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CALCULATION OF HIGH BE~ TOROIDAL PLASMA EQUILIBRIUM 

by 

Thomas A. Oliphant 

ABSTRACT 

This report describes a. numerical procedure for calculating a 

high-beta, thin-skinned, toroidal plasma equilibrium. The 

111athtomatical problem involved is the· solution of Maxwell's 

equations with a boundary between a perfectly conducting 

plasma and the magnetic field. This boundar.y must take such 

a shape that the magnetic field-plasma pressure balance re

lation holds. The mathematical problem is formulated in 

detail and a numerical example is presented which possesses 

very reasonable geometric properties, and which has external 

fields similar to those contemplated for the Scyllac toroidal 

e pinch. 

I. INTRODUCTION 

Recently, a proposal1 has been made for a tor

oidal theta-pinch (Scyllac). Among the theoretical 

problems associated with the design of this device 

is the ~ = 1 equilibrium configuration of the plasma 

confined in a toroidal magnetic field. This report 

presents and discusses a solution to such a problem. 

ternal sources and .a free boundary (current-carrying 

plasma surface). This free boundary is required to 

take a shape which satisfies not only the boundary 

conditions of a perfect conductor, but also the 

plasma pressure balance relation. This is a magneto

static problem in that there will be a static mag

netic field B,but no electric field E. 
In ·Section II we formulate the magnetostatic 

free-boundary problem and discuss the methods or >:~o

lution; in Section III we develop from the basic 

theory the equations relevant to toroidal geometry; 

in Section IV we discuss the computational proce

dures; nnd in s~ctlon V we present the results ot 

an actual numerical calculation. 

II. THE FREE-BOUNDARY PROBLEM OF PLASMA EQUILIBRIUM 

The problem we consider is the determination 

of the static equilibrium configuration of the· sharp 

boundary between a confined, perfectly conducting, 

high-~ plasma and a magnetic field produced by ex

Ltorual cul"Ltouls. Thto lllalhtontallcal I'L·oule111 luvulved 

is the solution of Maxwell's equations for fixed ex-

The usual boundary conditions for B just out

side a conducting surface are 

.... .... " + efl.) L n B (r 0 
0 

(1) 
€ .... 0+ 

and 

" .... j. 1 (l + e~). L 4Tt 11 X D 
0 

(2) 
e .... 0+ 

Here r
0 

is a vector from the origin of our coordi

nate system to an arbitrary point P on the plasma 
A .A~ Q 

surface, n = n(r ) is the outwardly directed unit 
0 ..... 

normal to the plasma boundary at r
0

, and e is a 

small positive constant which is allowed to approach 
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zero as indicated in the above expressions. The 

quantity J is the current density per unit length 

induced on the plasma surface which shields the in

terior of the plasma from the magnetic field. The 

plasma surface is required to assume such a shape 

that the solution B satisfying Eqs. (1) and (2) also 

satisfies the pressure balance relation 

(3) 

The complete Maxwell boundary conditions for the mag

netostatic problem are then given by Eqs. (1), (2), 

and (3). 

Bearer proposed that, for computational reasons, 

we replace the boundary condition Eq. (1) by the re

quirement that the component of B tangential to the 

plasma surface. vanish just inside the surface; i.e., 

A _._,. A 

L n X B(r
0 

- en) = 0. 
e .... 0+ 

(4) 

The Beard problem is then the same as the Maxwell 

problem except for the boundary· conditions which ar·e 

Eqs. (2), (3), and (4) instead of Eqs. (1), (2), and 

(3). 

It is relevant to ask whether we can demonstrate 

the equivalence of the Beard and ,Maxwell problems, 

but this question can be better approached after we 

have expressed our boundary conditions in a form 

more convenient for computation. 

The magnetic field B(;) at any point P in space 

(; is the vector drawn from the origin of the co

ordinate system to the point P) can be written as 

the sum of the field B (;) arising from external 
e 

sources, and the field B (;) arising from the current 
c 

density induced on the plasma surface: 

(5) 

The contribution B (;) is obtaineq by using the Biot
c 

Savart law, which is written, 

(6) 

... 
where S refers to the plasma surface. Here r is the 

field point and ;u is the sourc~ point. Substitut-

4 

ing Eq. (5) into Eqs. (2) and (4) we obtain 

L ~ x B (; +e~) + ~ X B (; +e~) = 4nJ(;
0

) 
e o c o 

e-<0+ 

and 

0. 

We note that 

L B (; - e~) 
e--o e o 

and define 

B(;.)= L 
c 0 

e--o+ 
2 

(7) 

(8) 

(9) 

(10) 

The definition Eq. (10) takes account of the fact 

that we encounter a discontinuity in going· from 

just inside the plasma surface to just outside it. 

Adding Eqs. (7) and (8) and making use of Eqs. (9) 

and (10) we obtain 

J(; ) = 2
1

« [~ X B (; ) + ~ X B (; >] o " e o c o. 
(11) 

Substituting Eq. (5) into Eq. (3) we obtain 

(12) 

combining Eq. (8) with Eq. (12) we obtain, 

(13) 
= 2np. 

Our computational equations are now. (11), (13), 

and .(6) for the Beard problem. For the Maxwell 

problem we rep lace Eq; (13) by 

~ · ic; > = o 
0 

and add the constraint that 

J 2np = b. 

Thus, the equations for the Maxwe 11 problem are 

J;:qs. (11), (14), (15), and (6). 

(14) 

(15) 

We now·approach the question of the equiva

lence of the,Beard and Maxwell problems. We write 

B (leaving the argument ;
0 

understood).in the form 



.... 
B (16) 

Thus 

(17) 

Now, if we insert the solution to the Maxwell prob

lem, the first term on the right vanishes, leaving 

l""'la I" -+Ia B = n X B . 

But using Eq. (15) on the left then yields Eq. (13) 

so that the Beard boundary conditions are satisfied. 

On the other hand, if we insert the solution 

to the Beard problem, the second term on the right 

of Eq. (17) becomes b2
, leaving 

"' .... :a :a (n · B) + L • (111) 

But we cannot say from the Beard boundary conditions 

that Iii = b as we did in Eq. (15). Therefore, we 
.... 

cannot rigorously prove that n · R has to vanish. 

Hence, a numerical solution to the Beard problem 

does not necessarily satisfy the Maxwell boundary 

conditions. This seems to be a manifestation of the 

.fact that Eq. (13) is a weaker statement than the 

combination of Eqs. (14) and (15). Therefore, if 

the BearJ problem is solved it would seem advisable 

to ascertain that Eq. (14) is satisfied. 

III. TOROIDAL GEOMETRY 

In order to Apply the equations of the previous 

section to the p.roblem of interest, we must develop 

them fully in terms of toroidal coordinates, which 

are illustrated in Fig. 1. The major toroidal rad

ius is R and the cnm;-!;l:i,nateR nf the fie lll point C.!il 

be takeri to be either (r,8,z) or (r,e,¢) where 

z = R¢,· (19) 

The set of ortho'gonal vectors is also shown in Fig. 

1; ez and e¢ are the same. We note that in the lim

it R .... ~. the toroiJal coordinates reduce to cylin

drical coordinates. Our calculations are confined 

to the region within the tor.us of minor radius P of 

Fig. 1. 

Let us assume that the plasma surface S sur

rounds the minor axis of the torus as shown in Fig. 

2, and that it resides well within the minor radius 

p, Thus we can exprPR'\1 the pooition of 0 in Lon·ws 

"'I ez 

I 
,t.,_MINOR AXIS 

OF TORUS 

Fig, 1. Toroidal coordinate system for use in 
studying the toroidal e pinch. 

of its distance a from the minor axis. This dis

tance is assumed to be a single-valued function 

a(8,z) of the two independent variables (8,z). At 

each point on the ·surface there will be a set of 

orthogonal unit vectors of the type illustrated in 

Fig, 1, The directions of these unit vectors vary 

with the variables (8,z), 

Appearing prominently in most of our expres

sions is the unit outward normal vector n = n(8,z) 

written as 

where 

A 

n 

n 
r 

n 
0 

n 
z 

1 
D 

1 =-
D (- :~) 
* (- 1 - i cose 

(20) 

(21) 

~) oz • 

(22) 

The current J induced at any point a(8,z) on 

S is given in component form as 

(23) 

The subscripts (i,j,k) refer to components along the 



MINOR ~XIS OF TORUS 

PLASMA 
SURFACE S · 

Fig •. 2! Schematic drawing of the·plasma surfaces. 

directions of (er,e8 ,~z), respectively, or cyclic 

permut~ti9ns thereof. 

To solve .the integral Eq; (6), we must have ... 
expressions for the field point vector r and the 

~ ~II 

source point vector r - r • We ~hoose the origin 

of o~r coordinate system to be at the intersection 

of the major axis of the torus wi~h the plane which 

0 

Fig. 3. Ill us tra tion of the ,/i~ ld 11point .(r, 8, z) 
and source point (r ,s ,z ) for use in th~ 
Biot·Savart integral. 
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.,.. 
contains its minor axis. The position vectors r, 
-fiJ . -t _.// 

r , and r - r are then as indicated in Fig. 3. 

The position·vector ~is written 

~ = e (a - R cos8) - e8 R sine. (24) r . 

-o/1 

A similar expression holds for r in terms of the 
A A - -IJ 

unit v~ctors (er"• ee">• Thus, r - r is given in 

terms of mixed systems of unit vector~. Equation 

(23) gives the components of .J in terms of the unit 

~ectors at the point of the argument of J. From the 

point of view of the integrand in Eq. (6) the argu

ment is (e",z") and hence the unit vectors are 

(e "• ~e"• ~ 11). However, from the point of view r z 
of the left-~and side of Eq. (6), we must have our 

answer in terms of (~ , ~e' ~ ). Therefore, it is r z 
convenient t9 express the set. (~r"' ~.ea,.· ~z·") in 

terms of the set (e, ~8 , ~.). For this purpose we · r z · 
intro~uce the transformation 

r; ,. 
aii" ei" i ei (25) 

thus 

aii" 
,. ,. 
e. . eill 
~ 

(26) 

Writing out the transformation we obtain, 

(27) 

where 

o: e (z" - z ) e" · e · e" rr" = cos cos --R-- cos + s~n s~n 

a (:G" - z) " " rell - sin8 cos -.-R-- case + case sine 

azr" = sin (ziiR- ~ . (28) 

a II 8 ( z II. z) i e" e Case" a'' - ,., oo( • • -R •) : n • + oin • 
a:::: :'::.1[:·.- :) ,,:::• + ,.,, ,.,, 

a II . e i ( z" -z) 
a:: • • • ,::·(,,; (• •)-•,) 

z - z 
U:zz" cos ~ 



.. ..n 
Using the above transformation we write r • r 

in the form 

r • rn =· er {a+ [ R (1-cos .zn; ~) 
- a cos ( zn; z) cose ]case 

+ a sinen sine} (29) 

+ ee l[·R(l - cos zn; z) +a cos(zn; z)cosen] sine 

- a sinen cose ( 

+ ez l-R sin ( zn; z) (1 + i cosen) ~, 

In the integrand we also wish to use the field po:f.nt 

projections of the source point current given by 

J. (en 
~ ' zn) = ~ 

i" 
a1..in J (en, zn), 

in 
(30) 

thus the cross product in the integrand is given in 

terms of components by 

(31) 

The expression f.or the surface element uS (en, z") 

is 

ds (e", zn) a(en, z '') [1- a(eni zn) 
n] cose 

(32) 

X D(Bn, zn) dBn dzn • 

Thus, in component form, Eq, (6) is written 

B .(e,z) c,l. 
cJ X (; - ;n) Jl.. 

J r. dS(Bn, zn), 
J I~ .... nls r - r 

(33) 

and from. the expressions derived above we can eval

uate this integral. 

As pointed out earlier, the Beard boundary con

dition Eq, (13) can be regarded as a differential 

equation which determines the surface shape, To see 

this we substitute Eqs, (20·22) into Eq. (13), ob-

(
l ~Y (n~ 
a ae) z 

(34) 

IV, COMPUTATIONAL PROCEDURES 

The most time-consuming step of the calculation 

is the calculation of the Biot-Savart double inte

gral Eq, (33) at an adequate number of field points. 

Since the field function B i(B,z) is rather smooth, 
c, 

we will not need to use very many points in (B,z) to 

obtain a good representation of it. However, the 

integrand is singular and the evaluation of the in

tegral is a bit tricky. The mesh points at which 

B (B,z) is to be evaluated are at intervals be and 
c 

6z as indicated in Fig. 4. Consider the field point 

(B,z) located at the point a. We i.ntegrate Hrst 

the vad.able z n along all the liues £, at constant 

9
11

• nle singularity in the integrand will be trou-_ 

blesome only for the line £, which passes through a, 

To avoid the difficulty we move the field point, a, 

slightly along the B·dependent curve c. For a ap

proaching its original position, the integral is 

still finite and changes little so that our evalua

tion is a good approximation, The integral over e 
is then straightforward, In the numerical integrals, 

the presence of the singularity dictates that we 

need the integrand at many more points than we need 

the function B , Thus, we use spline fits3 on B 
c c 

for the points between the mesh points and use a 

variable-interval Simpson's rule routine to inte

grate as accurately as required. 

Solution of the differential Eq. (34) is diffi

cult and for the present calculation we have resort

ed to a variation at the surface by a cut-and-try 

method, As a temporary expedient this represents a 

Fig, 4. Schematic representation of the numerical 
meshing. 
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substitute for actually solving Eq. (34). 

We have written theoretical expressions Eqs. 

(23), (33), and (34) and have given some idea of 

how each is to be·solved or evaluated. However, 

there is no explicit way to find the simultaneous 

solution to these equations. As indicat~d by·Beard,4
. 

some sort of iterative or self-consistent method 

must be used. We may begin by solving the Beard Eq. 

(34)_. lvith the guess B = 0 everywhere. However, in c . 
our torus problem B will be rather large.· For the c . 
circular cylinder in a constant B external field, 
- z -Be is exactly one-half the value of a .. and opposite-

e ... 
ly directed. Thus, it is better to start with a Be 

of about half the magnitude of B and oppositely di-e . 
recteq. Then we can either guess a beginning sur-

face or solve Eq. (34). Having our first surface 

guess, we can do as many iterations as we wish with 

Eqs. (23) and (33) (called Biot-Savart iterations). 

'],'hen we get a second surface by solving Eq •. (34), 

and so on until i and the surface shape remain con-
e 

stant with further iterations. The·n, if the normal 

component at B vanishes as it should, we ~ve our 

solution. 

V. SPECIFIC EXAMPLE 

We now present the principal results of an il

lustrative numerical calculation of a toroidal equi-· 

librium. The plasma boundary is shown schematically 

in Fig. 5. For an externally imposed field, we take 

a low order harmonic expansion solution of Maxwell's 

equations in toroidal coordinates, including the 

effects of modulations, of periodicity length A, 

along the minor toroidal axis. The actual expres-

The most prominent contribution from Eq. (35) con

sists of the following three terms: 

(36) 

8 

F±g. 5. The confined toroidal plasma is illustrated 
schematically. The sharp plasma surface is 
as seen looking down along the major axis 
of a torus of major radius R. The period 
of variation of the external field along 
the minor toroidal axis is A. 

A first guess for the surface shape may be parame

terized as follows: 

a(e,z) 

The parameters a, e1 , and e2 are adjusted to mini

mize B where B has the fonn of Eq •. (36). The field e 
Eq. (35). simulates that which would actually be pro-

duced by the external currents in the to,roidal 

Scyllac apparatus. This expression can be obtained 

(35) 

by using off-axis expansions of the solutions I 
n 

and K~ of Bessel's equation as well as perturba-

tion treatment5 in 1/R. A similar expression in

volving the actual Bessel functions instead of 
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Fig. 6. The boundaries discussed in connection with Fig, 5 are plotted in terms of their deviation fir from 

the corresponding boundaries of a smooth torus of minor radius 1 em as a function of the distance 
z along the minor axis of the torus for one period A. The outward (inward) deviation of the out
side (inside) boundary are plotted upward (downward). 

off-axis expansions can be obtained and is described 

in Reference 6. 

The outside boundary of the plane view section 

of the plasma shown in Fig. 5 is approximately cir

cular, while the inside has a bumpy (corrugated) 

shape. This is a reasonable configuration in view 

of the fact that the current conservation and pres

sure equilibrium condition lead to the requirement 

that field lines lying on the equilibrium surface 

have constant length independent of their location. 

For our sample toroidal calculation, we chose 

a major toroidal axis of R 200 em and allowed 313 

periodicity lengths in the external field so that 

A = 2rr R/313 = 4.01 em. We used an external field 

strength such that the plasma formed a bumpy torus 

having an average minor radius of about 1 em. The 

actual parameters fed into the expression for Be 

were: B
0

. = 200 kG, Bm = l3 kG, and ~ = - 13 kG. 

In each period A we placed 12 computational mesh 

points on the surface. A calculation of this sort 

takes from five to seven hours of CDC-6600 computer. 

time. 

Our solution bears a s·triking qualitative re

semblance to the Meyer and Schmidt "bumpy torus" 

configuration.':- orne COl"t"espondence ill vruliHllly nut 

quantitative because of restrictions imposed on the 

planes of current flow in the latter solution. As 

indicaten above, a convenient test of the accuracy 

of our solution is the constancy of the lengths of 

magnetic lines of force on the· plasma surface~ 

The inside and outside lengths corresponding to Fig.· 

5 agree with each other to within 0,10% whereas the 

corresponding deviations from the smooth torus 

peripheries average 0.44%. The plasma pressure 

corresponds to a surface magnetic field strength of 

200 kG, and the maximum deviation from this value 

on the surface is 5 kG. (The variations in the ex

ternally imposed field strengths are as great as 

40 kG). 

In Fig. 6 we have plotted the deviations of 

the outer and inner peripheries from the corre~

ponding peripheries of a smooth torus having a min

or radius of 1 em. An additional item of qualita

tive·interest is the cross-sectional shape of the 

plasma column at various points z along the mirror 

toroidal axis. These cross sections are shown in 

Fig. 7. 

The above result serves primarily to indicate 

the existence of an equilibri~ configuration with 

an external field B qualitatively like that to be 
e 

used experimentally. Since the calculation is 

somewhat unwieldy, no attempt has been made to use 

the numerical program for design parameter studies·. 

It is -hoped that improved methods can be incorpo

rated for this purpose. 

9 



I 
I 
I 

/ 
/ 

I 

/ 
/ 

......... 
/ 

/ 

180° 

2.0......___~ 

00 
Fig. 7. Cross sectio~s of the plasina' s~face perpendicular to the minor toroidal axis at indicated 

distances along the minor tdroidal axis. The dotted line is the cross section of the smooth 
.t9rus of minor radius 1 em. 
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