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ABSTRACT 

Sum rules are derived for form factors describing the longitudinal 

isoscalar electroexcitation of nuclear levels with definite multipolarity. 

The sum-rule limits are not constant numbern but functions of the momentum 

transfer. Their behavior for small and larg.e momentum transfers is 

discussed. An application is also presented for the excitation of the 

first-excited state of Li by inelastically scattered electrons. 
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The derivation of a sum rule traditionally involves the evaluation of 

the expectation value of the product of two operators (e.g. multipole moments) 

and its rewriting as a sum, following the insertion of a complete set of states 

between the operators. Two standard features normally appear in the result: 

a) the left-hand side is a sum of terms of positive sign, and b) the right-

hand side, i.e. the' limit, is a number, a physical quantity such as the charge 

or (a power of) the mean-square radius. The usefulness of a sum rule is rela-

ted to these properties which provideAnormalization of the fractional strength 

of the individual excited states. 

In the following, we shall derive sumjrules—for—nuclear—^1-soscalar^.exgita-

tions which do not exhibit these features. They involve operators 

FJ(q) - [4n(2J + 1)] 1 / 2 /d3x jj(qx) Y j ^ ) P (x) (1) 

where q is the momentum transfer and 

p(x) » I 6(x - r.) 
i»l 

is the mass-density operator. If the nuclear ground state is restricted 

to J D 0 , the matrix elements 

l£o<q) « A7<n|| FJ(q)||0> (2) 

represent isoscalar form factors for the longitudinal electroexcitation of 

the levels |n> with angular momentum J and parity (-1) . We shall consider 

two distinct values q and q' of the momentum transfer and evaluate the ex-
J *J * 

pectation value of the product -ifi F (q*) F (q) where -i«fi F(q) = [H, F(q)]. 
Uermitian conjugation and time-reversal invariance establish the relation 

-rli ̂ I r V ' ) FJ(q)|0> - \ <0| [ ? % ' ) , [H, F(q)]]|0> , (3) 
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which makes possible (without chargeexchange difficulties since the F's are 

isoscalar) the evaluation of the expectation value. After insertion of a com

plete set of states we find 

y
(J) E r1 (q') F1 (q) 

n on ^ no 
n 

 ^  q ' q /d3X PoQ(x) (JJj^Cq'x) Jj^Cqx) 

+ (J + 1) JJ+1(q'x) jJ+1(qx)} (4) 

where p (x) = <0|p(x)|0> is the groundstate density assumed to be 

spherically symmetric. Clearly only transitions of multlpolafity J are 

Included in the sum. We note also that the individual terms are not 

restricted to a definite sign and that although the righthand side in

volves only oneparticle operators it has no particularly simple physical 

significance. A number of interesting relations can be derived from Eq.4; 

we shall consider two such special cases. In the one, we regain the simpli

fying feature of positive terms appearing in the sum by letting q' = q; in 

the second we allow q' •»■ 0, noticing that this leads to a mere meaningful 

expression in the righthand sLde. The results are 

I
(J)
E ir

1 (q)|2 L n
1 on ^ ' 

n 

 £ q
2
J J d3X Poo(x) {jj.^qx) + *4i*. j2+1(qx) } (5) 

and 
Jl 

(6) £
(J)

E *? FJ (q)  (-I)3'1 \- J (2J+1) qJ f1 T1 " F , W* L n on no ^ 2m
 M [q dqj el. ' 

where F , (q) = F (q) is the elastic form factor, and M is the unretarded 
el.

 H oo
 n on 

transition matrix element, related to the form factor by 
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We shall confine our discussion to a comparison of the two theoretical 

expressions presented above, and an illustration of their possible useful

ness in a specific example. We notice first that the expression on the 

right side of Eqs. (5) and (6) are functions of q, providing a different 

limit for each value of the momentum transfer. They are groundstate pro

perties, not required to bear any resemblance in shape to the individual 

terms in the sum. 

The appealing feature in the limit of Eq. (6) is its relation to an 

observable quantity, viz. the elastic form factor. This is not true for 

the integral expression in Eq. (5) which is nonetheless easy to evaluate 

for any given density. A plot of this expression (for several values of J) 

is given in Fig. 1 for the simple case of a uniform distribution p (x). 

The main trend in these curves is the almost monotonic increase with increas

ing q. The oscillations are relatively minor and have been found to become 

even less pronounced for less abruptly changing densities. The finite limit 

reached rather promptly for larger momentum transfers should be contrasted 

with the behavior of Eq. (6) whose limit tends to zero for q »■ ». More 

mathematically, we can replace, for sufficiently large q, the spherical 

Bessel functions in Eq. (5) by their asymptotic expressions. We then find 

,**«. £ < J ) E
J
F
on

(
«> I' " 1m" (2J + X) A<r"2> (8) 

which, apart from the factor 2J+1 is independent of multipolarity. It is 

probably worth relating this result to the corresponding limit of a non

energyweighted sum rule. Using closure we obtain the identity 

I
(J)

|F^n(q)|
2  **(2J + 1) <0| I jj(qr±) j^q^) lJo&±) YjQ(fij)|0> . 

n ij (9) 
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For large q, the terms with i f j become negligible while the remaining 

terms give 

*i».I
<J
Von«>|

2
=^A<r

2
> . (10) 

4 n 2q 
2 2 

We notice that multiplication by fi q /2m gives precisely the result of 

Eq. (8). This is consistent with the expectation that the contributing 

terms in this case represent quasielastic scattering, as is suggested also 

by the linear dependence on A of both Eqs. (8) and (10). 

For small momentum transfers, we can replace the form factors by 

their q ■*■ 0 limits given by Eq. (7). We then find that Eqs. (5) and (6) 

become identical to each other and indeed quite familiar. It is not dif

ficult to demonstrate that they remain essentially identical when the next 
J+2 

power of q, viz. q is considered. Their difference for larger q is shown 

graphically in Fig. 2 for the case of Li, which we shall now discuss. We 

want to study in particular, the electroexcitation of the first excited 

state of Li whose longitudinal quadrupole form factor is known experimen

tally, as is also the elastic form factor F .. . A simple theoretical model 

for the inelastic form factor can be obtained form Eq. (6) by a method pre
2 

viously referred to as the single doorwaydominance approximation (DDA). 

This approach relates the radiative widths and the inelastic form factors 

(for a limited range of q) to the component, in each state, of a fragmented, 

giant (doorway) excitation. This leads to the expectation, that each form 

factor is proportional to that of the doorway state. The common functional 

dependence on q can then be taken outside the summation in Eq. (6) and becomes 

identified with its righthand side which, in turn, is available from elastic 

scattering data. An overall normalization constant can be determined by fitting 

the experimental value of the radiative width. These instructions lead unambi

buously to the solid line in Fig. 2 which agrees remarkably well with the data. 
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The dashed curve in Fig. 2 represents, on the other hand, the sum-rule limit 

of Eq. (5). It is calculated for a density consistent with the data on F -

for Li and is normalized to the radiative-transition strength of the first 

excited state. Except for the low-q region, it is seen to deviate consider

ably from the data and from the doorway-dominance prediction. This may 

illustrate the non-triviality of this prediction, but it also emphasizes an 

ambiguity in its assumptions: if the DDA is applied to Eq. (5) rather than 

Eq. (6), it leads to different expressions for the form factors (the dashed 

line in Fig. 2) which indeed compare poorly with experiment. It is clear 

(and not really surprising) that we do better by restricting it to Eq. (6). 

This does not seem unreasonable since the mixed sum of Eq. (6) selects pre

ferentially states with larger radiative strengths and may be more appro

priate for bound-state-to-bound-state transitions. This is indicated by the 

difference in the behavior of these two sum-rule limits for large q. It is 

also clear that we cannot consistantly assume the DDA of Eq. (6) for all 

states (i.e., all energies). The sum rule of Eq. (5) is also useful, sug

gesting e.g. the definition of a momentum-transfer dependent oscillator 

strength, a natural generalization of the oscillator strength in the con

ventional (unretarded) sum rules. In the case of Li we find that approxi

mately 8% of the total, energy-weighted quadrupole strength is contained in 

the first-excited state at low q but only 0.8% at q = 1.6 fm . This rela

tive decrease in strength should be related to the enhancement, for larger 

q, of processes not included into the doorway excitation mentioned above e.g. 

quasielastic scattering. A more critical discussion of these questions and 

a presentation of additional sum rules for form factors and transition densi

ties will be contained in a forthcoming publication. 
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FIGURE CAPTION 

Fig. 1 Sum rule limits of Eq. (5). The ordinate is the ratio 

of the right-hand side of Eq. (5) to its large q limit, 

Eq. (8). 

Fig. 2 The data for the quadrupole excitation of Li is from 

Ref. 3 (solid circle), Ref. 4 (open circle), and 

Ref. 5 (cross). The solid curve is the DDA from Eq. (6), 

and the dashed from Eq. (5), both using a spherical 

phenomenological ground state density taken from the 

elastic scattering of Ref. 6. A slight generalization 

of the equation presented in the text has been appropriately 

introduced in order to take into account the non-vanishing 

spin of Li. The lifetime given provides the best fit of 

the solid curve to the data. 
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