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ABSTRACT 

The mul t ip l ic i ty distribution at high energy in the multiperipheral 

3 
model for the <p theory is shown to be identical to the grand canonical 

ensemble distribution of a part icular one-dimensional gas wi th only repulsive 

forces, which can be decomposed into two-body, three-body and other mu l t i -

body forces. The specific form of these forces and the corresponding v i r ia l 

expansion of the gas system are discussed. 

An alternative systematic expansion method is developed, which is 

different from the v i r ia l series but appears to be of a greater practical value 

for this particular class of physical problems. 
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1. Introduction 

In this paper, we shall discuss the exact gas-analog problem in statistical 

mechanics that corresponds to the mul t ip l ic i ty distribution at high energy in the 

1 3 
multiperipheral model of Amati , Fubini and Stanghellini for the <p theory 
i 3 

(hereafter referred to either as the <p -mult iperipheral model, or simply as the 

multiperipheral model). The interaction Lagrangian is assumed to be 

( S D ^ m g * 3 (1) 

where <j> is a scalar f ie ld , m denotes its mass, and g is the dimensionless 

3 

coupling constant. In the <}> -mult iperipheral model, the two-body elastic scat

tering is given simply by the sum of a l l t-channel ladder diagrams; the corresponding 

absorptive parts give then the mul t ip l ic i ty distr ibution. Such a sum of ladder diagrams 

is of interest since as is wel l known, i t represents on the one hand the sum of al l 

3 " leading" diagrams in a perturbation expansion of the ty theory at high energy, and 

on the other hand, i t gives the simplest prototype of f ie ld- theoret ic models that ex-

2 1 
hibi t the Regge behavior for elastic scattering , and a In s dependence for mul t ip l ic i ty . 

3-6 
There exists already quite a sizable l i terature which discusses the similarity between 

the meson distribution in a multiperipheral type model and the ensemble distribution 

of a gas system in statistical mechanics. However, as yet, the precise formulation 

and the expl ic i t interaction of the gas-analog system have not been given. The 

purpose of this note is to provide this needed information in order to complete the 

connection between these two different types of physical problem. 
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In section 2, the <|> -mult iperipheral model is br ief ly reviewed. The equiv

alence between the multiperipheral model and its one-dimensional gas-analog is 

discussed in section 3 (and proved in Appendix A) . As we shall see, in the gas-analog 

the potential energy U^, between N atoms of the gas is ^ 0 everywhere; i t can 

be decomposed into a sum of a two-body potential V „ between only the nearest 

neighbors, a three-body potential V~ between only the nearest and the next nearest 

neighbors, e tc . , 

U = V + V + V + • • • U N V 2 V 3 V4 

The expl ic i t forms of V „ , V~ , • • • , are given and the corresponding v i r ia l series • 

discussed. 

In section 4 , an alternative systematic expansion method is developed, which 

is different from the v i r ia l series, but appears to be of a greater practical value, 

especially i f the gas pressure p is not too small. In the first approximation of this 

new expansion method, we set the potential U N to consist of only the two-body 

potentials 

U N = - V 2 = l v ( x . ) 

where x . is the distance between the i and the (i + 1) atoms. The corresponding 
i 

equation of state is shown to be given by the simple formula 

_1 co 
z " / dx exp [ - v ( x ) - p x ] (2) 

0 

where z is the fugacity. By using the functional dependence of p on z , one can 

readily determine the mul t ip l ic i ty distr ibution. The subsequent approximations of 

including also the three-body potential V~ , and then the four-body potential V \ , 
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etc. are discussed in the same section (and also in Appendix C ) . The method deve l -

oped is of a rather general character, not restricted to the specific <|> -mult iperipheral 

model. It is suggested that expressions such as (2) may be used to analyse phenomen-

ological ly the meson mul t ip l ic i ty problem in realistic cases of high energy collisions. 

From the observed mul t ip l ic i ty distributions (in the so-called "central region"), one 

can determine an effective "potent ia l " , which may be partly attract ive and partly 

repulsive; by using the same potent ia l , one can then calculate the m-body correlation 

functions and compare the results wi th measurements on various inclusive reactions. 
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2. Mult iperipheral Model 

For definiteness, let us consider the Lagrangian (1) and discuss the physical 

process of producing ( N + 1) mesons 

<p (a) + (}> (b) - ( N + 1) <J> 

where N may vary from 1 to co , and a and b denote respectively the two in i t ia l 

3 4-momenta. In the <|> -mult iperipheral model,- the rate of this reaction is determined 

by only one Feynman diagram, which is given by (A) of Figure 1 ; in this diagram 

q 1 , q_ , • . q M denote respectively the 4-momenta of the f inal mesons, and 

k. , k_ , •• k . , the 4-momenta of the N vir tual meson lines. The Feynman ampl i 

tude of diagram (A) is 

N 2 2 - 1 
M N + ] = T T ( k * + m z ) , (3) 

and the corresponding cross-section is 

N + l r 3 - 1 , 
C7 N+ l 

= 4tr ( a 0 b Q v ) (mg ) / | M N + ] | TT (16U0) d q / ( q ) 
1 L J J 0_ 

.4 N + 1 

X 6 ( I q - a - b ) (4) 
1 J 

where the subscript 0 denotes the energy-component, v is the relative veloci ty 

between the two in i t ia l mesons, and s is the square of their center-of-mass energy. 

The sum of a . , , gives the total cross-section 
N+ l 

co 
atotal = J , CTN+1 ' (5) 

N=l f 
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Throughout the paper, we are interested In the meson mult ip l ic i ty problem only in 

2 
the l imit In s^co . In this l imi t , as is wel l known (and as wi l l also be proved by 

using the gasanalog discussed in the next section), the total crosssection exhibits 

a Reggepole behavior: 

"total ~
 s • W 

It is convenient to use the laboratory frame I . , in which <j> (a) is at rest; 

e . , 

a- = m and b = (2m) s  m 

Let us introduce a set of N positive variables x.. , x„ , • • x». , defined by 

 x, 
Wo

 = b
o

e ' 

and for 1 < i i N 

 x (k.,o . (k..,)o e ■ (7) 

where the subscript 0 denotes the energycomponent of the relevant 4momenta 

in I . , . The energy of the f inal mesons in I . , is then given by 

 x , 
(q.) = b n ( l  e 1) 

and for 1 < i = N 

i  1 
( q . ) o = b 0 ( l  e "

X
: ) e x p (  I x . ) . (8) 

3 
In the integration (4), one may t r i v ia l l y eliminate the d qKj + 1 integration by 
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using the three-dimensional S-function; the remaining 8-funct ion of energy conser

vation becomes simply 

N 
' 5 t (c 'N + 1 )o"m - b O e x P < " Z x i > ] ' (9) 

Since k. , = q^ , 1 - a , one finds 

^ N + l ^ = (2m)"1 [ k N + m 2 " q N + l3 ' 0°) 

2 2 ~2 
Because of the square of the Feynman propagator (k . + m ) , in the integral (4) 

2 2 2 
the value of any k. , including k . . , is on the average 0 ( m ) . Therefore, the 

2 2 

on-mass-shell condition qkj + 1
 + m = 0 , together wi th (10), implies that the value of 

(q>, . ) is on the average O ( m ) . 

To carry out the gas-analog, i t is more convenient to impose the on-mass-

shell condition 
2 2 

q. + m = 0 

only for 1 = i = N . For the ( N + l ) meson, we shall replace its on-mass-shell 

condition by 

( q N + l }
0

 = 0 + X ) m 0 1 ) 

where X is a positive constant, independent of s . In the integral (4), on account of 

2 2 
(10), the important Integration region now becomes one in which q M , , ~ 0 ( m ) 

[ instead of (qki + 1 ) ~ 0 ( m ) and q N . = - m ] . The 6-funct ion (9) becomes 

f h e n N N 
b " ' e x p ( I x . ) 5( I x . - L) (12) 

1 ' 1 ' 
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where 

L = In [ b Q / ( X m ) ] - l n ( s / m 2 ) (13) 

as Ins — co . The limiting value of L is therefore independent of X . [ i f one 

2 2 wishes, one may choose X so that < q + m > . = 0 where < > . denotes 
^ Av Av 

some suitably defined average. 1 

It is clear that the above modification does not alter the multiplicity distri

bution in the In s -► co l imit. 
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3. A One-Dimensional Gas 

Next , we consider a one-dimensional classical Boltzmann gas of N identical 

but distinguishable atoms on a ring of length L . Let U^, be the potential energy. 

For our purpose, we need only consider isotherms; therefore, the natural unit for 

. 7 energy is 

kT = 1 

where k is the Boltzmann constant and T the absolute temperature. To evaluate 

g 

the part i t ion function Q ^ . , i t is only necessary to consider an ordered set , say 

atoms 1, 2, •• N distributed in a strictly sequential order with x as the absolute 

distance between atoms 1 and 2 , x- that between atoms 2 and 3 , e t c . , as 

il lustrated by diagram (B) of Figure 1. One has 
N N 

Q N = / 8 ( I x . - L ) e x p ( - U N ) TTdx. (14) 

where x. ^ 0 . The grand part i t ion function £L is given by 

& = I z N Q N 05 ) 

N I N 

where z denotes the fugacity. The thermodynamical pressure of the system is 

related to VL> by 

P = Lim L In 3L 
L - c o 

By using the dependence of the pressure p on the fugacity z , one can com

pute direct ly the ensemble distribution of N as L — co ; e . g . , the density p is 
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given by 

- j i - = p = Lim L - 1 < N > , d l n z 
l— co 

2 2 
the number f luctuation < N > - < N > is given by 

2 
d P = Lim L"1 [ < N 2 > - < N > 2 ] , 

2 
d ( l n z ) L — co 

etc. Since the relat ive probabil i ty of f inding N particles at a given length L 

N 
is z Q . . , as L becomes large the relat ive probabil i ty approaches asymptotically 

the product of z mult ip l ied by 

(2 *1 f 1 # z - < N + 1 )
e P L d z (16) 

where the contour can be any counter-clockwise small closed curve around the origin 

in the complex z-plane. j_For a f in i te L , (16) holds if p is replaced by 

p. - L In 2. , without taking the l imit L— co . J 

3 

As we shall prove in Appendix A , the mul t ip l ic i ty distribution in the <j> - m u l t i -

peripheral model is identical to the above number distribution in the grand canonical 

ensemble, provided that the potential U . . is of a specific form [determined by Eq. (A 14) 

in Appendix A ] . We may decompose 

U N = V 2 + V 3 + V 4 + ' • ' ° 7 ) 

where V 9 is a sum of only two-body nearest neighbor potentials 

N 
V 9 = I v ( x ) , (18) 

Z i = l 
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V „ is a sum of threebody potentials between only the nearest and the next nearest 

neighbors N 
V 3 = l^ v 3 ( x . , x . + 1) (19) 

and V . is a sum of fourbody potentials between only the nearest and the next two 

nearest neighbors, etc. The expl ic i t form for the twobody potential is given by 

 x 
exp[-v2(x)] = J / _2x 

1  e + e 

 x 2x 
i _L e  e . .  x  z x . 
1 + _ _ |n (e  e ) 

,  x 2x 
1  e + e 

(20) 

where x = x. denotes the absolute value of the distance between any two nearest 

neighbor atoms, say i and i + 1 . The threebody potential between any three 

neighboring atoms, say i , i + 1 and i + 2 , is given by 

e x p [  v 3 ( x , x ' ) ] = [ H H n ^ ]  ' [ , + « • In ^ j ' 

' D+*'" ii'(Uox
 + ■ 0  ^

l
" T T 7

+
T ^ '" l + 0+«)x3

 (2,) 

where 
 x 2x 

e  e 
c  "  x . 2x ' 

1  e + e 
-x' -2x' 

, _ e - e 
 x 2x 1  e + e 

X = (e'/e)e"X ., 

x = x. is the absolute value of the distance between atoms i and i + 1 , and 

x' = x. . is that between atoms i + 1 and i + 2 . The general expression of v 

is somewhat complicated, and wi l l be discussed in Appendix A . 

/ / 
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From (20) and (21), one can establish that both v and v_ are repulsive; 

i . e . , v2(x) £ 0 at arbitrary x £ 0 , and v,,(x, x ' ) ~£ 0 at arbitrary x ^ 0 

and x' ^ 0 . In Appendix A, i t is shown that the total potential U M is also 

repulsive; we f ind 

U N I 0 (22) 

for arbitrary x. i 0 , and U M ~ * oo as any single x. * 0 . From (20) and (21), 

one also sees that v~ and v« represent shortrange forces; i . e . , v 9 ( x )  » 0 

exponential ly as x ► ao , and v _ ( x , x ' )  * 0 exponential ly as either x  * o o or 

x' » co . In Appendix A , as wi l l be shown by Eq. (A22), similar shortrange proper

ties hold for other v 's as wel l , provided that m is f in i te , independent of N . 

For m ~ 0 (N) , the corresponding mbody force is clearly long range. As wi l l also 

be shown in Appendix A [ E q . (A28) J , for configurations near the average one: 

x ] = x 2 = • • • = x N = L / N , 

the total potential U M has an upper bound given by 

U N = V + V + • • + V N < N • constant (23) 

where the constant denotes a f in i te function of the average interatomic distance L / N 

Because this upper bound is l inear in N , the presence of longrange interactions 

such as V M , V M . , • • • does not jeopardize the thermodynamical l imi t . We 

note that due to the onedimensional character of the gas and the pure repulsive 

nature of the forces, there should not be any phase transition for this particular system. 

The detailed correspondence between this onedimensional gas and the mul t i 
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peripheral model is given in Table 1. For the gas system, the average number of 

particles is clearly proportional to the length L at large L . By using Table 1, or 

Eq. (13), one derives the familiar result that the average meson multiplicity in the 

multiperipheral model increases linearly with In s at large s . For the gas system, 

In 3i is also proportional to L at large L . By using Table 1, or Eq. (A13) in 

Appendix A , one obtains Eq. (6) which gives the Regge behavior for the multiper

ipheral model. 

The explicit form of V„ , V» , • • enables one to directly evaluate the 

virial series 

P = I bp z * , (24) 
1 * 

9 
by using the well-known cluster expansion technique, developed by Mayer and Mayer . 

For example, 

wh ere 

b1 = 1 , 

b = / f(x)dx (25) 
0 

- ~v?(x) 

where 

f ( x ) = e " v 2 ^ - l , 

b = b 2 - / x f ( x ) d x + / d x J d x ' F(x, x ' ) (26) 
d l 0 0 0 

F(x, x') = [ 1 + f W ] [ 1 +*<*•>] [ e " V 3 ( X / X < ) - l ] , 
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and so on. For the specific v„(x) given by (20), one finds 

b 0 = — I m s i n f ^ ) =  1 . 5 6 2 6 (27) 
2 3 V T 1

 3 

in which the sum equals the Clausen's integral f ( 0 ) at 0 = IT/3 . Similarly, b_ 

can be evaluated, and the approximate numerical value is 

b3 = 1.9573 « (28) 

In which the ratio between the contribution of the threebody potential v_ and that of 

the twobody potential v^ is 1/4 . 

From Table 1, one may derive the dependence of the Reggepole power a 

2 3 
on g for the <p multiperipheral model from the vir ia l expansion.

■ 
, + <A>

2 + b
2 ^ r >

4 + b
3<£>

6 +  
 (29> 

The coefficients of ( T~ ) and ( 3—) have been calculated in the l i terature ' 

and of course they agree with the above vi r ia l expansion results. 
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4. An Alternative Expansion Method 

o— 1 

For most applications, since at high energy a . ~ s ~ constant, 

one is interested in multiplicity problems in which a - 1 ; this corresponds to a 

gas system with its pressure p = 2 . At such high pressure, the virial series 

p = I b g z does not offer the most practical method for evaluating the function 

p = p(z) . As we shall see, for the class of problems in which the potential U. is 

a sum U M = V„ + V„ + • • • where V„ consists of only two-body interactions 

between the nearest neighbors and V~ only three-body interactions between the 

nearest and the next nearest neighbors, • • •, there exists an alternative new syste

matic expansion method, different from the virial series, but which appears to be 

more useful for practical applications. This new systematic expansion method is 

applicable to any one-dimensional gas with such a potential, not restricted to the 

specific multiperipheral model discussed in the previous two sections. 

We observe that for large values of L and N , the function 8 ( I x . - L) 
13 in (14) may be replaced by 

exp [ - P ( l x - L ) J . (30) 

The partition function Q>. can then be written as 

Q N - e P L h N (3.) 

where h is a function of p and N , given by 

h N = / e x p [ - U N - p i x . ] TTdx. (32) 

in which each x. is integrated independently from 0 to co . Correspondingly, 
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the grand part i t ion function becomes 

where p must be regarded as a function of N and L , determined by 

1= I (zh)7L (33) 
N 

In the grand canonical ensemble, the relat ive probabil i ty distribution ( zh ) e " 

has a maximum at N = N ( L ) , which can be obtained by setting the derivative of 

the relat ive probabil i ty w i th respect to N to be zero. One finds that at N = N ( L ) , 

h = z " 1 . (35) 

As L-* co , on account of (33) and (35), the value of p , evaluated at N = N ( L ) , 

approaches the thermodynamical pressure p . Thus, by taking the logarithm of (35), 

we derive the basic equation 

• 1 N 

- In z = Lim N In / exp [_- U , - p I x. ] TT dx. (36) 
N - c o 1 ' ' 

in which, as in (32), al l x . are integrated independently from 0 to co . 

The new expansion method consists of first neglecting al l interactions, then 

including only V« > then only V« + V „ , e tc . : 

1. In the zeroth approximation, we set 

UN = ° • 

The system satisfies the perfect gas law 

p = z = p . 
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From (16), i t follows that the number distribution is given by the famil iar Poisson 

3 
formula. For the ({> -mult iperipheral model, since U M is positive, this zeroth 

approximation is also an upper bound; i . e . , wi th the inclusion of U = 0 
N 

< p ^ z (37) 

or , by using Table 1, 

a i - !+( -£- ) P8> 

where the equality holds only in the weak coupling l imi t . 

2. The first approximation is to set 

N 
U N = V 2 = I v2 (x . ) . (39) 

By using (36), we f ind for arbitrary two-body potential v«(x) 

- 1 m 

z" = f dx exp [ - v J x ) - p x ] . (40) 

If one wishes, one may also expand p as a power series of z : 

P = Zhi z 

From the above closed expression (40), i t follows direct ly that b = 1 , b „ is given 

by (25) and b„ is given by (26) with F = 0 , etc. At large z , only the value of 

exp [ - v 9 (x ) ] near x = 0 is of importance. We may expand 

exp [ - v 2 ( x ) ] = aQ + QjX + • • • 
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Equation (40) implies that 

- 1 - 1
 A "2 A 

z = a Q p + a p + • • • . 

3 
If the potential is in f in i te ly repulsive at x = 0 , as is the case in the <}> - m u l t i -

i 3 

peripheral model, then OQ = 0 . As z - o o , p - (a z)2 . For the <p -mul t iper

ipheral model, v9(x) is given by (20) which gives a, = 1 , and therefore 
I 

p -* z as z — co . 

As w i l l be shown in Appendix A £Eq. ( A 3 4 ) j , for the $ -multiperipheral 

model the inclusion of al l other V „ , V . , • • • forces always increases the value 

of the repulsive potent ial , i . e . , 

U - V U N " V 2 ' 

Therefore the pressure p 1 determined by the first approximation (where the subscript 

1 is added for c lar i ty) also forms an upper bound for the rigorous pressure p , which 

is calculated wi th the entire U M without any approximation; we derive then at any 

given z t O , the inequality 

P i P,(z) (41) 

where, according to (20) and (40), p , ( z ) is given by 

oo , - x - 1 _ r 1 - e 
z - J

n . - X j . -2x 
0 1 -e + e 

>x -2x 
, , e - e i / - x -2x > 
1 + «— l n ( e - e ) 

" - x -2x 
1 - e + e 

r p i x dx 

(42) 
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The inequality (41) is, of course, a better inequality than (37). As z -* co , (42) 
l 

gives p. — z , and therefore (41) implies 

l 
p ^ z2 as z — co , (43) 

or, by using Table 1, 

a = (4ir) g in the strong coupling l imi t , (44) 

14 in agreement with the bound derived by Tiktopoulos and Treiman . 

3. In the second approximation, we equate 

N 
U N = V 2 + V 3 = .Z [ v

2 ( X i ) + V 3 ( x i ' X i + l > ] -<45> 
i = l 

It is convenient to consider a Hilbert space of base-vectors "I^M , ^ ( x ) , <|>o(x) , • • \ 

which satisfy the usual orthonormal relation 

oo 
/ 4>.(x) <|>(x)dx = 8 . (46) 
0 J 'J 

Among these, ^.(x) is chosen to be 

^ ( x ) = ( Z ] ) 2 e x p { - i [ v 2 ( x ) + p x ] } (47) 

where z1 is the normalization constant, defined by 

co 
z " 1 = / dxexp [ - v ( x ) - p x ] ; (48) 1 " J

n "~ ~ r L '2 
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the other basevectors lL(x) , ^ ( x ) , • • • can be arbitrary real functions that 

satisfy (46) and, together with ^.(x) , the completeness theorem. Let us define two 

real matrices e and H in this Hilbert space: 

e = f dx / dy<i>(x) < x ] e | y > * (y) , (49) 
,J 0 0 ' .

 J 

< x 1 e | y > = ♦ (x) [ e "
V

3 (
x
' y L 1 ] <|> (y) , (50) 

and 

(
H

o ) n = 1 (51) 

(H ) = 0 for all other i and j . (52) 
° 'j 

Thus, the integral in (36) becomes 

/ exp [_- U N  p I x . ] TT dx. = z j *
N trace (H + e )

N . (53) 

The logarithm of (53)* at fixed N , can be readily evaluated as a power series in e . 

By using (36) and taking the limit N * oo , one can verify directly that 

2 3 2 
 In z =  l n Z l + e ^ + (e ) ] }  ^ ( e ^ ) 

+ ( e
3
) , ,  4 ( e

2
) n « , 1 + ^ ( £ n )

3
+ . . . . ( 5 4 ) 

Since z and 

e n = / * 1 ( x ) < x | 6 ] y > ^ ( y j d x d y , 

( e
2
) n = / * 1 ( x ) < x | e | y > < y | e | z > ^ ( z ) dx dy dz , 

etc., are functions of p , Eq. (54) determines z = z(p) . 
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Equation (54) can also be derived by a simpler method, without any direct 

calculations. We observe that the general form of the series (54) is independent of 

whether the matrix c is symmetric or not. Thus, we may consider the special case 

of a symmetric three-body potential v^(x, y) = v,,(y, x ) , and therefore e.. = e .. . 

Let X = X(p) be the largest eigenvalue of H Q + « . By using (36) and (53), we f ind 

the closed expression 

X ( p ) = z / z . (55) 

The series expansion can then be obtained by noting that H has only one e igen

value = 1 , whi le a l l its other eigenvalues are 0 . Thus, as e-* 0 , X-» 1 and (55) 

reduces to (40). For e £0 , the power series expansion of X is given by the famil iar 

perturbation formula 

- 1 -2 
X = ! + € , , + I X e , . e . , + I X e , . c . e . . + • • • 

11 . ^ 1. ,1 . ^ 1. .j j l 

which, together wi th (55), leads to (54). 

The higher order approximations including V . , V_ , • • • can be carried 

out in a similar manner. The details are given in Appendix C . 

Remarks 

As noted earlier, the method developed in this section is of a rather general 

character, not restricted to the specific multiperipheral model discussed in the previous 

two sections. For practical applications, i t seems reasonable to try first the approxi

mation of only two-body nearest neighbor forces. Equation (40) can be used phenomeno-



2 1 . 

logical ly to determine an effect ive two-body potential v9(x) from the observed meson 

mul t ip l ic i ty distributions in high energy collisions, provided that ln(s /m ) is suf

f ic ient ly large and that the average mul t ip l ic i ty and its f luctuat ion are indeed linear 

2 
in In (s/m ) . With in this approximation, one may apply the same effect ive "potent ia l " 

to evaluate the m-body correlation functions, which can then be compared with various 

inclusive reactions. 
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Appendix A 

To derive the explicit potential of the gas system, we start with Eq. (4) 

for the Feynman diagram (A) in Figure 1. In the laboratory frame, let k. be 

the unit vector parallel to the threemomentum of the virtual meson line k. , . 
i  l 

* th 
The threemomentum q. of the i final meson can be written as 

-q. = * ,+:<<■,> i<q, ) : <
m + ?

r » ]
k

i  , (Al) 

where 8. i k. , , and the energy (q.) is assumed to be » m and 8. . Since, 
I 11 I n 

?
2 

J 
2 2 i 2 

as noted before, k. is of the order of m , (k . ) may be assumed to be >> k. 
' i i 0 ' 

By using k. = k. .  q. and (7), one has 

k.
2 + m

2 = ( l  e ~
X

' f [S.
2 + m

2 + k? e "
X

' ( l  e "
X

i ) J (A2) 

2 ~*2 2 
where k. = k.  (k.) . Through induction, (A2) can be written as 

i i ' o . 

2 2 x. "1 
k * + r / = (1  e i ) 

" —9 2 
Z A. S^+ rti B. 

, la a i 
La = l 

(A3) 

where 
A.. = 1 , 

A. = ( l  e "
X a

) ~ ( l  e "
X i

) exp 
la L" j=a+i

 Xj J 
(A4) 

for a < i , and 

B. = I A. (1  e "
X

a + e "
2 X a

) 
i , la 

a=l 

The usual parametric form of Feynman propagator gives 

2 2  2 _E _x. 2 
T T ( k j + m

Z
) = / e

 t
TT ( 1  e

 X
' ) £. d£ ; (A5) 
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where each £. varies independently from 0 to co , and 

N N N , 
E = I 8

2 ( I £. A. ) + m
2 I £. B. . 

i
 a • J J

a • i J J 
a=l j=a

 J J j=l
 J J 

2 
The integration of (A5) over TT d 8. is an elementary one. One finds 

N _2 N 2 N N 
/ TT(k.

2 + m2
)" d

2
S. = TT

N TT (1 - e"
X i

) / TT ( I £. A. f
1 £ d£ 

i = l ' ' i = l a = l j=a
 J J° °

 a 

2
 N 

X e x p ( - m I £. B.) . (A6) 
i=l ' ' 

It is convenient to change the variables from £1 , £9 , • • £ . . to 

*1 ' h' ' ' * N '
 d e f i n e d b v 

Therefore, 

-x -2x " I 2
 N 

( l _ e
X a

+ e ^
X a

) | = rn I £. A. . (A7) 
a j ja

 v 

j = a 

m
2 I £. B. = I I. . (A8) 

I I I ; I 

From (A4), one can readily establish A , A, = A for arbitrary a , b and c 
ab be ac 

that satisfy a £ b 2l c . The inverse transformation from £. to £. is 
' i i 

m
2

£ N = ( l - e - N + e - ^ N f
1

^ 

and 9 9 _i 
m *G ■ O - e - ' W e -

2
* ' - ) U a - X a + 1 i a + ) ) (A9) 

for a = 1, 2, • •, N - 1 , where 
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By using (4), (12), (A6) and 

 1 "3  x .  1 x  2 
TT ( q ) ' d

J
q = T T ( l  e ' ) e ' dx d^S , 

j = l J o J i ' ' 

one finds that, apart from a mult ip l icat ive constant independent of N and s , the 

3 
crosssection a M , , in the (J> mult iperipheral model is given by 

i 

O K , O K , A N N ( l e"
X
' )dx. 

2 N ~ 2 N r  A  .
 v ' i 

a . . , , oc s z Q K 1 = s z / e o ( I x .  L ) T T *— 
■N+l N 1 ' i= l 1  e"

X
i + e "

2 x
i 

( A l l ) 

_2 2 
where z = (4TT) g and A is a function of x . , x „ • • x . . , defined by the 

integral 

e "
A

= / l l ,  > ! f 2 ) « J 
,

J < 3 '
, ,

« N . | 
1

N
t

N l
f

N
T

1 ^ ^ " \ 
a=l 

(A 12) 

in which the integration domain extends over | . ^ X_ £_ , £_ ^ X_ £ , • • 

£. = X. . | . , * ' , and ^ ^ 0 . On account of ( A l l ) , as I n s  c o , the 

total crosssection .» . satisfies 
total 

In a j + 2 Ins '  In i (A13) 

where ». 

N 

The function Q M denotes the part i t ion function of the gasanalog, and %L is 

the corresponding grand part i t ion funct ion. Upon comparing ( A l l ) with (14), we 

f ind the potential U M for the gas system to be . 
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e"
U

N = e 
A TT

 1 " ^ . . (A14) 
i 1  e"

X
i + e"

2 x
i 

To derive the twobody potential v9(x.) , we need only consider, at a fixed 

x. , the limit of all other x. -*■ co . £To avoid problems with the boundary, we 

choose i / 1 . J In this l imit, all threebody forces, fourbody forces, etc., are, 

by definition, zero; therefore, 

U
N "*

 V
2 "*

 V
2

( x
i

} * <
A 1 5 ) 

On the other hand, in the same limit, according to (A10), 

and 

X.  0 for all j £ i 
J 

X. 2X; 
e i - e ' X.  e. = * . (A 16) 

, ■ — v . —ZX" I I .  X : 
1  e ' + e 

Thus, 

e
"
A
~ ■f

dt |
' i' "'

d4i 5
r  i

( i
i  , 

e
i * i

) e x p (


|
i  r * i

) 

= 1 + «, I "  j  ^ 7 (A 17) 
i 

which, together with (A 14) and (A15), lead to the explicit twobody force given 

by (20). 

To derive the threebody potential, we keep x. and x. fixed (where 

i j4 1) , and then consider the limit of all other x. * co . In this limit, by definition, 

U
N "*

 V
2

( x
i

) + v
2

( x
i + l

) + V
3

( x
i '

 x
i + l

) *
 ( A 1 8 ) 
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According to (A10), in the same limit X remains fixed, X.  *e . which is given 

by (A16), and all other X. — 0 ; therefore, the integral (A12) becomes 

e-A - / « , . , « I r
1 « w - I « l ) ( « , - v 1 « l + 1 ) 

X exp ( 5._,  «,  S i + , ) <*«._, d{. d?.+ ] (A19) 

where the integration domain is 

« i  i * ' i « . ' « t
i x

i + i « i + i °
nd «w * ° • 

By using (A 14), (A 18) and (A 19), one obtains the explicit form (21) for v„ (x. , x ) . 

In a similar manner, we can derive explicitly the fourbody interaction, the fivebody 

interaction, etc. 

In general, to derive the mbody potential v (x. , x. , , • • . x. n) , 
'
 r m i i+l i+m2 

we keep x. , x. , , , • • , x., „ fixed (where i £ 1), and consider the limit of r i i+l i+m2 

all other x. ► oo . In this l imit, X. — e. which is given by (A16), X. , , , • • , X., 0 
j i i ' i + l i+m2 

remain unchanged, and all other X. * 0 . The potential U^, becomes 

i+m2 i+m3 
UKI * U (x. , x , . . , x. , n) - I v0(x, ) + I v_(x, , x, ) 

N m
v i ' i+l i+m2 . . 2

V k , . 3 k ' k+1 
k=i k=i 

+ * * '
 + v

m
( x

i '
 X

i + r • * '
X

i + m  2
) ' 

(A20) 
and 

-A 
e  / U ; _ r

e
i V ^ i 

X
i + l W ••^i+m3

X
i+m2^i+m2^i+m2 

i+m2 
X TT 4k e "

4 k
d { k , (A21) 

k = i  l 
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where the integration extends over the domain 

* i - l - e i *i ' s i " i+l *i+1 ' 

;.. o = X o £•• o and £•. o = 0 
i+m-3 i+m-2 i+m-2 i+m-2 

The expl ic i t form of v can then be derived by using (A14), (A20) tand (A21). We 

note that if x . -* co , then e . - » 0 exponential ly; therefore 

U (x . , x , • • x . ) — U , ( x . , , ' • • , x . , _ ) . „ 
mv i i+ l i+m-2 m - r i+ l ' ' i+m-2 

Similarly, if x. — co ( s ^ 1 ) , then X. — 0 exponential ly, and therefore 

U (x . , x . . , • • x. o ) "" U , . ( x . , • • x. . ) U , ( x _ , . , • • , x . ) 

nrr i i+ l i+m-2 s + r i ' i+s-1 m-s-1 i+s+1 i+m-2 

Together, these relations imply the short-range nature of v 

v (x . , x . , n , • • x . ^ „ ) — 0 exponential ly (A22) 

m i i+ l i+m-2 

m 

as any single x, — co where i £ k ^ i + m - 2 , provided that m is f in i te , independent 

of N . 

Inequalities.-

1. We note that whi le the range of v is short for any f in i te m , for m of 
m 

the order of N (therefore, also of the order of L ) the corresponding m-body force 

has to be long range. In order to establish a wel l -def ined thermodynamical l imi t , 

we shall show that, at a constant density N / L and for regions near the average 

configuration 
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x} = x2 = • • • = x N = L / N , (A23) 

the total potential energy Uv. has an upper bound which increases linearly with N . 

For the configuration (A23), one has, on account of (A10), 

^2 = X3 = ' * = X
N = X = e xP [ " N _ 1 L ] < ] i 

(A24) 

furthermore, because of the inequality 

f 1 > e ' 1 , (A25) 

e ' A > / ( ^ - ^ l ^ - X y . - ^ ^ y ^ T T e ' 2 ^ ? . . (A26) 

The right-hand side of (A26) can be readily evaluated. By taking the logarithm of 

(A26), one obtains 

1 0 N 

jjA < 2 In 2 - 2 In ( 1 - X ) + j - Z In (1 - X m ) . (A27) 
m=l 

N . 
Since 0 < X < 1 , I l n ( l - X m ) is larger than ( 1 - X ) In ( 1 - X ) but less than 0 . 

m=l 

One finds, as N — oo , 

i N 

^ I l n ( l - X m ) -* 0 . 

Because of (Al4), (A27) can be written as (for N » 1) 

4 r UKI < 2 In 2 - 3 I n ( l - X ) + l n ( l - X + X2) . (A28) 
N N 
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The inequality (A28) can be easily extended to any configuration x . , x 9 , •• x^ . 

in which x. 's can be unequal, but the maximum value X of the corresponding 

X9 , X. , . . , X M is less than 1 . From (A12), one can verify that, keeping X. ,. 

f ixed, 

i 

Consequently, A satisfies the same inequali ty (A27), provided that X is replaced 

by X . We note that the inequality (A25) can be easily improved since 

£ > e [ l + 9 - r £ + TT-r £ + • • • ! ; therefore, the upper bound (A28) can 

also be improved. 

2 . Since £ _ 1 ( £ - X t , . ) £ \ , (A l2) implies the inequality 
a a a+1 a+1 

(A30) 

and therefore 

e - A S 1 

e" U N < TT 
i 1 

- x . 
1 - e ' 
-X: -2x : 

- e ' + e ' 
(A31) 

Because the right-hand side of (A31) is ^ 1 , we establish the repulsive 

nature of U ^ . ; i . e . , for arbitrary x. ^ 0 , 

U N ^ 0 ; (A32) 

Furthermore, as any single x. — 0 , the right-hand side of (A31) approaches zero, 

and therefore U K . -* oo . 
N 
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3. The inequalities (A30) and .(A32) can be readily improved. We shall show that 

e " A <= TT 
e " x i . e-2x; 

1+ —f 1 _ _ 
i "

x
i j . ~2x; i  1  e + e ■ 

ln(e " x
i  e "

2 x
0 (A33) 

and therefore 

U ^ V U
N "

 V
2 

(A34) 

where V 9 is the twobody interaction, given by (18) and (20). 

Proof. From (A 10), i t follows that 

X I 
 x a _  2 x a 

1  e "
X a + e "

2 X a 
(A35) 

which, together with (A29), implies 

-A < 
e  F (A36) 

w here 

N - i -i 
F ^ / ( « ,  « 2 « 2 ) » 2  « 3 « 3 )   ( « N . ,  « N « N ) < N V °

 e °
d
« a < w a = l 

(A37) 

and the integration volume Q extends over 

£ * e "
1 £ £ < e *

1 £ 
S o = c o S i r So - c o S o i ■2 s l '3

 s
2 

1 
* M 1 ^ ^ K , ' , i 

 1 
Nl = ^Nl^N2

 a n d ° * * N ^
e

N «N1 '
 ( A 3 8 ) 
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It is useful to define 

N N 
TT f(t ) ] TT 
i=2 j=2 

H ( e 2 , e 3 , . . , e N ) s ' [ F - T T ^ ( e . ) ] TT e"1 (A39) 

w here 

/ ( e ) = 1 + e In —L- . (MO) 
1 + e 

By a straightforward calculation, one can verify that 

9 [e" 1^) ] = (1+e)"1 

3e 

and 

J* [ F T T e " 1 ] = ( l + e 2 r 1 ( l + e3 + e 3 e 2 r 1 ( l + e4 + e4e +e4e3e2)-1 

TT 3 e . J 

' ' * ( 1 + e N + e N £ N - l + * ' + e N £ N - r * e 2 ^ " 1 

where the subscripts i and j vary independently from 2 to N . Consequently, 

N - l 
D H = . °— _ H i 0 (A41) 

( 3 e 2 " , ) O e 3 - 1 ) . . O e " 1 ) 

in the entire physical region e. = 0 . As e9 — 0 , / ( e 9 ) - * 0 and the integration 

volume (A38)-«-0 ; therefore, 

3 N " 2 -1 
D N-2 H B TT ~ I T - H = ° a t e2 = ° 

3 ( e 3
, ) 3 ( e 4 ' ) . . 3 ( e N

l ) 

which, together with (A41), implies 

D N-2 H * ° 
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in the entire physical region. Similarly, one shows that 

3 N " 3 1 
D N - 3 H * > , - 1 . a , - L H = ° « <3 = 0 ' 

3 ( e 4 ) • • 3 ( e N ) 

and therefore in the entire physical region 

D N - 3 H = ° ' 

By induction, one finds, for arbitrary e. = 0 , 

H i 0 , (A42) 

which, together wi th (A36) and (A39), leads to 

•A < 
N 

i F < T\ fU) . (A43) 
=2 

Thus, we complete the proof for (A33) and (A34). [_The fact that the factor / (e . ) 

is absent from the above product is relevant only to the boundary condition at i = 1 ; 

i t has no effect on any of the thermodynamical properties that we are interested in . J 

As noted in section 4 , the inequality (A34) implies (41): 

P i P jOO , (A44) 

where p . ( z ) is given by (42). 

4 . It may be of interest to compare the above inequality wi th one derived by 

Tiktopoulos and Treiman for the multiperipheral model. We note that, on account 

of (20), the two-body potential V 9 satisfies 

e~V2 < TT (1 - e " x i ) , (A45) 
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which implies, via (A34), 

e " U N < TT ( I - e " X i ) . (A46) 
i 

15 Now, let us consider a hypothetical case in which the corresponding function 

- U -x* 
e N is this upper bound TT (1 - e ' ) . By using (40), one finds that the gas 

pressure p' of the hypothetical case is related to the fugacity z by 

-1 r . -x, -px 
z = / 0 - e ) e r d x , 

0 
or 

p'2 + p' - z = 0 . 

Thus, we obtain 

p i p '(z) = i [ ( l + 4 z ) * - l ] . (A47) 

By using Table 1, one can also write (A47) in the form given by Tiktopoulos and Trei-

14 
man 

a < - ! + [ i + (£)2]* . (A48) 

Because of (A45), one has 

< P,(z) ^ p ' (z) ; (A49) 

therefore, the inequality (A44) is a better one than (A47). As z — co , both 
i 

inequalities reduce to (43): p ^ z . As z — 0 , ' 

p (z ) = z - 1.5626 z2 + 0 ( z 3 ) 
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while 

p'(z) = z - z2 + 0 ( z 3 ) . 

As expected, the second virial b9 is correctly given by p. (z) , but not by p ' ( z ) . 

J 
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Appendix B 

In section 4 , the part i t ion function Q M is evaluated after the replacement 

N N 
S ( I x - L ) - exp [ - P ( I x - L ) ] . (Bl) 

1 1 

It is wel l -known that such a replacement leads to the correct thermodynamical l imit ; 

i . e . , i t gives the correct O(N) term in In Q » . , as N -» oo at a f ixed f in i te density 

N / L . In this Appendix, we shall show how this method may be extended to derive 

the correction term, which w i l l turn out to be 0 ( l n N ) . Since, on account of ( A l l ) , 

_2 
s 0 ^ , is proportional to the cross-section v^,,, in the multiperipheral model, this 

correction term is related to the question of In s dependence of the cross-section. 

For simplici ty, we shall consider only two-body forces. The total potential 

U . . is assumed to be 
N 

N 
U N = I v ( x ) . (B2) 

1 

The part i t ion function Q^iO-) is given by (14) : 

Q N ( L ) = / e " U N 8 ( I x . - L ) T T d x . (B3) 

where, as before, each x. is = 0 . From (B3), one obtains the recursion formula 

QN+1(L) = F e " v ( x ) Q N (L -x )dx . (B4) 

Theorem For N » 1 , but ( N / L ) ~ 0 ( 1) , 

l n Q N ( L ) = N l n h ( p ) + Lp - \ In N + 0 ( 1 ) (B5) 
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where oo 
h(p) = / e " v ( x ) - p X d x 

0 

and p is a function of L / N , determined by 

(B6) 

d lnh (p ) 
d(5 

L 
TT (B7) 

We note that the replacement (Bl) leads directly to the first two terms on 

the right hand side of (B5), both of which are O (N ) . The theorem gives also the 

correction term - ? In N . As we shall see, by following the proof given below, 

one can systematically calculate the remaining O (1 ) term as well . 

Proof Let us define a and y to be the solutions of p at 

and 

d In h(p) 
"3-p 

d lnh (p ) 

Jp = a 

L 
TT+T 

dp Jp = y 

L - x 
T T " = V 

(B8) 

(B9) 

and assume Q. ,(L) to be of the form N 

N pL 
QN

( L ) = [><P>T eP A N (BIO) 

where A. , is to be determined. It is convenient to introduce the Fourier transform of 
N 

e in the physical region x ^ 0 : 

-v(x) » - I U X , / D l l X e v = / C e do . (Bl l) u --oo 

[The behavior of the Fourier integral in the unphysical region x < 0 is immaterial 
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to our discussion. J Equation (B4) can then be written as 

oo N-'L 
[ h ( o ) ] N + ' e ° L A N + , = N A N / C u e i u L d u / " * [ H . , ( n ) ] N d , 

-co 0 u 

where 

H > ) = h ( y ) e ^ - i u ) ^ 

(B12) 

(B13) 

and y = 7(77) is defined by (B9). 

Let p be defined by (B7). It Is straightforward to expand a around p 

a = p + <T lnh(p) 
71— 

- , -1 

dP N ( N + 1) 
+ 

The logarithm of the left-hand side of (B12) is then given by 

OrRi) (B14) 

To evaluate the right-hand side, we use the relation 

/ H N d u 

H N+l H N+2 

u 12L_ - u 
N + l dHu (N + l ) (N+2) dHu 

-± (±L.)+ . . . . (B15) 
dHu VdHu / 

Since e" * is regular at the origin, as p - * c o , both h ( p ) — 0 and —<j ft "* ® 

By using (B9), one sees that as 77 — 0 , y — 00 and H — 0 . Let us consider the 

-1 definite integral (B15) from 7 j = O t o T 7 = N L . The right-hand side of (B15) is 

zero at the lower limit 77 = 0 ; by substituting its value at the upper limit 77 = N L 

to the right-hand side of (B12), we find, e .g . , the first term ( N + 1 f 1 H ̂ ( d r j / d Hu) 
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in (B15) leads to 

N A M KI ni co C du NA K . K... Q l 

^ - [ h ( P ) ] N e P L / _ ! ! _ = _ N [ h ( p ) ] N + , e ^ L . (B16) 
N + l -co p - iu N + l 

By carrying out the same operation for the remaining term, one can verify that the 

logarithm of the right-hand side of (B12) is 

(N + l).nh(P) + pL + . n A N - _ i _ (* '" h'<P>V' JhM + o('\ 
n 2Nh(p) \ dp* / dp^ \HZ/ 

(BIT) 

_2 
By using (B14) = (B17), we obtain, for N >> 1 and neglecting the O ( N ) terms, 

d In A N ! 

d N 2 N 

or 
,~2 A = N X constant (B18) 

which completes the proof. 

Remarks: In the sum for the grand partition function 1 = I z Q M , the maximal 'N 

value of z Q M occurs at N = N , determined by 

3 l n Q M 
— + l n z = 0 at N = N . (B19) 

3 N 

Therefore, as L—oo at a constant N / L , (B19) reduces to (40): 

-1 r -v(x)-px , 
z = / e v r dx 

0 
where , _ 

p = p evaluated at L _ 1 N = L N . (B20) 
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In terms of the maximal value, one may write 

z N Q N = z N Q - e x p [ - ( N - N ) 2 / A 2 ] (B21) 

2 
where A denotes the fluctuation. Thus, 

& = / z N Q N d N = z N Q - A / 

2 
or, since A is proportional to N , 

In & = N ln z + In Qjq + i In N + O(l) . (B22) 

By using the theorem and (B20), one finds 

In £ = p L + O(l) , (B23) 

The - 5 In N term in (B5) is cancelled by the +2 In N term in (B22). From 

' n— 1 

Table 1, one sees that the total cross-section a . is proportional to s 

[[Without the - i In N term in (B5), one would obtain an incorrect multiplicative 

factor In s for or 1 . J 
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Appendix C 

To illustrate how the method developed in section 4 can be generalized 

to include fourbody, fivebody, • • , forces, let us assume the total potential 

energy U^. to be 

U
N

 = V
2

 + V
3

 + V
4 <

C1) 

4
 = Z V

4
(
V

 x
i+l

x
i+2

) '
 ( C 2 ) 

i 

where V 0 + V~ is given by (45), and 

V
4 " 

We define the matrix < x. , x | H | x . + 2 , x.+ 3 > by 

< x. , x | + 1 | H ] x . + 2 , x | + 3 > = exp (  ^  ^ ) (C3) 

where 

*0
 = ^

x
i

+ 2 x
i + l

+ 2 x
i + 2

+ x
i + 3

) p 

+ i [v 2 (x . ) + 2v2(x.+1) + 2v2(x.+2) + v 2 ( x . + 3 ) ] (C4) 

and 

♦l = * Cv
3

(x
i ' W

 + 2 v
3

( x
i+ l '

 x
i+2

) + v
3

( x
i + 2 '

 X
i + 3 ^ 

+ v4(x. , x. + 1 , x.+ 2) + v4(x.+ 1 , x . + 2 , x.+ 3) . <C5) 

The integral in (36) then becomes 

/ exp [  U N  p I x . ] TT dx. = trace H
N / 2 (C6) 



4 1 . 

where any power of the matrix H is defined according to the usual rule: 

co co . 
< x , y | H m | s , t > = / du / dv < x , y | H™" ' | u, v > < u, v | H | s, t > . 

0 0 

N/2 
To evaluate the trace of H , we may separate 

H = HQ + c 

where the matrix element of H« is equal to exp (-<t>n) and that of e is equal to 

[ e x p (-(j>.) - 1 J exp (-<t>n) . With only minor changes, the discussion fol lowing 

Eq. (53) in section 4 can be direct ly applied to the present case. Similarly, one can 

extend the method to f ive-body, six-body, • «, forces. 
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TABLE 1 

3 
Gas System Mult iperipheral Model (<j> theory) 

_ _ _ _ _ _ _ _ . 

fugacity z = ( — - ) 

pressure p = a + 1 

2 
grand part i t ion function 2L ~ s a total 

length L ~ In —— 
m^ 

L , i " — ~ average mul t ip l ic i ty < N > 
d In z 

L d P > ~ < N 2 > - < N > 2 

d I n z ^ 

Table 1. Correspondence between the one-dimensional gas and the 

multiperipheral model in the high energy l imit [_where 

2 
s = (center-of-mass energy) and a = Regge-pole power 

for forward elastic scattering J . 
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Figure Caption 

3 
Figure 1 (A) Feynman diagram for N + l meson emission in the (J> -mult iperipheral 

model. 

(B) Corresponding diagram for N atoms on a ring in the one-dimensional 

gas model. 
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