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INTRODUCTION 

The difficulty of obtaining an exact analytical solution 

to the equations for the slowing down of neutrons has lead to 

a number of approximate solutions to the problem. Historically, 

the narrow resonance (NR) and wide resonance (WR) approximations 

were the initial attempts at approximate analytical solutions. 

Improvements to these first approximations were later made (!) 
by iterating them in the basic integral equation. 

The choice between these limiting approximations has been 

to some extent arbitrary. In some cases a choice is actually 

difficult to make. To overcome these difficult;ies, the inter

mediate resonance (IR) approximation was born ~) . Here, a 

parameter which characterizes all intermediate situations, in

cluding the limiting NR and WR extremes, is introduced. Analytic 

approximation techniques such as a variational principle or 

successive approximation are employed in order to determine the 

value of the parameter for each particular situation. Once the 

formulae for the intermediate parameter have been obtained, one 

need no longer guess as to whether a resonance is wide or nar

row. 

Just as the wide resonance approximation originally ap

peared to be the most appropriate to treat the important low 

energy resonances in heavy absorbers, the narrow resonance ap

proximation has been mo~t useful in treating thP. moderator 

~c:attering. However, for. these same low energy wide resonances, 

it now appears that the NR approach is not always an accurate 

characterization of the moderator scattering. 

The ultimate generalization of the IR approach is to in

troduce parameters for all scattering species present in the 



system. One then solves a coupled set of equations for the 

parameters in terms of the characteristics of the system. 

This approach has yielded results for homogeneous systems 

which are in excellent agreement with numerical solutions 

to the equations (!,4). 
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The extension of the IR formulation to non-zero tempera

tures may be accomplished by the use of the zero temperature 

parameters in a temperature dependent resonance integral formu

l~tion. The valiqity of such an approach has been borne out by 

numerical calculations t1,1) . 
For nonhomogeneous systems, the spatial complications can 

be avoided by the use of certain "equivalence relationships" (£). 

However, accompanying these simplifications are additional ap

proximations necessary for the equivalence to apply. The treat

ment of the scattering by the moderator outside the absorbing 

lump is slightly more complicated. Again the standard NR treat

ment may be inaccurate. Furthermore, for certain systems the 

removal of this approximation is quite important. A first ap

proximation may be obtained by assuming spatially flat fluxes; 

the outside moderator scattering is then easily treated in ·Lhe 

IR approach (2) . But the resulting equations show that equiva

lence in the standard sense does not hold. 

THE IR APPROXIMATION 

Consider, initially, the case of a space- and time-depen

deflt system consisting of a homogeneous mixture of a resonance 

absorber and a non-absorbing moderator at zero temperature. 

We neglect the interference between the resonance and poten

tial scattering of the absorber and assume that the resonance 

is far enough below all sources and other resonances that the 

flux has achieved its asymptotic form before entering the re

sonance region of interest. The asymptotic flux per unit 
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lethargy above the resonance is normalized to unity. 

lim '!'(u) = 1 ( 1) 
U -+ -CD 

If we characterize the slowing down due to the moderator 

in an NR approximation, then the major contribution to the 

resonance flux from moderator scatterings comes from off

resonance, where '!' is unity. Let K denote the moderator 
m 

slowing down operator; then in the NR approximation 

I
u -(u-u') 

du 1 e '!'(u') 
1-a 

u-~ m 
K a 'l' = a 

m m m NR 
(j 

m 
(2) 

where a is the constant moderator scattering per absorber 
m 

atom. 

We write the balance equation between removals due to 

absorptions and scatterings out of a lethargy interval and 

sources due to scatte-ring into the interval. The result is 

an inhomogeneous integral equation in which a acts like a 
m 

source. 

or 

(a + a) 'l' = a + Ka '1' m m s 

H'l-' = a m 
where H = a + a -Ka m s 

(3) 

(4) 

Here, K is the absorber slowing down operator, a is the total s -
scattering (resonance plus potential) of the absorber and a = 
0 + (j a s 

If one is primarily interested in a weighted average of 

the unknown flux, such as a resonance integral, then a varia

tional principle is a particularly convenient method for ob

taining such an averngP.. 



Consider the adjoint problem 

+ 
H p =a 

a 

and define the scalar product 

(a , 'l') ..; I a 'l' du • a a 
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(5) 

(6) 

The functional F below (among others) has the property of 

being stationary about the resonance integral (6) of interest. 

F('l',p) = (a ,'!'} + (p,a } - {p,H'l') a m (7) 

In practical terms this means that calculations of the reso

nance integral will be accurate to second order when the so

lutions to Eqs. {4) and (5} are known only to first order. Of 

course, the better the trial functions that are used in (7) 

represent the real solution, the better will be the results 

for the resonance integral. The remaining question then is 

to determine appropriate trial functions. 

For this purpose we examine the basic equation (4) (in 

particular, the absorber slowing down integral) in some limit

ing cases. In the absorber NR limit the assumption is that 

the resonance is so narrow that the main contribution to the 

resonance integral comes from slowing down from far above the 

resonance. Here, a = a (a is the constant potential scat-
s p p 

tering of the absorber) and 'l' = 1. Thus, if in the absorber 

slowing down term 

Kas'l' = Ju du 1 

u-,6 

-(u-u•) 
e 

1-a 
a (u') 'l'(u•) 

s 
1 

t::, = tn -
a 

(8) 

we replace a w by a , the result is Ka 'l' - a , since the 
s p s NR p 

remaining integral is unity. In the WR limit, the resonance 
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is taken to be so wide that cr ~ is assumed to be slowly vary
s 

-{u-u'} 
ing with respect to e over the integration range ~ . 

Therefore, we may remove a ~ from the integration to obtain 
s 

Kcr ~- cr (u)~(u). We write, consequently, 
s WR s 

Kcr ~ = Acr + {1-A)cr ~ . s p s 
(9) 

The parameter A characterizes the slowing down operator K for 

the absorber. In the one extreme, A = 0, we have the WR result, 

and in the other extreme, A = 1, we have the NR result. Sub

stituting {9) into {3) , we obtain 

cr + cr + Acr m a s 
(10) 

as the trial function which gives the correct limiting solutions 

to the basic equation {3} for A = 0 or 1. 

Using a similar approach for the adjoint problem, on.e may 

then proceed to u::;t: ·the vuriational print:'i pl P. to determine the 

intermediate parameters and thence the resonance integrals of 

interest. The solutions for the parameters thus characterize 

all situaLions int.ermcdiate between t.he narrow and wide reso-

nance extremes. 

Another convenient method for finding approximate solu

tions to Eq. {3) is the iterative approach. By iterating on 

loweL· order solutions, one obta i.ns higher order solutions to 

the integral equation 

~ (n+l) = 1 ( cr 
cr +cr \. m 

:m 
). ( 11) 

The convergence of this equation means that the result is 

eventually independent of the initial trial function. However, 
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as the iterated integrals in Eq. {11} become increasingly com

plex, the formal approach of continued iteration is not neces

sarily the most practical. We avoid this problem by using the 

trial function {10) in Eq. (11) to calculate the iterate o/A {2). 

Then by evaluating the first and second order resonance integrals 

as functions of A , we determine A by requiring that these suc

cessive iterates be equal. The basis for this approximation 

is that it is a necessary {though, of course, not sufficient) 

condition for an exact solution to Eq. (11) • Once one has the 

A from this successive approximation approach, the resonance 

integral may be calculated directly from Eq. (6) . 

It turns out that the successive approximation approach 

gives analytic results which are somewhat simpler in form than 

the variational results; yet the numerical results of the two 

methods seem to agree quite well. One of the reasons for the 

good numerical agreement between the iterative procedure and 

the perhaps more mathematically sound variational principle, is 

the good ch0i~e of initial trial functions that was made. This 

is borne out by the mathematical investigation given in refer

ence {8) . 

Having established the IR method for the absorber scat

tering, the next logical step would be to apply the same pro

cedure to the moderator scattering. By introducing a parameter 

~ to represent the moderator slowing down, we have 

K a '¥ = ~o + (1-~) a '¥ • m m m m 
{ 12) 

Using this as the moderator scattering source in Eq. {3), in• 

stead of a , we obtain 
m 

'Y 1tA = 
~am + Aa p 

1-tam + rr + )v:; a s 
(13) 

By iterating on this first order solution one now obtains a 

pair of coupled equations for the IR parameters ~ and A in 

terms of the resonance characteristics. These equations may 
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be solved easily by numerical iteration (l) . The method may 
• 

be generalized to the case of several scatterers and ab-

sorbers. 

The IR method,may also be used for the temperature depen

dent case. Numerical calculations (4,~) have revealed that good 

results may be obtained with the use of the zero-temperature in

termediate parameters. By use of these, the Doppler-broadened 

resonance integrals may be written in terms of tabulated J-func

tions as 

(14) 

where 

(15) 

In Eq. (14) the temperature dependent quantity 8 and the inte

gral J are as defined in reference (2) , except that the ~ there 

(which equals our y
11

-the NR case) is to be replaced by the more 

general y~A for the IR case. 

Although good values for Doppler-broadened resonance inte

grals may be obtained in this fashion, the theory of temperature 

dependence used here is probably too simple to give very accurate 

values for the Doppler coefficients. A generally more rigorous 

approa·ch would require the use of the temperature dependent in

termediate parameters and this would probably entail a semi

analytic or numerical solution to the temperature dependent 

equations. 
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NONHOMOGENEOUS SYSTEMS 

The extension of the IR formulation to nonhomogeneous 

systems requires the consideration of the spatially dependent 

slowing down.equations. Consider the integral form of the 

transport equation under the assumption of isotropic scattering 

in the laboratory system: 

P
0

(i!,u) = L d;:'P(;:•~;:;u) J du' .o(0 (;:',u'l[l:mKm(u'~u) + l:
5

(u')K
0

(u'-u) J 
0 

+ L dr'P(r'~r;u{du' p1 ('i'' ,u') ,;1K
1 
(u'~u) (16) 

1 

where K{u'-u) is the probability that a neutron with lethargy 

u• will be slowed down into lethargy u within du, P(r'-r;u) is 

the probability that a neutron which is scattered isotropically 

at r 1 into lethargy u will reach the point ~ without an inter

VP.ninq collision, and the subscripts o,l and m correspond to 

the absorbing lump, the non-absorbing moderator outside the lump 

and the moderator admixed with the absorber, respectively. 

There is a similar equation for the moderator flux and the 

fluxes are normalized to unity far above the resonance. 

lim 
u- -co 

~ . = 1 o,l 
(17) 

Equation (16) simplifies considerably in the NR and WR 

limits. By writing the l~miting equations in terms of the in

termediate parameters ~ , A and ~ for the admixed moderator, 

absorber and outside moderator, respectively, we obtain 



p (~, u) 
0 

- ..... = IJ.P (r,u) + 
0 

10 

x..E + A.E m p ..... 
{1-P (r,u)) 

.E 0 
0 

+ [ (l-•)Ern+(l-A)E
6

(u) lJ: d;'~0 (;',u)P(;,~;,u)+(l-~)E1 J:d;'~1 (;'u)• 
0 1 

•P(r'-r:u), (18) 

.... 
where P (r,u) is the probability of escape from the lump for a 

0 . .... 
unit isotropic source of lethargy u at the po1nt r

1
and t = 

0 

.E + .E + .E • a s m 
D.efining the volume averaged flux and escape 

probability for the lump as 

:; 1 J: ... ..L .... - 1 J: .... -p (u) = -- dr p (r,u) and P (u) = V-- dr P (r,u) 
0 v 0 0 0 . 

0 0 

(19) 

0 0 

and averaging Eq~ (18) over the lump, we obtain 

[ cr (u)+x.cr + Acr (u)J ~ =~a P + (x.cr + Acr) (1-P) a m s o o o m p o 
(20) 

where 

crm = .En/N
0 

, cr 1 = .E1v1/N
0

V
0 

and 

M. = v.!...J: dr ~- (r,u)P. (r;u) for i equal to o or 1. (21) 
1 . 1 1 

1 . 
1 

The corresponding equation for the volume averaged modera

tor flux ~l is 

= 

(22) 
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We substitute Eq. (22) into Eq. (20) to eliminate the integrals 

M. and making use of the reciprocity theorem in the form 
1 

(cr + J.tcr + 'Acr ) I> = J.tcr + 'Acrp + iicr 1 ( 1-~1 ) a m . s o m 
(23) 

Equations {20) and {23) now form our basic equations. Note that 

thus far no spatial approximation has been made. 

If we assume that the flux in the lump and the moderator 
-

is spatially flat (~. = ~.), then the integrals M. become ¢.P. 
1 1 1 1 1 

and the equations simplify. In addition we approximate the 

average escape probability P by the rational form 
0 

- s 
p = 

o s+cr 
0 

(24) 

where s = a{l-C)/N t , C is the Dancoff factor for the lattice 
0 0 

and t is the mean chord length of the lump, modified by the 
0 

factor a to bring {24) in better agreement with the exact es-

cape probability. With these approximations applied to Eqs. 

(20) and (23) ' the average lump 

1{0" + 'Acr + lJ,S 
,5 (u) 

m p 
= 

0 J.tcr + cr + 'Acr + lJ,S m a s 

where 
cr 

= 1 + 0 
J.tcr + 'Acr + IJ.S 

m p 

lJ, = • 

flux becomes 

1 + 
2 

X 
= 

f3KAlJ, 
2 

+ X 

I + Af' -'Y n 
and 

r 

2 X = ~ {E-E ) r . r 

(25) 

(26) 

(27) 
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If one proceeds by equating successive orders of resonance 

integrals as a means of determining the IR parameters, then they 

are solutions to the following coupled set of equations: 

J{ = 1 - X (m) 
J{AJ..L 

A = 1 - X 
(o) 

J{AJ..L 

J..L 1 - X 
( 1) 

= J{AJ..L 

where 

( i) 
X 

J{f.J..L 

-1 
tan 

2E (1-a..) 
r l. 

and 

. 

(28) 

(29) 

The superscript i in Eq. (29) stands for o,l or m and corres

ponds to the absorber, outside moderator or admixed moderator, 

respectively. Only the a.. in Eq. (29) changes and it should 
l. 

correspond to the appropriate scattering species. 

The resonance integral is given by 

I (o) 
I = 

J{AJ..L f3J{AJ..L 
(JU) 

where I(o) is the infinite dilution resonance integral. 

To be consistent, the standard NR calculation of the Dan-

coff factor C should be modified to account for the fact that 

J..LL.
1 

gives the effective scattering of the outside moderator. 

In order to keep the model simple, C is chosen as a function 

of the effective removal scattering of the outside moderato·r 

through the parameter J..L· 
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The IR approximation has been appli~d to all scattering 

species in the system in Eqs. (28)~(30). Calculations have 

been carried out with these equations (2) and they are in good 

agreement with numerical methods. In a number of cases, the 

fact that the moderator is not treated in the NR approximation 

makes a considerable improvement in the results. 

Note that the third equation in (28) for the outside 

moderator parameter is different from the other two equations, 

since J.L occurs in it. Only if s, which represents the "effec

tive scattering of the lattice", equals 0
1

, which is the volume 

weighted outside moderator scattering, does J.L = J.L, and then all 

three equations (28) have the same form. In this special case, 

admixing a fictitious moderator of cross section s homogeneously 

with an absorber (CJ ) and moderator (CJ ) would result in the a m 
same equations as (28). In this sense, there is an "equivalence" 

between the two systems. In general, however, equivalence does 

not exist. 

The spatial aspects of the above problem have been treated 

only in a first approximation. If one removes the flat-flux as

sumption, the equations become more complicated. One might, for 

example, use a spatial expansion for the fluxes and then evalu

ate the moments of the escape probabilities contained in the M. 
~ 

in Eq. (20) • These higher order IR approximations would represent 

a truer characterization of the spatially dependent slowing down 

problem. 
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