
~. ?7~T-.. ,, 7%:- ,r -/-7--, .. -d.w,7--., - 
' " a  "- ~:,,,,<:7<-- - , / -- .:, p/i, lj)i;i!($* . - i: $: ;yk&+ip. aru&:sf yfnnc$ y  cap^! 

j ,  . / I  ZJ,'! 6. .>::,Lr. -- . .. -- ,, J 'Y b,. -= ( . ; %.-,>> -,,z. , . ,-,,--c ,B,,~X :,,?-.c'*'.* i.- J ,-+"::-A/-% 
. , ..TT. ; . .. - ;- - - ~- , + ,,/. , <, ){ ,,,F -,.. . , /T, [;;.:, -.., ( y  T-T- 1.- 

{!<,L @ ~;(;s: q;,/ ~bn~\~MBa;{[aak~iiag&~!'~n&)r+ , , ~ , .  , , , ,  , . . i \.. . / I :  \ - i *p3@p:, i ,  
-<'l ..=-.* .-;-.-.- 

I\-.-" 
,L>i-.,, .,.----. . , ,L.-.<<zr., ~.J:*L.. , l 42 *  , \-. 

.I r' , , , , ;,,!-;:.%. , ,, -;:< - ,,,, , ., , ( -.y.--., , , .. a,, : -  . - , , . ,,$(<.;+< , ,," .*"7;". 
,i!/' , . 

- \ ' I /  i rL 6 . a c~ aX;'i hg: Q$~.&E pWV:<ii2 u ~,o,&Q 5;) .<i r;30$1 ~[~?&ji 
L - .- - --- . ., ,! ;, -,. /:,&: 9 .. ..-?l\>.d,.\>.\ :.f:...L.~J[>~:; .-,, , , ; \ ~ < ~ ~ ,  \ \ L-z - A rQ 

T=. .F ,,~;(,..-Ax.>(f~2;<- EQUATION-OF STATE . ,  - OF, . . , ' , ,~pJ~&06,ry<LEGi , . J,,'s:,..- bmi 
1 - -. - .  - < .,=, ( - L  W> 

42.' bs- < 
rS1 dMS OF CI IRGED. PARTIcLE~~JFGF!~' - -- _ -.( I - . - " ' ,$;,I,; :.. 4 , < a i - L .  

t !$ ..,..,; C;>-T. @-""$L2, 'i ,, 

, 8 :  , - , .. " '.,, ?;.& 
I - - - ,.I1'/'&@Q;{) '.. ' ! , 

& E2 i;$! $12 $, ; (\;=- -, Q!A(,I 36 
.::.~%-:-. J , -. .. ..*.: -. ,A,.:. d , .->> . ;--. -/ 

z - ) ,g -- 
(< ( - ,- 2y, >:;-p-. ,:: --7--.\ =y 3., . - j$-.:: ,'.. , - _- --'"-- 

g ) j ~ 6 , ~ 4 ~ Q ~ ~ , ~ L ~ ~ ~ ~ ~ ~ 6  L., _I J L ~ S I ! ~  , ) ~ L ~ ~ l ~ $ E j < > j ~  
;.: ~ > ~ < ~ . ~ ~ ~ : : ~ ; ~ ~ S . ~ L ~ ~ * . > . ~ ~ I ~ ~ :  



DISCLAIMER 

This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights. Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof. The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible in 
electronic image products. Images are produced 
from the best available original document. 



' This paper was submitted for publication 
in the open literaturo at least 6 months 
prior to the issuance date of this Micro- 
card. Since the U.S.A.E.C. has no evi- 
dence that it has been published, the pa- 
per is being distributed in Microcard 
form a s  a preprint. 

A 

' " . 

UC~RL-6450 Rev. I 

UNIVERSITY O F  CALIFORNIA 

Lawrence -Radiation Laboratory 

Livermore ,  California. 

Contract NO. W-7405-eng-48 

EQUATION O F  STATE O F  CLASSICAL SYSTlEMS 
L 

O F  CHARGED PARTICLES 

S. G. Brush  

, H. E. DeWitt 

.J .  G. Trul io  . . 

August 21, . . 1962 

I Facsimile Price $ ( 
Microfilm Price $ - 1  
Available from the 

Off ice of  Technical Services 

Department o f  Commerce 

Washington 25, D.  C. 



Equation of ~ t & t e  of Class ical .  Systems of Charged Pa r t i c l e s  

S.  G.  Brush ,  H. E. DeWitt', and J .  G .  Trul io  

Lawrence Radiation Laboratory,  University of California 

Livermor  e ,  California 

August 21, 1962 

ABSTRACT 

Recent developments :in t h e  c lass ica l  theory of fully ionized gases  ahd 

s t rong electrolyte  solutions a r e  reviewed, and a r e  used to  d i scuss  the  

equation of s ta te  a t  high t empera tu re s  and low densi t ies .  The p r e s s u r e  is  
. . 

calculated using the ring - in tegral  approximation,  and quantitative es t imates  
. . . . 

of'hSgher cor rec t ion  term's a r e  given. The effect of sho r t  range  repuls ive 
. . 

f o r c e s  i s  shown by comparing the r e su l t s 'w i th  two kinds of potential functions: 

. . 
.hard sphe res  of d iameter  a ,  and "soft  I' spheres  fo r  which the shor t  range - 

potential cancels  the Coulomb potential a t  the or igin ,  and dec reases  exp.0- 

nentially with distance.  It i's found that  the  use  of e i ther ,  type of potent ia l '  

extends the range of va1id:ty of the r ing- integral  .approximation to  cons ider -  

ably higher densit ies a n d l o w e r  t empera tu re s .  Since ther,e i s  l i t t le  diffeyence 
. A -  . . .  e 

' I 

in  the r e su l t s  for  the hard  sphe res  and the soft  sphe re s  in this range ,  the 

la t te r  sys t em i s  investigated m o r e  extensively s ince i t  i s  m o r e  eas i ly  handled 

by analytical  methods.  T h e e x p r e s s i o n s  der ived "fr the f r e e  energy of a 

sys t em of charged par t ic les  can  a l s o  b e  used in 'ionization equil ibrium 

calculations,  and the effect of electro,static interact ions  on the equil ibrium 

concentrations of var ious  kinds of ions is  indicated. 
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I. INTRODUCTION 

~ k e  f i r s t  extensive study of the s tat is t ical  mechanics of sys tems of 

par t ic les  interacting with long range Coulomb fo rces  was made by 

S. R. Milner in 1912 (1).  - Milner attempted to  calculate the vir ia l  of a 

mixture!tpf ions, using the Maxwell-Boltzmann distribution for the probabil- 

, i t i e s  of the va.rious possible  configuration^ of thc ions. ' He naturally 

encountered the two difficulties inherent in this  prbblem: (1 )  the divergence 

due to the long range charac ter  of the Coulomb force;  (2)  the divergence due 

to the short  range charac ter  of the Coulomb force.  The f i r s t  divergence 
. . 

could be eliminated by summing f i r  s t  over the configurations of smal l  groups 

of ions ,  using the fact that alternating (t-t-. . . ) configurations a r e  most  

probable, before extending the integrations to  infinity; the second divergence 

wak avoided by assuming the ions have a finite diameter .  However, Milnerl's 

mathematical  methods were  .not powerful -enough to yield r e su l t s  which were  

either simple o r  exact,  and abvut all that could ha concluded was that the 

effect of interactions. was t.o lower the total, p r e s s u r e  (osmotic p res su re  in 

the' ca se  of electrolyte solutions).. . ThCs was s t i l l  a valuable resu l t  since it 

rl. . . 
' 8 .  
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indicated that the hypothesis df complete dissociation of strong electrolytes 

in solution did not 'necessarily have to be  rejected because the osmotic 

p r e s s u r e  of concentrated solutions was not proportional to concentration. 
. , 

. . . . 

The famous t'heory of Debye and Hiickel ( to  b e  r e f e r r e d  to  a s  DH) 

abandoned the strTct s ta t is t ical  method in favor of m o r e  intuitive methods; 

the electrostat ic  potential was assumed ea sarisfy the su-called F u i s ~ u u -  

Boltzmann equation, and the linearized versfan of this equativll cuuld be 

solved exactly to  giv.e s imple limiting laws .for the osmotic p r e s s u r e ,  activity 

coefficients,  conductivity, etc. (2 ) .  - .  The DH theory was an immediate success  

with t h e  chemis ts ,  and constituted a considerable advance in electrochemistry.  

Thus A .  A.. Noyes said in 1924, 
. . 

"The t reatment  of Milner involvedmathematical  considerations , . . . . . 

s o  difficult as to  make it s ca rce ly  available to  chemists  o r  

physicists with. ordinary mathematical trailiing. .The m o r e  r e -  

cent derivatfon .of Debye and HGckel, on the other hand, i s  based 
. . 

on a few fundamental physical principles whose application p re -  

s ents no ser ious  mathematical difficulties. " (3) 
. . 

Milner had not continued his work on electrolytes a f te r  1919 because of 

a se r ious  i l lness ,  and "Debye taking up this work, went ahead s o  fast .  that 
. . 

Milner turned his attention to electromagnetic theory. " (4) - ,In ,1926, Milner 

wrote  , 

"Since I have read  Debyets  calculation cr i t ical ly  .I think that his  

method of calculation of the effects of the interionic force  i s  

great ly  superior  to  mine.  All the laborious s u r ~ ~ ~ n a t i o n s  and , 

approximations contained in my calculation of 191.2 a r e  done 

away with, without any sacr if ice  of. accuracy.,  by what seems  
. . 

to  m e  a s t roke of genius - namely,,  his ohseiva.tiori that the 
. .  . .' 

average  potential of a l l  the ions in a sphere  containing a. posi- 

t ive ion a t  the cent re  must  satisfy Poisson'k equation. ~ i n c ' e  

the two calculations a r e  based on the s a m e  assumptions and 
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mine contains admitted approximations,  I a m  inclined to be- 

l ieve that the numerical  differences between them a r e  to a 

l a rge  extent attributable to these.  ' I  (2) 

While a l l  subsequent work has. confirmed the validity of the limiting 

l a w s f o r  infinite dilution derived f r o m  the 'DH theory, the initial enthusiasm 

for the theory cooled somewhat a f te r  it was found that it could not be extended 

to 'more concentrated soIutions in a satisfactory way. When the ionic diam- 

e te r  i s  introduced in the l inearized Poisson- Boltzmann equation, resu l t s  

valid for  somewhat higher concentrations can be  obtained, but sometimes the 

diameter  needed to  fi t  the experimental resu l t s  comes out negative. It i s  

a l so  possible to solve the non-linearized equation with r a the r  m o r e  labor ,  but 

there  ar.e st i l l  objections; there  i s  apparently a choice between two "charging 

p rocesses"  which lead to  different values for the osmotic p res su re ;  and the 

Po i s son-Bol t z i~~a i~ i i  equaliur~ ilself implies neglect of fluctuations that prob-. 

ably become important a t  high concentratibns. In addition, various effects 

such a s  dielectric saturation of the solvent may occur.  It was eventu+lly' 

, rea l ized  that reliable resu l t s  could only be  obtained by re turn ing , to  a r igorous 

approach .based on statist ical  mechanics.  

The application of the .DH theory to ionized gases ,  particularly in s t a r s ,  

was discussed by Rosseland ( 6 )  - and Eddington (7) .  - ~ h d i n ~ t o n ' s  principal con- 

elusion was that the ionization produced a t  high tempera tures  would permit  

s te l lar  ma t t e r  to  be  compressed to a n  enormous degree ,  and yet s t i l l  behave 

riea.rl.y like a n  ideal gas;  it had ea r l i e r  been-supposed that it would condense 

to a liquid under such high In a'strophysical prob1em.s the equa- 

tion of s ta te  a t  high tempera tures  i s  determined pri.m'arily by the degree.of 

i'onization r a the r  than direct ly  by the electrostat ic  effects.; when the density 

i s  s o  high o r  the tempera ture  so low that the DH theory i s  invalid, other 
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. . 
effects suc.h a s  p r e s s u r e  ionization 2nd degeneracy must  a l so  be taken into 

account. However, we shal l  see  that e lectrostat ic  effects' have a n  important 

indi'rect 'effect 'on the pre ' ssure  in cer ta in  regions siilce they ,influence the 
. . 

equilibrium concentrations. of various kinds of iwr~.s, and an  improved version 

. . of the DH theory is n.eeded to descr ibe this  effect adcurately.  
' 

During the l a s t  fifteen y.ears,  the problem of constructing a consistent 

. . genera'lization-of the' DH tkieory has beeri attacked along, tw6 liiles., pursued 

m o r e  o r  l e s s  independently in the United States and ~ u s ' s i a .  In 1950, 

J.. E..  Mayer showed that the c'luster expansion.for the. equation'of s ta te  

(apparently inapplicable to Coulomb fo rces  bkcause of the divergence of the 

second v i r i a l  coefficient) could be rear ranged by summing the most  divergent 

integrals  to give a finite resu l t  (8,9). - - The evaluation of the so-called ring 

integrals  was found to  yield just the DH resu l t  for  Coulomb fo rces ,  and 

Mayer ' s  formal i sm provided a systematic method for computing higher 

.approximations. This  theory was devel6ped;further by Haga ( l o ) ,  - .  Me'eron (1 - l ) ,  

.F r i edman  (12) - and Ab'e (13) - s o  that we a r e  now able  to  make a quantitative 

est imate of the contributions f r o m  m o r e  complicated cluster  integrals  and 
! 

thus determine the region of validity .of the DH theory itself. 
' 

An al ternat ive to  the cluster  integral expansion i s  the method :of integral 

equations for the distribution functions'; both must  of cour.se.give the same r e -  

'su1t:if carr, ied f a r  enough; and it is  mere ly  a: mat ter  of convenience whichone  

chooses for  'a piirticular problem. N. N. Bogolyubov had in 1946 developed 

the distribution function method in a fo rm suitable for application to Coulomb 

% fo rces ,  and showed that the DH theory was r'ecovered in the lowest approxi- 

mation; but he did not investigate t'he elimination of the shor t  - range b 

divergence (14). - This task  was left for A.  E. Glauberman and I. R. 
c- 

Yukhnovskii (15,16,17)'who --- worked with a l 1  soft potential function 



. . 
2 - y r ( = ( ( 1  - e . ) (sof t  sphere)  (1)  

. . This fo rm i s  appropriate  for  ions which contain bound electrons whose 

- 1 
charge distribution has  a mean radius of about y . With l e s s  justification 

one might use  it for  ions in a fully ionized gas ,  in which case ,  by analogy 

.. . with.the quantum mechanical theory,  y might be identified with the r 'eciprocal 

of the thermal  wavelength,  i: e. ,  with (ii/.-~)-l. When y becomes t em-  

perature-dependent the .relation between the f r e e  energy and t h e  other thermo- 

dynamic functions will naturally be  modified. In this paper we shall  t r ea t  y 

Glauberman and ~ u k n o v s k i i  found that it was possible to obtain the 

distribution function explicitly to any des i red  degree of approximation by 

solving Bogolyubov's equation, and thG$ to calculate the f r e e  energy and other 

thermodynamic propert ies .  Since their  ,method employs the Four ier  t r ans  - 

fo rm of the potential function, it i s  eas ie r  to have a continuous potential 

r,athkr than the m o r e  usual "hard sphere ,  " 

+ 00, r - < a ,  
U ( r )  = (hard sphere)  

It i s  -possible to  use  the hard sphere  ,potential in conjunction with a d is t r i -  
(. 

bution function method, although the resu l t s  a r e  morer.complicated (1  --- 9,20,2 1). 

.A  th i rd  method, employing collective coordinates for the long range 

par t  of the potential, has been developed by Yukhnovskii (22,23); -- it gives the 
. . 

s a m e  resu l t s  fo r  the soft sphe=e sy'stim. and can a l so  be applied to  other, 

models.   o ow ever, Siegert  (24) - [see a l so  Moore (25)] ,  - who rederived the 
. . 

expansion by his  method of Gaussian random functions, c la ims  that 

Yukhnovskii's resu l t  for a general potential including.short-range forces ,  i s  
. . 

incorrect .  ' Kelbg (26) h a i  obtained a s imi lar  expansion by a method of 
, . - 

1 
. . Feix.(18') - has used this  pote,ntial in the theory of t ranspor t  propert ies  of a 

. . plasma. 
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collective coordinates .  These authors  a l l  ag ree  'on the f o r m  'of the f i r s t  

corre 'ctibn to  the DH t e r m  for soft sphe res ,  tho.ligh, they h a y  t r ea t  sho'r't- 
. . 

. range repulsive fo rces  differently.. %inally we rrlention ,a recent  paper by 

. . .  . ~ h e i m e r  and Gentry. (27.) in which the DH resul t  is  der ived 'by a method em-  - .  

, . . . . . , 

. ploying. stochastic functions, though the corr,ection ' t e r m s  a r e  not obtained 
. . 

explic itiy 

We shall  show that the cluster  integral me thodand  the distribution 
. .' . . 

function method b.o.th , lead t o  the  same .expres  s,ion for  the. f r e e  energy in the 

ring, in tegra l  approximation when. the soft sphere  pote,ntial i s  used (proof of 

equivalence for a l l  potentials i s  not given). 1t.appears that the s e r i e s  de- 

r ived by any of the above-mentioned methods could be rear ranged so  a s  to 

b e  identicai.  When one makes  the identificaf ion y- ut,,:, the resulting r i n g -  
, . 

i n t eg ra l  equation of s t a t e  i s  ve ry  nearly the : s a m e  for  bdth hard  and soft 
L .  

sphere  sys tems over a wide ' range of tempera tures  and dens i t i e .~ .  (This,  i s  

not surpr i s ing  s ince the ring integral contribution i s  determined pr imar i ly  

by the long, range pa r t  bf the pot'ential which, is  the same for both. ) Moreover ,  
. . . ,  

the Glauberman-'Y ukhnovskii theory. indicates. that under cer ta in  conditions , 

the .distribution function acquires  a .periodic char.acter , a r e su l t  which i s  not. 
. . .  

' j . .  . 

immediately apparent f rom theories  based on the hard  sphe re  model,  though 

i t  has  occasionally 'been noticed by previous w r i t e r s  (28,29). -- 

Quantum effects a r e  entirely ignored in this  paper ,  except insofar a s  

they can  b e  considered to  determine the value of y. This should be  a 

legi t imate approximation over a l a rge  region of densit ies and tempera tures  

of physical, c h e ~ ~ l i c a l ,  and a:stro.physical interest ;  even where the m o r e  
. . . . ,  . . 

difficult quantum mechanical theory must  .be used,  it 'is s t i l l  useful to  work b 

.out the 'c lassical  theory to see  how much difference quantum effects really 

. .  . 
:. . . .  make.  

, . 
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We siimmarize ih ' this  section the r e su l t s  obtained by Maye=, Meeron,' 

Fr iedman,  and ~ b & ,  based on a modified cluster  integral expansion. 

Mayer ' s  or iginal-cluster  expansion for the equation of state of neutral  . . ' 

. . 

atoms or  molecules was based on writing the configuration integral in the 

, . . f o r m  . .  . 

where 

If t,he force law is such that U.  . ( r .  .) i s  effectively i e r o  for  r.. . > a ,  then f .  
1J 1J . . 1J 1J 

will be  ze ro  unless the ,pa i r  of molecLiles ( i , j )  i s  c l o s e r t h a n  a d.istance a, 
. . 

and a product of f ' s ' i n  the exp.ansion ( 3 )  will be non-zero only if the 
. . 

corresponding molecules fo,rm a "cluster  " such that each f i s  non-zero. 

The number of c lus te rs  of var ious types ' is  determined by .combinatorial 

analysis,  and the expansion is finally. reduced t'o a sum over " i rreducible  ' I  

, . 
, . ..clusters.:: ( A  cluster  of molecules i s  i r reducible  if the graph formed by : 

drawing a li.ne for each f ..func$ion . 
. is doubly connected.) .' 

' 2  .When U...(r..) = e /r.. , a l l  the c lus t e r  integrals  a r e  diveigent;  this  i s  
1J 1J 1J 

not surpris ing,  since when ai l  the par t ic les  have the .same charge one does 
. . - 

L 
F o r  a m o r e  comprehensive t reatment  of c luster  integral theory, we refer  

to  the forthcoming monograph b y  Fr iedman (6.0): - , 
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not have any equi1ibr.iu.m s ta te  in .the usual sense ,  and most  of the par t ic les  i 
. . 

a r e  forced against the wall  of .the container.  .[A detailed.description of this  

situation. is g.iven.byKell.er . . (30). - ] Only' when.th.e g,as. i s  electrically neutral  

can..the, much finer efiect of the  of the medium due to Coulomb 

intereact ions b,e distinguished f r o m t h e  g r o s s  effect of ,. u ~ b d l a n c e d  , charge. , 

. , One way of taking - a c ~ o u n t  'of e lectr ical  neutrarity'.is. to  a s s u m e  a .I1 one-. 
! 

component" sys tem of ele'c,tror?s 'moving in a uniform back'gr ound of .positive . , 
, . 

charge.  . [Rayleigh ( 3 1 )  - .  was probably the f i r s t  t o  consider 'such a ' sys t em;  in 
, . . 

. . 

another context; ] . . ~ o w e v e , r ,  i f  one wants to . t r ea t  a m o r e  rea l i s t ic  two- 
, 

component sys tem,  i t  i s  necessary '  t o  modify the Coulomb potential .at  , shor t  

dis tances for  ion- electrpn interactions to avoid a divergence. 
' ,  L 

,Consider a sys tem of Ne electrons in a volume V, the total charge 

a , .  = -eN being balanced by N. posi t iveions.  each of charge + e z  . We a r e  of , 

e 1 . I , . ,  

course  chiefly i n t e r e s t e d i n  t h e  propert ies  of the sys t em in the l i d i t s  
' 

. , 

lirn (N,/V) = ne; l im  (N./v) = n.. (4,) . . . 
I i 

I 

Ne,V-m. N i P m  1 .I 
( .  . ( . ,, 

" The Helmholtz f r e e  energy, including, the second v i r ia l  coefficient fr,om 
, . 

. ordinary c l u s t e r  integral  theory,  i s  

. ' 
where  

When,  



and the.exponentials'  in Eq. (6) a r e  .expanded in Taylor. s e r i e s  and the resu l t s  
: 

substituted into. Eq. (5) ,  w e  obtairi . . 

(8) 

F o r  the part icular  case' of a n  electron ...g a s  in a continuous positive 

charge backgrdund, a l l ' t he  ,linearly divergent t e r m s  i.n Eq. (8) a r e  removed 
. . .  

by the condition df e lectr ical  neutral-ity; the divergences of the other t e r m s  a r e  . ' : 
. . 

elim'inated by appropriate  regrouping, of the t e r m s  of the .perturbation. expan- 

sion: (1)  The idea l -gas , f ree  energy of the positive charges,, NiFoi, vanishes 

. I 

when they are"converted into a fixed continuum. (2 )  The: f i r s t  integral  drops 

out by' e lectr ical  neutrali ty,  N = z N . (3 )  Let z. - 0 'and N. and keep 
e i i 1 1 

the product z .N. constant. This elirninat6s a l l  the integrals which a r e  
1 1 .  

2 .3 
multip1,iedby zi Ni. ziNi, e t c .  We a r e  then left with 

. . . .  . .  

There  a r e  two remaining divergences in Eq. (9) .  The f i r s t  integral 
. .  ... ... , 

. i s  linearly"divergent since 
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This t e rm,wi l l  be combined with other divergent pa r t s  of m o r e  complicated 

c lus te r  int'egcals and summed  to give a finite r:esult (the . . "r ing,  integral t t ) .  . . 

The other.  integral  is  not as '  bad a s  i t  looks,  since 

7, 
is actually fin'ite a t  the. origin when mui.tiplied . . by, the factor r f r o m  the 

S ' .2 . 3 . :  
volum-e element,  and only t h e ' t e r m  d.i (@ /r) gives a Iogiri thrnic divergence 

a t  infinity. This t e r m  is s imi lar ly  to  be  summed with corltr ibutions fro-m 
I 

. . 

other c lus te r  integrals ,  leading to  the so-called "watermelon" integral.  

. . Detailed ana lys is  of the cluster  integrals ,  using a sc-reened Coulomb 

3 
potential 

. . 

shows . that the mos t  divergent integrals involving j p a r t i d e s  a r e  those of the 

type fl2fZ3. ., . f j  - l , j f j ,  eachpar t i c l e  i s  joined to  just two o thers ,  the S 
whole c lus te r  f0rming.a  ring. Fur ' thermore,  when the f functions a r e  ex- 

panded in powers of the interaction U( r ) ,  the f i r s t  t.er.m i s  always the mos t  

divergent. It i s  then assumed that i f  one can sum the most  ,divergent t e r m s  
i I 

before integrating and thereby obtain a . f ini te  resu l t ,  this  resu l t  will give.a,  

l a r g e r  . .  . contribution to  the  f r e e  energy than the ot,her t e r m s  which wer.e . 

initially l e s s  dixe.rgent. (This  assumption has  apparently never been r igor  - 
ously. justified, although in this c a s e  the s,ummation of the l e s s  divergent 

t e r m s  does turn  out to  give contributions of sma l l e r  o r d e r  of rnagl?itude. ) 
. . 

. . The vfrial  coefficient B. i s ' thus  approximated. by the expression 
. J 

3'e-6r i s  used only a s  a convergence factor in the integral; and 6 has no 
physical significance. 
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. . 

1 
where the combinatoiial  factor - ( j  - I ) ! .  i s  the number  of ways the j  par t ic . les .  : 

.2 . . . . . ,  . . . 
.. . . . 

'may be  placed. on the ring. This "convo lu t io~"  integral may be  evaluated for 
. . 

tlie potential (1  1 ) by intr'oducing t h e  ' ~ o u r i e ' r  r e p r e s  entatidn ' .  

together with -the. Fou-rie.r representat ion of the 'delta function, 

. . 
The re su l t  i s  

, . 
25-3 

For  t h e  pure .  Ciulomb potential (6 - 0 )  wc o e e  that B.  diverges as R 
J - 1 

if  the momentum integration is. extended to a lower l imit  k = R  . To m in 

eliminate this long' range (smal l  momentum) divergence, we s u m  over j  

before integrating over k ,  so that we obtain the ring contribution to the f r e e  

energy . . . . . 

Since 
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we can wr i t e  Eq. (15 )  i,n closed f o r m  

where we have introduced the n e w  quantities 

' 2  
= ( 4 ~  pe n)-? . (Debye length). 

. . 
It will b e  observed ' that  the quantity in brackets  in Eq. (19) goes to.unity 

a s  q' 0 and bne-then recovers  the s a m e  expression for  the f r e e  energy as 

was found in the original DH theory. I-Iowever, thc passage f r o m  (15) to  (17) 

i s  valid only when rl - > 1. .It i s  customa'ry ,to d is regard  the res t r ic t ion  rl - > '1 

by a s se r t ing  that Eq.'  (17) i s  real ly  the corre.ct  f o r m  valid for a l l  rl, which 

one would have, obtained directly f r o m  a be t te r  theory,  and '(15)' mere ly  an  
8 .  

expansiqn of dubious validity. .. In o t h e r  words ,  it i s  . . assumed that there  

exists an analytic continuation of the function obtain'e'd by summing. the s e r i e s  

for  la rge  k ,  into the;..region of smal l  k. The use  of this .procedure leads 

h e r e  to  a resul t  which can  be  rigorously justified :by other 'methods: it i s  

. .shown in Appendix A that the DH re&ult  can be  d,erived f r o m  Eq. (15) without . ., .. 
. . 

' 

While Eq. (15) was f i r s t  obtained by Mayer (8) - and shown to be  f o ~ m % l l y  

equivalent ( in  the sense descr ibed above) to  the DH resul t ,  the closed f o r m  

(17) was  fir kt given explicitly . by  Zubarev ( 9 ) .  - 
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. . .  . 

It is c6nvknient to  introduce .; dimens idnles s parameter  

The c lass ica l  DH resul t  [(rle 0 in Eq. (19)]  i s  then 

f r ~ m w h ~ c h  the p r e s s u r e  and interna1,energy a r e  obta1Yne.d as, 

The above derivation of the DH resul t  by summing ring integrals can be  

. generalized to  provide a .  complete d4zig.r afi;exp.ans.io:nXo.r:th~e f:r.e,e . .__., ,ell.:e.r gyj.tin which 

each t e r m  is  convergent for the Coulomb potential (1 --- 1,12,13). We s t a r t  f rom 

the Mayer expansion for the f r e e  energy based on Eq. (3) ,  

(sum over a l l  products in which a l l  par t ic les  a r e  m o r e  than singly connected). 

The Mayer f functions may now be  expanded in powers of the potential to  give 

a t r u e  perturbation expansion. The next s tep i s  to pick out the t e r m s  like 

those o.ccurring in the second integral in Eq. (9) ;  a t e r m  like 1 [ ~ ( r  1 2 ) ] 3  i s  ' . 

then. combined with a l l  the other tgr ins  in which one o r  m o r e  of the direct  

interactions U(r ) i s r e p l a c e d  by a chain of interactions of the type . ' . 
12 

u ( r l 3 ) u ( r i 4 ) .  . . u ( r k ,  2):    he points in a diagram represent ing part ic les  1 

and 2 ,  which a r e  involved in m o r e  than'two of the interactions,  - a r e  called 
, '  . 

/ 
nodal points by- ~ e e r o i  (1 - 1 ) and 'junctions by Abe (1 - 3); these s elcve a s  

.the ends of the chains of  interactions in the diagrams we a r e  considering. We 

can sum over .al1 the chains which may connect two modal points, j u s t ' a s  we 
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summed over a l l  the r ings in Eq. (15), using the Four i e r  representat ion of the 

potential function, the r e su l t  being 

which can b e  written in closed fo rm 'as 

F o r  the Coulomb potential ( 6  = U )  we have 

and therefore  we replace the r e a l  interaction U(r)  by a " shielded" interaction 

r = lr -1 - 22 1 -  . (23) 
, , 

When this  shielded in'teraction is incorporated into the cluster  expansion, 

one obtains a finite r e su l t  for the sum of the divergent t e r m s  and ignores 

(in this  approximation) the o thers ;  the general  fo rm of the modified vir ia l  

s e r i e s  i s  now , 

P F = N  F t N F  . . 
. e oe ring (24) 

j =2 . .  ( 

where [cf. Eq. ( l o ) ]  

and S3, S4, etc. can a l s o  b e  written down if des i red  (11, 12). The integral  - -  
(25) has  been evaluated numer.ically by Trul io and Brush  (32). - 

, . The genera l  formula fo'r the shielded potential U ( r )  corresponding to  
s. 

a r e a l  potential U(r )  i s  . . 
i . . 
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where F denotes the Four ier  t ransform operation. The shielded potential 

may a l so  be identified with the '"potential of average fo rce , "  . . a s  w i l l b e  m o r e  
. . 

. .. . . . . 
, . c lear  when w e  come to . the  dis'tribution function approach insec t ion  IV. 

: 111. TWO-COMPONENT SYSTEM: SOFT SPHERES 
, :  

The formulae of Section I I c a n  easily be generalized to the multi-  

component case ,  but the integrals ndw have a shor t  range divergence when 

- a  pure Coulomb potent.ia1"is used. Such divergences have often been eliminated 
. . 

by using-a.  hard  sphere  potential., ' E ~ .  (2) ,  but t h i i  type of potential i s  not very  

convenient when one i s  using a method based on ,Four i e r  t ransforms;  neither 

is  i t  par t icular ly rea l i s t ic  for ionized gases .  K r a m e r s  (33) - employed the 
i 

function 

(e%)( l  - exp [ - a r / 2 ~ ] )  

where R is the of the center of m a s s  of the two atoms whose 

distanc'e of separation i s  r .   h his par t icular  fo rm was dhosen s o  that 'Ithe 

property of the energy to  be  a homogeneous function of the coordinate's of the 

degree -1  is .preservedI1;  the origin'6f coordinates 'was taken outside the 

container: so that R was essentially constant. Glauberman and Yukhnovskii 

(15,16) showed that the function -- 

i s  very convenient for  analytical investigations based on the method of d is t r i -  

bution functions, and it a l so  turns  out to  be  convenient.for calculations using 

the formulae developed in Section 11. 

The Fdur i e r  t ransform of the function (27) i s  easily found to  be  
. . 
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The ring integral i s  . . 

where 

The total  p r e s s u r e  i n t h e  ring integral approximation i s  
. .. 

The parameter  A i s  now 'defined'for multi-component systems as 

where. the mole fraction and charge of component s a r e  denoted by n and e 
. .  . . . 6 . ,  6 ,  

. . 
respectively; K .is the dielectric constant which can usually be set  equal to  

one. fo r  ionized gages. '. 
- 1 

The function f (a) may ,be 'expanded around ,the point a = 0 [w = 1, ] 1 1 . .  

giving 

.or arowid the point a = 2, giving 

.. , , ' I 

~ r ' o m  Eq. (3  l ) ' k ' i & ' .  c lear  that one recovers  the 'usual  DH equation of 

s tate ,  Eq. (2 l ) ,  in the. l imit  y - oo . 
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It i s  interesting to  compare the equatioii of s ta te  (30) for soft spheres  
. . . . 

4 
with the  well-known equation of s ta te  for  the hard  sphere potential : 

6 = a/AD. 

which can a1 so be expanded in power s of 6, 

. . 

Thus,..-if. the parameter  y in the soft sphere potential is equated to  (3/2a), we 

o r  conversely putting a = ( 3 / 2 ~ )  we get 

L1 T&la I we give a few values of f ( a )  together with corresponding 

5 
values of .gl (3/2yhD). It i s  evident that hard  spheres  and soft spheres  with 

appropriately chosen pa ramete r s  have very nearly the same  equation of 

s ta te  in the regioii where the ring integral approximation i s  valid. 

To compute the next t e r m ,  S2, in the modified cluster  expansion (24), .  
. .  . 

we need the shielded potential U ( r )  which corresp.onds to  the soft sphere s 

potential. . The resu l t ,  using Eq. (26), is 
. . 

4 ~ h e  work of Haga (10)  indicates that g '(6) a s  given. here  i s  accnrate.onlyy , 

t o  t e r m s  l inear  in 6  in-^^. (34). 
1 

5 : 
Mostly computed by S. R. Brinkley, J r  ., and R. F. Brinkley; see  ref .  

(34), - p. 176,. 
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. . 

The expression ,on the right-hand side of Eq. ( 3 7 )  apparently becomes com- 

. . 
pl.ex f o r  a < 2; however, it- can s t i l l  be writ ten in r ea l  form (with z = iy), 

W e  s e e  that the  shielded potential changes to  a periodic fo rm a t  a = 2 ,  

though the re  is no discontinuity in the ring integral  contribution. to  the p r e s s u r e ,  

f ( a ) ,  - a t  this  ,point. As will b e  brought out m o r e  c lear ly  in the next 'section, . 1  

this  implies  a locally periodic' spatial  distrib.ution of ions around any one ion. 

However, the existence of such a periodic,  s t ruc ture  in the sys tem,  if it 

real ly  occurred ,  would s e e m  to invalidate the u s e  of any low-density expansion 
. . 

such as the  one descr ibed here.  We shal l  therefore r ega rd  a = 2 a s  the l imit  

of the r'egion b i  appl'icability of the modified cluster  integral theory,  a s  f a r  a s  

the soft sphere model i s  concerned. In other words,  we do not expect the 

theory to apply when the Debye screening length ( A  ) is l e s s  than twice the ' 

D 
- 1 

"mean  radius"  (y ) of the ion. .This 'is a l s o  a re.asonable c r i te r ion  for 
. . .  

deciding when the soft sphere  model itself ceases  to  provide a good descr ip-  

tion of r.eal ions,  s ince when the Debye length becomes s o  sma l l  that it is of 

the same  order  of magnitude a s  the ionic radius ,  one would expect the equation 

of s t a t e  to  depend'strongly on the detailed s t ruc ture  of the ion itself. 

. . 
Our f inal  equation of s ta te  i s  thus' . ' 

A = 1 - -  f ( a )  + f2(A, a) 
6 1 

where f 2 ( A ,  a )  is obtained by differentiating the appropriate  f o r m  of S with 
, . 2 

r e spec t  to  the volume: 
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s; as:, 
. . f2(A, a )  = n - - an ' 

(The generallzation.to a n  n-component sys tem i s  not difficult; s ee  Section IV. ) 

It is possible to  derive a s e r i e s  expansion for f (A, a )  ( see  Appendix B);  
2 

. . while s2..(and presumably a l l  the higher t e r m s  in the s e r i e s )  diverge in the 

l imit  a - & a n  expansion s imi lar  t-o Eq. (32) i s  when a is .some- 

what . larger  than.2. If one works out the f i r s t  t e r m  in the expansion he finds 

( F o r  the c a s e  of symmetr ica l  electrolytes,  a l l  the even powers of A in',Eq. 

(39) have.,vanishing coefficients. ) 

We have a lso  evaluated f2(A,a) numerically;  the resu l t s  a r e  given in 
. . 

Table IT. Comparison with these shows that the above approximate formula 

works fair ly  well a s  long a s  both A and y a r e .  sma l l e r  than about 0.3, but 

it fails.completely for l a rge  A .  Jus t  a s  was found in the one-comp.onent case  

. . . (32),  - : the approximation based on the f i r s t  t e r m  in a n  expansion of S gives 
2 

very misleading r e su l t s  in the region where the effect of S begins to  be  2 

important. Whereas,  for  smal l  A ,  S .gives a ,negat ive contribution to  the 2 
. . 

p r e s s u r e ,  for  l a rge r  values of A it gives a positive contribution which 

counteracts the effect  of the ring integral . , (- f (!)). This is fortunate inas- 
. . 

much a s  the ring integral t e r m  by itself would lead to a negative total  p r e s s u r e  

a t  l a rge  values of A and y. . , . . . . . . .  

.. . 
F o r  numerical  calculations we have used two values of y t o  i l lustrate  the 

8 . -1 dependence.of .the p res su re  on ionic size: ( a )  y = O..29 X 10 c m  o r  

8 -1  -' 8 - 1 y = 3.45 X cm;  (b) y = 0.58 X 10 crn , o r  y-' ~ ' 1 . 7 2 5  ~ 1 0  cm.  



UCRL-6450 Rev. I -20- 

1 - 3 Since A,, = 6.9 ( ~ / n ) ~  c m  when T i s  in OK and n is in ions/cm , we have in 

8 1 - 8 1 - 
c a s e  ( a ) ,  a = 2 X 10 ( ~ / n ) ~ ,  and in case  (b) ,  a = 4 X 10 ( ~ / n ) ~ .  In Table I11 

we give the magnitude of the various contributions to  the right-hand side of 

X 
Eq. (39). The Debye contribution for point cha rges ,  5, i s  given in column 

A ( I ) ,  t h e r i n g  integral-f  ( a ) i n c o l u m n ( 2 ) ,  t h e c o n t r i b u t i o n f r o m S  viz. 
6 1 2' 

f , ( X ,  a ) ,  in colurnll ( 3 ) ,  and the total  values ot i ) / n k ~  ili column (4). No rsrl 
U 

gas  would b e  completely iunlzed dl  lllc lowest t cn~pcra tu roo  given in the t a l ~ l v ,  

but the numbers  a r e  s t i l l  useful i x i  indicating the electrostat ic  contributiorrs to  

the equation of s t a t e  in those reg.ions,where the variation of the degree.of 

ionization can  b e  ignored. 
. . ,  ..,.. .. 

It will b e  observed that,  except a t  low t empera tu res ,  the condition a > 2 

i s  a m o r e  s t r ingent  res t r ic t ion  on the region of validity of the theory than the 

condition that A be  smal l .  The fo rmer  condition cor responds  to  a straight 

line in the temperature-densi ty  plane: by doubling the tempera ture ,  one 

doubles the maximum permiss ib le  density. On the other hand, since f Z  (a) 

2 
var i e s  a s  (1 - 4 / ~ .  ) when the la t ter  quantity is smal l ,  we s e e  that ,halving the 

ionic radius  at a given tempera ture  permi ts  one tu go up to densit ies four 

t imes  a s  high. However, this can only be done provided that X does not 

thereby become too la rge .  When the tempera ture  i s  high enongh to  produce 

.complete ionization, the ions will be  just  nuclei and electPsns,  and one could ' . 

then make  the > .  ionic radius  much sma l l e r  (but not ze ro )  and thus extend the 
. . 

. . . .  region'of 'validity to  much higher densit ies.  One: would s t i l l  have to worry  

abdut how weli the' soft  sphere  model descr ibes '  t he  actual shor t - range  inter-  

act ions in this  case ,  howeve?. 

It ha; not been conclusively established that t hepe r iod ic  fo rm,  Eq. (38), 

is meaningless; ' i t  may be ' that  the cluster  integral theory s t i l l  provides an 

adequate description of the sys tem in the region where yAD < 2. In fact ,  

. .. 
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. Villars (35) - has used the corresponding pair distribution function a s  a 

s tar t ing point for  a numerical  calculation of the equation of s ta te  of a dense 

plasma,  based on a theory of H. S. Green (36). - We mere ly  wish to  emphasize 

the need for  fur ther  justification of the validity of the .theory in this case .  

F o r  a discussion of the magnitude of the S2contr ibut ion for  a hard 

sphere  potential, we refer  to  the a r t ic le  by Meeron (37).  - 

The distribution function approach was applied to electrolyte solutions 

by Kirkwood (38) - in 1935; Kirkwood derived an  integral equation for the 

potential of mean force  [cf. Onsager (39)] ,  - defined a s  proportional to  the 

logarithm of the pair  distribution function, and showed that for Coulomb 

forces  the potential of mean force  i s  simply the Debye shielded potential. 

However, Kirkwood's la te r  work employed the superposition approximation, 

and it remained for  Bogolyubov . ( - 14) and la te r  Glauberman arid Yukhnovskii 
. . 

( 1  --- 5,16,17) to  develop an exact s e r i e s  expansion for the distribution function. 

Bogolyubov did not go beyond the DH t e r m  because he found that higher 

. a p p r o x i ~ a t i o n s  to the distribution function became successively m o r e  diver-  

gent a t  the o r i g i n .  ~ l a u b e r k a n  and ~ u k h n o v s k i i  avoided this difficulty by 

using a soft sphere  potential, Eq. (1 ) ;  they obtained a f i r s t  approximation for 
. _ . ' . , ,  . . . 

the equation of s ta te  which corresponds to  the ring integral approximation in 

cluster  integral theory, and a ,  distribution function which is  very s imi lar  in 

f o r m  to  the shielded potenti.a.1 gi.ven'in Eqs. (37,38). In fact ,  there  i s  a 

c lose relation between their  solution of the integral equation for the distribu- 

tion function and'  the chain summation'  in the cluster  integral  ' theory. The . .  . 

similar i ty  between the distribution function theory and the cluster  integral 

theory has not been generally recognized, though it i s  well known that both 
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I 

must  give t h e s a m e  resu l t  when carried. to  a '  sufficiently' high degree  of 

approximation. Aside f r o m  the fac t  'that Glaubermah'and Yuknovskii's work 

has previously been available only in Russian,  there  has  been some confusion 

because they made a n  e r r o r .  in obtaining their  final f&rtiuld<for:th:e f r  ee:e,ce.rgy. 

The c o r r e c t  expression fbr the f r e e  energy has b e e n  given by Kess ler  and 

Gorbanev (s), and it tu rns  'but t o  be  exactly equivalent to  Eq. (29): 

Let D . r.epresent the probability .distribution iunction to r  the posieiaiis 
N 

of all N molecules ,  given by 

where  Q N  is.  the , s ame  configuration integral introduced in Eq. ( 3 ) ,  . 

The distribution function's F ( r  , . . . , r s )  with s = 1,2,3, . . . , a r e  defined in 
S 

such  a '  way that 

r ep resen t s  the probability that the. positions of a given s e t  of s molecules 

l ie  i n  the volume element ( r  r + d r  ) . . . r , r t d r  . ) In par t icu lar , .  1 S 

F i s  related to  DN by the identity 
S 

. . 
' (42)  

By differentiating F with respect  to  the a- component of the. position ' 

S 

vector of molecule 1 ,  and using Eqs. (4 1 )  a ~ d  (42),. 0G.e can derive the . 

equation . . 
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where . . . . .  . . . .  . . .  . . . . ,  i . .,. , . '  , . . . .  . . . .  . , , . . 8 .  * 

. . 
Since we shall  be  interested only in the lower'-order'distribution functions 

(e. g . ,  only F2 i s  needed to calculate the equation of s ta te )  we can a s sume  . 

s < < N  and achieve a slight simplification in Eq. (43):  

Equation (44) i s  t o  be solved for  F with the conditions 
S 

when a l l  the r . .  - CO; 
1J . . 

. 
' In the c a s e  of short  range forces ,  Bogolyubov shows how o,ne can solve 

Eq. 144) by expanding the distribution functions in powers of the density,  
. . .  ,. . . . . . .  

thereby obtaining the Ursell-Mayer cluster  expansion. In. the c a s e  of long 

range .Coulomb fo rces ,  the appropriate dimensionless parameter  i s  ;% 

- 1 
X = (4rm h i )  ; the factor of 4rr i s  of cdurse  ip t i&al  a n d  i s  omitted by 

Bogolyubov and by Glauberman and .Yukhnovskii, who a l so  absorb the factor 
. . . .  

. . . .  - 3 
X~ 

into the definition of the higher approxik-&tion~to F. Thus, they wr i te  

, c 

the pair  distribution function . . 
, ~ ... . . 
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. . 
2 

Fab denotes the second approximation t e r m  in the pair  d is t r  ibution,function . . .  . . 

for par t ic les  of kinds a and b.  

.. . I n  the case  when the superposition approximation 

is used,  one can derive a sys tem of equations for  the successive t e r m s  in 

. . . . . a .  

(51) 
where  

(Nc is  the number of par t ic les  of kind c).  The sys tem(50,51 ,  etc. ) i s  solved 

by Four i e r '  transfo.rms; 'each of' these equations. has  the f o r m  

P 

... , . . .  
and the various f&ctio&s occurr ing in Eq. ' ( 5 2 )  have the F o u r i e r  r e p r  ksenta- 

. .  . . . . . . . . . . . t ions 
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The general  solut.ion for K i s  
ab, . 

In the special  case  of the soft sphere potential, whose Four ier  t ransform 

i s  g iven  by Eq. (28), it i s  found that the Four ier  t ransform o f t h e  zeroth , . , . . , , , 

' 

approximation to  the pair  distribution function i s  

. . . . .  

(in. this  c a s e  L i s  just - V  ). Inverting the Four ier  t ransform,  .one thus 
ab  ab 

. . 
where . 

When a < 2 ,  p' and q become complex but FO ab can then be  wri t ten in the 

r e a l  f o r m  
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F o r  comparison with Eqs. ( 3 7 )  and ( 3 8 )  . we . note the ident.ities 

where  

y =  (1 - 4/a2)!. 

.We  see  that the shielded potential U ( r )  calculated by,summing chains 
. S 

. J 

contains the same function a s  the zeroth approximation'to the pair,'distribu- ,, 

. - 
tion.furictioh which Glauherman and , ~ u k h n o l s k i i  obtained by solving a s e t  of 

. . . . . 2 .  ' ,  

. . ..: integral equations , . 

. . .  

The energy of the system may now be calculated from the formula 

which gives,  using the soft sphere  potential and the expression (56) for the 

distribution function; 

The f r e e  energy i s  determined by the relation 

Glauberman and Yukhnovskii (P6)  - obtained the resu l t  t 
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which ' is  incorrect ;  the co r rec t  resu l t ,  
. : 

. . 

was f i r s t  given by Kess1,er and Gorbanev (40). - Equation (62) i s  equivalent to  
. . 

Eq. (29) and thus ;it t u rns  out that the equation of s ta te  based  on the f i r s t  , .  . . 

approximatioh'to the  pair  distribution function, Eq. (56), i s  identical t o  that 

calculated f rom the ring integral sum in the modified cluster  expansion. 

' ' To obtain higher approximations f rom the distribution function method, 

it i s  necessary  to eliminate the superposition approximation. This has been 
. . .  . . 

done by Glauberman and Yukhnovskii in another paper (4 - 1); they express  the 

distribution functions F ( r  . ; . , r ) in t e r m s  of cer ta in  auxiliary functions 
, s .  s. 

introduced by Bogolyubov (14), - 
. . 

The g functions satisfy s imi lar  inte'gral equations, which can be. solved by 

- 1 
expanding in powers of n (the corresppnding dimensionless parameter  i s  A )  

.. . 

we' shall re fer  to  the g ' s  a s  correlat ion functions. The of 
. . .  . 

finding an  approximation of a give'n order  to a correlat ion function for  a 
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specified number of k o l & c u l e  s can  be r e d i c e d  to  t h e  determination of the 

approximation of next lower order  to  the correlat ion function for  a group con- . . 
.1 . ' - ' 0 

taining one m o r e  molecule.  Thus, to determine g one needs to find g 
ab  . . abc ' 

etc .  According to  Glauberman and Yukhnovskii (4 - 1)  ihe  solution has the f o r m  

0 2  1 0 2 0  
g:b = t! (gab) ' S! 1 nc 1 Gat) g,b d r ~  ' 2! 2 n~ Sg:c (g:b12 d r ~  

C C 

c ,d 
' .. I . . . .  . 

. .  - . . . 

The f i r s t  t e r m  in Eq. (66) repi-es.ents the cbrresponding t e r m  in theexpansion 
. . . . .. . !  : -'I 0 

of exp [n- l g b ]  in power's of' n gab ; the remaining three  t e r m s  ' a r e  co r re l a -  
. . . . , . . . . o .  

. ' : . . . .  . . . 
tion integrals  describing the influence of a n  a r b i t r a r y  th i rd  molecule on the 

. . . .  

' probability of a given configuration of two selected molecules a and b; t h e  

l a s t  in.tegra1 a l so  includes the effect of a fourth molecule. 

1 
The difference between.g the f i r s t  approxika t ion  to the pair  d is t r i -  

ab'  
1 

bution function d l e u l a t e d  f r o m  the exact expansi6n; and Fab. the corresporld- 

ing approximation calculated with the superposition approximation, i s  found 
. , . . 

In the case  of the soft sphere potential, Glauberman and Yukhno-vskii 
: I  . . . . . .  . 

est imate that the  superposition approximation is applicable only f o r  concen- 
. . , , . . 

t ra t ions l e s s  than about 0.01 mole/l i ter.  
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Yukhnovskii (1.7) - has given a m o r e  detailed analysis  of the s e r i e s  expan- 

1 
sion of the ,pa i r  distribution function.'  'He finds that ,  just a s - g  contains 

. . ab  . . 
, _ . .  . ' I  

according to  Eq. (66) a ' t e rm 7 (g:b)2 plus seve ra l  "correidt ion",  t e r m s ,  
t 2 .  

2 
gag contains a t e r m  - ( ' )3 together with ino re  comp,licated correlat ion 3! gab 

t e r m s ,  and s imilar ly for g3 etc.  I f  the co r re l a t iqn ' t e rms  were  absent ,  the 
ab ' 

pair distribution function could be  written a s  exp [n -  ' g:bi, in which case  

0 , . 
gab/np o r  U ( r )  could be  interpreted v e r y s i m p l y  a s  the potential of average 

S 

folike. ' Actually the correlat ion t e r m s  do not vanish, and,may become ra ther  

important a t  higher densit ies.  , . , . 
. . 

~ h e ' g e n e r a l  exprdssion f0.r the pa'ir distribution function given by 

~ u k h n o v s k i i  is:  : 

There  is of course  a prescr ipt ion for  constructing each t e r m  in the. ser ' ies ,  

and it would not be  difficult to show by a suitable rear rangement  of these 

. terms. that  the f r e e  energy is identical to the modified vir ia l  s e r i e s ,  Eq. (24),  

derived by Meeron, Fr iedman,  and ~ b ; .  

! 
Nevertheless,  Yukhnovskii was not satisfied with the above method, 'and 

in a la te r  paper he says  (42): - 
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' "Until recently the deierminat'ibn of :the'.thefmod.jharnic charac ter -  

i s t ics  .of ionic :systems has b,een ca r r i ed  out by the use  :of par t ia l  . : .  . 

distribution functions - ,single-particle and binary functions. - The 
, . 

calculations involved cumbersome computations and the solution 
. . 

of complic.ated' sys tems of integro-differenti.81. equatio'ns. In these . . 

calculations for  sys tems of charged parttc1e.s' short-range forces '  

could b e t a k e n  into account only with special ' -forms of force  law. . . ' I  . 
, . .. . 

He then ado'pted the  method of collective variables ,  developed by Hohm and 

Pines ,  Zubarev (9 ) ,  - Bazarov (23),  - and o thers ,  and attempted to  derive a 

general  expression for  the f r e e  energy which could be used with any kind of 

short  range force  law. We shall  not descr ibe  the details of the method since 

a t ranslat ion of this  paper has  already been published (42);. - the resu l t  i s  

F = - NkT 111 V t N 1 r[a(Lr) - I n  (a (k)  t I ) ]  + j n  1 "anb I(e- hab - 1 

k a ,b 

where 

u(k) i s  the Four ier  t r ans fo rm of the potential, and hab i s  just the screened '. 

potential PUS defined by Eq. (26). Equation (69) i s  applicable for the soft 

sphere  potential, and is  identical to  the modified v i r ia l  expansion, Eq. (24),  
. . 

the t e r m s  S7, and S3 being given explicitly by Yukhnovskii. There  is another 
. . 

formula,  slightly .more complicated than Eq. ( 6 9 ) ,  which is  valid when m o r e  

singular short  range forces  a r e  included (22),  - but which, according to  Siegert  

(z), requi res  some  modification. 
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V. HIGH-DENSITY LIMIT OF THE LOW-DENSITY EXPANSION 
. .. . . .  

It has  now been shown that a modified v i r ia l  expansion can be  constructed 

for the equation of s ta te  of a sys t em of par t ic les  interacting with long range  

coulomb forces';  this expansion dan be c a r r i e d  out in t h r e e  equivalent ways ,  

and shor t  range f o r c e s  can a l so  be  included (12,22,). While it i s  very  im-  -- 
portant to  know that the expansion can  be  a r r anged '  in .such a way that each  

t e r m  i s  f inite,  i t  i s  probably not worthwhile t o  calcul'ate t e r m s  beyond S 
2' . 

The prac t ica l  usefulness of the theory will pr6bably.be iirnited to  the region 

of validity of the  ring integral  approximation,  and  by computing S '  one can .2 

obtain a fa i r ly  good idea of the boundary of this region. 

It would of cou r se  be  helpful t o  know something about the  convergence of 
n 

the , s e r i e s  , 2 Sj(A).  S ince  the s e r i e s  i s  extremely complicated and i s  gof 
4 
J jus t . a  power s e r i e s  in A, this convergence i s  r a the r  difficult t o  es tabl ish.  

However, it is  possible t o  obtain some information about the high-density 

l imit  ( A  >F 1)  of each of the S.(A). Fo r  th i s  purpose we consider  again the 
J .  

c a s e  of a one-component e lectron gas  in a uniform positively charged back-  

ground. Following ~ b / e  (13) ,  - it i s  convenient to introduce var ious types of 

bonds connecting nodal points : 

Wo = -9 ,  
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. . . . 

where  q = 'q(x)  = ' q ( r / ~  ) i s ' t he  screened'  Debye interaction, , 
D . 

Using the notation of Eqs.  (70) and (7.1 ), we can wr i te  S,,(A) in the f o r m  

1 
= .. - . (h/8) + ~ . - t  (72) 

I I 1 1.1 

The t e r m  in the f r e e  energy ar i s ing  f r o m  the' : - 
2 in Eq. (72 )  can be  shown 

to  vanish by electr ical  neutrality by the s a m e  arguments  used in deriving 

Eq. (9) .  The th i rd  t e r m  can be estimated by replacing W1 by -1 for x < x o  

and by ze ro  for x > x where xo  i s  the solution of the transcendental equation 0 ' 

viz .  

Thus,  the high-density l imit  of S2 i s  found to be 

This resu l t  can be verified bTj numerical~evaluat ion of the integral (32). - 
. . 

The h igh-dens i tyform of S3 may b e  found in the same  way. Its explicit 

f o r r n i , ~  [cf. Eq. (69 ) J  ' 

~ o t e  that W2 = Wo + W  and that t h e  la rges t  t e r m  in h c o k e s  f rom products 1 . .  

of Wo. In diagram notation S can  be  wr:itten 
3 
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. . 6- . . . h 

= (l,3!A2){2 L:- 3 ~ l - t  . ; .: A} 
. . . .  

(77) 
.. . 

where the  dashed line indicates a W0 bond, a single line indicates W and a 
11 

. . A  . 
/ -\ 

double line W2. The WO(x 1 2 ) W O ( ~ Z 3 ) W O ( ~ 3 1 )  t e r m ,  indicated by 6-1, can be 
. , 

evaluated by the usual convolution method in Four ier  space and the resul t  i s  

L 
The othkrz t e r ins  .in' Eq. (77) give contributions. of o rde r  A o r  smal le r ,  so we 

. . . .. find 

The high-density l imits  of the S;(A) fo r  j > 3 may be  studied in the same 
J 

way, by multiplying the products of W2 functions to  obtain integrals  involving 
. . 

products of W and W1. , The algebra involved in rearranging the diagrams 
0 : .  

representing S increases  tremendously with..increasing j. However ,  ce.rtain 
j 

regular  features  appear ,  and it s eems  possible that useful high-density r e -  

sul ts  may be  obtainable f r o m  this  diagrammatic  analysis.  Beginning with 

j = 4, complications appear .  There  a r e  always r ings of Wo(x) functions 

j which a r e  proportional to  A , and:hence give a contribution to  S. proportional 
J 

to  A .  Also the re  a r e  r ings of W (x)  with one replaced by W (x) ,  and hence 0 1 

one power of A smal le r  than the ring of WO1s. The Complications appear i n  

2(j- 1 ) .  but mar iy te rms  with multiplicative factor's of A ianging f rom A' up to A 9 

with integrals  of the t y p e ,  e-q dx connecting vert ices .  Since emq becomes a S 
. . . . step function, 
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in the l imit X -, co, it is  difficult to  see  how large  these  t e r m s  a r e .  Finally, 

t he re  i s  a .  g,roup of t e rm,s  which repre.sent precisely thedth'  vir ia l  coefficient 
. . . . .  

. . B. of a gas  of hard  spheres of radius x = 4x1 .A. 'This contribution to S. i s  of 
J 0 . . J 

3j j-.1 
order  (.en X )  A and hence negligible. 

. . . . , . 
. . 

. . . , 

By counting, the following resul t  has been established: 
' 

, . i - i  f i ~ . )  

s.(L) J = (l,)l!hjii{(~ ) [i- l i t  (i - 1)'; , 1 ( - = .  S ) J ~  [+; 1, 
V 

($0) 

j (smaller t e r m s  multiplied by A to  X 2(j- 1)) 

  he hexagon of dashed l ines symbolizes a'polygon of j q-bonds, and the set- 

. . 

ond hcxagon has one q r e p 1 a c e d . b ~  W ' Using only the f i r s t  of these ,and 
1 . 

applying the convolution theorem, we find that 

and thus the high-density l imit of S.(A). is  . 
J 

If we now sum the S. f rom 2 to  we obtain , 
J . . 

1 - (k2 t 1) - l  

- , X - - -  
3 (83) 

which exactly cancels the  DH t e r m ,  Eq. (20). [N. B. This is t rue  only for 

the classical  system.,]  . . 

. . ' . .  

This  resul t  might have been expected,. since the DH equation of state,  
' 

( ~ / n k ~ )  = 1 - h/6, predicts  a negative p ressu re . fo r ' h  > 6, which means that . .. 

the electron gas would collapse. We see  that this  eventuality'has at  least  

. , 



-35- UCRL-6450 Rev. I 

been avoided,: though thedifficult  p roblem of fi.nding the high-density l imit .  

of the c lass ica l  electron-gas equation of s ta te  s t i l l  remains.  

One possibility i s  that at  sufficiently high densit ies the electrons a r e  

forced. into a latt ice,  The f r e e  energy ?ould'then havezthe form (28) - 

s o  that the internal energy would. be the Madelung energy of latt ice . 

. 

Presumably the other t e r m s  " in Eq. (80) will sum to a quantity of order  

2 /3 h , but this has  . not . yet been demonstrated., . . 

It can readily be shown that the ring t e r m s  in Eq. (80) with one W1 bond 

do not give anything like the la t t ice  energy. Summing the polygons with one 
. . 

. . 
solid l ine gives 

. . 

where. 

= 1 k2 sin kx c t x e ~ ~ . ~ ~ ~ ( x ) I i 1  kX w1(x)  d x -  

' ! . .  . The re.sult i s  

The contribytiod to  ( p ~ / n )  f r o m  Eq. (87) i s  a p p r ~ ~ i m a t e l y  - 7 ln A ,  which. is"  
,. . : 

quite smal l  compared to  the' supposed A 2 l 3  contribution f rom the  ade el&^ . '  

energy. 

1 EFFECT . .  . O F  INTERACTIONS ON IONIZATION EQUILIBRIUM 

If one wishes to  apply the theory developed'in the preceding 'sect ions to 

. rea l  ionized. gases ,  he has. to  introduce some new feature's which.cannot be . 
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sat isfactor i ly  t reated in a completely classical '  model. In deriving the 

equation of state f rom the f r e e  energy,  we have up to'now implicitly assumed 

that the numbers  of ions of various types remained constant when density and 

t empera tu re  change. This is  hardly ever  t rue ,  of course ,  in r e a l  gases ;  

instead one must  consider a n  equilibrium mixtur e"of molecules ,  a toms,  ions,  

and f r e e  ele.ctrons, each of which may have internal degrees  of freedom. By 

the ti.me the mixture has reached such a high tempera ture  that oiily bare 

nuclei and electrons remain ,  one has to  s t a r t  wor.rying about relativistic 
. . 

affects,  . radiat ion p r e s s u r e ,  and electron-positron pair production. 

Pn pract ice one simply puts into the f r e e  energy formula (or  i ts  equiva- 
3 

l en t ,  the Saha equation for  ionization equilibrium) a s e t  of empirically de ter -  

mined ionization potentials and electronic energy levels  appropriate  to  the 

part icular  substance, and a computer does the r e s t  of the 'work.  However, 

t he re  s t i l l  remain  some interesting theoretical p rob lems , ,  for  these ioniza- 

tion potentials and energy levels a r e  not unaffected by the presence  of the 

surrounding ionized gas.  In fact ,  one knows that at' sufficiently high densit ies 

a l l  bound electronic levels-.disappear and the ionization potentials go to z e r o  

( I '  p r e s s u r e  ionization" ) .  

Several  approximate theories  have been proposed to take account of the 

effect of the variation of energy levels with density and tempera ture .  It has 

been recognized that an  electron can become essentially f r e e  a s  a resul t  of 

the perturbing action of nearby ions,  though the re  is  .no agreement  on the 

bes t  way t o  calculate quantitatively the effects of such perturbations.  One can 

a l s o  take the viewpoint that the plasma a s .  a whole changes , the effective law of 
. . 

fo rce  between charged par.ticles f r o m  Coulomb's law to something,.like the 

Debye-Hiickel potential, ' Eq. (23). Thus one could use  .as  energy levels the 

eigenvalues of the Schrijdinger equation. in which the Coulomb potential i s  
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replaced by the.- De bye -Hiickel po.te.ntia1; one would then have. only a finite 

number of bound s ta tes ,  and .the 'usual difficulty- of .the divergence of the 

partition function would be avoided. Such an approach finds theoretical. 

justification in the modified cluster  expansion described in Section 11; the 

summation over. chains. of intermediate par t ic les  used in .deriving Eq. .(23) 

can be interpreted a s  an.,inclusion. of the effects of. polarization of the medium. 

Approxim:ate s olutians. of t.he Schr odinger equation for a -Debye potential have 

been given by Ecker  and Weizel.(43) - and m o r e  recently by Har r i s  (44). - The 

s a m e  mathematical problem has a l so  been, studied by nuclear physicists 

interested in bound states, '  of. par t ic les  in a Yukawa potent.ia1 (45, - -- 46,47). 
. . 

It should beno ted  t h a t t h e  relation between energy levels and the thermo- 

dynamic functions becomes more  complicated when the fo rmer  a r e  considered 

to be  temperature-dependent;  for a ge.nera1 discuss  ion- of this point we , r e f e r  

to  Landsberg's . recent  book (48).. - 

Without getting involved in quantum-mechanical c.onsiderations, .we can 

point out one way in which Coulomb interactions can shift the ionization equi- 

l ibrium. This i s  a type of p res su re  ionization which a c t s  independently of any 

change in the energy levels ,  and was apparently f i r s t  discussed by Timan;(-.49) . - 

though it i s  a t  leas t  implicit in many ea r l i e r  t reatments .  Timan found that 

when electrostatic effects a r e  included in the f r e e  energy formula along with 

the ionization potentials, using. the DH approximation for .point charges ,  there  

i s  a minimum in the degree of ionization a s  a function of p res su re .  At very 
. . 

low pressures . ,  an  increase of p res su re  suppresses  ionization, , a s  predidted 

by the m a s s  action law and the Saha equation, but a t .  sufficiently high 

p r e s s u r e s  the degree of ionization increases  with p res su re .  Thus the electro-  . . 

static t e r m s  have the s a m e  effect a s . $  tempera ture-  and  density-dependent 

variation of the ionization potential. 
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Timan's  - resu l t  was not entirely c'onvincing;since the DH approximation 

may not b e  accura te  enough i t  the p res  &T &.k t  which this 'mihimum 'is , 

allkged to o c c u ~ .  In o rde r  td decide whethe? electrostat ic  effects on the 

f r e e  energy would, by themselves,  produce pr 'essure iurlizaliul;, il i's , ~ l t c e s -  

s a r y  to  u'se the generalizations o f the .  Debye-Hiickel theo'ry which we have dis - .  . 

cussed  ea r l i e r  in this paper .  We found, by calbulati.rlg l..Ile liexl LUL 1 i ~ l i ~ i i  

t e r m  ( S Z ) '  thdt over a fair ly  wide range of ternprraLuras a h  clerlbilies the 

effect of ionic siz'e is appreciable while higher- order  correct ion t e r m s  such 

a s  S2 a r e  still 'negligible (Table 11). Hence, we shall  use the ring integral 

approximation with the' soft sphere pot'ential using the estimated magnitudes of 

higher t e r m s  to indicate 'in what region this 'approximation i s  reliable.  

We consider a gas  of a single element,  a t  a tempera ture  such that t he re  

i s  a n  ionization equilibrium between atoms 'ionized to the nth and (n - 1)th - - 
degrees  (other ions having negligible concentrations).  .The thermodynamic 

concliti.on for this equilibrium is t  

where p n-  1 '  pn9 a i d  p i  a r e  the chemical potentials of (n - 1 ) -  and  n-fold 
, '. . .  ,. . . 

ionized 'atoms, and e lec t rons ,  respectively. The chemical potentials a r k  to  

b e  calculated f rom the f r e e  energy using the formula 

where Nn is  the number of n-fold ionized a toms ,  etc. 

The f r e e  energy may be written a s  the s u m  of an ideal gas  and the electro-  

static correct ion,  . .  . ,  

where F is  given by Eq. (29) or (62). The chemical. potential for a n  ideal e 

gas of N ions in unit volume i s  n 
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- PEi, a =I . . 
g ie n 

. . . . 

Carrying out the indicated'operations,  we obtali'n t h e  e.quilibri- con- 
.. . 

dition:.. 

* - 
where zne i s  the-charge of an n-fold ionized atom and w = (,I t ~ / C I ) ~  i s  the 

same  quantity used in Eq.. (30). In the l imit  y -. oo or alternatively ,A,,+ oo 

this reduces.  to Timan's resul t  . . 

2 2 
N' N Z Z  . . 

n e n e 
-1- 

n n-l 
- -  N 

n- 1 

To put this.Pn m o r e  'familiar form,  we make some minor approximations: 

(1) mn = m ' - (2)  the gas is very nearly ideal, i. e;, the electrostat ic  inter-  n-1' 

actions influence the p res su re  only indirectly through their  effect on the 

number of ions. We' then replace the densities; Nn by the p a r t i a l ' p r e s s u r e s ~ ' o r  

concentrations, 

. . 

and introduce the "equilibrium constant" 
. i . . 

Equation ($2) then becomes 
, . 
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To investigate the effect of the expone'ntial factor on the ionization equi- 

l ib r ium,  we consider the c a s e  studied by ~ i m a n :  a s sume  the tempera ture  is  
. . 

such that nearly a l l  a toms  a r e  singly ionized, and consider the equilibrium 

between singly and doubly ionized e l e ~ t ~ . o n s .  Dcfining the degree of doi.ihle 

ionization a s  a2 = N ~ / N ,  w h e r e  N i s  the total number of a t o m s  before ioni- 

zation, one fmds ( 5 0 )  that a2  is a illil1il-11~111 when tho PrBEEUre s a t i s f i e s  t he  - 
equation 

3 . . 
6 ( k ~ ) ~ / 4 ~ r e  . (95) 

In dsriYing Eq. (95) i t  has  been assumed that K ( ~ )  i s  independent of p r e s s u r e ,  

but this r e s t r i c t ion  could easily b e  eliminated if one wanted to put in an  . 

explicit p r e s s u r e  dependence of the equilibrium constant. 

F o r  oxygen a t  20,000°Kr, Timan c la ims  that there  is a minimum in the 

degree  of double ionization a t  ab-out 380 ,atm p r e s s u r e ,  using Eq. (95) with 

- 1 - 1 
y = 0. However, when we put , i n  a reasonable finite value of y , say 

- 1 -8 
y = 10 c m ,  we firid t l q t  the p r e s s u r e  of minimum ionization calculated 

f r o m  Eq. (5)  increases,  tq about 1050 a tm.  The corresponding density, which 
, . 

20 2 
can  be .estimated f rom the ideal gas  law, i s  about 3.7 X 10 /cm , which i s  too 

high for  the ring integral approximation to  be valid ( see  Table '111). 

. ' . F r o m  the fo rm of Eq. (95) it can b e  seen that the predicted p r e s s u r e  for 

minimum ionization'would increase  rapidly with increasing tempera ture  be-  

4 
cause of the T factor ,  and would a l so  increase if one took a sma l l e r  value 

of y. On the other hand, the correct ions to  the ring integral approximation . 
a l s o  become l a rge r  f o r  l a r g e r  values of y and lower tempera tures .  

Fortunately there  s t i l l  remains  all intermediate region in which the DH 

theory ,  cor rec ted  for idnic- s ize ,  is s t i l l  valid, and in which the ionization 

goes through a minimum a t  not too l a rge  a p res su re .  F o r  example, with 
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-1. - 
T = 15,625"K and y - 1.725 X 1 c m ,  the minimum occurs  a t  a p r e s s u r e  ~. . . . . . .  . . . . . .  . .  . . . . ( '  . . 

of about 750 a tm.  (Since f (Xa) i s  sma l l  he re  we as sume  the DH equation of 
,, . 2 . .  . . . . .  . . . . . .  . . c .  . 

, . .  * . . 

s ta te  i s  s t i l l  valid even though X is ab'out 2 . 3 ; )  
- .  , , 

At higher temperatures ,  it is  difficult t o  determine whether this  type 
. . . . 

of p res su re  ionization can  occur ,  since much higher densit ies and p r e s s u r e s  
. . 

. . 

a r e  involved and the cluster  expansion resu l t s  a r e  no longer reliable.  
. , . . .  . . . . 

The electrostatic effedts have been included in severa l  recent  ionization 
. i .  . . . . . .  . . . . 

equililsriurrl calculations, using the Debye-Hcckel approximation for point . . .; 1 ( ,  . . . .  . . , . 

charges  (51 -- -55).  ]In some cases  i t  has been claimed that there is a significant 
. . - .  , . . .  , .  . > . . .  

e f fec t ' on  the ,equilibrium composition and on the equation of s ta te;  however, 
. . . . . .  . . 

such asser t ions  should be  examined crit ically in the light of the above .remarks' .  
. . . . 

References.  to  many other works on this subject may be found in a 
. . 

bibliography issued by this laboratory (56). - 

VII. CONCLUDING REMARKS 

The classical  theory of ionized sys tems s t i l l  holds considerable interest  

since the quantum-mechanical theory, which can b e  formulated in general 

t e r m s ,  s t i l l  encounters many mathematical difficulties. Whereas the 

classical '  v ir ia l  expansion for a sys tem of charged part ic les  can now.be de- 

rived in severa l  different ways,  and the ring integral.and the next correct ion 

t e r m  can be calculated without too much difficulty, the quantum-mechanical 
. . 

ring integral i s  so  complicated that the only resu l t s  available s o  f a r  a re .va l id  

orily in very small  regions. Thus, for pract ical  calculations of the equation 
. . . . .  .. . _ . . . . . . . . . . .  . . . . L., 

of s ta te ,  t h e b e s t  one can do a t  present  is to use the classical  theory together 

with cer ta in  intuitively chosen modifications which may approximately account 

fo r  quantum effects; and one usually has to  hope that the.quantum effects a r e  

fairly smal l  in the region of interest .  
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It is to  b e  expected that a completequantum-mechanical theory will 
. . ,  , . . . . , 

. . . . .  . t 

eventually b e  worked out s o  that the equation of s ta te  can then be  calculated 
. . . . , .  . 

faii-ly accurately a t  a l l  t empera tures  and densit ies.   en then, the c lass ica l  

theory would not be  forgotten, since one s t i l l  needs to  know the pradicl;iolls 

of c lass ica l  theory in order  to  understand to what'extent a given 
. . 

phenomenon requi res  quantum mechaliics for its explanatiorl: 

While we have most ly used only one potential function, the soft sphere  

model ,  in presenting the theory,  in order  to avoid inessential  mathematical 

complications,  it will of course  be  understood that the resu l t s  a r e  valid for  

a fa i r ly  l a r g e  c l a s s  of other potentials. F o r  detailed discussion of this 

point, and f o r  the derivation of seve ra l  resu l t s  given he re  without proof, we 

m u s t  re fer  the r eade r  to  the original papers  cited. 



. .. APPENDIX A 

. THE RING INTEGRAL SUM 
I .  I . . . . . ,  . . ,  . . . . 

In this appendix we will der ive the DH expression for the f r e e  energy 

[Eq. (20) ] in the l imit  of pure Coulomb'forces f r o m  the ring integral sum . 
. . . , . . 

[Eq. (15)]  for  the . screened . Coulomb potential. We wish to avoid the use of 
. . . . 

. . % .  

the closed logarithmic fo rm [Eq. (17)] to which the , sum converges for  
. . . , 

2 2 
(x + r~ ) < 1 ,  since the closed f o r m  assumes  the validity of an ana1yti.c con- 

2 2" 
tinuation for values of x such that (x t rl ) - > 1. F o r  this purp.ose we employ 

a Mellin t ransform to wr i te  the sum a s  an integral in the complex plane, and 

then.perform the x integration f i r s t .  This method and i t s  usefulness in 

s ta t is t ical  mechanics:problems were  discussed r e c e n t 1 y . b ~  Iwata .(57). - 

Wt: wrile, Lhe ring integral sum,  Eq. (15),  a s  

PFr ing = - ( N ~ / ~ I T ) G ( T ) ~  

Using the Mellin t ransform of the, summation, the function G(q) bec,omes 

' . . .  . . 
. . , . . . . 8 

x .  . . 

(A2) 
. . . , 

With the change o fva r i ab le  & = 4 tan 0 ,  the x integration in (*2) becomes: 

' 3 . .  ' . . . . 

s'o that we have 

 IT^^-^^ r ( s  - 3/2) 
s sin (ITS) r ( s )  ' ' : 
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In order  to generate a s e r i e s  in powers of q appropriate  to  sma l l  q the 

contour defined in Eq. (A2) is  closed to  the left. Thus,  the contour C en- 

closes  the ent i re  r e a l  ax is  to  the left of and including-the point s = 3/2. 

S imi lar ly ,  t o  generate  a s e r i e s  in l/q appropriate for la rge  q ,  the contour 

i s  t o  the right. 

Tlrr ilrl.ryrdld ul Eq. ( ~ $ 3 )  has oirnplo poloc at .B - 3/2,  I / Z ,  . . . , 

- m + 3/2. . . f r o m  r ( s  - 3/2) and two additional simple poles a t  s = 1 and 0 
. . , . .  

f r o m  (s in  T s ) - ' ,    he res idues  of the poles enclosed in the ,contour clesed to  

the left give the r e su l t  for  ~ ( q )  a s :  

. . 
.. . 

. 2  
'The  summation in powers of q i s  recognized to  be. the binomial expansion of 

,. . 

2 3/2 . . 
( 1 i - q )  . Hencewef ind  . 

R 
in agreement  with E q .  (19). In the l imit  of q ,= 0,  Eq. (A,s) becomes G(0) = - 

3 

s o  that PFr ing  = - N X / ~ ,  the ~ e b ~ e - ~ G c l c e l  resul t .  

It .should be  pointed o'ut that the . sc reened potential;' . . 

2 
u ( r )  = ( e  / r )  exp (- ' r /rb).  . . . 

. . 

has  been used only td give definition to  the Four ier - t ransform of the pure  
. . 

2 
Coulomb pptential, e /i.. ' o t h e r  screening functions ' a r e  equally acceptable,  

. . 

and the.Mellin t r ans fo rm may be used in the same way. For  example,, one 

.2  .2 
may u s e  exp (- .r /rO) a s  the screeningfunct ionand obtain a function of q 

TT 
analogous to  Eq. (A5) which again reduces to  - in the l imit  r o -  m, i. e., 3 



EVA LUATION . ., O F  SZ .FOR . . . . . .  SOFT. SPHERES , I :  . . . . . . . . .  . - 1  , .  . . . .  

We discuss  he re  the evaluation of the integral ( 2 5 )  for  t h e  c a s e  when Us 

is given by .Eq. (37). The linear and quadratic t e r m s  in the integrand can be 

taken c a r e  of immediate3y and we then have 

where 

(B2) 

. . 
The integral (B2) has been evaldated numeri&lly and the resu l t s  a r e  given in 

a repor t  available f rom this Laboratory. (58). - .  

F o r  small  values. of A and y the following expansion is useful: 

. . .  where . . 



and BL-" is the Bernoulli  number o f  order  ( -n)  and degree  k [see,:(59), - p. 
. 9 . .  . . . 

134 1. The fillowing specikl cases  s.hould be noted: - .  
. . 

: 6 = ( n / 8 ) ( 5 n - 2 ) ,  
n $4 

6 = ( i /72)(35n2 - 42n+ 16). 
n ,6 

. . 

The f i r s t  few t e r m s  in the expansion lead to the expression 

It is necessary to work out this many t e r m s  because most  of them cancel out 

w.hen one calculates the p ressu re  for sylmlnetrical electrolytes , combining 

The contribution to the p ressu re  for  small  A and y may be determined 

using the general relation (36) - 

which i s  valid for an s-component sys tem;  n_ is  the se t  of concentrations, 

1 1 ~ .  . . n and PDH i s  the Debye-Hiickel (ring-integral) contribution given in s 

Eq. (30). 
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F o r  a two-component s y s t e m o f  soft spheres ,  we have n l  = n2,  a n d  

'. c 
. , t < .  . . 

'The'contribution t o  the p res su re  f rom S i  ,' defined a s  . 
. . ., . . 

has been computed numerically for  a l a rge  r'amge of ,values of A and y; the 
, . . .. 

resu l t s  a r e  given in Table.11 
. . . . 

F o r  smal l  A .  and y we may use  the expansion.,(B5) for  . I1; . retaining only 

bL the fir s t  nonvanishing teym,  we find , 

We wish to  thank Mr . -  Bradley Johnston and Mr.. Char1e.s Schwartz for,  

, . 
coding the numerical computation of the above integral.  

. . .  
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. . 
. . . .  : .. . . $  

. . 
1 . . . , . . , . TABLE 1. ' . I :  

Ring Integral  contributions.  t o t h e  P r e s s u r e  

0.5 0.1382 0.1086 
. . .  

, d  . , r" 
0 , O . O O ~ O -  O . O O O O  

! 

.*. 

.''.(A) and (B)  w e r e  calculated f r o m  the f i r s t  few t e r m s  of the s e r i e s  expan- 
. . .  - 1 

s ions valid near  a = 0 and 0. = 2 ,  r.espectively: ' ' 

, . 2 3 4 . .  
(A) f 1 ( i )  = 1 - (9/4h) ' t  (9/2a ) - (35./4a ) t' (135/8& ), 

(B)  f ,  ( a )  = 0-443651 + 0 . 1 3 5 1 4 6 4 ~ ~  -I- 0 . 0 6 9 4 9 6 ~ ~  . !  



TABLE TI 

Values of f Z ( X 9  a )  
. . 

2 $ 
Note.: Instead of a ,  the variable y = (1 -4.s ) has b e e r u s e d .  The numbers- in  indicate the 

power of 10 by'which the other number ,is to be multiplied. ' 
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. . Equation of s ta te  of a sys tem.of  ,positive and :negative 'charges  with soft sp,here 

interaction. ~ b n t r i b u t i o n s  to .  P/&T a s  given b'y Eq. (39).  

T = Tempera ture  in "K . , .  

. . 2 0 
n = Total number of charged par t ic les ,  , in  units of 10. 

- 1 
Co lumn(1) : .  ~ / 6 ,  ~ e b y e - H ~ ~ k e 1 ' ~ o n t ~ i b u t i o n  fo r  point chargks (y = 0)  

Column (2) :  ( 4  , ~ i v e  inteerai contribulioli . . for soft spheres  
-0. - 1 

Row (a) .computed with y .  = 3.45' X 10 c m  
' -1 . - 8 

Row ( b )  computed with y = .1.725.X 10 c m  
. . 

Column (3) :  f2(A,a ), contribution f r o m  S ro&s (a) and (b)  a s  above. 
2' 

Colqmn(4) :  ( ~ / n k ~ )  = 1 - (h/6)f l (a)  + f2(A,a)  . . 

. . .  . . 

( 1 )  T n (.2).. , . .  ( 3 )  (4 ) 

15,625 0.0625 0.05165' (a) 0.0420 ( a )  -0.0067 ( a )  0.9513 
(b)  0.0464 ' (b)  -0.0544 , (b)  .0.8992 

0.25 . 0.1033 . ( a )  0.0702 
(ti) 0.'0840 

1 . O  0.2046 . (a)  0'.1041 
(b)  0.1404 

1.5586 0.2579 : (A) 0.1145 
(b)  0.1617 

4.0 0.4132 
(b)  0.2083 

62,500 0.25 0.0129 ( a )  0.0105 
(b) 0.0116 

1 . O  0.025.8 ( a )  0.0175 
(b)  :.O'. 02 1 0 

4.0 0.05165. ( a )  0.0260 
(b)  0.0351 

( a )  -0.0088 ( a )  0.9210 
(b )  -0.0410 (b) 0.8750 i 

(.a) 0.0013 ( a )  0.8972 
(b)  -0.0477 (b) 0.8119 

. . 

(a) ' 1.53 ( a )  2,42 
(b)  -0.0415 (b) 0.7968 

(b)  -0.0016 (b)  0.7901 

(b)  5.109 . (b)  5.9 

(a) -0.00005 
. . 

(a) 0.98945 

( a )  -0.00005 ( a )  0.98245 
(b)  -0:.0006 (b)  0.9784 

( a )  -0.00002 (a,) 0.9740 
(b)  -0.0005 . - (b) 0.9644 
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TABLE. 111 (Continued) 

62,500' 6.2344 0.0645 ( a )  0.0286 ' ( a )  0 ' ( a )  0.9714 
[b) 0.0404 . ( b )  -0.0003 (b)  0.9593 

16.0 0.1033 
(b )  '0.0521 (b )  0.0004 (b)  0.9.483 

24.94 0.1290 
. . (b )  0.0573 (b )  0.0487 (b )  0.9914 

250,000 1.0 0.00323 (a) 0.0026 ( a )  0 (k) 0.9974 
(b )  0'.0029 (b (b) 

4.0  0.00645 (a) 0.0044 ' ( a )  0 ( a )  0.9956 
(b )  0.0052 ( b )  0 (b )  0.9948 

16;O 0.0129 ( a )  0.0065 ( a ) '  0 ( a )  0.9935 
(b )  0.0088 (b )  0 (b )  0.9912 

24.94 0.0161 (a )  0.00'72 (a) 0 (a) 0.9928 
(h) .O-OI. 01. ..: (b)  O (b)  0.9891 

64.0 0.0258 
(b )  0.0130 (b )  0 ' . .(b) 0.9870 

99-75 0.0322 
(b )  0.0143 ( c )  0 (b)  0.9857 

1,000,000 .4.0 0.0008 (a) 0.0007 (a)  0 (a) 0.9993 
(b )  0.0007 (b') . O  (b)  0.9793 

16.0 0.0016 (a) 0.0011 (a)  0 (a) 0.9989 
(b )  0.0013 ( b ) .  0 . (b)  0.9987 

64.0 0..0032 ( a )  0.0016 (a)  0 ( a )  0.9984 
( b )  0.0022 (b )  0 (b):0.9978 

99.75 0.0040 . ( a )  0.0018 (a) .o ( a )  0.9982 
(b )  0.0025 ( 1  0 (b )  9-99-75 

2 56 0.00645 
(b)  0.00325 ( b )  0 (b )  ,U..99675 

4 

0.0081 3 99 
(b )  0.0036 ( b ) .  0 (b)  0.9964 

. . 

a 
Values r e p o r t e d  a s  0 'if l e s s  than 0.00005. . . 



LEGAL NOTICE.  

T h i s  report was  prepared a s  a n  account  of Government sponsored work. 
Neither the United S t a t e s ,  nor the  Commission, nor any  person ac t ing  on 
behalf of the  Commission: 

A. Mukes any warranty o r  representat ion,  expressed  or implied,  with 
respec t  t o  the accuracy,  completeness ,  or use fu lness  of the information con- 
tained in th is  repor t ,  or that the u s e  of any information, appara tus ,  method, 
or process  d i sc losed  in th i s  report may not infringe privately owned rights;  or 

B. Assumes any  l i ab i l i t i e s  with respec t  t o  the u s e  o f , ' o r  for damages  
resul t ing from the u s e  of any  information, apparatus ,  method or p rocess  dis-  
c losed  in th is  report. 

As used 111 Lhe above,  "pe rson  ac t ing  on behalf of the  Commission " 

includes  any  employee or contractor of the commission, or employee of such  
contractor,  t o  the cxtcnt  that  s u c h  e ~ u p l u y e e  or contractor of the Commission, 
or employee of s u c h  contractor prepares ,  d i s semina tes ,  or provides a c c e s s  
to ,  any  information pursuant t o  h i s  employment or contract  with the  Commis- 
s ion ,  or h i s  employment with s u c h  contractor.  




