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THE SCALE TRAITSFORMATION IJY PHYSICS 

Daniel M e  ~ r e e n b e r ~ e r  

Some'.c?fteria a r e  es tabl ished . t o  t e s t  whether invariance. under a .cbn- 

t inuous transformation w i l l  1 e a d . t o  a.conservation.1aw. The sca1e.tcansformation 

is examined as a spec ia l  case, and shown not :only t o  lead to .  no general  conser- ' . '  

vation law,  but  . a l s o  i n  f a c t  . t o  be .of a t r ivial  nature. This i s  due t o  t h e  

r a the r  a r t i f i c a l  way i n  which scale  invariance . i s  usual ly  introduced. ' A .theory 

i s  then .consWucted by introducing an i n t e r n a l  coordinate of dimension- ( length)  

i n  order t o  allow. only t h e  dimensionaLkss r a t i o  .of ' lengths t o  enter, and by 

exploi t ing,  t he  gauge-like. s t ruc ture  . of t h e  sca le  .%ransf ormation. I n  t h i s -  theory 

t h e  sca le  transformation does l e a d - t o  a new.conserved current .  ( as  wel l  a s  t o  

an "a'lmost.conserved" one), and t he  in te rna l .  coordinate is  shown. t.o play t he  

same r o l e  . f o r  t h e  scale .  trans6ormation as the  i n t e rna l  coordinate.  spin plays 

f o r ,  t h e  case of ro ta t ions .  
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I.. . llVTRODUCTION 

: It seems to' be.  inherently :riasonable t o  require tha t  . the  laws of physics 

be independent ..of t h e . s i z e  of the  w i t s  used'by the  physicist t o  measure them. 

In f a c t .  ( a t  . l e i S t .  .in a -  f . h t  .geometry), t h i s  ,would appear t o  be a .,rather t r i v i a l  

statement, with a,change i n  scale implying.nothing more than . the  usual. conversion: 

of, say, centimeters t o  inches.. - The only. theoret ical  problem seems t o  be whether' 

. t o  multiply. or .divide ;by 2.54. . . 

However, there a re  other .types of res t r ic t ions  tha t  we. place.on physical 

theories, which .seem superf icial ly  quite similar i n  nature t o  sca le .  invariance, 

and yet . which have ..rather profound . consequences., For. example, the re4uirement 

. t h a t . t h e  1ocation.of the  .origin of the  coordinate system be- i r re levant  leads t o  

conservation of momentum, and the requirement . tha t  .the. orientation of the axes 

be irrelevant . leads ko . conservati6n . of angular momentum. 

. , The question.arises then why the scale invariance.of a theory appears 
. . 

t o  be t r i v i a l  and devoid of physical significance--is it due t o  a of 

the .  scale transformation i t s e l f ,  or.  merely.-to the manner i n  which we : c-hoose t o  
. . 

incorporate , it. in to  physics? To answer . t h i s  quest ion we . sha l l  examine i n  

% Section I1 the connection between invariance principles,  and .conservation. laws, 

and es tab l i sh  .some. c r i t e r i a  . t ha t  an invariance principle should. s a t i s fy  i n  order 

. t o  yield a conservation law. Unfortunate1y;scale invariance a s  usually formulated 

f a i l s  ra ther  .dismally,-to meet .these c r i t e r i a ,  Because of thi's, scale invariance 
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. ... 

has been. relegated t o  the ro l e  of a .formal operation which.has been studied 
. . , . 

ra ther  extensively i n  the  l i terature," primarily i n  connection with applications 

t o  the v i r i a l  theorem. and a "scale parameter "' perturbation theory, but not. with 

respect t o  any possible physical c~nsequences. .' 

Next, in. SectTon. 111, . . we. d e ~ l o p  some simple. formal apparatus. f o r .  describing 
. .  . 

scale  transformations and develop a yew Consequences of scalc  invariance. 

I f  a theory were t o  contain a meaningful form of' scale invariance, it 
. . 

would have t o  he formulated i n  terms of r a t i o s  of l k g t h s  (s&. Sec . . 11 J, j u s t .  a s  

a t r g n s l a t i  on-invariant .theory contains - only the  d i f  fkrelic k s' between coordinates . 
I n  Section IV, t h e  f ac t  . that a 'change in  scale resembles a .gauge ti.ansformation 

is '  used t o  build .a rdodel theory i n  which an in terna l  coordina-be with the dimension 

"length" is  introduced fo r  the  purpose of 'having only. d&nsionless' r a t i o s  enter 

the theory. 

Finally, i n  Section V,. t he '  scale invariance of t h i s  theory i s  examined 
. . 

and shown t o  be nontrivial .  not, only does Scale invariance 'then lead t o  a new' 

. conservation law, but  a l s o  the  in te rna l  coordinate i s  'shown t o  enter the theory 
. . 

i n  a manner exactly analogous t o  the way i n  which the in te rna l  'coordinate' spin ' 

. . .  enters  fo r  - ro ta t iona l  invariance. 

I n  t h i s  l ight ,  the  usual manner of introducing scale invariance appears 

t o  be a s  a r t i f  i c a l  a's would 'be the attempt t o  discuss t h h t a i o n a l  in&-iance  

I . of a vector f i e l d  . by consider &g only. - the  .ortj t tal  angular momentum, where the 

e f f ec t s  . of the spin wdiild have t b  be eliminated 'by introducing an external ''para- 

I ' 

meter. and f b r c i e  it. t o  vary '  i n  ju s t .  sdch 'manner a s  t o  dance1 the  spin (and i n  
. , 

the  scale trarisformktion, 'the' "conyersion of uni ts"  just  ,such a role)' .  
. . . . . . . .  

I .  . . . . .  . 



11. . INVARIANCE . PRTNCIPlES AND CONSERVATION 'TAWS 
* .  . .  . *. , . . . .  . 

The f a c t  t h a t  a theory exhibi ts  invariance .with respect.  t o  a par t icu la r  
. . 

inf ini tes imal  transformatiin does'not necessarily. imply t h a t  there  ex i s t s  a 
. . 

conservation l a w .  Even when there  .does .exis t  a- ' .cohserkt ion la< it does .not 

have t o  be. of the  form of'" a l oca l  conservation law---%hat is, a law. s ta t ing  t h a t  

t he  disrergence of some tensor vanishes everywhere, yielding a continuity. equation. 

1t.may.merely a s se r t  t h a t  some par t icu la r  in tegra l  over a l l  space vanishes, 

without any. - loca l  consequences. 

I f  there  i s  ' no : conser.vatbon. l a w  :at a l l ,  the  hyar ianee  . i s  ra ther  t r i v i a l ,  , 

2 
and we s h a l l  c a l l  .it, "external" invariance. 'It .occurs when the theory depends 

- 
upon a n .  external parameter (such as an. or igin  of coordinstcs ), which .is chosen 

t o  vary under the inf ini tes imal  transformation in. such a .way .as t o  cancel the  
. . 

e f f ec t  .due . t o  t h e ' k r i a t i o n  i n  the  eo~rd ina t&s .  For example,. consider a system 
. ., 

.described by an act ion in tegra l  A = x - . (  )dx, where Jr -is an external  o r ig in  

introduced i n t o  the  theory. Then under. the  t rans la t ion  x -t ..x +. 6a,. 6 'i - ( .+ 60, 

the  ac t ion  remains invariant, but.  t h i s  invariance.places no r e s t r i c t i o n  on 

and leads t o  no conservation l a w .  

Another;:s.imple example of such a theory 'would be a rota t ional ly ,  invariant 

.-a2 
.description of the temperature above the.-surface.  of the ear th .  Assume T':= Toe ., 
where z represents .  ve r t i ca l  'distance from the  ( f l i t )  earth.  This can be wr i t ten  

-o!k-r 
i n  the  invariant. ;form T = Toe , - -:, where & is  a unit  vector .pointing v e r t i -  

... 

c a l l y  upward, and 5 ' i s  the  vector from some point 0 o n  the surface.  t o  t he  

po in t .  i n  space. Then, under a rotatdon about.  0, where r .-t .Rr, k + Rk, t he  
IU .r - rV 

sca la r  p r 0 d u c t . i ~  invariant.  .Such a theory i s  ro ta t iona l ly  invariant .but. implies 

nothing further,  and i n  f a c t  even contains a preferred axis .  

For a theory t.o be f r ee  of such t r i v i a l  external invariances, the  external  
, . 

parameters that.  enter  in to .  it (such. a s  masses, charges, ' and the  velocity, of 



l i g h t )  should remain unaffected .by. the  inf ini tes imal  transformation i n  question. 
. .  - 

I f  such is the case, 'then we can proceed t o  derive - t he  u s u a l  conservation -laws. 

I We assume t h a t  the .  theory i s  described .by an action 
I 

where the  u represen t  the various f i e l d s  occurring i n  the.  theory. Le t . the  1 

coordinates xw . .be .  subject  , . t o  t h e  transformation 
. . 

. . . . 

where the  u+ . (k = 1 O ,  s )  , represent s parameters. I t  suf f ices  t o  consider 
. . . . 

the  inf ini tes imal  trans* ormat ions 

Under. this transforkation law the f i e l d s  transform a s '  . , 

- 
, The var ia t ion  6u. (x)  i n  t he  'form of the  function a t .  t he  point .x is therefore ,  

.1 

, .. . , 

(we use : the  s&.t ion .convention f o r  Greek, indices .which. . label  .. . the  . coordinates. ) 

:The usual procedure f o r d e r i v i n g  the  v a r i a t i o n i n  the  action3 due t o  the  
. . 

in f in i tes imal  transformations (3) .' and (4) y ie lds  



, where 

. . . , 

(we - s h a l l  often use the notation .a , a /%&) ,  and %&ere the  l imi t s .  of integrat ion 
CL 

> i n  Eq. (6 ) .  can .be. any. -a rb i t ra ry  region of ' space-time. Then the ,  condition. 6A. = 0 

leads t o  the  conservation laws 

CL a. .e  := .6 ,  :(.k.:=.:x, ,... . 9 .  s ) :  .. 
.' k .  

. However, it may, happen. t h a t  . f o r  t he .  transformation i n  b e s t i o n .  we .do not demand 
. . . . 

t h a t . t h e  var ia t ion in. Eq. (6) vanish over any., 'arbitrary volume, but.. only, over 
. . , . 

' 

. some region :of special  in terest ,  such a s  a volume suf f ic ien t ly  l a r g e  that .  the  
... . 

f ie lds .vanish .on  i ts  surfaces. Then we:cannot.generally conclude.anything a s  

strong a s  Eq.  (8) but m u s t  be. content w i t h  :the weaker conservation: laws 

,Of course Eq. (8) .might .follow. even i n  t he  l a t t e r  .case, and we shall 

examine t h i s  poss ib i l i ty .  .Let,  us assume t h a t  the' Iagrangian x ( x )  s a t i s f i e s  

t h e  simple law , 

, Then the .var ia t iony 6A .over 'an': arbi t rary-region of. space-time. can be .  wri t ten 

. . . . ' .  .. . . . . . 3 . .  ' . . . .  . .  
: j 



= Jdx .[J(x,m)-11 X (x) 

Ghere . J (x, m )  i s  the.  Jacobian a [ x v  ' (x,m) ] /a (xp) . ~ u m e r i ' c a l l ~ .  we ha& 
, . .  . . . .  ' 

. . . .  . , . . . . . 

.The f i r s t  . l i n e  of Eq.- (11) i s  true, because i n  the derivation of: 6A.the.bound&r5es 
, . .  , .  . . . .  . . . .  , 

-of the  region .a l so  take p a r t .  i n  t h e  variatidn. Equation. (6) .  yields  64 over :an 

arbi t rary.  region' regardless of .  whether ,6A vanishes: or- not, so that. we hive 
. , . . . .  . ' .  . .  . . ,  . . .  . . . 

Then the  loca l  conservation law follows provided tha t  e i ther  

. or 

(P 1 (x) = o . ,  

which may happen by vir tue of the f i e l d  equation--it need not be ident ical ly  

zero . i n .  t he  Wria t ional  sense. I n  .the . special  cases. of - t rans la t iona l  .- -in.variance, 

I-1 P .. v where x ,:+ xP. + A' ., and ro ta t iona l  inyariance, where x -.aVp(a, p, ?;v)x ,, 



P we ha- J = .1, independently. .of, h : or:.. of t h e  q g l e s  , a, . .p, , y . :, ,and ve'locity v,. , 
. . . . . . . . . . . . .  

Thus, t he  l o c a l  conservation. laws. ,f-ollow. . . . . .  .from c o n d i t i ~ n  .. _ .(a _ . .  ) . , . ,. , . . . . . . .  . . . .  . . :  . . .  

: : Another. pos,sible case .leading t:o. the  , l oca l  .co.n.sgrvatioii. laws, Eq. (8), . . .  . . .  . . . . . .  . ~ . . . . . . . . . . . . . . . .  

even i f  ne i ther  condition ( a )  nor (b)  holds, occurs . . .  when. . . .  t h e  :simple: . . . . . .  Eq., . ., (10) . 

no longer,  .ho&ds, but  ra ther .  t r ans f  o ~ s  . a s  . . -  . . . . .  . . . .  . . . . . . .  . . . . . . .  . . .  . . . .  

. . .  . . .  . - .  . . , . . . : : ' '. . 

, 
. Equation .(.14) .implies. t h e ,  local: laws $mediately, . . .  f r 6 m  the  ; . .  f i r s t  l i n e  .of Eq. (11) . 

. . ': :An in te res t ing  s i t ua t i on  a r i s e s  i n  t he  case .of a quantiz.ed f i e l d  theory, 

because,. of fl.uctgti.ons:.. caused. by t h e  uncertainty.  . . . . .  pr inc ip le  . . . .  For example, 

momentum .conservati-on ,,is expressed a s  t h e  constancy:. . . . . .  of. some. . , .  , i n t eg ra l  . over a l l  

of 3,-space,, a@ . . . .  indeed t h e .  momentum , . .  .density . integyated over. . . .  a f i n i t e  . volume .does 

not comute  with the. . . .  .observables. ,of t he  theory, and . . .  must be c.onsistent .with t he  
. . .  . . 

condition .6p~6x+'i0 .However, t he  theory is  l oca l l y  i nva r i an t . i n  our sense ,[ i .e . ,  

Eq. (8) holds fo r .  t h e  s t r e s s  t e n k r ] ,  because tfanslat , ion . . invariance follows 
. . 

f o r  t h e  act ion i n t eg ra l  defined over an a rb i t r a ry .  space-time .region, so t h a t  
- ,  

o u r  remarks. apply, and we have .a ,=, -0, A fu r the r  subt le ty ,  occurring . i n  p v  . : I 

. ,  . . 
quantized theor ies  i s  the  exis tence.of  a c lass .  of invariants,  such a s  t h e  charge, 

f o r .  which f i n i t e  volume in tegra l s  do commute with t h e  observables; ' b i t  t h i s  

d i s t i nc t i on  .does -not  a f f e c t  anything discussed .in t h i s  paper .and w i l l .  not be 

4 : .  . .  .: 
considered fu r ther .  

I n  t h i s  discussion the  parameters'6wk have been assumed not t o  be functions 
- - ..... . . . .  . . . . .  

of the: coordini tes  x!.' F o r  thdse case.; i n  which t h i ~  i s  kt t r u e ,  s u c h  a s  t he  
. ,  . . . . . , . I .. . . , '  . . 

gauge . invariance i f  t h e  electrom&qetic (6-m) ' f ie ld ,  t h e  quan t i t i e s  -% i n  Eq. 

(6) appear under the  i n t eg ra l  as a rb i t ra ry , func t ions ,  and l o c a l  invariance 
. . . . . . . . . . . .  . . .  . . . . .  . . . . . . . . . . 

[ i . e ., Eq. (8) ] f 6lloks, 'with. .%' s t i l l '  f 02r&lly, given by Eg. (7) .   ow ever, i n  
. . . . .  \ : . . .  . . .  . . . . . .  . . .  . . . . .  . . . . . . , , ,  . . -, .;' : . 



such cases there a r e  a l s o  terms of the form 6 (ap%,) . The coe'f f i c i en t s  of these 

terms vanish, though, so long a s  the  f i e l d s  a r e  correct ly  coupled i n  a gauge- 

invariant .manner,) and therefore need not b e  exp l i c i t l y  considered. The theory 

of Sectsion .IV. w i l l  be of t h i s  type. - 

I f  we app1y:the foregoing considerations t o  the  scale.transforrnation, 

we see t h a t  , t he  very f a c t  that the -equations of physics have .dimensional un i t s  

attached j.mplies t h a t  the  sca le  transformation i s  t r i v i a l .  For .example, an 

external  parameter l i ke .  mass determines . a  Compton wavelength, and under a .change 

of scale  t h i s  wavelength. changes accordingly,. making the theory external ly  

invariant . 
.The obvious -remedy. would be- t o  have only the  r a t i o  of. lengths , en t e r .  the  

theory, a s  these would be unaffected by a ..scale transformation.. I n  fact ,  ' i f  two 

lengths  xl and. x enter a theory, and the  theory. is' t o  he invariant under the  2 

t$ansfor'mationx + x ( 1  + SU), x2 .+ x2 (1 + So), then we have ' ' 
1 :1 

and the general solution of . t he ,  equation S Z =  0 . i s  
. . ., . . 

For t h i s  reason, i n  the  theory of Sec. IV, we introduce an in te rna l  degree of 

freedom r, whose dimension i s  (length)-', and demand that x b e - o f  the  form 

It :should .be mentioned t h a t -  there  . i s  a. .class.of physical theor6es that 

a r e  scale-invariant . by v i r tue  of the  f a c t ,  that. no. scale-dependen&ternal 



parameters. . . enter--for . example, . the f i e l d  theories. describing f r ee  ,.massless 

par t ic les .  'Although these theories a r e . f r e e  from any external invariance, 
. . 

they possess.the s l ight ly  complicating feature that . , f o r  . :  the transformation 

x" -xp( l  + 6a) w e  have the Jac0bian.J . 
. 

= (1+ n6a),  where . .  n i s  . the dimension 
. . 

of the.  space, and therefore a ~ / d  u. = . n. - However, i n  the  usual, &-dimensional 
. . . .  . 

-4 
t h e o r i e ~  the.  Lagrangian density. has the dimensions (length) .. . and does, not t rans-  

form by Eq. (lo),  but ra ther  by Eq. (14). Thus these theories can lead t o  local  

conservation laws, a s  w i l l  be discussed i n .  the nex$ section. . The.,theory of 
, .' .. . . . . . . 

Section ..IV w i l l  have. the advantage of being capable of including -massive f ie lds ,  

as well a s  being in t r ins i ca l ly  dimensionless, which the usual massless theories 

. a re  not. 

111. SOME PROPERTIES OF THE SCALE TRANSFORMClTION 

Consider a f i e l d  $(x) with the: dim&nsions (length)n. The variable x i s  ! 

. . the  dimensionless number ~ / a ,  where X represents an ac tua l  physical length, 

independent - of the coordinate system, and a , is the s ize of 'the uni t  used for  

measurement. .Now, i f  the  s ize of the uni t  .a is changed .to a/h,, then the .same 

,length X i s  represented,. i n .  the.  new %its: by. ~ / , ( a / h ) .  = hx .= .xs,: . and . the f i e l d  

$'(xf).measured by an observer using the new.units . i s  related . . to  . t he  . . old f i e l d  

$ (x) .by the  equation 

. .. 

, Equation . (15) is the equivalent'.of. the transTomation . . law. f o r .  tensors: . , 



I n  t h e  r e l a t i v i s t i c  case, "length" a s  used above' pe r ta ins  t o  t he  4-vector 

xP: (c t ,  N x ) .  

A simple i l l u s t r a t i o n  of Eq. (15) would be t he  case i n  which $(x)  

descr ibes  t he  height of a water wave wi th  t h e  dimension (length) measured i n  

inches. Let the  height of a wave a t  x = 2 be 3 in.  Then $(2)  = 3. I f  now an 

~7;)sexver were t o  ' measure ' the'  same wave i n  .1/2-in:. &i ts ,  h& would wri te  :$ (4) .  = 6, 
. . or  . (2 ) = 112 l' (4.) - '  

.6 
'For nonrelat  i v l s t  i c '  ' yuantwn-medhanical 'mve funct  ton, Eq. . (15) .:reads 

. . .  

(16) 

: Similari ly,  fo r  a r e l a t i v i s t i c  Fermi .or Bose f i e ld ,  Eq.. (13) takes  the. form 
- 

, . 

. . .  . . 

' 

. .under a scale  transformation, t he  argument 5. of t he  nonreiat  i v i s t i c  wave 

. . . .  . . :. < . .  functi.on . $ (x)  tra'nsf orms a s  . . 
a 

. (The in f in i t es imal  expression.  (1 + 6 0 )  becomes t h e  f i n i t e  expression' eU= &) ) 

. ., . . . . .: . . The wave. f$cti& df transforked 'doordirhtes b e c i w s  ' 



The operator .generating t h i s  change. is  r *p  :. . Howe.ver, t h i s  operator . , . i s  ,not  , 

. ~e r t i i t i an ,  so we introduce the operator ..L 

. For . a  f i n i t e . .  transfor.mation . ( i n .  0ne:yariable) ,we have 
. . 

.which may be. ,proved by expanding.:both .&ides i n  .a. 

so t h a t .  t he  var ia t ion.  i n  the.  wave function a% . a .  point .  can be wri t ten 

which agrees .with t h e  r e s u l t ,  of a d i r e c t  .application .o f ,  Eq. ( 5 . .  The operator . 
' 

. / I  

. A obeys the commutation , ru l e  [A, Jn x .  ] = ..l/.i, .which 'says that a scale t rans-  . 

1 

formation can be interpreted .as a dis'placement i n  Jn xi,. j u s t . a s  the  momentum 

.operator' produces a .  .displacement . i n  x . it s e l f .  .a 3- 

It should be noted tha t  .Eq. (16); does n o t  depend upon o u r  use of a 

Cartesian-coordinate system, and t h a t  t he  fac tor  L3I2 i n  Eq. (16) merely 



. . 
represerit&' a &itor fi j i s  t h e  ~ ~ ~ ~ b i & a " . .  a (x.1 A, )/a f~).:..;:,:.. Ine.,d i f f  e i  ent  ia l  

Q 

. . .  . . . . . . .  . , , ;<. , .  , ' , ,  - , . .  - . .  , . . . . . . . . . . . .  .. form Eq. (16) reads 

I n  t h i s  form we can 's<e that. the scale  transfckmati6n"ik e s sen t i a l l y  b;f ' the form 

of a gauge transformation and hasmo physical significance, i n  accordance with 
- .  

. . 
' t he  remarks i n  Section 11. 

n 
For a s e t  of r e l a t i v i s t i c '  f i e l d s  %(x) of dimension (length) t rans -  

. . 
f brming .under a .sc$le tp ins f  & n a t i o n  '$ecordiig ' t o  E& . (1j)i t h e '  va r ia t ion  in' t he  

p. ac t i on  can be calculated from Eq. (16). By using 8xP = x 80 and 8% = nk %. 60, 

we obtain 
..- ., . .,, 7 

~. . . . .  
u .  . . 

. . 

'p.' " where ' T ' .  . i s  t h e  ' s t$e i ' s -en&&.  'tensor'. FOP' a f i e l d  ;thbt. tra&fbrinect .as - ,  

! v 

. * .  .o :. , . , . . , ,  ' , .  , 

where . P(.' . 'ik ' the '  momeht& .derisit,$ T 
v v 



For a .massless r e l a t i v i s t i c  f i e l d  the .  Lagrangian s a t i s f i e s  the  t rans-  
. . 

formation law 

so t h a t  Eq. (26). should lead t o  the l o c a l  conservation, la& 

I n .  fact ,  i 

I 

To derive Eq. (30) we have used the f i e l d  equations and energy conservation, 
I 

F.dr a Lagrangian which . i s  a .function only, of t he  f i e l d s  and t h e i r .  derivatives, such 

-4 
t ha t  every term :has the  same dimensions, . (length) .,. so t h a t  Eq. (28) : i s  sat isf ied,  

the right-hand: side of Eq. ' (30) vanishesbekause it i s  merely, t h e  N e r  .equation 

for  a . Komogeneous .function ( a l l  terms :having the same dimensionality), and l o c a l  

invariance .holds. 



. . . .  . . . . . .  . - . . . . . . . .  . . A as sless icalar , field has thg : .ugri~ia*x ~~, :~ i i i : .~~( ,31$y t8  ;$, ' ), &'nd t h e  
2 P 

~ b r  a mssl.ess charged .scalar  ' f i e ld ,  we have ' ' , . 

and . fo r  a massless Dirac - f i e ld ,  

. . . :. . ,. 

. : . 

A s  an i l luk t r&t ; ion 'o f  some' of the: remarks in .   ti& 11, we can introduce 

. a  "truncated" sca le  .transf:ormation'.f or the  th ree  :above-mentioned.' f ields--the 

transformation x' 4 xPeu , while-.$' (x '  ) = @(x) .  Under t h i s  transformation, nei ther  
. . .  

X (x)  n o r  dx X(x) i s  invar iant .  ~e+e+thel&ss ,  we h a i r e " 6 ~  = 0 i f  t h e  actr-on 
3 .  . 

in.tegra1 i s  taken over a l l .  space an'd t h e  . r i e l d s  .are .  assumed t o  vanish .in remote 

regions. Then one has t h e  integSal,  invar iant  T ' fo r  a l l  t h r e e  f i e l d s .  
. . . . . . . . .  . , . . . .  . ._ .: : . . . . . . .'. 

However, f o r  t h i s  transformation t he  condition c?? (x )  , = 0 s t i l l  l eads  . t o l o c a l  
I 

.v IJ. '. 
invariance, and t h a t  - is  why the  Dirac f i e l d s  s a t i s f i e s  . . .  .:a . (2 T !) , = T .= 0, 

. . . . P .  v P 
whereas f o r  t he  sca la r  , f i e l d s  an extra  term must.'be added f o r  a : l o c a l  conservation 

.... . . . .  l a w ,  t o ,hold. . . . . . .  . . . . .  . . .  < .  . . 
. . . . .  . . . .  . . .  . . . . . , 

. .  ' 

, , F i ~ l 4 y .  . i e t .  u; , calc'ulate . the  sca le  :transformation ' proper-ties '.uf a .massive . . .  . . .. , . . ; . . . . . . . . . . .  .,'ii . . .  . . . . .  . . ,  . .  

Dirac . .  ' p a r t ' i c e ;  . coupled': t b .  t h e  e-m. . . .  field,.:  . A,. : * .  ..The. f iebd:.equations . . . . .  a r e  
. . . . . ._.; . . . . . . . .  , . . . . . . . . . . . .  . ; : ..p... :.. , .. *.,,*: . , 



where .ak = A?/e (e  being thee lec t ronic . .  charge), a i s  :the. f ine-structure . . .  . . constant, 

and , K  . i s  the reciprocal Compton wavelength. of t h e  fepnion. .Under . .the . transformation 

. . . . . . 

CL 'P - .p' 
*X , : + . x . ~ - , x  , 

these. .equations .become , 

. . 

i .? a ' .  ! !@ t ( ( x f ) - ,  (KIA) ' i f ( x l ) , =  a a " l ~ ~ : t ~ ( x ' )  

Thus we have.the.transformation l a w s  

which a re  more. complicated. than that. of Eq. (l3).,because .of the  change i n .  K, 

which. shows :expl ici t ly .  the : external nature of ' the scale transformat ion. for  

massive, f ie lds .  . I n .  t h e  next .  . . .  section we attempt . t o  formulate. a :.model theory 

t h a t .  will. overcome . t h i s  defect. . .  . . . . .  



. . 
; : I  . . 5.' . , .  . ,. . 

1 ~ .  . A .  S C ~ - ~ A R I P ; N T : :  m & y  ,OF ,MASS 

'We attempt, t.o construct . a .  scale-invariant theory by. introducing an 
. 1' . . . . . . . . . .  .L . , "? 

i n t e rna l .  coordinate. whose diniension . is'..length .' This- aliows us t o  f orhulate 

t h e :  theory, i n  terms 'of dimensionless quant i t ies  by exploit ing the  qauge-like 

. . .  
. . . . . . . . . . I .  . . . . . . . .  . <. :;., . . . . .  ....;- . .  . .  

~ ' n  .j:.JJ.~lstrite. the '-p~ockd&e,. w e  u.se. the'.. c&k..':6f a' m&k'skve' ~ ir ' i c  . f r ee  

f i e l d .  Equation (35) (without the  e-m coupling) ,can be wri t ten i n  the form 

. . 

+J ( 3 :pK' )., . :K -312,. : 
. i 

P .  $ x )  3 $ ( x )  = 0 . 

,,If we introduce-the dimensionless quant i t ies  

Eq. (38) ,becomes 

, .  . . . 
. . . . . . . .  ,: > r. ' '. ,: 

.. Equation (40) , i s  dimensionless9 bu t .  it. i s  dependent .upon a .par t icu la r  Compton 
I .  . . .  

wavelength, namely 11 K . T o  be ab l& f o r  ;a pagt ic le  of any., mass, we 

wri te  

, : _  . . . . . . . .  . . . .  , .  . . . .  6, ' .is ~,a~~~~~,.;i~d-~ brame*.&.,: aStusliy rBp;gggntink :the, ration , of 'the 
, wher k' " 

wavelength. of t h e  pa r t i c l e .  to t he .  arbitrary:  origin& ''ki~kiehgth' '-. 'Thus. . - 



when we .mry K . . i n  the  theory,. w& ac tua l ly  vary the  size,. .of;::t&:..y.nit ..of length, 

I while' the,  mass. of'' the  par t ic le ,  . p, i n  d.irnension1.e~~. -it.s, - remahs. .:Eixed i 

I Because. it. i s  dimensionless,. the  f i e l d  . of Eq. (39) ;no longer . transforms 

' k 4  according. t o  Eq. (37), b u t  - r a the r  a s  under the.  scale ,transformation: x ,.+ x . 

, Thus we : can change . the  scale by making a var ia t ion :in tc, leaving x fixed, a s  
1. 

well a s  by making ' a  .variatS~ri ,  in. x, f o r  ..Fixed K:. . Al te rna t i~e ly ,  we nbte . t h a t  

' the  f i e l d  i s  invariant under the  simultaneous transformation xp8-,-x e , 

I n  t he  r e s t  :of t h i s  section we. use. :'only .the. f i e l d  ~ ~ ( x ~ ) .  and subsequently 

wk, w i l l  drop. the subscript . & 0  Equation. (42 ) , . in inf ipi tes imal  . form reads 

. . 

where ,we .have. intrdduced .the. notation .T- = an. K . f o r .  con+en%ence, .' and- the  symbol 

-. 
8 now. refer's . t o .  t he  ,.change i n  the  . ?omi , . I ,  of $iat.:the :point . (x, T) rathey- than 

. . 

merely a t  t he  point (x) . . .  The f i n a l  s tep  .we :take. i s  . to  make an independent. scale 

transformation a t . eve ry  pc3int.in space, .and t.o cancel the  e f f ec t  .of t h i s  t rans-  

.format ion we in%roduce:a vector.  f i e l d  'b  . (x, T). by a s l i gh t  . extensJon. o f '  the  
. . 1-1 



7,8 . . .  method of 'Yang a.nd: MiSls. . .-- 
. . .  . . .  . . . . . . .  

. , ... - . . . . .  ,We .:note " that  under. t he .  t ransf  ormat.ion . . 
. . . . . .  . . . . .  

Ghere . g is  a .dime~lsionless ,.coupling . constant,. . the  .fu.nction. 9 (x) ,. i s  transformed 

a s  

.>We introduce. a .new. f i e l d  .b , (x, T), which transforms .as 
.. P 

so t h a t  b  (x,T) undergoes a gauge transformation during the change of scale.  
P 

The inf ini tes imal  form of t h i s  equation i s  

- ,CL 6  b  ~ , , : b f . . ( ~ , ~ ) :  - b  ;(x,T) = g 66 F(,~,~) - a 6 0  . .  
P . .  P 

" .. CL CL 

,Then t o  couple .the f i e l d  ..b . t o  the f i e l d  , we'must make the replacement ' 

C L '  

. . . . . . . : . .  . .  3 
. . , , . . . . . . . . . . . . . . . . .  . .  ' , Thus we . have . . . . , . . - . . . . .  . . 



,Equation. (49) ,follows from. t h e  fac t .  . that  

and ... the re la t ion  
. . .  . . 

. . .  . . . . 

'These. :opera$ions. . &., a r e  . : .a .~l :6~ous. .  to.: $hose 'used iin : introducing the e-m ' 

. f ie ld,  where t h e  equivalent r e l a t i o n s  are 

. and 

. . 
. ill. t h e .  e-m..case..the fi&ld.. :.A .'....:obeys :tk& &bsi&iarY ,&nbition. .: . .  ; . . "  

P '  
. . .: . . . . . . . . . .  

.a. A! = o ., 
P (32 

. i . . . .  . . . . . . . . . . . . . . . .  . . . .  
where R a = 0, . ancl the relevant . ga&dn\;ariant ,,qu&itfis 



CL:_ .:. ;For ' our. . b  .f ield, .  the condition' a':b : ., 0 .would giiie a .  condition .on. a which 
C 1 '  CL 

would .make. a a . function .of T . However, we may .choose the . gauge-invariant . . 
: .  . . 

. . . . . . . . . . . . . .  . . . -  . . ,  . , , . . < . . .  . ^  : . . . . . . .  . , 
..condition . . . ,  . . . . > 

. . . . .  
and. now a -may.'be,any -function .of x : satisfying the,. bondit20ns 

. .  .. , . . . , ' I '  , . . . .  . . . . .  
I ..The gauge-invariant . f i e l d  .tensor . i s  ..:.+ :.. :...,. . . .  .... . .  

..... 

The quant i t ies  ..T, $I', D :bp, and F a l l .  transform a s  
I - 1 .  : pv 

,The quantity. b :.acquires ,an extra .gradient .under . the transformation:. however, : 

CL 

when :properly coupled,:.:-via: Eq.. , (48),. .,it. makes the, Lzgrangian t ransf  orin .accor.ding 

t o  Eq. (5'7). ..The- action i s  given by 



and i s  invariant urder the t ransformati~n.  It should be mentioned tha t  the 

range of the variable T i s  from -a t o  +a), which follows from i t s  def ini t ion 

a s  an K and from the f a c t  that K i s  intr insical ly .posi t ive,  both i n  i t s  

or iginal  ro le  a s  a wavelength and i n  i t s  new ro le  a s  . t h e .  s ize .of the .length u i~% 

We place on a l l  f i e l d s  tha t  depend upon T the condition . that  they .vanish suf f i -  

cien+,ly f a s t  a t  T = 5 co . Note .that. an important..difference .between the b . f ie ld  
CL 

afid the  e-m f i e l d  i s  t ha t  there i s  no '.'i. i n  the operator . D:, so  t h a t .  it has 
'CL 

the same form when operating on both $ and'\lr . 
The f i e l d  equations a r e  ' of 'the form 

. , 
For the free-f ie ld Lagrangian f o r  b .we choose 

I-1 

which yields the f i e l d  equations 

I  or gauge invariance the t.erm b must occur .only .in. t he  operator D : but 
CL . cL' ! 

25 I I /& may appear . )  In the presence of a Dirac : f ie ld  - the Lagrangian becomes 
t- 

Thfs Lagrangian leads t o  the equations 



where 

. .  , 
  he l a s t  .equation of the Eqs. (63 ) leads to. current . conservation, . . 

The ordinary charge current, . . 

. . 

s a t i s f i e s  the equation 

which leads 'to current conservation when integrated over theinternal variable T: 

. . 

W s  there a re  two conserved currents i n  the ,  theory, 15% and 3'. 



C1 The l a t t e r  i s  a function of (x , T), whereas the  former i s  a function of the  x P 

alone. The other matter "current, " GY s a t i s f i e s  the equation 

which i s  equivalent t o  Eq, (65), so t h a t  G d~ i s  conserved only t o  lowest I 
.o rder  i n  g and thus plays the ro l e  of an "almost conderved" current i n  t he  

C1 t,heor.y. .The quanti ty G .vanishes for  a f r e e  Dirac , f i e l d  (i .e, ,  one uncoupled 

Energy conservation takes the  form 

. . 

where 

and T;' i s  t h e  usual s t r e s s  tensor. Thus, the .  divergence. o f  the  energy- 

momentum tensor vanishes when integrated over the  i n t e rna l  coordinate--that is ,  

For 'use i n  the  next section, we note t h a t  .under the  transformation 

x' + X' eu9 K fixedp the var ia t ion i n  the action, Eq. (58), i s  given by 



V. . SCALING PROPERTIES .OF THE THEORY 

In  order t o  consider the scaling proper t ies  of the  theory it w i l l  be 

convenient for  us t o  reintroduce the  dimensional var iables  x and K, remembering 

t h a t  t he  theory of Section I V  was formulaled for-  the f i e l d  I ) ~ ( X ~ ,  K ) ,  defined 

by Eq. (39). This theory was formulated t o  be invar iant  under the  transfortnation 

whe rex  and 1 / ~  both have t he  dimension of length,, r a ther  than invar iant  mer&ly 
' 

under t h e  t rans f  o r m t  i o n  xp + xp ehJ with r f ixed.  

. . .  Equation, (42) can be used t o  determine t he  transformation 2roper t ies  of 

. . 
Ql (x .~ ,  "under t h e  transformation (74)) a s  

Equation (75) says t h a t  on1y.a changes under the  transformation (74) but  not  t h e  

dimensionless var iable  x This of course i s  equivalent t o  Eq. (43), t he  
1 ' 

s t a r t i n g  point of t he  theory (remember t h a t  - i n  t he  last section, "x" stands f o r  

"xl " ) . 
We s h a l l  now compute what it i s  t h a t  i s  conserved under the transformation . 

(74). .To do so, we must be aware t h a t  the  t rans f  ormat5on of t he  f i e lds ,  Eq. (47), 

i s  not a c tua l l y  a gauge transformation, but  r a the r  a combination of a gauge and 

a coordinate transformation, and it w i l l  be ,.important t o  take i n t o  account t he  



vaeiation 

vary, and 

:of the boundary. of. the region :of. integra%%on, . Since, the  . . boundary .. . 
does 

asr a l so  because: the f i e l d  b multiplies,  a der iva t ive  o f  the f i e l d  $, 
CL . . 

the formalism of utiyama5 must be s l ight ly ,  extended, but ..does give the  correct 

resu l t .  

We. note that, the derivatives of .  b appear. only. in .  the combination F .; 
I-1 I-1v9 

which. transf.orms .as :Eq. (57), so that.  f o r  T +- T , - .  g6a .we. may write 

,The. only. other appearance. of' .the f t e l d .  b :is in .the. operator D .  so. the exp l i c i t  
1.1' 

3 

P' 

. variat-ioii Fb . r e fe r s  .orily. t o  *those .terms. of the Lagyangian .which .couple. b ' .. t o  
CL CL 

the f ie lds , .  $, ' T  . ' ~ i n a l - l ~ . - w e  use the symbol u : t o  col lect ively represent'.. $ and 
3' - 

..h and any, term i n .  6 o f  the form f (u) : i s  t o  b e  interpreted a s  f (t) + f (j) : 
. . . ,  ' . . 

We noi~ 1 i s t . a l l  re levant  variations that a r e  induced by the transformation 

@ 
, In  theseequat ions we have used the-fact  t ha t  : t h e  operators 6 and a CL -commute. 

. A l l  the f i e l d s  l i s t e d  undergo coordinate . t ransf  ortmtiom. (i. e ., T -* T'.), and 



. . 

t h e i r  var ia t ions  ark.  given 'by Eq. '- (5.1. However, :.the' f i e l d s  b and a u a l s o  . 

P P 

i d e r g o  gauge tran$fortm't'i-6hs-. The e'd_uation . fo r  b .is just  Eq.; (4.7) . - The 
C1 

gauge par t  .of the' tkan'sfbrmatiori of a u i s  given by:.Eq. . (?o.), ' .  
C1 

I 

and the  var ia t ion F[a .u)  follows from ,Eq, (5). 
P 

. , 

I f  now t h e  Lagrangian i s '  c~ilsidkk.ed t o  be .$ function of a l l  the parameters 

on the left-hand s ides  .of Eqs. (70)) w e  rr&y -write 

. ' .  : . . 

' I n  Eq. (,79), . the var ia t ions .  6a  and. &(a,,  a )  a r e  assqmed t o  be - taken independently. 
I-1 

Then, a s  was promihed i n  .Section 11, the  ?oeff iSient  of ' 6 ( a  o)  vanishes auto- 
I-1 

matically. i f  the  f i e l d  b .is coupled to. +,v Via Eq. (48) .  The l a s t  .term . i s  the  
I-1 . . 

cont r ibu t ion  from the var ia t ion  of t he  bouridaryj3 but imnishes because 6a i s  a 

I-1 function of the x alone, which khdws t h e '  iinportance of taking the subsidiary 

condition i n  the  form of Eq. (5h), a s  wa.s explained previously; . I f  we use the 
. . - .  

. . 

.equation of motion, Eq. (59)) t o  replace the.  term. a x / a u  ., we a r r ive  a t  



Inser t ing  t h e  e x p l i c i t  form . o f  .. t h e  lagrangian, Eq. (62),. i n t o  Eq.. ( 8 0 ) ~  we : f ind .. ., . .. . . - .  

It happens t h a t .  t he  terms i n  I#, -in , the.  Iagrangian. vanish because. of the  equations . 

of motion, . so t h a t .  t h e  l a s t  two terms.:of Eq. (81) , cancel. . Then t h e .  condition . ' 

s ,= 0 :gives exactly,.  Eq. (691, which . i s  equiva1ent:to Eq. (651, , ai8'. = 0. '\ : ' .  , 

8" Thus we .see . t h a t  .:conservati.on. of t he  current  . ar i -ses  by v i r t u e .  of t h e  scale  

invariance .of t h e  theory. 

. . '  . Finally, we, should. l i k e .  t o  point .  out .that . the  introductt.on . of an i n t e r c a l  

 coordinate,:^ . i s  exact ly  analbg&s . t o  t he  introduct.ion of t he  in te rna l . coord ina te  

sp in  i n  t h e  : case of angular motn&ntum. I n  that . case, one. no longer requires  the  

. . transformation. l a w  : 

. where t h e  operator t r a n s f  o r i s  the  s p a t i a l  coordinates, , b i t .  r equ i res -  r a the r  

t h a t  1 . . 
, a  . . , , ,  . 

- 
sqk) ,=  SIU,".;@ ( k ) .  + 60_".~l(k). ,  (83 

. . . , . . 
. . 

where .the. operakor: 2 i s .  independent of x bu t - rea r ranges  , the  inteyna1,coordi.- 

na t e s : (k ) ;  :One.then derives.the. conservation.law , .  . . 



where the term i n  parentheses comes ' from . the. operator 2, and angular -momentum 
. . . ,  . . . 

. . c ~ n s ~ ~ k t i o n : c o h & s  about..onlyby v i r t ~ e o f t h e c o m b i & d . ' o p r t i n  J =  ' 

In t,he case of the scale  transformation, we have the  transformation l a w  
.. . . .  . 

. (74) tha t   state^ 

- 
. . 6 q : .  = 60 x?a ;- 6 0 . g  qi , : .  

1 p 1  7 
' (85) 

. . . . 
. . . , 

- . .  

. . 
analogousxy. t o  ~ q .  (81). Then Eq. (85) .corresponds: t o  a. .more .general scale . , .. 

transformation because .of the. in te rna l  coordinate. . The. f irst  . + e m .  corresponds 

t o  the "orbital" part. ..of' the transfox.mtion, and the. second. term corresponds t o  

a rearrangement of the in te rna l  co~rd ina te s .  . Now the. coordinate .x .occurs- only 

i n .  the dimensionless form . x  and Eq. (85) can be .broken in to  the  form 
1' 

. .  . , . .  . . 

;The variation under a scale  transformation i n  x is giiren by.Eq. (73), so tha t  1 

. . 
..In..Eq. (87): the f i r s t  .term comes .from. the variation . in, . i ,  and the  second- term 

. . 

... from . the .  .variation i n  .: ti . : . (~r :  117: ):.:. .:. Thus9 '. .in ';exactly,:.the ; same . way as the. to ta l :  J. 

determines .angular- moment.^ .coriser.vationp the " t o t a l  scale transformati6n1'. (3. .e .,I 

va r ia t ion .  of a l l  dimensional coordinates xP . and. K )  ;detecmin.es .conservation: of 8'0 



Although. there is no ewdence tha t  .nature, has any use.  for. the. specific, 
. . . .  . , . . .  . . 

theory developed .above, our *in point i s  tha t  .the t r i v i a l  appearance: .of the 
. . .  . . . . . . .  . . . .  . : . . . .  ' , .  . . . . . . .  . . . .  . . . .  : . . . . .  . . 

. . . .  . . .  : . : .  . . .  :.: . . : :  '.'Z . . .  . . . . . ,  , 

scale transformation in physics i s  illusory, and. tha t .  it can .be made . i n to  
. . . .  . . : . . . .  . i . . . . . . . . .  . . . . . .  ! .  . :  . . . . . .  . . . . , .  . . . 

powerful, and, ultimately, perhaps, even useful tool .  . . . . . . . . . "  . . . .  . . .  . , 
. . .  . . . . . . . . 

. We would . l ike t o  thank. Dr. Albert .Finn .for .reading .p6&i6ns 'of the maiu- 
, . . . . . . . .- . 

script,  and Professor Geoffrey F .  Chew and :Dr. David L. Judd . for .  the hosp i t a l i t y  
. . . . . . .  

extended :by the Lawrence .Radiation Laborat..ory. 



. . .  . . . . . . * ? ' 

Work performed m&er  the .auspices  of t h e  U. S. Atomic Energy Commission during 
. . . . . .  . 

the  tenure of a N a t i ~ n a l ~ S c i e n c e  Foundation,Post-Doctoral Fellowship. 

A good summary, of the  usual  treatments of the  sca le  t r an~ fo rma t ion  can 1. 
. . .  . . .  . .  . . . 

-be  found in P. L'ijwdin, J. Mol. Spectr .  Z, 46 (1959), which a l s o  contains 
, . 

a good bibliography on the  subject .  
. . 

2 .   he remarks , on "external" invariance; crjntained ii t h i s  sect ion a r e  

presumably known t o  everyone; however, they a r e  pa r t i cu l a r l y  re levant  

t o  t h e  scale  transformation and su are s t a t e d , e x p l i c i t l y ,  

. 3 a  See, f o r  example, N. N. Bogoliubov :and Do V. Shirkov, Introduction t o  

t he  Theory of Quantized Fields, ( in terscience Publishers, Inc., New 

York, . l ~ g ) ,  Sec . .2.5. 

A discussion of such points i s  contained i n  t h e  .book,. W. Thirring, 

Pr inciples  ' of Quantum Electrodynamics (~cademic . Press, Inc ., New York , 
ag58). 

See R. Utiyama, .ms. Rev. a 1597 ( 1 ~ 6 ) ~  
/ 

For pa r t i c l e s  i n  f i n i t e  enclosures, the  transformation of t he  boundaries 

i s  very important. .However, we a r e  considering only. t he  .case: .in .wh.ich 

$(x), ~ ( x )  + 0 a t  t h e  boundaries. 

The method was introduced by C. N.  Yang and R. Lo Mills, Phys. Rev. 96, 

191 (196) ,  f o r  t he  case of i sotopic  spin, and extended t o  general  Lie 

groups by'R. Utiyama, reference 5. The individual .Lie  groups a r e  d i s -  

cussed by S. L; Glashow and M. Gell-Ma.nn, Ann. F'hys. 437 (1961). 

The present .case is f o r  a continuous parameter; .T, upon which.'the new 

f i e l d  b .may depend. 
P .  

h e .  method::inay b e  - appliEd or :aiiy- cont inu6us?. par.anletesand 'dbes hot .depend 

on,-,.;thel: sc.al.g:: t r ans  format i>.on, 
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However, there i s  a rather  subtle conceptual difference, which i s  

discussed i n  the next section. 



T h i s  r e p o r t  was p r e p a r e d  a s  an  a c c o u n t  o f  Government 
s p o n s o r e d  work.  N e i t h e r  t h e  U n i t e d  S t a t e s ,  n o r  t h e  Com- 
m i s s i o n ,  n o r  any  p e r s o n  a c t i n g  on b e h a l f  o f  t h e  Commission:  

A.  Makes any w a r r a n t y . o r  r e p r e s e n t a t i o n , '  e x p r e s s e d  o r  
i m p l i e d ,  w i t h  r e s p e c t  t o  t h e  a c c u r a c y ,  c o m p l e t e n e s s ,  
o r  u s e f u l n e s s  o f  t h e  i n f o r m a t i o n  c o n t a i n e d  i n  t h i s  
r e p o r t ,  o r  t h a t  t h e  u s e  o f  any i n f o r m a t i o n ,  appa -  
r a t u s ,  method,  o r  p r o c e s s  d i s c l o s e d  i n  t h i s  r e p o r t  
may' n o t  i n f r i n g e  p r i v a t e l y  owned r i g h t s ;  o r  

B .  - Assumes any. 1  i a b i l i t i e s  w i t h  r e s p e c t  t o  t h e  u s e  o f ,  
o r  . f o r  damages r e s u l t i n g  from t h e  u s e  o f  any i n f o r -  
m a t i o n , '  a p p a r a t u s ,  method,  o r  p r o c e s s  d i s c l o s e d  i n  
t h i s  r e p o r t .  

A s  u s e d  i n  t h e  above ,  "pe r son  a c t i n g  on b e h a l f  o f  t h e  
Commission" i n c l u d e s  any employee  o r  c o n t r a c t o r  o f  t,he Com- 
m i s s i o n ,  o r  employee o f  s u c h  c o n t r a c t o r ,  t o  t h e  e x t e n t  t h a t  
s u c h  employee o r  c o n t r a c t o r  o f  t h e  Commission,  o r  employee 
o f  s u c h  c o n t r a c t o r  p r e p a r e s ,  d i s s e m i n a t e s ,  o r  p r o v i d e s  a c c e s s  
t o ,  any i n f o r m a t i o n  p u r s u a n t  t o  h i s  employment o r  c o n t r a c t  
w i t h  t h e  Commission,  o r  h i s  employment w i t h  s u c h  c o n t r a c t o r .  




