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PREFACE 

This document is one of a series of interpretive, or state-of-the-art, 
reports prepared as a part of the Oak Ridge National Laboratory program 
entitled "High-Temperature Structural Design Methods for IMFBR Components." 
This program has as its goal the development of a verified design tech
nology applicable to the high-temperature long-term operating conditions 
expected for IMFBR (liquid-metal fast breeder reactor) vessels, components, 
and core structures. 

in addition to contributing to the establishment of the overall stat= 
of the art of ele fated-temperature design technology, the interpretive 
reports are intended to assist in identifying and interpreting near-term 
needs in their resp^ccive areas. They will also contribute to the identi
fication and recommendation of potential paths of approach to some of the 
longer-range needs associated with the generation of a verified technology. 
The author fox each interpretive report was selected on the basis of his 
experience in that particilar area and his overall recognized expertise* 

This interpretive report on the representation of time-dependent 
behavior of metals was prepared under Contract No. AT-(40-l)-4075 between 
the United States Atomic Energy Commission and Yale University. 

C. E. Pugh 
Oak Ridge National Laboratory 
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SUMMARY AND INTRODUCTION 

The work reported herein constitutes a critical review of the subject 
of mathematical description of creep behavior of metals for t\e purposes 
of sti-uctural analysis. From the material presented it may be seen that 
the subject is a vast one. First, there is the physical background of 
the creep phenomenon; texts by Dorn,1 Garofalo,2 Gilman,3 and Sherby 
and Burke4 give accounts of the extensive progress made in this area in 
recent years. Second, there is the problem of representation of creep 
behavior that is nonlinear and hereditary. In this case a synthesis is 
needed of metallurgical knowledge, of results of phenomenological experi
ments, of mathematical methods available for the representation of non
linear, hereditary behavior, and of the needs of the structural analyst. 
Texts by Rabotnov,5 Odqyist,6 and Kachanov7 cover large aspects of this 
broad problem. Our study of this and related work shows, howeve , that 
there is need for a nore systematic presentation of the knowledge avail
able. Moreover, we are convinced that further experimental and theoreti
cal work is needed even in the most established parts of the subject. 
The present work is therefore not a review in the classical sense; it is 
rather a study of the subject, with due regard to background and history, 
frcja a (hopefully) systematic point of view. 

Chapter 2 presents a review of experimental evidence, with particular 
emphasis on creep behavior under nonsteady loads and/or temperatures. 

Chapter 2 is devoted to a detailed discussion of representation of 
creep by means of state variables and the associated system of differential 
equations. This representation is introduced in Section 2.3, where we 
discuss linear viscoelastic solids in the setting of state variable 
representation. We develop here geometrical notions (such as relaxation 
lines) associated with the flows in the state space of the material. 
Section 2 A offers a fundamental representation [Eq. (2.27)] for creep of 
metals. We show next that classical laws of creep are of this form and 
discuss at length the strain-hardening law and point out its deficiencies. 
A major drawback of this law is that it is incapable of representing a 
softening cf the material, which acccmpai ̂ es creep recovery. In Section 
2.5 we abandon the main hypothesis of the strain-hardening law that the 
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total creep strain is the "inelastic*1 stete variable while still retain
ing the number of state variables at 2. We show that by suitable choice 
of the functions gfc(qi, <3a) and gs(qi, <&) in 3q. (2.33), we can achieve 
a representation that is capable of representing the principal features 
of experiments. This discussion is carried out in geometrical terms 
(cf • Figs. 23 to 25). The influence of the ambient temperature on creep 
behavior is considered, and the intimate relationship that exists between 
creep and plasticity is brought to the foreground. Section 2.6 takes up 
the problem of the determination of the number of state variables and 
the growth laws from phenomenological experiments. Sections 2.5 and 
2.6 offer new contributions to the subject, and they reflect the results 
of our studies on the representation of nonlinear systems. 

Section 2.7 considers the question of tin representation of mechani
cal behavior in the presence of time-depetdent temperatures. The discus
sion proceeds along the classical lines, but the introduction of the 
fundamental form [Eq. (2.57)] enables one to discuss questions such as 
temperature-modified time scale with clarity. 

Section 2.8 is concerned with the mechanical behavior of an initially 
isotropic material in the presence of small isothermal three-dimensional 
deformations* In this case we show that the state variables must be 
even-rank irreducible tensors (including zero-rank tensors, namely, 
scalars). The representation has the form given in Eq. (2.82), which is 
similar to (2.33), but now the inelastic state is defined by a number of 
tensors and the growth laws are subject to invariance requirements (2.83) • 
We next show that appropriately planned phenomenological experiments could 
provide information on the rank of state variables. We discuss other 
types of tests that could be used in the determination of the growth laws. 
This section is rather brief but it is central to the subject and contains 
new results. We hope to offer an e:rtended version of this section as a 
separate research paper. 

Chapter 3 is devoted to the integral representation of creep behavior. 
The drawbacks of the Frechet representatx^n (3.6) and the Hammerstein-
Uryson sums (3.10) are pointed out. The Pipkin-Rogers representation, 
which is A particular and pron/Lsing form of (3•!<)), is studied in detail. 
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However, as is shown, the Pipkin-Rogers representation provides a poor 
description of creep of a large class of materials. The authors believe 
that the state variable method cf representation is superior to integral 
representations both from conceptual and computational points of view. 

Chapter k includes a brief analysis of structures in the presence 
of creep. We point out that in the case of nonsteady loads the intricate 
aspects of creep observed under multistep loading programs may contribute 
significantly to creep behavior of structures. It would be desirable to 
analyze some simple structures subjected to nonsteady loads with the help 
of more realistic creep laws to assess the influence of the phenomena such 
as creep recovery on th2 structural behavior. In conclusion, we point 
out the need for the development of methods for obtaining bounds on the 
deformation of creeping structures and also on the motions of the state 
points in the individual state spaces of the elements of the structure. 



REPRESENTATION OF CREEP OF METAL3V 

E. Turan Onat* F. Fardshisheh 

1. A REVIEW OF EXPERIMENTAL EVIDENCE CONCERNING 
CREEP OF METALS 

1.1 Introduction 

The term creep generally refers to the time-dependent deformation of 
materials that occurs under constant stress end temperature. However, 
in tha present work we assign a more general meaning to this term; by 
creep we mean deformations that materials undergo in the presence of 
elevated and possibly norsteady temperatures and nonsteady stresses 

The purpose of this chapter is to review those experimental inves
tigations that have contributed most tc our knowledge of creep, especially 
in regard to the development of phenomenological descriptions of creep. 
The presentation will be concerned mostly with metals. 

The experimental evidence to be considered in detail here consists 
of the results of phenomenological experiments, where each test consists 
in the application, say, of some given, generally time-dependent, stress 
and temperature and the observation of the resulting deformations. 

Experiments of this type do not, hewever, exhaust our experimental 
knowledge of creep phenomena. Evidence of microscopic nature, such as 
microscopic investigations of polished surface? of metals, x-ray photograms 
of the surfaces, study of edge pits, etc., must also be considered, 
especially in view of the fact that this type of evidence increased 
enormously our appreciation and evaluation of microscopic aspects of 
creep of metals within the last two decades. Undoubtedly this type of 
evidence will play an increasingly important role in the construction of 
relationships that describe the thermomechanical behavior of metals. 
But at present a direct use of microscopic evidence in tne fullf illment 

•Research supported by U.S. Atomic Energy Commission under contract 
AT-(UO-l)-U075 with Yale University. 

Department of Engineering and Applied Science, Yale University. 
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of the above stated goal is difficult if not impossible. One reason for 
this is that microscopic studies have teen concerned mostly with relatively 
pure metals or dilute alloys and therefore are not often directly applica
ble to wj&plex heat-resistive alloys. Another reason is that the profusion 
of thermally activated processes that contribute to or cause creep dis
courages and bewilders the worker whose primary interest is to construct 
"stress-strain-temperature laws'1 that are simple enough to be tractable 
yet realistic enough to be useful* A knowledge of individual thermally 
acti/ated processes is desirable, but, from the above point of view, one 
needs to know more about the interactions of these processes, which is 
not often studied in detail. 

Nevertheless it is extremely important to have an appreciation of 
the physical basis of creep. He hope to demonstrate in the course of 
this work that considerations of the physics of creep are helpful even 
in the most abstract parts of the question of representation. 

1.: lypleai Tests 

A simple creep test involves the sudden application of stress 
which is then maintained at constant value. Figure 1 shows the results 
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Fig. 1. Creep of Al 1100 at 300°F at -various stress levels (Vang 
and 0nat f). 
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of a series of simple creep tests performed with 1100 Al at 300°F at 
various levels of stress.8 In Fig. 2 creep corves are shown for copper 
where the stress is maintained at a given value but the temperature is 
varied from test to test (Ref. 2, p. lU). The simple creep of metals 
is well documented and need not be repeated here. It is pointed out 
that simple creep behavior of austenitic steels has been studied.9"11 

In a systematic study of simple creep of a given material, the 
stress level o and the ambient temperature 0 (to which the specimens 
would be subjected for a sufficiently long time before the application 
of stress) would be the parameters to vary from test to test. For a 
class of such tests «(t), the strain at time t, would be a function of 
a, B, and t: 

« = f(c, b, t) . (1.1) 

It is customary to write f in terms of more or less easily identi
fiable components: 

f = - + c + t. E p tr • «• * * (1.2) 

OftNL-OHS 7 2 - 4 0 9 2 

(« 10 5 ) 
4 

19. 
ml 

O * -

Fig. 2. Logarithmic creep curves for copper at various temperatures 
under a stress of 6 kg/mm2 [Garofalo (2), p. Ik). 
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•wiiere a/E is the elastic strain; a is the inelastic strain that is 
observed immediately after the application of stress and is commonly 
referred to as the plastic strain; c. is the primary or transient 
creep that dominates, by its time derivative, «. , the strain rate during 

cr 
primary creep (c. -•0 as ̂  -» • ) ; and ft is the slope of the creep curve 

xr m 
at large valuer of tine. The representation [Eq. (1.2)] ignores the 
possibility of occurrence of tertiary creep. Indeed in the present work 
we leave the tertiary phase of creep out of consideration. 

We note that the definition of c depends somewhat on the measuring 
equipaent; in fact, often a is taken to be the first reliable strain 
reading that the measuring equtasect could produce. Whether this component 
of strain really exists as a separate entity is discussed further in 
Chapter 2. 

It is often accepted that c behaves as l/tn for small t. The 
case n = 1, the logarithmic creep, has been observed to occur at low 
temperatures.13 The case 0 < n < 1, which occurs at intermediate or 
high temperatures, is Known as parabolic creep* 

It may be useful here to agree on the terminology concerning the 
temperature in regard to terms such as low, intermediate, or nigh tern* 
peratures. As is well known, room temperature must be regarded as elevated 
for lead, but it is low as far as steels are concerned. Following Conrad,13 

we compare the ambient temperature 6 with the melting temperature 9 of 
m 

the material to arrive at the following classification. We mean by low, 
intermediate, and high temperatures, the temperatures that satisfy „he 
following inequalities, respectively, 6 < 0.256 , 0.250 < 6 < 0.56 , 

m m m 
0.59 < $, although the limits that appear above are not as sharp as 

m 
these inequalities imply. 

The dependence of the rate of steady creep c on c and 6 has been 
m 

well studied. The results of numerous experiments conducted with a 
wide selection of metals si 
on temperature and stresa, 

wide selection of metals suggest that t has the following dependence 

i B = f(o) e - ^ R 6 , (1.3) 

where Q is referred to as the activatim energy for creep, R is the gas 
constant, and 6 is the absolute temperature. 
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Often it is found that 
f(o) = Ao 1 , (l.U) 

where A and n are constants. Weerfc*an and his co-workers19 reported 
that at high temperatures and intermediate stresses, n = U to 5 for pure 
metals and 3 for dilute alloys. 

In *•? early preliminary report on creep behavior, Blackburn11 suggest; 
that n = 3.28 for type 30^ stainless steel over the stress range 10,000 
to k0;000 psi, but above the *»O,00O-psi levsl n increases beyond this 
value. On the other hand, for type 316 stainless steel, Blackburn 
finds that the folloifing expression, 

f(c) » A [sinh (oo)f , 

provides a good description of creep data with s. - 6.16. For a store 
detailed discussion of the nature of f(o, 0, t), we refer the reader tc 
Garofalo2 and Conrad."2 For a convenient way of representing the data 
in Eq. (l.l), see Manjoine.14 

Multistep tests 
As we shall see later, it is essential from both physics and 

engineering standpoints t'jat creep of metals is studied under time-
d pendent stresses. A jarticularly useful form of nonsteady stress his
tory is found in oailtistep tests. The stress histories given in Figs. 3 
and h are multistep tests that involve episodes of constant stressing 
separated by the abrupt changer in the stress level. Interrupted creep 
tests are a particular form of multistep tests. Figure 3 shows a test 
where a simple creep test with Cr-Mo-V steel at 800*F and a - 72,000 psi 
was "interrupted" at t = £3 hr by suddenly decreasing the stress to 
zero and then maintaining it at that level. We ntf,e frojs this figure 
that upon sudden unloading, the elastic straia o/E is recovered suddenly. 
The strain then decreases by a small amount and attains a constant 
asymptotic value. This time-dependent recovery of strain, which is 
sometime, called creep recovery,16 is a coraon aspect of mechanical 
behavior of viscoelastlc solids, what is extremely interesting and 
significant is that in metals the strain recovery is unusually small 
(see also Fig. k). Zener and his co-workers (Ref. 16, p. 153) proposed 
a theory to explain the strain recovery in tern* of grain-boundary 
sliding. 
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psi was applied for 23 hr and then removed (Lubahn 1 5). 

72,000 

The question that nay now bo raised is: Does the smallness of the 
strain recovery in metals imply that no significant changes occur within 
these materials during the periods of total unloading? To answer this 
question one must .rtudy the future behavior of specimens. For this 
purpose we may increase the stress to its original value after a period 
of total unloading and then observe the resulting strains (Fig. k). We 
note from the figure that in 1100 Al, as it is the case with many other 
metals, a period M* total unloading generally affects the future be
havior of the material. If this period is short, upon reloading, the 
material continues as. before (Fig. 5). But if it is large the material 
develops primary creep upon reloading (Fig. h). Thus we must conclude 
that at intermediate or high temperatures the internal state of a metal 

I 
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that has experienced previous creep deformations may change in the absence 
of external stress. 

Figure 6 shows the different types of behavior tnat may be observed 
in an interrupted creep test. In tests 1 and 2 the period of unloading 
has a softening effect on the material, whereas in test 3 it has the 
effect of increasing the creep resistance. 

From a physical point of view, the change in the internal state of 
the material may be produced by the action of internal stresses (which 
develop upon unloading) on thermally activated processes such as dis
location climb (Ref. 17, p. 133)- At high temperatures self-diffusion 
may occur at significant rates even without the presence of internal 

OftML-JWt 72-403C 

0 ) 

0> T 
i 

TIME 

Z 

TIME 

Fig. 6. Several types of behavior observed upon reloading (scheaatic) 
1. Al 1100 at 300°FS c t « 3750 psi , T « 96 hr (Wang and Ollat ,). 
2. Cr-Mo-V steel at 1000°F, <J# - 35.00C ps i , T » 300 hr (Lubahn15). 
3. Cr-Mo-V steel at 800°F, rJ% « 72,000 psi , T « fc5 days (Lubahn15). 
U. Prediction of the strain-hardening theory. 



9 

stresses. For a detailed discussion of the rearrangement and/or anni
hilation of dislocations that take place during the recovery process, 
see Ref. 1, p. 91. 

In another important class cf tests one applies incremental loading 
or unloading starting from a given strest level 8' t d , l s (Figs. 7 and 8). 
It is interesting xo observe froci these figures that incremental loading 
causes primary creep to occur, whereas, in the case of lead, incremental 
unloading has the effect of stopping creep for a period of time that is 
sometimes called the incubation period. It is recognized that tests of 
this type, which are also called differential tests (rapid small changes 
in str^rr and/or temperature), are useful for evaluating dislocation 
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Fig. 8. Incremental creep tests on Al 1100 at 300°F (Wang and Onat 8) 

mechanisms by creep. Section 2.k shows thai incremental tests constitute 
a powerful tool for the construction of the representation of creep 
behavior. It must also be pointed out that tests of this type are of 
fundamental importance in the study of the stability of structures 
conpos3d of creeping materials (Ref. 5, p. 26l; Ref. 18). 

Another class of multistep t«3ts invol/es periodic applications 
of stress. In Fig. 9 we sho>r the results of such a test, 3 0 where the 
total strain is a function of the reduced time t, which measures the total 
time spent under the stress. We observe that the softening caused by 
total unloading has the net effect of increasing the creep strains, 
especially in the case where the period of total unloading U much 
larger than the period of loading. The above observation and Fig. 9 
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Pig. 9. Creep of steel at 1»50°C under periodically varying stress 
(Taira2*). 

indicate that it may be imprudent to analyze a structure subjected to 
periodically varying loads by using a creep lav that is not capable of 
representing this phenomenon of softening. 

In a related class of tests, small periodic stresses are superimposed 
on a given finite static stress. In some materials the addition of 
vibratory component to the stress increases the creep rate considerably 
(vibrocreep).2* 

Relaxation tests, vhlch involve sudden application of a strain 
that is then maintained at constant value, are more difficult to per
form then simple creep tests. Figure 10 shows a typical relaxation 
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Fig. i 0 » A typical relaxation test. 

test where the output of the test is the time-dependent stress caused t y 
the constant straining. The value of the relaxation tests lies in the 
fact that such a test is quite different from the tests where the stress 
is controlled and therefore constitutes a serious check on the -validity 
of a creep law constructed with the help of uultistep tests. 

go—flams it is useful to start a test as a simple creep experiment 
and then continue it as a relaxation test. An example of such a iTybrid 
test is shown in Fig. 11. Recent work of Gihbs** and MacBwen, Kupcis, 

'•• has shown that hybrid teats are Important in the study 
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of internal stresses that develop in creeping amterials. For further 
discussion of the value of hybrid tests, see Section 2 A . 

It is hoped that the shove exaaplee have shown that creep of netals 
is an intricate nonlinear tine-dependent phenomenon. The nonllnoarity 
does not onlj occur in relations sneh as Bas. (1.2) and (lA), bet it Is 
evident in tests soon as sheen in Figs* 3 to ?, Ifce response of linear 
tisn-dependect neterlals (i.e., Yisccelnstic solids) to the conditions 
depicted in these flanves wool* he catlnl? different. For initanei, if 
tor aneh a linear naterial the softening effect shown la Fig. k is present, 
chan this material must exhibit strong strain recovery. Ibat this la not 
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the case in metals is an additional indication of nonlinear!ty of these 
Materials. 

We refrain here from discussing the results of tests that involve 
•ultiaxial stressing and proceed directly co the queccion of Mathematical 
representation of Mechanical behavior. 



15 
2. REPRESENTATION OF MECHMTtCAL BEHAVIOR BY MEANS 

OP S2ATE VARIABLES 

2.1 What Is Heant by the Representation 
of K 'cfaaaical Behavior? 

Suppose He wish to study the mechanical behavior of a given Material 
at a given constant elevated temperature. We may start by preparing a 
number of "identical" test specimens, say, fcr simplicity, tensile speci
mens • these specimens mey be cut at room temperature from a given homo
geneous stock with due attention given to the problems of material 
symmetry. We may then heat these specimens in an identical fashion so 
that at a given time we have available a number of identical specimens 
that are at a given elevated temperature. We are now ready to perform 
testa with these specimens. Each teat may involve the application of a 
chosen time-dependent stress O ( T ) , where T denotes the time, and the 
observation of the resulting strain «(T) over the test internal [0, Tj. 
We can say, using the terminology of the systems theory, that the out
come of each test is an input-output pair composed of the functions 
< K T ) ; *(T) defined on [0, T ] . We have discussed in the previous chapter 
such input-output pairs in same detail. In some of these testa «(T) was 
the input of the problem and O(T) was the output. 

In the above-4escrlbed setting the given material acts as a mathe-
**tleal operator; that is, it assigns to each O(T) on [0, T] a function 
*(T) on [0, T] through the process of specimen preparation and tasting. 
However, for theoretical reasons, which may become clear when we discuss 
the three-dimensional deformations, we shall consider ffce stxiin histories 
C(T) as the inputs of the problem and the stress histories c(f} as outputs, 
so that the mathematical operator of interest has the font 

O(T) » F [ « ( T ) ] 0 < T < T , (2.1) 
which simply excises symbolically the observation that the given 
material assigns to each S(T) on [0, T] a O(T) on the same interval. 

The representation of mechanical behavior is then the specifica
tion of i% number of lart-hsmatlcal rules aid operations by which one can 
construct, with raascnsbls accuracy and for tbe given material, the 
eiperimentally observed output O { T ) by mathematical operations sad front 
the Jmortsuge of the input «(t). 
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For linear elastic solids the representation of mechanical behavior 
involves the rule that O(T) is simply proportional to C(T): 

O(T) - E «(T) . (2.2) 
As shown in Chapter 1. for creeping materials the rule cannot be so 

simple as Eq. (2,2), since it must cope with the intricate nonlinearitlea 
of the creep phenomenon. 

What are then the nethods for representing the nonlinear relation
ships of the type in Eq* (2.1)7* We shall see that there are two •ajar 
nodes of representation. The first, to be discussed in this chapter, is 
baaed on a system of differential equations that governs the evolution of 
the state of the material of interest. The second, discussed in Chapter 
3, is related to the first but involves integrations. 

It will be clear that, in addition to the study of general methods 
for the representation of (2.1), we must be prepare* to tackle a ^problem 
of interpolation. Indeed, by means of a program of testing wa shall be 
able to accumulate only a finite amount of data in the form of a finite 
number of input-output pairs [ C ^ T ) , O (T)], i - 1, ..., a. Stas the 
action jff the operator F will be known only for a finite number of argu
ment functions; that ia, % ( T ) , «J(T), ..., « ( T ) . la the simpler case 

n 
of a function [f (x)] this is equivalent to knowing the value of function 
f at a number of points on the x arts. If the location and the number 
of these polar** are wsii chosen and 5f f is smooth enough, wa can proceed 
to find an interpolating function f that is smooth enough and comes close 
ac the appointed points to tee known values of f • Ic should now be obrious 
that a similar procedure must be followed in the construction of a repre
sentation for F. 

2.2 Mathematical Prelialaarit* 
the operator F has certain progenies that must bo brought to the 

foreground. First, we must specify die input and output seta more pre&xsely. 

•It may be interesting to ask the same question for ordinary real 
valued functions, y * f(x). Hie SIISWSI would be that Taylor's expansion, 
Welerstrass sums, T&xrlmr aeries, differential equations that generate 
functions by thvix solutions, etc., are tme tools for representing 
functions* 
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Here we confine ourselves to the case vhere the input set is composed of 
continuous aid uniformly bounded functions* on [0, T], We shall assute 
that the outputs also constitute a set of continuous and uniformly 
bounded functions on [0, Tj. For metallic materials, this assumption has 
strong experimental support. 

We observe, because of causality that exists in the time dentin, 
that F must be such that c/(t) *»ist depend only on the strains on the 
time interval [0, tj. Thus we may say that F is causal. 

mext we assume that the materials considered hire are nmaglngi that 
is, if a virgin specimen is kept, in the presence of the test temperature 
8, under zero stress, no changes will occur in its internal stele. This 
means that a stress-free imnaglng virgin specimen is in a state of 
equilibrium in the presence of 6. Often this condition can be realised 
by appropriate care in the initial heating of the specimen, the con
dition of nonaging brings th« following restrictions on F. Let O(T) be 
the output created by F from Hie input * ( T ) . The property of lack of 
aging implies that the following inppt, 

0 < T < t 
(T - t) t < T 

must produce the output, 

(C 0 < T < t 
<*<*)«<_, % " ~ , (2.3) 

(o<T - t) t < T 

for any positive t . Ks shall further assume that the operator F i s 
continuous, in the sense that for each e > 0 there exists a I > 0 such 
that any two strain histories satisfy the inequality 

k O O - « * ( T ) | < « on [0, Tj , 

we have 
M O -C. (T) | « rflmjCT)] -ff(%(T)]| < e . 

*Sote that «(0) » 0 and o(o) * 0 for every input and output pair* 

« ( T ) 
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In physical terms the continuity of F implies that the stress response 
obtained in tests conducted with slightly different strain histories 
differ from each other only slightly. 

After these preparatory remarks we are ready 'JO consider the state 
variable representation of mechanical behavior. Tin the foUoving section 
implicit use will be made of the properties that we have assigned here to 
P. For a deeper appreciation of the importance of these properties in 
the problems of representation, see Bef • 2k. 

2.3 Representation by Means of State variables 
We adopt here a microscopic and informal point of view to introduce 

the state variable representation. For simplicity in notation and 
mathematics we confine ourselves to the uniaxial stressing of initially 
Identical tensile specimens. 

In a test where the strain is prescribed, the stress acting on the 
specimen would depend upon wbet is happening currently within the 
specimen. On the other hand, the future behavior of the specimen would 
depend not only on the present internal state of the specimen but also 
on the future deformation* applied to the specimen. Since tte stress 
is a quantity that represents an average, it would not depend on all the 
details of the present arrangement of "particles" that make up tfce specimen, 
but rather on a number of average quantities that define the salient and 
relevant features of this arrangement. Far a polycrystalline bar these 
quantities may be average interatomic distance in the direction of the 
load application, density of mobile dislocations, and other average 
^juitities related to dislocation distribution, etc. 

Let us now assume that we need n quantities, OJ, ..., a , to specify 
the features of particle arrangement that are relevant to mechanical 
behavior. Thus, if these features are represented by the same set of 
quantities %, %, ..., q^ in two different specimens, these specimen 
would not only carry the sane stress but would behave identically,, from 
a mechanical poirt of view, under identical future deformations vmasured 
with respect to the present configurations of the specimens. i'/ar a more 
formal definition of the notion of state and state variables the reader 
is referred to Befs. 25 and 26 and Sect. 2.6.] 
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Let q denote the vector with coordinates <&, ..., q in the n-
dimensional Euclidean space £ . We call the q.'s the state variables 
ar:d the space E the state space. 

It is obvious from the above contents that the stress in the 
specimen is a function of the state vector q or simply the state of the 
material: 

a = f (q) . (2.10 

Our next task is to relate the state q to the deformation applied 
to the bar. For this purpose we consider a specimen that is in state 
q(t) at time t. Suppose that we subject this specimen to further 
deformation 

T == t + at 
C(T) 
T = t 

on the interval [t, t + At], what can we say about the state of the 
specimen at time t • at? it should be clear that the state q(t + At) 
of the specimen at time t • At will be a "function* of the state at 
time t and the applied strains *(T) on [t, t + At], mmmsly, 

T * t + At 
q(t + At) * G£q(t); « ( T ) ] , (2.5) 

T * t 
where G is a vector valued function of q and the input segment «(*) on 
it, t + At]. 

lote that for sufficiently small At a smooth input ntgmiiiit on 
[t, t + At] is defined with reasonable accuracy by *(T) ~ t(t) + 
(T - t)i (t). On the other band, the deformation of interest here 
is the one that is referred to the configuration at time t. Therefore, 
of the two quantities s(t) end *(t), the rate of strain t(t) will 
"control'* the "future" deformation for small At* It is shown in Bef. 2» 
that these considerations lead one, under certain assumptions, to the 
conclusion that Sq. (2.5) must reduce to the following relation as 
At — 0 : 

4(t) - g[o,(t), e(t)j . (2.6) 
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It can also be shown that in the case where the operator F is 
differentiable in the -sense of Frechct,37 Eq. (2.6) further simplifies to 

q(t> = g[*(t)j + h[q(t)] *(t) . (2.7) 
We shall refer to the above equations as the growth law for the state 

of the system and shall assert that the materials considered here obey 
growth laws of the type (2.7). We shall also have the occasion to show 
that in certain circumstaraes a growth law of type (2.6) may be used with 
advantage for seme of the materials. 

We now make the fundamental assertion that Eos. (2.U) and (2.7) 
constitute a representation of the mechenical behavior of the solid. 
Indeed for a given strain history «(T), we can integrate (2-7), starting 
with appropriate initial conditions such as 

0^(0) - 0 (2.8) 
(which Imply that the initial state of the material is represented by 
the origin of the state space), to obtain the s+-ate q.(t) of the element 
at some tiie t > 0. The stress at time t is then obtained with the help 
of (2.k). 

Observe that {2.k), (2.7), and (2.8) provide one with a bare outline 
of the representation. For a given material the dimension of the state 
space n and the functions f, g, and h must be determined by experiments 
and/or from the knowledge of the internal structure of the material. We 
defer toe discission of this important question until Sections 2.5 to 2.7. 

We wish now to show that linear models employed in the study of 
linear viscoelastic solids give rise to the representation of the type 
(2.U) and (2.7). By studying these simpler representations in some detail 
we hope to prepare the groundwork for Sections 2.U to 2.7. 

Linear viscoelastic solids 
We consider first the Maxwell model shown in Fig. 12. If 3 *nd u 

denote the spring constant and the viscosity of the dashpot, respectively, 
am* if q denotes the elongation of the spring, then the stress carried 
by the model is given by 

a « Eq , (2.9) 
whereas k, the rate of elongation of the model, is found by observing 
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ORHL-DWG 7 2 - 4 0 4 2 

I' 

Fig. 12. Maxwell s o l i d . 

that the dashpot i s subject t o the same stress and hence 

t - 4 = to)/* 
or 

q = 1 + « • 
I* 

(2 .10) 

We see that (2.9) and (2*10) are a very special case of (2.U) and 
(2.7). In the present case, n = 1 and the elongation of the spring plays 
the role of a state variable. 

To introduce a model with two state variables, we next consider the 
well-known arrangement of springs and dashpots shown in Fig. 13. We let 
£ and c^ denote spring constants and p, and ̂ 3 the viscosities of the 
dashpots. The foice applied at point A will represent the stress, and 
the displacement of A will t 'ay the role of strain. 
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Fig. 13. Four-paraneter acAel of linear rlscoelastic solid. 

We have, then, as a result of sinple calculations, 
o « Eqx , (2.U) 

and 

& - - J J (Rfc - 04%) - 9x 2 - + 4 , 

% » —- (Bqi - c,%) , Me 

where <& and % are elongations of the springs. 

(2.12) 
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In the above equations qj, and q^ should be interpreted as state 
variables, so tnat (2.11) now plays the role of (2.If), and (2.12) 
corresponds to the growth law (2.7) for the material under consideration. 

Note that the growth law (2.12) has the vectorial form 

4 = gfe) •• hi , (2-13) 

where (hj, ha) = (l, 0) and 

with 

gi • £ V J i = l> 

-I_ + I- a.' 
us Ma i% 

A u = I _ -SM. 

(2.1U) 

We adjoin to the growth lavs (2.12) the initial conditions 
<b * o« = 0 at T » 0 . (2.15) 

For a given strain history C(T), Eq. (2.32) is integrated with the 
help of (2.15) to determine the «tat* vector OJ(T) with canponeuta qi(t) 
And <*)(T). As the strain C(T) develops over toe course of tiae, tte end 
point of the vector q(-r) describes a trajectory in the state space. The 
first coordinate of eta state point (qfe, <*) then determines tbe stress 
by (2.:il). 
Relaxation lines 

For purposes of later discussions, it is desirable to convert the 
infatuation in the growth law (2.12) into a geometrical fcm. This 
could be achieved by observing that s;(q) and j^ which appear In (2.13). 
determine t*o vector fields in the state specs. These vector fields 
create two families of surves in the state space by means of their 
envelopes. The family of curves created by the field ~(s) will be called 
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the relaxation lines. I? during a given phase of a test < is kept con* 
stant, then the state point noves, during this phase, along a relaxation 
line; the notion of the point is defined with c « 0 a» 

q -- g(q) 
or, equivaleatly, 

(2.16) 

As shown in Fig. Ik the relaxation lines converge to the origin. One 

rt-«««« 

0.0 

Fig. 1%. Notions in the state 
of Fig. 13. 

space for the flour-pars—ter 
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relaxation line is straight; it corresponds to one of the eigen directions 
of the relaxation matrix A, . When the constants E, C,, u», and tig are 
positive and finite, A<. has two real negative eigenvalues. This indicates 
that A., can be diagonalized by a suitable transformation of coordinates. 

Since jh is the constant vector (l, 0), the family of curves created 
by li are simply lines parallel to the a* axis. These lines nay be called 
the lines of fast defeasetlon. As can be seen from (2.12), when e is 
(infinitely) large the state point moves along a line of fast deformation. 

We may now discuss the images of some sispie tes*s in the state 
space. A relaxation teat, which involves a suddenly applied strain that 
is maintained subsequently, has an image such as OaCD in the state space 
for the material under consideration. The seement Cm describee the sudden 
application of tie strain; the relaxation sesjatnt ACD in the path that 
the state point traverses during subsequent times where e is kept constant, 
mote tfcat both the stress and the state of the material relax tc sero 
during a relaxation test • 

A creep t w involves a suddenly applied 9*r*** that is maintained 
subsequently. In view of (2.11) and (2.12) a suddenly applied street* 
causes * sudden strain that brings the state point, say, to A (Fig. 1%}. 
During subsequent times the stress and hence, by (2.11), the state variable 
94 are kept constant. He thus have for T > 0, 

D M i.eond «<taa£loa in (2 17) i» obtained from tbe integration of to. 
lMt oqurtlon 1B (2.12). C M lMt agnation in (2.17) than tcJXmm tram 
a alanl* integration of tnt first equation In (2.12). 
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We observe from the above equations that the state point moves during 
a creep test along a line parallel to the oj axis and becomes practically 
stationary at point B for times greater than Oa/c*. During this phase 
the strain increases "linearly" with time, and therefore steady creep 
takes place. We note that at point B, the vector g is parallel to the 
Oj axis. 

As indicated above, the Material defined by the model of Pig. 13 
exhibits full relaxation of stress under constant strain. Conversely, 
under constant stress, steady creep takes place for large values of time. 

We new consider the modification of this model obtained by the 
removal of the dashpot with viscosity U* • This can be achieved by letting 
H» -» •. The resulting model is the familiar three-element model of the 
linear viscoelasticlty. Relaxation lines for this model are parallel 
and straight (Fig. 15). In contrast with the previous model the relaxa
tion vector £ is zero not only at the origin but also along the line 

Eqj - coj « 0 . (2.18) 
The images of typical relaxation and creep curves are shown in Fig. 15* 
The relaxation test now ends at point D of the relaxation line defined by 
(2.18). The stress does not relax completely at the end of a relaxation 
test. 

The creep test has the image GAB in the state space. As the last 
aquation of (2.17) shows (with u» * • ) , the development of strain stops 
at B, so that this material does not exhibit steady creep. 

A generalisation rt the model shown in Fig. 13 can be obtained by 
increasing the nunHer of those units that consist of a parallel arrange
ment of a spring and dashpot as shown in Fig. 16. 9uch a model is 
associated in the following representation: 

o « a * , 
n 

^ - L f c * 1 * " 0 ^ " ^ * 1 ' (2-l9) 

2 * 

^ » J- (&h ~ c^) i - 2, ...,». 
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Pig. 15. Notions in the state spare for the Model shewn above. 
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S7 
Pig. 16. n-paiaaeter aodel of linear viscoelastic solid. 
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We write (2.19) to matrix notation, 

q = Aq • h* (2.20) 

and observe that the vector 5 bas the components (l, 0, ..., 0). It caa 
be shown that when the constants E, u 4, c., and i* *re positive, the 
eigenvalues of the Matrix A 'xe real and negative. This observation 
implies that A can be diagonalized by means of similarity transforation; 
that is, est; car find an n x a nensinguier real amtrix jB such that 

D - jfc£-1 {*.a) 
is a di*£*:nal matrix. 

Ve wish now to co»ivert (2.19), vhi^h is one of the basic modes of 
representation of linear viscoelastic solids, into another fundamental 
form by means of the coordinate tranafcreation 

r - Bq. , (2.22) 
where £ is a nonaingnlar matrix that diagonalises £ acd r , ..., r are 
the new state variable* • 

With the help of (2.22) th* representation (2.19) can be written aa 

£"-* L (B"1 ) u 'i » (2-«3) 

where £ * jBIg"* is a diagonal amtrix. Mow I I M W that there are n distinct 
eigenvalues of A and denote these by -(l/f^ with T± > 0 (i » 1, ..., n)«. 
Moreover, observe that we can take B.. - 1 without any loaa of generality, 
so that (2.23) becomes 

n 
• • ^ Vi' OMk) 
f. « •• ST" • • i • 1, • •., n , 

1 ri 
where K. and 7. ar* positive constants. The above fundamental 
ta&ion baa the (Advantages that its growth law baa ttie decouplod form and 
it exhibits individual relaxation times T i explicitly. 
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Another advantage of this font is the existence of the potential 

• *|£^, (2.25) 
i*l * 

which enables one to write the growth laws in the attractive font 
^ « - § * - + 4 . (2.26) 

It goas without saying that the form \2.2fc) is the representation 
of the model shown in Fig. 17* 

i 
•c* >Mt 7t-«0«T 

Fie IT* n-paramatar modal of linear viscoelaatic solid. 

2.k Boproaentatlon of Creep of Metals 
by Mean* of State Variables 

lis hare aeon in Chanter 1 that creep of metals is a highly nonlinear 
and intricate phenomenon. Tn Section 2.3 we have shown that the phenomenon 
of creep could be represented by mesne of a system of differential equations 
that govern the changes in the state of the material. We now wish to 
•ska precise statements, in the sense explained below, on the nature 
of the functions f, g, and h, which Sefis*, this mode of representation 
[*f. Sect. 2.3, le.. (2.7)3. 

We ask first whether the abort mentioned functions must have certain 
genersl properties if they are to represent creep of mttala at nlgb 
tampovstures. Rest wa raise the ouestion aa to whether the classical 
laws of creep fall within the ̂ «ndamantal representation to be adopted 

file:///2.2fc
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here. This question, which is answered affirmatively, enables us to 
arrive at a rational comparison of these laws. 

Finally, we shall consider the funrtitf nti] problem of improving 
the **best" of these laws so that a more faithful representation of 
mechanical behavior can be achieved. Ihis section ends with a lengthy 
discussion of the experimental determination of the number of stmts 
variables and the associated growth laws. 

We take the first fundamental representation of linear solids (2.19) 
as a starting point. As ^plftinsd before, this representation singles 
out or amphMliai the elastic strain defined as qj. » o/l and has the form 

^ i.2 n <2-^> 

where gj represents linear functions of the state variables q^ (J • 1, 
• • • , n/« 

lie observe that t ocstrrs only in the first growth lav and simply 
as 4. Ibis implies that whan |4| is large enough, the only important 
change in the stmts of the material occurs in the first nayiioiil of 
the state vector q. Is other words, the solid defined by (2.27) behaves, 
in the presence of high strain rates, in the m a m m of an elastic solid, 
low ws wish to argue that isothermal creep of metals can be represented 
by (2*27) again, but in this came gjJs will be nonlinear functions of the 
state variables a*, •••, q . 

He observe first that the present value of the stress, or more 
conveniently o/I, can be chosen, without loss of generality, as too first 
ttate variable q* • This observation is based on our definition of 
state, which asserts, among other things, that the two •laments which are 
in the same state must carry the same uttmn* Zt follows that we can 
retain the first equation in (2.27) without loss of generality. 

lit next consider the implications of certain experimental observa
tions in artels on the form of the growth law. 8ternglass and Stuart?* 
[sod ethers9*) studied ^najaemtion of amen amplitude waves in a plasti
cally prestralncd metal. These waves are found to propagate with the 
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speed based on the elastic modulus of the material, but not on the speed 
based on the tangent Modulus as the classical theory of plasticity would 
predict. The reason for this seems to be that the average speed of 
dislocations and the rate of dislocation production in metals are such 
that the sudden change in the dimensions of the crystal lattice is not 
accompanied by a sudden change in the arrangement of dislocations, namely, 
in the plastic state of the material. The Sternglass and Stuart experi
ment could be repeated in a solid that is undergoing creep deformations. 
The present authors were not able to find any such tests in the litera
ture, nevertheless, there is ample evidence that the creeping aetals 
behave elastically during sudden reduction of stress (Fig. 5). If, 
instead, a fast incremental loading is considered, the resulting creep 
rate is often so high that it is difficult to assert that during 
incremental phase the material behaves elastically. In fact, it is cus
tomary in these tests to separate the sudden increase in strain into 
its e-astic and plastic components. We take the view that this is done for 
the safes of mathematical convenience and also because we are seldom 
able to measure creep strain within the short periods of time that follow 
the load application* He argue that during the short periods of fast 
loading, the physics of creep is the same as in plasticity, so that a 
sudden increase in strain should not cause any appreciable cnange in the 
inelastic state of the metal. It goes without saying that these argu
ments lead to the growth laws in (2.27), where t appears only in the 
first equation. It may be noted that similar arguments caanot be applied 
to materials such as graphite, where sudden changes ic stress may cause 
sudden occurrence of new internal cracks. He shall later have the 
occasion to reintroduce the notion of sudden plastic deformations in 
the way of mathematical convenience [Sect. (2.5)]. 

Classical laws of creep 
we are now In a position to review the classical laws of creep. 

We start with Sodorberg's law, which has the form 

i - f * *<o) , (2.2B) 
which constitutes a direct generalisation of the Maxwell model (cf. 
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Sect. 2.3). This lav can be written in the form of Eq. (2.27) as 

° = •» ' (2.29) 
q = -f (Eq) + « . 

Although this lav is useful in calculating asymptotic behavior of 
structures at large values of time, it is not realistic enough in that 
it cannot give rise to primary creep often observed in metals. 

The time-hardening lav has the form 
« = f + f(a) g(t) . (2.30) 

It constitutes an imfortunate modification of (2.26). The purpose ol 
this modification is to render the lav capable of representing primary 
creep. The shortcomings of (2.30) are veil known (see, e.g., Rabotnov,6 

pp. 200-205). Its greatest shortcoming is the explicit appearance of 
t in (2.30), which contradicts the assumed but generally not stated 
assumption that the materials under consideration are nonaging [cf. 
Bq. (2.3)]. 

Odqyist's lay is a more successful and interesting attempt to modify 
(2.28) so that primary creep could be represented approximately (cf. 
Fig. 18). We shall discuss this lav a little later. 

The strain-hardening lav is a very attractive representation and 
has the classical form 

o 
E ' ~c « = £ + «_ , 

(2.31) 

where c is the inelastic component of strain. The second equation abov* c 
contains the basic assertion of the lav that t depends only on the 
present values of stress o and inelastic strain c . 

c 
This lav can be written in the fundamental form (2.27) by identifying 

oj, and o* with o/E and c respectively. Thus (2.31) is equivalent to 
0 = Eq* , 
* » -f(Eqi, q.) + « , (2.32) 

Several forms for t, which defines this representation [(2.31) or (2.32)], 
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Fig. 18. State space representation of Odqvij«t lav. 

have been suggested in the literature. A detailed and readtible account 
of these can be found in Babotnov [Ref. 5, pp. 210-13]. Instead of repeat -
ing this discussion we wish to look at (2.31) or (2.32) froa a different 
and possibly fresh viev. 

We note by comparing (2.31) with (2.27) tVat in this law the number 
of state variables is 2 and moreover that & = ~f and & = f. 

Thus the relaxation liaes in the (<&, (fa) space make an angle of 
U5* with the coordinate axes <xFi£. 19). We note therefore -». similarity 
between ;be present case and Fi({. 15 which describes the behavior of 
the linear model '?iscu»sed in Section 2.3. 

* 
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Pig. 19. Motiens in the state space for the strain-hardening lav. 

We next note that the function t(o, c ) can be determined by per
forming creep tests at various stress levels. Iw is eerily seen that a 
creep test at a given stress level enables one to determine c as a function 

c of c and hence f(o. c ) ior a given o. A typical c vs c curve has c ' c c c 
the form shovn in Fig. 20. If this curve has a nonzero asymptote, then 
the material is said to reach the state of steady creep at large values 
of time. For such a material the variation of the magnitude of the £ 
vector at a given level <& would be as shown in Fig. V). Note also that 
£ « 0 on the qj = 0 line.* 

*The dependence of £ on q in Fig. 19 could be modified so that £ 
nay be zero above the qg axisT 
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Fig. 20. Creep rate vs creep strain in a creep test. 

The attractiveness of the strain-harderdng lav lies in the f&ct that 
it is simple and its predict!ens are supports in a qualitative way by 
some experimental observations. However, a careful study shows that 
the predictions of the strain-hardening lav shot? systematic and serious 
deviations from certain test results. 

To study these systematic deviations we consider first a relaxation 
test. This test has, in view of (2.32), the linage CAB in a state space 
(Fig. 19). Thus, according to this lav the stress decreases w*th 
increasing time and eventually becomes z«ro during a relaxation test. 
In Fig. 21 we compare a typical experimental result with the prediction 
of the strain-hardening law that is constructed with the help of creep 
testa. As Fig.. 21 and other siailar results show, at large values of 
time, the strain-hardening lav invariably predicts lower stresses than 
experimental results, although often not by appreciable amounts Tcf. 
Rabotnov (5), p. 217; and Lubahn (15), p. 372]. 

Kext we consider tests that involve incremental loading and/or 
unloading. Figure 22 depicts stress histories employed in two tests 
performed at 800*F with Cr-lio-V steel (Lequear and Lubahn 3 0). The dif
ference between these two tests lies in the application, for a rather 
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Fig, 21. Comparison of test results with the prediction of the 
strain-hardening theory in a relaxation test [Rabotnov (5), p. 217]. 

short tine interval, of the incremental stress of 10,000 ps5 \o 
II at the stress level of 76,000 psi. 

The observed i vs c relations are shown in Fig. 22. As seen frost c c 
these figures, at the sane inelastic strain of 0.003; the two specimens 
carry the sane stress (76,000 psi); yet 

c II ~ 10c I , 
c "" c ' 

indicating that c cannot depend only on o and c for this material at 
800°F. Rote also that the portion AS of test II is rather similar 
in shape to the portion CD of test I, but it is translated *,o the right. 
This implies that the considerable inelastic strain developed during 
the short-lived action of the stresc at 86,000 psi did not affect the 
inelastic state of the material appreciably; thus upon unloading to 
76,000 psi, the state of the second specimen is only slightly different 
.from the state of the first specimen at time t% (Fig. 22). Therefore 
the conclusion followB that the inelastic strain is not a good measure of 
the inelastic state of this material. 
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Fig. 22. Creep of Cr-Mo-V steel at 800°F under multistep loading 
(Lequear and Lubahn ). 

We next consider three tests conducted with 1100 Al at 300°F (Wang 
and Onat 8). Tests I and II (Fig. 8a) are ordinary creep tests performed 
at U000 and 3750 psi respectively. Tests III involve an incremental 
unloading at some time tx from kOQO to 3750 psi. The resulting variation 
of t with time is shown in Fig. 8b. As seen in this figure, when tx = 1 
hr the prediction of the strain-hardening theory is good; but when tj, - h 
hr the prediction of the. strain-hardening theory (the dashed line) is 
markedly different from the experimental curve, the observed e being 
much smaller (~b times) than the predicted value. Observe also that 
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the curvature of this particular curve is different in sign than the 
curvature of the creep curves, which decidedly shows that the strain-
hardening lav fails under detailed scrutiny for this Material. 

A more detailed comparison of experimental results with the pre
dictions of the strain-hardening theory in tests performed with lead are 
given in Ref. 18. In this work the relevance of the above discussed 
discrepancies on the analysis of the stability of structures is studied. 
It is shown that the Rabotaov-Shesterikov theory of stability, which is 
based on the strain-bardcning law, could produce erroneous results. 

A final comparison is offered by tests that might be called inter
rupted creep tests (Fig. 6), where the stress is reduced to zero over 
a long period of time. The strain response of several kinds of material 
to this type of stress history are shown in Fig. 6 in a rather schematic 
way. The dashed line indicates the prediction of the strain-hardening 
theory in the case where the initial loading has brought the material 
near the state of steady creep. As seen from this figure the effect 
of a long period under the zero stress may result in either the 
strengthening of the material (tast 3) or softening of the material, 
although the softening seems to occur more often. If we accept the 
idea that softening is a more usual, occurrence, then we must conclude 
that the waiting under zero stress has the effect of moving the 
representative state point toward the origin of the state space without 
appreciably changing e . This observation once more shows that « may 

c c 
not be a good measure of the inelastic state of the material. 

We have seen that the predictions of the strain-hardening theory 
deviate in significant ways from the results of some important experi
ments* These deviations must be considered serious, since, as noted 
above, they invalidate the stability analyses based on the strain-
hardening law. They also warn us that the use of strain-hardening 
theory may result in poor prediction of deformations of a structure that 
is subjected to intermittent loading. Therefore it would be desirable 
to look for a better, more faithful representation of mechanical behavior 
One's first reaction to this problem would be to add new state variables 
(cf. Babotnov,5 pp. 235-40). However, before attempting this it may 
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be worthwhile to retain the number of state variable at 2 but to choose 
for the second state variable a quantity other than the inelastic strain 
c . We shall show in the next section that the •sin features of the 
c 
aoove discussed experimental results could be represented with two state 
variables, if the state-space picture shown in Fig. 19 is appropriately 
modifiei. We shall argue that for metals the relaxation lines Mist be 
rather like the ones shown in Fig. 23. In Section 2.6 we shall raise the 
question of experimental determination of the state-space shown in Fig. 23. 

2.5 A More Faithful Representation of Mechanical Behavior 
with Two State Variables 

We wish now to abandon the main hypothesis of the strain-hardening 
theory while still retaining tiw* ouster of state variables at 2. lie shall 
show that the difficulties encountered with the strain-hardening theory 
could be crrercome by introducing as the second state variable a quantity 
that is not the inelastic strain and by suitably modifying the £ field 
of the state space. 

First, let us recall that in the case of two state variables the 
representation (2.27) becomes 

kx =* & ( % * <k) + « , (2.33) 
i = &(<&, <*) • 

It will be remembered that in the state space the field defined by the 
vector £ with components gj, and & gives rise -co a .family of carves 
called relaxation lines (cf. Sect. 2.3). It goes without saying that 
the shape of these lines and the values of jgj on then completely 
determine the representation (2.33). Since it is easier to discuss the 
geometry of a family of lines, we choose to describe the general featrjres 
of a representation appropriate to metals by means of relaxation lines. 
The explicit determination of the Amotions g; (<h, q^) and gg (94, q*) 
from the test results will be considered in the last part of Section 2.6. 

We consider first materials that exhibit steady creep. In metals 
this case seems to occur definitely when the test temperature is greater 
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than 0*5ft • From the arguments given below and on the strength of 
experiments discussed in Chapter 1 and in Section 2.k, we assert that for 
metals with steady creep the relaxation lines and the distribution of 
|g| in the state space must have die general features shown in Pig. 23* 

The image of single creep *^st in the state space (Pig. 23) vuild 
be the path OnB, where Q* corresponds to sudden loading and AB to creep 
defoliations. It is easily see.i from (2.33) that at a point on AB, the 
rate of change of state q, the strain rate s, and £ are related to each 
other by the vector diagram shown in Pig. 23. Thus we observe that 
point B corresponds to a state of steady creep, where no changes take 
place in £ but the strains are produced at the rate of 4 * -Q^ . This 
shows *fcat we hare already assumed that the state of the amterial remains 
stationary during fully developed steady tj«ep.* we decide from the 
shape of experimental creep curves and (2*33) that |g| Bust be large in 
the vicinity of A but must decrease as the state point moves toward B, 
where |g| bfrones equal to the asymptotic rate of strain I> . 

Best we consider the interrupted creep test shown in Pig. k. This 
teat would have an Image seen as OaBtUfB in the state space; tere the 
horisonttl se^ssat AB correepcnds to creep at kOQO pel. Sudden unloading 
takes place on 3K. Along AT the stress is zero, but the state of the 
material is changing because of recovery. On UC the stress is increased 
suddenly to its previous level. This causes further creep defcreations 
to occur while the state point moves once more on the segment MB. 

The experimental results sham is Pi£. 6 enable us to make the 
following observations: The fact that no important changes take place 
in strain under xero stress implies, in view of the construction mentioned 

*To cneck the validity of this assumption we may conduct simple 
creep testa with two different but initially identical specimens and 
under a common sti* as. Suppose that the first specimen is left under 
this stress for a l«aog time, so that I has been ittarly constant for a 
long period of time* Suppose farther that for the tvesnd specimen the 
corresponding times are shorter- If we can establish b/ further experi
mentation thet these specimens behave in nearly the same manner under 
identical future stresses, ve could decide that the above a»?umption 
holds* It is surprising that no such tests have b«en reported in the 
literature* 
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above, that & mist be extremely smell on KL. On the other hand, the 
softening effect observed in Fig. k becomes important only uhen the 
waiting tine under zero load is large (see Pig. 5). This indicates that 
s* must also be saall on KL. Moreover, we expect that the slope of 
relaxation lines passing through KL will be extremely saall. This 
argument follows from (2.33) and the observation that the change in 
a* over KL is considerable, whereas hardly any change is observed in * 
during the same episode. 

Furthermore, the tests of the type shown in Fig. h indicate that the 
recovery observed under zero load is never complete. This means that 
even for very long period* of zero stress tlie point L does not reach the 
origin of the state space. In view o* (^-33) this observation implies 
that £ must be nearly aero en the a* axis in a finite neighborhood of 
the origin. That there are no appreciable creep deformatione in the 
presence of smell stresses provides support for the generalisation of this 
observation; namely, that |g| must be extremely small in a finite 
neighborhood of the origin. 

He now study test III (tt » h hr) of Fig. 8a. *3iis test may have 
the image G a B ^ D in Fig. 23. Sudden reduction in r.tress at ti * k hr 
moves the state point from Bx to Qx. As the stress ir kept at this new 
level the state point moves toward the state of steady creep D. lie 
see from Fig. 8b that it takes about 20 hr for the strain to reach 
its asymptotic shape. This implies that the notion of the state poij«fr 
along C|D must be much slower than it is on AB^. We also note from 
Fig. 8b that t at Qx is considerably smaller than what it was prior to 
time tx • These observations imply that the magnitude of £ and the slope 
of tne relaxation line at Qx are "small.* Observe in passing that in 
test III with t̂  = 1 hr, Bx and Cj would be much closer to the qx axis. 
This would have the consequence thai upon incremental unloading the st?te 
of the material would be closer to D, and therefore it would not be 
surprising that the behavior observed tn Fig, 8b could ensue. 

lie finally consider the tests shown in Fig. 22. The images of the 
latter ar»4 more important parts of these tests in the state space would be 
BIB for test I and EFGHB for test II. A comparison of Figs. 22 and 23 
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shows that & grows extremely fast as the state point moves from E to F. 
Moreover, previous observations concerning Pig. 22 (cf. pp. 37-39) suggest 
that *<he slope of the relaxation curve east be auch larger on FG vhaa on 
EH, so that large change* ir. c could be produced on FG with only a asall 
increase in o*. 

It is the s' w e type of considerations that lead us to Fig. 23. We 
believe that the relaxation lines and the |gj distribution shown in Fig. 
23 id fairly typical for metals that exhibit steady creep.* 

In order to offer a check on the validity of the assertions contained 
in Fig. 23 we may consider the hybrid test shown in Fig. 11, which starts 
as a creep test and upon partial unloading is continued as a relaxation 
test. He see from Fig. 11 that for the first 50 far after partial unload
ing the stress increases by about 5Jt whereby it reaches a aaTimna, and 
then it decreases by about 9Jt omr the next 1200 hr. 

He nosf ask the following question: Is the above experimental obser
vation consistent with the representacicn depicted in Fig. 23* To answer 
this question, consider the image of the test in the state space. The 
creep phase of the test will be described by a path such as QaB. Dpon 
partial unloading the state point descends on a new relaxation line and 
•ores on it for further tines to describe the relaxation phase of tie 
test. Figure U implies that this motion of the state point en a relaxa
tion line must be slow, particularly at large values of time; moreover, 
it must at first increase and then decrease the stress by relatively 
small amounts, we see that a relaxation line such as TS in Fig. 23 meets 
all these requirements: It is flat, it has the desired curvature, sad 
on it the value of |gj is small. Vote that by varying the magnitude of 
i^yjwHng in such a hybrid test one can investigate in detail the relaxa~ 
tlon lines that pass through the segment BT. 

We now study the effect of the ambient temperature on Fig. 23• If 
the ambient temperature is between 0.25 and 0.50 , steady creep may not 

•It will be seen in the next section that a more careful analysis 
of data may suggest that two state variables amy not be enough to repre
sent mechanical behavior of some metals. In such a case the above kind 
of thinking has to be applied to a state space of higher dimension. 
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be present, but changes in state under zero loed.3 may be possible. In 
such a case there would be no lieed to have points in the state space 
where the £ vector is parallel to the pj, axis. All one needs is to have 

decrease as the state point moves along a relaxation line, ""has it 
would be reasonable to expect that in the case of 0.259 < 6 < 0.59 

m • 
the relaxation liiw* would have the font shown in Fig. 2k. Mote that 
this case is similar to the linear model discussed in Fig. 15, but the 
dependence of g on q is now nonlinear, the nature of nonlinearity being 
indicated hy comments on jgj in Fig. 2k. 

when the test temperstjre is less than 0.259 , most metals cT in
terest do not exhibit any appreciable recovery upon complete unloading. 

Fig. 2U. Motions in toe state space for crt.jp at intermediate tem
perature* (0.256,1 <6 <0.56 B). 

ki 

http://crt.jp
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However, in this temperature range metals still exhibit creep or relaxa
tion. But now these processes may be so fast (especially at room tem
perature) that special care must be exercised in observing them. 

These comments suggest that relaxation lines may have the form shown 
in Fig. 25 when 6 < 0.259 . Note that in this figure £ = 0 on and below 
the line FQ, which indicates that we consider as negligible any recovery 
that might develop in the present temperature range. If we want to in
clude in our representation the usually negligible hysteresis type of 
phenomena observed in metals (s^e Fig. 26), we would allow JgJ to be dif
ferent from zero below PQ. 

ORHL-OWG 7 2 - 4 0 5 5 

Fig. 25. Motions in the state space for mechanical behavior of 
metals at low temperatures (6 <0.258 m); hysteresis effects are neglected. 

N 
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Fig. 26. Hysteresis end meta-recovery at room temperature (Conrad ). 

It should be clear that Fig. 25 represents a visco-plastic solid of 
ype considered by Malven 

above the line PR in Fig. 25, 
the type considered by Malvern3 and other workers.32 Suppose now ttat 

Ifcl > C , (2.3*0 
where C is a constant. It can be shown by using (2.33) that the state 
point will not travel above the lire PR if the applied strain rate i(-r) 
satisfies the inequality 

*(T) < e c r , (2.35) 

where e is a finite value of strain rate that depends on the constant 
C and on the distribution of g vectors. Moreover, one could show that 
in a test where 

0 < 4(T) < t cr 0 < T < T , 
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the state point will move first along xhe line OP and then will remair 
within ^he region QPR. 

It may so happen that for a given g distribution and C, the region 
QJPR -nay be quite narrow. In such a case the material will behave very 
much like a class? cal elastic -plastic solid for the strain rates satisfy
ing (2.35). Indeed the narrowness of the region QPR implies that in 
tests where i < e the stress-strain curve will be nearly insensitive 

cr ^ 
to the magnitude of the rats of straining during a loading process. Also, 
tha unloading curve will, follow the initial elastic slope in view of the 
fact that £ = 0 below the FQ, line. 

If in the above situation we are willing to ignore the sligfrt depen
dence of the stress-strain curve on the rate of straining, we can replace 
the narrow region QPR by the line Hi. Once this is done the growth law 
in (2.35) must also be modified. Eie modification must be such that the 
motion of the state point on the FQ line is assured during a loading 
process. This can be achieved by allowing h to be tangential to Kfc. 
The resulting representation will have the following fonr: 

I* iO when qj, < Y(qa) or qx = Y(<b) and e < 0 
qi • j 9 4a = \ f 

(hi* fhaC when qj. = v(<b) and e = 0 (2.36) 

where q± = YCQB) i s *he equation thai defines the curve PQ, and the vector 
h with components (h 1 > b^); is tangential to PQ at the point of interest. 

We recognize that the above representation defines a classical 
elastic-plastic material. Here E is the yield stress, which depends on 
the plastic state q^ of the material; and HZil is the tangent modulus, 
which also depends, via ^, on the plastic state %,. Note that in the 
above description \,he g vector vanishes everywhere and the region above 
the FQ line becomes inaccessible (see Fig. 27). 

A simpler representation 
We have observed that in creeping metals jgj will assume large val-

ues above some line PR in the state space. If we now restrict our 
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Fig. 27. Mechanical behavior of a classical clastic-strain-nardening 
solid, 

attentio:. to strain rates C(T) •shat are bounded from above and therefore 
satisfy an inequality such as (2.35), we can expect that the state poinds 
will not go Kick above the line TO. In such a case we can simplify Fig. 
23 by replacing the motions above the line TO by motions on TO as shown 
in Fig. 28, To do this, introduce the unil vector n which is normal to 
PR and denote by hp the vector with components (1, 0). 

Now suppose that at a given instant the stele point of an element 
lies on TO. The strain rate i applied uo the element will produce *n 
view of (2.33) the rate of change of state, 

If £ takes the state point below the TO line, that is, if 

(g(q) -ho*) • *>° > 

no modification is needed in (2.33)• But if 

(2.37) 

(fc(q) +£0*) • £ < 0 , 
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Pig. 28. State space representation of mechanical behavior when a 
partitioning of total strain into elastic, plastic, and creep components 
is introduced. 

then the * tate point will start its journey into the region of extremely 
high £ • Here we want -JO approximate this journey by movements on VP. 
Thus we introduce the following modification to (2.33): 

q « hi -when q is on PR and (g + hpk) • n < 0 , (2.38) 
where h is tangential to the line PR. The magnitude of h is found by 
considering the case where 

Wa) +&>«) * a - ° (2.39) 

i 
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When (2.39) holds, £ produced by (2.37) and (£.38) must be equal if a 
continuous dependence of 6 on e is expeet«id. 'Urns t>e magnitude of ĥ  
must be such that 

l*L*l = k + 5P*I "^a *& + 5P*) * £ = ° * (2.U0) 
We can find from (2.4o) the following explicit expression for h: 

~ =*" vrsj&' ( a > 1 ) 

where ex is the unit vector in the qj. direction. 
It may be interesting to discuss the material defined by the above 

statements in some detail. We first note that when the element is sub* 
ject to sufficiently high strain rates [so that the inequality in (2.38) 
would be satisfied subsequently] the state point will move, after tra
versing OP, along PR. This motion is exactly like the one observed in 
the pl&stic solid discussed abcv. *&TUS it T-*ould t-e reasonable to call 
the strain accumulated in such an episode as plastic strain. If at a 
poixo A xfee loading is stopped and thus qx is rendered zero, the motion 
of the state point takes place along the line AB according to the growth 
law (2.33)- The strair. developed during this phase may be called creep 
strain (see Fig. 28). 

The above repruentat PB. replaces the motions of the statv poiL-t ic 
the region of large g by luotions on t£:*s lin«i sfR, *Hiis approximation is 
an acceptaole ona if the strain rates do not assume very large values 
encountered in wave propagation problems. In the analysis of creeping 
structures a law of the above type could be used with advantage. 

It is worth pointing out that the above representation constitutes 
a generalization of the Odqvist law, which has the form 

4 • i + v + f ( o ) * 
where e is the so called plastic strain which includes some 01 the Po 
strain developed during primary creep (cf. Fig. 18). 
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Creep under stress reversal • Urtil now we have considered the-** 
cases where the stress a and hence the state variable q± was nonneg&tive. 
In structures subjected to nonsteady loads :he stress will change sijn; 
so it is highly desirable to extend the description contained, say, in 
Fig. 23, to negative values of 04 and possibly of a* • In the case where 
n remains 2 even under stress reversal, we offsr Fig. 29 as a possible 

ORNL-DVe 7 2 - 4 0 5 9 

Fig. 29. Motions in the state space under load reversal. 
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description of creep behavior under general loading programs that include 
stress reversals. Note that we talre the relaxation lines to be roughly 
symmetrical with respect to the origin of the state space. The magnitude 
of g is assumed to be very large above the line P1R1 and below the line 
P2R2 • In order to see t At Fig. 29 constitutes * reasonable description 
of the expected behavior, consider a two-step test in "which the first 
step is a creop test under positive stress and the second involves the 
subsequent application of a negative stress. The image of such a test 
in Fig. 29 would be CABCD. Note that as the state point moves over CD, 
primary creep occurs in the reverse direction until the asymptotic state 
of steady creep D is reached. This kind of behavior is what would be 
expected to occur in an actual test. Note from the above example that 
by suddenly unloading the material at point Ci we can bring it tc its 
original state. This assertion is a net result of the assumption that 
n = 2. It can be seen that when n - 3 it may not be possible to return 
to the original state by a test of this type (cf. Fig. 37). 

It has recently come to our attention t* -., Pugh, Liu, Corum, and 
Greenstreet,33 in their work on constitutive equations for austenitic 
steels, have observed rightly that the classical strain-hardening law 
(2.31) should be supplemented by additional statements in the case where 
stress reversal is present. These authors suggest a set of modifications 
in (2.31) (based on certain ad hoc assumptions) so as to make it applica
ble to cases where stress reversal occurs. Our modification of the strain-
hardening law as represented in Fig. 29, and presumably constructed by 
experiments of the type discussed in Section 2.6, would have the advan
tage that it would produce realistic predictions for creep recovery and 
stress reversal. We make this assertion on the basis that Fig. 29 will 
be constructed by tests which include those that contain stress reversals 
(cf. test III, Fig. 33). 

2.6 Determination of the Number of State Variables and the 
Growth Laws from Phenomenological Experiments 

We have seen in Sections 2.K and 2.5 that a great deal on the state 
variable representation could be learned from a study of results of suit
able phenomenological experiments. In this section we would like to 
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explore this matter in some depth. It m*y be appropriate to issue a 
varning here that a systematic study of the problem of determining a rep
resentation of mechanical behavior from phenomenological experiments is 
complex. On one hand, there are statistical aspects of the problem asso
ciated with the scatter and sensitivity of experimental data, and on the 
other hand, there is the problem of interpolation that was discussed at 
the end of Section 2.1. This problem is closely related to the purpose 
of representation. For example, if the representation is to be used la 
a situation where the stress is expected to be a monotonic and slowly 
varying function of time, there would be no need to include the intricate 
effects of unloading. In the following developments we ignore such as
pects of the problem and assume that experimental data are perfect and 
are available in suitable forms and in large quantities. Thus the avail
ability of an infinite number of test results is accepted without apolo
gies. We do this in the hope of creating a problem that is more amenable 
to mathematical thinking. We obviously hope that the results of our 
efforts could be modified to meet the actual situations where questions 
of approximation occur at so many levels. 

The main question raised in this section is whether one cin establish 
for a given material the dimension and the form of the representation 

a = Eqx 

4 » g(q) + h(q) I (2.42) 
by studying the results of phenomenological tests (each result being in 
the form of a pair of functions C ( T ) and O ( T ) on the test interval [0, T]. 

We may start providing answers to this question by establishing the 
•Tormai relationship that exists between the notions of state and depend
ence on history* For this purpose, we may consider an experiment where 
two distinct strain histories are applied on the time interval [0, T] to 
two different but initially identical test specimens (Fig. 30). We ob
tain, s'iy, the stress responses shown in this figure. 

Let v& assume that the two histories €I( T ) and '.2(f) give rise to 
the same stress at time t. Under this assumption we might begin to 
wonder whether the tvo specimens might be in the same state at time t. 
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ORNL-OttG 72-4060 

Fig. 30. Two distinct strain histories on [0, t] that give rise to 
the same stress at time t. 

In order to investigate the situation further, we would like to apply 
identical future deformations to the two specimens, that is, identical 
future strains with respect to the configurations at time t. If the 
strains are small this would mean that the futura strains measured with 
respect to the initial configurations at time T • 0 must differ from 
each other by the constant €i(t) — e 2(t). Figure 31 shows a pair of 
strain histories for T > t that are identical from the present point of 
view. 

Suppose now that we observe the same stresses in the two test bars 
on [t, T], Fig. 31. Suppose further that this remains to be true for 
any extensions of CI(T) and € 2 ( T ) into the future satisfying the require
ment of 

ti(T) - € 2 ( T ) » € l(t) - € 2(t) T > t. 
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Fig. 31. Example of two strain histories on [0, t] that give rise 
to the same state at time t. 

If the above condition exists, then we say that the strain histories 
€I(T) and e 2(t) oi* [0, t] give rise to the same state at time t. 

We may next inquire as to how many distinct states can be produced 
at time t by the application of all strain histories of interest on 
[0, t]. In general, the number of distinct states produced will \,e much 
less than the nuiiber of distinct histories on [0, t]. 

In order to discuss the variety of states produced at time t one 
must introduce a suitable notion of distance between the distinct states.3-4 

It was shown in Ref • 24 that the metric space thus created is separable, 
so that one could speak of its dimensions and could map it into a Euclidean 
space. Here we shall assume that the state space can be mapped onto an 
open set 2. of the n-dimensional Euclidean .space E . If one introduces t n 
the additional hypothesis that the material is nonaging, one finds that 
the state sets belonging to times T < t are in the state set of time t. 
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Thus the state of the material prior to time t could he represented, by 
the napping mentioned above, by a vector q of E • One could then pursue 
a line of think: ng exactly the same as given in Section 2.3 to arrive at 
the representation (2.4) and (2.7). We are now ready to discuss the prob
lem of the determination of the dimension of the state space* 

The number of state variables. What kind of tests should one perform 
to obtain information on the number of state variables that occur in the 
description of mechanical behavior of a nonlinear material?* We first 
show that tests with piecewise linear inputs shown in Fig. 32 can provide, 
in principle, a lower bound to the nuicber of state variables. In the fig
ure, t and the number of intervals m are fixed. Thus each strain input 
C(T) on [0, t] is defined with the help of m numbers, namely %., ..., c , 

m 
which are the values of C(T) at times t/m, 2t/m, ..., t respectively. 
For definiteness we assume that l«±l < C , (2.U3) 
where C is a constant. 

*If the material is linear a creep or relaxation test is all that 
is needed, in principle, to establish the entire representation.*6 In 
practice one is forced to perform vibratory and wave propagation tests 
to study relaxation mechanisms with short relaxation times. 

OftNL-OWG 72-4062 

m 
- ^ T 

Fig. 32. Piecewise linear strain Mstory. 
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Thus we see that each test belonging to the above-defined class can 
be represented by a point with coordinates e,, ̂ , ..., e in the Euclid
ean space E . In view of (2.1+3) these points would occupy an open subset 

ni 
J of E . Now suppose that the given material is such that each test be-in 
longing to the above class gives rise lo a distinct state at time t. This 
fact, if true, can be established, in principle, by continuing each test 
beyorn? T = t ic the manner described in Fig. 31- If the above assertion 
is time, a one-to-one correspondence is established between J and a subset 
S of the state space E . If this correspondence is bicontinuous.. as we 
assume here, then the dimension of the subset S would be m. Since S C 
E , the dimension n of the state space must be greater than or equal to n 
m, the dimension of the particular input space. This observation proves 
the assertion that the piecewise linear inputs such as defined above can 
be used to obtain lower bounds on n. 

We believe that these rather abstract observations are actually of 
some practical value. They suggest among other things that the number 
of steps in a multistep test must be cs large as n, the dimension of the 
state space, if the representation is to be constructed using such tests. 

?f* now describe a method that would enable one to obtain local in
formation on the £ field and the dimension of the state space in the 
neighborhood of & state of steady creep.* 

Suppose that a material is in the state of steady creep, so that it 
carries the constant stress a 0 and is deforming at the constant strain 
rate «o while retaining its constant state q°. Thus q° satisfies, in 
view of (2.1*2), the following equation 

gx(<i0) + *- 0, (2.1*) 

g {£) = 0 i = 2, ..., n . 

*We assume, of course, that the material under consideration is 
capable of steady creep it the ambient temperature of interest. 
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Let us now imagine that at some time t we disturb this state of steady 
creep by applying supei imposed vibrations to the specimen or by passing 
a wave of small amplitude through it. However, we will not discuss the 
realization of such experiments here (see Ref. 36). 

The specimen or, more correctly, a typical element of .he specimen 
will no longer be in the sttte of steady creep for T > t. Let q(T) de-
note the new sV' ̂  of the element • If the applied disturbances are small, 
the difference 

l a - a 0 ! 
will remain small, at least over a certain time interval. Assuming that 
&(j|) is a well-behaved function in the neighborhood of the state <£, we 
can use, in view of the above observation, the Taylor expansion to obtain 

dg 
& & ) s g(q°) + ~ (q°) • (q - q°) , (2A 5) 

where the last term is a shorthand notation for 

Z^PVV'- ( 2 -*> 
If we denote the strains for T > t by e(«r), we have, in view of (2.1*2) 
and (2.1*5), 

4 «a<4°>«. &<£>,Q- ( 4 - ^ ) - * , 

But when compared with (2.kk), 

^ s « i , q - ( a - a 0 ) ^ 

(2.47) 

(2.1f8) 
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while the f irst equation in (2.U2) yields 

0 = Eqi 0 + E(q! - q ! 0 ) . (2.119) 

Let Ao, As, and A- denote the differences a — a0, e — €c> and q̂  — g/ 
respectively. Then (2.U8) and (2.U9) become 

Aa - E Aaj, , 

TT> ^ 
i=l " 

(2.50) 

&g< ^=E#^-
««1 

Equation (2.50) shews that as far as incremental stress and strain, Aa 
and Ac, are concerned, the given material behaves as a linear vi scoelastic 
solid [cf. (2,20)]. Thus by studying the incremental quantities and 
with the experimental methods of linear viscoelasticity, we can obtain, 
in principle, the number and nature of relaxation mechanises that govern 

this incremental behavior. In the case when the n x n matrix 
;na to h [which 

corresponds to the matrix A of (2.20)3 has distinct real and negative 
eigenvalues, say X., the relaxation times obtained from the above study 
would coincide with —(X.)" 1. Tftus such a study would provide the number 

of state variables and also the eigenvalues of 
cieep. 

—4 

3q J 
at a state of steady 

It may be pointed out, however, that the matrix »B< 

i!H 
may be singu

lar or ill-conditioned at the point of interest, so that in such a case 
only c modified and less strong version of the above result night hold. 

Onat and Wang, in their work on creep of lead,1* have studied the 
incremental quantities Ao and Ac systematically (cf. Fig. 7), This work, 
when Interpreted from the present point of view, suggests that in the case M 
of lead ITT"! may exhibit discontinuities at a stave cf steady creep. 
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Nevertheless, it is interesting to note that in the case of to > 0 these 
authors were able to obtain relaxation times associated with the incre
mental deformations. 

Determination of the growth laws from phencmenological 
experiments (n = 2) 

Let us assume that, on the strength of the tests of the type dis
cussed above, we have decided that the dimension of the state space for 
a particular metallic material and «t semi temperature is 2, so that the 
representation of mechanical behavior has the form 

a = Eqj , (2.51) 

4i = 8i(qx* <b) + « * , . 
(2.52) 

4a = Ga(*tt> 3a) • 

We inquire now whether the functions g x and go, which define the 
growth of the state vector by means of (2.52), can be obtained in princi
ple from phenomenological experiments • We shall Jhow below that this is 
indeed possible, and it will be seen that the ideas developed in this 
section can be generalized to the case of n > 2. 

We observe first that if we cannot identify the second state vari
able qg with a measurable physical quantity, then we have a certain free
dom in the choice of %. Indeed, any monotonically increasing function 
of a given q̂  could be taken as a new second state variable* In the 
strain-hardening theory such a freedom does not exist since q* is iden
tified as the inelastic strain c right at the beginning. 

The starting point of our present investigation is this freedom of 
choice of qa • To exploit this point we consider a creep test under the 
given constant stress OQ. This test gives rise to the motion of the 
state point along the 

<& s E" = * 
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line in the (q,, q,) space (Fig. 33). The development of q, in this par
ticular motion can be taken arbitrarily, except that <fe(T) must have the 
form shown* in Fig. 3^ if, as it is assumed here, secondary creep takes 
place for large T under a constant q*. It is now an easy matter to see 
that gi and gg at the qi = qi level, namely, gi(qi, qs) and 94(94,, q*), 
can now be deter.dned. Lideed the first equation in (2.52) gives us, for 

•For convenience we taks lim q, = 1 in this test. 

Fig. 33. Tests that lead to the determination of the g field in the 
state space. 
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t-T 

I °* 
Fig. 3^. Assumed grovth of q 2 in a creep test with qi = q, = — 

E 
this creep test, 

i sal4, qa(T>] + HT) = o , (2.53) 

where C(T) ia available from measurements (see Fig. 35}. In view of 
assumed form of <«(T), Fig. 3^, the above equation determines gi(qj, q*). 
The second equation (2.52), which now has the form 

4*(T) - & [ * , qaOr)] , (2.5*0 

determines gg(qi, % ) in view of the assumed knowledge of qa(r). 
Next consider a tept II, which starts as a creep experiment with 

qj, = qa, = corjBt • < qx • At a given time tj before the occurrence of 
secondary creep in this test, let the stress be increased to o0 and hence 
qx to 04 • In Fig. 33 the image of this test in the (qj, <«) space is 
denoted by H . We assert that we can find q* at this instant by measur
ing C(T) for T > tx. Tbis assertion is based on the observation that 
«(T) in test H will have the form shown in Fig. 36, where the portion 
BC of C(T) VB T curve must coincide with a certain portion of the creep 
ct-rve under o * a 0 (Fig. 35)* This observation is the net result of the 
assumption that n = 2, Indeed, as Fig. 33 shows, the growth laws for 
tests I and II are identical over the episode B'C in the state space, 
and therefore the observation follows concerning the shape of % (T) curve 
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one.-owe rz-4o«s 

I »• fig- 35. Strains produced in the creep test with qi = q x = — 
E 

for T > i^. [If there were three state variables we could not assert 
that the curve BC in Fig. 36 would be identical in shape with a portion 
of the creep curve under o0, since the tests I and II would have the 
images shown in Fig. 37 and there would be no coincidence of paths in 
the <&, 9a, q^ space]. 

A comparison of Fig. 35 with Fig. 36 in connection with Fig. 33 
shows that 

q?(tx) - qJ(t) , 
where t is the time in Fig. 35 such that i(t) in this test is equal to 
e(ti + 0) in the second test. Thus we have determined the state at 
which the second specimen finds itself at time tx. Note as a corollary 
that we are not able to assign arbitrary values to qa(t) at the level of 
qx once such an assignment has been carried out at the level of Oj,. 
It should now be clear that we can find qgCr) that develops in a creep 

II test at the qi = qi level by repeating the test II at other values of 
tx* Once OJCT) is obtained at the level of qx , then gj.(qx , qg) and 
6b (0i * <fe) could be determined following *he arguments given in con
nection with Eqs. (2.53) and (2.5U). 
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36. Strain histoiy associated with test II of Fig. 33. 

37. The images of tests I and II of Fig. 33 in the case of 
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Let now the line ?Q be the locus of points of the g field where 
ga = 0. In other words, PQ is the locus of the states of secondary creep 
(Fig- 33)- It is easily seen that the £ field can be determined by the 
type of tests discussed above in the domain that lies between the PQ 
line and +,he qj. = <h, level (Fig. 33). For the determination of the 
£ field above the qj level, we must undertake similar tests with q± > q± 

and must decrease the stress to the o 0 level at a time t. 
In order to determine the a: field below PQ, we aust sake tests where 
I x 

qi = qi at the beginning. After a large value of time, qx is decreased 
to some value q± and maintained at this value until it is brought up 
again at time t% to the q± level (test III, Fig. 33)* It can be shown 
that this test would enable one to determine the state of the specimen 
at time t-j. By a repetition of the arguments associated with (2.33) 
and (2.5^), we can conclude that the region below the PQ line can be 
constructed with the help of the tests of type III. 

2.7 Representation of Mechanical Behavior in the Presence 
of Time-Dependent Temperatures 

So far we have been concerned with the description of mechanical 
behavior of metals at constant (elevated) temperatures, although the 
effects of the magnitude of the ambient temperature on creep of metals 
were discussed in Section 2.5. 

In this section we assume that the temperature is raised simulta
neously with the loads or strains. As is well known the creep phenomenon 
is the end result of a variety of thermally activated processes. So-ie of 
these processes do not occur below a certain temperature level. For 
instance, there is strong evidence that grain-boundary sliding is not an 
important cause of creep deformations if tbe temperature is less than 
half of the melting temperature.37 A review of the temperature depend
ence of thermally activated processes that cause creep is given in 
G^rofalo [Ref. 2, pp. 66-101]. 

Here we shall have a brief look at the phenomenological basis of 
thermomechanics of creeping materials. From a phenomenological point 
of view we may consider as the input of the problem the temperature and 



67 

strain histories, 6(T) and C(T) respectively, that are applied to a giver 
specimen. [We assume that at the start of each test T = 0, 8(0) = 8 0 = 
const., end e(o) = 0, and we envisage that the specimens are kept under 
constant teEperature b 0 and zero stress for a sufficiently "long" time 
prior to testing so that they may be considered, in the sense discussed 
before, as nonaging.] As the output we take the stress history CT(T) and 
the amount of heat Q(T) that is supplied to the specimen since the incep
tion of the test at T = 0. As shown hy Gnat,3* it is possible to replace 
Q(T) by the internal energy e(r) of the specimen by using the first law 
of thermodynamics. Note also that the roles of input and output pairs 
may be exchanged to suit the particular testing procedure employed. 

The general study of the relationship that exists between the input 
and output pairs, 6(T); C(T) and e(r); O(T), is in the domain of thermo
dynamics of irreversible processes. It would be desirable to pursue the 
study of this relationship within this thermodynamxc context with a view 
of obtaining the restriction that tae second law of thermodynamics places 
on this relationship. However, we shall not pursue this path here and 
refer tke reader to the work of Coleman,38 Chu, 3 9 and Schapery.40 Instead, 
we shall consider in some detail a particular aspect of the problem, that 
is, the dependence of stress upon the histories of temperature and strain. 
We propose to represent this dependence with the help of state variables, 
which we take as the current temperature 6 of the specimen and the param
eters pa, ••-, a which represent the salient features of the current 
internal structure of the specimen. As before, we take qj to be the 
"average:* lattice strain in the direction of load application. The cur
rent stress then can be written as 

o = E[qx -Of(G-9 0)3 , (2.55) 

where or is the coefficient of thermal expansion and E is the elasticity 
modulus. Both E and a may be given functions of 6. The growth laws 
(2.1*2) now take the form 

6 = b , 
(2-56) 

i± - &±(*, q.) + 1^(0, q^e + k±(Q, q^jS 1, J » 1, ..., n . 
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The first equation in (2.56), which follows from the fact that 6 is both 
a component of the input and a state variable, could be omitted. 

For metals it would be reasonable to assume that h = 1, 0, ..., 0 
and k = 0, .... Q> which is equivalent to saying that the rapid changes 
in the strain and temperature leave the basic inelastic state variables 
OJJ, ..., q unchanged (cf. Sect. 2.k). This is quite close ~;o the hy
pothesis used by Dorn 1 2 that the "internal structure" of the metal re
mains constant as the temperature is changed rapidly. Under these hy
potheses the relationship between CJ(T) and 8(T) and e(i-) accepts the 
representation 

a = Et^ - a ( 6 - et>] , 

4i = gi(©, 1y + e j = 1, ..., a , 

4i = g.,(9, <Lj) i = 2, ..., n . 

This font, is quite similar to (2.U2), but the temperature dependence of 
g is a new feature. 

Note that if one wants to introduce the dependence of mechanical 
behavior on the ambient temperuoure that exists before the testing starts, 
then one could write g. as 

g^ = gj(e0; e - e 0; qj , (2.58) 

with the condition that 

g.j(9o; 0; 0) = 0 , (2.59) 

which expresses the requirement that a virgin specimen does not change its 
state, in view of previous remarks, under the constant ambient temperature 
and in the absence of any straining. When isothermal tests, discussed 
in the previous section, are repeated undor various levels of temperature, 
they shed some light on the functions g (0 O; 0; q.). As discussed in 
Chapter 1 such tests suggest that g.(90; 0; q ) may have the form 
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g.(e0; os qj) = g ^ ) « P (-^) , (2-60) 

where Q is the activation energy for the steady creep and R is the gas 
constant. In view of (2.57) this relationship implies that at higher 
temperatures the motions in the state space take place faster. But that 
the rate of change of each state variable is affected by the ambient tem
perature in the manner of (2.60) is a little difficult to defend, in view 
of the expectation that different thermal processes are associated with 
different, activation energies. Incidentally, Eq- (2.60) predicts that 
the shape of relaxation lines in the state space remains fixed as the 
Fjcbient temperature is varied. £quation (2*60) also implies that the 
magnitudes of g vectors will decrease by the same proportion through
out the state space as 0 o is decreased. Whether this is true could be 
ascertained only when the £ fields are constructed experijaentally accord
ing to the ideas discussed in the previous chapter at V-rious levels of 
ambient temperature. In any event our speculations concerning Fig. 37 
suggest that we expect significant changes to occur in the shape of re
laxation lines with decreasing ambient temperatures, so that we regard 
(2.60) only as a first approximation. Now when we consider variable 
temperatures, it is tempting to assume that in the general case of time-
dependent temperatures g(6; q) has the form 

£ = £(q.) exp r-fe) i = l , ..., n , (2.61) 

with £(0) = 0. This very strong assumption seems to imply that all ther
mally activated processes that cause creep have the same activation energy, 
which is very probably not true if the temperature is allowed to vary 
broadly. Nevertheless, for reasons that will become apparent we pursue 
the implications of (2.6l). 

If one now introduces a new time scale §, as is done in the litera
ture (cf. Ref. 2, p. 69), by means of 

[r&i *S - <«p h iTSfTT d T (2.62) 
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The growth laws corresponding to (2.6l) becouie 

dqi „ , de 
dT = & ^ df ' (2.63) 
dn 

We observe that (2,63) has exactly the same form as (2.^2). Thus 
the introduction of (2.62) reduced the problem to the isothermal case. 
We may point out that the idea of using a temperature-modified time 
scale has also been used in the study of polymers (Ferry41 and Schwarzl 

43 \ 
and Stave nnan ) • 

In order to verify the validity of (2.63) we may perform creep tests 
under variable temperature 0 ( T ) . Let «O(T) be the strains obtained in 
an ordinary creep teot under the stress o 0 and the constant temperature 
6 0; on the other hand let e(r) denote the strains observed in a test 
where the stress is a 0 but the temperature is varied; and 8 = 0(T) with 
the initial condition e(o) = 9 0. If 

I « f(r) (2.6U) 
denotes the integrated form of (2.62) for the given temperature history 
6( T ) . then we must have, if we neglect the usually small thermal term 
<*(e - 6 0) in (2.57), 

«[*-*(« J = « 0 [5 exp {j-jjl . (2.65) 
An experimental comparison suggested by (2.65) was carried out by 

Dora 4 3 \ith pure aluminum. The creep tests were carried out under the 
stress o 0 = lU.06 kg/mm2, but temperature was varied rather arbitrarily 
from ^20 to U8o°K. The tests indicated that (2.65) holds to a very re
markable degree. The reason for the success of this experiment may be 
that within the rather narrow temperature range employed one of the ther
mally activated processes was dominant, so that the form (2.6l) could be 
used without introducing large errors in the representation. 
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2.8 Representation of the Three-Dimensional Behavior 

We are now ready to consider the representation of mechanical be
havior of an initially isotropic solid in the presence of arbitrary but 
small isothermal deformations* The assumption of small df Coxmations im
plies that an element of solid will undergo only small «hape changes and 
small rotations. To introduce the problem of representation formally, 
we may envisage thought experiments* which involve the application of a 
tensor-valued strain history e. .(T) on [0, ®) to a virgin element of the 
material and the observation of the resulting stress tensor O\.(T). Here 

— o 

e. . and a. . denote, respectively, the components of the tensors of infini
tesimal strain and stress in a fixed rectangular frame with coordinates 
x± (i = 1, 2, 3). 

The material under consideration acts, as a result of such tests, 
as a tensor-valued operator F.. and produces out of each input c..(T) an 
output o. .(T): 

G i j ( T ) = F i j [ < k X ( T ) ] 0 < T C ca . (2 .66) 

?or economy in writing we shall employ the following shorthand no
tation for (2.66): 

£ = £[«CT)] , (2.67) 
where £, P, acd £ stand for o, ., F.., and e.. respectively. 

As before, the operator F is causal (cf. Sect. 2.2), and it will 
again be assumed that F is time invariant (thus the material is nonaging) 
and continuous. 

If the material is isotropic in its initial state, then F mnst poe-
sess the following additional property: Suppose that C(T) gives rise to 

*The difficulties encountered in t;he realization of such experiments 
will be discussed later. 

The formal definition of continuity *n Sect. 2.2 must be modified 
in a suitable manner for the present case. 
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<J(T) by -scans of Yj, then the isotropy of the initial state implies that 
the strain history ^ ( T ) with the component 

( * V S V » ( t ) ' 
or, more concisely, 

* * Q « q T on 0 < T < • (2.68) 

oust giTe rise, by P, to the stress history 

where Q is the matrix of an orthogonal transformation in the three-
dimensional Euclidean space £3. In other words, initial isotrqpy of the 
material implies that F must possess the invariance property 

a 1 w o i aT = #& ̂ 1 j aTj (2.70) 
for any orthogonal transformation Q, and E. and for any strain history 

The representation of F by means of state variables may be estab
lished by an appropriate study of input-output pairs [•' '(«r), £* '(T)3 
and without any reference to the microscopic happenings within the solid. 
This was done in a series of papers by Otiat 3 5> 3 e and by Geary and Onat 4 4 

in the general case of finite deformations • In Ref. 3k a formal defini
tion of state was introduced in the thermodynamics of continuous media. 
In Ref8. 26 and kk, which consititute a sequel to Ref. 3^, the implica
tions of the usual requirement that the superimposed rigid-body rotations 
leave the state of the material invariant are studied in the case of 
initially isotropic solids. 

The present case of small deformations is simpler and can be treated 
independently. Here we give a brief summary of the work reported in 
Ref. U5. 
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Consider two sets of elements. The elements in the first set have 

been subjected to the strain birtory *}(*) on [0, t] and the elements in 
the second set to *p{v) on [0, t]. These two sets of elements are said 
to be In the same state and orientation (or simply in the same state) 
if identical future strain histories measured with respect to the eon-
figurations at time t give rise to identical stress histories in these 
elements. 

This definition, together with the introduction of a suitable notion 
of distance between distinct states, enables one to construct a metric 
state space £.. It i* then shown, using the nonaging property of fj that 
the states created at time T < t belong to the state space IL . 

Nov in order to explore the implications of the initial isotropy of 
the material, consider a strain history, say, C(T) on [0, t ] 7 that gi^es 
rise to the state S C E . Next consider the strain history 

A(T)=a«(T)a? CD [0, t], 
where as before £ denotes an orthogonal transformation. Let % be the 
state produced by J ^ ( T ) . It can be shown by using (2.70) and tfes defini
tion of state tLdt Sj will depend only en S and £ but not on the particu
lar choice of £ ( T ) provided that £ ( T ) belongs to S. Thus it would be 
permissible to write 

% = P Q S , (2.71) 

where P Q can be interpreted as a mapping of XL onto itself. 
In-order to understand the meaning of the transformation P Q, we 

T «* 
may observe that the strain histories £ ( T ) and J £ ( T ) * & £ j i •*• equiva
lent in some sense. Indeed if the strain history jfj(T) i* studied in 
the coordinate frame x! defined by 

i 

x' » Q T x , (2.72) 

it will be found that the strain history £ (T) has the cctt^ondnts C(T) 
in the new coordinate frame x*. Therefore, since the material is iso
tropic, the observer who works in the new coordinate frame would decide 
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by further tests that from his point of view the material would be in the 
state 3. But an observer who is working in the original coordinate frame 
x. will find that the element of interest is in the state and orientation 
St and that, in general, ^ 4 S. Clearly the states S and Sx are closely 
related. One could say that they correspond to two elements that are in 
the same state but have different orientations. 

One could easily establish that the set of transformations &> I 
(each transformation being created by an orthogonal transformation g) 
constitutes a group that is homomorphic to the grmip 0, of orthogonal 
transformations in £3. On the other hand, as a result of the particular 
notion of distance used in Ref • 3k, each P turns out to be a distance 
preserving transformation. Another property of i* is that it leaves the 
initial state S 0 invariant: ** 

P Q S 0 = So for any Q € Q, . 

I t i s shown in Ref. U*t that in the case where E i s f inite dimen
sional, the above properties of PQ enable us to map E. into a f in i te -
dimensional Euclidean spece E Jjfsuch a vay that in E the P.'s appear 
as linear transformations. This last observation enables us to assert 
that in the new state space E , IPQ\ constitutes *» representation of the 
fu l l orthogonal group 0» • *Riis in turn brings the tools of the theory 
of group representations to within our reach. 4 6 In particular, we d i s 
cover that we can use tensor-valued state variables to delineate the 
invariant subspaces of E under £•>>• 

Following these cxgunents i t i s shown in Ref. kk that the state S 
of a given element may be defined by a manber of even-rank: irreducible 
tensors, say, <&, . . . , q . Irreducible tensors are tensors that possess 
certain properties of symmetry. For instance, second-rank irreducible 
tensors are traceless and are either antisymmetric or syamwtrlc. 

Thus thft 'Jtate of the material will be thought as the sum of n irre
ducible tensors, 

S & *» + - • + 3n (2.73) 
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where each d. defines the component of the estate vector in a particular 
invariant subspace of F. . (E is a direct sum of its invariant sub-si Bl 
spaces.) It is to be noted the notation S in (2.73) represents an m-
dlmensional vector in the £ space and is not to be taken as an absolute 
scalar. 

the action of the transformation P. on S is then given by 

where P q. is n tensor of the same rank and symmetries as the q. • Indeed 
the actTon of P Q on (L constitutes an ordinary tensor transfarnatioc. 
Ttois if q>. is a second-rank tensor, then P Q oj. is defined explicitly in 
terms of its components as 

or, sore concisely, 

If qs is a fourth-rank tensor, then the components of <fe will transform 
according to the well-kr»own rule, which is a generalization of (2.75). 

The important consequence of these rather abstract considerations 
is that in the present case the state variables occur as even-rank tensors 
which possess certain symmetries. Thus + ,ie representations such as (2.27) 
and (2.33) discussed earlier can be adepted to the present general case 
by replacing q. in an appropriate manner by the tenscrial state variables 
o^. For instance, the representation (2.27), which is suitab?" for metals, 
can be generalized in the following way: 

0 = 2 ^ + X ( t r # ) £ , 

4i = &(<&> •••# O + * > (2.76) 
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where X and u. are the Lame constants, ch is a second-rank symmetric ten
sor that measures the elastic component of the strain tensor, and o^, 
..., q^ are tensors of even rank that represent the inelastic state of 
the •aterial element. Furthermore, in (2.76) I denotes the Kronecker delta, 
6 , and tr c^ stands for the trace of tensor <£,. 

It will be found that initial i sot ropy of the material imposes 
further restrictions on the growth laws in (2.76). These restrictions 
are that for any Q £ Qs and for any state a., 

*il*&' p s ~ ' ••*' p a ^ } = *&**!*' •••' * i } ' ( 2 - 7 7 ) 

which imply that the growth laws must be form invariant under the trans
formations /P Q\« 

'Ihe representation can be simplified further if one introduces the 
generally accepted hypothesis that in metals volume changes do not affect, 
and are not affected by, the inelastic state of the material. Under this 
hypothesis, we retain the elastic relation for the average noraal stress 
and volume change, 

tr o * 3k. tr t , (2.78) 
where K is the bulk modulus of the material. 

If we now introduce the deviatoric components of stress and strain, 
namely, 

e = c - i l t r « , (2.79) 

we can write the rest of the representation as 

a * 3* <h > 
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where oj, is a traceless second-rank symmetric tensor. Equations (2.80) 
imply that inelastic behavior lets itself be felt through the deviatoric 
components of stress and strain. 

For conciseness it will be convenient to refer to the sum 

& + — + 5 n 
as the inelastic state of the material. We shall denote the inelastic 
state of the material by S, so that the state of the material is given by 

S = <a + £ • (2.81) 

It would be desirable to write the fundamental representation pro
posed for materials [i.e., (2.78) and (2.80)] in its entirety with the 
help of the notation just introduced: 

tr o = 3K tr • , (2.82a) 

£ - %<»' s >» 
where g, and jgu are subject to the irvariance requirements 

PQ %(* • £) - %( p

t t *» P

t t S) » (2-83) 

w h e r e £ = ^ + . . . + o^ and P f t S » P & £ + . . . * \ ^ 
Equation (2.82a) states that the relationship^Wtween the volume 

change and the average normal stress is elastic; (2.82b) constitutes the 
state variable representation of the relationship that exists between 
deviatoric stress and strain histories S(T) and e(-r). Here g - is a 
shorthand notation for ga, ..., g . Rote that (2.82b) is quite similar 
formally to the much discussed representation (2.33), but it aist be re
membered that £ stands for the entire inelastic state composed of tensers 
*' "•' V 
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The task that lies ahead is the determination of the number and the 
tensorial nature of the inelastic state variables q̂ , ..., q and the 
associated growtn laws for a given metal or for a given class of metals. 
This is a difficult task. An obvious source of difficulty lies in the 
realization of the thought experiments mentioned at the beginning of this 
section. Reliable experiments could be performed only in simpler situa
tions. It would be difficult to think of a more sophisticated experiment 
than the combined tension, torsion, and internal pressure of a thin-
walled cylindrical tube.* Yet the input-output pairs produced in such 
experiments contain two or three components (instead of six) that can be 
"controlled" at will. Nevertheless, these tests provide a wealth of in
formation; most of our knowledge of creep and plasticity of metals in the 
presence of three-dimensional deformation comes from these tests. 

Rank of state variables. The problem of representation of mechanical 
behavior of a solid in the presence of three-dimensional deformations 
not only involves the question of number of state variables but also the 
tensorial nature of these variables (their rank and symmetries). Here 
we shall inquire as to whether phenomenological experiments of the type 
just discussed can shed any light on the tensorial nature of the inelastic 
state variables. 

We may initiate this discussion by considering some simple materials. 
It nay be that for a given material, S = 0 throughout its deformation. 
This is equivalent to saying that no inelastic state develops during the 
deformation of this particular material. It is easily seen that in this 
case the representation (2.82b) becomes 

(2.8*0 

where the particular form of the growth lav follows from the invariance 
requirement (2.83) and from the fact that tr £ » tr £ » 0. In (2.6%) 
the terms A and B are functions of tr qj and tr <g. By eliminating qi 

•For a description of such a testing procedure see, for instance, 
Ref. kj. 
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from (2.8k) we obtain 

e = ?- + al + bs - -2* s a , (2.85) 

where a and b are functions of tr £ 2 and tr £ 3 . We recognize immediately 
that (2.85), together with (2.32a), represents a generalized Maxwell 
solid. 

The following sinple font of (2.85) is often used in the analysis 
of creeping bodies (cf. Ref. 5, p. 305): 

where J a = 1/2 tr s^. 
Hezt we consider linear Materials. A material is said to be linear 

if the operator F in (2.66) is additive and homogeneous. It can be 
shown that for a linear Material the representation (2.82b) is also lin
ear; namely, the tensor-valued functions g, and g_ are linear functions 
of their argisaents. What is interesting is that tbe linearity of (2.82b) 
together with (2.83) implies that each state variable a. must be either 
a scalar or a -traceless symmetric second-rank tensor. 4 4 Ibis important 
observation may explain the tendency by certain authors to take the state 
variables as scalars or second-rank symmetric tensors even in the case 
of nonlinear materials. However, a consideration of the distribution ox 
dislocations within a deformed element shows [Kroner (US)] that sow; of 
the state variables may be antisymmetric second-rank tensors or tensors 
of higher rank. 

Bow we may return to nonlinear materials, we shall claim that in
formation on the rank of tensors Op, ..., a . which define the inelastic 
state of the material, may be ottained by studyi^ symmetries of a de
forming element. For this purpose consider first a test that involves 
the application of the stress history 

s>(T)«a(T) 0 < T < » (2.87) 
and a second test with the stress history 
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Lair) 0 < T < t 
S^(T) = } when , (2.88) 

{&^)£ t < T < « 

where Q is a fixed orthogonal transformation. We denote the deviatoric 
r**-ain rates observed in the two tests by e^fi) and ̂ ( T ) respectively. 

Note* that in both tests the material would be at the same inelastic 
state S(t) at time t. 

Now we compare e^(t) and e^(T) for T > t. Can we expect that 

( ^ = Q e ^ f for T > t ? (2.89) 
The answer to this question would be affirmative if 

^ s(t) = s(t) . (2.90) 

To prove this assertion, consider a third test with the stress history 

^ ( O ^ a W q 1 0 < T < » . (2.91) 

In thi& last test the material element would be, by definition, at she 
state PQ S(t) at time t, and, moreover, the strain rates observed in 
this test would be related to ej.CO by 

&-%.h£ 0 < T < « (2.92) 

in view of initial isotropy of the material.. Now comparing (2.92) with 
(2.89) we decide that (2.89) would follow from (2.90). On the other hand 
whether (2.90) holds for a given £(t) and for some Q would depend, in 
general, upon the rank of tensors that make up S(t). 

For instance, in the :ase where S(t) is composed only of scalers, 
we have, by definition of a scalar, 

p

a * - * 
c, * • •, n 

•It goes without saying that 6}(T) -* «S(T) when T < t. 
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for any J C % > and hence (2-90) would be valid for any <J and S. In
cidentally, this observation implies that when the inelastic state vari
ables are all scalars, a previously deformed but now stress-free element 
would be isotropic. 

On the ot'ier hand, if S is composed of scalar.? and of a single 
second-rank symmetric tensor, then (2.90) would not be true for any 
Q C 0 3. In fact, in this case Eq. (2.90) would hold only for those £ 
that represent 180° rotations about the principal axes of the tensorial 
state variable. 

If, however, there are two second-rank state variables, then in 
general (2.90) would hold only for Q = I unless principal directions of 
these state variables coincide or these variables are zero 

Note that tc ask whether for an element in the state S(t) there 
exists values of £ which satisfy (2.90) is equivalent to the question: 
Are there symmetries in the inelastic state of a give** element? Note 
also that the answer to these questions could be obtained by performing 
tests of the type (2.87) and (2.88) and by making comparisons suggested 
by (2.89). Tc explore the importance of this comment let us consider the 
cafe where 

£ ( T ) = 0 for T > t . (2.93) 
This means that the tests (2.87) and (2.88) would now be identical* More
over, since the stress is zero for T > t, we are dealing with a recovery 
test. We wish now to see whether there exists JJ which satisfy (2*90) at 
time t > 0. To answer this question we investigate whether (2.89) holds. 
But in the present case e^(T) * £*(T)* *° that (2.89) becomes 

£(T) « & £ ( T ) a T for T > t . (2*9*) 
Thus we simply measure the strain £ ( T ) in the recovery part of toe teat 
and try to find a g that satisfies (2.9*0. 

Now consider the following possibilities: If £ is composed of 
icalars, then (2*90) and hence (2*°A) must hold fox- any & € 0». But 
the only deviatoric tensor that would satisfy (2.oJ») for any £ i» the 
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one that vanishes: 

e(r) = 0 T > t . 

Thus we arrive at 4ae following important observation. If in a recovery 
test evT) \ 0 under s = 0, then the state variables cannot be all scalars. 
Recall now the recovery test discussed in Section 2.5, where it was found 
that for most metals e(r) is nonzero although it is small in magnitude. 
This implies that some of the state variables for these materials must 
be tensors of higher rank than zero. 

Next, observe that (2.9U) would have solutions if the principal di
rections of C(T) remain fixed on the time interval (t, • ) . Indeed the 
Q's that represent rotations by l80° about these fixed directions would 
satisfy (2.oii), This case would definitely occur ii £ is composed of 
scalars and of a second-rank symmetric traceless tensor (see our previous 
comment about this case). If, however, principal directions of e(t) ro
tate over the course of time, we can decide that there must be more than 
one state variable with rank higher than zero. 

We have thus sLcvn that by studying the strains observed in a recov
ery test, we can obtain significant information on the rank of state vari
ables. Similar ideas can be applied to other types of tests to obtain 
further information on the rank of tensorial state variables. 

The present authors are not awars of the existence of any other 
systematic work in the literature that deals with the determination of 
the rank and number of state variables. The generalization of strain-
hardening theory proposed by Rabotnov (Ref • 5, p* 313) seems to contain 
only scalar state variables. It may be of interest to record here the 
simplest case discussed by Rabotnov (ibid-, p. 312) in our notation. He 
suggests that the inelastic state variable is a scalar o* and offers the 
representation 

• , d * 

1 
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where 

og = | tr s a - | (2^f tr g 

and 
* = t(ob, qa) . 

Note from (2.95) that 

* = * } * * £ » (2-*> 
where e is *he creep strain defined by 

5c e_ » JB — £, • 

In view of (2.96) the inelastic state variable a* is related to the creep 
strain in the Banner of the strain-hardening theory. It can be shown by 
arguments similar to those on pp. 33-34 that the law (2.99) is not capable 
of representing the softening of the Material that may occur in a re
covery test. 

It is interesting to note the occurrence of the "potential'1 # in 
(2.95). This is rather reminiscent of the canonical foam (2.26) dis
cussed in Section 2.3, It would be interesting to inquire whether such 
a potential could be introduced in the growth lav of (2.82b) In the 
present nonlinear case. 

Simple creep test. At this stage it would be useful to review the 
generalization of uniaxial tests such as a simple creep test, an inter
rupted creep test, etc., to the present case. It was seen in Sections 
2.5 and 2.6 that these tests provided vital information on the number of 
state variables and also on the growth laws in the representation of 
uniaxial behavior, we would aspect that their three-dimensional counter
parts nay also serve a similar purpose. 

We start with a simple creep test that involves the application of 
a constact deviatoric Btr^M at t * 0; in other words, we consider an 
experiment where 
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«(t) 
QJ, * . • a = const, for t > 0 . 

He wish new to determine the resulting deviatcric strain e(t) from (2.82) 
The last equation in (2.82b) could be integrated with the initial con
dition jS(0) = 0 to yield 

£(*) - £ & *) • <2-97> 
In Tiev of the invarlance requirement (2.70) or, equivalent ly 

(2.83), f would possess the property 

f ( P & ^ t) = P &f(a, t) . (2.96) 

Sow substituting (2.97) into the first equation of (2.82b) we obtain, 
for the strains developed in a creep test, 

£(t) = -*[«, £(£ t)3 . (2.99) 
In Tiew of (2.98) and (2.83) we can decide that 

i s a fotra-iavarlant function of a, so that (2.99) can be written as 

e(t) » AI + Ba ~ 3* • a 8 , (2.100) 

where A and B are functions of tr a 8, tr a 3, and time t. 
Station (2.100) shows that principal direction of £(t) will coincide 

with those of <a or s,. If experiments do not confirm this finding, then 
one must decide that the material is not isotropic in its initial state, 
we see also that if A * 0, then £ is proportional to ja. If in an experi
ment it is found that £ is not proportional to a, then the implication 
should be that A 4 0. Johnson48 in his each-quoted, caxeful experiments 
found that for a particular material £ is not proportional to a, and he 
attributed this to anjUiotropgr that may develop during deformation (cf. 
Fig. 10k of Rabotnov8 and tha accompanying discussion)* *fbm presence of 
A in (2.100) may vary well give rise to the results described in the 
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above-mentioned figure, so that a re interpretation of Johnson's results 
becomes desirable. 

If the Material is capable of steady creep, then A and B ssist tend 
to constant vali*s as t becomes large. If we denote tbe rteady creep 
ret* by e . then ve obtain, from (2.3 00) and with £ « ̂ j ^ 

£c"l*»s.-?!rr£ > < 2 - 1 < a > 
where a and b are functions of tr s a and tr s*. There is some expert-
mental evidence that for a class of metals the function a may Tarnish 
and b may depend only on tr s 3 (cf. Ref. 5, p. 329). 

How let £ denote one of the coordinate transformations correspond
ing to l8o* rotations about the principal axes of a. We hare then 

P a « Q a <*T « a . (2.102) 

This observation, together with (2-97) and (2.96), implies that the in
elastic state £(t) produced in a creep test would hare the property 

for the above mentioned 3, s. Equation (2.103) has some important impli-
cations. It shows that antisymmetric second-rank state variables (if 
they are present) cannot grow in a creep test (the proof fallow* from 
the observation that an antisymmetric second *rai£: tensor is equivalent 
to an axial vector). Equation (2.103) slmo shc?s that the principal 
directions of the second-rank symmetric .tate variables that develop 
during a simple creep test must coincide with those of '+. 

A two-step test, we next consider a test 

*(t) 

and a and b are constants. 
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We can shew, using arguments similar to the raes employed in con
nection with (2.97), (2*98), and (2.99), that in such a test 

£(t) = f(a, b, tx, t) when t > t* , (2.105) 

where f is a form-invariant function of a and b, and 

£(t) = "&[£, f(8, b, tt, t)]. (2.106) 

The invariance requirement (2.83), together with the form invariance of 
t* implies that £ ( t ) i s a farm-sinvariant function of j& and b* This, 
in turn, implies 6 0 that when t > tx, 

£{t ) * col + cxb + cab3 + c 3 a + c^af 

+ CK(a b + b a) + Ca(a3b + ba a) 

+ C7(b8a + ab*) + CafaV + b V j , (2.107) 

where c a *s are functions of tr b a, tr b 3, tr a 3, tr a 3, tr a b, tr a b 3, 
tr a 3 b. tr a 3 b 3 and times t* and t. (We refrain frcm discussine ex-
plicitly the minor restrictions imposed upon the coefficients c., by 
je(t) being traceless.) One reason for writing (2.107) in this explicit 
fovu. is to point out that the dependence of e(t) on the past history of 
stress *s/; *n general, be quite complicated, even for an initially iso
tropic solid. 

Ib»' observe that if the state variables are all scalars, then £(t) 
would be a function of the invariants of £ and £ and therefore, in view 
of (2.106), (2.107) would be much simpler. It can easily be shown that 
in the case of scalar state variables the coefficients c, to c, would be 
zero in (2.107). This observation would enable one to assess experi
mentally the contribution* of the higter-xank state variables to the 
behavior of a given solid. For instance, if the eaperimcc ';* suggest 
that the coefficients c, t o c t are "small," than it may be appropriate 
to ignore the presence of higher-rank state variables. 

Tests under constant inelastic state* Consider a thin-walled cylin
drical tube that has been subjected to a given history of combisec1 
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tension and twist. For simplicity assise that the relevant stress com
ponents o and T are zero at a given time t. Let the inelastic state of 
ths material at this instant be S(t). We want to explore the dependence 
<*f a on oj at tne constant value of S^t) [cf. (2.82b)]. We can achieve 
this by suddenly chafing gi and hence s and therefore* a and T. In the 
relevant stress space (a, T ) the representative point would move from 
the origin to some other point. Let the stress point be kept at this 
new location for a short interval of time. Over this interval ̂  = 0 
and hence the measured strain rate je = -j^.. We can then move the stress 
point to another location to measure £ and hence £ at another value of 
oj. If we do these explorations within a short period of time, j5 will 
not change appreciably and hence the dependence of g, on ô , at a constant 
value of S will be studied. 

By such an exploration we may discover that if the stress point 
(o, T ) lies within some closed curva, say curve 1 in Fig. 38, then no 
measurable strain rate develops and hence ̂ « 0 within this curve, we 
may also discover that if the stress point, falls outside of another 
cloned curve, say curve 2, very large values of e will be observed. 

The tests of Hiillips and co-workers51 on pure aluminum arc some
what similar to the above proposed tests. However, in rhlllips* tests 
the explorations in the stress space are carried out slowly and incre
mentally, so that the inelastic state £ of the material may change appre
ciably while *.he points cf the curve 1 are being determined. In fact, 
the yield curve found by rhillips, which corresponds to our curve 1, does 
not pass through the point of urea Ur easing. This indicates that the 
Inelastic state of the material has changed or, equivalently, recovery 
has taken p?ace during testing, nevertheless, RiiUlps' tests give us 
a good idea of how the region j | w O would look like for the particular 
material considered. 

By studying the shape and orientation of the regions defined b* 
curves 1 and 2 one can gain information on the rank of the state variables 
For instance, Ihillips* ^estn show that the j ^ « 0 region is not, in 

•mote that, by the second equation of (2.82b), a sudden change la 
<h is not accompanied by a sudden change in £. 



«8 

ORM.-MC 7t-40M 

/ 
• ^ " 

/ / 
1 / 
1 1 

CURVE 2 ^ 

CURVE f S y \ 

\ \ 

v^ ^ a . 
— ^ 0 

Fig. 38. Tests under constant inelastic state. 

general, sywnetric with respect to the o axis. Ibis implies that the 
state variables for bis Material amy not be all scalars. In fact, there 
are indications that a single second-rank syasetric traceless tensor amy 
be sufficient to describe the inelastic state of the Material used in 
these tests. (For further discussion of this part see 5ef. U5.) 

The above proposed tests can be used to study the phenomenon cf re
covery in the following way. After having detemined the carves 1 and 2 
at a particular tine, we amy inlcad the material. After a sufficiently 
"long" waiting period under zero stre»s> we nay increase the stress again 
and repeat what was done before %c establish the new curves 1 and 2 and 
the values of fy, between these curves. By studying these two sets of 
data we can obtain quantitative information on recovery. 
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Tests under constant stress. In order to obtain further information 
on gj,((£, S) and g«(<&.» S) one can conduct tests that contain episodes 
where <& and liencê s is constant. A sialic creep test is entirely com-
posed of such an episode. A -vo-step test [cf. (2.10*03 with tr b a < 
tr a? and "large" tj, would enable one to study the portion of the state 
space that corresponds to the phenomenon of recovery. (It may be re
called that by similar one-dimensional tests, we were able to study the 
part of the state space that is below the line PQ in Fig. 53). Okie would 
lite to learn whether in such a test the state of the material will tend 
to the state of steady creep under tL-e stress 2p, b. It will be seen fro* 
Fig 33 that in the one-dimensional case this depended on the magnitude 
of 2^ Jb. If this magnitude is sufficiently near to ^* a^ then the state 
tended toward the state of steady creep under the stress 2u. b (cf. also 
Fig. 8 ) . But if 3& Jb is sufficiently small, then the motion in the state 
space terminates on the boundary of the £ «* 0 region. 

Conclusions 

In this section we hare introduced (2.82) and (2.83) *» * fuirtaiMiifl 
representation for isetals. We bare stressed the fact that the inelastic 
state is composed in general of a number of scalars and even-rank irredcc-
ible tensors. We hare suggested tests that would produce information on 
the rank of these tensors. Finally, we discussed briefly testa aimed at 
partial determination of ĵ , and J L . 

Admittedly these discussions have been brief, and concrete considera
tions of Section 2.6 on the determination of the number dt s«ate Tarlables 
and the growth laws have not been generalised to the present ease* 
ever, we believe that an interested reader can establish a deeper 
neztlon between Sections 2.5 to 2.7 and this section. 

Certainly we have not been able to make any specific statements con* 
corning the representation of mechanical behavior of anstenitic steals* 
This is largely due to lack of experimental evidence of the types dis
cussed in this section. We amy, however, offer a preliminary guess as 
to what a representation for these materials may look like* Ws here a 
representation in mind which is suitable for the analysis of structures 
ttiat are subject to nonsteady loading (see Chap. k). In such a situation 
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we shall hare to tackle not only the question of representation of me
chanical bohavior but also the question of failure. 

We Bay choose to handle the failure question in the Banner *tf 
Kacbanov.7 This would involve the introduction of the state d of inter-
nal damage. In the work of Kachanov7 and Odqvist6 <i is taken to be a 
simple scalar. The total representation of isotherB&l behavior will 
then be of the form 

tr a = 3K tr c -

& =&(&> 2) + £' (2.108) 

£ = &(*> S) ; 

i=&»(*' s 5 d ) • 

Bote that in (2.106), £ does not influence the mechanical behavior, but 
it develops by Beans of the last equation. Bote also that invarlance 
reoairements similar to (2.83) Bust be added to (2.108). 

He believe that it would be possible to construct a simple but accu
rate enougfr representation by taking S as a second-rank traceless sym
metric tensor. In such a case the dependence of #. and jgg on o^ and £ 
will have the general form shown in (2.107)* Whether a 'farm, similar to 
(2.107) could be further simplified, say by the introduction of a poten
tial [cf. (2.99)], rfmiliiiT to be established. 
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3. INTEGRAL REPRE3EWEATI0RS OF MECHANICAL BEHAVIOR 

3.1 Introduction 

As we have seen in Section 2.1, the representation ox* mechanical 
behavior involves (in the setting of the uniaxial isothermal stressing) 
the mathematical description of an operator P that assigns, on the test 
interval [0, T], to, say, every continuous strain history «(T), a con
tinuous stress response O ( T ) : 

O(T) = P [ C ( T ) ] . (3.1) 

The operator P has the property of a causality (cf. Sect. 2.2), and it 
is assuaed that it is time independent in the sense of (2.3)* 

In Chapter 2 we discussed at length the differential equat5.cn rep
resentation of P by means of state variables. 

In this chapter we offer a critical reviev of integral representa
tions of P. To introduce this mode of representation and to establish 
its relationship to the results of Chapter 2, we reconsider briefly the 
Maxwell solid defined in Section 2.3. This solid accepts the state 
variable representation 

o =* Eq , 
(3.2) 

with the initial conditions 

q(0) = «(0) * 0 . (3.3) 
Nov for a given strain history «(T), we can integrate the growth 

law in (2.2) and use (3.3) to obtain 

o(t) = f E«5 f ̂ T^) * ( T ) d T * ( 3^> 

http://equat5.cn
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Equation (3.*0 ia said to be the integral representation of the Maxwell 
8olid. Tbis representation has the essential simplicity and attractive
ness that it provides a direct relationship between the inputs and out
puts of the problem with no recourse to an auxiliary variable such u q. 

Moreover, this .attractive feature of the representation persists 
even for more complicated solids. Indeed if the solid is such that the 
operator F is additive [in addition to being csusal, nonaging, and con
tinuous; namely, if two arbitrary strain histories «L(T) and 4J(T) give 
rise via F to O\(T) and O 8 ( T ) , respectively, then ^ ( T ) + a* (7) must 
produce OI(T) + ©^(T)], then F accepts the representation (cf* Christensetf 
and Gurtin and Sternberg*) 

o(t) * I E(t-x) I(T) dr , (3.5) 

where B(t), which is called the relaxation modulus, is once and for all 
fixed for a given Material. A solid that accepts the representation (3*5) 
is said to be linear viscoelastlc. We observe that for linear colids 
considered in Section 2.3, E(t) has the form 

n 
E ( t ) - 2>i ^ (*:) • 

Experimental determination of E(t) in a given linear solid is a 
well-studied problem (cf. Ferry 4 1; Kolsky 6 3) and will not be discussed 
here. 

3.2 Integra]. Representation of nonlinear 8ollda 

when the given solid is nonlinear, that is, when the operator F de
fining the solid doer not Save the property of additivity, the represen
tation (3*5) no longer holds-

We new look for an integral representation of a nonlinear solid (or 
equivalantly of the nonlinear operator F). We may start our search by 
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considering a much simpler but analogous situation, namely, the repre
sentation of the function 

y = f(x) , (3.6) 
where y and x are real numbers and x C [0, 1]. When f is linear, (3.6) 
has the simple representation 

y = ax , (3.7) 
where a is a constant. Note the formal similarity between the linear 
function (3.7) and the linear operator (3-5)• 

In the case where the function is : onlinear we have a variety of 
means for representing it. Among these we may mention Taylor's expan
sion, Weierstrass polynomials, Fourier series, splines (piecewise poly
nomial functions), etc. It would be reasonable to expect that each of 
these could be generalized to xhe present nonlinear operator F. It 
turns out, however, that only the first two representations could be 
generalized with relative ease to the prevent ease. 

We shall now discuss the generalisation of the Weierstrass expansion. 
The theorem of weierstrass asserts that a continuous Auction f (z) de
fined on a cl sed interval can be represented to any desired degree of 
accuracy by a polynomial: 

f(x) M fo • a,x ... a nx n • x € £0, 1] . (3-fi) 

This remtrkable result, which is different from Taylor's expansion [al
though when f (x) is smooth enough to possess derivatives of say desired 
oraer the two representations becone related], is of limited value in 
the vupr* aentation of functions that are continuous but are not macoth 
enough. For instance, if f(x) exhibits discontinuities in its first 
derivative, the degree of the approximating polynomial may become pro
hibitively large if higher accuracy is required in the representation 
(3.8) (see Ref. 25). Another drawback of (5*8) is the lack of useful 
algorithms for determining n od the constants a. when the values of 
f U ) are available at m locations* To be snre in such a ease, one can 
use Lagra&ge's interpolation polynomial (Ref* $*t# p. 86); but. if no 
estimates of higher derivatives of f (x) are available or if these 
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derivative* do not exist, one cannot judge the resulting degree of approxi
mation a priori, and in fact it is known that by increasing the uumber 
of data points one aay deteriorate the ttjpruxiaation. We may note in 
passing that Fourier series and spline approximations do sot suffer from 
•any of these drt&b&cks. 

The generalisation of (3-8) to the type of operators considered here 
is due to Frechet.55 A more abstract formulation of the representation 
question is known as the Stone-Melerstrass theorem (Ref • 56, p. 157)* 

Frechet's result takes the following particular form for the opera
tor considered here. If the input*, namely, the continuous functions 
C(T) defined on [0, T] which are of interest here, constitute a coMg*£^ 
set (Ref, 56, p. 110), a minor restriction as far as physical situations 
are considered, then the continuous nonaglng act causal operator F can 
be represented to any desired degree of accuracy by a sum of the type 

% t 

O ^0 

w As(t -n, t -r a) e(n) tCTt) ttx *ts • '• 

/ # " / ^tt-n# t-T t, — , t-T^) + 
^0 w0 

* « ( T X ) «(Y,) ••• ffo^) dT X dT t ••• dT^ ., (3-9) 

where ft* is a constant and a*. Kg, ..., K are continuous functions of 
their ftxguaents. 

It must be pointed out that in the derivation of (3*9) the Ueier-
stra*s sum (3*3) plays a central role (Coat, Ref. 25). Thus it is not 
surprising that (3*9) suffers from drawbacks stellar to the one discussed 
in connection with (3*8). For instance it is shown*7 that If one wish-
to use a sum of the typ« (3*9) to describe the classical clastic-plastic 
behavior discussed in Section 2*5« a prohibitively large number of terms 
is needed* 81nce. as shown before, creep of metals it so intimately 
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connected with plasticity of metals, ve expect that (3*9) would remain 
a cumbersome tool for the description of creep behrvior. However, Eq. 
(3.9) proves to be a useful representation for polymers in certain cir-
cumstftsc«s . 6 i 

Thus ve say try to Modify (3*9) to asks it sore suitable for the 
description of creeplike behavior. A broad class of modified integral 
representations that say be of help here is the IJsmasrstsIn-Uryson suss. 
These suns have the typical forms 

% t t 
/ M t - O f[«(T)] dr + I J r #(t-n, t-T t) 

* g[«(n)] SE«(TS)3 * I # **« • ••• (3.K*) 
or 

Jb jt t 
J K^t-T, f[s(T)]( dT • j I 

O w9 

* *jft - n# t - T „ tftfa)], g[«(Tt)j| 
x dfj dT, • ..., (3*10b) 

where the functions K., t, g , etc., are ssumwt to be known. A major 
advantage of these forms is the appearance of nonlinaaritgr la the first 
hereditary integrals> vhich leads us to aspect that a given operator F 
could be represented by a few terms in (3*10a) or (3*10b). Obviously 
each sum of the abova type defines a nonlinear operator F[S(T)3. Bat 
whether a given operator F could be represented conveninetly by one of 
the expressions in (3*10) Is not an easy question to answer. A dif
ficulty that persists is that of the lack of algorithms for determining 
the functions &*,&«, ... and t, g fro* the given snpsrliuntil 1j observed 
input-output pairs I M T ) ; a A T ) ) . 

The sums of the type (3*10) have also attracted attention of workers 
in mechanics. Bernstein, Kcarsley, and Zaps**9 and Findley and co
workers,*0 » A 1 considered representations based on the first term in (3.10a) 
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or in (3*10b). Relative success of these representations led Pipkin and 
Rogers 9 8 to introduce a representation essentially of the type (3.10b) 
that could be constrcated by the direct use of certain experimental re
sults. This •sans that the Pipkin and Rogers representation has its 
own algorltha, which is very cosaendable. This representation is dis
cussed further below. 

3*3 The Pipkin-Boners Representation 

It will be convenient for later purposes of comparison to exchange 
the roles of inputs and outputs and to consider the stress histories 
as Inputs and the strain histories as outputs. 

To introduce the first tera in the Pipkin-Rogers representation^ we 
consider a creep experiment with the stress bitfeory 

oft) • 0 when t < T 
o(t) « c - const, when t > T 

and nith the corresponding strain response s(t). For a given •aterial 
the strain at tiae t (t > T ) would be a function of the constant stress 
intensity o and the tine t — T that elapsed since the application of 
the stress a: 

«(t) - M o ; t - t ) . (3.11) 

For reasons given below it is teaptlng to offer the following rela-
tionsliip* as a first approximation to the operator F[O(T)], which char
acterises the •echanical behavior of the given tolid: 

*<*) - I !CT M * ) ; * - *3 *(T) dT , (3.12) 
/ 

*For discontlnuoos stress histories, (3.12) must be interpreted 
AS a Stleltjes integral. 
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where Rj, has the Meaning of (3.11). The reasons for offering (3*12) ** 
an approximation to F [ O ( T ) ] are as follows* First, we see that if F is 
linear, then (3*12) ia the correct representation. This assertion fol
lows from the observation that for linear solids 

F* - o • J(t - T ) , (3.i3) 

where J ( t ) is the creep compliance. B&f Introducing (3.13) into (3.12) 
we find 

«<t) - J J(t - T) Hr) dr , (3.1*) 
o / 

which proves the assertion [of. (3.5)]. 
On the other hand, a nonlinear Material of the Soderberg type [ef • 

(2.26) and (3*12)] is also an exact representation, since for tbis Mate
rial we hare from (2.26) 

M ° ; t - T] « § + f (o) (t - T) , (3.15) 

which when combined with (3*12) gives, upon integration by parts, 

*(t)«4*l+ ffWT))dT, 
/ 

E 
•'o 

which is nothing but the integrated font of (£.26). 
It is found that even for nonlinear polymers, (3*12) rtoes not con

stitute an entirely satisfactory representation*8 in spite of its com
plete success for linear materials and for the Scterbarg malarial, lie 
shall see that (3*12) is not satisfactory for creeping metals in general. 
Of course for simple creep tests, (3*12) is ssact for any material since 
for such tests (3*12) becomes (3*11) upon integration. 

Pipkin and Rogers 6 9 propose in Inpi wfsmeiit to (3.12) that has it? 
genesis in the last renai* above. They propose that we consider the 
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stress histories of the type 

(0 0 < t < Tx 

o = loi when T X < t < T t , (3-l£) 

(°s T, < --

where o\ and o» are constants* 
The representation (3*12) would produce for the above history, the 

strain «i(t), t > T 8 , 

«i(t) « Ri(oi; t - T X ) + M o » ; t - T a ) - M o j ; * - T , ) . (3*17) 

Hour if c(t) denotes the ictual strain response to the stress history 
(3.16), re would expect that for an arbitrary solid 

«(t)-«i(t) 4 0 ; 
otherwise (3*12) would be valid for any solid. 

Moreover, for a given solid the above difference would depend upon 
Oi, Og; t — TI, t — T 8 . which leads us to introduce 

«(t)-«i(t) « H,(0i, t - T X ; o». t - T t ) . (3.1B) 

Bote that by definitions of Ri and Rg we have 

R, = 0 when ^ » c, or when oi * 0 . (3*19) 

We would expect in addition that 

R, -* 0 as Tj. -• T t (3-20) 

for materials that behave elastlcally under fast straining or stressing 
(cf. Sect. 2.3). However, (3*20) would not hold for a classical elastic-
plastic solid. 

For purposes of symmetry we can extend the range of the function R» 
by insisting that 

R(Oi, t - T X ; o,; t - T t ) - R(o», t - T 8 ; 01, t - T % ) . (3-21) 
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Row, Pipkin and Rogers introduce the following expression as a sec
ond $$roxtaation to the operator F [ O ( T ) ] : 

x [efn), t - T,; O ( T S ) , t - T, 3 *(n) W T « ) d*i *r t . (3.22) 

It can be shown by using (3.19) and (3-2i> that the 
is *xact whenever the stress history is ccsposed of, at Most, two steps* 

It should now be clear as to how the representation (3*22) could be 
further improved by considering stress histories ;oapoted of three steps, 

0 0 < t < n 

when 
TS 

< t < 

< t < 

°c U < t 
• 

o(t) « J when , (3.33) 

and by introducing the function Sg - «(t) - %(t)« This procedure Mold 
be continued to arrive at the general f o n of the Pipldjr-fioffer* 

/ 
*Jfr) - / s r l f f W, t - T] *(T) dT • ••> 

WTI), t-Tj; *(*,), t - T t , •••] 

* « n ) AT,) ••• at^) d n — 4r n . (3»2*>) 

?cr a given Kxerial, (3*2*0 s«y be considered to be a successful and 
vr&ctable representation if for all tests of interest the difference 
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«(t) - t n ( t ) 

is sufficiently snail far acme n, 2 or 3. 

3* Amplication of (3*2*0 to Craap of Metals 

We wish now to show that the representation (3*2**) with n • 1 or 
2 provides a poor description of creep of a large class of metals. We 
shall further assert that the use of higher n does not provide a reasily. 

For this purpose consider a three-step tert (3.23) with 

ox - sg cu - 0; ̂  - o (3-25) 

and t^e resulting strain response s(t). In Pig. U we hare Shown the 
results of such a test for Al 1100. we shall now caapare v&ese experl-
Beatal results with the predict ions of (3.$t}» 

He find that in the presence of (3.25), (3.2ft) vith n « 1 yields 

Uk(o, t - T X ) n < t < t a 

%lt)-/*U*, t - T * ) - M o , t - T t ) whan T« < t < r» (3.26) 
hk(o, t-n) •*(•» t-T,) 
v - M o , t-T t) T,< t , 

where R| (o, t - TX ) i s by definition the creep strain developed at time 
t under t?<e 9trt»» a applied at tine n . With this observation and by 
(3.2S), i t beccBes clear that ^ (t) has the form shown in Pig. 39 for 
the particular teat eonaidaratt above* We aaa that ^ ( t ) coincides with 
tb* actual response when t < x t but differs from i t in an essential way 
for t > T t . 

Mow we consider the case of.' n • 2. We have b definition «(t) - €,(t) 
for t < T|. For t > T t, hotever, «*(t), namely (3.2a) with n - 2, be
comes, in view of the fact that ô  • a* • a and o, • 0, 

**(t) « Ri(o, t - n ) - % ( o , t - t t ) +\(Q, t - T t ) 

• fcjfo *. - T|; 0, t - t t ) • IVi(o, t - T » ; 0, t - t a ) 

-P^(o, t - n ; 0, t - t t ) (3.27) 
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for f t < t . On the other bend, by definition, 

**(*>> t - n ; 0, t - T « ) - « ( t ) - M o , t - n ) •%(<% t - - r § ) , 

where «(t) is the aeesured strain response for t > T, to the tvo-etep 
stress history (3«l6) with ofc • n and o, «• 0. 

Since for the nmterisa of interest (of. Fig. 39) 

tft) m *t(e, T g - T X ) - f for t > T t , 
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we have 

3a(o, t - T X ; 0, t - T 8 ) *, Rx(c, T 8 - T X ) 

-M<J, t - T X ) + Rx(a, t - T § ) - | . 

Using the last result repeatedly in (3*27) we obtain for the stress his
tory (3*25) and for the material of interest 

«<(t) w ^ ( o , t - T X ) - M ° , t - T a ) +Rx(o, t - T 3 ) 

- f + »i(^ U - n ) -Rifo t-Tx) +%(a, t - r F ) 

+ M°> T» -T a) -RX(o, t~T a) + Rj(o, t-T a) 

- CM*, T, -Tx) -1^(0, T -Tx) +Rl(o, t-T 3)] 

for Tt < t and, finally, 

«*(*** « i ( t ) - | + Ri(o, T , - T X ) 

+ Bt(o, T a - T t ) - Bi[a, T , - TX) . (3.26) 

In the case where T* — T X is large compared with the time over which 
primary creep occurs in a creep test, we have 

*i(o, *s - T X ) « a + b(Tt - T X ) , (3.29) 

where e is the intercept of the asymptote of the creep curvs and b is its 
slope. In the present experiment T 3 - T t, TJ - T»* end T a — T X are 
large, so the?; (3.29) and similar relations for R(c, T S - T 8 ) and 
R(o, T a - Tx) are valid (Fig. 39). Using these we obtain from (3*29): 

•a(t) - «j(t) - | + a when t > T a . 

In Pig. 39, *i(t) and tj(t) are shown together with the actual 
strain response c(t). We see that both «j(t) and €,(t) (t > T S ) differ 
from the actual strain response c(t) in a fundamental way. Whereas t(t) 
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has a mild curvature for t > T 3 > «i(t) and €g(t) have the curvature of 
the initial creep curve. 

Now the question must be raised as to whether the situation would 
improve by using a representation with n = 3» In this case comparisons 
must be made with the experimental results involving stress histories 
with four steps. Such results were not available for Al 1100. However, 
a study of the representation of elastic-plastic solids by the Plpkir 
and Pogers method shows that the difficulties of the type shown in Fig* 
39 must persist even when n > 3* Thus we conclude that the representa
tion (3*2*0 must be used with extreme caution (if at all) for metals. 
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k. ANALYSIS OF STRUCTURES IN THE PRESENCE OF CREEP 

4.1 Introduction 

We consider a structure such as a truss, frame, or shell or a com
posite of these that is subjeot3d to time-dependent loads in the pres
ence of el*»Y*t2d t>jttperatures. For economy in material consumption or 
for other reasons, we wxy be forced to allow "high" stresses to develop 
in this struerure so chat creep deformation may be pre?*nt. 

We can ask two related questions about the integrity of such a 
structure: 

1. Will the deformation of the structure remain below prescribed 
limits daring its lifetime? 

2. Will an element of the structure fail due to causes such as 
fatigue, fracture, embrittlement, contamination, etc. 

To answer these question, a model of the proposed structure may be 
tested mder realistic conditions of loading and support. In certain 
{structures, such as nuclear reactors, the &jdel has to be almost as com
plicated as the actual structure if the testing is to be realistic enough 
to include radiation effects, etc. For this type of structure, the mathe
matical analysis oi the proposed structure may become a necessity. Even 
in more agreeable situations where realistic tests could be carried out 
with simpler models the analysis would be needed to achieve a better 
design. 

The question is therefore not "Why analyze structures?" but rather 
"How?"' For structures that are subject to creep the main problem is in 
the choice af relationships that describe the mechanical behavior of the 
structure. In the previous chapters we have discussed ways of construct
ing such relationships from sxper:jnents. It became clear in these dis
cussions that for a given material one could produce a hierarchy of such 
relationship.? • Of these the simpler ones would not be capable of rep
resenting every aspect of creep behavior. For instance, Soderberg*s law 
is quite satisfactory in the presence of steady stresses and at large 
times, but it could not predict any primary creep. 
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Thus the problem of the analyst is to choose among this hierarchy 
of relationships the on' that represents only those aspects of creep of 
importance with regard to the two questions raised above. It is hoped 
that the following remarks may be of help to the analyst in the fulfill
ment of this difficult task. 

k.2 Sturctures Subject to Steady Loads 

3htn a constant load is applied to a structure in 'uie presence of 
elevatec temperature, the structure responds to this load first in a 
purely elastic manner, but later the stress distribution changes gradually 
to the one that would be obtained by analyzing the structure using a 
steady creep lav, say t = co n or e. suitable generalization of it. This 
redistribution of stress is caused to a large degree by the geometry of 
structure, and, in statically indeterminate structures, it takes p}jace 
even in ehe absence of primary ere**?. In Fig. ko we show the displace
ment of a typical point of the structure as a function of time. Rote that 
point A of this diagram can be obtained by analyzing the structure elas-
tically. On the other hand, the slope of this curve could be obtained 
by analyzing the structure as if it were composed of a nonlinear viscous 
solid. It is, of course, desirable to calculate the quantity 6 shown in 

8 
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Fig. ho. Deflection-time relation fcr a typical point of a creeping 
structure. 
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Fig. i*0, which aeasures the displacement raused by the stress redistribu
tion. It is fortunate that in many cases 6 could be estimated by 3imple 
calculations. For a detailed discussion cf this and related questions 
the reader is referred to the work of Leckie and li-tin, s s Hoff,*4 and 
Calladine.*8 

It is to be noted that in the problem discussed above the stress in 
a given element of the structure will vary over the coarse of time. But 
ve expect, with justification, that this variation will be monotonic and 
slcv.* l&der these circumstances creep behavior of the material may be 
represented satisfactorily by one of the simpler laws; even the time* 
hardening lav may be appropriate for the description of this situation 
(Rabotnov,6 p. 200). 

4.3 Honsteac.y Loads 

When a structure capuble cf creep is subjected to nonsteady loads, 
the stress at a generic point t£ structure vill no lotiger be a monotonic 
function of time. Therefore the question arises as to whether the intri
cate aspects of creep behavior that were ebserved to occur under multi-
step loading programs (cf. Fig. U) should be considered in the analysis 
of structures subject to nonsteady loads. That, in general, the answer 
to this question would be affirmative can be seen from the fact that any 
tensile specimen under the action of a multistep loading program could 
be considered as a structure. To elaborate on th^s point, consider a 
structure subject to the periodic loading shown in Fig. kt. The analyst 
would ask whether a simple creep law, say that of Sbaerberg, would be 
appropriate to use in the analysis of this structure. In order to obtain 
a first answer to this question he may consider, if the structure is 
composed of steel, the tests conducted by Taira (Fig. 9) with tensile 
specimens of steel at U50°C. It wis pointed out that in the case where 
the ratio T/P is small the "deformation vs time under load" curve in such 
a test was considerably above the s^ple creep curve - Tbit observation 

*In this section we assume that inertia forces are negligible, 
and therefore dynamic effects will not be considered. 
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Fig. 1*1. A periodically varying load (moment% that may be applied 
to a typical point of a creeping structure. 

implies that a staple creep lav that is not capable of representing the 
softening effect discussed in Section 2,k would seriously underestimate 
total deformations of the test specimen when the ratio r/p is much less 
than 1. If this is the state of aff&lrs for the tensile specimen, which 
i« a simple structure, then it would be prudent tc expect that similar 
effects would be observed in more coeplicated structures such as trusses. 

We know, of course, that in statically indeterminate structures 
interna] stresses that develop upon unloading *oay give rise to an over
all behavior for ths structure that is more complicated than the individ
ual behavior of its elements. The shakedown phenomenon, which was first 
discovered in the context of elastic-ideally plastic structures, could 
be used to illustrate the above point. It was shown by Melan 6 6 that 
for an elastic-plastic structure subject to a loading history of the type 
shown in Fig. ^1, the critical load intensity is not the limit load P. • 
It may be recalled that P_ is the load at which the given structure would 

I* 
lose its load-carrying capacity under monotonlcally increasing loads. 
When the loading history is of the type shown in Fig. Ul, the shakedown 
load P g, which in general is less than P.., becomes a measure of the 
load-carrying capacity of the structure. It is known that when the maxi
mum load ?m&x is less than P g the structure may suffer plastic deforma
tion in the early stages of loading but later would settle to purely 
elastic behavior. But when P 0 < P m < P T, plastic defornation will 

» max h 
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occur within the structure during each c.fcle of loading. Often these 
plastic deformations ^ive rise to an incr*%ase of the total maximum de
formation after each cycle of loading, and that leads to "incremental 
collapse." Even when incremental collapse does not take place, the 
structure would fail after a number of cycles due to "gross fatigue" 
caused by plastic deformation of some of its elements, tnese deformations 
taking place periodically in alternating directions. As an example of 
the shakedown phenomenon, consider the bending of a beam of T section 
(Armstrong and Townley*7 ) . The bending scsent has been varied over the 
course of time in the manner of Fig. fcl. The corresponding bending 
moment vs curvature behavior is shown in Figs. k2 and U3 for various 
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Fig. 42. Moment curvature behavior for T — Section beam, M i u a x < Mg 
(Armstrong and Townley 6 7). 
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levels of maximum bending moment. We see that when M < M„ the be-
^* max S 

havior is as shown in Fig. U2; after a f»w cycles elastic behavior ensues. 
But when M = M_, each cycle adds to the growth of permanent curvature 
(Fig. 1*3). 

It has been recognized recently that it would be highly desirable 
to perform shakedown analysis in the J-ssign of pressure vessels (Townley,6* 
Proctor and Flinders,69 Lsckie, 7 0 and Bree''1) 

It would be interesting and desirable to consider the shakedown ques
tion for creeping structures. Bree 7 1 was among the first who studied 
the effect of creep deformations on the shakedown of structures. Recently, 
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Leckie and Poster have considered the same problem in a series of 
papers. It is important tc note that in all this work simple creep laws 
are used to describe the mechanical behavior of individual elements of 
the structure. It is not known at present how a phenomenon such as 
creep recovery (which is not represented by simple creep laws) would 
affect the shakedown behavior of structures. 

It may be useful at this stage to review briefly the mathematical 
aspects of the analysis of creeping structures. Frost a ss&hesatic&l 
point of view, a creeping structure can be analyzed as follows: when 
a structure is subjected to loading the stats point of each element will 
move in the state spac» of the elea m 4 ' . These irotions will be governed 
by aii equation of the type (2.1+2) and will be initiated and controlled 
by the strain of the element. The stress in an element will be the end 
result of this motion [cf. (2.1*2)]. On the other hand, throughout this 
structure the strain distribution must be compatible and the stress dis
tribution ViUSt satisfy equilibrium. Thus we see that the analysis of the 
structure involves the problem of meeting the requirements of compati
bility, equilibrium, and the growth laws ( 2 . k 2 ) . 

We now show that this problem co/>ld be solved stepwise. At a given 
instant the rate of stress at a given element may be found by a combina
tion of the first and second equations in (2.1+2): 

<*= 2[gi(<Ij) +h l(q j)i] . (4.1) 

flow suppose that at the instant of interest one knows £ throughout the 
structure. Equation (h.l) then becomes, with hi = 1, 

a = Ee + B , (k.2) 

where the distribution of E and B throughout the structure is known. Now 
6 must satisfy the equation of equilibrium, and c must be derivable from 
the velocity distribution v(x) by some kinematical relationship. Thus 
the determination of the distributions of a(x) and v(x) would require, 
in view of (^.2), the solution of a problem of elasticity where certain 
spatial derivatives of B would play the role of a body force. Once this 
"elastic" problem is solved, we would know c at each element of the 
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structure and therefore could determine q. by the grovtb lav. With the 
help of these calculated values of q,* we can compute q. an instant later 
and repeat the above rtep once more, ei.c. Note that this step-by-step 
procedure could be started conveniently at t = 0, since each element 
of the structure would be at its known virgin state at this tine. 

The above remarks indicate that the analysis of creeping structures 
reduces to the solution or a series of "elastic" problems. As we know, 
this pi Dcedure could be carried out osnerlcally with the help of a 
computer. We must stress here the computational advantage of the state 
variable representation. The procedure described above requires only 
the knowledge of the updated values of the state variables at each stage 
of computation. Whereas, if an integral representation is used, the 
computation of B in (U.£) require- the knowledge of the entire strain 
history for each element of the stricture. This is, of course, a heavy 
burden on the memory of the computer. 

The results of such an analysis would enable us to answer the two 
questions raised at the beginning of this chapter. In particular, we 
would learn from these results the motion of the state point of each 
element in its state space. If for the loading history considered the 
state pojjxt of each element remains within a prescribed hounded region 
containing tlie origin, we could say that the structure would not fail. 
This is especially true if some of the state variable* measure the amount 
of the internal damage that has taken place within the element. If for 
ss element these particular variables keep en growing during a loading 
process, the indication wou'jd be that the structure could fail by the 
"fracture*1 of this element. 

At this point one she old raise the question as to whether this 
vital information on the happenings in the state 3pace of elements could 
be obtained without the benefit of a laborious, detailed numerical solu
tion. 

This is a legitimate question since we know that for elastic-plastic 
structures, bounds for the critical loads P and P 0 could be found with 
relative ease without detailed analysis. 
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In fact Leckie • has suggested that for creeping structures P T and 

ponential [cf. (l.fc)]. This is probably **n oversimplification, and the 
arguments leading to the suggestion of Leckie is bas«d on a simple creep 
lav (for a furth«i discussion of Leckie's work see Ref • 73)* Hsvertbe-
lass the need is obvious for the development cf methods for obtaining 
bounds on the deformations of a creeping structure and also on the motions 
of the state points in the individual state spaces of the element. The 
work of W I I I I M B and Leckie/ 4 Pouter/ 6 and Martin and Williams'* con
stitute a first step in this direction. It is hoped that the future 
work -*n this area will be based on a Rare realistic description of 
mechanical behavior (cf • Se«rt. 2.5). Moreover, it is hoped that in future 
work use could be mude of the modern results concerning the vibrations 
and stability of nonlinear systems (Hahn 7 7). 
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