertaken explicitly to measure critical flows of steam-
water mixtures over a wide range of quality, the data were plotted in the
following way. The ordinate gave the per cent deviation hetween chserved
and "theoretical® ¢ritical discharges, defined as (G, - GTH) Il}ﬂ/’({:'r.:,bs.
and the abcissa represented the steam fraction, quality, ranging from 1 to
100% on the same plot, Theoretical critical discharges were calculated
from the socalled "Heomogenecoue Flow Model," which, previcus te this work,
was the only theoratical model axisting. Later, Mn}r{”] extendad Cruz's
work and presented his experimental data by adopting Cruz's procedure..
One of the most recentworks on two-phasze critical flow is presented by
Faletti.(33} Thie investigator also adopted Cruz'e method in presenting
the data, although in a little-changed form. Faletti plotted the ratio of the
obgerved mass velocity to the theoretical mass velocity, G-::-hs/GTHr vey-
sus the quality x, where x ranged from 1 to 100%. He peints out in his
work that Cruz's correlating ratio, (G g - GTH]/GGIJE’ has the advantage
of always lying between zero and unity if Gobs/GTH is greater than unity,

since

Gohs = OTH | Gryg

Gohe T " 7 Gebs




Faletti further points out that this technique tends to obscure tha amount

of scatter by reducing it at low qualities and magnifying it at high qualities,

Therefore, this investigator made use of the Gubs/GTH ratic in pre-
senting the data rather than Cruz's (Guopg - GTH}K{GQES}. In this fashion,
the above-mentioned investigatora found the deviation from the flow rates
predicted by the "Homogenecus Flow Model"” and observed values, and used
this as a correlation curve. The presentation of the critical-flow data in
thiz form is questionghla, Firat of all, the data became condensad, and little
or no pressure dependency was discernible. Secondly, toc correlate the data
against a model which is not correct gives no additional insight on the
critical phenomenon. The "cerrelation curves" as cbtained by these in-
vestigators could be in serious arror if applied to pressureas higher than
100 psia (which iz the highest critical presgsure investigated previous to

this work]).

This method of prasentation chosen by the writer is balieved to be
a detailed accounting. The data are plotted with quality as parameter, and
the full pressure dependency can be chserved over all ranpes of gqualities.
Furthermaore, by representing the data in this manner, as will be seen
later, 2 more critical comparison is obtained hetweean the experimental
data and the thecory developed for critical two-phase flow, Hence, previous
critical-flow data{33*4?} were replotted and compared with the writer's

own data and thecry.

b 4. Effect of Fipe Geometry on Critical Flow

As mentioned before, the purpose of using a rather small pipe size,
such aa the lﬂ-im-ID pipe, in this work was to obtain as high a critical
pressure at the outlet as possible with the high-preszure equipment. Bafore
taking the data on TSIV, some investigators believed that the critical flow
rate obtained could be predicted by the "Homogeneous Flow Model"; how-
ever, by an analysis of graphs 29 through 42 in which the data are plotted,
no significant difference is noticeable in the critical flow rates obtained by

TSIl and TSIV, Hence, when pletting these data, no separation was made
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to indicate data from TSIl or TSIV, Since these two test sections had dif-
ferent lengths, one can alsc conclude that the length of the pipe causea no
changes in the critical flow conditions. These observations are in agree-
ment with previcus work on the subject. Isbin, Cruz, and Mojr['ﬂ} state in
their work that the critical flow rate is independent of the pipe sizes for
the conditions tested, The pipe sizes investigated were 1, %, %, and ;lr-in.
full bore and li and 3/4-i-in. annulus. For the i--in. full bore, a pres-
sure range from 3.9 to 43 psia was coverad. Faletti,[33} who studied the
critical flow of steam=-water mixtures in concentric annuli having center
rods of 0.188- and 0.375-1in. -0 and 0.574-in.-1D test saction, made the
following statement: "For test sections lomger than nine inches, inter-
changing a thres-zixteenth inch center rod for a threz-eighth inch center
rod had no effect on the critical masse velocity., Therefore, it seems likely
that the correlation will be applicakle to small bore pipes near one-halfinch
in diameter, and, furthermore, that critical mass velocities in full bore
pipes may not be a atrong function ofdiameter,® Isbin, Cruz, Moy, and
Faletti's data are included in graphs 2% through 42, and what has been
stated above can indezed be verified from these plots. These gignificant ob-
servations observed previously and supported in this work are in complete
agreement with the theory presented. As one can see from Eq. (5.11-8),
the critical flow rate is only a function of pressure P and quality x, with
no dependency upon the geometry of the system. Furthermore, these ob-
servations support the theoretical relations cbtained for void fraction and
alip ratio under critical flow conditions, since these are aleso independent
of diameter and length of the pipe. However, for erdinary two-phase ilow,
experimental dataf{67) indicate that void fraction and slip ratio may depend

upon the size of the aystem.

£.5. Comparizon of Eesults with Other Investigators

As already menticned, the first most therough study of critical flow
in pipes was carried out by Cruzi27} and Mny“ﬂ um:ler1the guidance of

Isbin. The rasults of this study have been summarized.(47) Critical
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pressures ranging from 4 to 43 psia were examined, with qualities ranging
from 1 to 100%. The next extensive and most recent work on critical two-
phase flow of steam-water mixtures in pipe was done by Faletti.{33) Crit-
ical throat pressures ranged from 26 to 100 psgia, and qualities ranged from
1 to 98%. Most of the data of these investigators are plotted together with
the author's own data in graphs 29 through 42. Since the writer's own
¢ritical throat pressures ranged from 50 to 360 psia, a direct comparison
of the results is possihle only with Faletti's data in the range from 50 to
100 peiz. This comparison can be seen in graphs 29 through 38, and good
agreement is obtained for all qualities available in this pressure tange,
congidering the scattering in the data, The scatter found in these graphs,
both in the data of previcus investigators and of the autheor, 1s not exces-
give when one considers the unsteadiness of the upstrearn conditions and
takes into account the zize of the pregsure fluctuations, which are char-
acteristic for such a two-phase flow systam. As for the data above 100 psia,
which includes the major part of the data in this work, no extensive com-
parisong can he given. However, it can be said, from analyeis of the
graphs Z9 through 42, that the results obtainad above 100 psia show the
same trends and indications as the data cbtained below 100 psia. This will
be clearly seen later when the comparizson of the data with the theory is

presented,

Several other investigations have been published, which parily have
been devoted to two-phase critical flow studies. These include the works
of Benjamin and Miller,{u] Buttumley,{zn} Burnell,(23) Linning,{ﬁﬁ}
Hoopes,{45} and Agostinelli and Salemann. (1]

Benjamin, Miller, and Bottomley studied the flow of initially sat-
urated water flowing through 4-in.-diameter pipes. Cruz, Moy, and
Faletti state in their works that the measured critical flow rates of these
investigators fall considerably below their own, and, hence, it can also be
concluded that the data of Benjamin and Miller, and Bottomley are not in
agreement with the resulte of the writer. This could be caused by the

large bore size; howaver, it should be mentioned that these investigators
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used thermocouple wells inserted into the flowing stream to get the temper-
atare profile, and, by assuming thermodynatnic equilibrium, the pressure
profile was obtained, It seems plausible that they may have missed the
ateap drop in pressure at the axit and therefore have made estimates of

the critical pressure which are too high; hence, the flow rates are cor-

respondingly low.

Burnell's critical-flow data, obtained with pipes of diameters be-
tween half inch and one inch and a half, were compared by Cruz, Moy, and
Faletti with theiy own data and found to agree satisfacterily; hence, the

game can be said to be the caze for the writer's data.

Faletti further showed in his work that the experimental data of
Linning fall well below hiz own data and, consequently, below the writer's
data. This can probably be explained by the fact that Linning used tempera-
ture measuremsents tc cbtain temperature profiles. Then, by use of steam
tables and assuming no metastability, he was able to convart thesge profiles
to pressure profiles, The posaibility that the axial flow of heat gave him
erroneous, large values of the exit temperature, and hence of pressure,

cannot bhe disemissed,

The observations of 14.‘-:-1:»1:«\2151'1‘”IIJI that no sign of a "sonic jump" or
critical pregsure was abserved at {flow rates up to 4 times the theoratical
(homogenecus theory) could be in accord with the conclusions of this work.
Since hig qualities ranged from 2.6 to 34 percent, it could be possible that
the large flow rates he speaks of are at the lower qualities where, indeed,
Goba/GTH doee approach a value of 4, However, no comparigon can be

made because hiz experimental data were not tabulated.

Agostinelli and Salemann(!l} studied the flow of initially saturzted
water through fine annular clearances (diametral ¢learances of 0.006-
0.017 in.}. It shall be mentionad that these investigators obtained flow
rates below or gqual to the values predicted by the homogeneous theory
and hence do not agree with the writer's observations. The reasons for

this can ba pointed out as follows: {1) With the fine clearances used,
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the chances for a2 homogeneous {low pattern to develep is possible. (2) It
appears that they took their critical pressures to be the pressure at which
the flownc longer increased. (3} Their test sections did not have pressure
taps at the throat. They made use of three taps along the test section and
one in the chamber just downstream of the throat. In the event that they
extrapclated the lowest pressure profile to the exit, they could well be over-
estimating the pressure at the throat, as their last tap was many eqguivalent

diameters upstrearm of the exit.

6.6, Comparison between Observed Data and Theory

So far certain important indications about the eritical phenomenon
have arisen irom the devsloped theory and have been compared with ex-
perimeéntal chservations; in all cases they have been verified patisfactorily.
The next step, therefore, is to compare the complete theory with the ex-
perimental data, not only taken by the writer, but aiso inciuding work of
previcus investigatore., Therefore, the theoretical critical flow rates as
calculated from Eq. (5.11-8) are plotted in graphs 29 through 42 in the
Bame manner as the axperimental data ie presented. This is alsc done for
the flow rates predicted by Eq. {5.4-3), corresponding to the "Homogeneous
Flow Model” (dotted line in the graphs}). As mugt appear clesar, this com-
pariscon of experimental data and theory can be said to be rather decisive,
since each guality interval from [ te 100% from the three major investiga-
tions done on the subjesct in the past, in addition to the author's own data,
are compared. From these graphs it can be seen that the "Homogeneous
Flow Model" does not predict the experimental results in any gquality range
except when one approaches a gquality of 100%, which is expected, since

thiz model describes single-phase flow satisfactorily.

Earlier investipators, as mentioned before in this work, have ver-
ified that this rmodel is invalid for pressures up to 100 psia, and it has here
been proved to be invalid {or pressures as high as 360 psia, for all gualitie s,
Hence, one or more zasumptions in this model can be said tc be incorrect.

The tnajor assumptions in this model are a5 follows:
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1. homogeneocus flow [no slip occurs);
2. thermodynamic equilibrium; and

3. isentropic expansion.

Graphs 29 through 42 indicate that the author's theory predicts
the critical-flow ¢onditions rather well in all ranges of qualities. Most
noticeable iz the extremely good compariscn between theory and experi-
mental data in the quality range from 1 to 5%, in which all other semi-
empirical models have failed to predict the critical-flow rates. It is
therefore logical te compare the assumptions in this theory with the

pravious one. These are as follows:

1, annular flow {slip occurs);
2. thermodynamic equilibrium; and

3. isenthalpic expansion,

Az for assumnption number 3, little difference is obtained in both
theories, as discusased earlier in this paper, by using either restriction in
caleculating % and, hence, the critical flow rate. Certainly, assumption
number 1 for the "Homogeneous Flow Meodel™ does not hold. Although slip
hag not in fact been measured at ¢ritical flow, the extensive background
data on slip measurements in two-phase flow are sufficiently impressive
to conclude that slip exists during critical flow, The decision regarding
assumption nomber 2, the attainment of aguilibrinum, is more difficult to
justify. Within the author's expericences, it appears reasonable to assume

that the thermodynamic equilibrium is approached. The final justification

is based upon the results obtained using theae premises.

Fuarthermore, since the theory presented here predicts the ex-
perimental data for all pressures and qualities so far investigated, without
including any parameters based on experirnents, it is the guthor's opinion
that this theory can be applied te higher pressures without any serious
errors. There exist no reasona that indicate that the assumptions in the

theory, tested up to 360 psia, should not be valid for higher pressures,



Hence, graph 22, representing the author's theory from atmospheric
up to the critical peoint, 3206 paia, should be valuable in designing modern
nuclear reactore, where, in the event of rupture in cooling system, etc.,
this must be taken inte account in the design method. These reactors may
operate anywhere from 1000 te Z000 psia, and a sudden rupture in such a

system will eventually cause ¢ritical flow to occur.

Faletti,{33} who finished his studies on two-phase critical flow in
1959, compared his ragults, which have been shown to agree favorably with
the author's, with existing semi-empirical maodels, but in all cases fair or
poor agreements were obtained in the quality region from 20 te [00% and
rather poor agreement in the quality range from 1l tc 20%. These included
comparisons with Linning's Method,(66) Modified Linning Model,{47)
Stuart's Model,(33) and Firey*s Model.(33) The two first-mentioned
models, which are the most promising ones, are hampered by the lack of
void fraction or slip data for high-velocity flow, since no theoretical rela-

tionship was developad.

Stuart develeped a curve for predicting critical pressureeg of boil-

ing water flowing through pipes from a knowledge of the saturation pressure.

If this curve i correct, only one critical pressure would be possible for a

given saturation pressure, which certainly is not true.

Firey's approach to the prediction of the critical mass velocity is
to assume that the vapor travels at the speed of socund for vaper alone and
that the liguid travels at somewhat lower velocity. Thie model does not
predict the experimental data; hence, it is reasonable te state that his as-
sumptions are wrong. This is in accordance with ithe conclusions of this
work, namely, that no true sonic cheking occeurs and, therefore, the veloecity

of the vapor phase is less than that of sound,

Hence, it was not felt necessary to include these semi-empirical

models in the comparison of resulta and theories in this work,
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CHAFTER VI1
THE MECHANISM OF CRITICAL TWO-PHASE PIPE FLOW

The question still Termnains to be answered as to whether or not
critical flow occurs for two-phase flow with the same implications that it
carries for one-phase flow. In the following pages some new ideas will
be put forth in an attempt to answer this question by help of the theories

pregentad in Chapter ¥V and as supported by experimental chservations.

Congider a flow systermn such as a pipe attached to 2 constant-
pressure source on one end and to a large receiver on the other. Further,
conaider a compressible fluid alene. When the downstream pressure is
reduced below that of the upstraam end, flow beging and a pressure gra-
dient is sat up in the pipe. Dropping the downstream pressure further
will result in an increased flow rate until a maximum flow rate is obtained.
When this flow rate is reached, further reduction of the receiver pressure
will no longer affect the flow rate. For a single-phase mediurmn the equation
giving this eritical velocity is identical with the equation for the velocity of
sound in the same medivm. For a single-phase system, it can be said that
the maximum flow znd critical pressure are reached when the velocity of
the stream is equal te that of a rarefacthion wave in the sarme rnedium. Be-
caunse of this, the downsiream pressure can no longer be transmitted up
intc the pipe; therefore, the critical throat pressure for single-phase flow
is independent of all pressurea below the back pressure for which the max-

imum flow is first obtained.

Since one-phase critical flow can be explained from the fact that
sonic velocity is sustained at the throat of the conduit, it becormes neceassary
toc examine the theory developed for two-phase critical flow to chtain some
information about the phase velocities. This is also of particular interest
since measurements of void fraction have not been carried out under
critical flow conditiona, insofar as the author knowsa. Az already noted in

Chapter ¥V, the absolute velocities calculated from the theory developed in
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this work are below gonic velocities, except when the quality approaches
1.0. In Figure 24, the linear vapor velocity as calculated from the proce-
dure cutlined in Chapter V is plotted versus quality with pressure P as
parameter. Figure 24 shows that no sonic velocities occur for two-phage

critical flew of steam-water mixtures, if the agssumed model iz correct.

Therefore, ane cannot adopt the method of sonic velocities to ex-

rain the maximum flows of steam-water mixtures.

Therefore, again consider the flow systemn as mentioned earlier;
however, this tirne have a two-phase mixture coming from the constant-
pressure source with a quality x anywhere hetween zero and one. Again,
when the downstream pressure is reduced below that of the upstream end,
flow bepgins and a pressure gradient is get up in the pipe, this being deter-
mined by the momentum and fricticnal pressure drops which are restricted
by the void fraction or the slip ratic. Further drop in the downstream pres-
aure will result in a steeper pressure gradient and increased flow rate until
a maximumm pressure gradient or flew rate is obtained. During the period
before the maximurn flow rate is obtained, the void fraction is changing and
the slip ratio k ig increasing. However, when a value k = (vg/vl]”z ig
reached, the sum of the momenturm and the frictional pressure losses have
attained its maximum possible value and, hence, the steepest pressure
gradient is achieved. When the kinetic-energy dissipation per unit volume
in each fluid is egual, the flow system can be zaid to be stable, and critical
twe-phase flow is, indaed, sustained. At this point the velocitias of the two
phazses have algo obtained their maximmm values; howaver, they are less
than the gonic velogities in the same two media and differ, therefore, rad- "
ically from zingle -phase flow. In other words, the extra freedom available
compared with a single~phage compressible system, namely, the slip ratio,
restricts the flow of the multiphase system in advance. Hence, the individ-

nal fluid phases cannot be accelerated sufficiently high to accormmodate

velocities experienced in single -phase flow. The p-v path for two-phase
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critical flow ia presumably dictated by the flow history of the fluid {void
fraction), whereas in single -phase sonic flow the infinitesimal pressure
pulse is assurned to be transmitted isentropically. At high fregquencies
the latter will always be greater than the former. Congequently, a pres-
sure pulse will be propagated upstream, and no choking effect can exist

in the same sense ae {or the flow of a single -phase fluid through a pipe.

The next question that will arise in the reader's mind is what will
happen when the back pressure is reduced below the value where the maxi-
mum flow is {irst obtained. This pressure change will, indeed, be felt up-
stream, since the impulses caused by thie pressure change are travelling
with a greater velocity than those of the two phases leaving the exit of the
pipe. However, the changes in the upstream conditions, like void fraction,
slip ratio, ete., will be highly unstable, since any decrease or in¢rease in
the slip ratio will always result in a decrease of the absolute value of the
pressure gradient, which cannct be sustained. I maxirnum flew ccocurs
and there iz a change in downetream conditions, it will not be possible for
a steady-state flow to exist. After a transient period of readjustment, 2
steady-state condition will be established for which maximum flow dees
again occur, In other words, the systern is only stable when the dissipated
energy per unit volume is the same in each fluid phase, when no mechanical
restriction exists at the exit of the pipe. Therefore, changes in downstream
pressure, no matter how small, or how simall the back pressure is compared
with the critical throat pressure, will always be transmitted upstreamn. How-
ever, if the back pressure is kept constant after the change is carried out and
is smaller than the value of the back pressure that caused maximum flow, the
two-phase flow system will always force itself back to the stable conditions
(k = {vg/vl}:”] and will sustain ita finite maximum pressure gradient or

maximum flow.

That the pressure impulses are transported upstream when changes
in hack pressure are carried out have, indeed, been noticed during the ex-

perimental work and by previous investigatnrs,(g':"'?ﬂ but have apparently



128

been interpreted differently. This hag led to some confuszion, since these
authors wera not sure whether or not critical flow for one phase and two
phases are carried out with the same implications. It is not possible to
produce a differential pressure between the discharge plane and the re-
ceiver so large that a change of back pressure will not affect the overall
axizl pressure profile to some degree. Diiferential pressures as large as
360 pei were achieved between the end of the tezt gection and the expansion

Bection.

Therefore, when the experimental data were taken in this work, the
back pressure was kept to as low a value as possible, such that with this
pressure the attainment of the maximum pressure gradient or maximum
flow rate was assured. Further, the conditions of stability at the throat
do not depend only upon the upstream conditions, but also upon how in~
variant one can keep the back pressure. This last restriction was believed
to be satisfied by operating the condenser connecting the downstream ex-

pansicn section at same conditions at all times.

As a conclusion from what has been stated above, the implications

for one-phase and two-phase critical flow differ significantiy.



CHAPTER VIII
SUMMARY AND CONCLUSIONS

8.1 Summary

This investigation starts with a brief introduction to the various

problems associated with two-phase flow and critical flow in particular.

In Chapter II, a literaturs survey of two-phase critical flow is
presented which covers the most extengive studies carried out on this sub-
ject up to date. Void fracticn, flow pattern, and pressure drop in two-

phase flow are also briefly discussad.

In Chapter III and [V the experirmnental apparatus and operating

procedure are described in datail.

In Chapter V the author's theory of two -phase critical flow is

presented.

In Chapter VI an analysiz of the critical-flew data, including previ-
ous major investigations and extensive comparisons of theory with experi=

mental values, are carried out.

In Chapter VII some new ideas are presented concerning the mech-

anism of two-phase critical flow.

Gritical two-phase, steam=water flows have been measured over a
range of quality from 0.01 to 0.7, total flows from 500 to 4,300 1b/sec-ftZ,
pressures from 40 to 360 psia, pipe diameters of 0.125-, 0.269-, and 0.4825-in.
inside diameter, and pipe lengths of 113 and 56 % in. A theory has been de-
veloped for the two=-phage critical -flow phenornenon, and extensive compari-
sons of predicted with experimental values show substantial agreement over

the whole range of qualities and pressures.
8.2. Conclusions

1. From an analysis of the literature concerning two-phase flow,

one concludes that data on critical twe-phase flew over 100 psia are needed.
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2. Previous to the author's theory, no theory was available that
could satisfactorily predict the critical two-phase flow data of Gruz.'-‘z?]
Mn?’(??} and F.a.1~\etti,':33:l which are the three most extensive experimental

investigations made on the subject.

3. Therefore, the goal of this research ig believed to have been
reached inasmuch as equipment was built where critical-flow data above
100 psia were obtained and a theory developad that predicts the experimen-

tal values satisfactorily.

4. Theoretical expressions for the specific volume, void fraction,
and slip ratio for critical steam-water mixtures have been derived. There-
fore, the first complete analytical sclution was made possible for estirnating

the critical two-phase flow rate, including slip hetween the two phases.

5. The pressure profiles for runs at critical flow were all charac-
terized by extremely steep pressure gradients near the throat; however,
the pressure gradients are definitely finite and approach absolute maximum

values, these depending only upon critical flow rate and guality.

&. Sonic velocities are not achieved in critical two-phase flow of
steam -water mixtures. Therefore, the phenomenon of two-phase critical

flow differs significantly from that of single-phase critical flow,

7. A new theory hae been postulated in an effort to explain the

mechaniam of two-phase critical flow.

E. The geomatry of the system to be investigated has apparently
no effect on the critical-flow phenomenon for the diameters and lengths of
pipes used in this work. The same obgervations have been made by pre-

vious investigators and arein agreement with the developed theory.

9. The experimental data obtained in this work compare favor-
ably with previous investigations in the range of variables where such a

cornparison is possible (data below 100 psia).



10. The "Homogeneousg Flow Model" ig found to ba unsatisfactory
for all critical throat pressures and qualities examined. The assumption
of no slip between the phases, thereiore, can be said to be definiteiy

ingorrect.

1i. Since the theory presented in this work describas the critical
pherormenon satizfactorily for all pressures and qualities examined 50
far, and no parameters depending on experimental values are needed in
the theory, Eq. (5.11-8) or graph 22 iz believed by the author to be highly
valuable in determining the maximum discharge of steam-water mixtures
from conduits and "breaks"” in vessels and pipes. The applications are
subjects of congiderable concern in the evaluation of nuclear reactor

accidents and containment among others.
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Table V

CRITICAL-FLOW DATA FROM RUNS MADE WITH TSIV - SHORT

Pih+  XThe Gab. Pthy XTh Gl
Run No, psia % lb/ftz-sec Bun No. psia LS lb/ftz-sec

TSIV~1 87 2.9 2211.8 TSIV-29 160 24.90 1529.0

-2 115 4.1 1985.0 -30 170 17.00 1908.1

-3 ilo 139 1701.2 -31 17% 10.64 2l82.1

-4 130 20.94 1415.8 ~32 175 5.64 Z408.2

-5 205 8.76 2520.0 -33 135 3.34 Z685.5

-6 190  13.6 2296.6 -34 102 2,47 2969.3

-7 220 5.15 2831.6 -35 185 Z7.40 1613.5

~8 185 4.0 3123.6 ~36 195 17.40 1956.0

-9 Z58 13.9 £2784.3 =37 195 10.44 2Z82.2

-10 275 10.15 3¢00.0 -2 195 7.50 2464.9

-11 268 4.43 3270.0 -3% 233 34.50 1785.4

-12 215 2.61 3575.3 ~40 242 43.80 2127.%

-13 18% 2.05 3911.3 -41 247 17.80 2506, 4

-14 |50 1.6 4201.7 ~42 252 14.40 27147

-15 160 24.9 1534.9 -43 270 4.60 2987.2

-6 172 15.3 18832.9 -44 243 5.40 3271.0

17 188 11.1 £223.5 -4% 330 421.80 2104.1

-18 195 6.8 2465.9 46 340 31,50 24460.7

-19 167 4.14 2734, 7 -47 348 22,60 2TET.2

-20 205  29.5 166%.3 -48 352 13.50 3043.0

-21 210 20.36 2027.5 -43 341 14,30 3334.0

-22 213 14.% 2328.2 -50 320 40.12 2135.0

-Z23 2t 11.0 2582 .4 -51 325 £9.40 2373.3

-24 227 6.1 2850.0 -52 330 208.9 2641.7

-25 280 39,06 1%54.0 =53 320 17.3 2900.6

-26 217 28,20 1949.5 -B4 330D 12.04 3200.0

. =27 243 20,90 2122.4 -55 3lo 7.06 3600.7
-28 232 18.5 244%.9
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APPENDIX B
TABULATION OF UPS5TREAM PRESSURES

Table ¥]
TABULATION OF UPSTREAM FEESSURE FOR RUNS MADE WITH TSl - LONG

Distan¢we Mram

throat, in. 4 1/4 6 124 244 361 183

Run Ma. Back Freasura P, prig P, peig P, paig P, peig Po peig P pilg %

TSII- 1 o 85 132 152 185 200 £15 .0
-2 o 109 160 182 220 250 260 24,1
- 3 o 97 154 177 zl5 £i5 Z50 0.2
- 4 i R 13z 150 185 205 237 15.7
- & i Bz 148 147 205 225 240 22.8
- & 0 95 153 172 1D 231 230 £3.34
-7 L 120 192 222 262 -1 1] 5.9
- & L] 120 19 2z 265 286 azs 38.45
- % a g4 200 23 275 297 335 26,9
=1 0 117 185 Zla 255 274 1o 7.0
=11 U 1e0 181 e 261 ZB4 315 26.0
-1z o 117 174 21z F1-38 T2 310 in.z
~13 o 120 192 222 262 287 320 24,94
-14 o 104 147 193 233 246 &7 31.1%
-1% i 107 172 148 242 261 290 2494
=16 o 104 167 141 233 248 280 12.72
=17 ¢ T 1t 126 165 183 195 31,35
-t B T4 120 138 172 172 210 23.B4
-9 o 57 %2 116 128 La4 1&7 2B. 15
-z0 o T2 17 137 147 184 205 36,16
-zl 1 T2 116 133 158 181 200 29.04
=22 o 102 167 189 Z30 246 275 3104
~&3 O 107 172 194 Z3% &1 Z40 £5.%2
-14 1 100 162 187 225 246 270 i1.08
=25 o an 128 b48 180 a1l 22z 26.T73
1.3 1] Equipment jailed-aborted
-27 U 80 12% 149 176 197 220 £9.50
-28 L &8 1i7 137 166 188 2o 22.38
-29 o 10z 165 190 £30 246 274 541
=M o 104 167 196 235 256 280 44,33
=31 1 107 171 198 237 259 285 8. 62
-3z o 109 T4 {0 24z Zhl 290 16,23
-33 & 100 ik 204 246 2eh 495 45.27
-4 1 110 179 09 55 76 LR 56.88
=55 1 Mot raliable
=36 IJI 104 168 191 230 Zhs 288 31.90
=37 o 9 5.9} 181 Z15 4L Z80 iL.o7
=34 o 107 173 194 a4 76 310 25.02
=33 a 49 13 95 118 156 175 7. 16
-4 0 52 B0 144 129 169 188 2067
=41 o 52 a0 107 132 IT1 150 16-4l
-42 O 41 mn 84 108 144 158 23.97
-43 0 o0 147 159 20 240 268 z8.31
-4 0 4 156 179 20 259 290 0. 44
~45 o 92 153 L77 215 256 285 23.48
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Distance frem

Table VI (Cont'd.)

throat. in. 4 1/4 b} 124 24 36} a8

Run Ma. Buck Preanurs Py, paig P, peig Py, peig Py peig Py paig P, peig x,

TEIl-46 o 91 149 i73 zlo Z5¢ Zao 24,56
-47 o 90 143 16T 290 243 258 27.43
=45 L 90 143 lo7 122 240 260 3Z.1%
-4% 2 21 149 171 205 245 265 346.10
-50 Ly 91 149 170 205 244 265 40.01
«51 0 94 158 179 2ia FL.] 2BE 52.25
-52 Ly Mot reliable
=53 L a4 105 126 155 198 220 23.07
-5 Ly Gl %6 116 124 179 195 31.57
=55 L1 &2 1Lk 121 145 19 208 43.53
+Eh L 97 160 186 215 264 0 23.24
~57 o 95 154 177 &16 255 285 6. 10
-58 L 94 L53 174 21 250 275 29.33
-59 Q 94 155 176 210 252 275 33.33
=60 0 95 158 180 215 255 Z75 31.43
~&1 O 97 160 183% 20 258 P11 42.41
-6Z 0 99 ind 158 Z31 269 295 53.4b
-63 2 Equipment falled-aborted
-&d i 111 202 241 2B4 329 170 43.41
=63 0 141 zla 254 235 339 30 52.20
-~B5A o 122 (§:1-3 2:za &0 2346 335 24.69
-hé o 117 19q 217 252 275 310 29.54
=67 1] & L8& 217 255 275 alo 35.ary
=58 ] 116 149 214 255 275 310 40,564
-&9 o 118 513 2z4 270 2BA azn 45 37
=70 0 122 £00 233 1. 1r] ilo 348 50.26
-71 o 120 203 239 290 31z 345 55.94
-1z o 122 200 237 290 il4 155 6013
=73 o 122 iv4 21 290 112 365 61. 7%
-T4 o Hot celiable
-75 o 45 81 Q& 121 132 155 1519
=78 ﬂ 43 18 95 120 129 150 i4.18
+ 77 o 45 81 Gh& 122 132 155 1&.719
-78 ] 44 &1 b 122 132 155 i9. 10
=79 0 + 7 21 119 13 15% Z2e.78
-8 4 +H Fr) a8 112 125 156G 4. 79
-81 b 46 75 90 110 122 145 34.90
-8z 0 &7 118 139 170 190 210 18.04
-83 4 68 L7 139 170 190 219 21.63
-84 o &7 115 129 165 182 210 25.26
.1 0 66,5 109 127 156 173 197 28.1%5
=86 ¢ &8 111 128 154 173 135 31,41
-87 ] (1] 110 126 154 175 135 31,32
-85 a &9 ils 130 140 178 195 3634
=89 0 6%.5 L15 131 L&D 118 195 34, 20
-90 [ 70.5 120 141 [ i) 188 215 56.71
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TARBULATION OF UPSTREAM PRESSURES FOR RUNS MADE WITH TSIV - SHORT

Distancse from

Table ¥II

thraat, in. ! /8 Y 124 24 36} 40}

Bun No. Back Pressurs Py, paig Py peig Py paig P, paig Pppslg Pppsg =%

TSIV- ! ¢ 7z 97 107 120 132 L4 2.9
-2 f 160 140 150 1560 170 180 4.1
-3 ] 95 180 02 220 zio 240 11.9
- 4 L] 115 221 259 310 342 370 20.94
-5 a (513 320 358 405 428 440 8.76
- b a 175 zz8 380 445 462 480 131.6
-7 ] 205 269 300 335 350 380 5.18
-4 0 170 230 240 265 290 3120 4.0
-~ 9 0 243 450 490 585 600 b45 §3.90
-1o 1] 260 437 480 530 55% L7.0) i0.15
-11 0 253 358 390 415 445 48D 4.43
-1z 0 202 z10 293 KEN) 360 405 2.6!
-13 b 170 225 245 290 335 380 2.0
-14 o 135 172 195 243 290 345 (3
-15 o 145 275 335 397 AS0 490 24.9
-16 o 157 295 368 118 455 485 15.3
-17 0 173 105 350 395 415 435 i1.1
-18 ] 180 z1z 295 3190 340 370 6.8
-19 o 152 208 220 225 250 265 4.14
-20 0 190 350 415 500 570 630 9.5
-21 ¢ 195 360 425 500 555 600 20.3¢6
-22 o 198 368 435 E10 550 £00 14.6
-23 ] 207 385 435 475 500 530 .o
=24 ¢ 213 105 345 340 ITs 320 &1
-25 ] 265 450 545 645 135 830 39.06
26 ] 202 380 455 540 640 700 28.20
-27 ] zza 420 500 590 655 715 20.%0
-28 ] 212 4l0 495 V- 6258 665 18. 50
-29 0 145 275 340 395 450 480 24.90
30 ] 155 295 380 415 460 490 17.00
-31 ] L0 285 338 LT 370 380 10. 64
-32 o 160 225 250 z60 215 300 5.64
-33 o 129 160 180 190 200 210 3,34
-34 o a7 115 140 140 180 200 2.47
-35 o 170 320 385 465 530 590 27.40
-36 (] 180 340 400 470 530 570 17.40
-37 ] 189 izs 380 440 450 440 10.44
-38 ] 189 295 340 350 ¥15 350 7.50
-3¢ o 218 385 445 545 635 200 34.50
-40 (] 227 110 490 595 hED 700 23.40
-4l o 232 425 500 585 B40 700 17.80
-4z ] 237 425 500 575 595 620 14.40
43 ] 255 415 ATS 500 525 550 9.50
-44 o 228 31% 358 375 390 420 5.40
-45 ] 315 535 635 TES B40 940  42.80
-45 o 328 540 645 775 BEO 95D 31.50
-47 t 333 565 670 795 280 960  22.60
-48 ] 337 575 670 798 868 940 19.50
-4 o 348 580 £70 758 420 860 14,30
-50 o 305 515 605 725 820 920 40,12
-51 o 30 525 615 T35 230 920 20.40
-52 o 315 535 625 745 330 920 20.90
-53 o 305 520 620 715 770 Aze 17.3
~54 o 315 525 510 &74 120 Teh 12. 04
55 o 295 427 455 485 520 550 7.06
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APPENDIX C

CALCULATION PROCEDURE FOR GRAPH 14, REPRESENTING THE
"HOMOGENEOQUS FLOW MODEL"

The conditiens on which Figure !4 are based are as follows:

I. adiabatizc and reversible axpansicn;
2. thermedynamic equilibrium; and

3. equal phase valocities.

The general method of calculation consisted in calculating the crit-
ical, or maximum, mass velocity of a steam-water mixture of a given

quality x at a2 given pressure P.

As shown in Chapter ¥, the theoretical critical mass velocity as

derived from the "Homogeneous Flow Model"” is given by

-8 |12
Grmax = dv ;
(45 o

where

v=v1{1-x}+vx .

g

A method which gives good results is to approximate

dv b fiv's
dPfgm T \BP)

The beat means of describing this is to carry out a sample calculation.

A. Interrnediate~quality Points

Let

P 1] p=ia
257

x
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For P_= 11 psia, the Steam Tables give

g¢ = 0.2903 . Bfg = [.4897
Also,

Em=5f+3£gx .

It order to calculate dedv, the variation in volume v will be deter-
mined over a pressure gradient at constant entroepy. Thus, for a pressure P

asufficiently close to P, we have

S, = si! + Sflg x'
Hence,
x' = #m5¢ .
sfg

Puiting in the proper values,
for P = 10 psia, x' = F2ES5E));
for P = 12 psia, x' = 0.2479.

The specific volume of the mixture is then calculated by the formula

V=V1{1-x}+vgx ;

for P = 10 psia, v = 9.6982 ft*/1b
for P = 1] psia, v = 8.7T974 ft"‘flb
for P = 12 psia, v = 8.0444 ft*/1b

Next,d B/dv can be obtained graphically as the slops of the tangsnt to the
curve resulting from a plot of F versus v, at the point corresponding to
P = 11 psia. From such & plot,

dF/dv = 176.69 1b3/tt5

Then

G (g aB/dv)V? = 75.4 Ib/ft*-sec.

f

max

Since dedv is calculated by & graphical method, its accuracy cannot be
assured. The error committed in this =valuation was minimized by
"smoothing " the existing values by means of plets of dP,a" dv versus P and

of dedv Versus v.



As any Temaining error would carry over to the determination of
G, a correction was made in this variable by plotting P versua G with

quality x as a parameter.

B. Saturated Water

It is ocbvious that, at saturation conditions, the partial derivative
dP/dv cannot he calculated by considering pressuras just sbove and just
below 2 given saturation pressure, inasmuch as water would be below its

saturation point for any pressure higher than its saturation pressure.

In this case, indirect means were used to evaluate that gquantity.
Critical mass velecitizs were plotted againat quality with pressure as a
parameter, and the resulting curves were extrapolated to quality x = 0.
The extrapalation, from x = 0.07 to x = 0.00, though smzll, was in the
ateeapeast portion of the curve, and the values of G eo obtained proved to

bha not tos reliakla.

Reliability was improved by plotting P versus G and drawing a
smooth curve through the points available. These corrected values of G,
together with the water enthalpy at given ¢ritical pressures {in this case
equal to the total energy), constituted all the required data to identify the

saturated water line.

C. Saturated Steam

The derivative dP/dv cannat be expected to vary in the same way
in both the saturated and superheated regions, and, therefore, the method
selected in determining the mase velocity at saturated steam conditions

iz of importance.

It was thought that the hest approach consisted in extrapolating
the mixture propertias in the saturated region to saturated steam condi-
tions. The adopted procedure was the same as described in Section B,
gxcapt that the extrapelation wag thie time in the least steep portion of
the curve, and the extrapolated values of G were found to lie on a smooth
curve when plotted agsinst P. All other calculations were performed as

outlinad in Section A.
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. APPENDIX D

CALCULATION PROCEDURE FOR GRAPH 22, SHOWING THE AUTHOR'S
THEORY FOR PREDICTING CRITICAL TWO-PHASE FLOW BRATES

The conditione en which Figure 22 is based are as follows:

1, amnular flow model where different velocities exist;

Z. specific volume of the steam=-water mixture given by

F A F
V=};?E+“;xi v.l ) I
2 E

) =0
constant enthalpy

dp
4. |d1 B {m“}finite i and
o,x

5. thermodynamic equilibrivrm.

The general method of calculation consiated in calculating the crit-
ical, or maximum, mass velocity of a stearn~watar mixturs of a given

quality x at a given pressure P.

Az ghown in Chapter V, the theoretical critical mass velocity as

derived irom the author's theory ia given by

12
ag:l
ot [{l]-:*m:] drytdP + {vglL +2k- 23t +wiizsh- 2k-20k2 o2} aelab e {Rfream-2-adie- 0l enrer
where
( vg)lfi
] -
1

A method which gives good results ia to approximats

dvg hv d\rl A Ax Ax
. == by » oo bY -, and S by ——

dp AP dP LP dp fid o

under ieenthalpic conditions.
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The best means of describing thia is to carry out a sample

calculation.

Let P. = 600 psia and x = ], 5, 10, 20, 40, 60, and 80%. The thermeo-
dynamic properties used in carrying out thie sample calculation are tabulated

in Table VIII.
Table VIII

THERMODYNAMIC PROPERTIES

Pressures,

psia 820 800 R80
vglft'/Ib) 0.744 0.7698 0.7973
vy (1t3/1b) 0.0202  0.0201 0.0201
heg{ Btu/Ib) 727.2 731.6 736.1
hy {Btu/1b) 475.7 467.4

The gquantity (AF/ Avlyy the approximation to {aP/dv) gy is calculated by cal-
culating the new gpecific volumes of a mixture, originally at xg and

600 peia, when expanded isenthalpically to 580 psia and compressedisenthal-
pically to 620 psia, Then Avpy is simply equal to the difference between
the specific volumes at 580 psia and £20 psia. During this process, x, Ve

and v) change, The change in x shall be calculated first.

Caleulation of {dx/dP)y at 600 psia

For constant mixture enthalpy,

), (8- 3

dpP H h‘fﬂ dpF aF
. _I_(ﬁ , x‘“‘j)
hfg Fi% o AR

_ 1 (475.? - 467.4 736, - ?.a?.z)
7316 \ (40}{i44) (40)(144)

10™%
=T [-8.3 + {x){8.9)]

f



Hence the valuee gshown in Table X can be calculated.

Table IX

TABULATION OF [d.x,.-'"'d.F]H FOR VARIOUS
VALUES OF QUALITY AT 600 paia

Guality x, % (dn/ By

1 -1.9485 x to™*
[ -1.8640 % 107%
19 -1.7584 x [0°¢
20 -1.5472 x 10°*
44 -1.1248 x 1o™*
&0 -0.7024 x lO™*
80 -0.2800 x 10°*

Calculation of {dvg/ dP}y at 600 psia

dv
s) (fﬁ"g) . _ 0.7973 - 0.7440 "
(dP - "\ap . Ta0)144) - ~9-2535x 10

Calculation of (dv]/dp}H at 600 peia

dv
_1) (ﬂ‘ﬂ) _ 0.0202 - 00201 _ -8

Calculation of slip ratio k at 600 peaia

12
w o (o) L fo.7698 Ve 619
AV ~ \0.0201 - '

By substituting in the above values for the derivatives and k, for
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different qualitiea x, inthe equationfor determining Gepit, Table X is obtained,

Table X

TABULATION OF CALCULATED CRITICAL FLOW RATES
FOR YARIOUS VALUES OF QUALITY AT 600 psia

Critical Flow Rate

Quality x, % G, Ib/1t*-gee
] 8960
5 7605
10 6510
20 5100
40 3570
&0 2740

80 2235
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. If the term including dV]/dP iz neglected in the equation giving the

critical flow rate, Table X is obtained.

Table X]

TABULATION OF AFFROXIMATE CRITICAL FLOW RATES
FOR VARIOUS VALUES OF QUALITY AT 400 paia

Critical Fiow Rate

Quality x, % G, lb/ft*-sec

1 8760

- Td25

10 6408
20 5040
40 3840
60 2730
80 2230

By a comparison of Tableg X and X1, it can be seen that the error is less
than 3% by neglecting the dvy{dP term in calculating the critical mass ve-
locity. Furthermore, this error decreases with decreasing pressure. At
400 psia, the errer is less than 1%, Hence, all mass velocities below

400 psia can be calculated safely by discarding the dv)/dP term, which

wasg done in preparing graph 22.

As for calculating the critical flow rates of saturated steamn, see
Appendix C, since the author's equation for critical flow rate atx = 1

converges to that of the "Hemogeneous Flow Model.”




AFPENDIX E

THE ERROR INTRODUCED BY EVALUATING dv/dP
FROM STEAM TABLE

The guantities v¢, v, by, hfg’ 8¢ and afg needed to estimmate critical

g
flow rates are found in the gtearn tables of Keenan and Keyes.*

The derivative of & quantity is obtained by a linear approximation
from adjacent lines in the tahlesg; thug,

(45)  Cahnta=Coghas

dP Bita ™ Ba oy

whare Py, #tc., refer to the valuee in the nr‘h line of the table. In genaral,
a and b were taken as unity, that is, values were computed from adjacent
lines in the table except wheres the intervals were suddenly changed. In

that case, a or b was chosen 50 that

Pnta ~Fn "B, - B s -

The error introduced by this technique is partly due to the fact that
the slope of the chord diffars slightly from the slope of the tangent at the
midpoint of the arc, and partly due to the small difference hetween adjacent
variables. Curve fitting with approximate analytical expressions and difa-
ferentiation may eliminate the first error, bhut not the second; that i, one
cannot fit any curve any more accurately than the given points. The error
due ic the linear approximation in evaluating the derivatives de/ dF, dhf/'( dF,
and dhi-g/dl:'iﬂ practically zero since the quantities vy, hy, and hfg vary ap-
preximately in a linear fashion with respect to pressere in limited regiones.
The errors due to the difference between chord and tangent can be shovwn to

be of the order of (AP/P) for evaluating dvy/dP, deg/dP, and degy/dP.

First, consider the difference of slope hetwaen the chord and the

tangent. The chord is chosen toe be symmetric about the point of interest.

¥Keenan, J. H., Keyes, F. G., Thermodynamic Properties of Steam,
John Wiley and Sons, Inc., New York {1936).
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Over a limited region the value of vy varies approximately as 1/ F, and Sfg
and sy vary approximately ae log P. For both these typas of functions one

can show the error to be equal to [ﬁP/P}z.

Cage I
y = x%
- 1) Ax\?
Y+ﬁ¥=&v=(x+ax}n=x“[l+n‘?:‘ +“§“_‘2 )(:) + mmmma- ] :
z (x-Ax) = LAY .. .
y - &y = (x-Ax) xn[ == 4 ] ;
= nix aln -1 {n -2) Ax 3 _
by -xn[z x te 1:2-3 (x) Fommees !
] [ L7 - ]
Ay nx ]:] + >3 x) +

The definition of the tangent iz the slope of the chord as Ax—+0; thus,

{n=1){n-2)

1+ 53

z
(ﬂxx) + higher powers nf%{ﬁ

is the error in using a chord symmetrically disposed about the point of
interest. Now, Vg varies approximately as P~l. Hence, the chord differs

from the tangent by a factor differing from unity by (AP/P)2.

Case IT
y = log x
Ay = log (x+aAx) =log x
- At .

Ay log (1 + ” ) '

'ﬂ'.‘}i" = li}g (1 -T)
Therefore,

Zhy = log (1 +ﬁ—::‘) - log (] -ﬂ—}-:-)



Since &fg and g; approximate a log P function over limited regions, here

again chord errors are of the form [ﬂ.lf)'ﬁ:’}z

It should be noted that if a nonsymmetrical chord is chosgsen to ap-
proximate the tangent, 5o that the one end of the chord is at a point of
interest, then the arror will becorne &P/i’ instead of {,&P}'JP}Z Thie can Le
seen immediately in the above derivation since the first terms in the

bionomial expression cancel.
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APPENDIX F

SAMPLE CALCULATION SHOWING THE DETERMINATION OF
CRITICAL MASS VELOCITY, CRITICAL PRESSURE, AND
QUALITY AT ANY POINT ALONG THE TEST SECTION
FROM THE EXPERIMENTAL DATA
Computations involved in determining the critical mass velocity,

critical pressure, and guality are illugtrated by the following sample

caleulation based on run TSII-42 (sce Chapter IV).

1. Critical Mass Velocity

Wm = Wy + Wy = 322 + 595.5 = 917.5 b/hr.
Cross-sectional area of teat Section II: A = 0,000395 ft?,

A - 917.5 _ e42
Mass velocity: G = {0.060395)(3600) 45,2 1b/sec-t2,

2. Critical Pregsure

There are six pressure measurementa along the test section to
conaider, namely, P,, P;, Py, P, Py, and P, (gee Chapter IV). These pres-
sure data are plotted vergus diatance from presaure tap 6, and the resulting
curve is extrapolated to the cutlet of the test pipe (1 diameter length) to
obtain the critical pregsure. Examples of this are shown in grapha 25

through 28. From such a plot, Py = 54 psia.

3. Mixture Compaaition at Any Point along the Pipe

It can readily be recognized that, in order to arrive at true values
of vapor and liquid mass fractions, void-fraction relationshipa are re-
quired, which inde=sd have been derived in this work. However, it will be
shown here that by assuming homogeneous flow this causes no significant
change in quality. Sample calculations of the quality at preasure tap &

by means of beth annular and homogeneoua flow models follow:

a. Calculation of the quality at pressure fap & assuming
homogeneous flow:
From Eq. {5.13-13}, neglecting kinetic-enargy terms, one has

for a first approximation of x;:
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Wmhfg

Xo,b ~

W, = 322 1b/hr; P, = 350 paia; T, = 583.3°F; Hy = 1301.4 Btu/lb;
WeL = 595.51b/hr; Pgp, = 595 psia; T, = 98.0°F; Hg = 66 Btu/lb;
Wi, = 917.51b/hr; Pg = 173 paiaz hy = 342.6Btu/Ib; hey, = 853.7 Btu/Ib;

QL ogg = 20.000 Biu/hr.

Heat losses, ] g55, for the systermn were determined with superheated
steamn. The heat lesaes over the system from the steam Flowrator to the
inlet of the test section were found, in flve separate trials, to vary from
15.000 to 25.000 Btu/hr or approximately 5% of the steam enthalpy at the
Flowrator. The trials were done at different eteam {low ratea. For calcu-
lating the quality at the inlet to the tegt section in the two-phase runa, the

enthalpy loas over this inlet section was taken to he 20.000 Btu/hr-

Under the same conditions as above, the heat loases over the total

test section were measured and found te be negligible compared with the

steam enthalpy at the Flowrator.

Heat lossea for the water inlet line were assumed negligible.

0.1583

_ {322)(1301.4)+(595.5)(66)-20,000-(917.5)(342.6) _
B (917.5)(853.7) B

Xo,b

Evaluation of kinetic energies at Flowrators:

v, = 1,6699 £°/Ih; v 2.630 ££2/1b;

8

By,
vel, = 0.016 13/1b: )

, = 0.0182 fr'/1b,

- 3.2 2 .
KE, = Wivl/gra?
g, = 32.2 lby,-ft/lby-sec? J = 778 Btu/lbg-ft
A = mD¥4 = (3.14}(1/12)3/4 = 0.00545 §t?.

50 the kinetic energy for the steam at the Flowrator bhecomes

KE, = (322)%(1.6699)4/(2)(32.2){778){0,00545)%(3600)% = Z.E'.’-I.Btu/hr.

158



159

For the subcooled water at the Flowrator;
KE.[, = {595 5)2(0.016Y*/(2}{32.2){778)(0.00545)%(3600)% = negligible.
Evaluation of the kinetic energy of the steam-water mixture at pressure

tap &

From "Homogenecus Flow Model,"

Von = XV ¥ {1-x}v, = (0.1583H2.630) +(0.8417)(0.016) = 0.4293,

A - 0.000395 i,

aD?  {3.14}{0.269 /12)°
. 4 ]

From Eq. (5.13-7}, one gets:

(KE :| TP U = w?"n""lz'n
GIMOgenscsus ——a
E 2g JJA

(917.5¥*(0.4298)% )
@i32.2)(178)(0. 000358y ~ 37* BEW/b

H

Solving again for x in Eqa. {5.13-13) and (5.13-12}, neglecting kinetic

energy terms at Flowrators,

KE7pYH 1374

1,6 X6 - m = 0.1583 - 917.5)(853.7) = (1565

Fepeating the procedure,

v, = (0.1565)(2,630) + {0.8435)(0.016} = 0.4251,

(917.5)%{0.4251)2

KETPH ° T)(a2.2)(7178) (360010.000593)% 1243 Brw/hr

and

1343
{317.5)(853.7)

X5,6 = 0.1583 - = 0,1566

Hence, the gquality at pressure tap & assuming homogeneous flow is equal
to 0.1566,
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. b. Calculation of the quality at preasure tap 6 uging the anthor‘sa

theoretical sxpreasion for the void fraction txrg.
Using Eq. (5.13-12),

X =Xy tc 5

where

WeH +Wgrhyl -Q1 ass Wiy

xo -
wmhfg
132 1_ 2 3,2 3z
c 8 Ws":g N wsL:"sL ) 'Wi.n x ?E+ (1-x} "’11
'
T I Wmhy, | Dy i D* | r? (1-R}

From Egq. (5.13-13), one has:
Xp,6 = 0.1583

The void fraction r:JLg is given by Eq. {5.9-13):

L-xfviwe 1 0.8417\/0.0182\V2 -1

The kinetic-energy corraction factor ¢ then becomes

. {8)(3600)"*
€ T T3 A s0103){917.5)(85. 7]

[(322p(1 670 | (595.5)(0.016)* _(917.5) {{0.1553}‘[a.63m‘+[341?]3{0.013312} < -0 0003
[ 2y 12 " To.ze9/1z)* [0.6930)- 10,3070 . 1

and, using Eq. {5.13-12} one gets
X, = 0.1583 - 0,0003 = 0.1580.

Hence, the guality at pressure tap & assuming an annular flow model is

equal to 0.1580.

As one can see, this iteration procedure converges quite
rapidly. Furthermore, the error by assuming homogeneous flow in cal-
culating the guality, which saves considerable labor, is l2ss than 1% In

. the same manner as described above, the guality x can be calculated at

any point along the pipe where the static pregsure iz known.




APPENDIX G

CALCULATION PROCEDURE FOR EVALUATION OF THE
FRICTION COEFFICIENT FROM EQUATION (5.12-7)

The two-phase friction coefficient will be calculated from Eq. {5.12-7),
based upon the experimental data for run T5II-42 {see Chapter IV).

Equation {5.12-7) is

or

~Lpnim 1
(= zZD Ec[ k ] pht1 a t log 1
m "1 Y~z ﬁf - OB — '
m-<=ag 2
where
_l-x . = -n .
r ” Vlk H Vg aP '

[T
v
z {1 -ax)vk+x VS][1+x{k-1}] ; k :(__g)
k hd |
Furthermore, for Eq. (5.12-7) to give a solution that converges, the

following condition must be satisfied:

r P“I( 1

As an example, the average {riction coeificient between pressure
" taps 2 and 1 in run T35I11-42 will be calculated, with P; = 85 psia and
P, = 56 psia, and with L = %ft.

The qualities at Fy and Py are calculated in the same manner as is
ghown in Appendix F for P; and are

xy = 0.2173; x, = 0.2382 .

The constants a2 and n in vg = aP™D are evaluated f{rom steam tables and
are

a = &% 10% n = 0.973

Calculations of slip ratio at P; and P;:

At P,,

- k| =
vg, = 5-168 ft'/1b and v}, = 0.01761 .

161




162

Hence
lea =(£‘%§l)m = 17.13
At Py,
vg, = 7.656 ft/Ib and v, = 0.01733
Hence
1/2
k, = (;{i—ﬁ?&) = 21.02

Calculation of [ and I,

l-x; 1-0.2173
F = = ———————————
z Xz ?lzka ﬂyleS

(0.01761){17.13) = 1.0864

1 -3, v _ 1-0,2382
e, Lt 0.2382

r, = (0.01733)(21.02) = 1.1650

Check on 'l;. Pnl < 1:

Iy _ 1.1650 0.973 _

: P? = ‘W [56:{ 144} = 0,14737
L2 on _ 1.0864 0,973 _

2P} = 7 (85x144) 0.20626

Hance. the condition ig satisfied for the solution te converge.

] k
Calcualation of [x I +x{k n l]]

mean

. 17.13 21.02 1/2
Meani = +
(0.2173) 1+0,2173(k7.13-1) =~ (0.2382) 1+0.2382(21.02-1)

1/2
[1?.493& + 15.2?6'?] = 16.3977

Calculations of P{‘H/a and PE‘H :

PR (85x144)'90

a sx10e - 23540




n+1 1.%73
Fi _ (56x 144} -
(==}
'- £ Pn)m
Caleculations of E alm + 1)1 at P; and P!
m=0
L ge (@) (e (e
Z a = _ .2 y a8 _ \a +ia SRR
o n{m+ 1)+1 n+l (2n+1} (3n+l} 4n+l  Sn+l
At Py,
L= -]
Z = 0.5068 - 0.0700 + 0.0109 - 0.0018 + 0,0003 = 0.4462
m=a
At Py,
Z =0.56063 - 0.0500 + 00,0055 - 00006 + 0.0001 = Q.4618
m=0
Then

= (1020.1}{0.4618)-(2354.0)(0.4462)

lﬂ

[3
i)

=Y iy
g w|—
+| m
N
— 5

|

471.06-1050,35

-579.29

Calculation of log, vl,/vz:

Vi [“ - Xphvp +x1Vg1] [1 +x;0ky - 1) kz]

E [{1 - %z} v ke +xz‘*’g;] [1 +x,(kz - 1} k1]

_ [{L-0.2382){0.01733){21.02) + {0.2382)(7.656}][1+{0.2382){21.02-1)]{17.13)

T 02T TR (0.01 76 ) 17.13) +(0.2173){5.168) | [1+(0.ZLT3} 1 7.1 3-1})(21.02]

1.6134

ll

Hence

loge vl/vz = 0,478354
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. Finally, the average two-phase friction coefficient between pressure
tap 2 and ] for run T5II-42 witha flow rate G=645.2 lb/sec-ftz and inside
diameter of the pipe equal to 0,269 in, becomes

£ = [-{zﬁﬁnﬁ.]zﬁﬁ}] [[Sg-iia (16.3977)(-579.29) + n.47334]

(-0.08967) f{0.73362) + (0.47834)]

(«0.08967){-0.25528)

0.0229 .

I[]

Therefore, the above procedure shows how the developed theaory in this work
alse can be used to calculate the two-phase friction coefficient. Also, the
described procedure above was used to verify Bf_/ak = 0 for k = (v /vl}l"rz
from experimental data. The friction factor f,, was calculated by cﬁnosing
different vatues of kk, each tirne carrying out the procedure above, and indeed
a graph similar to graph 1% in Chapter V was obtalned. This waa carried out
for a few extrerne runs. For the run T511-42 above, the average slip ratio
betwean P; and P; calculated from Eq. (5.9-12) ie {1?.13+21.D3}/% = 19.075
and gives a friction factor equal te 0.0229. For the same experimental data,
using an average value of 15 for the slip ratio. the friction factor is found to
be 0,0165, and for k;,., equal to 25, f, becomes 0.0210, which shows that f.,
obtains itg maxiraurn value for a value of k greater than 15 and less than 25,





