
This technical report has been made 
electronically available on

the World Wide Web
through a contribution from

Anonymous Donor

Office of Scientific and Technical Information
Office of Science

U.S. Department of Energy
April, 2009

osti.gov



ANL-6633 ANL-6633 

argcne Bationaf Xaboratorg 

CONTRIBUTION TO THE THEORY 

OF TWG-PHASE, QNE-CQMPGfSfEN] 

CRITICAL FLOW 

by 

Hans K. Fauske 



LEGAL NOTICE 

This report vjas prepared as an account of Government sponsored 
work. Neither the United States, nor the Commission, nor any 
person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, 
with respect to the accuracy, completeness, or usefulness 
of the information contained m this tepott, or thai the use 
of any information, apparatus, method, or process disclosed 
in this report may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for 
damages resulting from the use of any information, apparatus, 
method, or process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee 
of such contractor, to the extent that such employee or contractor 
of the Commission, or employee of such contractor prepares, dis­
seminates, or provides access to, any information pursuant to his 
employment or contract with the Commission, or his employment with 
such contractor. 

Price $2.75 . Available from the Office of Technical Services, 
Department of Commerce, Washington 25, D. C. 



DISCLAIMER 
 

This report was prepared as an account of work sponsored by an 
agency of the United States Government.  Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights.  Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof.  The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 
 
Portions of this document may be illegible in 
electronic image products.  Images are produced 
from the best available original document. 
 



ANL-6633 
Engineering and Equipment 
(TID-4500, 18th Ed.) 
AEC Resea rch and 
Development Report 

ARGONNE NATIONAL LABORATORY 
9700 South Cass Avenue 

Argonne, Illinois 

CONTRIBUTION TO THE THEORY OF 
TWO-PHASE, ONE-COMPONENT 

CRITICAL FLOW 

by 

Hans K. Fauske 

Reactor Engineering Division 

October , 1962 

Operated by The Univers i ty of Chicago 
under 

Contract W-31 - 109-eng-38 
with the 

U. S. Atomic Energy Commiss ion 



PREFACE 

The exper imenta l pa r t of these investigations was c a r r i e d out 

during the t ime from June 1959 to August I960 at the Chemical Engi­

neer ing Depar tment , Universi ty of Minnesota, Minnesota. 

F i r s t of al l , I want to express my s incere grat i tude to my 

teacher , P ro fe s so r Dr. He rbe r t S. Isbin, Univers i ty of Minnesota. 

He init iated my in te res t in two-phase flow in genera l and in c r i t i ca l 

flow in pa r t i cu la r . He has never hes i ta ted in placing at my disposal 

his profound exper ience in the fundamental p rob lems of two-phase 

flow. I am especial ly grateful for the opportunity of becoming a c ­

quainted with his methods of approach to scientific p r o b l e m s , as well 

as his attitude toward science in genera l . 

The extension of exper imenta l studies was made possible by 

an Argonne National Labora tory contract , and the development of the 

theory and in terpre ta t ion of the data was continued under an Atomic 

Energy Commiss ion contract on Reactor Containment Studies. The 

author is also grateful for the Resea rch Ass i s tan tsh ip provided on 

these two cont rac ts with the Chemical Engineering Depar tment , 

Universi ty of Minnesota, Minnesota. 

I fu r the rmore wish to expres s my s incere appreciat ion to 

Mr. John B. Antolak for his advice and c r i t i c i s m s on the building of 

the equipment. 

Final ly , I wish to thank Graduate Students Stanley L. Gordon 

and Henry H. Chien for a s s i s t ance with the numer ica l calculat ions. 

i 



TABLE OF CONTENTS 

Page 

PREFACE i 

NOMENCLATURE viii 

CHAPTER 

I. INTRODUCTION TO TWO-PHASE FLOW 1 

II. LITERATURE SURVEY 5 

2 .1 . P a s t Work on Slip, Void F rac t ion , and Flow P a t t e r n s . . 5 

2.2. P a s t Work on Two-phase P r e s s u r e Drop 10 

2.3. P a s t Work on Cr i t ica l Flow 11 

III. EXPERIMENTAL EQUIPMENT 24 

3.1. General 24 

3.2. Steam Supply 26 

3.3. Water Supply 28 

3.4. Atmospher ic P r e s s u r e 28 

3.5. Surge Tanks 29 

3.6. Dead Weight Tes te r 29 

3.7. Mixer 29 

3.8. Test Section 30 

3.9. The Condenser 35 

3.10. Piping, Valves, and Insulation 35 

3.11. Pumps 35 

3.12. Ins t rumentat ion 41 

IV. EXPERIMENTAL PROCEDURE 47 

4 .1 . Definition of Cr i t ica l Flow from Exper imenta l 

Viewpoint 47 

4.2. Initial Startup 47 

4.3. Bleeding the System 48 

i i 



TABLE OF CONTENTS 

Page 

4.4. Check of System Using All- l iquid Flow 48 

4.5. Commencing the Flow of Steam 48 

4.6. Introducing the Water Phase 48 

4.7. Stabilizing the Two-phase Flow 49 

4.8. Making a Run 49 

4.9. Organizat ion of the Runs 51 

THEORY OF TWO-PHASE CRITICAL FLOW 53 

Previous Theory on Cri t ica l Flow 53 

5.1. General 53 

5.2. Single-phase Flow 53 

5.3. Two-phase, One-component Flow 56 

5.4. Homogeneous Two-phase Flow ("Homogeneous 

Flow Model") 56 

5.5. Complications of Two-phase Flow 57 

The Author ' s Theory of Two-phase Cr i t ica l Flow 62 

5.6. Genera l 62 

5.7. Development of the Equation of Motion Descr ibing the 
Two-phase , One-component System in a Pipe 64 

5.8. Definitions Used for Cr i t ica l Two-phase Flow 73 

5.9. Derivation of Slip Ratio and Void Frac t ion for Cr i t ica l 
Two-phase Flow , 74 

5.10. Discussion of Void Frac t ion and Slip Ratio 79 

5.11. Derivation Leading to a Theore t ica l Evaluation of the 
Cr i t ica l Flow Rate 80 

5.12. Derivat ion Leading to Evaluation of the Two-phase 
Fr ic t ion Coefficient for Cr i t ica l Flow 89 

5.13. Outline of the P rocedu re for Calculating the Mixture 
Quality at Any Point along the Tes t Section from 
Exper imenta l Data 90 

5.14. Absolute Average Velocit ies for the Two Phases at 
Cr i t ica l Flow Conditions 93 

i i i 



TABLE OF CONTENTS 

Page 

VI. ANALYSIS OF CRITICAL TWO-PHASE FLOW DATA; 
COMPARISON WITH THE DEVELOPED THEORY, IN­
CLUDING PREVIOUS MAJOR INVESTIGATIONS 96 

6.1. Trea tment of Data 96 

6.2. P r e s s u r e Prof i les 96 

6.3. Graphical P resen ta t ion of the Data 102 

6.4. Effect of Pipe Geometry on Cri t ica l Flow 118 

6.5. Compar ison of Resul ts with Other Invest igators 119 

6.6. Compar ison between Observed Data and Theory 122 

VII. THE MECHANISM OF CRITICAL TWO-PHASE P I P E FLOW. . 125 

VIII. SUMMARY AND CONCLUSIONS 129 

8.1. Summary 129 

8.2. Conclusions 129 

BIBLIOGRAPHY 132 

APPENDICES 

A. Tabulation of Cri t ical-f low Data 142 
B. Tabulation of Ups t ream P r e s s u r e s 144 
C. Calculation P r o c e d u r e for Graph 14, Represent ing the 

"Homogeneous Flow Model" 147 

D. Calculation P rocedu re for Graph 22, Showing the Author's 
Theory for Predic t ing Cr i t ica l Two-phase Flow Rates . . 150 

E. The E r r o r Introduced by Evaluating dv/dP from Steam 
Table 154 

F . Sample Calculation Showing the Determinat ion of 
Cr i t ica l Mass Velocity, Cri t ical P r e s s u r e , and Quality 
at Any Point along the Test Section from the E x p e r i ­
mental Data 157 

G. Calculation P r o c e d u r e for Evaluation of the F r i c t ion 
Coefficient from Equation (5.12-7) 161 

iv 



LIST OF FIGURES 

No. Title Page 

1. Alves ' Limi ts of Flow P a t t e r n s . Coordinates a r e super ­
ficial phase veloci t ies 8 

2. Kras iakova ' s Limi ts of Flow P a t t e r n s . Coordinates a r e 
superficial phase veloci t ies 9 

3. Diagram of the Exper imenta l Equipment 25 

4. View of the Steam Genera tor 27 

5. Schematic of the Mixing Section 31 

6. View of the Mixing Section 32 

7. D iagram of the Test Sections 36 

8. View of the Test Sections before Instal lat ion 37 

9. View of the Test Section after Instal lat ion 38 

10. View of the Condenser 39 

11. View of the H igh -p re s su re Water Pump 40 

12. View of the Panel Board 42 

13. View of the E lec t r i ca l Equipment 43 

14. Predic t ion of Cr i t ica l Flow Rate from Homogeneous 

Flow Model 58 

15. Phys ica l P i c tu r e s of Annular Flow 65 

16. Velocity Prof i les for Two-phase Annular Flow 65 

17. Theoret ica l Predic t ion of the Specific Volume for Cr i t ica l 

Flow 72 

18. P r e s s u r e Prof i les for Two-phase Flow 73 

19. Two-phase F r i c t ion Fac to r Plot ted V e r s u s Slip Ratio 78 

20. Theoret ica l Pred ic t ion of Void F rac t ion for Cr i t ica l F l o w . . . 81 

21. Theoret ical Predic t ion of Slip Ratio for Cr i t ica l Flow 82 

22. Theoret ical Pred ic t ion of Two-phase Cr i t ica l Flow Rates . . . 88 

23. Simple Flow Diagram of the Two-phase Flow Loop 91 

24. Theoret ica l Pred ic t ion of the Vapor -phase Velocity 
Compared with the Velocity of Sound 95 

25. Exper imenta l P r e s s u r e Prof i les 97 

v 



LIST OF FIGURES 

No. Title Page 

26. Exper imenta l P r e s s u r e Prof i les 98 

27. Exper imenta l P r e s s u r e Prof i les 99 

28. Exper imenta l P r e s s u r e Prof i les 100 

29. Compar ison between Data and Theor ies : Quality Equal 
to 1% 103 

30. Compar ison between Data and Theor ies : Quality Equal 
to 2% 104 

31. Compar ison between Data and Theor i e s : Quality Equal 
to 3% 105 

32. Compar ison between Data and Theor ies : Quality Equal 
to 4% 106 

33. Compar ison between Data and Theor ies : Quality from 
5-15% 107 

34. Compar ison between Data and Theor i e s : Quality f rom 
15-25% 108 

35. Compar ison between Data and Theor i e s : Quality f rom 
25-35% 109 

36. Compar ison between Data and Theor ies : Quality from 
35-45% 110 

37. Comparison between Data and Theor i e s : Quality f rom 
45-55% I l l 

38. Comparison between Data and Theor i e s : Quality f rom 
55-65% 112 

39. Compar ison between Data and Theor i e s : Quality from 
65-75% 113 

40. Compar ison between Data and Theor ies : Quality f rom 
75-85% 114 

41. Compar ison between Data and Theor i e s : Quality from 
85-95% 115 

42. Compar ison between Data and Theor i e s : Quality Equal 
to 96% 116 

VI 



LIST O F T A B L E S 

No. T i t l e P a g e 

I. T w o - p h a s e C r i t i c a l D i s c h a r g e D a t a S h e e t 50 

II. Range of E x p e r i m e n t a l V a r i a b l e s 52 

III. Tab le of the Spec i f ic V o l u m e s a s Def ined by E q s . (5 .7 -15) 
( 5 . 7 - 1 6 ) , and by the A u t h o r , Eq . ( 5 . 7 - 1 9 ) , Us ing Void 
F r a c t i o n a s D e r i v e d in Th i s W o r k 71 

IV. T a b u l a t i o n of C r i t i c a l F l o w D a t a M a d e wi th TSII - Long . . . . 142 

V. T a b u l a t i o n of C r i t i c a l F l o w Da ta Made wi th TSIV - S h o r t . . . . 143 

VI. T a b u l a t i o n of U p s t r e a m P r e s s u r e s for Runs M a d e with 

TSII - Long 144,145 

VII. T a b u l a t i o n of U p s t r e a m P r e s s u r e s for Runs M a d e wi th 

TSII - S h o r t 146 

VIII. T h e r m o d y n a m i c P r o p e r t i e s 151 

IX. T a b u l a t i o n of ( d x / d P ) ^ for V a r i o u s V a l u e s of Qua l i t y 

a t 600 p s i a 152 
X. T a b u l a t i o n of C a l c u l a t e d C r i t i c a l F l o w R a t e s for V a r i o u s 

V a l u e s of Qua l i ty a t 600 p s i a 152 

XI. T a b u l a t i o n of A p p r o x i m a t e C r i t i c a l F l o w R a t e s for 
V a r i o u s V a l u e s of Qua l i ty a t 600 p s i a 153 

v n 



N O M E N C L A T U R E 

A C r o s s - s e c t i o n a l a r e a of f l o w , f t2 

A g C r o s s - s e c t i o n a l a r e a o c c u p i e d b y t h e v a p o r p h a s e , f t2 

A i C r o s s - s e c t i o n a l a r e a o c c u p i e d b y t h e l i q u i d p h a s e , f t2 

a C o n s t a n t i n t h e e m p i r i c a l r e l a t i o n , Vg = a P " n 

Cp S p e c i f i c h e a t a t c o n s t a n t p r e s s u r e , B t u / l b r r L - 0 F 

c v S p e c i f i c h e a t a t c o n s t a n t v o l u m e , B t u / l b m - 0 F 

D E q u i v a l e n t d i a m e t e r o r d i a m e t e r of t e s t s e c t i o n , ft 

f O n e - a n d t w o - p h a s e f r i c t i o n f a c t o r , d i m e n s i o n l e s s 

fm A v e r a g e f r i c t i o n f a c t o r , d i m e n s i o n l e s s 

F T o t a l f r i c t i o n a l f o r c e , Ibf 

F r F r i c t i o n f o r c e ( s h e a r f o r c e ) i n t h e v a p o r p h a s e , Ibf 

F.Q F r i c t i o n f o r c e ( s h e a r f o r c e ) in t h e l i q u i d p h a s e , Ibf 

G M a s s f low r a t e , l b m / s e c - f t 2 

g G r a v i t a t i o n a l c o n s t a n t , 3 2 . 2 f t / s e c 2 

g c C o n v e r s i o n f a c t o r , 32 . 2 I b j ^ - f t / l b f - s e c 2 

H m T o t a l e n t h a l p y of t h e t w o - p h a s e m i x t u r e , B t u / r b m 

H s E n t h a l p y of s u p e r h e a t e d s t e a m , B t u / r b m 

hf E n t h a l p y of s a t u r a t e d l i q u i d , B t u / l b m 

hfg T h e c h a n g e i n e n t h a l p y g o i n g f r o m l i q u i d to v a p o r s t a t e , 
B t u / l b m 

h s L E n t h a l p y of s u b c o o l e d w a t e r , B t u / l b m 

J C o n v e r s i o n f a c t o r , 7 7 8 f t - l b f / B t u 

K = c /Cy. R a t i o of t h e s p e c i f i c h e a t s a t c o n s t a n t p r e s s u r e a n d v o l u m e , 
d i m e n s i o n l e s s 

k = u / u i S l i p r a t i o , d i m e n s i o n l e s s 

L L e n g t h i n d i r e c t i o n of f l o w , ft 

1 L e n g t h i n d i r e c t i o n of f l o w , ft 

n C o n s t a n t i n t h e e m p i r i c a l r e l a t i o n , v = a P ~ n 

P S t a t i c p r e s s u r e , l b f / f t 2 

Q H e a t l o s s , B t u / h r 

Sf E n t r o p y of s a t u r a t e d l i q u i d , B t u / l b m - 0 F 

v i i i 



Sfg The change in e n t r o p y going f r o m l iqu id to v a p o r s t a t e , 

B t u / l b m - ° F 

S m To t a l e n t r o p y of the t w o - p h a s e m i x t u r e , B t u / l b m - 0 F 

T T e m p e r a t u r e , 0 F 

t T i m e , s e c 

u A v e r a g e l i n e a r v e l o c i t y of the v a p o r p h a s e , f t / s e c 

u. A v e r a g e l i n e a r v e l o c i t y of the l i qu id p h a s e , f t / s e c 

v The spec i f i c v o l u m e of the t w o - p h a s e m i x t u r e , f t 3 / r b m 

v T h e s p e c i f i c v o l u m e of s a t u r a t e d v a p o r , f t y l b j 

Vi The spec i f i c v o l u m e of s a t u r a t e d w a t e r , f t y l b j 

W T o t a l m a s s r a t e , Ih^^/sec 

W Weigh t of v a p o r f lowing, l b r n / s e c 

W, Weigh t of l iqu id f lowing, I b j - ^ s e c 

W0 Shaft w o r k , f t - l b f / l b m 

x Q u a l i t y , l b m s t e a m / r b m m i x t u r e , d i m e n s i o n l e s s , o r l eng th in 
d i r e c t i o n of f low, ft 

z H e i g h t , ft 

G r e e k L e t t e r s 

' m 

a 

T-i 1 " X 1 

r = — v . k 
x 1 P 

Subscr ip ts 

Ann 

e 

f 

fg 

Void fract ion, d imensionless 

f t / sec 

Density, I b ^ / f t 3 

Annular flow 

Exit of pipe 

Liquid phase 

1. Change in p rope r t i e s betw 
2. Indicates friction in vapor phase 

fl Indicates friction in liquid phase 

g gas phase 

Horn Refers to the "Homogeneous Flow Model' 

KE Kinetic energy 

1 Liquid phase 

I X 



m Two-phase mixture 

ob Refers to observed conditions 

s Refers to s team 

sm Refers to constant entropy 

si Refers to subcooled liquid 

TP Refers to two-phase flow 

TH Refers to ei ther (1) the theore t ica l m a s s velocity calculated 
from the "Homogeneous Flow Model" or (2) the per cent 
s t eam calculated assuming homogeneous flow. 

th Refers to conditions at the throat of the conduit 

1 to 6 Refers to location of p r e s s u r e taps along the tes t section 



CHAPTER I 

INTRODUCTION TO TWO-PHASE FLOW 

The t e r m two-phase flow encompasses a vas t field. In genera l , 

two-phase flow re fe r s to the fluid flow of counter cur rent and cocur ren t 

mix tu res of any two of the three phases - gas , liquid, and solid. The 

field of two-phase flow can be further subdivided into two-component and 

one-component flow. The second of these is complicated by m a s s ex­

change between phases , accentuated by heat t r ans fe r . 

The flows of gas- l iquid sys tems always have not only definite ex­

ternal bounding sur faces , but also in ternal in terfaces between the flowing 

media, which a re general ly var iab le in space and t ime. Interact ions of 

fo rces , and, in nonisothermal flow, the rmal in terac t ions as well a r i s e at 

in ter faces . These in terac t ions fundamentally affect the changes in the 

fields of flow veloci t ies , p r e s s u r e s , t e m p e r a t u r e s , and the rmal and dif­

fusion fluxes t r ans fe r r ing from one point of space to another point sepa­

ra ted from the f i r s t by an interface. 

The existence of twice as many flow and proper ty va r i ab les than 

in s ingle-phase flow int imates that even the s imples t physical model will 

produce in t r ica te re la t ionships . The s imples t of models has not been ade­

quate. Thus, the challenge is to const ruct new physical models , based on 

data, which re ta in enough r igor to descr ibe the phenomena but do not 

become so intract ible mathemat ica l ly as to render them u s e l e s s . This i s , 

of cou r se , the goal of engineering r e s e a r c h in all f ields. Unfortunately, 

in two-phase flow we a re a bit far ther behind than in mos t other fields. 

The ma te r i a l now available in this field, which can bes t be de­

sc r ibed as data accumulat ion, is so large that we may speak of a new 

broad field of hydrodynamics , "the hydraul ics of two-phase flow." It i s , 

the re fore , beyond the scope of this work to c a r r y out a comprehens ive 

investigation of every aspect concerning two-phase flow. 

1 



F r o m the very beginning of confrontation with fluid-flow prob lems 

of this kind, a phenomenon resembl ing cr i t ica l flow in a gaseous sys tem 

in pa r t i cu la r apprehended the au thor ' s heedfulness. This was at a t ime 

when a shortage of exper imenta l data existed and a fundamental unders tand­

ing of the mechan ism causing two-phase c r i t i ca l flow was al together m i s s ­

ing. This type of flow has become of vital importance in nuclear r eac to r 

technology due to the t rend toward p rogres s ive ly higher fluid t e m p e r a t u r e s 

in coolant applicat ions. The two-phase , cr i t ical-f low phenomenon is a 

factor which l imi ts the amount of coolant which can t rave l through piping 

geomet r i e s . Exact knowledge of this phenomenon is n e c e s s a r y since it is 

a factor vital to the determinat ion of the overa l l hydraul ic c ha r a c t e r i s t i c s 

of a r eac to r cooling sys tem. 

The design of efficient and economic r eac to r -con ta inment sys tems 

is in many ins tances dependent upon predic t ions of c r i t i ca l flow behavior 

for a r eac to r coolant. Typically, the p r i m a r y coolant contains cons ider ­

able energy and contamination in a wate r -coo led r eac to r . Upon the incident 

of a rupture of some pa r t of the p r i m a r y coolant sys tem, the escaping 

coolant mus t be contained in o rde r to prevent the r e l e a s e of radioact ive 

m a t e r i a l s to the environs . Since the cr i t ical-f low phenomenon plays an 

important role in the ra te of loss of the p r i m a r y coolant, exact technical 

knowledge of i ts mechan i sm is r equ i red for the design of efficient and 

economic containment, and of p r e s s u r e - s u p p r e s s i o n sys t ems . 

Cr i t ica l two-phase fluid flow is encountered in other engineering 

and indust r ia l operat ions . It occurs commonly in cascade drain pipes of 

bo i l e r s and tu rb ines , in t raps of s team heating p lants , in the low- tempera tu re 

flow of r e f r ige ran t s and condensed g a s e s , in the h igh - t empera tu re flow of 

rocket p rope l lan ts , and could take place in a lmost any fluid-flow sys tem. 

Cr i t ica l flow in a gaseous sys tem, which is quite often in the 

l i t e r a tu re r e f e r r e d to ei ther as maximum or sonic flow, is defined as the 

flow phenomenon cha rac t e r i zed by having the fluid velocity equal to the 

ra te of p r e s s u r e propagation. As the p r e s s u r e on the downst ream side of 



an orifice or nozzle is reduced, the velocity in the throat i n c r e a s e s until a 

maximum value is obtained. At this point, the ra te of p r e s s u r e propagation 

up the pipe is equal to the fluid velocity down the pipe. Discharges g r e a t e r 

than the cr i t ica l value can be obtained in expanding nozzles . Single-phase 

c r i t i ca l flow can be predic ted by thermodynamic equi l ibr ium theory. How­

ever , thus far no re l iable theory has been es tabl ished to predic t two-phase 

c r i t i ca l flow. 

The purpose of the exper imenta l work p resen ted he re was to p r o ­

cure data for c r i t ica l two-phase , one-component flow at higher p r e s s u r e s . 

As far as the author knows, there exist no unclass i f ied data for c r i t ica l 

two-phase flow for c r i t ica l p r e s s u r e s over 100 psia . 

A new method of achieving two-phase c r i t i ca l flow data on the 

flow of s t eam and water was developed, which involved the use of a high-

p r e s s u r e , h igh - t empera tu re s t eam genera tor and a h i g h - p r e s s u r e water 

pump to p r emix a s t eam-wate r mix ture . This method requ i red an extensive 

per iod of planning, o rder ing , and building the h i g h - p r e s s u r e equipment, 

followed by a long per iod of overcoming difficult engineering p rob lems to 

get the equipment operating proper ly . Only inves t iga tors with substantial 

exper ience in building and operating two-phase flow loops can real ly ap­

p rec ia t e the many design p rob lems encountered. 

The range of exper imenta l va r i ab les covered he re is as follows: 

Total flow r a t e s : 500-4300 Ih^/sec-ft2 

Quali t ies: 0.01-0.7 

Cr i t ica l outlet 
p r e s s u r e s : 40-360 psia . 

Pipe s i zes : 0.4825, 0.269, and 0.125-in. inside d iameter 
and with lengths of 56^- and 110 in. 

The author has also p resen ted a new theory for c r i t i ca l two-phase 

flow. This includes a new definition of the specific volume of the two-

phase mix ture . F u r t h e r m o r e , a new postulate for two-phase c r i t i ca l flow 



is introduced, which leads direct ly to an express ion of void fraction as a 

function of quality and p r e s s u r e only. Hence, a theore t ica l express ion for 

predict ing the cr i t ica l flow ra te was derived. The model can also be used 

to calculate two-phase friction coefficients for cr i t ical-f low conditions. 



CHAPTER II 

LITERATURE SURVEY 

2.1. P a s t Work on Slip, Void F rac t ion , and Flow P a t t e r n s 

One of the most laborious p rob lems assoc ia ted with two-phase 

flow in genera l , both in using existing models and promoting new ones , is 

knowing the fraction of the c ro s s - s ec t i ona l a r ea occupied by each phase . 

The fractional a r ea occupied by the gas phase is often r e f e r r e d to as the 

void fraction. Unfortunately, the void fraction cannot be calculated f rom 

the m a s s flow ra t e s of the individual phases alone, since it is genera l ly 

accepted that the gas t r ave l s at a velocity g rea t e r than that of the liquid. 

The void fraction depends, there fore , upon the difference in phase veloci t ies 

or the so-ca l led slip velocity. The slip velocity, in turn , is p resumably 

influenced by many interact ing va r i ab l e s , such as mixture quality, the total 

and the individual phase-flow r a t e s , t e m p e r a t u r e , p r e s s u r e , physical p rop ­

e r t i e s of the phase s , direct ion of flow, means of c i rculat ion (natural or 

forced), heat lost or gained, and the size and shape of the confining c r o s s 

section. Because of the inherent complexity of the p rob lem, no sat isfactory 

method of predict ing void fractions has yet been devised. Consequently, 

empi r ica l and s e m i - e m p i r i c a l approaches have attained unusual prominence . 

L i t e r a tu re surveys , such as those of Ambrose(5) and Galson,(37) 

show that vi r tual ly no sl ip, void-fract ion, or f low-pat tern data have been 

taken at the veloci t ies found in c r i t i ca l flow, with the exception of one 

invest igator . (66) i n that case no at tempt at cor re la t ion was made. PattieW*?) 

ci tes the recen t void-fract ion invest igations available and d i scusses co r ­

re la t ions for predict ing void fract ions which have been proposed by 

Mart ine l l i et al.,(70) Armand,(7) Yagi et al. , ( l 0 4 ) Untermeyer ,(100) a n ( i 

Zmola and Bailey. (10) A table is also p resen ted which gives for each 

investigation the sys tem geomet ry , phases used, means of c i rcula t ion, 

p r e s s u r e and quality ranges studied, and the method employed for m e a s ­

uring void fract ions. Larson(62) gives in his work a good r e s u m e of dif­

ferent methods adopted for measur ing void fract ions which have been 

5 



p r o p o s e d by M a r t i n e l l i and c o - w o r k e r s ,(70) A r m a n d , ( 7 ) S c h w a r z , ( 8 7 ) 

Smi th and Hoe , (93) D e n g l e r , ( 2 8 ) A n s o n e t a l . , (6 ) B a i l e y e t a l . ,(1°) C o o k , ( 2 6 ) 

E g e n e t al. ,\^ ' R o d r i g u e s ,(83) and Dixon . (^0) L o t t e s , P e t r i c k , and 

M a r c h a t e r r e , ( ° ' ) h a v e s u m m a r i z e d a l l the da t a t h a t h a v e b e e n o b t a i n e d up 

to da te a t the A r g o n n e N a t i o n a l L a b o r a t o r y . S e v e r a l p o s s i b l e c o r r e l a t i o n s 

a r e d i s c u s s e d and c o m p a r e d with da ta of o t h e r i n v e s t i g a t o r s for v e r t i c a l 

up - f low of s t e a m - w a t e r m i x t u r e s . A l s o , w o r k i n g c u r v e s a r e p r e s e n t e d 

which m a y b e u s e d for the p r e d i c t i o n of the d e n s i t y of s t e a m - w a t e r m i x ­

t u r e s . B e s i d e s S c h w a r z , ( 8 7 ) o t h e r G e r m a n i n v e s t i g a t o r s h a v e c a r r i e d out 

w o r k on d e n s i t y d i s t r i b u t i o n and p r e s s u r e d r o p in t w o - p h a s e f low; a m o n g 

t h e s e c a n be m e n t i o n e d Z inzen , (106) Z i n z e n and S c h u b e r t , ( 1 0 7 ) a n d 

J a r o s c h e k and B r a n d t . (55) 

In an e f for t to e x p l a i n t w o - p h a s e f low, the v a r i o u s s y s t e m s s t u d i e d 

w e r e d e s c r i b e d a s p o s s e s s i n g a g iven flow p a t t e r n in m u c h the s a m e way 

a s s i n g l e - p h a s e flow i s d e s c r i b e d a s v i s c o u s o r t u r b u l e n t . Many d i f fe ren t 

flow p a t t e r n s and t r a n s i t i o n r e g i o n s h a v e b e e n p r o p o s e d for h o r i z o n t a l , 

i n c l i n e d , and v e r t i c a l p i p e s , bu t t h e s e p r o p o s a l s h a v e a l l b e e n s i m i l a r in 

m a n y r e s p e c t s . (46) ^ Q d e s c r i b e it in a n o t h e r way , t w o - p h a s e flow can 

o c c u r in s e v e r a l d i f f e ren t g e o m e t r i c s h a p e s . Al though m o s t of the w o r k 

of c l a s s i fy ing t h e s e flow p a t t e r n s h a s b e e n done on t w o - c o m p o n e n t , t w o -

p h a s e f low, the t r e n d h a s b e e n to u s e the r e s u l t s of t h e s e i n v e s t i g a t i o n s 

a s a c o m p a r i s o n when o t h e r s y s t e m s a r e u s e d . B e r g e l i n and G a z l e y . U " ) 

A l v e s , W K o s t e r i n , ( ° 0 ) a n ( j K r a s i a k o v a ! " ! ) h a v e s t u d i e d flow p a t t e r n s . 

T h e r e i s s o m e v a r i a t i o n in the def in i t ion of the flow p a t t e r n s g iven 

by d i f f e ren t o b s e r v e r s . H o w e v e r , for h o r i z o n t a l f low, the m o s t g e n e r a l 

t y p e s of the v a r i o u s g e o m e t r i c a l a r r a n g e m e n t s of l iqu id and v a p o r which 

can e x i s t a r e : 

1. A n n u l a r . One c o m p o n e n t f lows in the c o r e of the condui t s u r ­

r o u n d e d by the s e c o n d p h a s e which f lows a long the i n n e r 

p e r i m e t e r of the condui t . T h i s flow p a t t e r n m a y be a t t a i n e d 

if bo th p h a s e s m o v e a t h igh r a t e s , a l though the ind iv idua l 

p h a s e s do no t m o v e a t the s a m e v e l o c i t y . 



2. Stratified. The heavier phase flows at the bot tom of the conduit 

and the l ighter phase flows above it. The interface is smooth. 

3. Fog. This pa t te rn depicts both phases int imately d i spersed and 

flowing essent ia l ly at the same speed. The mixture is a s sumed 

to be homogeneous. 

4. Wavy. This flow pa t te rn is s imi la r to the s trat i f ied pa t te rn 

except that the interface is wavy ra the r than smooth. 

5. Bubble. The l ighter phase flows as bubbles concentrated 

p r i m a r i l y at the top of the conduit. 

6. Slug. The heavier phase flows as a continuous phase , while 

the l ighter phase flows in slugs along the top of the conduit. 

7. Plug. The heavier and the l ighter phases appear to flow a l ­

ternate ly ; however, the heavier phase may be continuous in 

some regions . 

In addition, Koster in subclassif ied plug flow by the amount and 

type of foam generat ion, and Krasiakova subclassif ied annular flow by the 

concentrat ion of water in the core . Alves has also made some m e a s u r e ­

ments of the amount of water in the gas core . The above flow pa t te rns 

have been p ic tor ia l ized by severa l author s. (4> 11.61,36,86) Alves r e p r e ­

sented his observat ions by plotting the demarca t ions between flow pa t te rns 

on a curve with coordinates of superficial vapor velocity and superficial 

liquid velocity. Krasiakova r ep resen ted her observat ions using superficial 

vapor velocity and the ra t io of superficial vapor to liquid velocity. F o r 

compar ison , both of these presenta t ions a re shown in F igu re s 1 and 2; 

Alves ' coordinates have been used. It is not surpr i s ing that some dif­

ferences exist between these two represen ta t ions since they were both 

a r r i v e d at from visual observat ions and a r e , therefore , somewhat depend­

ent upon the obse rve r . At tempts have been made to genera l ize the co­

ordina tes for represen t ing the flow pa t te rns [see B a k e r ( l l ) ] , but the 

ra t ional is yet to be proved. 
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Another prominent scheme of classifying two-phase flow was given 

by Mart inel l i et al. ,(70) who divided the var ious flows into flow types by 

considering the superficial Reynolds number of each phase and making an 

analogy with s ingle-phase flow. Fo r a Reynolds number g rea t e r than 

2000, the flow type is considered to be turbulent, whereas for a Reynolds 

number l e s s than 1000 the flow is considered v iscous . The region of 

Reynolds number between 1000 to 2000 is considered as the t rans i t ion 

region in which the flow may be ei ther viscous or turbulent , depending on 

the sys tem and the surroundings. 

Although the descr ipt ions a re qual i tat ive, the types of flow en­

countered a re important because , to a la rge extent, they cha rac t e r i ze the 

nature of two-phase flow and, hence, of c r i t ica l flow. Visual observat ions 

and measu red effects, however , may not agree in all c a se s . Since the flow 

pa t te rns a re very important concepts and closely re la ted to the au thor ' s 

theory, they will be d iscussed in m o r e detail in Chapter V. 

2.2. P a s t Work on Two-phase P r e s s u r e Drop 

No at tempt will be made to cover in detail the l i t e r a tu re on two-

phase p r e s s u r e drop and heat t r ans fe r . The in te res ted r eade r is r e f e r r ed 

to the following l i t e ra tu re surveys : Bennett,(1 5) Collier ,(^5) Gresham,(^9) 

Isbin,(46) Jacobs,(54) a n d Masnovi.V'^) 

G r e s h a m ' s survey, which includes one hundred and eighty a b s t r a c t s , 

gives a very complete coverage of the l i t e r a tu re p r io r to 1953. C o l l i e r ' s , 

one of the la tes t , reviews the l i t e r a tu re up to the end of 1957. 

Because the mathemat ica l models r equ i red for theore t ica l analyses 

of the p rob lem of two-phase flow a re quite complicated, the more successful 

approaches have been empir ica l and s e m i - e m p i r i c a l . The major i ty of 

theore t ica l analyses [e.g., Harvey and Foust(41)] have assumed that the 

phases a r e mixed sufficiently to be cons idered as a homogeneous fluid. 

The work of Linning(66) is an example of a s e m i - e m p i r i c a l approach; 

Linning s e t u p "one-dimensional" models for froth, s trat if ied, andannular 



flow configurations, determining unknown p a r a m e t e r s exper imental ly . 

Lockhar t and Martinelli(71) p resen ted a modera te ly successful cor re la t ion 

for the two-component problem. Mart inel l i and Nelson( ' ^ adapted the two-

component cor re la t ion of Lockhar t and Martinelli(71) to s ingle-component 

sys tems by means of a simple cor rec t ion to account for changes in the axial 

component of momentum. The potential advantage of this approach over 

that of Harvey and Foust is the re la t ive simplici ty of the computations. 

However, Mart inel l i and Nelson did not p o s s e s s sufficient exper imenta l 

data to verify their approach. 

One of the most recent works on the predict ion of p r e s s u r e drop in 

two-phase , s ingle-component fluid flow is that of Isbin et al.(48) They con­

ducted extensive exper imenta l work with s t eam-wate r mix tures at qual i t ies 

ranging from 3 to 98 per cent and at p r e s s u r e s ranging from 25 to 1415 psia . 

They at tempted to co r re l a t e their data by use of the Mart inel l i cor re la t ion , 

but found se r ious f low-rate and p r e s s u r e effects. The use of a homogeneous 

fr ict ion-factor model also proved unsuccessful . Therefore , they co r re l a t ed 

their data in a r e s t r i c t i ve manner which took into account the f low-rate and 

p r e s s u r e dependencies. 

In spite of the la rge amount of l i t e r a tu re in this a r e a , the informa­

tion is still inadequate for obtaining accura te and re l iable design p rocedures 

for two-phase , s ingle-component flow sys t ems . 

2.3. P a s t Work on Cr i t ica l Flow 

Much more is known about c r i t i ca l flow of a s ingle-phase fluid than 

is known about the two-phase c r i t i ca l flow of fluids. Many text books, such 

as that of HalH^O) a n d that of Shapiro,(89) a r e available which give the 

theory of s ingle-phase flow. 

Most of the r e s e a r c h which has been done in the genera l r e a l m of 

two-phase flow has concerned ei ther two-phase , two-component sys tems 

or two-phase , s ingle-component sys tems very close to sa turat ion condi­

t ions. Most of the work involving the f i r s t has been done in the UnitedStates 



whereas Br i t i sh inves t igators have taken the initiative with the l a t t e r , by 

studying the behavior of sa tura ted water or mix tures of liquid water and 

s team resul t ing from some kind of an expansion or flashing p r o c e s s . 

The field being of such a complexity, it was not surpr i s ing to find 

a var ie ty of possible simplifying assumptions being made by different in­

ves t iga to r s in an at tempt to bring theory close to fact. To date, however , 

no single design method has yet been proposed that will prove sat isfactory, 

except for a few limiting cases . 

The f i rs t r ea l a t tempts at a ser ious study of two-phase flow were 

probably those of Sauvage(85) i n 1892. According to Isbin,(46) Rateau(80) 

in 1902 showed the exis tence of c r i t i ca l flow in the flow of boiling water 

through nozzles . He obtained this c r i t i ca l condition by dropping the back 

p r e s s u r e until the d ischarge reached a maximum. He also developed a 

method of calculating the quantity of sa tura ted water d ischarged through 

a nozzle based upon isent ropic expansion. 

Mellanby and K e r r ( ' 5 ) in 1922 studied the flow of wet s t eam 

through nozzles . All four nozzles used were of the simple convergent or 

convergent para l le l type. Two of the nozzles were used in conjunction 

with a sea rch tube so that the t e s t s included p r e s s u r e m e a s u r e m e n t s as 

well as flow determinat ions . Only flow tes t s were c a r r i e d out on the 

other two, as these were not fitted with a sea rch tube. In all c a s e s , flow 

determinat ions were made with varying initial superheats at a supply p r e s ­

sure of about 75 psia . The flow curves that these inves t igators have p r e ­

sented for these four nozzles showed cer ta in var ia t ions between themselves 

but they all agreed on the two points: (1) that the flow, at and near the 

initially dry s ta te , was excess ive when compared with the theore t ica l as 

obtained on the assumption of stable expansion, and (2) that the form of 

the flow curve over a smal l range of superheat beyond the initially dry 

condition was not in agreement with the theore t ica l assumption of com­

plete super saturat ion on any rat ional bas i s of expansion l o s s e s . Equations 

were developed in o rder to es t imate the "fractional revers ion" (fraction 

liquid actually p resen t / f r ac t ion liquid with no super saturat ion) existing in 



the nozzles . The fractional r eve r s ion was found to be l e s s for the nozzle 

with cent ra l search tube than for the ful l-bore jet. The difference seems 

r a the r unaccountable. F r o m their calcula t ions , it was noticed that the re 

was no indication of r eve r s ion before a value of roughly 1 \ per cent 

equivalent wetness was reached. 

The work of Stanton(94) i n 1926 gave valuable insight into the high­

speed flow of a i r through sharp-edge or i f ices , convergent nozz les , and 

convergent-divergent nozzles . This invest igator obtained both axial and 

radia l p r e s s u r e profi les by using both search and Pi tot tubes . The most 

important conclusions derived in this work a re as follows: (1) In each of 

the three cha rac t e r i s t i c types of or if ices which may be used for the d i s ­

charge of gases from a vesse l at constant p r e s s u r e into a r ece ive r at a 

p r e s s u r e appreciably below the c r i t i ca l value (0.527 t imes the u p s t r e a m 

stagnation p r e s s u r e ) , the a r ea of the je t diminishes to a minimum value, 

at which the velocity is that of sound under the conditions exist ing, and 

then i n c r e a s e s . This minimum section in the case of a free jet is not 

constant in a r e a or position re la t ive to the plane or throat of the or i f ice , 

but depends on the total ra t io of expansion. (2) In a jet in which the ex­

pansion takes place within solid boundar ies , i .e . , a diverging nozzle , the 

minimum section may for all p rac t ica l purposes be regarded as coincident 

with the throat of the nozzle for all ra t ios of expansion. (3) The flow of the 

fluid up to the minimum section is adiabatic in cha rac t e r . 

Goodenoughw^) i n 1927 said the fact that the speed of the water 

drops is only a small fraction of the speed of the s team has a decided ef­

fect on the discharge of wet s team, for the total friction is compr ised of 

not only the interact ion between the fluid and wal l s , but also of the internal 

interact ion between s team and water pa r t i c l e s . Goodenough further showed 

by calculation that super saturat ion would give a net i nc rease in isentropic 

flow for a given p r e s s u r e drop. He also pointed out that the surface energy 

of the droplets formed in such flows could be quite l a rge . Another compli ­

cation is that any entrained drops (usually l a rge r than those formed by 

condensation) probably do not cool fast enough during the expansion to 



maintain the rmal equi l ibr ium with the s team. He points out that all the 

above could occur simultaneously in a flow p r o c e s s . 

Kit tredge and Dougherty(58) i n 1934 p resen ted an express ion for 

the calculation of c r i t ica l d ischarge capacity for s t eam t raps based on the 

initial and d ischarge p r e s s u r e s , and the specific volume of the mixture 

evaluated at the d ischarge p r e s s u r e . Their calculated values p resen ted in 

graphical form a re said to be 100 to 200 per cent g r e a t e r than exper imenta l 

values through a nozzle . 

In 1934, Yellott(105) investigated drop size and super saturat ion by 

studying the flow of l o w - p r e s s u r e s team through nozzles s imi la r to those 

used in tu rb ines . This invest igator exper imental ly verif ied the existence 

of super sa turat ion with the aid of light r a y s , applications of the laws of 

opt ics , and a sea rch tube for nozz les . He found that the condensation 

occu r r ed between the 3 and 4 per cent mois tu re l ines on a Mollier d iagram 

if an isent ropic expansion is assumed. 

Rettaliatta '^-U in 1936 extended Yel lot t ' s work and intended p r i ­

mar i ly to de termine the effect of wall roughness on the flow of s team in 

nozzles . It was found that wall roughness , causing a re ta rda t ion of s team 

flow, made the point of initial condensation occur at a higher p r e s s u r e and 

far ther downst ream than in the smooth-walled nozzle. This caused the 

Wilson line to occur at the 3.2 per cent mois tu re line on the Mollier dia­

g r a m for the rough-walled nozzle , instead of at the 3.7 per cent mois tu re 

line as was found for the smooth nozzle. Ret tal ia t ta c la imed that this was 

the resu l t of the inc reased time of expansion in the case of the rough nozzle. 

In 1937, urged by a need for more information on c r i t i ca l flow for 

the design of cascading drain p ipes , Bottomley.i^O) experimenting with flow 

of boiling water through or i f ices , found that his actual flows based on ex­

per imenta l data were 5 t imes g rea t e r than the predic ted values based on 

computation by the s ingle-phase equi l ibr ium theory. His explanation is 

that the effects of surface tensions lower the p r e s s u r e at which the propaga­

tion takes place. Because of surface tension, the condition of flow at the 



throat is that of unstable equilibrium. Bottomley further cites one experi­

mental test on pipe flow to show that pressure drops and critical outlet 

pressures are in accordance with his assumption that there is zero rela­

tive velocity between phases. Unless the flow form in Bottomley's test 

was of the frothing type, as a consequence possibly of some additive in the 

water, his results and conclusions differ radically from those presented 

here, as will be seen later. 

Also, Hodkinson(44) in 1937 noted that his actual flows of boiling 

water were larger than given by his equilibrium calculations. His evalua­

tions of critical discharge were made at constant entropy and under the 

assumption of phase equilibrium. 

In 1942, Benjamin and Miller(13) reported on the flow of a flashing 

mixture of water and steam through pipes. They assumed no slip between 

the two phases and complete approach to thermodynamic equilibrium. They 

derived an equation for mass velocity which includes a friction term. How­

ever, they state that, while friction (i.e., pipe length) will affect the inlet 

pressure, it will not affect either the critical flow or the critical pressure. 

The expansion was considered to be isentropic. The equation of continuity 

and Bernoulli's equation formed the basis for their derivation. A value 

for "f" or 0.012 was used, and this corresponded to the value measured by 

Bottomley. Their flow equation is as follows: 

w 2 i i ^ "P d P 

(A) Ui/Vlii) = ln(p1/p2) + (fL/D) ' { 2 ' 3 " 1 ) 

where 

W = flow, lbm/sec p = density, lbm/ft3 

A = cross-sectional area,ft2 f = friction factor, 
, . r i / ? dimensionless 

g = acceleration of gravity, ft/sec 
•D „ iri, D = diameter of pipe, ft. 
Jr = pressure, lbf/ft 



Observed and calculated flows and p r e s s u r e s agree r a the r well. These 

authors were not cer ta in that the c r i t i ca l velocity and the acoustic v e ­

locity were the same. 

Woods and Worthington(103) i n 1943 d iscussed in detail boiling in 

the pile. They were in te res ted both in p r e s s u r e - d r o p calculat ions and also 

in c r i t ica l flow. They assumed isentropic expansion in their calculations 

for c r i t ica l flow. They also considered no slippage and thermodynamic 

equil ibrium. A method for the computation of p r e s s u r e drop was outlined 

which is essent ia l ly the Fanning method. Mixture p rope r t i e s were used, 

and the rec ip roca l method of averaging was used for v i scos i t i e s . Small 

incrementa l lengths of pipe were taken with the p r e s s u r e drop being 

computed over each section. 

Stuart and Y a r n e l l ^ ' '°°' in 1944 used two orif ices in s e r i e s for 

their exper iment with metas table flow of sa tura ted water as re la ted to 

surface effect. Their f i r s t p a p e r w ' / p resen ted a theore t ica l analysis of 

the flow of water and s team through two orif ices in s e r i e s over a wide 

range of p r e s s u r e s and t empe ra tu r e s . Their second paper(98) p resen ted 

the r e su l t s of exper imental investigations on this subject, with water at 

an initial p r e s s u r e of 100 ps ia and over a range f rom room tempera tu re to 

saturat ion t empera tu re . The principal data sought were the p r e s s u r e s 

es tabl ished in the in termedia te chamber between the two or i f ices , and e s ­

pecial ly the var ia t ions of this in termedia te p r e s s u r e with re ference to the 

t empera tu re of water supplied and the type of orif ice. One of the most 

significant facts revealed by these r e s e a r c h e s is that under cer ta in condi­

tions of flow the fluid a s sumes a metas table state which great ly influences 

the cha rac t e r i s t i c s of the p r o c e s s . 

Silver and Mitchellw^) i n 1945 c a r r i e d out exper iments on 

convergent -para l le l nozzles and developed a theory, based on the a s s u m p ­

tion of delayed evaporat ion, to account for the high nnass flow r a t e s obtained. 

The expansion in a nozzle takes place rapidly and the possibi l i ty of a me ta ­

stable state cannot be discounted. It would appear f rom their descr ipt ion of 



the flow form, however , that re la t ive velocity between phases must exis t , 

and that this will exe rc i se an important influence on m a s s flow. This fac­

tor was neglected in the theory developed by Silver and Mitchell . Their 

exper iments and theory co r re l a t ed well for the nozzle of smal le r d iameter 

( ^ in.) but not for that of l a rge r d iameter (-£ in.). It also should be 

mentioned that, though they observed a c r i t i ca l flow effect, they were 

hampered in their study of this by the fact that a p r e s s u r e tap located at 

the throat par t ia l ly des t royed the metas tabi l i ty and resu l ted in a reduced 

flow ra te . Therefore , they interpolated between the p r e s s u r e measu red 

exper imental ly with the tap and that predic ted by their theory to a r r i v e at 

an es t imate of the cr i t ica l p r e s s u r e . They noticed a slight inc rease in 

m a s s velocity as the back p r e s s u r e dropped below the c r i t i ca l , and a t ­

tempted to explain this by inc reased heat loss from the nozzle . 

Burnell\^3) i n 1946 was the f i r s t invest igator to suggest that the 

pecul ia r i t i es exhibited in evaporating flow could be accounted for by the 

existence of re la t ive velocity between the phases . He published conclusive 

exper imenta l evidence that re la t ive motion was p resen t in the evaporating 

flow of water . This concept of different veloci t ies la ter aided subsequent 

inves t iga tors . Burnel l worked with both nozzles and pipes . He developed 

a theory for nozzles s imi la r to that of Bottomley' s,(20) but it was some­

what more refined. This approach cor re la ted the observed nozzle flow 

r a t e s quite well. 

However, h is flow ra t e s in pipes were 1 \ to 2 t imes those calcu­

lated by using a friction factor (4f = 0.012) and assuming homogeneous 

flow. He at tempted to m e a s u r e metas tabi l i ty with a thermocouple and 

found that none existed, and, hence, explained his higher flow r a t e s by 

slip. 

Silver(91) i n 1948 extended the work p resen ted in a previous 

paper\92) to include a more detailed study of c r i t i ca l flow in nozzles . 

A theory for the actual anaount of vapor which will form was given, to­

gether with an analysis of its effect upon the velocity of flow and the 



quantity of fluid passed by a nozzle. It was found that, although the sys tem 

consis ts of a cent ra l core of liquid and an envelope of vapor , the calculated 

limiting velocity of flow, which was the velocity of p r e s s u r e propagation 

in the sys tem, was low. There was a corresponding c r i t i ca l p r e s s u r e , 

analogous to that in a gas nozzle. But in cont ras t to the gas case , both the 

c r i t i ca l p r e s s u r e and the limiting velocity itself were functions of the 

d iameter and length of nozzle. Exper iments were descr ibed which con­

f i rmed these theore t ica l deductions in all r e spec t s and which also showed 

good quantitative agreement with calculated ve loc i t ies , c r i t i ca l p r e s s u r e s , 

and amounts of d ischarge and of evaporation. 

In 1949, Tangren, Dodge, and Seifert(99) derived a genera l ex­

p re s s ion for the flow p r o c e s s in an idealized mixture . They assumed that 

a gas -wa te r mix ture , when expanded through a de Laval nozzle , acts as a 

compress ib le fluid. Their genera l thermodynamic re la t ions for c r i t i ca l 

flow of he l ium-wate r mix tures through a de Laval nozzle approximated the 

cr i t ica l flow express ion for perfect gas . Their equations a re not di rect ly 

applicable to a two-phase , s ingle-component flow sys tem with mass 

t rans fe r . 

Allenw) in 1951 presen ted a method of designing piping and valves 

for carry ing a flashing mixture of water and s team. He used Bernoul l i ' s 

equation and the equation of continuity to a r r i v e at a r e su l t s imi la r to that 

of Benjamin and Mil ler . (13) fje, however, a s sumed isenthalpic expansion 

to occur , and on that bas i s he found the specific volume as a function of 

p r e s s u r e . He obtained a mathemat ica l express ion for the flow ra te but 

did not solve for the maximum value by differentiation. However, by a s s u m ­

ing acoustic velocity, he then developed an express ion relat ing inlet p r e s ­

su re , outlet p r e s s u r e , and flow. He assumed equal veloci t ies for both 

phases . 

In the same year , Baileyw) repor ted on exper iments relat ing to the 

flow of sa tura ted water through orif ices and nozzles . He t rea ted the p r o b ­

l em on the b a s i s of heat t ransfer f rom a metas tab le case to the surrounding 



v a p o r . He conc luded tha t m e t a s t a b i l i t y could e x i s t in bo th o r i f i c e s and 

n o z z l e s , bu t w a s m o r e p r o b a b l e in o r i f i c e s . F l o w r a t e s w e r e p r e d i c t e d to 

wi th in 10 p e r cen t a c c u r a c y . 

In 1951 , the effect of f o r c e d c i r c u l a t i o n on both h e a t t r a n s f e r and 

p r e s s u r e d r o p w a s s t u d i e d by Schweppe and F o u s t . ( ° ° / They i n t r o d u c e d 

to t h e i r e l e c t r i c a l l y h e a t e d t e s t s e c t i o n l iquid w a t e r a t i t s bo i l ing poin t . 

They found tha t the c r i t i c a l flow r a t e c o r r e s p o n d e d a p p r o x i m a t e l y to the 

h o m o g e n e o u s t h e o r e t i c a l m a x i m u m d i s c h a r g e r a t e . T h e i r v a l u e s m a y b e 

e r r o n e o u s b e c a u s e of the fac t tha t t h e i r ou t l e t s e c t i o n of the l ine w a s not 

of u n i f o r m c r o s s s e c t i o n and , m o s t of a l l , t h e i r i nd i ca t ion of c r i t i c a l ex i t 

p r e s s u r e w a s b a s e d on the p r e s s u r e tap p l a c e d a t 5 in. f r o m the end of 

the p i p e , which would not r e v e a l the l a r g e k i n e t i c p r e s s u r e d r o p a s the 

p ipe ex i t w a s a p p r o a c h e d . 

In add i t i on , H a r v e y and F o u s t ( 4 1 ) the s a m e y e a r s t u d i e d t w o - p h a s e 

flow in e v a p o r a t o r t u b e s and r e p o r t e d on e x p e r i m e n t s in which c r i t i c a l 

flow w a s r e a l i z e d . They a l s o c a r r i e d out a m a t h e m a t i c a l a n a l y s i s by 

apply ing the e n e r g y , m o m e n t u m , and con t inu i ty e q u a t i o n s to the d i f f e ren t i a l 

s e c t i o n a t the end of a t u b e , l ead ing to an equa t ion for c r i t i c a l flow. A s ­

s u m p t i o n s m a d e inc luded h o m o g e n e o u s flow, equa l p h a s e v e l o c i t i e s , e q u i l i b ­

r i u m , p e r f e c t g a s b e h a v i o r of w a t e r v a p o r , and p r e s s u r e d r o p p r e d i c t a b l e 

by M a r t i n e l l i ' s c o r r e l a t i o n s . The e q u a t i o n s , h o w e v e r , a r e not of d i r e c t 

a p p l i c a t i o n to the p r e s e n t p r o b l e m . 

L i n n i n g l " " / in 1952 p r e s e n t e d an a n a l y s i s of the a d i a b a t i c flow of 

e v a p o r a t i n g f lu ids in p i p e s which he s u p p o r t e d with e x p e r i m e n t a l da t a 

u s i n g bo i l ing w a t e r . L inning s e t up " o n e - d i m e n s i o n a l " m o d e l s for a n n u l a r , 

s t r a t i f i e d , and f ro th flow c o n f i g u r a t i o n s , d e t e r m i n i n g unknown p a r a m e t e r s 

e x p e r i m e n t a l l y . Good a g r e e m e n t b e t w e e n h i s o b s e r v e d c r i t i c a l t e m p e r a ­

t u r e s ( p r e s s u r e s ) in a 0 .128- in . p ipe and t hose c a l c u l a t e d f r o m h i s e q u a ­

t ion for a n n u l a r flow w e r e ob ta ined . V i s u a l o b s e r v a t i o n of the l e av ing 

s t r e a m c o n f i r m e d the a n n u l a r flow p o s t u l a t e . 



PasquawS) i n 1953 d iscussed the flow of sa tura ted and subcooled 

liquid F reon -12 through sma l l -d i ame te r o r i f ices , shor t tubes , and noz­

z l e s . Exper imenta l data confirmed the es tabl ishment of a metas table 

state of fluid flow which accounts for the la rge d i sc repanc ies found from 

a the rma l -equ i l ib r ium analys is . A method was p resen ted whereby the 

actual m a s s flow ra te of sa tura ted liquid could be calculated. The ana l ­

ys i s was based upon exper imenta l investigations and was r e s t r i c t e d to 

adiabatic conditions. When the theor ies of Silver and Mitchell(92) or 

Baileyw) were applied to sa tura ted F reon -12 flow through nozzles with 

la rge l eng th- to -d iamete r r a t i o s , la rge d i sc repanc ies were found. 

In the same yea r , Cruz l^w repor ted on the r e su l t s of h is study of 

c r i t ica l flow, which r e p r e s e n t s one of the f i r s t nonclassif ied studies under ­

taken explicitly to m e a s u r e c r i t i ca l flows of s t eam-wate r mix tures over a 

wide range of quality. He found that the cr i t ica l p r e s s u r e was not sensi t ive 

to the manner of initial mixing, to the phase dis tr ibut ion, or to the length 

of the pipe. He m e a s u r e d p r e s s u r e gradients throughout his t es t section 

while holding inlet quality and flow ra te constant. The outlet p r e s s u r e was 

va r i ed and c r i t i ca l conditions were taken as the point at which the p r e s ­

sure gradient was no longer affected by a dec rease in the p r e s s u r e of the 

d ischarge r ece ive r . His r e su l t s were co r re l a t ed by plotting percentage 

deviation against quality. He also plotted Burnel l ' s data and showed ex­

cellent cor re la t ion between the two sets of data. This inves t iga tor ' s work 

will be d i scussed in more detail l a t e r on in this pape r , since his r e su l t s 

a r e closely re la ted to the au thor ' s . 

Stein and co-authors(95) i n 1954 studied p r e s s u r e drop and heat 

t ransfer to water in an internally heated annulus. They found maximum 

m a s s veloci t ies g r ea t e r than those predic ted by homogeneous flow. 

Additional data on the c r i t i ca l flow of s t eam-wate r were p resen ted 

by Moy(' ') in 1955. He continued the work of Cruz(27) and extended it to 

other s izes of pipes and over a g r ea t e r range of p r e s s u r e s , up to 43 psia . 



Moy cor re l a t ed his data in the same manner as did Cruz. Several analyt­

ical models were t r ied. A modified momentum model based on Linning's 

approach and making use of slip values f rom Mar t ine l l i ' s work yielded 

fair r e su l t s over the quality range from 10 per cent to 100 per cent, the 

e r r o r increas ing to +25 per cent as the quality dec reased to 10 per cent. 

This work will also be d iscussed in more detail l a te r on in this paper . 

A r a the r comprehensive study of the flow of a flashing mixture of 

water and s team was given by Haubenreich(42) in 1955. In his exper iments 

he had unsteady flow but, by choosing points carefully, he could approxi­

mate s teady-s ta te conditions. He a s sumed that the expansion was at con­

stant enthalpy and, by so doing, was able to calculate values for the friction 

factor. He found that the friction factor was a function of p r e s s u r e and 

pipe d iamete r , but independent of Reynold 's number . He assumed equal 

veloci t ies for each phase and thermodynamic equi l ibr ium. The use of the 

"Fanno" line for descr ibing flow conditions along the tes t section was 

discussed. 

In the same y e a r , a paper by Hoopes(45) cons idered p r e s s u r e drop 

for the flow of s t eam-wate r mix tures in an heated annulus. He found no 

"sonic" jump at the outlet. The flow through the annulus was up to four 

t imes as much as would be theoret ica l ly calculated f rom the corresponding 

acoust ic velocity. He bel ieved that the ve ry steep p r e s s u r e gradient at 

the outlet may have been in te rpre ted as choking by other inves t iga tors . 

He found the Mar t ine l l i -Nelson method to be reasonably sat isfactory for 

predict ing p r e s s u r e drops through smal l annuli. 

In 1958, Agostinell i and SalemannU) studied the flashing flow of 

sa tura ted water in fine annular c l ea rances . The ranges of exper imenta l 

va r i ab les were as follows: t e m p e r a t u r e , 220 to 600oF; inlet p r e s s u r e s , 

500 to 3000 psig; d iamet ra l c l e a r a n c e s , 0.006, 0.009, 0.012, andO.017 in.; 

i n se r t shaft lengths , 6 and 10 in.; and flow, 0 to 35 Ibm/min . F o r all 

t e m p e r a t u r e s , c l ea r ances , and lengths , c r i t i ca l conditions were observed 

exper imenta l ly . F r o m the tes t r e s u l t s , plots of mass- f low ra te v e r s u s 



the ra t io of exhaust p r e s s u r e to inlet p r e s s u r e were made to i l lus t ra te 

graphical ly the encountered cr i t ica l flows. F o r inlet t e m p e r a t u r e s up to 

400oF the cr i t ica l flows were encountered at back p r e s s u r e s cor respond­

ing to the saturat ion p r e s s u r e . The cr i t ica l mass-f low ra te at 400oF is 

slightly in excess of the mass-f low ra te corresponding to sa tura ted condi­

t ions. F o r inlet t e m p e r a t u r e s g r ea t e r than 400oF, the maximum m a s s 

velocity was g rea t e r than that corresponding to the saturat ion p r e s s u r e . 

F u r t h e r , these inves t igators found that for ord inary engineering computa­

tions the c r i t i ca l conditions can be es t imated with sufficient accuracy by 

use of the l imi t s given by the acoust ical velocity equation (Homogeneous 

Flow Model). This could have been assumed init ially, since the physical 

size of the flow section r ende r s separat ion improbable . 

Chisholm'24) i n the same year developed by a r a the r novel approach 

a re la t ionship which gives good resu l t s for the flow of low-quality mix tures 

through or i f ices . It ag rees with the data of Benjamin and Miller(13) to 

+ 10 per cent. 

In 1959, Ishigai and Sekoguchiw3) repor ted exper imenta l data on 

the flashing flow of sa tura ted water through hor izontal p ipes . In this 

pape r , a new cor rec t ion factor for the friction loss is introduced to satisfy 

the d i sc repanc ies between their exper imenta l data and the homogeneous 

equi l ibr ium theory, and is de te rmined by exper iment . The factor is the 

ra t io of the t rue coefficient of friction for the flashing flow to the calculated 

coefficient of friction for a homogeneous flow. An empi r i ca l formula for 

this factor is de te rmined from the exper iments from 50 to 120 psia . 

La te r the same y e a r , Falett i(33) p resen ted one of the mos t extensive 

studies c a r r i e d out on two-phase , one-component c r i t i ca l flow. The flow of 

s t eam-wa te r mix tures was studied in concentr ic annuli having center rods 

of 0.188- and 0.375-in. OD. Cr i t ica l throa t p r e s s u r e s ranged from 26 to 

106 ps ia , and qual i t ies ranged from 0.1 to 97.5 per cent. The data were 

co r r e l a t ed by plotting the ra t io of the observed m a s s velocity to the theo­

re t i ca l m a s s velocity (homogeneous equi l ibr ium theory) v e r s u s the quality. 



His p r e s s u r e profi les for runs at c r i t ica l flow were all cha rac t e r i zed by 

ex t remely steep p r e s s u r e gradients near the throat . Fa le t t i a lso found 

that the cr i t ica l throat p r e s s u r e was sensit ive to changes in back p r e s ­

sure when the back p r e s s u r e was l e s s than the c r i t i ca l p r e s s u r e . F u r t h e r , 

he s tates that the m a s s velocity for a sys tem initially at c r i t i ca l conditions 

was not sensi t ive to la rge inc reases in back p r e s s u r e . Fa le t t i also found 

no significant effect of initial mixing and preheat ing , and s ta tes that c r i t i ca l 

m a s s veloci t ies in full-bore pipes may not be a strong function of d iamete r , 

in ag reement with observat ions made by Cruz and Moy. The work of 

Fa le t t i will be d iscussed la ter on when a presenta t ion of the au thor ' s data 

is given. 

F r o m the p resen ted l i t e r a tu re survey, one can easi ly see that a 

be t te r understanding of the cr i t ical-f low phenomenon is needed. Data at 

higher p r e s s u r e s a r e needed to check any formulation of a theory. In­

deed, it should be quite obvious to the r eade r after being introduced to the 

enormous p rob lems existing that the achievement of such a goal would be 

a contribution of considerable magnitude to the science of h igh-speed two-

phase flow. 



CHAPTER III 

EXPERIMENTAL EQUIPMENT 

3.1. Genera l 

The proposed study of the two-phase cr i t ical-f low phenomena 

requi red the equipment to be sufficiently ve r sa t i l e . Not only is the 

problem quite new and in the qualitative s ta te , but also in the range of 

var iab les explored in this work no unclassif ied data have been published 

to the best of the au thor ' s knowledge. Hence, the equipment was designed 

to provide for different ways of mixing the two phases , as well as to allow 

changes to be readi ly per formed to pe rmi t a study of different fac tors in­

volving piping a l t e ra t ions . A long t ime was devoted to achieve the best 

possible operat ing conditions. 

The appara tus , as built on the thi rd floor of the Chemical Engi­

neer ing Building, Univers i ty of Minnesota, Minneapolis , Minnesota, and 

used in this r e s e a r c h , is shown schemat ical ly in F igure 3. Views of the 

equipment a r e shown in F igures 4, 6, 8, 9, 10, 11, 12 and 13. 

Emphas i s was placed on easy and rapid adjustments to any kind of 

conditions that might be imposed on the sys tem. This meant that the 

overal l equipment had to undergo seve ra l changes and improvements 

before it could be considered quite sa t is factory . Mention will occas ion­

ally be made to the things that were learned "the hard way," as thei r 

nature b e a r s on the p resen t d iscuss ion. 

As it now s tands , the equipment provides means to p r epa re and 

feed to tes t sect ions with var ious geome t r i e s , a mix ture of s team and cold 

wa te r , s team and hot wa te r , or hot water alone, where p r e s s u r e m e a s u r e ­

ments can be taken. It was designed to allow for suitable condensation of 

the pipe d i scharges and for a quick application of vacuum to the condenser . 
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Figure 3. Diagram of the Experimental Equipment 



In F igure 3, the conventional symbols a r e used to designate throt r . 

tling valves (needle valves were not differentiated from globe or gate valves) 

check valves, safety va lves , s t r a i n e r s , a i r vents , e tc . P r e s s u r e stat ions 

a re indicated by P , and t empe ra tu r e m e a s u r e m e n t s were made at points 

indicated by T. 

The re la t ive complexity of the equipment p rompts a considerat ion 

of each piece of appara tus . Its descr ip t ion will be broken up into the fol­

lowing main headings: 

3.2 Steam supply 

3.3 Water supply 

3.4 Atmospher ic p r e s s u r e 

3.5 Surge tanks 

3.6 Dead weight t e s t e r 

3.7 Mixer 

3.8 Tes t sect ions 

3.9 Condenser 

3.10 Piping, va lves , and insulation 

3.11 Pumps 

3.12 Ins t rumentat ion 

3.2. Steam Supply 

A s team boiler was used as the source of superheated s team. The 

s team genera tor is a Bes le r , Model 15, with a capacity of 1500 Ib /h r at 

900°F and 2000 lbf/in.2 . The s team is genera ted in a long, continuous tube 

coiled in the furnace, which is oil f ired. More will be said about the s team 

genera tor when the operating procedure for the equipment is descr ibed. 

A view of the s team genera to r is shown in F igure 4. 
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Figure 4. "View of the Steam Generator 



3.3. Water Supply 

A Westinghouse she 11-and-tube condenser was used as the source of 

subcooled wa te r . . Steam from the univers i ty main s team line and exhaust 

from the tes t section were condensed. A Worthington rec iprocat ing ve r t i ca l 

t r ip lex wate r pump, used to del iver the p r e s s u r i z e d subcooled water to 

the tes t section, had a capacity of 5000 Ib /h r at 1750 lbf/in.2 . A Worthington 

centrifugal pump and a Simer paddle pump were used for the t rans fe r of 

water from the source condenser to the supply tanks . 

3.4= Atmospher ic P r e s s u r e 

In o rde r to es tab l i sh the exis tence of c r i t i ca l flow at the end of the 

tes t pipe, it was n e c e s s a r y to provide means of reducing the downstream 

p r e s s u r e . As c r i t i ca l p r e s s u r e s close to a tmospher ic were not contem­

plated, it was not n e c e s s a r y to c a r r y this reduction into the vacuum 

region; r a the r , a tmospher ic p r e s s u r e was sufficient. This was simply 

a s s u r e d by keeping the condenser connecting to the downst ream side 

half empty or l e s s at all t imes . A Bourdon gauge connected to the down­

s t r e a m section, 4 in. away from the tes t section, indicated this was t rue . 

By this means , vacuum was easi ly obtained in the condenser , and the duct 

car ry ing the discharging fluid f rom the tes t pipe to the condenser was 

designed to reduce the p r e s s u r e drop between these two points by 

2-3 ps ia for mos t runs . When the flow ra t e s were ex t remely high and 

most of the flow was in the vapor phase , this p r e s s u r e loss became as 

high as 5 ps ia . Calculations indicated a 4- in . pipe was adequate for this 

purpose . 

Since the p r e s s u r e drop inc reased with volume of s team flowing, 

in which case the c r i t i ca l p r e s s u r e is h igher , the fact was of no concern, 

especial ly when the lowest c r i t i ca l outlet p r e s s u r e explored in this work 

was 40 psia . 



3.5. Surge Tanks 

An anomalous behavior was observed when the f i r s t at tempt was 

made to take p r e s s u r e - d r o p data for subcooled water alone flowing through 

the tes t section. It was noticed that, for a constant flow ra te of water at 

room t e m p e r a t u r e , the p r e s s u r e drop over a section of tes t section var ied 

markedly with p r e s s u r e , passing through a maximum and a minimum (a 

negative reading). This behavior was found to be due to the p r e s s u r e 

fluctuations of the water pump, which was of the rec iprocat ing type. 

In o rde r to remove these var ia t ions , two surge tanks were connected 

to the sys tem. One was placed at the pump outlet and the other jus t before 

the mixer . With these surge tanks in operat ion there was no effect of 

fluctuations due to the power pump except above 1300 lbf/in. . 

The surge tanks were Bendix hydraulic accumula tors (made for the 

hydraulic l ines of the brake sys tem of a Douglas DC-6b airplane) , having 

a volume of about one gallon and a maximum operat ing p r e s s u r e of 1500 

for one and 300 Ibr/ in.2 for the other . A bladder containing ni trogen inside 

the surge tank absorbed the p r e s s u r e fluctuations. 

3.6. Dead Weight T e s t e r 

An Ashcroft t e s t e r was used to check the Bourdon gauges. 

3.7. Mixer 

A genera l way of mixing the liquid and vapor phases had to be de ­

veloped. The mixing method is in itself a problem, which has not received 

the attention it de se rves in the l i t e r a tu r e . 

The purpose of the mixer was to mix both enter ing phases so that 

the d i scharge , which immediate ly entered tes t section I (not tes t section IV), 

would be at equi l ibr ium. The unit consis ted of a 6-in. piece of heavy duty 

pipe, of 1.689-in. in ternal d iamete r , which was flanged at both ends. Copper 



rods , 4 in. long and ^- in. in d iamete r , were packed into the pipe. These 

rods were held in place by a rg -in. - thick perfora ted s ta in less s teel disc 

on the downst ream side and a bronze sc reen on the ups t r eam side. The 

superheated s team entered the top of the mixer at right angles to the 

subcooled water flow, which entered the mixer axially at the ups t r eam 

end. The idea for mixing was taken from Moshe r ' s work.( 76) Indeed, 

m e a s u r e m e n t s of the p r e s s u r e and t empera tu re of the resul t ing two-phase 

mixture at a point half a foot downstream from the mixer outlet indicated 

that physical equi l ibr ium had been es tabl ished within the l imi ts of accuracy 

of the m e a s u r e m e n t s . The mixer is shown schemat ical ly in F igure 5, and 

a view of the mixing section can be seen in F igure 6. 

3.8. Test Section 

The s t eam-wa te r mixture obtained by injection of water into the 

s team flow was fed to the so-ca l led tes t section, where p r e s s u r e s were 

m e a s u r e d and at the outlet of which the cr i t ical-f low phenomenon was to 

be observed. 

Four tes t sect ions were built, which were designated as t es t s e c ­

tions I, II, III, and IV. 

a) Tes t section I, TSI. 

This t es t section was cold-drawn, ex t r a heavy, s teel , s e a m l e s s , 

mechanical tubing with an in ternal d iamete r equal to 0.4825 in. and an out­

side d iamete r of 0.751 in. Length of the tes t section was 110 in. 

b) Tes t section II, TSII. 

This t es t section was of same m a t e r i a l as t es t section I, with 

an in ternal d iamete r equal to 0.269 in. and an outside d iameter of 0.505 in., 

and the length equal to 110 in. 
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Figure 5. Schematic of the Mixing Section 
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Figure 6. View of the Mixing Section 



c) Test section III, TSUI. 

This t es t section consis ted of the same m a t e r i a l as for the 

two previous ones, with inside d iamete r of 0.125 in. and outside d iameter 

equal to 0.253 in., and with a length of 110 in. 

d) Tes t section IV, TSIV. 

This t es t sect ion was identical with tes t section III except that 

the length was shor t e r , being 56 j in. 

The outlet end of all four tes t sections was carefully filed so that 

a plane and sharp c r o s s section would be obtained. Mic romete r m e a s u r e ­

ments of the d iameter at the outlet of each pipe, at eight equally spaced 

points, were made. The d iamete r at the outlet was taken as the a r i th ­

met ica l mean of that set of values for each pipe. 

Six p r e s s u r e taps were placed on each of the four t es t sections at 

the following dis tances from the pipe outlet: the p r e s s u r e tap c loses t to 

the outlet of the tes t sect ions was always placed one d iameter length from 

the outlet. This p r e s s u r e tap was designated tap I. P r e s s u r e taps II, III, 

IV, V, and VI were placed the following dis tances f rom p r e s s u r e tap I, 

same for all tes t sec t ions : 6, 12, 24, 36, and 48 in. 

A brief survey of the l i t e r a tu re failed to disc lose a conclusive 

repor t on the best manner of install ing p r e s s u r e taps . Allen and Hooper ' s 

suggestions [see Transac t ions of the ASME, 54, Hyd. 54-1 (1932)] were 

used as a guide for dri l l ing the tap holes and completing the taps . The 

s izes of the p r e s s u r e tap holes for the four tes t tubes a re as follows: 

Test section I, g -in. holes ; Test section II, rz -in. holes; Test sect ions III 

and IV, 0.0465-in. holes . 

The holes were dr i l led through plugged i ron fittings previously 

welded to the pipe s ide. The size of the plugs was such that a ^ - in . length 

of un i form-diameter hole could be as su red . In o rde r to minimize flow 



dis turbances at the points of p r e s s u r e m e a s u r e m e n t s , the holes were 

carefully r eamed free of b u r r s by means of a very soft file, but they were 

not rounded on the inside pipe surface . The inside of the pipe was sanded 

with fine emery cloth. The tes t section was cleaned after the p r e s s u r e 

taps were made and at in te rva l s , thereaf te r , by forcing a cloth soaked in 

acetone and carbon te t rach lor ide through the section and r insing with 

water . The p r e s s u r e taps were c lea red by running water through them. 

It should be mentioned that a close-fi t t ing meta l dowel was placed inside 

the section while dri l l ing the p r e s s u r e tap to minimize burr ing of the 

inner surface . The in ternal surfaces of a tes t section were checked 

visually after dri l l ing and filing, and appeared to be perfectly smooth. 

The p r e s s u r e taps were then connected to the T-in. copper manometer 

l ines by means of f lared nuts . 

The tap c loses t to the pipe outlet deserved special attention. 

Although it would be convenient to obtain a p r e s s u r e m e a s u r e m e n t as 

close as possible to the pipe exit, the minimum distance at which the 

tap could be instal led, without the flow being dis turbed, was not known, 

and the r a the r conservat ive distance of one d iameter length, respect ive ly , 

for each of the four tes t sect ions was adopted. F o r tes t sect ions III and 

IV, this means that the center of p r e s s u r e tap I is —-in. from the pipe 

exit, for t es t section II 0.269 in., and for tes t section I 0.4825 in. As a 

consequence of th i s , the las t tap had to be contained inside the down­

s t r e a m expansion section. Although the free space between the tes t pipe 

and the inside surface of the expansion section was only about 1 j in., 

this tap was very sat isfactor i ly connected, through the ups t r eam section 

flange, to the manomete r l ines . Thus, for all four t es t sect ions , the 

measu remen t of p r e s s u r e at tap I was successfully made . 

As leaks could easi ly develop at the connections assoc ia ted with 

this tap, without being immediately detected, due to its position, checks 

were very frequently made of the working condition of this assembly , but 

fortunately no leaks at any t ime were discovered. 



Figure 7 shows tes t sect ions II and IV with the i r p r e s s u r e taps 

and m e a s u r e m e n t s , and in F igures 8 and 9 views a re shown of the tes t 

sect ions before and after instal lat ion. 

3.9- The Condenser 

A Westinghouse shel l -and- tube condenser of more than the requi red 

capacity condensed the discharged fluid from the tes t section. It received 

its charge through a 4-in. pipe and the condensate, when operat ion was at 

a tmospher ic p r e s s u r e , could be pumped out or withdrawn by gravi ty. 

The liquid level in the condenser , which could not be allowed to r i s e 

above the point where vacuum was applied, was indicated by a gauge g la s s . 

This indicator also helped in establ ishing the n e c e s s a r y suction head for 

pumping against higher p r e s s u r e . A view of the condenser is shown in 

F igure 10. 

3.10. Piping, Valves, and Insulation 

Piping was of h i g h - p r e s s u r e , galvanized i ron pipe, except for s e c ­

tions of "black pipe," which were used wherever welding had to be done. 

Water l ines were not insulated. The s team l ines , the mixer , and 

the tes t section were insulated with magnes ia pipe lagging, which served 

to minimize the heat l o s se s in the sys tem. 

Needle valves were used on the water and s team lines jus t before 

and after the r o t a m e t e r s and before the mixe r . 

3.11. Pumps 

A Worthington rec iprocat ing ver t i ca l t r ip lex water pump with a 

capacity of 5000 Ib /h r at 1750 lbf/in.2 was used to deliver the subcooled 

water to the tes t section and can be seen in F igure 11. A Worthington 

centrifugal pump and a Simer paddle pump were used for the t r ans fe r of 

water from the source condenser to the supply tanks . 
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Figure 8. View of the Tes t Sections befor 
e Installation 

. 
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Figure 9. View of the Test Section after 
Instal lat ion 



Figure 10. View of the Condenser 



Figure 11. View of the High-pressure Water Pump 



3.12. Ins t rumentat ion 

Inst rumentat ion was designed to supply the following kinds of 

m e a s u r e m e n t s : 

a. flow r a t e s ; 

b. t e m p e r a t u r e s ; and 

c. p r e s s u r e m e a s u r e m e n t s . 

Views of the panel board with ins t ruments and e l ec t r i ca l equipment 

a re shown in F igu re s 12 and 13. 

A. Flow Measurements 

a) Superheated s team - The s team was m e a s u r e d by means 

of a ro t ame te r equipped with an extension a r m and a magnet ic follower. 

The range of the ins t rument was from 100 to 1500 Ib /h r measu red at 

600oF and 600 psig. 

The s team f lowrator was ca l ibra ted by weighing the con­

densate and cor rec t ing this ra te by a cor rec t ion factor which co r r ec t ed 

for the difference in s team t empe ra tu r e and p r e s s u r e from that at which 

the flow ra te was designed, namely, 600oF and 600 psig. The cor rec t ion 

equation is given by 

W^ = W s ( v s / v ^ ) 1 / 2 , (3.12-1) 

wherein 

W^ = the t rue m a s s ra te of s team flow at 600oF and 600 psig, 

I bm/h r 

W s = the m a s s ra te of s team flow m e a s u r e d at exper imenta l condi­

t ions , Ibj-n/hr 

v s = specific volume of s team under exper imenta l conditions, 

f t 3 / l b m 

vL = specific volume of s t eam at 600oF and 600 psig, ft / l b m . 



Figure 12. View of the Panel Board 
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Figure 13. View of the E lec t r i ca l Equipment 



The maximum deviation noted for this f lowrator was 

i 5 l b m / h r or a maximum of 3% for the low flow r a t e s . This deviation is 

well within one-half of the leas t reading. The leas t reading being 

25 Ibj^ /hr , the prec is ion of the ins t rument was taken as "t 12.5 lhrn/hr. 

b) Subcooled water - Two r o t a m e t e r s were used, one for 

the low flow ra te s and the other for the high flow r a t e s . 

The low-flow-rate ro t ame te r was a d i rec t reading F i s c h e r 

and P o r t e r m e t e r with a 100- to 750- lbjn/hr range . The ro t ame te r for 

the high flow ra tes was a F i sche r and P o r t e r me te r equipped with an 

extension a r m and a magnet ic follower. The range of this m e t e r was 

500 to 5000 l b m / h r . 

The high-flow wate r flowrator was ca l ibra ted by weigh­

ing the effluent in a 55-gal drum. The result ing m e a s u r e d flow ra te s 

were an average of 37 r b m / h r higher than the indicated flow ra te . This 

figure is within the es tabl ished prec i s ion of the ins t rument of one-half 

the leas t reading. The prec is ion of this ins t rument is taken as 

±25 l b m / h r . 

The low-flow water f lowrator was ca l ibra ted by the same 

method as above. Here an average deviation of +10% was found. The 

coordinates for the cal ibrat ion curve were : 

F lowra tor Setting, 
l b m / h r 

150 
200 
300 
400 
600 
700 
750 

Me asured Flow Rate, 
l b m / h r 

137 
192.5 
275 
349 
555 
655 
697 



B. T e m p e r a t u r e Measurements 

All t e m p e r a t u r e s were m e a s u r e d with i ron-cons tantan t h e r m o ­

couples, s i lver so ldered into mild s tee l protect ion tubes of OD equal to 

0.125 in. and ID equal to 0.081 in. All thermocouples extended a min imum 

of 6 in. into the s t r e a m being m e a s u r e d and were centered approximately 

para l le l to the flow. All of the thermocouples , except the one measur ing 

the inlet t e m p e r a t u r e of the tes t section, were held in place by one-inch 

pipe plugs to which the protect ion tubes were soldered. Seven different 

t e m p e r a t u r e s of the sys tem in the range from 50 to 700oF were read on a 

Leeds and Northrup "Speedomax" multipoint recording potent iometer . 

The "Speedomax" was designed to read off 8 thermocouples automatical ly. 

The i ron-cons tantan thermocouples were ca l ibra ted with 

protect ion tubes against a s imi la r couple s tandardized by the Standards 

Labora tory of the Universi ty of Minnesota, Minneapolis , Minnesota. The 

couples were placed in a s teel plug set in a block of insulation. The a s s e m ­

bly was heated to a stable and uniform tenaperature by a surrounding 

nichrome coil. The cal ibra t ion showed that each thermocouple was accu­

ra te to within ±0.02 mv or ± 0.7oF. 

F igure 13 shows the e lec t r i ca l equipment used for measur ing 

the t e m p e r a t u r e s . 

C. P r e s s u r e Measuremen t s 

The stat ic p r e s s u r e s at the r o t a m e t e r s , r ight after the mixing 

section and at the end of the t e s t section, were m e a s u r e d with Bourdon 

gauges. The differential p r e s s u r e s were m e a s u r e d with, in some ca se s , 

a Mer iam wel l - type m e r c u r y manomete r with a range from 0 to 600 in. 

of water differential p r e s s u r e . When the p r e s s u r e drops became too high, 

Bourdon gauges were used on each of the six p r e s s u r e taps , which then 

gave the stat ic p r e s s u r e s direct ly . 



The Bourdon-tube gauges used to m e a s u r e the s team and wate r 

p r e s s u r e s at the respect ive f lowrators were cal ibra ted with an Ashcroft 

dead weight t e s t e r . The pointer and level mechan ism of each gauge was 

adjusted until perfect cal ibrat ion was attained. The manufac tu re r ' s 

s tated p rec i s ion for these gauges is ± 10 psi . 

The Mer iam well- type m e r c u r y manomete r was assumed to 

be accura te to within the l imits of one-half the leas t reading. This would 

make the prec is ion 0.5 in. of wate r . 

The effect of stat ic p r e s s u r e on the differential p r e s s u r e 

readings was studied while pumping water through the sys tem. In the 

stat ic p r e s s u r e range f rom a tmospher ic to 800 psig, the differential 

p r e s s u r e readings var ied ±2 in. of water for essent ia l ly the same fluid 

t e m p e r a t u r e , flow r a t e , and pipe length. 

A s ingle-phase p r e s s u r e - d r o p t r a v e r s e was taken down the 

tes t section to check s imi la r i ty of the pipe and tap construct ion. Both 

superheated s team and liquid water were used. 

Consistency of data was checked by repeat ing two runs which 

had been run 24 hr before or e a r l i e r . In all cases the r e su l t s were within 

the range dictated by the prec is ion of the m e a s u r e d va r i ab le s . Also, usu­

ally th ree , and at leas t two, t r i a l s were taken for each constant setting of 

the operating var iab les to a s s u r e consistency. In numerous p re l iminary 

water and superheated s team runs , s ingle-phase consis tency was 

ascer ta ined . 



CHAPTER IV 

EXPERIMENTAL PROCEDURE 

4 .1 . Definition of Cr i t ica l Flow from Exper imenta l Viewpoint 

In this work, the t e r m c r i t i ca l throa t p r e s s u r e re fe r s to the p r e s ­

su re existing at the exit plane of the tes t section (throat) when maximum 

flow is achieved. Maximum flow is obtained when the downstream or back 

p r e s s u r e is sufficiently low such that a change in this p r e s s u r e will not 

affect the approximate s teady-s ta te ups t r eam axial p r e s s u r e profi le . It 

shall be pointed out he re that, although the p r e s s u r e profile r emains the 

same before and after a change in back p r e s s u r e , during the change it is 

dis turbed and becomes quite unstable . Since anomalous behavior has been 

observed by other investigators,(23,33,77) such as the throat p r e s s u r e being 

sensi t ive to back p r e s s u r e s sma l l e r than the c r i t i ca l p r e s s u r e , it is i m ­

portant to r e m e m b e r this definition in o rde r to avoid confusion. 

4.2. Initial Startup 

The exper imenta l p rocedure var ied somewhat depending upon the 

purpose of the run. Consequently, only a genera l descr ip t ion of the scheme 

will be given. 

Cooling water and s team from the Universi ty mains were allowed 

to flow into the condenser . The paddle pump, which t r a n s f e r r e d the con­

densate from the condenser to the adjacent s torage d r u m s , was s t a r t ed . 

The centrifugal pump, which t r a n s f e r r e d the liquid to the fifth-floor tank, 

was s ta r ted . The two surge tanks were filled to two- th i rds running p r e s ­

sure with ni t rogen gas . The recording potent iometer was switched on. 

The ro t ame te r light, the l iquid-level indicator light, and the control c i r ­

cuit were switched on. The recording potent iometer was checked by 

switching out the thermocouples and switching in a known emf. 

Ice was placed in the thermocouple cold well . Frequent renewals 

of the ice supply were made during the day. Time for equil ibrium was 

always allowed before any t empe ra tu r e readings were taken. 
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4 .3 . B l e e d i n g the S y s t e m 

The Wor th ing ton r e c i p r o c a t i n g p u m p and the b o i l e r feed p u m p w e r e 

a l lowed to p u m p w a t e r t h r o u g h the s y s t e m wi th t h e b l e e d v a l v e s open . T h i s 

w a s done with t h e s y s t e m t h r o t t l e d to about 300 p s i and a flow r a t e of about 

3500 lb / h r of w a t e r . In t h i s m a n n e r , the s y s t e m , inc lud ing the m a n o m e t e r 

l i n e s and the d i f f e r e n t i a l p r e s s u r e g a u g e s , w a s c o m p l e t e l y p u r g e d of a i r . 

4 .4 . C h e c k of S y s t e m Us ing A l l - l i q u i d F l o w 

The b o i l e r output w a t e r w a s va lved to the d r a i n , and t h e b l e e d v a l v e s 

w e r e shu t off. The w a t e r t e m p e r a t u r e and flow r a t e w e r e no ted a long with 

the s t a t i c p r e s s u r e d r o p for e a c h i n c r e m e n t a long the t e s t s e c t i o n . T h e s e 

d a t a a l l owed a f r i c t i o n f ac to r to be c a l c u l a t e d wh ich could be c o m p a r e d to 

t h e f r i c t i o n - f a c t o r d a t a a l r e a d y e s t a b l i s h e d . T h i s c o m p a r i s o n gave an i n d i ­

c a t i o n of t h e cond i t ion of the s y s t e m , p a r t i c u l a r l y wi th r e g a r d to s c a l i n g of 

the i n t e r n a l p ipe s u r f a c e and to p o c k e t s of a i r wi th in t h e s y s t e m . 

4 . 5 . C o m m e n c i n g the F l o w of S t e a m 

The w a t e r flow w a s v a l v e d off and the b o i l e r output w a s va lved b a c k 

into the t e s t s e c t i o n . The b u r n e r c o n t r o l s w i t c h on t h e p a n e l b o a r d w a s 

s w i t c h e d on, and the s n a p s w i t c h j u s t b e l o w it w a s m o v e d to t h e " B " (bo i l e r ) 

p o s i t i o n . The fuel w a s t h e n ign i t ed by swi t ch ing on t h e b u r n e r s w i t c h l o c a t e d 

on the b o i l e r p a n e l b o a r d . The d i f f e r e n t i a l p r e s s u r e s a long the t e s t s e c t i o n 

w e r e n o t e d . T h e s e p r e s s u r e s w e r e c o n t r o l l e d by the in le t va lve of the t e s t 

s e c t i o n , t he b y p a s s va lve for the s t e a m l ine f r o m the b o i l e r , and the fuel and 

n o r m a l i z e r va lve s e t t i n g s of the b o i l e r . 

4 . 6 . I n t roduc ing t h e W a t e r P h a s e 

After the b o i l e r d e l i v e r y had b e e n s t a b i l i z e d , t he Wor th ing ton r e c i p ­

r o c a t i n g p u m p w a s s w i t c h e d on s i m u l t a n e o u s l y wi th m o v i n g the s n a p s w i t c h 

to t h e " C " ( con t ro l ) p o s i t i o n . The p u m p exi t p r e s s u r e w a s i n c r e a s e d to 

about t w o - t h i r d s of the a n t i c i p a t e d s t a t i c p r e s s u r e for t w o - p h a s e flow in the 

i n l e t t e s t s e c t i o n by c l o s i n g down on t h e p u m p r e c y c l e v a l v e . It shou ld be 



m e n t i o n e d h e r e t h a t the m i x i n g p r o c e s s of the h i g h - p r e s s u r e w a t e r and 

s t e a m s t r e a m s c a u s e d m a n y d i f f i cu l t i e s . A long t i m e w a s devo t ed to t h i s 

p a r t i c u l a r p r o b l e m of the e x p e r i m e n t b e f o r e s a t i s f a c t o r y p e r f o r m a n c e of 

the e q u i p m e n t w a s a c h i e v e d . 

4 .7 . S t ab i l i z ing the T w o - p h a s e F low 

The c o n t r o l v a r i a b l e s of s t e a m flow r a t e , w a t e r flow r a t e , and 

s t a t i c p r e s s u r e of the in l e t t e s t s e c t i o n could be v a r i e d by ad ju s t i ng (1) the 

a i r - f u e l r a t i o of the b o i l e r , (2) the in le t va lve of the t e s t s e c t i o n , and (3) the 

a m o u n t of s t e a m and w a t e r r e c y c l e . B e c a u s e of the r e l a t i v e dif f icul ty in 

s e t t i n g the in le t s u p e r h e a t e d s t e a m flow r a t e , t h i s v a r i a b l e w a s f i r s t e s ­

t a b l i s h e d and t h e n the in le t w a t e r flow r a t e w a s c h a n g e d . In t h i s m a n n e r 

the qua l i ty of the t w o - p h a s e m i x t u r e cou ld be v a r i e d f r o m 0 to 100 p e r c e n t . 

4 . 8 . Making a Run 

After the p r e l i m i n a r y p r e p a r a t i o n s w e r e c o m p l e t e d , t he flow r a t e s 

and t e m p e r a t u r e s w e r e s e t in such a m a n n e r t h a t t he p r e s s u r e at t he ex i t 

of the t e s t s e c t i o n (the t h r o a t p r e s s u r e ) and the s t a g n a t i o n en tha lpy w e r e at 

t h e d e s i r e d v a l u e . As t o t a l flow r a t e , s t a g n a t i o n en tha lpy , and t h r o a t p r e s ­

s u r e w e r e a l l i n t e r r e l a t e d , t h i s m e a n t tha t s o m e t r i a l - a n d - e r r o r va lve 

s e t t i n g was n e c e s s a r y . In the m e a n t i m e , the p r e s s u r e in the d o w n s t r e a m 

r e c e i v e r (the b a c k p r e s s u r e ) w a s kep t at a t m o s p h e r i c o r l o w e r a t a l l t i m e s . 

With s o m e p r a c t i c e t h i s o p e r a t i o n did not p o s e any p a r t i c u l a r diff icul ty and 

r e q u i r e d a n y w h e r e f r o m 45 to 60 m i n . 

The t i m e i n t e r v a l p r e c e d i n g the t ak ing of d a t a for any p a r t i c u l a r 

r u n v a r i e d s o m e w h a t . It w a s s o m e t i m e s a s long a s 5 to 6 h r , but n e v e r 

s h o r t e r t han I j h r for the f i r s t r u n in any o p e r a t i n g d a y . D u r a t i o n of a r u n 

w a s e s t i m a t e d at 2 h r , a l though the a c t u a l r e c o r d i n g of the e s s e n t i a l d a t a 

u s u a l l y took only about 0.5 h r . 

It should be m e n t i o n e d h e r e t ha t , b e c a u s e of the r a n d o m l y v a r y i n g 

s t e a m p r e s s u r e in the b o i l e r and o c c a s i o n a l l y c y c l i n g i n h e r e n t in t h e s y s t e m , 

cond i t i ons w e r e not a s s t e a d y as d e s i r e d . P r e s s u r e s m i g h t v a r y by s e v e r a l p s i . 



The s team boiler somet imes was hard to operate at steady p r e s s u r e . 

Consequently, whenever possible , the data were taken in a rapid manner to 

take advantage of short spells of steady behavior . In spite of the obvious 

shortcomings of this p rocedure , r a ther good resu l t s were obtained because 

of the shor t t ime requi red for the sys tem to reach steady s ta te . The heat 

balances were all quite good, and, l ikewise, whenever m a t e r i a l balances were 

made, good resu l t s were obtained. The measu remen t s which probably suf­

fered the most were the ups t ream p r e s s u r e s in the tes t section, since these 

were not taken in the same manner . This was not t rue for the p r e s s u r e tap 

next to the throat , which was recorded simultaneously with the flow ra te s 

and the t e m p e r a t u r e s . The throat p r e s s u r e was also observed over a period 

of t ime to get a be t te r percept ion of the p r e s s u r e fluctuations. 

When the t e m p e r a t u r e s , p r e s s u r e s , and flowrates appeared s table , 

data were recorded as shown on the data sheet (see Table I). After the 

Table I 

TWO-PHASE CRITICAL DISCHARGE DATA SHEET 

(Corrected Values) 

Run No: TSII-42 
Date : March 17-1960 
Time : 2 hours 

P r e s s u r e Readings 

Posi t ion 

Steam Boiler 
Steam Flowmeter 
Water F lowmeter 
Outlet Mixing-Section 
P r e s s u r e Tap 6 
P r e s s u r e Tap 5 
P r e s s u r e Tap 4 
P r e s s u r e Tap 3 
P r e s s u r e Tap 2 
P r e s s u r e Tap 1 
Back P r e s s u r e 

ps ia 

1350 
350 
595 
280 
173 
159 
123 
99 
85 
56 
15 

Water F lowmeter : Small 
Steam Flowmeter : Large 

Flow Rates 

Phase 

Steam 
Water 

Tempera tu r e 

Posi t ion 

Steam Boiler 
Steam Flowmeter 
Water F lowmeter 
Steam Inlet Mixing-
Water Inlet Mixing-

I b s / h r 

322 
595.5 

Readings 

-Section 
-Section 

Outlet Mixing-Section 

0 F 

645.0 
583.3 

98.0 
513.3 

98.0 
410.0 

R e m a r k s : P r e s s u r e fluctuations at Steam Boiler + 15 psia 
P r e s s u r e fluctuations at Steam Flowmeter ± 2 ps ia 
P r e s s u r e fluctuations at P r e s s u r e Tap 6 ± 5 ps ia 



above d a t a w e r e t a k e n , a l l t h e d a t a w e r e t h e n r e c h e c k e d to s e e if any g r o s s 

e r r o r in r e a d i n g had b e e n m a d e . Qui te often two c o m p l e t e s e t s of d a t a w e r e 

t a k e n in o r d e r to ge t an i dea of the r a n d o m c h a n g e in s y s t e m c o n d i t i o n s . 

One m u s t r e m e m b e r tha t t he p r o c e d u r e w a s not a l w a y s the s a m e , 

but v a r i e d depend ing upon what w a s thought to be a d v a n t a g e o u s . H o w e v e r , 

c a r e w a s t a k e n to a l w a y s follow good p r a c t i c e , so tha t e r r o r s w e r e kep t to 

a m i n i m u m . 

4 .9 . O r g a n i z a t i o n of the Runs 

In tu i t ion would i n d i c a t e t ha t t h e r e would be a c e r t a i n m i n i m u m leng th 

and d i a m e t e r of t e s t s e c t i o n at which the c r i t i c a l flow r a t e s and p r e s s u r e s 

m i g h t be a f fec ted b e c a u s e of l a c k of t i m e to r e a c h the flow p a t t e r n s , s l i p 

and m e t a s t a b i l i t y , e t c . On the o t h e r hand , i n c r e a s e d l eng th and d i a m e t e r , 

by i n c r e a s i n g the p r e s s u r e d r o p p r i o r to the t h r o a t , r e d u c e s the m a x i m u m 

c r i t i c a l p r e s s u r e t h a t can be o b t a i n e d . C o n s e q u e n t l y , t he w r i t e r fo l lowed 

the p l a n of a c t i o n g iven b e l o w . 

The f i r s t t e s t s e c t i o n bu i l t , TSI, w a s a 0 . 4 8 2 5 - i n . - I D s t e e l p i p e . Its 

p u r p o s e w a s to g ive s o m e i d e a of t h e p r e s s u r e g r a d i e n t a long the p i p e . 

S ince the h i g h e s t ou t l e t c r i t i c a l p r e s s u r e t h a t cou ld be ob t a ined with t h i s 

t e s t s e c t i o n w a s 60 p s i , it w a s d e c i d e d to go to p ipe of s m a l l e r s i z e , wi thout 

t ak ing any c o m p l e t e c r i t i c a l t w o - p h a s e flow r u n s on t e s t s e c t i o n I. 

The next t e s t s e c t i o n , TSII, w a s a 0 . 2 6 9 - i n . - I D s t e e l p ipe wi th a 

l eng th of 110 in . , t he s a m e a s TSI. With t h i s t e s t s e c t i o n 90 c o m p l e t e 

t w o - p h a s e c r i t i c a l flow r u n s w e r e t a k e n , wi th q u a l i t i e s f r o m 10 to 70%, and 

c r i t i c a l p r e s s u r e s f r o m 40 to 140 p s i a . All of t h e s e r u n s w e r e c o n s i d e r e d 

to be v e r y good. E x c e l l e n t p r e s s u r e p r o f i l e s w e r e ob t a ined and a r e shown 

in F i g u r e s 25 and 26, C h a p t e r VI. 

The t h i r d t e s t s e c t i o n , TSUI, wi th 0 . 1 2 5 - i n . - I D and a l eng th of 

110 in . , w a s bu i l t wi th the goa l in m i n d to o b t a i n s t i l l h i g h e r ou t l e t c r i t i c a l 

p r e s s u r e s . H o w e v e r , t he | - i n . t e s t s e c t i o n c o n n e c t e d d i r e c t l y to the 

l - i n . - I D m i x i n g s e c t i o n , a s had b e e n done p r e v i o u s l y for TSI and TSII , 



caused ser ious p r e s s u r e fluctuations at the inlet of the tes t sect ion. These 

p r e s s u r e fluctuations were t r ansmi t t ed down toward the throat of the pipe 

and made it impossible to obtain any re l iable p r e s s u r e profiles on this 

t es t sect ion. 

After a careful balance of the factors involved, the tes t section was 

shortened to 56- ^ in. and was built and connected to the mixing section as 

shown in F igure 7, Chapter III. This was tes t section 4, TSIV. The effect 

of length was checked by making some l o w - p r e s s u r e runs with this shor te r 

tes t sect ion. With this change in the design, 56 two-phase c r i t i ca l flow 

runs were obtained with quali t ies from 1 to 50% and p r e s s u r e s from 80 to 

360 ps ia . Again, excellent p r e s s u r e profi les were obtained and a r e shown 

in F igures 27 and 28, Chapter VI. 

Summing it up, 146 two-phase c r i t i ca l flow runs were tabulated with 

the following ranges of the va r i ab les : 

Table II 

RANGE OF EXPERIMENTAL VARIABLES 

Number 
Pipe of Runs P , p s i a G, Ib j^ /sec-f t 2 Quality, % 

TSII 90 40-140 500-1300 10-70 

TSIV 56 80-360 1400-4300 1-50 



CHAPTER V 

THEORY OF TWO-PHASE CRITICAL FLOW 

Previous Theory of Cri t ical Flow 

5.1. Genera l 

Although the theory concerning c r i t i ca l d i scharges of s ingle-phase 

flow, in pa r t i cu la r of gases , is well known, the d i rec t opposite is t rue for 

two-phase m i x t u r e s . This is the resu l t of phenomena such as the re la t ive 

velocity between phases , changes of phase caused by the p r e s s u r e gradient , 

and the possibi l i ty of lack of thermodynamic equi l ibr ium. Before d i s c u s s ­

ing these phenomena, it would be well worth while to desc r ibe the c r i t i ca l 

flow of a s ingle-phase compress ib le fluid. 

In fact, it st i l l r ema ins to be determined whether such a phenomena 

occurs for two-phase flow with the same implicat ions that it c a r r i e s for 

s ingle-phase flow. 

As Hall points out,(40) it is more significant to consider a maximum 

discharge from the viewpoint of propagation of p r e s s u r e impulses than from 

the viewpoint of acous t ics , as one is quite independent from the other. 

Sound is jus t one example of the much wider r e a l m of moving p r e s s u r e 

gradients . It appears logical, then, because sonic two-phase flow may be 

in doubt, to approach the problem from the viewpoint of maximum flows 

by f i rs t investigating the c r i t i ca l veloci t ies of gases , secondly, extending 

that concept to a homogeneous mix ture , and, thirdly, to a heterogeneous 

mix ture . 

5.2. Single-phase Flow 

If one imagines a flow sys tem, such as a pipe attached to a constant-

p r e s s u r e source on one end and to a la rge r ece ive r on the other , one knows 

that, when the downstream p r e s s u r e is reduced below that of the ups t ream 

53 



end, flow begins and a p r e s s u r e gradient is set up in the pipe. When steady 

state is reached, the force on the fluid from this p r e s s u r e gradient is 

exactly balanced by frict ional and iner t ia l fo rces , and, therefore , the flow 

s tabi l izes . If the ups t ream p r e s s u r e and thermodynamic state of the 

fluid a re kept constant, fur ther drop in the downstream p r e s s u r e will r e ­

sult in an increased flow ra te until a maximum flow rate is obtained. 

When this flow ra te is reached, further reduction of the r ece ive r p r e s s u r e 

will no longer affect the flow ra t e . Fo r a s ingle-phase mix ture , the p r e s ­

su res in the pipe a re also invariant . A derivat ion of the equation giving 

this maximum or c r i t i ca l flow ra te follows. 

The c r i t e r ion adopted for c r i t i ca l flow of a compress ib le fluid 

through a pipe is 

(i£). =0 ( 5 - 2 - 1 > 
at constant ups t r eam p r e s s u r e Pi and with f, the frict ion factor, equal to 

ze ro . Here , P e is the exit p r e s s u r e and the pa r t i a l designation is used 

to indicate constant entropy. 

In genera l , for s teady-s ta te turbulent flow, the mechanical energy 

balance can be wr i t ten (see Ref. 31, page 312) as 

-1 dz + dF + — du + v dP= dW0 . (5.2-2) 
Sc gc 

When there is no friction, mechanical work, or head to be considered, 

this becomes 

— du + v dP= 0 . (5.2-3) 
gc 

Now, differentiating the continuity equation Gv = u with r e spec t to P, one 

obtains 

du dG , _ dv / „ „ , x 



and, since dG/dP = 0, 

— = G — (5 2-5) 
dP ^ m a x (jp • ^ - ^ D> 

Substitution of this into the flow equation yields 

v + ^ ! 5 * 0 ( 5 2 . 6 ) 

g c dP 

or, since u = Gv, 

r2 

m a x dv / » 
v + - 2 i _ v 2 ^ = 0 . (5.2-7) 

Rearranging, 

G m a x = gc (" 5 7 ) • (5-2-8) 

where G m a x is the maximum m a s s velocity, and P and v the p r e s s u r e 

and specific volume, respect ively , at the exit end of the discharging line. 

If the magnitude of the p r e s s u r e change (propagated through and 

by the fluid) is considered negligible, so that no heat t r ans fe r or fluid 

friction resu l t f rom the t empera tu re and p r e s s u r e gradients developed, 

as is found with flow of gases , the d i rec t action of impulse is then both 

adiabatic and i sent ropic . 

It is in teres t ing to note that for a s ingle-phase medium the equation 

giving the c r i t i ca l velocity is identical with the equation for the velocity of 

sound in the same medium. For a single phase, it can be said, with r e a ­

sonable safety, that the maximum flow and c r i t i ca l p r e s s u r e a re reached 

when the velocity of the s t r e a m is equal to that of a rarefact ion wave in 

the same medium. Because of th is , the downst ream p r e s s u r e can no 

longer be t r ansmi t t ed up into the pipe; therefore , the downstream condi­

tions no longer affect the conditions in the pipe. For a perfect gas , then, 

an equation such as 

^ a x = g c ^ v , (5.2-9) 



where u, P , and v a r e , respect ively , the velocity, p r e s s u r e , and specific 

volume at the pipe outlet, g c the conversion constant, and K defined by 

the relat ionship K = C p / c v , can be used to calculate c r i t i ca l veloci t ies . 

In the case of s team, calculations can be per formed very conveni­

ently by using the s team tables . 

5.3. Two-phase, One-component Flow 

A simple way to extend these concepts to the c r i t i ca l flow of 

s t eam-wa te r mix tures is to a s sume that the mixture is perfectly 

homogeneous. 

As defined, homogeneous two-phase flow involves an int imate 

mixture of s team, as the vapor phase , in equi l ibr ium with water d rop­

le t s , as the liquid phase . 

The procedure in the past has been to adopt the s impler a s s u m p ­

tions of thermodynamic equi l ibr ium and equal phase veloci t ies . When 

these l imitat ions could not be justified (markeddi f ferences were found 

between theore t ica l and observed values) , different phase veloci t ies were 

asc r ibed to each phase or a t rans ien t state was considered. Very lit t le 

attention has been devoted to the case in which equi l ibr ium is not p resen t 

nor do the two phases flow with the same veloci t ies . When one cons iders 

the complexit ies involved in such a situation, it becomes obvious why 

this has been so. 

5.4. Homogeneous Two-phase Flow ("Homogeneous Flow Model"). 

If, with the assumption of r e v e r s i b l e , adiabatic flow, equal phase 

veloci t ies and additive specific volumes a re postulated, the mixture can 

be given the same theore t ica l t r ea tmen t which applies to s ingle-phase 

flow. 

The specific volume for two-phase homogeneous flow is defined 

as follows: 

v = V! ( 1 - x ) + VgX , ( 5 . 4 - 1 ) 



where v^, v„, and x a r e , respect ive ly , the specific volumes of liquid and 

gas , and weight fract ion of vapor in the mix ture . Differentiation of the 

specific volume of the mixture with respec t to p r e s s u r e P at constant 

entropy y ie lds : 

. _ m 
sm • sm " sm " sm 

m--*m>^%)>^(d£) • <-2> 
Insert ing this in the equation for maximum single-phase flow (6.2-8), 

- ,1 /2 
^ c 

G m a x x (dvg/dP) + ( v g - v 1 ) ( d x / d P ) s m + (1 -x)(dv1/dP) 
s m g ' i /v—v - / s m v- /v ' i / / s m 

(5.4-3) 

If the assumpt ions were co r rec t , a char t p r epa red for any des i red range 

of conditions with total outlet p r e s s u r e plotted ve r sus maximum m a s s 

velocity with c r i t i ca l quality as p a r a m e t e r would be of obvious value. 

Such a plot was p r epa red for p r e s s u r e s from a tmospher ic to the c r i t i ca l 

p r e s s u r e and is shown in F igure 14. Because the method of calculating 

is important and subject to different possible in te rpre ta t ions in a few 

points , the computing procedure is explained in Appendix C. 

5.5. Complications of Two-phase Flow. 

The flow of a two-phase , s ingle-component mix ture is much more 

complicated than the "Homogeneous Model" would indicate. It would be 

wise to spend some t ime discussing the phenomena which complicate the 

problem. These a r e : ( l) change of phase , boiling or condensation, 

(2) slip or re la t ive velocity between the phases , (3) flow pat tern , and 

(4) possible occur rence of metas tabi l i ty . The f i r s t of these occurs be ­

cause of the exis tence of the p r e s s u r e drop which propels the fluid. In 

genera l , for an isentropic expansion, the exit quality (per cent s team by 

weight) tends to inc rease for lower values of initial quality and to dec rea se 

for the higher va lues . When initially sa tura ted water undergoes an i s en ­

tropic expansion, the volume inc rease for a given p r e s s u r e change is 
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Figure 14. Predict ion of Cri t ical Flow Rate from 
Homogeneous Flow Model 



ex t remely l a rge . If no slip is a ssumed, this leads to r a the r low values 

of the maximum or c r i t i ca l velocity. 

However, this has been found not to be the case . Much higher m a s s 

veloci t ies have been observed. This s ta tement has been verified for low 

pressures . (23,27,33,66,77) Some investigators(23,47,66) have explained at 

least qualitatively the d i sc repanc ies of observed data and theory by the 

existence of slip and the possible lack of thermodynamic equi l ibr ium. 

Slip occurs mainly because the vapor phase is l e s s dense than 

the liquid phase and, therefore , is much more easi ly acce le ra ted by the 

forces a r i s ing from the p r e s s u r e gradient . F r ic t ion between the phases 

and ent ra inment of the liquid in the form of droplets (and froths) tend to 

dec rease the re la t ive veloci t ies between the phases . Slip reduces the 

momentum and kinetic energy assoc ia ted with a given m a s s velocity. 

Therefore , a g r ea t e r flow ra te may resu l t from a given p r e s s u r e drop. 

The ability to predic t accura te ly the s team volume fract ions in 

boiling sys tems is a p re requ i s i t e for a competent evaluation of the p e r ­

formance cha rac t e r i s t i c s of such sys t ems . This is especial ly t rue in 

boiling water r eac to r s where the nuclear aspects a re int imately in te r ­

re la ted to the two-phase flow cha rac t e r i s t i c s of the sys tem. The reac to r 

rec i rcula t ion ra t e , coolant and modera to r dens i t ies , core neutron k inet ics , 

and reac tor stabili ty a re all dependent upon the s team volume fraction or 

the slip ra t io . 

The significance of these t e r m s is dependent upon the flow pat te rn . 

Thus, with unsteady flow pa t t e rns , such as the plug and slug type, the liquid 

holdup at any c ro s s section fluctuates with t ime and is only a constant over 

a considerable tube length. Alternatively, in annular flow, the liquid hold­

up remains constant provided other conditions a re constant and is the t rue 

fraction of c r o s s - s e c t i o n a l a r e a occupied by liquid at that point. 



Turbulent cocur ren t flow of a liquid and a gaseous phase through a 

pipe or channel is cha rac te r i zed by severa l r eg imes . If the volumetr ic 

r a t e of flow of the gas is much g r e a t e r than that of the liquid, the gas will 

flow as a continuous phase . The liquid in this case will be ei ther a con­

tinuous or a d i spe r sed phase , depending upon the m a s s veloci t ies , the 

pipe d iamete r , and the orientat ion of the flow axis . In horizontal flow 

at re la t ively low m a s s ve loci t ies , the liquid flows along the bottom of 

the pipe (strat i f ied flow). This is cer ta inly not the case for c r i t i ca l two-

phase flow. If the m a s s veloci t ies a re increased , keeping the ra t io of 

the volumetr ic flow r a t e s constant, the interface becomes quite wavy, 

and eventually a port ion of the liquid is entra ined as drople ts in the gas . 

If the gas m a s s velocity only is increased , the liquid tends to spread out 

into an annular film over the walls of the pipe (annular flow). This las t 

example is more likely to be the t rue physical p ic ture of two-phase c r i ­

t ical flow and will be d i scussed in more detail la te r on. 

Metastabi l i ty , the lack of thermodynamic equi l ibr ium, has been 

shown to exist in or if ices and nozzles ,w,75,78,97,98) though its existence 

in pipes has not been proven. With a sa tura ted liquid, metas tabi l i ty can 

occur because of the delay in initiation of boiling as the fluid flows into a 

region of p r e s s u r e l e s s than its sa tura t ion p r e s s u r e . This delay can occur 

e i ther because of the lack of nuclei or because of the short t ime of expan­

sion or both. In the case of sa tura ted s team, which is cooling during an 

isent ropic expansion, the situation is quite complex. Here nuclei a re 

needed; the more subcooling which occur s , the sma l l e r the size of nuclei 

which will suffice. Both the t ime ra te of expansion and mechanical d i s ­

turbances a re also important . This type of metas tabi l i ty can resu l t in 

"condensation shock," an i r r e v e r s i b l e phenomenon in which a cloud of 

fine water droplets form, giving r i s e to a sudden, a lmost instantaneous, 

p r e s s u r e r i s e . 



A th i rd type of metas tabi l i ty occurs because of the inc rease in vapor 

p r e s s u r e of curved sur faces . This type is not rea l ly a t rue metas tabi l i ty 

and r e n d e r s thermodynamic data, such as those found in the s team tab les , 

somewhat inapplicable to flow regions where the water phase exis ts p a r ­

tially or ent i re ly in the form of fine d rops . 

As mentioned e a r l i e r , the lack of thermodynamic equi l ibr ium has 

been shown to exist in orif ices and nozzles , though its exis tence in pipes 

has not been proven. The author s trongly believes that the lack of equi­

l ibr ium is not a major problem, and, indeed, the equi l ibr ium conditions 

a re believed to be sat isf ied in s t ra ight tubes. This s ta tement is verif ied 

by Burnell,(23) w h o obtained c r i t i ca l flow data with pipes of smal l bore , 

which Moy ' ' ' ) compared with his own cr i t i ca l flow data and were found 

in good agreement . Moy's data a re compared with the au thor ' s data in 

Chapter VI. Not only did Burnel l recognize the probabil i ty of each of the 

phases flowing at different veloci t ies but, by actual p r e s s u r e - t e m p e r a t u r e 

checks, he was able to de te rmine that equi l ibr ium was attained. However, 

where one has a sudden change in the p r e s s u r e gradient , as in or i f ices 

or nozzles , the fai lure to attain equi l ibr ium is unders tandable . 

Thermodynamic instabil i ty, metas tabi l i ty , or nonthermodynamic 

equil ibr ium between phases has been suggested as a second cause for the 

actual c r i t i ca l flow ra te exceeding that predic ted by the homogeneous flow 

model . Stuart and Yarnel l(°°) f i r s t observed this phenomenon during 

s t eam-wa te r exper iments with or i f ices . Their explanation was that s u r ­

face tension inc reased the effective p r e s s u r e and thus r e t a rded bubble 

formation. Due to its cha rac t e r , the effects of metas tabi l i ty a re exceed­

ingly difficult to include in an empi r i ca l or analytical express ion . Fo r 

this reason , it is general ly omitted and thermodynamic equi l ibr ium is 

assumed. For tunate ly , it is general ly accepted that metas tab le conditions 

exist only in or if ices or short lengths of pipes and that in c r i t i ca l flow 

studies in re la t ively long sections of pipe its effects can be safely ignored. 



Later on in this work it will be shown that the assumption of 

thermodynanaic equi l ibr ium in a s t ra ight pipe flow appears to be valid 

and that the differences between exper imenta l data and the only theo­

re t i ca l model developed before this work, the "Homogeneous Model," 

is mainly due to slip between the phases . Other s e m i - e m p i r i c a l 

models have been developed,(47,66) but have been dependent upon slip 

data. Since slip data have not been de termined for high velocity r anges , 

as is the case for c r i t i ca l two-phase flow, the authors of these s e m i -

empi r i ca l models have used slip cor re la t ions for low velocity 

r anges . ' '>*><>< 1) These models have not achieved significant 

recognition. 

As one can see , any at tempt to at tack this problem completely 

analytically will be dependent upon the derivat ion of a theore t ica l ex­

p res s ion for the slip ra t io or void fract ion under c r i t i ca l flow conditions. 

In the second pa r t of this theore t ica l d iscuss ion of two-phase 

c r i t i ca l flow, the au thor ' s proposed model and theory for predict ing 

c r i t i ca l flow conditions will be presented . 

The Author 's Theory of Two-phase Cri t ical Flow 

5.6. Genera l 

The simultaneous flow of two phases in a pipe r ende r s possible 

the occur rence of a var ie ty of flow mechan i sms , and it is n e c e s s a r y to 

consider these qualitatively before developing the appropr ia te theory. 

As mentioned in Chapter II of this work, this feature of two-phase flow 

has rece ived considerable attention by Amer ican inves t iga tors , notably 

by Mart inel l i and others(70) and by Bergel in and Gazley.U") In Grea t 

Bri tain, Lewis and Rober tsom"^) have descr ibed the fo rms of flow oc ­

cur r ing in a heated ve r t i ca l tube pass ing evaporating water . Russ ian 

contributions have been made by Shugaev and Sorokin.wO) Kosterin,v°0/ 

and Kras iakova . \ " l / A number of a t tempts have been made to pred ic t 



flow pa t te rns by plotting one function of the p roper t i e s of a sys tem against 

another and assigning flow pa t te rn types to var ious a r e a s . Both Alves^ 4 ' 

and Kras iakova(° l / (see Chapter II of this work) have p resen ted such plots 

where the functions were simply superficial gas velocity ve r sus supe r ­

ficial liquid velocity. The forms of their regional plots a re s imi la r . 

B a k e r ^ •'•' obtained a s imi l a r type of regional graph but employed e m ­

pi r ica l dimensional functions of the p roper t i e s of the sys t ems as 

coordinates . 

When the vapor -phase flow ra te is continually being inc reased in a 

tube from inlet to outlet due to heat t r ans fe r or flashing of a sa tura ted 

liquid, then the flow pa t te rns will be s imi la r to those stated by the above 

invest igators with the difference that the re may be a continuous t r a n s i ­

tion from one flow pa t te rn to another consistent with increas ing vapor 

and decreas ing liquid flow r a t e s . Thus, severa l flow pa t te rns may be ob­

served in one length of pipe under pa r t i cu la r conditions. Observat ions of 

fluids boiling in ve r t i ca l tubes indicate that the flow pa t te rns may not be 

so c lear ly defined, which is obviously due to the agitation induced by con­

tinuous formation of vapor bubbles whenever heat is t r a n s f e r r e d to a 

predominantly liquid phase . Flow pa t te rns repor ted have been mainly those 

for boiling liquids in ve r t i ca l tubes . Authors who have made such studies 

include Barbe t , ( 1 2 ) Kirschbaun, Kranz, and S ta rck , ( 5 7 ) Badger et a l . , ( 8> 2 2> 2 6 ) 

and Dengler .^ 2 ° ' Looking at F igure 1 and 2, p resen ted in Chapter II of this 

work, and having in mind the fai lure of the "Homogeneous Flow Model," it 

s eems obvious to explore an annular flow pa t te rn in setting up a ma the ­

mat ica l model for explaining the two-phase cr i t ical-f low phenomenon. It 

appears evident from the l i t e r a tu re that, when the superficial phase ve loc­

it ies a re high enough, an annular flow pa t te rn is es tabl ished for the flowing 

two-phase sys tem. Since the superficial veloci t ies under c r i t i ca l flow con­

ditions a re higher than the l imits for initiation of separa ted flow, it becomes 

a logical choice of the flow pa t te rn for the mathemat ica l t r ea tment of two-

phase c r i t i ca l flow. 



To as sume a homogeneous flow pa t te rn where the veloci t ies of 

vapor and liquid a re identical , as p resen ted in par t I of this theore t ica l 

d iscussion, will be shown, in Chapter VI, not to be valid, as has been 

the case in previous work on the subject ma t t e r . Other flow pa t t e rns , 

including the d i spers ion of some of the liquid in the vapor phase , could 

be considered but would complicate a mathemat ica l analysis of this 

problem beyond resolution. 

5.7. Development of the Equation of Motion Describing the Two-phase , 
One-component System in a Pipe 

When sa tura ted water flows through a tube, evaporat ion may occur 

and produce a two-phase mixture of vapor and liquid to flow through the 

tube. Inasmuch as the vapor is much m o r e voluminous (at p r e s s u r e s 

l e s s than the c r i t i ca l value) than the liquid from which it was formed, 

a marked acce lera t ion of the mixture will occur during evaporation. 

The force for acce lera t ion and overcoming fr ict ional r e s i s t a n c e s p r o ­

duces the p r e s s u r e gradient . The p r e s s u r e is a s sumed to be uniform 

at a c r o s s section of the tube. The resu l t is that very different veloci t ies 

exist in the tube, with the vapor port ions always having a higher velocity 

than the liquid por t ions . This type of flow is called slip flow in that 

slippage occurs between the vapor and liquid phases . Although a genera l 

descr ipt ion of slip flow is c l ea r - cu t , a specific descr ip t ion of how the 

liquid and vapor become a r ranged in a tube, and an exact mathemat ica l 

express ion for p r e s s u r e drop, phase veloci t ies , and c r i t i ca l flow condi­

tions have not yet been developed. In the following pages the author p r e ­

sents how this has been done in an effective way, based on the following 

physical model . 

The flow model assumed is annular flow, i .e . , one component flows 

in the core (gas phase) of the conduit surrounded by the second phase 

(liquid) which flows along the inner p e r i m e t e r of the conduit. Physica l 

p ic tures of annular flow a re shown in F igures 15 and 16. 
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Figure 15. Physical Pictures of Annular Flow 

The velocity profiles for the two-phase annular flow model might look like 

those seen in Figure 16. 
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Vapor 

U i 

7 
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Figure 16. Velocity Profiles for Two-phase Annular Flow 

The analysis is restricted to the one-dimensional, steady flow of real 

fluids. The assumptions of one-dimensional flow is strictly applicable to 

cases where the velocity of the fluid is uniform over the entire cross sec­

tion of flow. The analysis is therefore valid only for an ideal case, but in 

practice an average velocity may be used for a variety of velocity profiles 

and the problem considered ideal. Hence, average velocities are used for 

the vapor and liquid phase in the continuity, momentum, and energy 

equations. 

When a momentum balance is formed for the vapor phase, and 

forces acting in the direction of flow are made positive, it may be shown 

that 

-(P + AP)(Ag + AAg) + PAg + ( P + ̂ p ) AAg-AF fg 

(a) (b) 

(ug+ Aug)(Wg+ AWg) + UgWg + uxAWg _ ^ ^ 

Be Sc gc 

(c) (d) (e) 



d(u g Wg) i^dWg 

gc ° c 

o r , in the l i m i t a s Ax-*0, 

-d (PAg) + PdAg - d F f - ' & S ' + X a = 0 , ( 5 .7 -2 ) 
gc ° c 

w h e r e the t e r m s in Eq . (5 .7 -1 ) deno t ed by l e t t e r s u n d e r t h e m r e p r e s e n t : 

(a) t o t a l s t a t i c f o r c e app l i ed to v a p o r o v e r the l e n g t h Ax; 

(b) f r i c t i o n f o r c e app l i ed to v a p o r o v e r the l e n g t h Ax; 

(c) m o m e n t u m of v a p o r l e a v i n g the s e c t i o n Ax; 

(d) m o m e n t u m of v a p o r e n t e r i n g the s e c t i o n Ax; 

(e) e n t e r i n g m o m e n t u m of f luid e n t e r i n g s e c t i o n Ax a s l iqu id and 

l eav ing a s v a p o r , i . e . , m o m e n t u m change of l iqu id e v a p o r a t e d 

in s e c t i o n A x (note t ha t - AW^ = AW„). 

In t h i s equa t i on , 

Ag = c r o s s - s e c t i o n a l a r e a of t h e v a p o r p h a s e , ft2 

P = s t a t i c p r e s s u r e , Ib j / f t 2 

F £ s = f r i c t i o n f o r c e in the v a p o r p h a s e , Ibf 

W„ = we igh t of v a p o r f lowing, I b j ^ / s e c 

u = l i n e a r v a p o r v e l o c i t y , f t / s e c 

u-ĵ  = l i n e a r l iqu id v e l o c i t y , f t / s e c 

g c = c o n v e r s i o n f a c t o r , l b m - f t / l b f - s e c 2 . 

When a c c o u n t i s t a k e n of a l o s s of m o m e n t u m f r o m the l iqu id p h a s e by m a s s 

t r a n s f e r to the v a p o r p h a s e , the m o m e n t u m b a l a n c e of l iqu id p h a s e y i e l d s 

- ( P + A P ) ( A 1 + A A j ) + PA]. + ( P + - ^ ) AA1 - A F f l 

(a) (b) 

( u 1 + A u 1 ) ( W 1 + A W i ) uiWi uiAWi 
+ + = 0 , ( 5 .7 -3 ) 

gc gc gc 

(c) (d) (e) 

o r , in the l i m i t a s Ax-»-0, 

d(u1W1) uidWi 
-d (PA 1 ) + I>dAl - d F f l + = 0 , (5 .7 -4 ) 



The nomencla ture is the same as in the vapor-phase momentum balance 

except that the subscr ip t 1 re fe rs to the liquid phase . The momentum 

balance for the ent i re fluid is obtained by adding the separa te momentum 

balance Eqs . (5.7-2) and (5.7-4): 

-[dFfg + dFfi] - [d(PAg) + d(PAi)] - [d(UgWg) + d(u1W1)] = 0 . (5.7-5) 

But, since 

dA1 = -dAg , and dWl = -dWg , (5.7-6) 

Eq. (5.7-5) reduces to 

-A dP - (dF f g + dF f l ) - — d(ugWg + UiWi) = 0 , (5.7-7) 

o C 

(f) (g) (h) 

wherein 

(f) total s tat ic force applied to fluid over the length dx; 

(g) total fr ict ion force applied to fluid over the length dx; 

(h) total momentum change of fluid over the length dx, and 

A = A„ + A^ = total c r o s s - s e c t i o n a l a r e a of tube. 

The t e r m (g) will be rewr i t ten as dFfe + dF.Q = dF2. Then 

Eq. (5.7-7) can be rewr i t t en in the form 

- A f -i;s<wi»i + w g » g > - ^ = 0 • ( 5 - 7 - 8 > 

The equations of continuity for a two-phase flow sys tem, as in F igures 15 

and 16, when a normal section of the flow at any stage in the evaporating 

expansion of a fluid through a horizontal pipe is considered, can be wr i t ten 

as follows: 

u g = G x / a g p g (5.7-9) 

UJL = G ( l - x ) / ( l - a g ) p 1 (5.7-10) 

Wg = xGA (5.7-11) 

Wi = ( l -x)GA (5.7-12) 



Substituting the continuity equations into the equation of motion, (5.7-8), 

one gets 

£ £ KPI"! + a g p g - g ) + f+ Sr= 0 • (5-7-13) 
In o rde r to make a more detailed accounting for the ra te of m o ­

mentum gain by viscous t r ans fe r , a s sume that the total friction can be 

expres sed in the following manner : 

d F = ^ ^ d L , (5.7-14) 

where in 

f r ep re sen t s the two-phase frict ion coefficient, d imensionless 

v is a specific volume ass igned to the two-phase mix tu re , f t 3 / l b m 

G is the flow ra t e , Ibjn/sec-f t 2 

D is in ternal d iamete r of the conduit, ft. 

The next problem is to de te rmine the specific volume v of the 

two-phase mix tu re . What function is v with r e spec t to the sys tem var iab les 

such as quality, void fraction, and p r e s s u r e ? For homogeneous two-phase 

flow, the specific volume has been defined in the following way: 

v = V! (1-x) + v g x , (5.7-15) 

which obviously cannot be used he r e , since this includes no slippage. A 

l is t of applications of the homogeneous flow model, which implies 

Eq. (5.7-15), is given below: 

(a) analysis of na tura l c i rculat ion loops 

Haywood,(43j Lewis and Robertson,'"->/ Markson et a l . , ' " " / 

Silver,(91) Schwarz . ( 8 7 ) 

(b) flow of flashing water 

Benjamin and Miller,(13,14) Alien,(3) Bot tomley,( 2 0 ) Br idge , ( 2 l ) 

Bu rne l l , ' 2 3 / Ishigai and Sekoguchi.w3J 



(c) flow of flashing re f r ige ran t s 

Marcy , ( 6 8 ) Bolstad and Jo rdan . ( 1 9 ) 

(d) vaporizat ion of mixture in horizontal tubes 

McAdams, Woods, and Heroman.w^) 

(e) flow of gas -o i l mix tu res 

Dittus and Hi ldebrand. ( 2 9 ) 

(f) flow of gas -o i l mix tu res 

Uren et a l . , ( 1 0 1 ) V e r s l u y s . U 0 2 ) 

(g) a i r - w a t e r (emulsion) flow 

Shugaev and Sorokin.^"0 ' 

(h) forced c i rcula t ion boiling 

Isbin et a l . , ( 48) Jens and Leppert,(56) Koel,(59) stein et al.(95) 

(i) burnout studies in two-phase flow 

Isbin et a l . , ( 5 1 ) F a u s k e . ( 3 4 ) 

E a r l i e r inves t igators have defined the specific volume for slip flow 

(annular flow) as follows: 

v = PjJl-CXg) + PgCXj 
(5.7-16) 

' g^g 

where 

ctg = A „ / A , void fraction 

p, density, rb m / f t 3 . 

To util ize this definition of the two-phase specific volume would not be in 

agreement with Eq. (5.7-14). The form, of Eq. (5.7-14) may be considered 

to be a r e s t r i c t i on inaposed upon the evaluation of the specific volume of 

the mix tu re . This assumpt ion implies that the specific volume v which, 

through proper mathemat ica l in terpre ta t ion , can desc r ibe the ra te of 

naonaentum by convection, naust be identical with v in Eq. (5.7-14). 

The following mathemat ica l p rocedure and a physical compar ison 

of two-phase and s ingle-phase flow suggest a suitable definition for the 

specific volume v. As will be seen l a te r , the definition appears to be 

justified. 



Substituting Eqs . (5.7-14), (5.7-9), (5.7-10), (5.7-11), and (5.7-12) 

into Eq. (5.7-8), one gets 

x Vg (1 -x)2vi 
§ + 

ag l - a g 

+ ^ W d P = 0 (5.7-17) 

The equation of naotion for one phase only flowing through a conduit i 

g c _ 
dv' + 

f 'v 'dl 
2D + d P ' = 0 (5.7-18) 

where in the symbols designate the same as used under two-phase flow, the 

supe r sc r ip t indicating one-phase systena. 

Since Eq. (5.7-17) r e p r e s e n t s the motion of the total fluid (both 

phases) , it s e e m s reasonable to compare this equation with Eq. (5.7-18), 

which desc r ibes the motion of total fluid also (one phase) . One should 

par t i cu la r ly note that the specific volume v1 occurs both in the a c c e l e r a ­

tion and fr ict ion ternas . There fore , by equating s imi la r t e r m s in 

Eqs . (5.7-17) and (5.7-18) one can draw the following conclusion: the 

definition of the specific volume v for two-phase flow utilizing Eq. (5.7-14) 

is 

x2vg ( l - x ) ^ 
v = 

g 
a. 

+ 1 "Ctc 
(5 .7 -19) 

, g x U,g 

This is a very significant resu l t for: 

1) In this fashion v is not only a function of void fract ion and 

p r e s s u r e , as defined by e a r l i e r inves t iga tors , but also of 

quality x. 

2) With v defined in this fashion it is possible to solve the systena 

and obtain analytical solutions for void f rac t ions , and hence 

for c r i t i ca l flow, as will be seen l a te r . 

3) As defined he r e , calculated values of v will lie between ca l ­

culated values as defined by Eqs . (5.7-15) and (5.7-16), which, 

indeed, a r e two ex t reme definitions of the specific volume of 

the two-phase mix tu re . Table III shows th i s . 



Table III 

TABLE OF THE SPECIFIC VOLUMES AS DEFINED BY EQS. (5.7-15) 
(5.7-16), AND BY THE AUTHOR, EQ. (5.7-19), USING VOID FRACTION 

AS DERIVED IN THIS WORK 

x , % 

F r o m Eq. (5.7-15) 
^Homogeneous > 

fta/lb 
Frona Eq. (5.7-16) 

vannular> f t 3 / lb 
F r o m Eq. (5.7-19) 

VFauske. f t3 / lb 

c« 

a. 
o 
II 
a, 

« 
a. 
o 

II 

m 

o 
U3 
Q. 

CO 

O 

o 

O. 

10 
20 
40 
80 

10 
20 
40 
80 

10 
20 
40 
80 

10 
20 
40 
80 

1.0652 
2.1133 
4.2095 
8.4018 

0.4592 
0.9006 
1.7834 

3.5491 

0.1105 
0.2013 

0.3829 
0.7462 

0.0640 
0.1064 
0.1912 
0.3608 

0.0640 
0.1220 
0.2025 
1.4762 

0.0486 
0.0865 
0.1963 
0.9079 

0.03416 
0.05160 
0.10006 
0.3540 

0.03170 
0.04370 
0.07790 
0.21990 

0.1953 
0.5667 
1.8895 
6.8552 

0.1092 
0.2784 
0.8501 
2.9269 

0.04957 
0.09298 
0.22042 
0.6378 

0.03961 
0.06304 
0.12617 
0.3174 

In F igure 17, the specific volume of the two-phase naixture as defined by 

Eq. (5.7-19) is plotted v e r s u s quality x, with p r e s s u r e P as a paranaeter 

for a p r e s s u r e range from a tmospher ic to the c r i t i ca l point, namely, 

3206 psia . If Eq. (5.7-19) is subst i tuted into Eq. (5.7-17), the genera l 

differential equation descr ibing the fluid motion of the two-phase sys tem 

beconaes 

8r. 

x2vg ( l - x ) 2 V l 
2 + — 

a l - a g 

X 2 Vg ( 1 -X)2V1 B + 
a g l - a g 2D 

dL V + dP = 0 

(5.7-20) 

This naonaentum equation mus t be solved in such a way that the solution 

may not only give the re la t ions among the p r e s s u r e drop, the m a s s flow 

r a t e , and other fac to r s , but also be applicable without d iscrepancy to the 

c r i t i ca l flow. 
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5.8. Definitions Used for Cri t ical Two-phase Flow. 

1. The flow is called the c r i t i ca l flow when flow ra te no longer 

i nc reases with increas ing p r e s s u r e difference, i .e . , when 

^ = 0 
d P 

(5.8-1) 

This definition of c r i t i ca l flow is the bas ic one and has been used by most 

invest igators in this field. 

2. At conditions of c r i t i ca l flow, the p r e s s u r e gradient along the 

pipe proceeding to the exit has an absolute, finite naaxinaum possible value 

for a given flow ra te and quality. In mathemat ica l forna, 

d P 
d L 

G,x 

AP 
AL G,x 

maximum L F i n i t e 
( 5 . 8 - 2 ) 

The reasoning for saying that IdP/dL Q has a finite naaxinaum 

value can be in te rpre ted frona Figure 18. There can be no doubt that the 

p r e s s u r e gradient approaches a naaxinaum value as one proceeds towards 

the outlet of the pipe, if one compares l ines I and III in Figure 18. The 

specific volunae of the mixture inc reases with decreas ing sys tem p r e s s u r e 

and the frictional and momentum p r e s s u r e drops per unit length i n c r e a s e . 

downstream 

Length L 

Figure 18. P r e s s u r e Prof i les for Two-phase Flow 



Line I r ep re sen t s a typical p r e s s u r e profile for a given flow ra te G and a 

quality x, these corresponding to c r i t i ca l flow. Line III cor responds to a 

typical p r e s s u r e profile for ordinary two-phase flow in which c r i t i ca l 

conditions do not exist . P r e s s u r e profile III would be obtained if one had 

a thrott l ing valve at the exit, of the pipe and no free expansion could take 

p lace . 

That I d P / d L l Q for c r i t i ca l flow is finite is the next question 

to be considered. If line II should r e p r e s e n t the c r i t i ca l p r e s s u r e profile, 

indeed I d P / d L l Q x would be infinite. However, line I has been verif ied 

exper imental ly in this work, and data will be p resen ted in Chapter VI. 

C r u z , ' 2 ' ' Moy , ' ' ' ' and F a l e t t i ' - ^ ' a lso verif ied the finite maximum p r e s ­

sure gradient by an examination of the p r e s s u r e prof i les . Definition 

number 2 has been postulated by the author and, as far as is known, has 

not been applied to any previous mathemat ica l t r ea tmen t of two-phase 

c r i t i ca l flow. 

5.9. Derivation of Slip Ratio and Void Frac t ion for Cr i t ica l Two-phase Flow. 

The slip ra t io k is defined as the rat io of the average vapor ve loc­

ity to the average liquid velocity. 

Combination of the equations of continuity (5.7-9) and (5.7-10) and 

solution for the void fract ion ag gives 

where in k is defined as above. 

Substituting into Eq. (5.7-19) for tx„ the express ion in Eq. (5 .9" l ) , 

the specific volume v becomes a function of slip ra t io as follows: 

[( l -x)vik + x v g ] [ l + x ( k - l ) ] 
v = r* . ( 5 . 9 - 2 ) 

k 



Dividing through by dL in Eq. (5.7-20) and using the express ion 

for v in Eq. (5.9-2), we obtain the equation of motion as 

G.2 

gc 

r[(l-x)v1k + xvg][l+x(k-l)]'l r[(l-x)v1k + xvg][n-x(k-l)]1 f 

t k ; + t k 121 

+ f = 0 . (5.9-3) 

F r o m the second definition of c r i t ica l two-phase flow, Eq. (5.8-2), 

it should be c lear from Eq. (5.9-3) that also the sum of the accelera t ion 

and friction t e r m s should pos ses s a maximum value for a given flow ra te 

G and quality x corresponding to cri t ical-f low conditions, as one p r o ­

ceeds down the pipe toward the outlet. 

In a two-phase flow systena in a conduit, the p r e s s u r e drop per 

length is in high degree dependent upon the flow pa t te rn obtained in the 

sys tem. Since the void fraction or slip ra t io re la ted in Eq. (5.9-1) is 

r e s t r i c t e d to the flow pat tern , in this case separa ted flow, it s eems 

reasonable to maximize the suna of accelera t ion and friction t e r m s with 

respec t to the void fraction or slip ra t io , so that this can satisfy the 

maximum p r e s s u r e drop. This is logical since the slip ra t io k is the 

only sys tem var iable that apparently is not fixed by the definition 

Eq. (5.8-2). The void fraction or the slip ra t io i s , in other words , one 

ex t ra degree of f reedom in the two-phase flow sys tem. Hence, k or 

a g is a tool by which a maximuna p r e s s u r e gradient | d P / d L | can be 

achieved both physically as well as mathemat ical ly as long as free ex­

pansion can take place in a two-phase flow sys tem where a sufficient 

p r e s s u r e difference ( P ^ - P ^ ) ex i s t s . 

As a d i rec t resul t f rom what has been stated above, the following 

relation can be wri t ten: 

^ / G _ 2 ra r[(i-x)v ik + x vg][ i + x(k- i)n r[(i-x)v1k+xvg][i+x(k-i)]-| j -n 
5k|gc [dLi k r 1 k J Z D J J - • 

(5.9-4) 

Sk 



Carrying out the par t ia l differentiation with r e spec t to the sys tem var iable 

k and interchanging der ivat ives , we find that Eq. (5.9-4) reduces to 

g c L 
dL Vdk/ 2D Vdk 

v + 2Dl"3k (5.9-5) 

wherein 

_ [( l -x)vik + xvg][l + x ( k - l ) ] 
_ _ . 

as before. F u r t h e r , 

|S = (X"X2) l V l (5.9-6) 

Substituting for d v / a k into Eq. (5.9-5), 

Sc 

_d_ 
dL ^ H - ^ ) } ^ (x-x2) V ̂1 k2 , 2D m 0 . (5.9-7) 

A number of in te rpre ta t ions of the maximizat ion p roces s a re 

feasible , at leas t from a mathemat ica l point of view. The r eade r should 

have in mind that the functional re la t ionship of the two-phase frict ion 

factor is not known with r e spec t to the var ious p a r a m e t e r s involved. 

Hence, if analytical solutions a re hoped to be achieved, one is r e s t r i c t e d 

to the following in te rpre ta t ions of Eq. (5.9-5): 

(a) Isentropic flow: 

If a pa r a l l e l i sm to s ingle-phase cr i t ical-f low theory is adapted, 

where the frict ion factor is set equal to ze ro ( isentropic flow), the re is 

only one possible solution that sat isf ies Eq. (5.9-5): 

dk = 0 (5.9-8) 

As one can see , this p rocedure r equ i r e s no pa r t i cu la r definition of the 

specific volume of the two-phase mixture [see Eqs . (5.7-14) and (5.7-19)]. 

However, due to the adopted model , different phase veloci t ies involve i r ­

revers ib i l i t i e s which a r e , natural ly , incompatible with isentropy. 



(b) Nonisentropic flow: 

If nonisentropic flow, where f is not ze ro , is considered, the 

problem of not knowing the functional re lat ionship between f and k beconaes 

apparent . Therefore , in o rder to satisfy Eq. (5.9-5) and to obtain a closed 

solution for k, one is r e s t r i c t e d to the following: 

s = 0 < 5 - 9 - 9 > 

| = C . ( 5 . 9 - 1 0 ) 

This pa r t i cu la r solution is made possible due to the adoption of 

the specific volume v as defined by Eq. (5.7-19). If Eqs . (5.9-9) and 

(5.9-10) a re satisfied, so is Eq. (5.9-5). Hence, from Eq. (5.9-6) one can 

get the r e s t r i c t i on on the slip rat io k: 

av 
^ k (x-x2) L - ^ \ = 0 . (5.9-11) 

Equation (5.9-11) is automatical ly satisfied for x = 0 and x = 1, r e s p e c ­

tively all water and all s team. Hence, in these two limiting cases no slip 

can occur and the value of k is taken as 1. As a d i rec t resul t f rom 

Eq. (5.9-11) and what has been stated above, 

k = (vg/v^ 1 7 2 = f(P) for 0 < x < 1 ; 
* (5.9-12) 

k = 1 for x = 0 and x = 1 

So, with k given by Eq. (5.9-12) and d f / o k = 0, the second definition of 

c r i t ica l two-phase flow, Eq. (5.8-2), is indeed satisfied. There a re two 

ways to in te rpre t the mathemat ica l meaning of df/cik = 0 for nonisentropic 

flow. In the f i r s t one, f r emains constant for varying k. In the second, f 

goes through a maximum or min imum at which k = (vg/vj) . Although 

the f i r s t in terpre ta t ion seems r a the r unjustified, the second cer ta inly 

would compensate for d v / d k = 0 in the momentum equation. That this is 

so was checked by integrating the momentum Eq. (5.7-20) and solving for 



t he a v e r a g e f r i c t i o n f a c t o r fj-Q. If e x p e r i m e n t a l d a t a a r e u s e d and d i f f e ren t 

v a l u e s of s l i p r a t i o k a r e t r i e d , a g r a p h s i m i l a r to F i g u r e 19 m a y be 

ob ta ined . As one can s e e f r o m F i g u r e 19, fm goes t h r o u g h a m a x i m u m , 

th i s poin t c o r r e s p o n d i n g a p p r o x i m a t e l y to k = (vg/v^) 1 . The r e a d e r 

should be a w a r e tha t the m o d e l adop ted is s t r i c t l y app l i cab l e only at the 

ex i t , w h e r e the c r i t i c a l p h e n o m e n o n o c c u r s . H o w e v e r , in ob ta in ing 

g r a p h 19, the m o d e l w a s e x t r a p o l a t e d u p s t r e a m in the s t e e p e s t p a r t of the 

c u r v e of p r e s s u r e v e r s u s l eng th , w h e r e c r i t i c a l flow is a l m o s t fully d e ­

ve loped . T h e r e f o r e , f r o m th i s c o m p a r i s o n of e x p e r i m e n t a l da ta , t he 

m a x i m i z a t i o n p r o c e s s of the suna of a c c e l e r a t i o n and f r i c t i o n t e r m s can 

be s a i d to have b e e n ju s t i f i ed for n o n i s e n t r o p i c flow. The p r o c e d u r e for 

i n t e g r a t i n g the m o m e n t u m equa t ion wi l l be shown l a t e r , and a n u m e r i c a l 

e x a m p l e for ob ta in ing F i g u r e 19 i s shown in Appendix G. 

••m 

F i g u r e 19. T w o - p h a s e F r i c t i o n F a c t o r P l o t t e d 
V e r s u s Slip Ra t io 

As in the m a n n e r c a r r i e d out above , by t ak ing into accoun t a new 

def in i t ion of c r i t i c a l flow, a v e r y s ign i f i can t r e s u l t i s ob ta ined r e g a r d i n g 

the s l ip r a t i o . By u s e of the ob ta ined r e s u l t in Eq . ( 5 . 9 - 1 ) , the void f r a c ­

t ion b e c o m e s 

1/2 - | "I 

a g = 
l j x / n 

x i v„ + 1 (5 .9 -13) 



Equations (5.9-9) and (5.9-10) can, of course, be written as 

dv 
ckXg 

= 0 (5 .9 -14 ) 

and 

ir = 0 • (5.9-15) 

and will yield the same result as obtained in (5.9-13). 

As a result of this, slip ratio and void fraction can be deternained 

for critical flow by specifying pressure and quality of the two-phase 

system. As will be seen later, when pressure and quality are specified, 

the flow rate is automatically fixed, since these three variables are in­

terrelated. (This is only true for critical flow.) Hence, the following 

can be postulated: 

ag = f^x.P.G) = f^x.P) = f^x.G) = fIV(G,P) . (5.9-16) 

5.10. Discussion of Void Fraction and Slip Ratio 

To check if the limits of Eq. (5.9-13), which predicts the void 

fraction, are right, the following restriction naust be satisfied: 

1) for x = 0, ag = 0 (no gas phase); 

2) for x = 1, ttg = 1 (all gas phase). 

These two restrictions are certainly satisfied by an examination of 

Eq. (5.9-13). 

As can be seen from Eq. (5.9-12), there is no quality effect on the 

slip ratio, which at first may puzzle the reader. Marchaterre and 

Petrick,' ' however, verify this to some extent. From their experimental 

results one can conclude that the effect of quality on the slip ratio de­

creases with the pressure for the range of variables used at Argonne 

National Laboratory. The quality effect on the slip ratio also appears 

to diminish with increasing mass velocity. This has been observed for 

recent data obtained in the range of higher mass velocity. Since the 



superficial velocity is extremely high under critical-flow conditions, 

up to 100 times higher than the usual investigations, it seems reasonable 

that the slip ratio is indeed independent of quality. 

Further, as the superficial velocity increases, the slip ratio de­

creases. This is also in accordance with the theoretical expression for 

slip ratio, for if mass velocity is increasing under critical flow for a 

constant quality, the pressure must increase and, therefore, the slip 

ratio is decreasing. 

As expected, the slip ratio decreases with increasing pressure, 

and this is certainly fulfilled by Eq. (5.9-12). 

As a final conclusion from what has been stated above, the theo­

retically developed expression for slip ratio has the same trends and 

indications that have been found by other investigators in experiments 

at low-velocity ranges. 

Although the theoretical expression for the slip ratio as developed 

by the author has the same trends, it should be mentioned that the slip 

ratio is markedly greater than previously determined slip ratios for low-

velocity ranges. It should also be pointed out that Eq. (5.9-12) only holds 

for two-phase systems under critical-flow conditions. Figure 20 shows 

how void fraction a^ varies with quality x, with pressure P as a param­

eter, calculated from Eq. (5.9-13). Figure 21 presents the slip ratio, k, 

as a function of pressure. 

5.11. Derivation Leading to a Theoretical Evaluation of the Critical 
Flow Rate 

Integrating the equation of motion, Eq. (5.7-20), in the interval frona 

P0 to P, one gets 

'P. V g c 

v ^ m L 
VQ 2D 

= 0 , (5 .11 -1 ) 
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wherein VQ is the specific volume of the two-phase mixture at P 0 as defined 

by Eq. (5.9-2), and v is the specific volume as defined for VQ at any p r e s ­

sure P , and 

m 
d ( l / L ) 

d P 
d P (5.11-2) 

Equation (5.11-2) gives the two-phase fr ict ion factor for the f r i c ­

tion loss over the range from P 0 to P with length L. Here P 0 - P is taken 

to be re la t ively smal l as compared with P . 

The flow is called the c r i t i ca l flow when the flow ra te no longer 

i nc reases with increas ing p r e s s u r e differences. This is the basic defini­

tion of c r i t i ca l flow mentioned before in Eq. (5.8-1). 

Carrying out the differentiation of Eq. (5.11-1) with respec t to P 

and using Eq. (5.8-1), one gets the following relat ion: 

o P 
1_ 
v 

In ^ + 
V Q 

£mL 
2D 

d In v L d^m 
d P 2D dP 

— dP = 0 
v 

(5.11-3) 

Combining Eq. (5.11-1) with (5.11-3) and solving for the c r i t i ca l 

flow ra te G c r i t , one gets the following: 

- ,1 /2 

' c r i t 
•gc 

v [ d l n v / d P + L/2D dfjn/dP] 
(5.11-4) 

F u r t h e r m o r e , at cr i t ical-f low conditions for a given G and x, one can 

wri te 

^ f m dk dfm) 
dP /(-. .„ x .̂  dk dP 

' ^ c r i t ' - ^ c r i t 
(5.11-5) 

But, since d f j^ /dk = 0, it follows that 

dfm n 

7 F = 0 • 
(5.11-6) 



Application of the definition of specific volume v and use of Eq. (5.11-6), 

leads to the following equation for the c r i t i ca l flow r a t e : 

Tcrit d / d P [{ . ( l - x^k + xvg) { l + x ( k - l ) } / k ] 

1/2 

(5.11-7) 

The dependent var iables v^, Vg, x, and k have to be differentiated 

with respec t to the independent var iab le , namely, the p r e s s u r e P. If this 

is c a r r i e d out, the final express ion for de te rmin ing-G c r i t theoret ical ly 

beconaes 

-| 1/2 

Gcrit 
{ d - x + kxlx} dVg/dP+ {vg( l+2kx-2x) + v|(2xk-2k-2xk2 + k2)} dx/dP+ {k [ l +x(k-2)-x2 (k-1) ] } dv|/dP 

(5.11-8) 
wherein the slip ra t io k is given by Eq. (5.9-12). 

Since the specific volume of liquid changes very slowly with p r e s ­

sure , the t e r m including dv^/dP can be neglected for p r e s s u r e s up to 

400 psia . A numer ica l example showing the e r r o r by doing so is shown 

in Appendix D. 

Thus, by specifying the outlet p r e s s u r e and quality, the cr i t ica l 

two-phase flow ra te can be calculated from Eq. (5.11-8). At this point, 

a decision has to be made as to whether the evaluation of the par t ia l 

der ivat ives in Eq. (5.11-8) should be ca r r i ed out under isenthalpic or 

isentropic conditions. For adiabatic flow, such as in the flow of flashing 

mixtures of s team and water , both isentropic and isenthalpic conditions 

have been assumed by e a r l i e r invest igators to evaluate v in the integral 

/ dP /v , where v is defined by Eq. (5.4-1). If the kinetic energy or po­

tential t e r m is significant, the isenthalpic condition is not co r rec t ; and 

with frictional losses present , the isentropic assumption is also in e r r o r . 

In many ca se s , very little difference is found between the use of i sen­

thalpic and isentropic expansions for flashing steana-water mix tu res . 

B r i d g e t ) has evaluated the integral / d P / v for isenthalpic expansions 

for initial saturat ion p r e s s u r e up to 600 psia. Allenw) derived analytical 



express ions for the isenthalpic expansion. As for the only theore t ica l 

model p resen ted of the problem considered in this work previous to the 

au thor ' s , the so-ca l led "Homogeneous Flow Model," the evaluation of 

the par t ia l der ivat ives d x / d P , 3 v g / S P , and d v ] / d P were c a r r i e d out 

under isentropic conditions. This is in accordance with the model, 

since the friction factor in the momentum equation is set equal to ze ro . 

In 1959, Ishigai and Sekoguchi(53) published a paper on the flashing 

flow of sa tura ted water through horizontal p ipes . In this paper , a new 

cor rec t ion factor for frict ion loss is introduced to satisfy the before-

mentioned discrepancy between the "Honaogeneous Flow Model" and 

observed data, and is deternained by exper iment . The only difference 

between the "Homogeneous Flow Model" as d i scussed ea r l i e r in this 

work and the above-mentioned s e m i - e m p i r i c a l model is that the f i r s t 

neglects frict ion and the second takes it into account. However, Ishigai 

and Sekoguchi contradict themse lves , as thei r evaluation of dv /dP is 

c a r r i e d out under isentropic conditions. Since the frict ion t e r m is in­

cluded in the momentum equation, this cannot be considered to be a 

r eve r s ib le p r o c e s s . 

In this work, isenthalpic conditions a re adopted for evaluation 

of d v / d P in Eq. (5.11-7), in accordance with nonisentropic flow (see 

Section 5.9). The existence of different phase veloci t ies , which is the 

case in the w r i t e r ' s theory, implies that two-phase c r i t i ca l or maximum 

naass veloci t ies a re not i sent ropic m a s s velocit ies as is the case in 

s ingle-phase flow. Different phase veloci t ies involve i r r eve r s ib i l i t i e s 

which a r e , natural ly , incompatible with isentropy. F u r t h e r m o r e , the 

kinetic energy and potential t e r m s for the flashing flow of w a t e r - s t e a m 

mixtures a re in most cases negligible compared with the total enthalpy 

of the flowing fluid in the pipe. Hence, the adoption of isenthalpic r a the r 

than isentropic conditions seems more adequate. The procedure for 

evaluation of the der ivat ives in Eq. (5.11-8) is as follows. 



Calculation of d x / d P 

The derivat ive d x / d P is approximated by Ax /AP deternained at 

constant mixture enthalpy. Fo r a given p r e s s u r e P and quality x, one 

has 

H m = hf + xhfg (5.11-9) 

or 

dx 
dP 

wherein 

1 (dh f dhfe 
L v a. (5.11-10) 

H m is total enthalpy of the mixture , B t u / l b m 

hf is enthalpy of sa tura ted liquid at p r e s s u r e P , B t u / l b m 

hfg is the change in enthalpy in going frona the liquid to the 

vapor s ta te , B t u / l b m . 

An approximate value for d x / d P i s , then, 

dx Ax 1 (Ahf , A h f g \ , , . , i n 

d P * A P = - h 7 V A P + X -AP-J ' (5.1111) 

where hfg Ahf, and Ahfg can be found from steam tables . 

Calculation of dVg/dP 

The derivat ive d v e / d P can be approximately represen ted by 

Avg/AP evaluated at constant mixture enthalpy. Actually, Vg is the specific 

volume of the sa tura ted vapor and is a function of p r e s s u r e ; hence, 

dvo Ave 

—& s a. , (5.11-12) 

dP AP 

where Avg can be found in s team tables . 

Calculation of dv j /dP 

The value of dv i / dP is approximated by Av^/AP determined at 

constant mixture enthalpy and is determined in the same fashion as 

dvg/dP. 



The use of steana tables implies that we may assume a plane 

interface between phases , which is not necessa r i ly the case in high­

speed pipe flow. In the case of liquid drops suspended in the vapor, 

the interface a r e a is indeed great ly increased , and surface tension 

effects should be considered. However, if the suspended liquid drops 

a re of the order 4 x 10 7 in. in d iameter , the heat of vaporizat ion is 

inc reased by only approximately one B t u / l b m . If liquid droplets should 

occur in the vapor phase , it is a s sumed that they are of sufficient size 

to el iminate the need of surface tension cor rec t ions . 

A complete numer ica l example of calculating the c r i t i ca l flow 

ra te from Eq. (5.11-8) is shown in Appendix D. 

It should be pointed out here that, insofar as the author knows, 

Eq. (5.11-8) r e p r e s e n t s the f i r s t complete theore t ica l solution for p r e ­

dicting the two-phase c r i t i ca l flow ra t e , taking into account slip between 

phases without the use of any exper imenta l co r re la t ions . This contr ibu­

tion was made possible mainly due to an analysis leading to new defini­

tions of the specific volume of the two-phase mix ture and for c r i t i ca l 

two-phase flow. F r o m these concepts , a theore t ica l express ion for void 

fraction ttg can be obtained. In F igure 22 the c r i t i ca l flow ra te G as 

calculated f rom Eq. (5.11-8) is plotted ve r sus the c r i t i ca l d ischarge 

p r e s s u r e and quality, respect ive ly , with quality and p r e s s u r e as p a r a m ­

e t e r s . The quality range is frona 1 to 100% and p r e s s u r e s f rom a t m o s ­

pher ic up to the c r i t i ca l p r e s s u r e , namely, 3206 psia . This char t is 

calculated for s t eam-wa te r mix tu re s . 

As mentioned before, Eq. (5.11-8) gives the c r i t i ca l d ischarge 

flow ra te for two-phase , one-conaponent flow. 

For two-phase , two-component flow with no m a s s t r ans fe r , 

d x / d P = 0 and Eq. (5.11-8) reduces to the following: 

r i, - l / 2 

c r i t U O - x + kx)*} (dvg/dP) + {k [1 + x (k - 2) - x2 (k - 1)]} (dvj/dP). 

(5.11-13) 



CRITICAL OUTLET PRESSURE P, Palo 
1600 eoo 2000 

Figure 22. Theoret ical Predic t ions of Crit ical Flow Rates 

oo 
oo 



Typical two-phase , two-component sys tems a r e a i r - w a t e r and oi l -gas 

mix tu re s . 

5.12, Derivation Leading to Evaluation of the Two-phase Fr ic t ion 
Coefficient for Cr i t ica l Flow 

Solving Eq. (5.11-1) for the average fr ict ion factor fm, one gets 

P 
f - - ^ m L 

*£. f A. dP + log — (5.12-1) 

To be able to calculate fm from Eq. (5.12-1), one would have to be able 

to evaluate the integral /p ( l / v ) dP. 

Evaluation of / „ ( l / v ) dP / P ! - ^ 

Ji the express ion (5.9-2) for specific volume is inser ted , the in te­

g ra l becomes 

r*3 k 
I = J P o x f K l - x ^ V i k + VgJtl+xfk-l)] d P • ( 5 - 1 2 ' 2 ) 

The raost sensi t ive var iab le , by far , in Eq. (5.12-2) is the specific 

volume of gas , Vg. F o r a short in terval P 0 to P, (PQ - P is relat ively smal l 

compared to P) , the mean values for the var iab les k, x, and v^ a re r ea son ­

able approximat ions . 

If thermodynamic equil ibr ium is assumed between the liquid and 

vapor phases , the specific volume of the gas phase becomes a function of 

p r e s s u r e alone. Therefore , the following empi r i ca l re la t ion between 

specific volume and p r e s s u r e can be used: 

v g = a P - n , (5.12-3) 

wherein a and n a re constant for all p rac t i ca l p r e s s u r e s and can be evalu­

ated from the s team tables . If the above approximations a re applied, the 

integral to be evaluated takes the following form: 



x [ l + x ( k - 1)] 
_ mean 

aJpn
 i + 

p n 

(r/a)Pn d P (5.12-4) 

where in 

1-x 
r = — vik 

x l 

The integral in Eq. (5.12-4) cannot be solved analytically, but if 

r - pn 
a 

<1 (5.12-5) 

one can expand this integral in a s e r i e s as follows: 

I = x [ l + x ( k - 1)] 
mean 

j n + i y [ - ( r / a )pn ] r 
Z^ n ( m + l ) + l 

m=o 

P 

Pr 
(5.12-6) 

In most p rac t i ca l cases Eq. (5.12-5) is satisfied, and, there fore , since the 

se r i e s converge, only 3 to 4 t e r m s are needed. F u r t h e r , since it is an 

al ternating s e r i e s , the e r r o r is always l ess than the next neglected t e r m , 

so one can easi ly control the e r r o r involved. The complete equation for 

calculating the friction factor then becomes 

"•m x[l + x ( k - 1)] 
mean 

pn+i y [-(r/a)pn]m 

^ n ( m + l ) + l 
m=o 

+ log 
vo 

(5.12-7) 

where v and k a re given by Eq. (5.9-2) and (5.9-12), respect ively . Equa­

tion (5 . l2 -7 )was applied in the ex t remely steep port ion of the curve of 

p r e s s u r e v e r s u s lengthfor severa l runs with var ious conditions where 

curves like the one in Figure 19 were obtained. 

5.13. Outline of the P rocedure for Calculating the Mixture Quality at Any 
Point Along the Tes t Section from Exper imenta l Data. 

The quality of the s team at a point in the sys tem is de termined by 

using a total energy balance. 



The following assumpt ions a re made: 

1. no heat input; 

2. no change of potential energy; 

3. sys tem at thermodynamic equil ibr ium; and 

4. phase veloci t ies r ep resen ted by average l inear veloci t ies . Con­

sidering Figure 23 below: 

Total energy in at 1 = total energy out at 2. 

This can be wri t ten: 

W s u | W S L U I T 
WSHS + W s L h s L + J^J + 2 g c J - (Wg + WsLKhj + x h f g ) 

+ ( K E ) T p + Q L O S S .; (5.13-1) 

here Q L O S S r ep re sen t s all the energy l o s se s . 

1 Water 
W s L l b / h r 
Diameter = D S L 

1 Superheated s team 
W s Ib /h r 
Diameter = D„ 

Saturated s t e a m 
2 W M Ib /h r 

Diameter = D 

F igure 23. Simple Flow Diagram of the 
Two-phase Flow Loop 

If Eq. (5.13-1) is solved for the quality x, there is obtained 

WSHS + W s I j h s I j + (W su 2
s /2g cJ) + (WgLu l i /ZgcJ ) - ( K E ) T p - Qhoss - W ^ ! 

W m h f g 
(5.13-2) 

wherein 

W m = W S + W S L = Wg + Wi . 

In general , for turbulent flow 

x W m u | ( l - x ) W m u f 

1 [xu| + ( 1 " x ) u i ] 

2gc^ 

2gc 

(5.13-3) 

(5.13-4) 



For homogeneous flow, 

Ug = u l = um 

Inserting Eq. (5.13-5) into Eq. (5.13-4), one gets 

(KE) TP,Homogeneous 2g J 
WmuLt r . ,, Wmum 

[x+( l -x)J = T 
2 g c J 

Now, 

where 

Thus, 

u m = Gv 
m 

v m = x vg + ( 1 " x) v l 

(KE) 

2 2 3 2 

W„,Gzvl, W^v^ m m m m 
TP,Homogeneous 2gcJ 2g JA2 

For annular flow, the equations of continuity are 

Ag :Gv / a , 

(1 -x)Gvi 
u l = 1 - a g 

(5.13-5) 

(5.13-6) 

(5.13-7) 

(5.13-8) 

(5.13-9) 

wherein a_ is given by Eq. (5.9-1). If these velocity expressions are in­

serted in Eq. (5.13-4), 

(KE) 
W 

m 
xW^v 

TP.Ann " 2g J }*\ Aa = * +(l-x) 
g 

(l-x)Wmvi 

A(l-ag) 

"12 

2gcJA2 

3 , ^ ' x3v| (l-x)5v| 

~ 4 ~ ( l - a g ^ j 

(5.13-10) 

(5.13-11) 

If Eq. (5.13-11) is put into Eq. (5.13-2) and one lets A = 7TD2/4, there 

results 

X = Xn + c (5.13-12) 
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wherein 

xo 
WSHS + W s L h s L - Q L o s s - W m h 1 

W m h f g 
(5.13-13) 

8 
^ 2 gcJW m hfg 

W3sv| W S L V ^ L 

D! D! 

W 

D 

3 

m 
T 

3 2 , . -,3 2 
X Vg ( 1 - x j V ! 

+ 
a , ( ! - « , ) * s sL 

(5.13-14) 

The t e r m x0 can be thought of as an approximation to the t rue quality and 

the t e r m c as the kinetic energy cor rec t ion factor . 

To calculate the quality from the Eq. (5.13-12), an i terat ion p r o ­

cedure is used which converges quite rapidly. F i r s t , the quality x is 

approximated by x0, f rom Eq. (5.13-13). Having a f i r s t es t imate of x, 

then c, the two-phase k ine t ic -energy cor rec t ion factor , is approximated 

by Eq. (5.13-14). This procedure is repeated until the quality x becomes 

constant. This usually r equ i re s at the most 2 to 3 evaluations of the co r ­

rect ion factor c. 

F r o m the above procedure the qualit ies along the tes t sect ions were 

calculated from the exper imenta l data obtained in this work. Equa­

tion (5.13-7) was adopted ra ther than Eq. (5.13-11) for the k inet ic-energy 

t e r m , and the e r r o r introduced is negligible. In Appendix F an example 

calculation is c a r r i ed out, showing the quality calculated by both ways. 

For all exper imenta l r e su l t s repor ted , the quality noted is based upon 

the evaluation using Eqs . (5.13-2) and (5.13-7). 

5.14. Absolute Average Velocities for the Two Phases at Cri t ical Flow 
Conditions. 

The absolute average phase veloci t ies can be calculated from the 

continuity Eqs . (5.7-9) and (5.7-10): 

ug = x G v g / a g 

( l -x)Gvi 
Ui = 

1 - a t 

(5.14-1) 

(5.14-2) 



The following scheme r e p r e s e n t s the p rocedure : 

1. 

2. 

3. 

4. 

5. 

Choose P and x. 

Calculate the slip ra t io k from Eq. (5.9-12). 

Calculate c r i t i ca l flow ra te G from Eq. (5.11-8) 

Calculate void fract ion ag from Eq. (5.9-13), 

Calculate the absolute velocit ies from Eqs . (5.14-1) and 

(5.14-2). 

As will be d iscussed in Chapter VII, the absolute veloci t ies ca l ­

culated from this theory a re far below sonic veloci t ies , except when the 

quality approaches 1.0. In F igure 24, the l inear vapor velocity is plotted 

ve r sus quality, with p r e s s u r e P as p a r a m e t e r . F igure 24 shows that no 

t rue sonic choking occurs for two-phase c r i t i ca l flow. When the quality 

approaches 1.0, Eq. (5.11-8) converges to the solution for one-phase 

c r i t i ca l flow, for which sonic flow does occur . 

Putting x = 1.0 in Eq. (5.11-8), the re is obtained 

- 1 / 2 

•gc k 

G = k{(dv_/dP) + 2v_ [ l - ( l / k ) ] (dx/dP)]} (5.14-3) 
•g/ — , • - - g 

But at quality equal to 1.0 (only vapor phase) , no slip ex i s t s . In this case , 

k is taken as 1 from Eq. (5.9-12), and Eq. (5.14-3) reduces to 

^ 1 / 2 

G = 
"gc 

d v g / d P (5.14-4) 

which is exactly the solution for one-phase c r i t i ca l flow in which the d i s ­

charge velocity of the gas is equal to the velocity of sound in that medium. 



Figure 24. Theore t ica l Predic t ion of the Vapor-phase Velocity Compared 
with the Velocity of Sound 



CHAPTER VI 

ANALYSIS OF CRITICAL TWO-PHASE FLOW DATA; 
COMPARISON WITH THE DEVELOPED THEORY, 
INCLUDING PREVIOUS MAJOR INVESTIGATIONS 

6.1. T rea tmen t of Data 

Thermocouple potentials , read in mil l ivol ts , were converted to de­

g rees Fahrenhe i t by the use of cal ibrat ion cha r t s . 

P r e s s u r e readings were converted from cm Hg, in. Hg, and psig to 

psia . The p r e s s u r e m e a s u r e m e n t s taken along the tes t section at c r i t i ca l -

flow conditions were plotted against length in order to de te rmine , by ex­

trapolat ion, the value of the c r i t i ca l p r e s s u r e . 

Steam and water flow r a t e s were converted into usable units with 

the aid of cal ibrat ion cha r t s , and co r rec t ed for t empera tu re and p r e s s u r e 

whenever neces sa ry . 

Computations involved in determining the c r i t i ca l mass velocity, 

c r i t i ca l p r e s s u r e , total energy of the two-phase mix ture , and exit quality 

from these data a r e i l lus t ra ted by the sample calculations based on run 

(TSII-42), the co r r ec t ed data for which appear on page 50 and are shown in 

Appendix F . 

6.2. P r e s s u r e Prof i les 

P r e s s u r e profiles were drawn from p r e s s u r e measu remen t s ob­

tained with the taps on the wall of the tes t section. This was done for every 

run, in o rder to obtain the c r i t i ca l throat p r e s s u r e by extrapolat ing the p re s 

sure curve obtained, from p r e s s u r e tap I to the exit of the pipe. R e p r e ­

sentative profiles obtained with TSII and TSIV a re shown in graphs 25 

through 28. The ups t r eam p r e s s u r e s taken from wall taps a re tabulated in 

Appendix B for all c r i t i ca l two-phase runs made in this work, with back 

p r e s s u r e subcr i t ica l . 

The extrapolat ion method employed in this work was used by 

e a r l i e r inves t iga tors , among them Isbin, Cruz, and Moy.(47) They studied 
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the c r i t i ca l phenomenon in pipes ranging from one -qua r t e r - to one-inch 

nominal pipe s ize . In addition, a one- by t h r e e - q u a r t e r - i n c h annulus and 

a t h r e e - q u a r t e r - by one -qua r t e r - inch annulus were studied. 

Falet t i '33) m e a s u r e d c r i t i ca l flow of s t eam-wate r mix tures in con­

cent r ic annuli having center rods of 0.188- and 0.375-in. OD. These rods 

ran the ent i re length of the 0.574-in.-ID tes t section and extended beyond 

the throat (exit plane). P r e s s u r e taps on the walls of the tes t section and 

on the center rods (one of which could be moved axially) permi t ted a study 

of the p r e s s u r e profiles both ups t r eam and downstream of the throat ; in 

this way Fa le t t i could m e a s u r e the c r i t i ca l p r e s s u r e at the exit plane, and 

an extrapolat ion method was not neces sa ry . F u r t h e r , he stated that an ex­

trapolat ion method, such as the one used by Isbin, Cruz, and Moy, could be 

in ser ious e r r o r , since the observat ion was made that the p r e s s u r e p r o ­

files dropped off sharply — in. ups t r eam from the throat . The inside d iam­

eter of C r u z ' s ' ^ ' J tes t section was 1.0419 in., and his las t p r e s s u r e tap was 

1 ̂  in. from the exit plane of the tes t tube. This distance cor responds to 

0.3 equivalent d iameter with r e spec t to Fa l e t t i ' s observat ion. As for M o y / 

his sma l l e s t t es t section had an ID of 0.3743 in., with the las t p r e s s u r e tap 

| in. from the exit of the pipe. This distance cor responds to 0.63 equiva­

lent d iameter . Fo r the two tes t sect ions used in this work, the distance of 

| | in. cor responds to 1.25 equivalent d iamete r s for TSII and 2.5 equivalent 

d i amete r s for TSIV. The taps for these two tes t sect ions a re within one 

d iameter from the exit and should be close enough to the exit to observe any 

sharp drop in the p r e s s u r e gradient . Indeed, by looking at the p r e s s u r e p r o ­

files shown in graphs 25 through 28, the sharp drop in p r e s s u r e gradient is 

accountable in every run. 

The method used by Fale t t i , with a probe extended beyond the throat 

(exit plane), is not free from e r r o r s , inasnauch as ser ious d is turbances at 

the exit might be induced by the extended probe in the region of c r i t i ca l flow. 

It should be mentioned here that the method of probing from the exit end was 

examined by Isbin and Cruz in p re l iminary runs of their r e s e a r c h . The 



method was d iscarded in favor of the extrapolat ion method, because of ob­

served flow dis turbances caused by the probe. The p r e s s u r e profiles ob­

tained in this work a r e believed to be of high accuracy , since the flow 

dis turbances were minimized, and the sharp drop of the p r e s s u r e gradient 

close to the exit plane of the tes t pipe as stated by Fa le t t i has , indeed, been 

observed in this r e s e a r c h by the extrapolat ion method without using a probe. 

A study of the profiles given in graphical form shows that both the 

s teepness and the shape of the profile ups t r eam of the throat were a func­

tion of quality. As a genera l t rend, the s teepness of the p r e s s u r e gradient 

along the pipe seems to inc rease with increas ing quality. This can bes t be 

seen in graph 28 by compar ison of Run IV-17 with Run IV-15, for which the 

p r e s s u r e profiles c ro s s each other. However, this work is devoted to the 

detai ls of the c r i t i ca l phenomenon which occurs at the exit plane of the pipe, 

r a the r than to the cha rac t e r i s t i c s of p r e s s u r e drop ups t r eam. 

As for the second c r i t e r i a of c r i t i ca l two-phase flow postulated by 

the author, 

= { Maximum }finite (6.2-1) 
G,x 

can be verified by looking at the p r e s s u r e profiles in graphs 25 through 28. 
IdP F r o m an analysis of these graphs , it appears to be c o r r e c t to state that — 
I dl 

is finite. F u r t h e r m o r e , the increas ing s teepness in the p r e s s u r e profile as 

one approaches the exit of the tube indicates simply that the p r e s s u r e g r a ­

dient approaches a finite maximum value. This value is de termined by the 

flow ra te G and quality x corresponding to the cr i t ical-f low conditions. 

6.3. Graphical P resen ta t ion of the Data 

All data have been plotted in F igures 29 through 42. 

In these plots , the ordinate gives the c r i t i ca l outlet d ischarge p r e s ­

sure , and the a b s c i s s a r e p r e s e n t s the c r i t i ca l two-phase flow r a t e . Hence, 

the data a r e ga thered in 14 groups , each graph showing the quality x as a 

dP 
dl 
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p a r a m e t e r for different ranges , these being 1, 2, 3, 4, 5-15, 15-25, 25-35, 

35-45, 45-55, 55-65, 65-75, 75-85, 85-95, and 96%. The reasoning for 

grouping the data in the above-mentioned quality ranges should be quite 

c lea r from an analysis of the obtained data. At low quali t ies (1-5%), the 

c r i t i ca l flow ra t e s a re very sensi t ive to changes in quality, whereas as 

the quality becomes l a r g e r , the corresponding changes in the c r i t i ca l flow 

ra t e s a re smal le r . It should be pointed out here that the qualit ies repor ted 

a re based on the homogeneous flow model, at leas t as r ega rds the k inet ic-

energy t e r m . These quali t ies were found to be numer ica l ly the same or 

within about 0.01 below the values calculated when slip was included. An 

appreciat ion of the labor saved by doing so and the es t imat ion of the e r r o r 

involved are i l lus t ra ted in Appendix F . 

In the work of Cruz^(27) which r ep re sen t s one of the f i r s t nonclas ­

sified studies undertaken explicitly to m e a s u r e c r i t i ca l flows of s t e am-

water mixtures over a wide range of quality, the data were plotted in the 

following way. The ordinate gave the per cent deviation between observed 

and " theore t ica l" c r i t i ca l d i scharges , defined as ( G ^ g - G ^ H ) lOO/Gobs* 

and the abc i ssa r ep resen ted the s team fraction, quality, ranging from 1 to 

100% on the same plot. Theore t ica l c r i t i ca l d i scha rges were calculated 

from the socalled "Homogeneous Flow Model," which, previous to this work, 

was the only theore t ica l model exist ing. La ter , Moy^ ' extended Cruz ' s 

work and presen ted his exper imenta l data by adopting Cruz ' s procedure. . 

One of the mos t r ecen tworks on two-phase c r i t i ca l flow is p resen ted by 

Faletti .^ ' This invest igator a lso adopted Cruz ' s method in present ing 

the data, although in a l i t t le-changed form. Fale t t i plotted the ra t io of the 

observed m a s s velocity to the theore t ica l m a s s velocity, GQ^g/G-ppj, v e r ­

sus the quality x, where x ranged from 1 to 100%. He points out in his 

work that C ruz ' s cor re la t ing ra t io , (G 0 k s - G j ^ / G Q ^ g , has the advantage 

of always lying between ze ro and unity if GQ^g/G^jj is g r ea t e r than unity, 

since 

G obs * G T H _ G T H 
Gobs Gobs 



Fale t t i further points out that this technique tends to obscure the amount 

of sca t t e r by reducing it at low quali t ies and magnifying it at high qual i t ies . 

Therefore , this invest igator made use of the G 0 k s / G T H ra t io in p r e ­

senting the data r a the r than Cruz ' s (Go^g - G T H V ^ o b s ) - •'•n this fashion, 

the above-mentioned invest igators found the deviation from the flow ra t e s 

predic ted by the "Homogeneous Flow Model" and observed values , and used 

this as a cor re la t ion curve . The presenta t ion of the cr i t ical-f low data in 

this form is questionable. F i r s t of all , the data became condensed, and little 

or no p r e s s u r e dependency was d iscern ib le . Secondly, to co r r e l a t e the data 

against a model which is not c o r r e c t gives no additional insight on the 

c r i t i ca l phenomenon. The "cor re la t ion cu rves" as obtained by these in­

ves t iga tors could be in ser ious e r r o r if applied to p r e s s u r e s higher than 

100 psia (which is the highest c r i t i ca l p r e s s u r e invest igated previous to 

this work). 

This method of presenta t ion chosen by the wr i t e r is believed to be 

a detailed accounting. The data a re plotted with quality as p a r a m e t e r , and 

the full p r e s s u r e dependency can be observed over all ranges of qual i t ies . 

F u r t h e r m o r e , by represen t ing the data in this manner , as will be seen 

la ter , a more c r i t i ca l compar ison is obtained between the exper imenta l 

data and the theory developed for c r i t i ca l two-phase flow. Hence, previous 

cr i t ical-f low data^ - " ' '* ' / were replot ted and compared with the w r i t e r ' s 

own data and theory. 

6.4. Effect of Pipe Geometry on Cr i t i ca l Flow 

As mentioned before, the purpose of using a r a the r smal l pipe s ize, 

such as the -jj-in.-ID pipe, in this work was to obtain as high a c r i t i ca l 

p r e s s u r e at the outlet as possible with the h i g h - p r e s s u r e equipment. Before 

taking the data on TSIV, some invest igators believed that the c r i t i ca l flow 

rate obtained could be predic ted by the "Homogeneous Flow Model"; how­

ever , by an analysis of graphs 29 through 42 in which the data a re plotted, 

no significant difference is noticeable in the c r i t i ca l flow ra t e s obtained by 

TSII and TSIV. Hence, when plotting these data, no separat ion was made 



to indicate data from TSII or TSIV. Since these two tes t sections had dif­

ferent lengths, one can also conclude that the length of the pipe causes no 

changes in the c r i t i ca l flow conditions. These observat ions a re in a g r e e ­

ment with previous work on the subject. Isbin, Cruz, and M o y ^ '' state in 

their work that the c r i t i ca l flow ra te is independent of the pipe s izes for 

the conditions tes ted. The pipe s izes invest igated were 1, - , i , and ^--in. 

full bore and 1^ and 3 / 4 - i - i n . annulus. F o r the ^ - i n . full bore , a p r e s ­

sure range from 3.9 to 43 psia was covered. Faletti,w-^/ who studied the 

c r i t i ca l flow of s t eam-wa te r mix tures in concentr ic annuli having center 

rods of 0.188- and 0.375-in.-OD and 0.574-in.-ID tes t section, made the 

following s tatement: "For t es t sect ions longer than nine inches, i n t e r ­

changing a th ree - s ix teen th inch center rod for a three-e ighth inch center 

rod had no effect on the c r i t i ca l m a s s velocity. Therefore , it s eems likely 

that the cor re la t ion will be applicable to smal l bore pipes near one-half inch 

in d iameter , and, fu r the rmore , that c r i t i ca l m a s s veloci t ies in full bore 

pipes may not be a strong function of d iamete r . " Isbin, Cruz, Moy, and 

Fa le t t i ' s data a re included in graphs 29 through 42, and what has been 

stated above can indeed be verif ied from these plots . These significant ob­

servat ions observed previously and supported in this work are in complete 

agreement with the theory presented . As one can see from Eq. (5.11-8), 

the c r i t i ca l flow ra te is only a function of p r e s s u r e P and quality x, with 

no dependency upon the geometry of the sys tem. F u r t h e r m o r e , these ob­

servat ions support the theore t ica l re la t ions obtained for void fraction and 

slip ra t io under c r i t i ca l flow conditions, since these a re a lso independent 

of d iameter and length of the pipe. However, for ordinary two-phase flow, 

exper imenta l data(° '/ indicate that void fraction and slip ra t io may depend 

upon the size of the sys tem. 

6.5. Comparison of Resul ts with Other Invest igators 

As a l ready mentioned, the f i rs t mos t thorough study of c r i t i ca l flow 

in pipes was c a r r i e d out by Cruz\^ '/ and Moyl ' '/ under the guidance of 

Isbin. The r e s u l t s of this study have been summarized. \47) Cr i t ica l 



p r e s s u r e s ranging from 4 to 43 psia were examined, with quali t ies ranging 

from 1 to 100%. The next extensive and most recen t work on c r i t i ca l two-

phase flow of s t eam-wate r mixtures in pipe was done by Fale t t i .w3) Cr i t ­

ica l throa t p r e s s u r e s ranged from 26 to 100 psia, and qualit ies ranged from 

1 to 98%. Most of the data of these invest igators a re plotted together with 

the au thor ' s own data in graphs 29 through 42. Since the w r i t e r ' s own 

c r i t i ca l throat p r e s s u r e s ranged from 50 to 360 psia, a d i rec t compar ison 

of the r e su l t s is possible only with Fa l e t t i ' s data in the range from 50 to 

100 psia. This compar ison can be seen in graphs 29 through 38, and good 

agreement is obtained for all qualit ies available in this p r e s s u r e range, 

considering the scat ter ing in the data. The sca t te r found in these graphs , 

both in the data of previous inves t igators and of the author, is not e x c e s ­

sive when one cons ide rs the unsteadiness of the ups t r eam conditions and 

takes into account the size of the p r e s s u r e fluctuations, which a re cha r ­

ac te r i s t i c for such a two-phase flow system. As for the data above 100 psia, 

which includes the major par t of the data in this work, no extensive com­

par i sons can be given. However, it can be said, from analysis of the 

graphs 29 through 42, that the r e su l t s obtained above 100 psia show the 

same t rends and indications as the data obtained below 100 psia . This will 

be c lear ly seen la ter when the compar ison of the data with the theory is 

p resented . 

Severa l other investigations have been published, which par t ly have 

been devoted to two-phase c r i t i ca l flow studies . These include the works 

of Benjamin and Mi l l e r , ( 1 3 ) Bot tomley,( 2 0 ) Burne l l , ( 2 3 ) Linning,(6 6) 

Hoopes,!*"/ a n ( i Agostinell i and Salemann.( l) 

Benjamin, Mil ler , and Bottomley studied the flow of initially sa t ­

ura ted water flowing through 4 - in . -d i ame te r pipes . Cruz, Moy, and 

Fa le t t i state in their works that the m e a s u r e d c r i t i ca l flow ra t e s of these 

inves t igators fall considerably below their own, and, hence, it can a l so be 

concluded that the data of Benjamin and Mil ler , and Bottomley a re not in 

ag reement with the r e su l t s of the wr i t e r . This could be caused by the 

large bore s ize; however, it should be mentioned that these inves t iga tors 



used thermocouple wells inse r t ed into the flowing s t r e a m to get the t e m p e r ­

a ture profile, and, by assuming thermodynamic equi l ibr ium, the p r e s s u r e 

profile was obtained. It seems plausible that they may have mi s sed the 

s teep drop in p r e s s u r e at the exit and therefore have made e s t ima tes of 

the c r i t i ca l p r e s s u r e which a re too high; hence, the flow ra t e s a re co r ­

respondingly low. 

Burne l l ' s cr i t ical-f low data, obtained with pipes of d i amete r s b e ­

tween half inch and one inch and a half, were compared by Cruz , Moy, and 

Fa le t t i with thei r own data and found to agree sat isfactor i ly; hence, the 

same can be said to be the case for the w r i t e r ' s data. 

Fa le t t i further showed in his work that the exper imenta l data of 

Linning fall well below his own data and, consequently, below the w r i t e r ' s 

data. This can probably be explained by the fact that Linning used t e m p e r a ­

ture m e a s u r e m e n t s to obtain t empera tu re prof i les . Then, by use of s team 

tables and assuming no metas tabi l i ty , he was able to convert these profiles 

to p r e s s u r e profi les . The possibil i ty that the axial flow of heat gave him 

e r roneous , la rge values of the exit t empe ra tu re , and hence of p r e s s u r e , 

cannot be d i smissed . 

The observat ions of Hoopes '*" ' that no sign of a "sonic jump" or 

c r i t i ca l p r e s s u r e was observed at flow ra te s up to 4 t imes the theore t ica l 

(homogeneous theory) could be in accord with the conclusions of this work. 

Since his qualit ies ranged from 2.6 to 34 percent , it could be possible that 

the large flow r a t e s he speaks of a r e at the lower quali t ies where , indeed, 

Gobs/CrTH does approach a value of 4. However, no compar ison can be 

made because his exper imenta l data were not tabulated. 

Agostinell i and Salemann(l) studied the flow of initially sa tura ted 

water through fine annular c l ea rances (d iamet ra l c l ea rances of 0.006-

0.017 in.). It shall be mentioned that these inves t igators obtained flow 

ra t e s below or .gqual to the values predic ted by the homogeneous theory 

and hence do not agree with the w r i t e r ' s observat ions . The reasons for 

this can be pointed out as follows: ( l) With the fine c lea rances used, 



the chances for a homogeneous flow pat tern to develop is poss ible . (2) It 

appears that they took their c r i t i ca l p r e s s u r e s to be the p r e s s u r e at which 

the flowno longer inc reased . (3) Thei r t e s t sections did not have p r e s s u r e 

taps at the throat . They made use of three taps along the tes t section and 

one in the chamber jus t downst ream of the throat . In the event that they 

extrapolated the lowest p r e s s u r e profile to the exit, they could well be over ­

es t imat ing the p r e s s u r e at the throat , as their las t tap was many equivalent 

d i amete r s ups t r eam of the exit. 

6.6. Compar ison between Observed Data and Theory 

So far ce r ta in important indications about the c r i t i ca l phenomenon 

have a r i s en from the developed theory and have been compared with ex­

per imenta l observat ions; in all c a ses they have been verif ied sat isfactor i ly . 

The next step, therefore , i s to compare the complete theory with the ex­

per imenta l data, not only taken by the wr i t e r , but a lso including work of 

previous inves t iga tors . Therefore , the theore t ica l c r i t i ca l flow ra t e s as 

calculated from Eq. (5.11-8) a re plotted in graphs 29 through 42 in the 

same manner as the exper imenta l data is presented . This is a lso done for 

the flow ra t e s predic ted by Eq, (5.4-3), corresponding to the "Homogeneous 

Flow Model" (dotted line in the graphs) . As mus t appear c lea r , this com­

par i son of exper imenta l data and theory can be said to be r a the r decis ive, 

since each quality in terva l from 1 to 100% from the three major invest iga­

tions done on the subject in the past , in addition to the au thor ' s own data, 

a re compared. F r o m these graphs it can be seen that the "Homogeneous 

Flow Model" does not predic t the exper imenta l r e su l t s in any quality range 

except when one approaches a quality of 100%, which is expected, since 

this model desc r ibes s ingle-phase flow sat isfactor i ly . 

E a r l i e r inves t iga tors , as mentioned before in this work, have ve r ­

ified that this model is invalid for p r e s s u r e s up to 100 psia, and i t has he re 

been proved to be invalid for p r e s s u r e s as high as 360 psia, for all qual i t ies . 

Hence, one or more assumpt ions in this model can be said to be inco r rec t . 

The major assumpt ions in this model a re as follows: 



1. homogeneous flow (no slip occurs) ; 

2. thermodynamic equil ibr ium; and 

3. i sent ropic expansion. 

Graphs 29 through 42 indicate that the au thor ' s theory pred ic t s 

the cr i t ical-f low conditions r a the r well in al l ranges of qual i t ies . Most 

noticeable is the ex t remely good compar ison between theory and expe r i ­

menta l data in the quality range from 1 to 5%, in which al l other s e m i -

empi r i ca l models have failed to predic t the cr i t ical-f low r a t e s . It is 

therefore logical to compare the assumpt ions in this theory with the 

previous one. These a re as follows: 

1. annular flow (slip occurs) ; 

2. thermodynamic equil ibr ium; and 

3. isenthalpic expansion. 

As for assumption number 3, little difference is obtained in both 

theor ies , as d i scussed e a r l i e r in this paper , by using e i ther r e s t r i c t ion in 
dv 

calculating —r^ and, hence, the c r i t i ca l flow ra te . Certainly, assumption 

number 1 for the "Homogeneous Flow Model" does not hold. Although slip 

has not in fact been m e a s u r e d at c r i t i ca l flow, the extensive background 

data on slip m e a s u r e m e n t s in two-phase flow a re sufficiently impres s ive 

to conclude that slip exis ts during c r i t i ca l flow. The decision regard ing 

assumption number 2, the a t ta inment of equi l ibr ium, is more difficult to 

justify. Within the au thor ' s exper iences , it appears reasonable to assume 

that the thermodynamic equi l ibr ium is approached. The final justification 

is based upon the r e su l t s obtained using these p r e m i s e s . 

F u r t h e r m o r e , since the theory presen ted here predic ts the ex­

per imenta l data for al l p r e s s u r e s and qualit ies so far investigated, without 

including any p a r a m e t e r s based on exper iments , it is the au thor ' s opinion 

that this theory can be applied to higher p r e s s u r e s without any ser ious 

e r r o r s . There exist no reasons that indicate that the assumpt ions in the 

theory, t es ted up to 360 psia, should not be valid for higher p r e s s u r e s . 



Hence, graph 22, represen t ing the au thor ' s theory from a tmospher ic 

up to the c r i t i ca l point, 3206 psia, should be valuable in designing modern 

nuclear r e a c t o r s , where , in the event of rupture in cooling sys tem, e tc . , 

this mus t be taken into account in the design method. These r e a c t o r s may 

operate anywhere from 1000 to 2000 psia, and a sudden rupture in such a 

sys tem will eventually cause c r i t i ca l flow to occur . 

F a l e t t i , ' 3 3 ) who finished his studies on two-phase c r i t i ca l flow in 

1959, compared his r e su l t s , which have been shown to agree favorably with 

the au tho r ' s , with existing s e m i - e m p i r i c a l models , but in al l cases fair or 

poor ag reement s were obtained in the quality region from 20 to 100% and 

ra the r poor agreement in the quality range from 1 to 20%. These included 

compar isons with Linning1 s Method,(66) Modified Linning Model,(47) 

S tuar t ' s Model , ( 3 3 ) a n d F i r e y ' s Model . ( 3 3 ) The two f i r s t -ment ioned 

models , which a re the mos t promising ones, a re hampered by the lack of 

void fraction or sl ip data for high-velocity flow, since no theore t ica l r e l a ­

tionship was developed. 

Stuart developed a curve for predicting c r i t i ca l p r e s s u r e s of boi l ­

ing water flowing through pipes from a knowledge of the saturat ion p r e s s u r e 

If this curve is co r rec t , only one c r i t i ca l p r e s s u r e would be possible for a 

given saturat ion p r e s s u r e , which cer tainly is not t rue . 

F i r e y ' s approach to the predict ion of the c r i t i ca l m a s s velocity is 

to a s sume that the vapor t r ave l s at the speed of sound for vapor alone and 

that the liquid t r ave l s at somewhat lower velocity. This model does not 

predic t the exper imenta l data; hence, it is reasonable to state that his a s ­

sumptions a r e wrong. This is in accordance with the conclusions of this 

work, namely, that no t rue sonic choking occurs and, therefore , the velocity 

of the vapor phase is l e s s than that of sound. 

Hence, it was not felt nece s sa ry to include these s e m i - e m p i r i c a l 

models in the compar ison of r e su l t s and theor ies in this work. 



CHAPTER VII 

THE MECHANISM OF CRITICAL TWO-PHASE PIPE FLOW 

The question still r ema ins to be answered as to whether or not 

c r i t i ca l flow occurs for two-phase flow with the same implicat ions that it 

c a r r i e s for one-phase flow. In the following pages some new ideas will 

be put forth in an at tempt to answer this question by help of the theor ies 

presented in Chapter V and as supported by exper imenta l observa t ions . 

Consider a flow sys tem such as a pipe attached to a cons tant -

p r e s s u r e source on one end and to a la rge rece ive r on the o ther . Fu r the r , 

consider a compress ib le fluid alone. When the downst ream p r e s s u r e is 

reduced below that of the ups t r eam end, flow begins and a p r e s s u r e g r a ­

dient is set up in the pipe. Dropping the downst ream p r e s s u r e further 

will r esu l t in an inc reased flow ra te until a maximum flow ra te is obtained. 

When this flow ra te is reached, further reduction of the r ece ive r p r e s s u r e 

will no longer affect the flow r a t e . For a s ingle-phase medium the equation 

giving this c r i t i ca l velocity is identical with the equation for the velocity of 

sound in the same medium. For a s ingle-phase sys tem, it can be said that 

the maximum flow and cr i t i ca l p r e s s u r e a r e reached when the velocity of 

the s t r e a m is equal to that of a rarefact ion wave in the same medium. B e ­

cause of th i s , the downst ream p r e s s u r e can no longer be t r ansmi t t ed up 

into the pipe; therefore , the c r i t i ca l throat p r e s s u r e for s ingle-phase flow 

is independent of all p r e s s u r e s below the back p r e s s u r e for which the m a x ­

imum flow is f i rs t obtained. 

Since one-phase c r i t i ca l flow can be explained from the fact that 

sonic velocity is sustained at the throat of the conduit, it becomes n e c e s s a r y 

to examine the theory developed for two-phase c r i t i ca l flow to obtain some 

information about the phase ve loc i t ies . This is also of par t i cu la r i n t e re s t 

since m e a s u r e m e n t s of void fraction have not been c a r r i e d out under 

c r i t ica l flow conditions, insofar as the author knows. As a l ready noted in 

Chapter V, the absolute veloci t ies calculated from the theory developed in 

125 



this work a r e below sonic ve loci t ies , except when the quality approaches 

1 .0. In F igure 24, the l inear vapor velocity as calculated from the p r o c e ­

dure outlined in Chapter V is plotted v e r s u s quality with p r e s s u r e P as 

p a r a m e t e r . Figure 24 shows that no sonic veloci t ies occur for two-phase 

c r i t i ca l flow of s t eam-wa te r mix tu re s , if the assumed model is c o r r e c t . 

Therefore , one cannot adopt the method of sonic veloci t ies to ex­

plain the maximum flows of s t eam-wate r m i x t u r e s . 

Therefore , again consider the flow sys tem as mentioned e a r l i e r ; 

however, this t ime have a two-phase mixture coming from the cons tant -

p r e s s u r e source with a quality x anywhere between zero and one. Again, 

when the downst ream p r e s s u r e is reduced below that of the ups t r eam end, 

flow begins and a p r e s s u r e gradient i s set up in the pipe, this being d e t e r ­

mined by the momentum and frictional p r e s s u r e drops which a r e r e s t r i c t e d 

by the void fraction or the slip r a t io . Fur the r drop in the downst ream p r e s ­

sure will r e su l t in a s teeper p r e s s u r e gradient and inc reased flow ra te until 

a maximum p r e s s u r e gradient or flow ra te is obtained. During the period 

before the maximum flow ra te is obtained, the void fraction is changing and 

the slip ra t io k is inc reas ing . However, when a value k = (vg/v]_) is 

reached, the sum of the momentum and the frictional p r e s s u r e l o s se s have 

attained i ts maximum possible value and, hence, the s teepes t p r e s s u r e 

gradient is achieved. When the k ine t ic -energy dissipat ion per unit volume 

in each fluid is equal, the flow sys tem can be said to be s table , and c r i t i ca l 

two-phase flow i s , indeed, sustained. At this point the veloci t ies of the two 

phases have also obtained their maximum values ; however, they a r e l e s s 
a 

than the sonic veloci t ies in the same two media and differ, the re fo re , r a d ­

ically from s ingle-phase flow. In other words , the ex t ra f reedom available 

compared with a s ingle-phase compress ib le sys tem, namely, the slip ra t io , 

r e s t r i c t s the flow of the mult iphase sys tem in advance. Hence, the individ­

ual fluid phases cannot be acce le ra ted sufficiently high to accommodate 

veloci t ies experienced in s ingle-phase flow. The p-v path for two-phase 
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cr i t i ca l flow is p resumably dictated by the flow his tory of the fluid (void 

fraction), whereas in s ingle-phase sonic flow the infinitesimal p r e s s u r e 

pulse is a s sumed to be t ransmi t ted i sent ropica l ly . At high frequencies 

the l a t t e r will always be g rea t e r than the f o r m e r . Consequently, a p r e s ­

sure pulse will be propagated ups t r eam, and no choking effect can exist 

in the same sense as for the flow of a s ingle-phase fluid through a pipe. 

The next question that will a r i s e in the r e a d e r ' s mind is what will 

happen when the back p r e s s u r e is reduced below the value where the m a x i ­

mum flow is f i rs t obtained. This p r e s s u r e change will, indeed, be felt up ­

s t r e a m , since the impulses caused by this p r e s s u r e change a r e t ravel l ing 

with a g rea t e r velocity than those of the two phases leaving the exit of the 

pipe. However, the changes in the ups t r eam conditions, like void fraction, 

slip ra t io , e tc . , will be highly unstable , since any dec rease or i nc rease in 

the slip ra t io will always resu l t in a dec rease of the absolute value of the 

p r e s s u r e gradient , which cannot be sustained. If maximum flow occurs 

and there is a change in downst ream conditions, it will not be possible for 

a s teady-s ta te flow to exis t . After a t rans ien t period of readjus tment , a 

s teady-s ta te condition will be es tabl ished for which maximum flow does 

again occur . In other words , the sys tem is only stable when the diss ipated 

energy per unit volume is the same in each fluid phase, when no mechanical 

r e s t r i c t ion exis ts at the exit of the pipe. Therefore , changes in downst ream 

p r e s s u r e , no mat te r how smal l , or how smal l the back p r e s s u r e is compared 

with the c r i t i ca l throat p r e s s u r e , will always be t ransmi t ted u p s t r e a m . How­

ever , if the back p r e s s u r e i s kept constant after the change is c a r r i e d out and 

is smal le r than the value of the back p r e s s u r e that caused maximum flow, the 

two-phase flow sys tem will always force itself back to the stable conditions 

[k = (vg/vj) ] and will sustain i ts finite maximum p r e s s u r e gradient or 

maximum flow. 

That the p r e s s u r e impulses a re t r anspor ted ups t r eam when changes 

in back p r e s s u r e a r e c a r r i e d out have, indeed, been noticed during the e x ­

per imenta l work and by previous inves t iga to r s , ^ 3 3 , ' ' ' but have apparent ly 



been in te rpre ted differently. This has led to some confusion, since these 

authors were not su re whether or not c r i t i ca l flow for one phase and two 

phases a r e c a r r i e d out with the same impl ica t ions . It is not possible to 

produce a differential p r e s s u r e between the d ischarge plane and the r e ­

ceiver so l a rge that a change of back p r e s s u r e will not affect the overal l 

axial p r e s s u r e profile to some degree . Differential p r e s s u r e s as la rge as 

360 psi were achieved between the end of the tes t section and the expansion 

sect ion. 

Therefore , when the exper imenta l data were taken in this work, the 

back p r e s s u r e was kept to as low a value as poss ible , such that with this 

p r e s s u r e the at tainment of the maximum p r e s s u r e gradient or maximum 

flow ra te was a s s u r e d . F u r t h e r , the conditions of stabili ty at the throat 

do not depend only upon the ups t r eam conditions, but a lso upon how i n ­

var iant one can keep the back p r e s s u r e . This las t r e s t r i c t ion was believed 

to be satisfied by operat ing the condenser connecting the downs t ream ex ­

pansion section at same conditions at all t i m e s . 

As a conclusion from what has been stated above, the implicat ions 

for one-phase and two-phase c r i t i ca l flow differ significantly. 



CHAPTER VIII 

SUMMARY AND CONCLUSIONS 

8.1. Summary 

This investigation s t a r t s with a brief introduction to the var ious 

problems assoc ia ted with two-phase flow and cr i t i ca l flow in pa r t i cu la r . 

In Chapter II, a l i t e r a tu re survey of two-phase c r i t i ca l flow is 

presented which covers the most extensive studies c a r r i e d out on this sub­

ject up to date . Void fraction, flow pat tern , and p r e s s u r e drop in two-

phase flow a re also briefly d i scussed . 

In Chapter III and IV the exper imenta l appara tus and operating 

procedure a re descr ibed in detai l . 

In Chapter V the au thor ' s theory of two-phase c r i t i ca l flow is 

p resen ted . 

In Chapter VI an analysis of the cr i t ical- f low data, including p r e v i ­

ous major investigations and extensive compar i sons of theory with e x p e r i ­

mental values , a r e c a r r i e d out. 

In Chapter VII some new ideas a r e presented concerning the m e c h ­

an ism of two-phase c r i t i ca l flow. 

Cr i t ica l two-phase , s t eam-wate r flows have been m e a s u r e d over a 

range of quality from 0.01 to 0.7, total flows from 500 to 4,300 Ib /sec- f t 2 , 

p r e s s u r e s from 40 to 360 psia, pipe d i ame te r s of 0.1 25 - , 0.269-, and 0.4825-in. 

inside d iamete r , and pipe lengths of 11 0 and 56 -j in. A theory has been d e ­

veloped for the two-phase cr i t ica l - f low phenomenon, and extensive c o m p a r i ­

sons of predicted with exper imenta l values show substantial agreement over 

the whole range of quali t ies and p r e s s u r e s . 

8.2. Conclusions 

1. F r o m an analysis of the l i t e r a tu re concerning two-phase flow, 

one concludes that data on c r i t i ca l two-phase flow over 100 psia a r e needed. 
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2. Previous to the au thor ' s theory, no theory was available that 

could sat isfactor i ly predic t the c r i t i ca l two-phase flow data of C r u z / 2 ' / 

M o y / ' ' ' and F a l e t t i / 3 3 ' which a r e the three mos t extensive exper imenta l 

investigations made on the subject. 

3. Therefore , the goal of this r e s e a r c h is believed to have been 

reached inasmuch as equipment was built where cr i t ical- f low data above 

100 psia were obtained and a theory developed that p red ic t s the expe r imen­

tal values sa t i s fac tor i ly . 

4. Theore t ica l express ions for the specific volume, void fraction, 

and slip ra t io for c r i t i ca l s t eam-wate r mix tu res have been der ived. T h e r e ­

fore, the f i rs t complete analytical solution was made possible for es t imat ing 

the c r i t i ca l two-phase flow ra t e , including slip between the two phases . 

5. The p r e s s u r e profiles for runs at c r i t i ca l flow were all c h a r a c ­

te r ized by ex t remely s teep p r e s s u r e gradients near the throat ; however, 

the p r e s s u r e gradients a r e definitely finite and approach absolute maximum 

values , these depending only upon cr i t i ca l flow ra te and quality. 

6. Sonic veloci t ies a r e not achieved in c r i t i ca l two-phase flow of 

s t eam-wa te r m i x t u r e s . Therefore , the phenomenon of two-phase c r i t i ca l 

flow differs significantly from that of s ingle-phase c r i t i ca l flow. 

7. A new theory has been postulated in an effort to explain the 

mechan i sm of two-phase cr i t ica l flow. 

8. The geometry of the sys tem to be investigated has apparent ly 

no effect on the cr i t ica l - f low phenomenon for the d i ame te r s and lengths of 

pipes used in this work. The same observat ions have been made by p r e ­

vious invest igator s and a r e i n agreement with the developed theory . 

9- The exper imenta l data obtained in this work compare favor­

ably with previous invest igations in the range of var iab les where such a 

compar i son is possible (data below 100 ps ia) . 



10. The "Homogeneous Flow Model" is found to be unsat isfactory 

for all c r i t i ca l throat p r e s s u r e s and qualit ies examined. The assumption 

of no slip between the phases , therefore , can be said to be definitely 

i n c o r r e c t . 

11 . Since the theory presen ted in this work desc r ibes the c r i t i ca l 

phenomenon sat isfactor i ly for all p r e s s u r e s and quali t ies examined so 

far , and no p a r a m e t e r s depending on exper imenta l values a re needed in 

the theory, Eq. (5.11 -8) or graph 22 is believed by the author to be highly 

valuable in determining the maximum discharge of s t eam-wa te r mix tu res 

from conduits and "b reaks" in ves se l s and pipes . The applications a r e 

subjects of considerable concern in the evaluation of nuclear r eac to r 

accidents and containment among o t h e r s . 
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APPENDIX A 

TABULATION OF CRITICAL-FLOW DATA 

Table m 

CRITICAL-FLOW DATA FROM RUNS MADE WITH TSH - LONG 

Run No 

Tsn-i 
-2 

-3 

-4 

-5 

-6 

-7 

-8 

-9 

-10 

-11 

-12 

-13 

-14 

-15 

-16 

-17 

-18 

-19 

-20 

-21 

-22 

-23 

-24 

-25 

-26 

-27 

-28 

-29 

-30 

-31 

-32 

-33 

-34 

-35 

-36 

-37 

-38 

-39 

-40 

-41 

-42 

-43 

-44 

-45 

-46 

Pth 
psia 

95 

107 

106 

94 

98 

104 

124 

124 

125 

125 

129 

127 

124 

112 

115 

113 

82 

85 

69 

82 

83 

109 

113 

107 

90 

XTh. 

% 
200 

241 

202 

15 68 

228 

23 34 

25 87 

38 45 

269 

3196 

260 

302 

24 94 

3110 

24 94 

32 72 

3135 

23 88 

28 25 

3616 

29 06 

3106 

25 92 

37 05 

26 73 

Equipment failed - aborted 

90 

78 

110 

113 

115 

116 

116 

117 

Not reliable 

110 

110 

117 

61 

65 

65 

54 

97 

98 

95 

95 

29 50 

22 38 

35 41 

44 33 

28 62 

36 23 

45 27 

55 88 

[ 

3190 

3197 

25 02 

27 16 

20 67 

16 41 

23 97 

28 31 

20 44 

22 65 

24 56 

Gob 
Ib/ft2-sec 

1067 3 

1119 3 

1205 5 

1182 3 

1148 5 

1078 4 

1230 9 

1022 6 

1265 4 

1115 5 

1232 5 

1148 5 

1250 6 

1055 4 

1165 4 

1016 0 

7861 

914 9 

723 5 

723 5 

815 5 

1046 5 

1130 0 

925 5 

936 8 

889 5 

907 1 

979 9 

8621 

1126 0 

993 7 

872 6 

758 0 

1065 8 

1012 0 

1184 4 

654 5 

7636 

858 2 

645 2 

998 6 

11591 

1106 5 

1065 8 

Run No 

TSn-47 

-48 

-49 

-50 

-51 

-52 

-53 

-54 

-55 

-56 

-57 

-58 

-59 

-60 

-61 

-62 

-63 

-64 

-65 

-65A 

-66 

67 

-68 

-69 

-70 

-71 

-72 

-73 

-74 

-75 

-76 

-77 

-78 

-79 

-80 

-81 

-82 

-83 

-84 

-85 

-86 

-87 

-88 

-89 

-90 

Pth 
psia 

95 

95 

95 

95 

103 

Not reliable 

73 

70 

71 

99 

103 

103 

101 

101 

105 

106 

XTh 

% 
27 43 

3215 

361 

40 01 

52 25 

23 07 

3157 

43 53 

23 24 

2610 

29 33 

33 33 

37 53 

42 41 

53 46 

Equipment failed - aborted 

142 

146 

129 

121 

122 

121 

123 

125 

121 

127 

127 

Not Reliable 

57 

56 

57 

57 

57 

57 

59 

79 

80 

79 

79 

79 

80 

81 

81 

82 

43 61 

52 20 

24 69 

29 54 

35 87 

40 56 

45 37 

50 26 

55 94 

6013 

6179 

15 79 

14 18 

16 79 

19 10 

22 78 

24 79 

34 90 

18 04 

2163 

25 26 

2815 

3141 

3132 

38 34 

44 20 

56 71 

IbfflZ sec 

10051 

926 1 

862 8 

814 9 

698 8 

854 8 

705 5 

576 4 

1188 6 

1082 5 

1017 6 

949 4 

8881 

828 3 

718 5 

1027 5 

97613 

1276 8 

11713 

1059 9 

998 9 

928 6 

872 0 

810 0 

7810 

766 2 

785 6 

8217 

760 9 

716 8 

656 3 

626 3 

516 6 

1002 3 

922 5 

8549 

807 5 

760 4 

730 5 

678 2 

620 7 

527 5 

142 



T a b l e V 

C R I T I C A L - F L O W DATA F R O M RUNS MADE WITH TSIV - SHORT 

Run No. 

TSIV-1 

-2 

-3 

-4 

-5 

-6 

-7 

-8 

-9 

-10 

-11 

-12 

-13 

-14 

-15 

-16 

-17 

-18 

-19 

-20 

-21 

-22 

-23 

-24 

-25 

-26 

-27 

-28 

Pth. 
psia 

87 

115 

110 

130 

205 

190 

220 

185 

258 

275 

268 

215 

185 

150 

160 

172 

188 

195 

167 

205 

210 

213 

222 

227 

280 

217 

243 

232 

XTh. 
% 

2.9 

4.1 

13.9 

20.94 

8.76 

13.6 

5.15 

4.0 

13.9 

10.15 

4.43 

2.61 

2.05 

1.6 

24.9 

15.3 

11.1 

6.8 

4.14 

29.5 

20.36 

14.6 

11.0 

6.1 

39.06 

28.20 

20.90 

18.5 

Gob. 
lb/ft2-sec 

2211.8 

1985.0 

1701.2 

1415.8 

2520.0 

2296.6 

2831.6 

3123.6 

2784.3 

3000.0 

3270.0 

3575.3 

3911.3 

4201.7 

1534.9 

1883.9 

2223.5 

2465.9 

2734.7 

1669.3 

2027.5 

2328.2 

2582.4 

2850.0 

1954.0 

1949.5 

2122.4 

2448.9 

Run No. 

TSIV-29 

-30 

-31 

-32 

-33 

-34 

-35 

-36 

-37 

-38 

-39 

-40 

-41 

-42 

-43 

-44 

-45 

-46 

-47 

-48 

-49 

-50 

-51 

-52 

-53 

-54 

-55 

Pth. 
psia 

160 

170 

175 

175 

135 

102 

185 

195 

195 

195 

233 

242 

247 

252 

270 

243 

330 

340 

348 

352 

361 

320 

325 

330 

320 

330 

310 

xTh> 
% 

24.90 

17.00 

10.64 

5.64 

3.34 

2.47 

27.40 

17.40 

10.44 

7.50 

34.50 

23.80 

17.80 

14.40 

9.60 

5.40 

42.80 

31.50 

22.60 

19.50 

14.30 

40.12 

29.40 

20.9 

17.3 

12.04 

7.06 

Gob' 
lb/ft2-se 

1529.0 

1908.1 

2182.1 

2408.2 

2685.5 

2969.3 

1613.5 

1956.0 

2282.2 

2464.9 

1785.4 

2127.9 

2505.4 

2719.7 

2987.2 

3271.0 

2104.1 

2446.7 

2727.2 

3043.0 

3334.0 

2135.0 

2373.3 

2641.7 

2900.6 

3200.0 

3600.7 



APPENDIX B 

TABULATION OF UPSTREAM PRESSURES 

Table VI 

TABULATION OF UPSTREAM PRESSURE FOR RUNS MADE WITH TSII - LONG 

Distance from 

throat, in. 4 l / 4 6 | 12^ 24} 36^ 4 8 } 

Run No. Back P re s su re P ^ psig P2 , psig P3, psig P4, psig P5 , psig Pj , psig x, % 

TSII- 1 
- 2 
- 3 
- 4 
- 5 
- 6 
- 7 
- 8 
- 9 
-10 
-11 
-12 
-13 
-14 
-15 
-16 
-17 
-18 
-19 
-20 
-21 
-22 
-23 
-24 
-25 
-26 
-27 
-28 

-29 
-30 
-31 
-32 
-33 
-34 

-35 
-36 
-37 
-38 

-39 
-40 
-41 
-42 
-43 
-44 
-45 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

85 
100 
97 
83 
92 
95 
120 
120 
124 
117 
120 
117 
120 
104 
107 
104 
72 
74 
57 
72 
72 
102 
107 
100 
80 

Equipme 
80 
68 
102 
104 
107 

109 
100 
110 

132 
160 
156 
132 
148 
152 
192 
193 
200 
185 
181 
176 
192 
167 
172 
167 
117 
120 
92 
117 
116 
167 
172 
162 
128 

mt failed-
128 
117 
165 
167 
171 
174 
177 

179 
Not reliable 
104 
99 
107 

49 
52 
52 
41 
90 
94 
92 

168 
161 
173 
65 
80 
80 
70 
147 
156 
153 

152 
182 
177 
150 
167 
172 
222 
222 
231 
216 
219 
212 
222 
193 
198 
191 
136 
138 
106 
137 
133 

189 
194 
187 
148 

-aborted 

149 
137 
190 
196 
198 
200 
204 

209 

191 
181 
194 
95 
104 
107 
84 

169 
179 
177 

185 
220 
215 
185 
205 
210 
262 
265 
275 
255 
261 
251 
262 
233 
242 
233 
165 
172 
128 
167 
158 
230 
235 
225 
180 

178 
166 
230 
235 
237 
242 
246 
255 

230 
215 
242 
118 
129 
132 
108 
202 
220 
215 

200 
250 
235 
205 
225 
231 
286 
286 
297 
276 
284 
272 
287 
246 
261 
248 
183 

179 
144 
184 
181 
246 
251 
246 
200 

197 
188 
246 
256 

259 
261 
266 
276 

265 
255 
276 
156 
169 
171 
144 
240 

259 
256 

215 
260 
250 
227 
240 
250 
325 
325 
335 
310 
315 
310 
320 
277 
290 
280 
195 
210 
167 
205 
200 
275 
280 
270 
222 

220 
210 
274 
280 
285 
290 
295 
310 

295 
280 
310 
175 
188 
190 
158 
268 
290 
285 

20.0 
24.1 
20.2 
15.7 
22.8 
23.34 

25.9 
38.45 
26.9 
37.0 
26.0 
30.2 
24.94 
31.10 
24.94 
32.72 
31.35 
23.88 
28.25 
36.16 
29-06 
31.06 
25.92 
37.05 
26.73 

29-50 
22.38 
35.41 
44.33 

28.62 
36.23 
45.27 
55.88 

31.90 
31.97 
25.02 
27.16 
20.67 
16.41 
23.97 
28.31 
20.44 
22.65 

144 



145 

Table VI (Cont'd.) 

Distance from 
throat, in. 4 l / 4 6} 12} 24} 36} 48} 

Run No. Back P r e s s u r e Pj , psig P2 , psig P3, psig P4, psig P5 , psig Pj , psig x, % 

TSII-46 
-47 
-48 
-49 
-50 
-51 
-52 
-53 
-54 
-55 
-56 
-57 
-58 

-59 
-60 
-61 
-62 
-63 
-64 
-65 
-65A 
-66 
-67 
-68 

-69 
-70 
-71 
-72 
-73 
-74 
-75 
-76 
-77 
-78 
-79 
-80 
-81 
-82 
-83 
-84 
-85 
-86 
-87 
-88 

-89 
-90 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

91 
90 
90 

91 
91 
94 

Not re 
64 
61 
62 
97 
95 
94 
94 
95 
97 
99 

149 
143 
143 
149 
149 
158 

liable 
105 
96 
103 
160 
154 
153 
155 
158 
160 
163 

Equipment failed-
133 
141 
122 
117 
116 
116 
118 
122 
120 
122 
122 
Not re 
45 
43 
45 
44 
44 
44 
46 
67 
68 
67 
66.5 
68 
68 
69 
69.5 
70.5 

202 
218 
196 
190 
186 
189 
195 
200 
203 
200 
198 

diable 
81 
78 
81 
81 
77 
77 
75 
118 
117 
115 

109 
111 
110 
115 
115 
120 

173 
167 
167 
171 
170 

179 

126 
116 
121 
186 
177 
174 
176 
180 
183 
188 

-aborted 
241 
254 
228 
217 
217 
218 
228 
233 

239 
237 
236 

96 
95 
96 
96 
91 
89 
90 

139 
139 
129 
127 
128 
126 
130 
131 
141 

210 
200 
198 
205 
205 
218 

155 
138 
145 
225 
216 
210 
210 
215 
220 
231 

284 
295 
270 
252 
255 
255 
270 
280 
290 
290 
290 

121 
120 
122 
122 
119 
112 
110 
170 
170 
165 
156 
156 
156 
160 
160 
170 

252 
243 
240 
245 
244 
261 

198 
179 
189 
264 
255 
250 
252 
255 
258 

269 

329 
339 
296 
275 
275 
275 
286 
310 
312 
314 
312 

132 

129 
132 
132 
130 
125 
122 
190 
190 
182 
173 
173 
175 
178 
178 
188 

280 
265 
260 
265 
265 
288 

220 
195 
208 
300 
285 
275 
275 
275 
285 
295 

370 
380 
335 
310 
310 
310 
320 
348 
365 
365 
365 

155 
150 
155 
155 
155 
150 
145 
210 
210 
210 
197 
195 
195 
195 
195 
215 

24.56 
27.43 
32.15 
36.10 
40.01 
52.25 

23.07 
31.57 
43.53 
23.24 
26.10 
29-33 
33.33 
37.53 
42.41 
53.46 

43.61 
52.20 
24.69 
29.54 
35.87 
40.56 
45.37 
50.26 
55.94 
60.13 

61.79 

15.79 
14.18 

16.79 
19.10 
22.78 

24.79 
34.90 
18.04 
21.63 
25.26 
28.15 
31.41 
31.32 
38.34 
44.20 
56.71 



Table VII 

TABULATION OF UPSTREAM PRESSURES FOR RUNS MADE WITH TSIV - SHORT 

Distance from 
throat, in. 4 l /8 6 } 12y 2 4 | 36} 4 8 } 

Run No. Back Pressure Pj, psig P2, psig P3, psig P4, psig P5, psig Pj, psig x, % 

TSIV- 1 

- 2 
- 3 
- 4 
- 5 
- 6 
- 7 
- 8 
- 9 
-10 
-11 
-12 
-13 
-14 
-15 
-16 
-17 
-18 

-19 
-20 
-21 
-22 
-23 
-24 
-25 
-26 
-27 
-28 

-29 
-30 
-31 
-32 
-33 
-34 
-35 
-36 
-37 
-38 

-39 
-40 
-41 
-42 
-43 
-44 
-45 
-46 
-47 
-48 
-49 
-50 
-51 
-52 
-53 
-54 
-55 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

72 
100 
95 
115 
190 
175 
205 
170 
243 
260 
253 
202 
170 
135 
145 
157 
173 
180 
152 
190 
195 
198 
207 
212 
265 
202 
228 
222 
145 
155 
160 
160 
120 
87 
170 
180 
180 
180 
218 
227 
232 
237 
255 
228 
315 
325 

333 
337 
346 
305 
310 
315 
305 
315 
295 

97 
140 
180 
223 
320 
228 

289 
230 
450 
427 
358 
270 
225 
172 
275 
295 
305 
272 
205 
350 
360 
365 
365 
305 
450 
380 
420 
410 
275 
295 
285 
225 
160 
115 
320 
340 
325 
295 
385 
410 
425 
425 
415 
315 
535 
540 

565 
575 
580 
515 
525 
535 
520 
525 
427 

107 
150 
202 
259 
355 
380 
300 
240 
490 
480 
390 
293 
245 
195 
335 
365 
350 
295 
220 
415 
425 
435 
435 
345 
545 
455 
500 
495 
340 
360 
335 
250 
180 
140 
385 
400 
380 
340 
465 
490 
500 
500 
475 
355 
635 
645 

670 
670 
670 
605 
615 
625 
620 
610 
455 

120 
160 
220 
310 
405 
445 
335 
265 
585 
530 
415 
330 
290 
243 
397 
418 
395 
310 
235 
500 
500 
510 
475 
360 
645 
560 
590 
585 
395 
415 
355 
260 
190 
160 
465 
470 
440 
360 
565 
595 
585 
575 
500 
375 
755 
775 

795 
795 
755 
725 
735 
745 
715 
670 
485 

132 
170 
230 
342 
425 
462 
350 
290 
600 
555 
445 
360 
335 
290 
450 
455 
415 
340 
250 
570 
555 
550 
500 
375 
735 
640 
655 
625 
450 
460 
370 
275 
200 
180 
530 
530 
450 
375 
635 
650 
640 
595 
525 
390 
860 
880 
880 
865 
820 
820 
830 
830 
770 
720 
520 

148 
180 
240 
370 
440 
480 
380 
320 
648 
580 
480 
405 
380 
345 
490 
485 
435 
370 
265 
630 
600 
600 
530 
390 
830 
700 
715 
665 
480 
490 
380 
300 
210 
200 
590 
570 
460 
390 
700 
700 
700 
620 
550 
420 
940 
950 

960 
940 
860 
920 
920 
920 
820 
760 
550 

2.9 
4.1 
13.9 
20.94 

8.76 
13.6 
5.15 
4.0 
13.90 
10.15 
4.43 
2.61 
2.05 
1.6 

24.9 
15.3 
11.1 
6.8 
4.14 
29.5 
20.36 
14.6 
11.0 
6.1 

39.06 
28.20 
20.90 
18.50 
24.90 
17.00 
10.64 
5.64 
3.34 
2.47 

27.40 
17.40 
10.44 
7.50 

34.50 
23.80 
17.80 
14.40 
9.60 
5.40 

42.80 
31.50 

22.60 
19.50 
14.30 
40.12 
29.40 
20.90 
17.3 
12.04 

7.06 



APPENDIX C 

CALCULATION PROCEDURE FOR GRAPH 14, REPRESENTING THE 
"HOMOGENEOUS FLOW MODEL" 

The conditions on which Figure 14 a r e based a r e as follows: 

1 . adiabatic and r eve r s ib le expansion; 

2. thermodynamic equi l ibr ium; and 

3. equal phase ve loc i t ies . 

The general method of calculation consis ted in calculating the cri t­

ica l , or maximum, m a s s velocity of a s t eam-wa te r mixture of a given 

quality x at a given p r e s s u r e P . 

As shown in Chapter V, the theore t ica l c r i t i ca l m a s s velocity as 

der ived from the "Homogeneous Flow Model" is given by 

'max 
•8c 

dv 
d P 

s m 

1/2 

where 

V = Vj (1 - x ) + v g x 

A method which gives good resu l t s is to approximate 

— ) h l^-
dP/sm yVAPy s m 

The bes t means of descr ib ing this i s to c a r r y out a sample calculat ion. 

A. In termedia te-qual i ty Points 

Let 

P c = 11 psia 

x = 25% 

147 
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For P c = 11 psia , the Steam Tables give 

Sf = 0.2903 ; sfg = 1.4897 

Also, 

S m = Sf + Sfg X 

In o rde r to calculate dlydv, the var ia t ion in volume v will be d e t e r ­

mined over a p r e s s u r e gradient at constant entropy. Thus, for a p r e s s u r e P' 

sufficiently close to P , we have 

s m = sf + sfg x ' 

Hence, 
s m - s ; 

Putting in the proper va lues , 

for P = 10 psia , x1 = 0.25211; 

for P = 12 psia , x ' = 0.2479. 

The specific volume of the mixture is then calculated by the formula 

v = vj (1 -x) + Vg x ; 

for P = 10 psia, v = 9.6982 ft3 / lb 

for P = 11 psia , v = 8.7974 ft3 / lb 

for P = 12 psia , v = 8.0444 ft3 / lb 

Next,diydv can be obtained graphical ly as the slope of the tangent to the 

curve resul t ing from a plot of P v e r s u s v, at the point corresponding to 

P = 11 ps ia . F r o m such a plot, 

dP/dv = 176.69 lb2 /ft5 

Then 
G m a x = (g dP /dv) l / 2 = 75.4 lb / f t 2 - sec . 

Since dlydv is calculated by a graphical method, i ts accuracy cannot be 

a s s u r e d . The e r r o r commit ted in this evaluation was minimized by 

"smoothing" the existing values by means of plots of dP/dv v e r s u s P and 

of dP/dv v e r s u s v. 



As any remaining e r r o r would c a r r y over to the determinat ion of 

G, a cor rec t ion was made in this var iable by plotting P ve r sus G with 

quality x as a p a r a m e t e r . 

B. Saturated Water 

It is obvious that, at sa turat ion conditions, the par t ia l der ivat ive 

dF/dv cannot be calculated by considering p r e s s u r e s just above and just 

below a given saturat ion p r e s s u r e , inasmuch as water would be below its 

sa turat ion point for any p r e s s u r e higher than i ts sa turat ion p r e s s u r e . 

In this case , indirect means were used to evaluate that quantity. 

Cr i t ica l m a s s veloci t ies were plotted against quality with p r e s s u r e as a 

p a r a m e t e r , and the resul t ing curves were extrapolated to quality x = 0. 

The extrapolat ion, from x = 0.07 to x = 0.00, though smal l , was in the 

s teepest portion of the curve , and the values of G so obtained proved to 

be not too re l i ab le . 

Reliabili ty was improved by plotting P ve r sus G and drawing a 

smooth curve through the points avai lable . These co r r ec t ed values of G, 

together with the water enthalpy at given c r i t i ca l p r e s s u r e s (in this case 

equal to the total energy) , constituted all the requi red data to identify the 

sa tura ted water l ine . 

C. Saturated Steam 

The derivat ive dlydv cannot be expected to vary in the same way 

in both the sa tura ted and superheated regions , and, the re fore , the method 

selected in determining the m a s s velocity at sa tura ted s team conditions 

is of impor tance . 

It was thought that the best approach consisted in extrapolat ing 

the mix ture p roper t i e s in the sa tura ted region to sa tura ted s team condi­

t ions . The adopted procedure was the same as descr ibed in Section B, 

except that the extrapolat ion was this t ime in the leas t s teep portion of 

the curve , and the extrapolated values of G were found to lie on a smooth 

curve when plotted against P . All other calculat ions were per formed as 

outlined in Section A. 



APPENDIX D 

CALCULATION PROCEDURE FOR GRAPH 22, SHOWING THE AUTHOR'S 
THEORY FOR PREDICTING CRITICAL TWO-PHASE FLOW RATES 

The conditions on which Figure 22 is based a r e as follows: 

1. annular flow model where different veloci t ies exist; 

2. specific volume of the s t eam-wa te r mixture given by 

2 / 1 \ 2 
X Vg ( 1 - X ) V ! 

a . 1-a 

4. 

(i) = 0 
constant enthalpy 

dP 
dl G,x 

= ^Maxt 
finite 

; and 

5. thermodynamic equil ibrium. 

The genera l method of calculation consis ted in calculating the cri t­

ical , or maximum, m a s s velocity of a s t eam-wate r mixture of a given 

quality x at a given p r e s s u r e P . 

As shown in Chapter V, the theoret ica l c r i t ica l m a s s velocity as 

derived from the au thor ' s theory is given by 

ucrit 
{ ( l -x + kxlx} dVg/dP+{vg(l + 2kx-2xl+v|(2xk-2k-2xk2 + k2l} dx/dP+ {k [ l+x(k-2 l -x2 (k- l l ] } dv|/dP 

1/2 

where 

k = 
v l 

1/2 

A method which gives good resu l t s is to approximate 

dv 
g 

dP by 
Avg dv1 

AP ' "dP 

Av 
by 

A P 

1 J A x u Ax 
, and -rrr by — dP ' AP 

under isenthalpic conditions. 
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The best means of describing this is to c a r r y out a sample 

calculation. 

Let P c = 600 psia and x = 1, 5, 10, 20, 40, 60, and 80%. The t h e r m o ­

dynamic p roper t i e s used in car ry ing out this sample calculation a r e tabulated 

in Table VIII. 
Table VIII 

THERMODYNAMIC PROPERTIES 

P r e s s u r e s , 
ps ia 

Vg(ft3/lb) 

V! (ft3/lb) 

hfg(Btu/lb) 

hf (Btu/lb) 

620 

0.744 

0.0202 

727.2 

475.7 

600 

0.7698 

0.0201 

731.6 

580 

0.7973 

0.0201 

736.1 

467.4 

The quantity (AP/Av)^ , the approximation to ( d P / d v ) ^ is calculated by cal­

culating the new specific volumes of a mixture , originally at x^oo and 

600 psia , when expanded is enthalpically to 580 psia and compres sed i s en tha l -

pically to 620 psia. Then Avpj is simply equal to the difference between 

the specific volumes at 580 psia and 620 psia. During this p r o c e s s , x, Vg, 

and v^ change. The change in x shall be calculated f irs t . 

Calculation of (dx/dP)pj at 600 psia 

For constant mixture enthalpy, 

d x \ 1 / d h f dhf£ 
= + x ——fi 

dPJH~~hig V d P + X d P 

1 r ^ , ^ 
h f g \ A P AP 

1 /475.7 -467.4 736.1 - 727.2\ 
" "731.6 \ (40)(144) " X (40)(144) / 

0 ^ [ - 8 . 3 + ( x ) ( 8 . 9 ) ] 
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Hence the values shown in Table IX can be calculated. 

Table IX 

TABULATION OF ( d x / d P ) H FOR VARIOUS 
VALUES OF QUALITY AT 600 ps ia 

Quality x, % ( d x / d P ) H 

1 -1.9485 x 10"6 

5 -1.8640 x 10"6 

10 -1.7584 x 10"6 

20 -1.5472 x 10"6 

40 -1.1248 x 10"6 

60 -0.7024 x 10"6 

80 -0.2800 x 10"6 

Calculation of (dvg/dP)pj at 600 psia 

( ^ ) „(£?*) - 0-7973-0.7440 6 

U P / , * VKfl (40)(144) = - 9 - 2 5 3 5 X 1 0 

Calculation of (<iv]/dp)pj at 600 psia 

/ d v A M v A 0.0202-0.0201 . „ , . i n _ B 

I "T^T I x \ / / A ~ \ / , A A\ = 1.7361 x 10 
\ d P / H \ A P / H (40)(144) 

Calculation of slip ratio k at 600 psia 

, TgV7 2 /0-7698V/z 

By substituting in the above values for the derivatives and k, for 

different qualities x, in the equation for determining Gcrit» Table X is obtained. 

Table X 

TABULATION OF CALCULATED CRITICAL FLOW RATES 
FOR VARIOUS VALUES OF QUALITY AT 600 ps ia 

Cr i t i ca l Flow Rate 
Quality x, 

1 
5 

10 
20 
40 
60 
80 

% G, l b / f t 2 - sec 

8960 
7605 
6510 
5100 
3570 
2740 
2235 



If the t e r m including dvj /dP is neglected in the equation giving the 

c r i t i ca l flow ra te , Table XI is obtained. 

Table XI 

TABULATION OF APPROXIMATE CRITICAL FLOW RATES 
FOR VARIOUS VALUES OF QUALITY AT 600 psia 

Quality x, 

1 
5 

10 
20 
40 
60 
80 

% 
C: r i t ical Flow Rate 

G, lb / f t 2 - sec 

8760 
7425 
6408 
5040 
3540 
2730 
2230 

By a compar ison o i T a b l e s X a n d XI, it can be seen that the e r r o r is l e ss 

than 3% by neglecting the dv i /dP t e r m in calculating the c r i t i ca l m a s s ve ­

locity. F u r t h e r m o r e , this e r r o r d e c r e a s e s with decreas ing p r e s s u r e . At 

400 psia , the e r r o r is l e ss than 1%. Hence, all m a s s veloci t ies below 

400 psia can be calculated safely by discarding the dv] /dP t e r m , which 

was done in p repar ing graph 22. 

As for calculating the c r i t i ca l flow ra t e s of sa tura ted s team, see 

Appendix C, since the au thor ' s equation for c r i t i ca l flow ra te at x = 1 

converges to that of the "Homogeneous Flow Model." 



APPENDIX E 

THE ERROR INTRODUCED BY EVALUATING d v / d P 
FROM STEAM TABLE 

The quantit ies Vf, v , hf, hr , Sf, and Sr needed to es t imate c r i t i ca l 

flow ra t e s a r e found in the s team tables of Keenan and Keyes.* 

The derivat ive of a quantity is obtained by a l inear approximation 

from adjacent l ines in the t ab les ; thus , 

V dpA, = R ,^ - P„ , 
n n+a n -b 

where P n ) e tc . , refer to the values in the n line of the table . In genera l , 

a and b were taken as unity, that i s , values were computed from adjacent 

l ines in the table except where the in te rva l s were suddenly changed. In 

that case , a or b was chosen so that 

Fh+a " p n = F n " ^n-b 

The e r r o r introduced by this technique is par t ly due to the fact that 

the slope of the chord differs slightly from the slope of the tangent at the 

midpoint of the a r c , and par t ly due to the smal l difference between adjacent 

v a r i a b l e s . Curve fitting with approximate analytical express ions and dif­

ferentiat ion may el iminate the f i rs t e r r o r , but not the second; that i s , one 

cannot fit any curve any m o r e accura te ly than the given points . The e r r o r 

due to the l inear approximation in evaluating the der ivat ives dvf/dP, dhf/dP, 

and d h f e / d P i s prac t ica l ly zero since the quantit ies vf, hf, and hf vary a p ­

proximately in a l inear fashion with r e spec t to p r e s s u r e in l imited reg ions . 

The e r r o r s due to the difference between chord and tangent can be shown to 

be of the o rder of (A.l/p)2 for evaluating dVg/dP, dsf/dP, and dsfg/dP. 

F i r s t , consider the difference of slope between the chord and the 

tangent . The chord is chosen to be symmet r i c about the point of i n t e r e s t . 

*Keenan, J . H., Keyes , F- G., Thermodynamic P r o p e r t i e s of Steam, 
John Wiley and Sons, Inc., New York (1936). 
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Over a l imited region the value of Vg va r i e s approximately as l / P , and Sfg 

and Sf vary approximately as log P . For both these types of functions one 

can show the e r r o r to be equal to ( A P / P ) 2 . 

Case I 

x n . 

y + Ay = Ay = (x + Ax)n = x n 1 + n ^ A x + n ( n - l ) / A x \ 2
 + 

x 1-2 w 
y - Ay = (x - Ax)n = x n r l . E ^ E + 

Ay = x n 

AY 
•^ = n x 
Ax 

2 nz-p£ 

X 

n - i 1 
( n - l ) ( n - 2 ) / A x \ 2

 + 

2-3 m 
The definition of the tangent is the slope of the chord as Ax-»-0; thus . 

1 + 
(n - l)(n - 2 ) / A x 

2-3 
I J + higher powers of A x 

x 

is the e r r o r in using a chord symmet r ica l ly disposed about the point of 

i n t e r e s t . Now, v g v a r i e s approximately a s P " 1 . Hence, the chord differs 

from the tangent by a factor differing from unity by (AP/P) 2 . 

Case II 

y = log x ; 

Ay = log (x + Ax) - log x 

Ay = log (l + ^ ) ; 

-Ay 

Therefore , 

2Ay 

,., (. -f) 

'<>.(• ^ F ) - io« ( . - £ ) 

Mi^-h +¥-(#) ,+(¥)! A x 
x 

+ 



Hence, 

A y = i r i + ( ^ ) 2
 + " . 

Ax x L \ x / J 

Since s f and Sf approximate a l o g P function over l imited reg ions , he re 

again chord e r r o r s a r e of the form (AI7P)2. 

It should be noted that if a nonsymmet r ica l chord is chosen to a p ­

proximate the tangent, so that the one end of the chord is at a point of 

i n t e re s t , then the e r r o r will become AT^P instead of (AlyP)2. This can be 

seen immedia te ly in the above derivat ion since the f i r s t t e r m s in the 

bionomial express ion cance l . 



APPENDIX F 

SAMPLE CALCULATION SHOWING THE DETERMINATION OF 
CRITICAL MASS VELOCITY, CRITICAL PRESSURE, AND 

QUALITY AT ANY POINT ALONG THE TEST SECTION 
FROM THE EXPERIMENTAL DATA 

Computations involved in determining the c r i t i ca l m a s s velocity, 

c r i t i ca l p r e s s u r e , and quality a re i l lus t ra ted by the following sample 

calculat ion based on run TSII-42 (see Chapter IV). 

1. Cr i t ica l Mass Velocity 

W m = W s + W s L = 322 + 595.5 = 917.5 Ib /h r . 

C ros s - s ec t i ona l a r e a of t es t Section II: A = 0.000395 ft2. 

Mass velocity: G = ( ^ J ^ y ^ j = 645.2 lb / sec- f t 2 . 

2. Cr i t ica l P r e s s u r e 

There a r e six p r e s s u r e m e a s u r e m e n t s along the tes t section to 

cons ider , namely, P1, P 2 , P3, P4, P5, and P6 (see Chapter IV). These p r e s ­

sure data a r e plotted v e r s u s distance f rom p r e s s u r e tap 6, and the resul t ing 

curve is extrapolated to the outlet of the tes t pipe (1 d iameter length) to 

obtain the c r i t i ca l p r e s s u r e . Examples of this a re shown in graphs 25 

through 28. F r o m such a plot, Pth = 54 psia . 

3. Mixture Composition at Any Point along the Pipe 

It can readi ly be recognized that, in o rde r to a r r i v e at t rue values 

of vapor and liquid m a s s f rac t ions , void-fract ion re la t ionships a r e r e ­

qui red , which indeed have been der ived in this work. However, it will be 

shown h e r e that by assuming homogeneous flow this causes no significant 

change in quality. Sample calculat ions of the quality at p r e s s u r e tap 6 

by means of both annular and homogeneous flow models follow: 

a. Calculation of the quality at p r e s s u r e tap 6 assuming 

homogeneous flow: 

F r o m Eq. (5.1 3- 13), neglecting k ine t ic -energy t e r m s , one has 

for a f i r s t approximation of x6: 
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W s H s + W s L H s L - Q L o s g - W m h ! 
xo,6 = W m h f g 

W s = 322 1 b / h r ; P s = 350 p s i a ; T s = 5 8 3 . 3 0 F ; H S = 1301.4 B t u / l b ; 

W S L = 5 9 5 . 5 1 b / h r ; P S L = 595 p s i a ; T s L = 9 8 . 0 o F ; H s = 66 B t u / l b ; 

W m = 917.5 I b / h r ; P 6 = 173 p s i a ; hj, = 342.6 B t u / l b ; h f g = 853.7 B t u / l b ; 

Q L o s s = 20.000 B t u / h r . 

H e a t l o s s e s , Q L O S S > ^ o r t h e sYstern w e r e d e t e r m i n e d with s u p e r h e a t e d 

s t e a m . The h e a t l o s s e s o v e r the s y s t e m f r o m the s t e a m F l o w r a t o r to the 

i n l e t of the t e s t s e c t i o n w e r e found, in five s e p a r a t e t r i a l s , to v a r y f r o m 

15.000 to 25.000 B t u / h r o r a p p r o x i m a t e l y 5% of the s t e a m en tha lpy a t the 

F l o w r a t o r . The t r i a l s w e r e done a t d i f f e ren t s t e a m flow r a t e s . F o r c a l c u ­

l a t ing the qua l i t y a t the i n l e t to the t e s t s e c t i o n in the t w o - p h a s e r u n s , the 

e n t h a l p y l o s s o v e r t h i s i n l e t s e c t i o n w a s t a k e n to be 20.000 B t u / h r . 

U n d e r the s a m e cond i t i ons a s a b o v e , the h e a t l o s s e s o v e r the to t a l 

t e s t s e c t i o n w e r e m e a s u r e d and found to be n e g l i g i b l e c o m p a r e d with the 

s t e a m en tha lpy at the F l o w r a t o r . 

H e a t l o s s e s for the w a t e r i n l e t l i ne w e r e a s s u m e d n e g l i g i b l e . 

_ (322) ( l301 .4 )+(595 .5 ) (66 ) -20 .000- (917 .5 ) (342 .6 ) _ 
Xo>6 (917.5)(853.7) ^ ^ ' 

E v a l u a t i o n of k i n e t i c e n e r g i e s a t F l o w r a t o r s : 

v s = 1.6699 f t 3 / l b ; v = 2.630 f t 3 / l b ; 
°6 

v s l j = 0.016 f t 3 / l b ; v l 6 = 0.0182 f t 3 / l b ; 

K E S = W 3
s v | / 2 g J A 2 ; 

g c = 32.2 l b m - f t / l b f - s e c 2 ; J = 778 B t u / l b f - f t 

A = 7rD2/4 = ( 3 . 1 4 ) ( l / l 2 ) 2 / 4 = 0 .00545 ft2. 

So the k i n e t i c e n e r g y for the s t e a m a t the F l o w r a t o r b e c o m e s 

KE = (322) 3 ( l .6699) 2 / (2 ) (32 .2 ) (778) (0 .00545) 2 (3600) 2 = 2.631 B t u / h r . 



For the subcooled water at the F lowra to r ; 

K E s L = (595.5)3(0.0l6)3/(2)(32.2)(778)(0.00545)2(3600)2 = negligible. 

Evaluation of the kinetic energy of the s t eam-wate r mixture at p r e s s u r e 

tap 6: 

F r o m "Homogeneous Flow Model," 

v m = xv + ( 1 - x ^ = (0.1583)(2.630) + (0.8417)(0.016) = 0.4298. 

A = ^ = (3-14)(0.269/l2) 2
 = 0 . 0 0 0 3 9 5 f t 2 . 

4 4 

F r o m Eq. (5.13-7), one ge ts : 

(KE), 
W'mv^ 

'TP Homogeneous ^ TT* 

(917 S^O 4298)' . „ „ B t u / h r 

= (2)(32.2)(778)(0.000395)2 

Solving again for x in Eqs . (5.13-13) and (5.13-12), neglecting kinetic 

energy t e r m s at F l o w r a t o r s , 

KExPH 1374 
X l ' 6 = * ' 6 " W ^ " = 0 , 1 5 8 3 - ( 9 1 7 . 5 ) ( 8 5 3 . 7 ) = 0 - 1 5 6 5 

Repeating the p rocedure , 

v m = (0.1565)(2.630) + (0.8435)(0.016) = 0.4251. 

(917.5)3(0.4251)2 , 
K E T p H = — i- - i - i ——• = 1343 B tu /h r 

•L-Phl (2) 32.2) 778)(3600)2 0.000395 2 / 

and 

1343 
' « . ' * 0 - 1 5 8 3 - ( 9 1 7 . 5 ) ( 8 5 3 . 7 ) = 0 - 1 566 

Hence, the quality at p r e s s u r e tap 6 assuming homogeneous flow is equal 

to 0.1566. 
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b. Calculation of the quality at p r e s s u r e tap 6 using the au thor ' s 

theore t ica l express ion for the void fraction a . 

Using Eq. (5.13-12), 

X = x0 + c , 

where 

W s H g + W s L h g L - Q L o s g - W ^ 
Xn = W m h f g 

T T ^ J W ^ g 

W I v j . W 3
s I j v | L W3

m x 3 v ^ ( l - x ) 3 v ; 

D* D s L D4 1 R2 ' ^ - R g ) 2 

F r o m Eq. (5.13-13), one has : 

x0 ( 6 = 0.1583 . 

The void fraction a is given by Eq. (5.9-13): 

a g = 
l - x / v l \l/Z 

+ 1 
x 

8 i 

0.8417\ /0 .0182\ l / z 

0.1583/\2.630 / + 0.6930 

The kinet ic-energy correc t ion factor c then becomes 

(8)(3600)-2 

C " (3.14)2(50103)(917.5)(853.7) 

(322)3(1.670)2 (595.5)3(0.016)2 (917.5)3 [(0.1583)3(2.630)2 (8417)3(0.0182) 
(1/12)4 (1/12)4 (0 .269 /12) 4 l (0.6930)2 (0.3070)2 6930)2 x (0.3070)2 J 

and, using Eq. (5.13-12) one gets 

x1 ) 6 = 0.1583 - 0.0003 = 0.1580. 

Hence, the quality at p r e s s u r e tap 6 assuming an annular flow model is 

equal to 0.1580. 

As one can see , this i tera t ion procedure converges quite 

rapidly. F u r t h e r m o r e , the e r r o r by assuming homogeneous flow in ca l ­

culating the quality, which saves considerable labor , is l e s s than 1%. In 

the same manner as descr ibed above, the quality x can be calculated at 

any point along the pipe where the static p r e s s u r e is known. 

-0 0003 , 



A P P E N D I X G 

CALCULATION P R O C E D U R E F O R EVALUATION O F T H E 
F R I C T I O N C O E F F I C I E N T F R O M EQUATION (5 .12-7) 

The t w o - p h a s e f r i c t i on coef f ic ien t wi l l be c a l c u l a t e d f rom Eq . (5 .12 -7 ) , 
b a s e d upon the e x p e r i m e n t a l d a t a for run TSII -42 ( s ee C h a p t e r IV). 

Equa t ion (5 .12-7) i s 

f _22 ' gc 

m 

w h e r e 

G z x[ l + x ( k - l ) ] 
,n + i " (- i pn) m 

r 
1 - X 

X 
v^ k 

m e a n 

Vg = a P 

m - o 

_, n (m + l )+ l 

-n 

v -
[(1 - x ) v 1 k + x v g ] [ l + x ( k - 1)] 

, v l 

1/2 

+ log — }• 
V2 

F u r t h e r m o r e , for Eq . (5 .12-7) to give a so lu t ion tha t c o n v e r g e s , the 
fol lowing condi t ion m u s t be s a t i s f i e d : 

a 
< 1 

As an e x a m p l e , the a v e r a g e f r i c t i on coeff ic ient b e t w e e n p r e s s u r e 
t a p s 2 and 1 in run TSII -42 wil l be c a l c u l a t e d , wi th P2 = 85 p s i a and 
P j = 56 p s i a , and with L = - ft. 

The q u a l i t i e s at P 2 and P j a r e c a l c u l a t e d in the s a m e m a n n e r a s i s 
shown in Appendix F for P 6 and a r e 

x2 = 0 .2173; X! = 0.2382 

rg The c o n s t a n t s a and n in Vg = a P " a r e e v a l u a t e d f rom s t e a m t a b l e s and 
a r e 

5 x 104; n = 0.973 

C a l c u l a t i o n s of s l i p r a t i o at P2 and P j : 

At P 2 , 

v = 5.168 f t 3 / l b and vi = 0.01761 
gz 
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Hence 

5.168 \ I / 2 

0.01761 
= 17.13 

At P i , 

Hence 

v g = 7.656 f t 3 / l b and v 1 = 0.01733 

k, = 
7.656 

1 10 .01733 

i /z 

21.02 

C a l c u l a t i o n of Tz and Fi 

l - x ? 1 - . 0 ? 1 7 ^ 
r , = vi k2 = \ 1 , ' (0 .01761)(17.13) = 1.0864 

r, = 

X2 

1 - X 
v i . k , 1 3 - " v l 1 ^ i 

0.2173 

1-0.2382 
0.2382 

(0.01733)(21.02) = 1.1650 

Check on I L P n I < 1: 
l_a I 

r i _ n _ 1.1650 
T P l 5 - ^ , ( 5 6 x 144)0-9 7 3 = 0.14737 

x 10 

— P " = ^ £ T ^ r ( 8 5 x l 4 4 ) 0 - 9 7 3 = 0.20626 . 
a 2 5 x 104 v ' 

H e n c e , the condi t ion is s a t i s f i ed for the so lu t ion to c o n v e r g e . 

C a l c u l a t i o n of 
x 1 + x ( k - 1) 

m e a n 

Mean 
17.13 21.02 -11/2 

(0.2173) 1 + 0 .2173(17.13-1) (0.2382) 1 + 0 .2382(21 .02-1) 

1/2 

17.4986 + 15.2969 16.3977 

C a l c u l a t i o n s of p n + 1 / a and P ^ 1 : 

p n + 1 _ (85X144) 1 - 9 7 3 _ 
5 x l 0 4 2354.0 



pf1 ( 5 6 x 1 4 4 ) ^ = 

5 x l 0 4 1 0 2 0 - 1 

C a l c u l a t i o n s of / , , a t P 2 and P i : 
s * n (m + 1) + 1 m=o 

V (- I ^T ' Xpn (rpf (£pft(rpny 
^ n ( m + l ) + l n + i ( 2 n + l ) ( 3 n + l ) 4n + 1 5n + 1 

m = o 

At P 2 , 

At P L 

V s 0.5068 - 0.0700 + 0.0109 - 0 .0018 + 0.0003 = 0.4462 

V s 0 .5068 - 0.0500 + 0.0055 - 0.0006 + 0.0001 = 0.4618 

m=o 

Then 

j n + i 

Z_— , n ( m + 1)+1 a Z • n (m + l)-1 

m = o 

= (1020.1) (0 .4618)- (2354.0) (0 .4462) 

= 471 .06 -1050 .35 

= -579 .29 

C a l c u l a t i o n of l o g e Vi/vz: 

vi _[ (1 - x 1 ) v l i k 1 + x 1 v g i ] [ l + x ^ k i - 1) k2_ 

v . 
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[(1 -X2)vi2k2+X2Vg2] [l +X2(k2- 1) k / 

[ (1-0 .2382)(0 .01733)(21.02) + (0 .2382)(7 .656)] [1 + (0 .2382) (21 .02-1) ] (17 .13) 
[ (1-0 .2173)(0 .01761)(17.13) + (0 .2173)(5 .168)] [1 + (0 .2173)(17.13-1)] (21 .02) 

1.6134 

Hence 

l o g e v j /vz = 0.47834 
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* 
Finally, the average two-phase friction coefficient between p r e s s u r e 

tap 2 and 1 for run TSII-42 with a flow ra te G=645.2 lb / sec - f t 2 and inside 
d iamete r of the pipe equal to 0.269 in. becomes 

m 
-(2)(0.269) 

(6) . 
T f f f f j r (l6.3977)(-579.29) + 0.47834 

= (-0.08967) [(0.73362) + (0.47834)1 

= (-0.08967)(-0.25528) 

= 0.0229 

Therefore , the above p rocedure shows how the developed theory in this work 
also can be used to calculate the two-phase friction coefficient. Also, the 
descr ibed p rocedure above was used to verify d f / ok = 0 for k = (vg/v,) 1 ' 2 

from exper imenta l data . The friction factor fj^ was calculated by choosing 
different values of k, each t ime car ry ing out the p rocedure above, and indeed 
a graph s imi la r to graph 19 in Chapter V was obtained. This was c a r r i e d out 
for a few ex t reme runs . For the run TSII-42 above, the average slip ra t io 
between P 2 and P i calculated from Eq. (5.9-12) is (17.13+21.02)/ '! = 19.075 
and gives a friction factor equal to 0.0229. For the same exper imenta l data, 
using an average value of 15 for the slip ra t io , the friction factor is found to 
be 0.0165, and for k a v , equal to 25, fj^ becomes 0.0210, which shows that fm 

obtains i ts maximum value for a value of k g rea t e r than 15 and less than 25. 




