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Creep experiments on ceramic materials.are often done in bending to avoid

problems of gripping or buckling associ ated with tensile or compressive tests.

i Although·experimentally facile, bending tests do not lend themselves·easily

to exact calculations of strains and strain rates from experimentally

measured beam deflections and deflection rates.  In practice, strains and

strain rates are usually calculated from approximate geometrical.or elastic

relations.

For example, in the case of three point bending in which the total de-

flection is measured at the center of the beam (i.e., the load point), the

following approximate geometrical relations are commonly used:

4h                                            (1)E   rF y  Ky

4h                                            (2)E  = ..13,. 9   Kg

e  =  maximum strain in the outer fiber

6  =  strain rate in the outer fiber

y  =  measured deflection at the center of the beam

y  =· deflection rate at the center of·the beam

h  =  thickness of the beam

L  =  distance between.the support points.

In equations (1) and (2) the beam is assumed to have a constant.radius of.

curvature over its entire length. This situation is physically impossible

because the bending moment varies between LP (P is the applied load) at the

center and zero at the two support points.

Although three point bending tests are often performed, many investigators

use a four point bending configuration.  In this case, the ideal experimental
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procedure is one in which the deflection is „measured :at ·the center of the beam.

rel ati ve  to  the two loading points. Equations   (1)   and (2) apply -in  this

situation because the moment and, therefore, the radius of curvature of-the

beam are constant between the load.points.  However, the use of three probes

requi res larger specimens  than are usually available  in an experimental

situation and so deflection and deflection rates are commdnly measured at

the load points relative to the support points.  In this note, calculations

of strains and strain rates from deflection data obtained by measurements

at the load points are considered.  This problem was undertaken .initially

to see if there was some reason inherent in four point bending tests why

strain rates should decrease with increasing strain as has been observed in

several bending creep studies on oxides.
(1-5)

The following approximate elastic equations are commonly used to calcu-

late strains and:strain rates from measurements of deflections.and deflection

rates at the load points in four point bending creep tests:

6h                                           (3)
E      (L-a)(L+2a)

x K'x

2                              A   =K'x6h                                           (4)
(L-a)(L+2a)

x  =  deflection of the beam at·the load points relative to the

support points,

x  =  deflection rate at the load.points relative to the support

points,

a  =  distance between the load points,

Since these equations are derived  for the elastic deflection of beams,

there is an implied assumption that E:a a (G i s the stress). They should,

therefore,·be approximately valid for calculating strains and strain rates
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under,viscous creep (i.e., 2 a a) situations.

For nonviscous creep.(i.e., 2 a aN with N > 1) the situation will be

different. Because the moment varies from a constant value between the load

points to zero at the support points, the radius of curvature of the beam must

vary from a finite value at the load points·to infinity at·the·support points.

The  manner  in whi ch the radius of·curvature varies between these two locations

will depend on the value of the creep exponent (N).

It would be ideal to calculate strains and strain.rates based on the

actual geometry of the deformed beam.  However, the actual geometry of a

deformed specimen during a creep test cannot be determined easily.  Two

geometries exist, however, for which cal cul ations' can  be  made and which  will

bracket all possible bending configurations.  These are illustrated in

Figures 1 and 2.  They are, in the first case, the geometry described by a

perfect circle everywhere between the support pointsi and, in the second

case, one described by a perfect circle only between the load points and

straight elsewhere. The first geometry describes the physically unreal

condition in which the creep exponent is zero.  The second geometry corres-

ponds to a condition of a very large creep exponent (N).  Any real case will
(1,2)

lie between these two extremes.  In recent creep studies on polycrystalline

magnesium oxide the geometries of·the deformed beams were found to lie between

these two conditions.

For the case in which the beam is completely circular between the support

points, the following equations can be written from an inspection of

Figure 1.

z   r' - (y-x)                         (5)

z        / r' 2 - a2/4                                   (6)

t
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(7)
r'-Y = 4 r' 2-  L2/4

r'  =  r- h/2                                      (8)

Equations (5) - (8) can be solved for r.

r     r' + h/2     Y2 + L 2/4  + h/2                       (9)
2Y

The strain is

h=h    y             (10)
6                 2.F                                   y 2    +    hy   +    L 2/4

The strain rate is then

ds     =     f!&    .QI =
L2/4.- y2

E  dt  dy dt h   (y2 + L2/4 + hy)2   9 (11)

For small strains (y << L2/4) equations (10) and (11) are the same as

equations (1) and (2).  For deflections measured at the load points y can

be found in terms of x:from·equations (5), (6), and·(9).

x + a2/4x - L2/4x + / fx + a2/4x - L2/4x) 2 + L2Y                      2
(12)

Equation (12) can be combined with equation (10) to calculate strains

from measured deflections at the load points.  The strain rate in terms

of x-deflection is given by (13) and (14):

de   dl dx=.h L2/4 - y2
.dz O (13)E

-dy  dx dt (Y 2 + L 2 /4 + hy ) 2 dx -
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-                                                                 -

B-  =  1/2    1 + 1=2  _ -11 +  (x.+ a2/4x.. L2/4x)(1+L2/4x2 - a 2/4x2)
dx 4x2 4x2 4 (x + a2/4x -.L2/4x)2 + L2

-                                                           -

(14)

For the geometrical case in .which a perfect circle exists only be-

tween the load·points and the beam is·straight elsewhere, the following

equations can.be written from an inspection of Figure 2.

r,2  =  a2/4 +.(r' -·y+.x)2 (15)

R2     P 2 + r<2 (16)

P2     [(L = a)/212:+ x2 (17)

R2     (L/2)2 + (r'-y)2 (18)

By elimination of variables· r can be obtained in.terms of the x-deflection

leading to thefollowing equation for the strain.

h                     h                                     (19)E    YF =
4(1/4x2)[La-a 212 + a2 + h

The strain rate is

d5   dr: dx h     dr.
(20)E 37 32 3E = - FF 32 x

in which

dr = (1/1 6x 3)(La-a2)2
-                                                    (21)dx

4(1/16xa)(La-a2)·2 + a2/4

The strain rate is given by equation (22)
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h                  1                    (1/16x3)(La-a2)2E             -                                                                                                                                                                                       X
2'

(4(1/16x2)(La-a2)      +   a2/4  ·+   h/2)2        4(1/16X2)(La-a2)2   +   a,/4

(22)

The foregoing equations ignore subtleties such as the effect of

Poisson's ratio and the location of the line of no strain (assumed to be

in the center of the sample) and experimental difficulties such as indenta-

tion of the sample by the load and support points and slippage of the sample

at these points.  It is assumed that these effects are secondary.

To determine what the equations predict for E and E, specific calcula-

tions were performed assuming typical values for h, L and a.
(1,2)

h     0.191 cm

L     1.905 cm

a  =  L/2  =  0.95025 cm

Using these values  K'  (= · -   =     ) was·cal culated from equation 3. "Elastic"

strains based on this value are plotted in Figure 3 along with strains ob-

tained· from equations (10) and (12) and equation (19) as a function of

x-deflection.  The maximum error which can.occur at the 2% strain level

using the elastic approximation (equation 3) in the calculation of strain

from x-deflection is about 25%.  In real cases this error is lower.  It is

of interest that the strain.calculated from equation (3) lies between.the

values for the two limiting cases.

In Figure 4 strain rates which are based on these two geometrical

extremes are plotted using equations  (13) ·and (14) and equation (22).

The·function E/A is plotted against total x deflection.  6/x is a constant
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(0.316) in equation (4).  The actual value of the strain rate calculated

from either geometry decreases (if ·the deflection rate remains constant)

as strain increases.  For the completely circular geometry, the elastic

approximation progressively overestimates the strain rate by Significant

amounts as the ·strain increases.  For the partly circular geometry, the

elastic assumption underestimates the strain rate until about 6% strain

after which it progressively overestimates the strain rate.  Again, strain

rates calculated from the elastic approximation lie intermediate to the

two limiting geometries for strains under 6%.

At the 2% strain level in both cases 6/x has decayed·by about 7%.  Thus,

for small .strains the approximation  e a x, which is frequently used,
(1,2)

is quite reasonable.

Finally, it is noted that if the deflection rate,is experimentally

observed to decrease with increasing strain (time), then the strain rate

must decrease even more rapidly with time,  Therefore, an observed decay

in the strain rate with increasing strain is not peculiar to four

point bending itself, but it is a material related phenomenon.
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Figure 3 A Comparison of Strain Versus Deflection for the Elastic, Completely Circular
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