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ABSTRACT

For two linear elastic bodies which are geometrically similar to each

other and of the same thickness, it is easy to show that the ratio of their

total energies up to the time of fracture is equal to the ratio of their

linear dimensions. Experimental evidence seems to suggest that this

similarity condition in fracture energies may still exist for the specimens

tested in their elastic-plastic range, independent of the amount of work

hardening to be associated with the material. We are able to show this

result, as well as a set of other similarity conditions, from the method

of the J-integral. On the application of the J-integral we made one

assumption, that along the respective contours of integration within the

two specimens the ratio of the stress components is assumed to be a constant

value for each particular pair of contours. This assumption is then justified

for the region close to the crack tip from the singular solution of Rice

and Rosengren and of Hutchinson. It is also justified for both close to

and far from the crack tip from a solution previously obtained by Neuber

from his mapping method. If the total energy of fracture is not significantly

influenced by the contribution from the transition region, then the similarity

relation for the total fracture energy in the elastic-plastic range will

be a close approximation. MASTER
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INTRODUCTION

In performing fracture tests, it is often desirable to predict the

fracture conditions for a larger specimen from the results of a smaller

but geometrically similar specimen. For linear elastic bodies, this does not

pose any difficulty. In fact, for specimens which are geometrically similar

to each other and of the same thickness, it is easy to show that the ratio,

of their total energies up to the time of fracture is proportional to the

ratio of their linear dimensions. It is not obvious, however, whether any

similarity conditions can still be found if the specimens have been deformed
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to their elastic-plastic range before fracture. Experimental evidence '

seems to suggest that the similarity in fracture energies described above for

the elastic case may still exiso for the specimens tested in their inelastic

range. It is interesting in the sense that the observation is independent of

the amount of work hardening to be associated with the material.

We are able to show this result, as well as other results, from the method

of the J-integral, which has recently been demonstrated experimentally by

Begley and Landes to be an appropriate parameter for elastic-plastic fracture. *

On the application of the J-integral we made one assumption, that along the

respective contours of integration within the two specimens the ratio of the

stress components is assumed to be a constant value for each particular pair

of contours. This assumption is then justified for the region close to the

crack tip from the singular solution of Rice and Rosengren and of Hutchinson. '

It is also justified for regions both far from and close to the crack tip from
o

a solution previously obtained by Neuber from his mapping method. Therefore,

if the total energy of fracture is not significantly influenced by the con-

tribution from the transition region, then our similarity relation for the



total fracture energy in the elastic-plastic range will be a close approximation.
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An interesting investigation along this line was also made recently by Merkle.

PRELIMINARY RELATIONS

In the analysis we assume that the material is nonlinear elastic so that

the strain energy function exists and is a well-defined quantity. We are

interested in deriving the fracture conditions between two similar specimens

under similar loading conditions by the method of the J-integral. At present

we limit our analysis to the two-dimensional plane strain condition and to the

case of flat fracture. The J-integral in its two-dimensional form is

j .

where W denotes the strain energy density, T. is the traction vector, and u, is

the displacement vector. In equation (l) the crack is assumed to be parallel

to the xx-direction and P is any contour of integration enclosing the crack

tip and terminating on the straight edges of the crack.

We shall restrict ourselves by assuming the material to be the Ramberg-

Osgood type whose stress-strain relation is the well-known fora

By choosing this particular type of material, we shall treat the elastic-plastic

solid as nonlinear elastic under the assumption of the deformation theory of
6 7

plasticity as was done by Rice and Rosengren and Hutchinson. We have to, of

course, assume that at any point within the contour of integration the material

does not exhibit unloading and that the stress components remain to be pro-

portional with fixed values as required by the deformational theory of plasticity.



In equation (2) s.. is the stress deviator

8ij B °ij * ~ T aM 5ij '

a is the yielding stress, and a is the effective stress defined by

Ql * " 2 " Sij Sij '

For a = c the Mises yield condition is recovered. E, v, n, and a in equation

(£') are Young's modulus, Pbisson's ratio, the hardening coefficient, and a

Material constant, respectively. It is convenient to separate equation (2)

into two parts: the first two terms of equation (2) being denoted as the
e P

elastic strain Bt., and the last term as the plastic strain E e...
The strain energy function based on equation (2) is defined to be

^ u ±i fHi d ald , (5)

which can be calculated as

The first tern denotes the elastic work w and the second denotes the plastic

work w .
P

SIMILARITY RELATIONS

Suppose that we have two geometrically similar specimens of identical .

material and with the same thickness. The ratio of their linear dimensions !

is denoted by a constant referred to as k . We shall derive the fracture
g

conditions owing to the effect of the size of the specimen by the method of



the J-integral. To evaluate the integral, we shall choose the contours of

integration to be located at the same relative position within the specimens.

The ratio of the total lengths of the contours, as well as any pair of segments

of them, is obviously the same constant, k . We snail make an assumption,

however, that at any corresponding points along any pair of contours the ratio

of their stress components is a constant value

s ffij

where a prime is used to denote the quantities for the second specimen. For

n-1, that is, the linear elastic case, the ratio k is always a constant value,
s

but it is not necessarily so for the nonlinear materials.

We shall illustrate in the next two sections that the assumption shown in

equation (7) is a close approximation for regions both close to and far from

the crack tip. For this reason we shall apply the J-integral to the two extreme

cases that the pair of the contours are both located in the plastic zones or

both located in the elastic zones. For either cai?e, we derive a set of similarity

relations.

Consider the case in which the J-integral is evaluated within the plastic

region, so that the effect due to the elastic strain is negligible as compared

with that due to the plastic strain. The first tern of the strain energy

function in equation (6) is negligible and, consequently, the J-integral in

equation (l) should assume a form with the effect of plastic strain only.
The ratio k as expressed in terms of the strain components iss



Substituting equations (6) and (8) into equation (l), we obtain

n 6u.

j = f^ (. ax, - i, 5* a.) . k™ *g j- . (9)

Since the two specimens are made of identical material, we have

j = j» = k"+1 k g J« , (10)

which leads to a simple relation

ft)
1

n+1

Consequently, the ratio of the critical energies per unit area is

and the ratio of the critical strains is

A set of similarity relations is therefore obtained.

Recall that n is the work hardening coefficient of the material. For

increasing n, the material will tend to become perfectly plastic. If we

assume that the second specimen is smaller, k > 1, then the fracture stress

for this specimen will be larger, k < 1, as it should be. However, with
s

fixed k but increasing n, k will approach the limit, one. Obviously, itg s

indicates that for perfectly plastic material the fracture stresses for both

specimens remain the same. For critical fracture strain, equation (13) shows

that, for increasing n, k tends to k" ; this provides a measure on the critical
e 5



condition which is more sensitive than their fracture stresses, which are

almost equal.

The more interesting part, however, seems to be the result of the energy

ratio shown in equation (12). It is invariably proportional to l/k , irrespective

of the work hardening parameter n. For some time this result has appeared

repeatedly from experimental results conducted by Witir' which initiated the

equivalent energy method.

Consider the case that the contour of integration is located completely

within the elastic region. The result should be simply a set of relations

which correspond to that for the linear elastic case. In equation (6), the

second term due to the plastic strain is negligible and

S o.• 6..

After substituting equations (6) and (lA) into the J-integral, we obtain a

set of linear elastic conditions

*s - 7T- • , (15)

and

1

g

which correspond to the ratios for the fracture stresses, the fracture energies,

and the fracture strains.



SINGULAR SOLUTION NEAR THE CRACK TIP

The similarity results obtained in the preceding section depend mainly

on our assumption in equation (7) that k is a constant value along the

corresponding contours, since, otherwise, we shall not be able to factor' out

the ratio k from the integral sign. This assumption, unfortunately, is not

easily shown for nonlinear materials. At present, we are able to show that

it is approximately correct for the region close to the crack tip where the
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singular solution of Rice-Rosengren and Hutchinson' applies.

In fp.ct, this singular solution near the crack tip is a general result

for the specimen of Romberg-Osgood material. The solution is not restricted

to the case of small-scale yielding and is equally valid for the case when

the yielding zone is of considerable size. For small-scale yielding, the

nonlinear stress concentration factor can be determined easily from the linear

elastic solution. Instead, for the large-scale yielding the nonlinear stress

concentration factor can be determined as follows. Similar to Hutchinson*s

result for the two-dimensional plane stress case, the stress concentration

factor for this case is

K
Yn+1 / \n+l

-r) (-f) . <«»
where J is the J value of the material in nondimensionalized form and I is a

constant which depends only on the work hardening coefficient n. With this

value of K, the stress components near the crack tip can be expressed in terms

of the stress function

cp = K rs 9(9) , (19)



where both r and 1p( 9) are nondimensional quantities, not affected by the size

of the specimen. In equation (19)

• - %H • <20>

The stress components are

ap = K rs"2 (s 9 + SgJ) ay (21)

a Q = K rS-s s(s - l) 9 a y (22)

( 2 3)

•where a is the yielding stress. Obviously, the assumption made in equation (7)

is satisfied by the set of stress components listed above.

KEUBER'S SOLUTION FOR THE NONLINEAR SOLID

It was shown in the preceding section that our similarity results are

implied by the singular solution of Rice and Hutchinson when the region is

close to the crack tip. We are interested in whether these similarity relations

can be extended beyond this region. From a solution which was obtained by
Q

Neuber from his mapping method, we are able to demonstrate in this section

that our assumption, equation (7), is valid both far from and close to

the crack tip and consequently our similarity relations are valid in both

areas, at least in this particular problem. It should be noted that in the

preceding section our assumption is actually proved in general, but in the

present section ve can only demonstrate that the assumption is consistent with

this particular example.
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Neuber's method, and therefore this example, is restricted by the

particular stress-strain relation

between the effective stress and the effective strain.

in equation (21)-) G is the linear shear modulus and T* is the yielding

stress. The strain e will tend to become large as the stress increases to

its yielding stress. Furthermore, his method is limited to the antiplane

shear problems only.

His method for the linear elastic case is simply a method of conformal

mapping. From a given complex function, whose mapping pattern is supposed to

be known, we can therefore determine the boundary, or the shape, of the specimen.

For this special shape, we can derive a set of stress and strain components

in terms of the complex function. For nonlinear materials, the complex function

needs some modification which depends on a parameter, k, that is a function of

the yielding stress T* and the external force applied along the boundary.

The real part of the function is the warping function of the specimen, and the

imaginary part is the stress function. These two families of curves are

perpendicular to each other for both linear and nonlinear materials.

We shall consider a specimen which assumes the shape of two-dimensional

half space with a crack of finite length extended into the solid from the

flat surface. First we use a complex function for a linear problem of the

following form:

z0 = e~P sinh Wj , (25)

w = cosh (wj - P) . (26)
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In equations (25) and (26), z0 = Xo + iYo
 and- w = u + iv, where i is the unit

imaginary number, u is the warping function, and v is the stress function

defined by

v - - og . • (a)
In equations (25) and (26) wx is an intermediate parameter which is introduced

so that z0 is understood to be a function of the complex variable w. Both

w and zc in equations (25) and (26) are nondimensionalized by some reference

length. The crack is located parallel to the y0 axis and extended from

Xj = 0 on the free surface, y0 = 0, toward the positive y0 axis. The

specimen is located in the region y0 > 0.

For a nonlinear problem with the stress-strain relation shown in equation

the complex function should be modified by the parameter k as

zo(w) - kj
dw

^°
dw"

= zo(Wl) -

= e"P sinh W l - k /
e cosh

In equation (29)j a bar is used to denote the complex conjugate of the quantity

and k is defined by

k = '.
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where C is related to the shear stress T at infinity. The new function,

equation (29), still gives the boundary of the specimen approximately the

same shape. For k = 0 it reduces to the linear case. As obtained by

Tfeuber, the condition for an infinitely sharp crack tip is

k = e"sP sinhsp . (31)

The corresponding crack length is

= t = e"P coshp {l - sinh2p [l - coshp tanh"^]] (32)

in which k has been replaced by the condition equation (31)• The crack length

t is only a function of the constant p.

The stress distribution is given by

t35)

/k h

where h is calculated from equations (25) and (26) as

dz dla e" (sinh2u + cossv )
• a _ 2. 2. = „ L. L_

dw dw sinhE(u1 - P) -t

At the crack tip w = 0, which implies wx = p + i — . At this point, from

equation

(h) n = ho = e"P sinhp , (35)
wx=P+i-2-

and at infinity

h = i . (36)
CO

From equation (33), since the stress at infinity is T , a relation between

k and T isn
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which is equivalent to equation (30) and determines P in our complex function

if we assume that the tip of the crack is infinitely sharp. The variables z

and w are understood to be nondimensionalized by some reference length.

Therefore we have two free choices T and the linear dimension of the specimen.

If we use subscripts 1 and 2 to denote the two geometrically similar specimens,

then from the expression of the stress distribution, equation (33),

T hs + k fh
_L _ _a S. . _ 1 . (58)

For the locations far from the crack tip h = 1, and close to the crack tip

h = h0. The ratios of the stresses are, respectively,

T 1 + kL _ *L
T
2

and, from equations (31) and (35),

_L _ L
T " l + k. '
2 x

<>

which, of course, corresponds to the perfectly plastic condition. Therefore

our assumption equation (7) is satisfied. It is worthwhile to mention that

on applying Neuber's method the geometrical similarity is only described

approximately owing to the fact that for the two specimens the different

T Ts, and consequently P's, will make the two napping functions different.

Presumably their shapes are not much different in the present case, since both

crack tips are infinitely sharp and narrow.
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DISCUSSION

From the singular solution of Rice and Rosengren and of Hutchinson,

we have shown the validity of the similarity relation in fracture energy

for regions close to the crack tip. In fact the independence of this

similarity relation on the work hardening coefficient is not surprising,

as can be seen from their result that the structure of the energy density is

invariably proportional to l/r where r is the distance from the point to

the crack tip, irrespective of the nonlinearity of the material. This

similarity relation can a?so be regarded as an immediate consequence from

Neuber's result that for any nonlinear material the product of the stress

concentration factor and the strain concentration fact is invariably propor-

tional to the square of the product of their Hookian counterparts. It

seems to us that these three results, although derived in different forms

and for different purposes, are antually not different from each other.

Our similarity relation on the total fracture energy depends heavily

on whether the contribution due to the transition region will significantly

influence the assumption made in equation (7)< It will be interesting

to investigate the question quantitatively. We shall make some calculation

for this purpose later.

On the demonstration of our result by Neuber's solution, it is under-

stood that Neuber's method of mapping is limited to the antiplane problems.

Consequently, our result is also dictated by the same limitation. We shall

investigate later on any possible generalization to the. inplane case

per.

13

TO

similar to the case discussed by Gowda and Topper. It may also be interesting

to investigate the effect of large deformation.
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