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TUNNEL DIODE CIRCUIT ANALYSIS 

by 

Ronald G . Roddick 

ABSTRACT 

Several graphical and graphico-analyt ical methods 
for solving nonlinear differential equations a r e analyzed and 
used in the solution of the most comnaon configurations for 
tunnel diode c i rcu i t s . The genera l procedure is to per form 
a f i r s t integrat ion in the phase plane and then obtain the 
t ime-dependent solutions by a second graphical integrat ion. 

The operating modes and stability of tunnel diode 
c i rcu i t s a r e analyzed, and a useful p a r a m e t e r d iagram is 
presented . Exarnples a r e analyzed in connection with the 
different methods . 

Though tunnel diode c i rcui t s may be solved by means 
of an e lect ronic computer , it is believed that these simple 
and easi ly applied methods give a valuable insight into the 
behavior of c i rcu i t s under var ious operating conditions. 

1. Introduction 

Elect ronic c i rcu i t s have been successfully studied with sys tems of 
l inear differential equations serving as a mathemat ica l model. These 
equations have been the subject of intense study, and the existence of 
well-known forms of solutions is now establ ished. Thei r use depends 
upon the assumption that the c i rcui t e lements can be descr ibed by c e r ­
tain constant p a r a m e t e r s . One example of this is the equivalent c i rcui t 
of a t r iode , with the amplification factor and the plate r e s i s t ance as con­
stant p a r a m e t e r s . 

A cu r so ry examination of the tunnel diode cha rac t e r i s t i c s shows 
that it is an e lement that cannot be so easi ly " l inear ized," This is e s ­
pecially t rue when it is used as a switching element . 

We have naade an at tempt to apply cer ta in techniques for solving 
nonlinear differential equations to the specific case of solving tunnel diode 
c i r cu i t s . 

The tunnel diode equivalent c i rcui t is shown in Fig. 1.0-1, in which 
N is a nonlinear e lement with the charac te r i s t i c shown in Fig. 1.0-2.(10/ 



A A 
O 

M = rn: f 
6 o -
B B 

Fig. 1.0-1 

Equivalent circuit for tunnel diode. 

Fig. 1.0-2 

ij-e J characteristic of tunnel diode. 

Experience shows that for some applications res i s t ance Rg and 
impedance Lg may be neglected in the analysis . In this case , we have the 
simiplest possible c i rcui t (Fig, 1,0-3). Sections 2.1.1 and 2.1.2 contain 
naethods for analyzing this circui t . 

Fig. 1.0-3 

The simplest tunnel diode circuit: 
one reactive element. 

TUHMEL SI00E 

If we neglect only Rg and suppose the existence of an external 
generator with ze ro or pure inductive impedance, we have the circui t of 
Fig. 1.0-4. This case is t r ea ted by means of the isocline method in Sec­
tion 2.2, and could be analyzed with the Lienard method,(2) (see Section 2.3). 
The Lienard method was invented for solving equations of the sor t involved 
in this case . 

.lynneLdiode.. 

Fig. 1.0-4 

CLN circuit: two reactive elements. 

L 
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The mos t in teres t ing case includes all of the tunnel diode pa ram­
e t e r s and uses an external genera tor with an inductive impedance, as in 
Fig. 1.0-5. This c i rcui t is analyzed by means of a modification of the 
Lienard method (see Section 2.3) which allows us to include Rg, and by 
singular point analysis (see Section 3), 

"•"1 
-AAA^ •AAAr—TnT^ 

<S> 

Fig, 1.0-5 

RCLN circuit. 

In any of t h e s e c a s e s , I and Eg m a y be dc g e n e r a t o r s , a s w h e n t h e 
c i r c u i t i s u s e d a s an o s c i l l a t o r , o r t hey m a y be dc b i a s g e n e r a t o r s in 
s e r i e s wi th p u l s e o r ac g e n e r a t o r s , a s when the c i r c u i t i s u s e d a s a b i n a r y 
o r a s an a m p l i f i e r . 

Any change in Eg o r lg wi l l c a u s e a change in the s t e a d y - s t a t e 
o p e r a t i o n of the c i r c u i t . F o r e x a m p l e , the d iode m a y s w i t c h f r o m one 
s t ab l e o p e r a t i n g poin t to a n o t h e r , o r t h e wave f o r m p r o d u c e d by an o s c i l ­
l a t ing c i r c u i t m a y c h a n g e . T h e fol lowing a n a l y s e s a r e r e a d i l y app l i cab l e 
to t h e s e t r a n s i t i o n s . 
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2.1.1 Solution of a Simple RCN Circui t (1) 

In some c a s e s , re la t ively simple solutions of a s imple RCN c i rcu i t 
a r e possible . For example, consider the c i rcui t of Fig. 2 .1 .1 -1 , where 
ij. = f(ej,) as given in F ig . 2.1.1 -2 . We have 

e_ de_ 

If the substitution t = CT is made , this equation becomes , 

de 

d7 = ' - X - « = . > 

T h u s , we can obta in d e j . / d T a s a funct ion of ej. ( see F i g . 2.1 .1 -3) by m e a n s 
of a g r a p h i c a l s u b t r a c t i o n ( see F i g . 2 . 1 . 1 - 2 ) , Th i s c u r v e m a y be i n t e g r a t e d 
g r a p h i c a l l y to y i e l d e a s a funct ion of T, t h e n o r m a l i z e d t i m e u s e d to m a k e 
d e / d r h a v e un i t s of c u r r e n t . A change of s c a l e then y i e l d s e a s a funct ion 
of t . 

Fig. 2.1.1-1 

RCN circuit 

60© 700 

Fig. 2.L1-2 

Tunnel diode characteristic and load line. 



Fig. 2.1.1-3 

The curve relates ê  to its time derivative. The graphical integration 
is performed by marking known time intervals on the curve. 

In o rder to per form the graphical integration, we must mark off 
known Ar in terva ls on the solution curve , 
a simple way to do this (see Fig . 2.1.1-4). 

Cer.ry.) 

Fig. 2.1.1-4 

Method for finding known time intervals. 

The following derivation shows 
If y s d e / d r , then 
Ae^ 

A T Yavg Yi -f 
from which we obtain 

Ay = UAT) Aej. - 2yi 

This is the equation of a straight line 
in the (Ay, Ax) coordinate sys tem. The 
point a t which this line in te rsec t s the 
solution curve satisfies both the equa­
tion of the line and the solution of the 
c i rcui t equation, and so the point 
(^rg'Yz) is reached Ar after (cj. , y^). 
Repetition of this p rocess with sui t ­
able Ar's will enable us to plot the 
final solution curve (see Fig. 2.1.1-5). 

It may be helpful in some cases 
to vary AT in order to keep the points 
a convenient distance apar t . For e x ­
ample , we chose I = 75 ma, R = 8 ohms, 
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N a s in tunne l d iode type 1N3130, and A T = 0.86 o h m . F o r i n i t i a l cond i t ions 
Cj, = 0 and r = 0, we ob ta in an i n c r e a s i n g vo l t age which a p p r o a c h e s the o p ­
e r a t i n g point a s y m p t o t i c a l l y . If the i n i t i a l vo l t age i s c h o s e n g r e a t e r t han 
the o p e r a t i n g point v o l t a g e , we ob ta in a d e c r e a s i n g vo l t age which a p p r o a c h e s 
the o p e r a t i n g point v o l t a g e . T h u s , we s e e tha t the o p e r a t i n g point i s s t a b l e . 

50o_j_ 

4 0 0 - -

e^Cmv) 300 - -

2 0 0 - -

1 0 0 - -

i—HH—I—I I—l_4_„.^_+_l 
10 12 14 16 18 20 22 24 26 28 SO 

[i6C M 

Fig. 2.1.1-5 

Solution of the RCN circuit when I • 75 ma, R = 8 ohms, and N = 1N3130. The initial con­
dition is ej = 0 for t = 0. 

2,1.2 RCN C a s e , L i n e a r A p p r o x i m a t i o n Method'- -̂  

The c i r c u i t equa t i ons a r e (see F i g . 2 ,1 ,1 -1) 

de^ 

dt 
e„ 

+ i^ = I - - ; ; - and i^ = f(e ) r R r " r 

The s y s t e m i s in e q u i l i b r i u m a t t he s i n g u l a r point (eg, i ) t ha t s a t i s f i e s 
s i m u l t a n e o u s l y 

Cg d c j . 
ig = I - - ^ and ig = f(es), making - ^ = 0 

Graphically, the singular point is the in tersect ion of the load line with the 
tunnel diode cha rac te r i s t i c (see Fig . 2.1.2-1). 
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Fig. 2.1.2-1 

Linear approximation to the tunnel diode characteris­
tic around the operating point (or singular point). 

Change of the v a r i a b l e e^. to Cg + h y i e ld s 

If only the l i n e a r t e r m s of the p o w e r s e r i e s of fCe^) a round Cg a r e kep t , 
t h e r e i s ob ta ined 

f ( e s + h) = ig + ( h / r ) 

Then we f ina l ly ob ta in 

=f = -i^T 
w h e r e r i s t he tunne l d iode r e s i s t a n c e a t (eg, i g ) . 

Defining 

^ . ± + l a n d T =R,C , 

we ob ta in the f i r s t - o r d e r l i n e a r d i f f e ren t i a l equa t ion : 

-f '̂• = ° 
The so lu t ion i s 

h = ho exp t - t n 

The def in i t ion CQ = e^, (to) = Bg + hg l e a d s to 

= (eo - e g ) exp f ^ j ^ r ~ eg 
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Tak ing the n a t u r a l l o g a r i t h m , 

iz^ . 1,^ es 

Thus, if T > 0, then er approaches Cg as t increases; if T < 0,- then | e 

increases. 

L e t us a p p r o x i m a t e the tunne l d iode c h a r a c t e r i s t i c by a n u m b e r of 
s t r a i g h t l i n e s . F o r t h i s e x a m p l e , we 
sha l l u s e four l i n e s , a s in F i g . 2 . 1 . 2 - 2 , 
choos ing R = 4 0 0 o h m s , I = 1.325 m a , 
r | = d iode r e s i s t a n c e in r e g i o n 
1 = 50 o h m s , r j = 160 o h m s , r^ - «>, and 
r4 = 50 o h m s . D e t e r m i n a t i o n of the 
s i n g u l a r po in t s y i e l d s eg^ = 50.1 m v , 
eg2 = -3 .72 m v , eg3 = 490 m v , and 
634 = 458 m v . Al l excep t 634 a r e v i r ­
tua l s i n g u l a r i t i e s , t ha t i s , t hey o c c u r 
ou t s i de the r e g i o n for which the c o r ­
r e s p o n d i n g s t r a i g h t l ine i s a good a p ­
p r o x i m a t i o n to t h e tunne l d iode 
c h a r a c t e r i s t i c . H o w e v e r , the c i r c u i t 
a c t s a s though t h e s i n g u l a r i t y w e r e 
r e a l , a s long a s i t i s o p e r a t i n g in the 
c o r r e s p o n d i n g r e g i o n . T h u s , in r e g i o n 
I we h a v e 

Fig. 2.1.2-2 

Straight-line approximation to the tunnel diode 
characteristic. 

^ r - 59.1 
eo - 59.1 

R r 

= exp 
(- t ) 

R-t - R + r 

RtC 

= (400H50) 
400 + 50 

44,4 o h m s ; 
t h i s e x p r e s s i o n i s va l i d a s a long a s e^. < 50, the u p p e r l i m i t of r e g i o n I. 
Choos ing a s i n i t i a l condi t ions Cj. = 0 and t = 0, we can c a l c u l a t e the t i m e 
t / c i t t a k e s to go f r o m eg = 0 to e£ = 50 m v : 

-p^ = Rt In 
C '' ef - e 

i £JL is . ^ 44,4 i j^ . 5 9 . 1 - 0 
5 9 . 1 - 5 0 

= 83 o h m s 

C a l c u l a t i o n s for the four r e g i o n s y i e l d s the t ab l e 

Region: in m 
Initial Value egCmvl 

Final Value eAmvi 

Singular point ej imvi 

Total Resistance Rtlohmi 

Time per Region t-C(oiimi 

0 

50 

59.1 

44.4 

S3 

50 

194 

- 3.72 

-266 

339 

194 

455 

490 

400 

855 

455 

458 

458 

44.4 

CO 



We can now graph our resu l t s as in F ig . 2 .1 .2-3 . Of course , for a more 
accurate solution, one could use more straight lines to fit the diode c h a r ­
ac te r i s t i c be t te r , 

2,2.0 Isocline Method^^'^) 

The three methods we descr ibe in 
this and following sections deal with ways 
of finding the solution to the sys tem of 
two f i r s t -o rde r equations: 

i ^ = P ( x . y ) : ^ = Q ( x . y ) 

L a t e r , we sha l l s ee tha t v a r i a b l e s x and 
y a r e l i n e a r l y r e l a t e d to a c e r t a i n c u r r e n t 
and a c e r t a i n vo l t age in the c i r c u i t unde r 
a n a l y s i s . V a r i a b l e T i s a n o r m a l i z e d t i m e . 

We want to find the p a r a m e t r i c so lu t ions for the sys tena : 

x = x ( r ) and y = y ( r ) 

If one d i f f e ren t i a l equa t ion i s d iv ided by the o t h e r , t h e r e i s ob ta ined a f i r s t -
o r d e r d i f f e ren t i a l equa t i on : 

dy ^ Q(x, y) 
dx P ( x , y ) 

f r o m which t i m e h a s b e e n e l i m i n a t e d . The solu t ion to t h i s equa t ion i s a 
c u r v e in the (x,y) p l a n e , u s u a l l y c a l l e d the p h a s e p lane of the s y s t e m . 

The so lu t ion c u r v e h a s a s lope s = d y / d x for each point of the p h a s e 
p l a n e , which can be c a l c u l a t e d f r o m 

s = Q ( x , y ) / P ( x , y ) 

E a c h point of the p h a s e p lane c o r r e s p o n d s to a c e r t a i n i n s t a n t a n e o u s e n e r g y 
d i s t r i b u t i o n in the s y s t e m . T h i s m e a n s tha t we need to know the in i t i a l 
c o n d i t i o n s , n a m e l y , xg and yo for T = 0. Drawing a s m a l l s t r a i g h t s e g m e n t 
wi th s lope So = Q(XO, yo) /P(xo, yo) t h r o u g h point XQ, yo, we find point x j , yj a s 
a n o t h e r i n s t a n t a n e o u s s t a t e of the s y s t e m . By r e p e a t i n g th i s p r o c e d u r e , we 
ob ta in the so lu t ion c u r v e c o r r e s p o n d i n g to the in i t i a l c o n d i t i o n s . The c o n ­
s t r u c t i o n in g e n e r a l e n d s when the so lu t ion c u r v e r e a c h e s a c e r t a i n s t ab l e 
cond i t i on . It can be e i t h e r a point of the p lane o r a c l o s e d c u r v e c a l l e d the 
l i m i t c y c l e . 

Fig. 2.1.2-3 

Soldtiou curve for the case shown in Fig. 2.1.2-2. 
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To simplify the drawing of the solution curve , a set of curves called 
i socl ines is drawn in the phase plane. An isocl ine is the locus of all points 
on the phase plane where dy/dx has a given value Sj_. Thus, Q(x,y) = Sj P(x,y) 
is the isocl ine a lgebra ic equation. 

Once an isocl ine is plotted on the phase plane, smal l line segments 
a r e drawn all along it having the chosen slope Sj_ (see F ig . 2.2.1-3) . 

To i l lus t r a t e these concepts , take a ve ry s imple differential equation: 

dr^ 

with the well-known solution 

x = K sin(r + 0) , 

where K and 0 a r e cons tan ts . This equation can be split into a sys tem of 
two f i r s t - o r d e r equat ions: 

-T— = y (bv definition) and / = -x 
d r ^ ^ d r 

Dividing one by the other , 

dy _ X 
dx y 

The phase-p lane solution to this equation is a c i rc le 

x^ + y2 = K^ 

as can be proven by integrat ing the equation analyt ical ly . 

The p a r a m e t r i c solutions a r e 

y = K c o s ( r +0) ; x = K sin( r + 0) 

The isocl ines y = - sx a re s t ra ight l ines radiat ing from the or igin and p e r ­
pendicular to the solution cu rve . 

Returning to the genera l c a se , once we have the solution curve in the 
phase plane, the next s tep is to find the p a r a m e t r i c solution x = x ( r ) ' This 
can be done by plotting the derivat ive d x / d r = P(x,y) with r e spec t to x. 

The graphical integrat ion explained in Section 2,1,1 is then used to 
obtain x = x( r ) . The same procedure yields y = y(r ) . 
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2,2,1 LCN Case 

The c i rcui t to be solved is shown in F ig . 2.2.1 -1 . The method used 
he re can also be used to solve the RLCN case (see Section 2.3.1). 

Eg 6 

•^TTP-

t̂ 

Fig. 2.2.1-1 

LCN circuit. 

dt 

de-j. 

The circuit equations a re 

loop equation 
diL 

L - r r - = E„ - e 
g 

== ^L " ^r dt 

ir = f(ej.) 

nodal equation 

tunnel diode 
charac te r i s t i c 

It i s convenient to normal ize the time var iable by defining 
t = v L C r , The new var iable T is a-dimensional because v L C is the 
natura l period of oscil lat ion of the LC ci rcui t . The substitution yields 

L d^L _ „ 
C- ^ - ^g " ^r 

and 

C ^«r 
17 "17 = L̂ " ̂ r • 

Since \ / C / L has the dimensions of an impedance, we can also define 

I = y c / L E and i = V C T L ê  

These substitutions yield 

diL ^ . ^ di . . 
- ^ = I - 1 and ^ = iL - ir , 

which have the same form as the ones studied in the preceding section. We 
can simplify thein further by changing the coordinates . The new origin is 
taken on the cha rac te r i s t i c curve at i = I. We shall see in Section 3.0 that 
this point of the phase plane is s ingular . 

We define then: 

i = I + y i ^ = I I + X 
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w h e r e the c o n s t a n t I ^ c o m e s f r o m Ij^ = f (Eg) . We a l s o define the new 
funct ion 

0(y) = f(e^) - I L 

w h e r e 

e r = Eg + V L ^ y 

(see F i g . 2 , 2 . 1 - 2 ) . F i n a l l y , 

dx _ , dy _ X - 0(y) 

The f i r s t equa t ion shows tha t x i n c r e a s e s 
wi th t i m e for po in t s in the p h a s e p lane 
w h e r e y < 0 and d e c r e a s e s when y > 0 (see 
F i g , 2 . 2 . 1 - 2 ) . Dividing one by the o t h e r . 

Fig. 2.2.1-2 

Phase plane of the LCN circuit. The so­
lution curve tends toward a nearly circu­
lar limit cycle when the value of ^C/L 
is large. 

then 

0(y) dz._ 
dx 

A general idea of the meaning of this for­
mula is obtained if we approximate 0(y) 
around the origin by a s traight l ine: 

0(y) = by 

where 

b = 
L df(eT.) 
C de-r e r = E g 

- ^ = - ^ + b . 
dx y 

If | b | < < l , then the equation becomes dy/dx = -x /y , whose solution, 
as a l ready shown, i s a c i rc le corresponding to a sinusoidal osc i l la tor . Be-
cause b is not rea l ly ze ro , the solution in the (x,y) plane moves with in ­
creas ing amplitude (b<0) on a sp i ra l around the origin. This spi ra l tends 
to a l imit cycle when the solution curve reaches regions over which 
d0(y)/dy>O. As an example, we solve a circui t with the following values 
(see F ig . 2,2.1 - l ) : 

g 
L = 1 .2 nhy ; C = 12 pfd ; E^ = 200 mv ; 

N : 1N3130 cha rac t e r i s t i c . 
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The normalizing factors a r e ; 

^ L / C = 10 ohms and y ^ L C = 120 p sec . 

F ig . 2,2.1-3 shows the isocl ines plotted with x = F(y) - sy, with 

= ^ = „ 
dx 

2, - 1 , 0 and +1 

The initial conditions a r e a rb i t r a r i l y chosen as t = 0, e ,̂ = 158 mv, and 
^L ~ ^^ ma . The solution curve is easi ly t raced start ing at this point. 

s»o 

60 mA-

40mA-

S«+l 

Se-2 

Fig. 2.2.1-3 

Boolines and solution curve. The initial conditions are-, t = 0, ej.= 158 mv̂  and i^ = 35 ma. 
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In t h i s e x a m p l e , t h e so lu t ion r a p i d l y r e a c h e s the l i m i t c y c l e . Th i s 
l i m i t c y c l e d o e s not depend on the i n i t i a l cond i t i ons and r e p r e s e n t s the 
s t e a d y - s t a t e o p e r a t i o n of the o s c i l l a t o r y c i r c u i t . 

t i ve 

S i m i l a r l y to Sec t ion 2 . 1 . 1 , we h a v e a c u r v e r e l a t i n g x to i t s d e r i v a -
We can then u s e the s a m e g r a p h i c a l m e t h o d of i n t e g r a t i o n to ob ta in 

Cj, = ej .( t) . To ob ta in the so lu t ion c u r v e shown in F i g . 2.2.1 - 4 , we have 
u s e d , i n s t e a d , t he m e t h o d of Sec t ion 2 .3 ,0 . 

Fig. 2.2.1-4 

Solution ciffve. 

Radians 

2.3.0 Modif ied L i e n a r d Method 

The chief d i s a d v a n t a g e of the i s o c l i n e m e t h o d i s t ha t p lo t t ing the 
i s o c l i n e s e n t a i l s c o n s i d e r a b l e e f fo r t . T h i s would not be too s e r i o u s a d i s ­
a d v a n t a g e if t he s a m e i s o c l i n e s w e r e to be u s e d for a n u m b e r of d i f fe ren t 
i n i t i a l c o n d i t i o n s , bu t t h i s i s f r e q u e n t l y not the c a s e . The modi f i ed L i e n a r d 
m e t h o d avo ids the t e d i o u s p lo t t ing of i s o c l i n e s , but h a s the d i s a d v a n t a g e 
tha t the c o n s t r u c t i o n m u s t be r e p e a t e d for e a c h s e t of i n i t i a l c o n d i t i o n s . 

The L i e n a r d m e t h o d tha t s o l v e s the equa t ion 

dz _ 0(z) - X 
dx z 

for z = z(x) h a s b e e n mod i f i ed in a way t h a t m a k e s i t s u i t ab l e for so lv ing 
the m o r e g e n e r a l d i f f e r en t i a l equa t ion 

^^ 0[z + F ( x ) ] - X - z • ^ [ F ( x ) ] , 

dx z 

w h e r e F and 0 a r e a r b i t r a r y s i n g l e - v a l u e d func t ions . 

As in the p r e c e d i n g s e c t i o n , t h e r e i s a s e c o n d equa t ion r e l a t i n g the 
two v a r i a b l e s x and z to a n o r m a l i z e d t i m e r : 



d x 
d r 

= - z 

I t i s c o n v e n i e n t t o d e f i n e a n e w v a r i a b l e y = z + F ( X ) ; s u b s t i t u t i n g z b y 
y - F ( X ) , w e o b t a i n : 

d y d F ( x ) _ 0 (y ) - x d F ( x ) 

d x d x F R - d x 

a n d , s i m p l i f y i n g , 

dy _ 0(y) 
d x y FR" 

d x 
d r 

= F ( x ) - y 

- FC8) [ARBITRARY SHAPE] 

[ARBITRARY SHAP^ 

T h e f i r s t of t h e s e e q u a t i o n s s o l v e d b y u s i n g t h e g r a p h i c a l c o n s t r u c t i o n i s 
s h o w n i n F i g . 2 . 3 . 0 - 1 , R e p r e s e n t i n g x o n t h e v e r t i c a l a x i s a n d y on t h e 

h o r i z o n t a l a x i s , w e c a n p l o t 0 ( y ) 
a n d F ( X ) a s s h o w n . C h o o s i n g a 
p o i n t P Q c o r r e s p o n d i n g to t h e i n i ­
t i a l c o n d i t i o n s , t h e c o n s t r u c t i o n b e ­
g i n s b y d r a w i n g a l i n e t h r o u g h P Q 
p a r a l l e l t o t h e x - a x i s u n t i l i t i n t e r ­
s e c t s t h e 0(y) c u r v e a t Q , a n d a 
l i n e t h r o u g h P Q p a r a l l e l t o t h e y - a x i s 
u n t i l i t i n t e r s e c t s t h e F ( X ) c u r v e a t 
S . T h e n , c o m p l e t e t h e d e f i n e d r e c ­
t a n g l e P Q Q R S a n d d r a w t h e d i a g o n a l 
R P Q . N O W d r a w a l i n e s e g m e n t 
t h r o u g h P Q p e r p e n d i c u l a r t o R P Q . 
T h i s s e g m e n t i s t a n g e n t t o t h e s o ­

l u t i o n c u r v e a t P Q - We t h e n c h o o s e a n e w p o i n t P j , A s f r o m P Q a n d o n t h e 
t a n g e n t s e g m e n t , a n d r e p e a t t h e c o n s t r u c t i o n . 

T o v e r i f y t h e c o n s t r u c t i o n , w e n o t e t h a t a n g l e R P g Q = a n g l e S P o P ^ ' 
F ( X ) - V 

T h e n t a n L R P Q Q = t a n /_ S P o P ^ , t a n L R P Q Q = ,1 I b y c o n s t r u c t i o n , 

a n d a n y c u r v e t h a t g o e s t h r o u g h p o i n t Pg a n d i s t a n g e n t t o s e g m e n t P ^ P i h a s 
a d e r i v a t i v e 

Fig. 2.3.0-1 

Modified Lienard graphical construction. 

d x 
= - t a n L S P o P , 

T o f i n d y a s a f u n c t i o n of r , w e m a y m a r k off k n o w n A r i n t e r v a l s o n 
t h e s o l u t i o n c u r v e a n d i n t e g r a t e g r a p h i c a l l y . A m e t h o d f o r m a r k i n g k n o w n 
A T i n t e r v a l s d u r i n g t h e c o n s t r u c t i o n f o l l o w s . 
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F i g u r e 2 .3 .0 -2 shows tha t t r i a n g l e R Q P Q i s s i i n i l a r to t r i a n g l e PoAP^; 

t h e n . 

As Ax 
p F ( X ) - y 

and a l s o 

t a n Ao) 
As 
P 

o r 

Aia = As 

if Aoi is a s m a l l ang le m e a s u r e d in 
r a d i a n s . T h e r e f o r e , 

x-f'W 

Fig. 2,3.0-2 

AO) = 
Ax 

F ( X ) 

and s ince 

d x ^ / V 

d7 = ^("^ ~y ' 

Method for marking known time intervals on ^Q c o n c l u d e t h a t 
the solution curve, 

Ao) = A r 

T h u s , if w e c h o o s e As in e a c h c o n s t r u c t i o n s o t h a t A03 i s k n o w n , w e 
w i l l h a v e k n o w n A T i n t e r v a l s b e t w e e n P Q a n d P ^ . F o r p e r f o r m i n g t h e c o n ­
s t r u c t i o n , i t i s c o n v e n i e n t t o h a v e a t e m p l a t e f o r e a c h v a l u e of Aa3that i s 
u s e d . 

2 . 3 . 1 R L C N C a s e 

We n o w g i v e a p h y s i c a l m e a n i n g t o t h e t h e o r y of t h e p r e c e d i n g 
s e c t i o n . C o n s i d e r t h e c i r c u i t of F i g . 2 . 3 . 1 - 1 . We h a v e 

dU 

dt 

de-j. 

~d± 

= E - R i i 

I T - 1 
L r 

w h e r e 

A s i n S e c t i o n 2 . 2 . 1 , w e n o r m a l i z e 
t i m e a n d v o l t a g e s b y d e f i n i n g 

Fig, 2.3.1-1 

RCLN circuit. 
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t = V L C T 

VCTL E = I 

V C / L R = K 

e = 1 

Subs t i tu t ion in the above e q u a t i o n s y i e l d s 

di^ 

a n d 

d r 

where 

di 
d r 

0(i) 

Dividing one 

diL 
di 

^L 

= f(. 

by 

I 

- i r 

^r) 

the 

= ^L 

= i r 

other 

- KiL - i 

^L - 0 ( i ) 

- 0 ( i ) 

• 

gives 

5 

an equa t ion of the f o r m t r e a t e d in Sec t ion 2 .3 .0 , wi th : 

i ^ = X ; i = y ; F ( X ) = I - Kij^ ; 0(y) = 0(i) 

T h i s equa t ion can be so lved by the s a m e c o n s t r u c t i o n , a s shown in 
F i g . 2 . 3 . 1 - 2 , The equa t ion h a s a l s o the f o r m d y / d x = Q(x ,y ) /P (x ,y ) a l r e a d y 
s e e n in Sec t ion 2,2.0 and c a n t h u s be so lved by the i s o c l i n e m e t h o d . 

Fig. 2.3.1-2 
The modified Lienard method in the case of 
the RLCN circuit. The same scale must be 
used for both axes. The relationships be­
tween voltages and currents are shown. 
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Then 

To find At from Ao), we have 

Aco = AT = At/VJLC 

At = VLC'ACD 

It is important to note that this method, unlike the isocline method, r equ i res 
the use of the same sca le , in a m p e r e s , on both axes . The equation 

84-lOt 

Phase plane solution curve obtained by apply­
ing the modified Lienard method. The initial 
point (i = ij = 0 for t = 0) is very near the 
limit cycle. 

1 ^ - h. ™0(i) 

shows that i i nc reases for all 
points of the phase plane where 
i , >0(i) and dec reases for 

>0(i)-

Example 1. 

Solve a RLCN circui t with 
L = 10 nhy, C = 20 pfd, R = 2.0 ohm 
N as in tunnel diode type 1N3130, 
E - 240 m volts ; (see Fig. 2.3.1-3) 

-— = 0.0447 mhos 
1^ 

and 

V LC = 44.7 p s ec / r ad i an 

Choosing initial conditions i = i^ = 0 
and performing the construction with 
Ao) = 0.1 or 0.2 radians as convenient, 
the solution is the curve shown in 
Fig. 2 .3 .1-3 . The numbers along the 
curve a re the cumulative number of 
tenths of r ad ians . Knowing that 

t = 

shape shown in Fig. 2.3.1 -4 is obtained. 



Fig. 2.3.1-4 

Wave form produced by a RCLN circuit when R = 2 ohms, L = 10 nhy, C = 20 pfd, N = 1N3130, 
E = 240 mv. The circuit is a relaxation oscillator. 

Example 2. 

The circui t to be solved is again a RLCN. The p a r a m e t e r s a r e 

L = 1 .2 nhy j C = 12 pfd ; R = 13.3 ohms ; 

N = 1N3130 cha rac te r i s t i c 

This c i rcui t is the same LCN used as an example in Section 2.2.1, except 
that it has a r e s i s t ance R in s e r i e s with the genera tor . 

The generator is a combination of a bias voltage Ej in s e r i e s with 
a pulse generator e2 = E2 [u.(t) -u( t - T ) ] , where Eg is a constant and u is a 
step function (see F ig . 2.3.1-5). 

eg^Eg [u(t|-uCt-T|] 

-csr 
E, - t 

B 

^ r" Br 

Fig. 2.3.1-5 

Flip-flop circuit. 
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1 
i 

0 

L' 

. . . 4 

1 

Ez 

r t 

Fig. 2.3.1-6 

Total voltage e (t). 

The to t a l vo l t age e^ i s a function of 
t i m e a s shown in F i g . 2 . 3 . 1 - 6 . If we choose 
E j - 700 m v , we see tha t the load l ine for 
R = 13.3 o h m s cu t s the c h a r a c t e r i s t i c c u r v e 
(see F i g . 2 .3 .1 -7 ) in t h r e e p o i n t s : L, M, and 
O. We p r o v e in the n e x t s e c t i o n tha t po in t s L 
and Oi a r e s t ab l e o p e r a t i n g po in t s of the 
c i r c u i t and tha t M is u n s t a b l e . We have t h e n 
a f l ip - f lop . If the c i r c u i t i s a t point L for 
n e g a t i v e t i m e s when a p o s i t i v e p u l s e 62 of 
200 m v i s app l i ed a t t = 0, t he load l ine i s 
shi f ted a s shown in F i g . 2 . 3 . 1 - 7 . The new 
load l ine only i n t e r s e c t s the c h a r a c t e r i s t i c 

c u r v e a t one poin t , O2. Being th i s poin t s t a b l e , t he s y s t e i n i s t r i g g e r e d 
to s i n g u l a r point O2. The so lu t ion c u r v e goes f r o m L to O2 a s shown in 
F i g . 2 .3 .1 -7 if T i s i n f in i t e . 

Fig. 2.3.1-7 

Bistable RCLN phase plane. The phase-plane solution is always a con­
tinuous curve because neither the current through an inductor (ii) nor 
the voltage across a capacitor (e^) can be discontinuous. 

If t h e pu l s e d u r a t i o n i s f in i t e , t hen , when the so lu t ion c u r v e h a s 
r e a c h e d a c e r t a i n poin t J , t he l o a d l ine r e t u r n s to i t s o r i g i n a l pos i t ion and 
the s y s t e m h a s aga in two s t a b l e p o i n t s , L and O^. T h e r e i s a c e r t a i n 
poin t J of no r e t u r n . If t h e t r i g g e r p u l s e d i s a p p e a r s b e f o r e t h i s point i s 
r e a c h e d , the s y s t e m g o e s b a c k to point L . 
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The solution curve from time T to infinity s t a r t s at point J and is 
graphical ly computed by use of the load line O^ML. 

The actual construct ion for the p a r a m e t e r s we give above is shown 
in Fig. 2 .3 .1-8. The solution curve spli ts in two branches at point J . So­
lution curve number 1 cor responds to the case T^oo, and number 2 to the 
case T = I . 9yLG - 1.9 x 0.120 n s e c . 

70mo-' 

Fig, 2.3.1-8 

Phase-plane solution curve obtained by the modified Lienard method. The parameters are E|= 700 v, 
E2 = 200 v, R = 13.3 ohms, L = 1.2 nhy, C = 12 pfd, and N = 1N3130. 

The l o c u s of the R po in t s i s a l s o shown for both c a s e s . It m a y be 
u s e d d u r i n g the c o n s t r u c t i o n of the so lu t ions to eva lua t e the a c c u r a c y of 
the a p p r o x i m a t i o n s . While t h i s c o n s t r u c t i o n i s p e r f o r m e d , i t i s p o s s i b l e 
to e v a l u a t e q u a l i t a t i v e l y how n e a r we a r e to the e x a c t so lu t ion . When s u c ­
c e s s i v e R po in t s ge t too f a r a p a r t , i t i s conven ien t t o c h o o s e a t e m p l a t e 
wi th s m a l l e r a n g l e s . 
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We can now plot the v o l t a g e a c r o s s the tunne l d iode a g a i n s t t i m e . 
In the c i r c u i t of F i g . 2 . 3 . 1 - 5 t h i s v o l t a g e a p p e a r s b e t w e e n po in t s A and B : 

^AB - ^ r + e L 

( see F i g . 2 . 3 . 1 - 2 ) . Th i s c u r v e i s shown in F i g . 2 . 3 . 1 - 9 . 

5 0 0 . . 

400. 

3 800. 

2 0 0 . . 

0.2411, ^ 

TCRodiansj 

Fig. 2.3.1-9 

Switching transient of the bistable RCLN circuit. 
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3.0 Analysis of Singular Points (1,2) 

This method is a conabined analytical and graphical approach. The 
method consis ts of: 

a) location of the differential equation s ingular i t ies ; 

b) determinat ion by analytical methods of the solution curves 
around the s ingu la r i t i e s . This is usually s imple , because the 
f i r s t two (l inear) t e r m s of a Taylor s e r i e s can be used as an 
approximation to the nonlinear functions in the vicinity of the 
s ingula r i t i es ; 

c) approximate determinat ion of the solution by observing the 
location of the s ingular i t ies and the na ture of the solution 
curves near them. 

We wish to solve the sys t em: 

Expanding in Taylor s e r i e s about (xs,ys) and keeping only the l inear t e r m s , 
the re is obtained 

J^ = P(xs ,ys) + (x - x s ) A + (y -yg) B 

1 ^ = Q(xs,ys) + ( x - x g ) C + ( y - y s ) D 

The point (xg,yg) i s a s ingular i ty when P(xs,yg) = Q(xg,yg) = 0. Since the 
t ime der iva t ives x and y a r e zero at (xg,yg), we see that a singulari ty is a 
point of equi l ibr ium. 

If a change is made to co-ord ina tes 

X = xg + hi ; y = Ys + ^2 

then, 

^ = hi A + h2 B ; £ i ^ = hi C + h2 D . 
d r dr 

This is a l inear sys tem equivalent to the original one near the s ingular i ty. 
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The g e n e r a l s o l u t i o n i s of t h e f o r m : 

hi = H u exp(XiT) + Hi2 exp(A.2T) ; 

hg = Hgi exp(A.iT) + H22 exp(X2T) 

w h e r e H u , Hijs H21. and Hjj a r e c o n s t a n t s d e t e r m i n e d f r o m the i n i t i a l 
c o n d i t i o n s . 

C o n s t a n t s Xi and Xj ^-^^ c a l c u l a t e d a s fo l lows . W r i t e the d i f f e r en t i a l 
equa t ion in m a t r i x f o r m : 

h i A 

C 

B 

D 

h i 

hz 

w h e r e 

h, = 
dhi 

"dr" 
and lap = 

dhg 
dT 

o r , in a m o r e c o n d e n s e d f o r m , 

[lij = [Ml [h] . 

A s s u m i n g 

h = H exp(A.T) 

a s a so lu t i on , t h e n 

X[h] = [ M ] [ h ] , 

f r om which we ob ta in 

[ [ M ] - X [ I ] ] - [0] , 

w h e r e [I] i s the uni t m a t r i x and [0] is the nu l l m a t r i x . T h i s m a t r i x equa t ion 
i s s a t i s f i e d if for i t s d e t e r m i n a n t 

A - X B 

D - X 
= 0 

o r 

(A - X) (B - X ) - BC = 0 



The r o o t s of t h i s q u a d r a t i c equa t i on a r e c a l l e d the e i g e n v a l u e s of m a t r i x [MJ: 

Xi,2 = - y i (A + D) ± ^ ( A + D)2 + 4 (BC - AD) i 

= Y j A + D ± y (A + D)2 + 4 BC I 

= ^ ± y a ~ . 

We i n t r o d u c e now a l i n e a r t r a n s f o r m a t i o n : 

hi = P n u i + P12U2 hz = Pzi^i + Pz2U2 

w h e r e the P ' s a r e c o n s t a n t . T h i s t r a n s f o r m a t i o n c h a n g e s the (hi , h2) p l ane 
in to the (ui , U2) p l a n e ( s ee F i g . 3 .0-1) in such a way tha t a s t r a i g h t l ine i s 
t r a n s f o r m e d in to a s t r a i g h t l i n e , bu t in g e n e r a l the a n g l e s a r e changed . In 
t h i s f o r m a r e c t a n g l e i s t r a n s f o r m e d in to a p a r a l l e l o g r a m . 

Fig. 3.0-1 

Linear transformation between plane (hi, h2) 
and plane (ui, U2). Corresponding points and 
lines are indicated. 

a n d 

We can e x p r e s s the above t r a n s f o r m a t i o n in m a t r i x f o r m : 

[h]=[P] [u] if | P | / 0 , 

[h] = [P] [u] . 

Subs t i tu t ion into the m a t r i x equa t ion y i e l d s 

[ p ] [;] = [M] [p ] [u] 

o r 



w h e r e 

[u] = [N] [u] , 

[N] = [ P ] " H M ] [ P ] 

S i n c e [ M ] a n d [ N ] h a v e t h e s a m e e i g e n v a l u e s , a s u i t a b l e c h o i c e of [ P ] w i l l 
s e r v e t o d i a g o n a l i z e N , T h i s m e a n s t h a t 

[N] 
Xi 0 

0 X2 

T h e n 

u i = Xi u i U2 = X2 U2 

a n d t h e p a r a m e t r i c s o l u t i o n s a r e 

ui = Ui e x p (Xi r ) ; Ug = U2 e x p ( X Z T ) 

T o c l a r i f y t h i s p o i n t , s u p p o s e t h a t Xj a n d X2 a r e p o s i t i v e r e a l 
n u m b e r s . In t h i s c a s e , t h e s o l u t i o n c u r v e s on p l a n e ( u j , U2) m a y l o o k l i k e 
t h e o n e s s h o w n i n F i g . 3 . 0 - 2 . In t h e s a m e f i g u r e t h e c o r r e s p o n d i n g s o l u t i o n 

c u r v e s a r e s h o w n o n t h e ( h i , hg) 
p l a n e . T h e f i g u r e c o r r e s p o n d s t o 
t h e c a s e f o r w h i c h 0 < Xi < Xj a n d 
s h o w s h o w t h e c u r v e s s t a r t f r o m 
t h e o r i g i n w i t h t h e u j d i r e c t i o n a n d 
g r a d u a l l y t e n d t o t h e ug d i r e c t i o n . 
I t i s i m p o r t a n t t o n o t i c e t h a t a x e s 
Ui a n d U2 b e l o n g t o t h e s o l u t i o n 
c u r v e f a m i l y . 

We c a n f i nd t h e d i r c t i o n s 
of t h e a x e s Ui a n d U2 i n t h e p l a n e 
( h i , h2) b y u s i n g t h e i s o c l i n e m e t h o d . 
D i v i d i n g o n e d i f f e r e n t i a l e q u a t i o n b y 
t h e o t h e r , t h e r e i s o b t a i n e d 

Fig. .3.a-2. 

The same set of solution curves is shown in 
normal form (left) and in general form (right). 

dh i A h , + B h , 
— i = ?.. ^, - s = s l o p e . 
dh2 C h i + Dh2 ^ 

T h e n 

A h i + B h j = s C h i + s D h j 

a n d 
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sD - B 
A - sC 

h i = — -p:- h2 - nh2 

The isocl ines a r e s t ra ight l ines radiat ing from the singular point with slope 

sD - B 
n = sC 

Axes Ui and U2 a re solution curves for the problem; therefore , for 
them the slope of the solution curve and the slope of the isocline coincide. 
Let us call this par t i cu la r slope 

Then 

m = n = s 

mD - B 
m = 

A - mC 

o r 

2 D - A B ^ 
m^ + — m - -— = 0 

The roots a r e 

mi,2 = ^ | A - D ± -/{A - D)2 + 4 BC | = 7 ± V ^ • 

Two other interest ing isocl ines a r e the ones corresponding to 
s = 0 and s -* 0°. If s =: 0, then UQ = - B / A . If S -* 00, then n ^ = - D / C . 

It is also useful to know the slope of the solution curve for the axes 
hi and h2. For 

n -̂  00 (hj axis) , si = A/C , 

and for 

n = 0 (h2 axis) , S2 = B/D 

An example is shown in Fig. 3 ,0-3 , where 

A = - y ; B = -1 ; C = 1 ; D = -3 
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Ig-Ug 

A'-i 
C=l 

m|.2 

l o - E 

s p - i 
A,.-l 

B=-l 
D=-3 
m g ' i 

n„=3 

S a - i 

A j - t 

Fig. 3.0-3 

The solution curve around the singularity can be found 
from an isocline construction. 

If w e a l w a y s c h o s e 

Xi = jS + V a " I X2 = A - V a ; 

m i = 7 + Va~ ; m2 = 7 - v a 

then the f inal d i r e c t i o n s of the 
so lu t ion c u r v e s a r e p a r a l l e l to 
m j for t = + CO and p a r a l l e l to 
m2 for t = - 00. 

Up to th i s po in t we have 
only c o n s i d e r e d the c a s e a > 0. 
If a < 0, t hen Xj, X2, m j , and 
m2 a r e c o m p l e x n u m b e r s . T h e r e ­
f o r e , t he so lu t ion c u r v e s do not 
have f inal d i r e c t i o n s . I n s t e a d , 
the c u r v e s wi l l s p i r a l a r o u n d the 
s i n g u l a r point . The so lu t ion c u r v e 
can be d r a w n us ing the i s o c l i n e s 
no and noo> a n d the s l o p e s Sj a n d 
S2. 

We can c l a s s i fy the s i n ­
gu l a r poin t a c c o r d i n g to the n a t u r e 

of Xi a n d X2 a s shown in the following t a b l e : 

Xi, X2 

r e a l , s a m e s ign 
r e a l , oppos i t e s ign 
p u r e i m a g i n a r y 
c o m p l e x con juga te s 

type of s i n g u l a r i t y 

node 
s add l e point 
v o r t e x 
focus 

S ingu la r po in t s a r e po in t s of s t ab l e o r u n s t a b l e e q u i l i b r i u m . A sadd l e poin t 
i s a l w a y s a poin t of u n s t a b l e e q u i l i b r i u m . Nodes and foci a r e s t a b l e when 
^ < 0 and u n s t a b l e when jB > 0, 

Th i s c l a s s i f i c a t i o n and cond i t i ons a r e shown in F i g . 3 .0 -4 . 
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A|,j = / ) i V - s -

S l l 
UNSTABLE NODE 

.»-*« 

»-.*« 

UNSTABLE FOCUS 

h. 

NE6ATIVE 

f a> 

3.1 RCLN Case 

In Section 2,3.1 we 
found for the circui t shown in 
Fig. 2.3.1-1 the following no r ­
malized equations: 

di . 
-J— = I - Kii 
d r ^ 

The singular points a r e deter­
mined by solving the system 
of equations: 

I - Ki^ - i = 0 

i ^ " 0(i) = 0 

The first one is a s t raight line 
Fig. 3.0-4 , , , . , 

and the second one is the tunnel 
Classification of singular points and typical solution curves. ^.^^^ charac te r i s t i c . The cha r ­

ac te r i s t i c curve is such that we 
have ei ther one or three singular points. Calling the coordinates of the 
singular point ig and i^g and defining hj and hj by 

iL = iLs + hi 

we obtain 

i = i.= + h. 

dh, 
^ = I " KiLs Kh, - io - h . 

dhz 
d r ^Ls + hi - 0(is + hz) 

Expansion in a Taylor s e r i e s around ig gives 

0 ( i s + hz) = 0(is) + hj 0'(is) 

Substitution and simplification yields 

dh i 
d T = -Kh, - h. 

dh 
d r 
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If i t i s r e m e m b e r e d tha t 

0 ( i ) = f(er) 

w h e r e 

i = V C / L CJ- , 

then 

d0( i ) _ <^f(er) , d e r 

di d e r di 

L 

Then 

k = r yC /L , 

w h e r e r s t a n d s f o r t h e t u n n e l d i o d e r e s i s t a n c e a t t h e s i n g u l a r p o i n t ( S e e 

F i g . 3 . 1 - 1 ) . 

SLOPE= 4-
k 

Fig. 3.1-1 

Singular-point analysis of 
a RCLN circuit. 

T h e m a t r i x e l e m e n t s a r e : A = - K , B = - 1 , C = 1 , D = - l / k . 

B y m e a n s of t h e f o r m u l a s of S e c t i o n 3 . 0 , w e f i n d 

X •.-f{-(-i)M-ir-(-f-)} 



mi^2=yj^-K±vfir^^j ; 

no = - I / K J noo = l / k | Sj = - K ; S2 = k 

The s i n g u l a r poin t can be found g r a p h i c a l l y , a s shown in F i g . 3 . 1 - 1 , If the 
t angen t to the c h a r a c t e r i s t i c c u r v e be d rawn , the va lue of k can be d e t e r ­
m i n e d . F i g u r e 3 .0 -3 i s a c o n s t r u c t i o n b a s e d on the p a r a m e t e r s ob ta ined 
f r o m F i g . 3 . 1 - 1 , and the so lu t ion c u r v e so ob ta ined i s a c c u r a t e if the dif­
f e r e n c e b e t w e e n 0( i ) and iLg + (h2/k) i s s m a l l . 

3.1.1 V i r t u a l S ingu la r P o i n t s 

C o n s i d e r the s i t ua t i on , shown in F i g . 3 . 1 . 1 - 1 , s i m i l a r to the one 
d e s c r i b e d in the s e c o n d e x a m p l e of Sec t ion 2 . 3 , 1 . The c i r c u i t h a s only one 
s t a b l e s t a t e , l o c a t e d a t Sg. T h e r e f o r e , a l l so lu t ion c u r v e s end a t tha t poin t . 

Fig. 3.1.1-1 

Singular point analysis in the case of a virtual saddle point. 

The p u r p o s e of t h i s s e c t i o n i s to find the so lu t ion c u r v e in r e g i o n s 
far f r o m the s i n g u l a r po in t S2. L e t us c o n s i d e r aga in the exac t c i r c u i t 
e q u a t i o n s : 



^ = I - K i L - i : - | , = i L - « ( i ) . 

We can approximate the c h a r a c t e r i s t i c curve around point Q with 

<^(i) = iLi +Y'(^ " ^i) 

within a ce r ta in region i i - 6 i < i < i | + 62. Substitution of 0(i) into the dif­
ferent ia l equation yields 

diL . di 1 
-g:^ = I - KiL - 1 ; - ^ ^ = iL - iLi - - j^ (i - ii) . 

Equating to ze ro and solving, we de te rmine the s ingular point Sj. Graphi­
cally, Si is the in te r sec t ion of the load line with the tangent to the c h a r a c ­
t e r i s t i c curve at Qi. Point si is v i r tua l because it falls out of the region 
under cons idera t ion . Moving the or igin of coordinates to s j , we obtain 

dhi dhz 1 
— = - K h i - h 2 ; ^ : ^ . h i - - ^ h 2 . 

F r o m Fig. 3.1.1-1 we obtain K = s/s and k = 8 / l 7 , so that Xi = 1.82; 
Xj = -1.30; mi = -0.292; and m2 = -3 .42. We can now plot the solution 
curve within the region ii ~ 6 1 < i < ii + 62' The complete solution curvCj 
up to point S2s is obtained by approximat ing the cha rac t e r i s t i c curve with 
a numiber of s t ra igh t l ines and dividing the plane in regions , as we did in 
Fig. 2 .1 ,2-2. 

3.1.2 Classif icat ion of Singular Points 

We can conclude fromi the preceding study that each point of the 
c h a r a c t e r i s t i c curve can be c lass i f ied in the way shown in Fig, 3.0-4. 

Consider the eigenvalue formula 

2 X 1,2 - (-f)̂  y(-fr-(i-) 
for the RCLN case , where 

^=Vf ^ = '̂  = v f ' - i ^ =A^ '<̂ '» 
We classify now the singular points according to the values of K and l / k : 



a) Stability: j6 = - ( K + — j 

K > - l / k implies a stable point ; 

K < - l / k implies an unstable point 

The border line is K = - l / k 

b) Type: Node - saddle point or focus, 

- ( - 4 r - ( f - ) = (-^r- • 
/ i \ ^ 
IK --—I > 4 implies e i ther a node or a saddle point 

/ 1\2 

iK --r-j \ 4 implies a focus 

The border line is 

( K +-^) = 4 or K = ( l / k ) ± 2 

c) Type: Node or saddle 

(K4)̂ • (-ir-(f-) 
o r 

0 

impl ies a node, so that 

4 ( f . l ) <0 

impl ies a saddle point. The borde r line is 

K = - k 

The r e su l t s a r e shown graphical ly in Fig. 3 .1 .2-1. 



Consider the f i rs t ex­
ample of Section 2.3.1, in which 
L = 10 nhy, C = 20 pfd, and 
R = 2 i l . For the only rea l 
singular point, 

r = -2.4 Q. . 

Then 

K = R V C / L = 0.09 

and 

T h i s c o r r e s p o n d s to an u n s t a b l e 
node in the d i a g r a m ; h e n c e , the 
c i r c u i t w i l l o s c i l l a t e , a s i s con­
f i r m e d by the a n a l y s i s in S e c ­

t ion 2 . 3 . 1 . T h e o s c i l l a t i o n r e a c h e s a l i m i t cyc le b e c a u s e the so lu t ion c u r v e 
s p i r a l s into r e g i o n s w h e r e l / r b e c o m e s m o r e p o s i t i v e . In the d i a g r a m , t h i s 
c o r r e s p o n d s to po in t s on a s t r a i g h t l ine p a r a l l e l to a x i s l / k and to the left 
of the one c a l c u l a t e d above . An e q u i l i b r i u m i s r e a c h e d when the so lu t ion 
c u r v e s p e n d s p a r t of the t i m e in the s t ab l e focus r e g i o n . 

3.1.3 O p e r a t i n g Modes of R C L N C i r c u i t 

We have s e e n in p r e v i o u s s e c t i o n s tha t R C L N c i r c u i t s can p e r f o r m 
di f fe ren t func t ions , depending on the v a l u e s of the p a r a m e t e r s . In S e c ­
t ion 2 .3 .1 we a n a l y z e d an o s c i l l a t o r and a b i n a r y . The m o d e of o p e r a t i o n 
is r e l a t e d d i r e c t l y to the l oca t i on of the r e a l and v i r t u a l s i n g u l a r po in t s in 
the d i a g r a m shown in F i g . 3 . 1 , 2 - 1 . 

To s impl i fy the p r o b l e m , we a p p r o x i m a t e the tunne l d iode c h a r a c ­
t e r i s t i c wi th four s t r a i g h t l i n e s . T h i s i m p l i e s the e x i s t e n c e of four r e g i o n s 
( s e e F i g s . 3 .1 .3 -1 and F i g . 3 .1 .3 -3 ) , The c u r r e n t g e n e r a t o r Ig and the r e ­
s i s t a n c e R d e t e r m i n e w h e t h e r t h e s i n g u l a r point for e a c h r e g i o n i s r e a l o r 
v i r t u a l . The v a l u e s of R, Cj L , and r d e t e r m i n e the c h a r a c t e r of the s i n ­
gu l a r poin t and, t h e r e f o r e , the c i r c u i t b e h a v i o r in e a c h r e g i o n . 

A m p l i f i e r s and o s c i l l a t o r s r e q u i r e only one r e a l s i n g u l a r point in 
the nega t ive r e g i o n of the c h a r a c t e r i s t i c . In the c a s e of the a m p l i f i e r , t h i s 
s i n g u l a r i t y h a s to be s t a b l e . O s c i l l a t o r s , on the o t h e r hand, r e q u i r e an u n ­
s t ab l e s i n g u l a r i t y . If the s i n g u l a r i t y fa l l s in the u n s t a b l e focus zone , n e a r 

Fig. 3.1.2-1 

Parameter diagram of a RCLN circuit.. 
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t h e v o r t e x l i ne , t he c i r c u i t w i l l o s c i l l a t e s i nuso ida l l y . If i t fa l l s wi th in the 
u n s t a b l e node zone , then we have a r e l a x a t i o n o s c i l l a t o r . The t h r e e c a s e s 
a r e shown g r a p h i c a l l y in F ig , 3 .1 .3 -2 ( s e e a l s o F i g . 3 ,1 .2 -1 ) . The po in t s 
on the h o r i z o n t a l do t ted l i n e s c o r r e s p o n d to the d i f fe ren t r e g i o n s of the 
t unne l d iode c h a r a c t e r i s t i c . 

4f-

•^wr^ 

Co) Oscillator 

la 

^ 

4e 

-^-jw^ 
R 
2 

CM Amplifier 

"1 
i 

Ig 

i 
I 

\ 

K 

k 
m 

-Slope i 
R 

j m 

• 

Fig. 3.1.3-1 

Oscillators and amplifiers require only 
one real singular point in the negative 
resistance region. 

Fig. 3.1.3-2 
Typical singularity locations for amplifiers 
and oscillators. 

X- Real singular point. 

0= Virtual singular point. 

m K I 
- — o - o Amplifier 
—S-l Sinusoidal 

Oscillator , „ 
M M, ^ Relaxation 

Oscillator 
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In the case of a b is table c i rcui t the requi rement is that R > | r |. 
The load line in te r sec t s the tunnel diode cha rac te r i s t i c in three points, 
two stable and one saddle point (see F igs . 3.1.3-3 and 3.1.3-4), We see 
then that the d iagram of Fig. 3.1.2-1 gives us a c r i t e r ion for choosing the 
c i rcui t p a r a m e t e r s for each mode of operation. 

6*9 

• ^ 

i^ 

•'^WV—' 

(cj Bistobli 

Fig. 3.1.3-3 

Bistable circuit. 

K=Rf 

X= Real singular point. 

0=Virtuol singular point. 

Fig. 3.1.3-4 

Typical singularity locations for a bistable circuit. 

3.1.4 The Goto P a i r (7) 

One circui t which deserves mention is that of Fig. 3 ,1 .4-1 . The 
c i rcui t is a flip-flop using a Goto pa i r . Neglecting for the momient the 
capacitance presen t in the diodes and assuming Ri< < R, we have the c i r ­
cuit of Fig. 3.1.4-2, in which E = Ril. We wish to find ei as a function of 
ii. We have 

i i = 1-. i r i = ^(er^) ^ H^rJ 

where 

= E + e, e r , = E 
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T h u s , 

i i = f (E + ei) - f ( E - ei) = F ( e i ) 

a s in F i g , 3 . 1 , 4 - 3 . 

.1(1,1 

Fig. 3,1.4-2 

DC equivalent circuit 
of a Goto pair. 

+ ,1 

f(E+e,) 

+ e, -

0 

Fig. 3.1.4-3 

Combined characteristic 
curve of a Goto pair. 

0 



F i g u r e 3 , 1 , 4 - 4 shows the c i r c u i t wi th the c a p a c i t a n c e s inc luded . 
F i g u r e 3 , 1 . 4 - 5 shows a n e q u i v a l e n t c i r c u i t , w h e r e N T h a s the ( i i , Ci) cha r ­
a c t e r i s t i c found in F i g . 3 . 1 , 4 - 3 , Given the i n i t i a l cond i t i ons , we can now 
apply the m e t h o d s u s e d to so lve a R C L N c i r c u i t . 
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Fig, 3.1.4-4 

AC equivalent circuit 
of a Goto pair. 

Fig. 3.1.4-5 

RCLNx equivalent circuit 
of a Goto pair. 
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4. E x p e r i m e n t a l Da ta and C a l c u l a t e d R e s u l t s 

The m e t h o d s d e s c r i b e d have b e e n appl ied to a c t u a l c i r c u i t s , and 
r e a s o n a b l e a g r e e m e n t h a s b e e n ob ta ined b e t w e e n ca l cu l a t ed and o b s e r v e d 
r e s u l t s . The r e l a x a t i o n o s c i l l a t o r shown in F i g . 4 - 1 i l l u s t r a t e s th i s point . 
The p u l s e g e n e r a t o r d e l i v e r s a t r a i n of r e c t a n g u l a r vo l t age p u l s e s to the 
input . Dur ing e a c h pu l s e the load l ine i s shif ted to the n e g a t i v e r e g i o n of 
the t unne l d iode c h a r a c t e r i s t i c and the c i r c u i t o s c i l l a t e s . We pho tog rap hed 
the wave f o r m s a t po in t s A and B (with r e s p e c t to g round) u s ing a double 
t r a c e - s a m p l i n g s cope , wh ich w a s s y n c h r o n i z e d by the input p u l s e s 
( s e e F i g . 4 - 2 ) . 

Fig. 4-1 

Oscillator complete circuit and 
its RCLN equivalent 

* N 

[20 m wi t /d iv . ] 

[lOOm volt/div,] 

Fig. 4-2 

Oscillograms of voltages e^ and eg 

10 n soc/div. 

[20 m volt/div.] 

• — e g 

[lOOm velt/div,] 

5 n soe/div. 



The e l e c t r i c a l c h a r a c t e r i s t i c s of the type T 1925 tunne l d iode a r e : 

P e a k point c u r r e n t = Ip = 1.0 m a 

V a l l e y point c u r r e n t = Iv = 0.13 m a 

P e a k point v o l t a g e = E p =̂  55 m v 

V a l l e y point vo l t age = Ey- = 320 m v 

F o r w a r d p e a k point c u r r e n t v o l t a g e = Ef = 475 m v 

T o t a l c a p a c i t y = C = 9-0 pfd 

S e r i e s i n d u c t a n c e = Lg - 1.0 nhy 

S e r i e s r e s i s t a n c e = Rg = 1.5 o h m s 

Inf lec t ion point n e g a t i v e r e s i s t a n c e = r = -120 o h m s . 

The t unne l d iode c h a r a c t e r i s t i c c u r v e i s shown in F i g . 4 - 3 . The c i r c u i t 
can be r e d u c e d by the Theven in T h e o r e m to the equ iva l en t R C L N one 

Fig. 4-3 

Phase plane solution 
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shown in Fig. 4 - 1 . The normal iz ing factors a r e 

A / L / C = 1000 V 2 . 9 / 9 ohm = 566 ohms; 

v L C = v 2 . 9 X 9 nsec = 5.11 nsec . 

The p a r a m e t e r s K and l /k a r e 

K = KV€A = ^ 566 
= 0.0185 ; 

l / k = ( l / r ) V L / C = - -TT^= -4.72 (negative region). 

The r e a l singularity falls in the unstable node region of the pa ramete r 
d iagram (see Fig. 3.1.2-1). 

The modified Lienard method gives the phase-plane solution curve 
shown in Fig. 4 - 3 . The initial conditions for t = 0 a re er =" 0, ii_, = 0, 
and Cj/lO = 120 mv. Finally, the voltage efi as a function of tim.e is ob­
tained (Fig. 4-4). If we compare this wave shape with the ones obtained 
experimental ly (see Fig. 4-2), we see that they agree reasonably well. The 
period of the calculated wave form is T = 54.16 nsec . This value is close 
to the 57 nsec observed in the photographs. 

eelm votts) 
500-r 

4 0 0 - -

3 0 0 - -

2 0 0 - -

1 0 0 - -

t-̂  
45.99 

T(radiQns) 

51.1 t(n$ie) 

Fig. 4-4 

Calculated wave form 



We shal l end with a few r e m a r k s . 

D i sagreemen t between exper in ienta l and theore t i ca l r e su l t s can be 
at t r ibuted, in our case , to the following causes : 

a) The equivalent c i rcui t of the tunnel diode is not exactly the one 
p resen ted in Fig. 1.0-1 

b) Some of the p a r a m e t e r s of the equivalent c i rcui t , for ins tance 
the capacity, a r e not constant and depend on the voltage ex, on 
the cu r r en t iL, or on both. 

c) The graphica l methods , being only exact for infini tesimal in-
c re inen t s , a r e in t r ins ica l ly approxinnate. 

Our feeling is that we can ru le out cause a) as being minor com­
pared with cause b). On the other hand, the equivalent c i rcui t appears to 
be physical ly sound 

Cause b) is the mos t se r ious one. It is well known!l^/ that the 
junction capacity depends on the bias e^-. If this effect is taken into a c ­
count, the ma thema t i c s will be complicated excessively, making the theory 
too difficult to apply. 

Cause c) is not too grave because it is always possible to improve 
the accuracy by choosing sma l l e r i n c r e m e n t s . 

Though tunnel diode c i rcu i t s may be solved by means of an e l e c ­
t ronic computer , (115 12) it is believed that the s imple and easi ly applied 
methods presen ted in this paper not only give acceptable solutions but 
a lso valuable insight into the behavior of nonlinear sys t ems in genera l 
and tunnel diodes in pa r t i cu la r . 
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