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RELATIVISTIC. ELECTRON PRODUCTION: IN·THE·6RMAK DEVICEt 

* D. A. Spong, J. F. C~ark~, and J. A. Rome 

ABSTRACT 

Runaway electron currents have been observed in 

ORMAK of up to 140 kA with energies in the MeV range 

and lasting for about a tenth of a second. A theory 

is developed for the production and acceleration of 

these electrons and is compared with experimental 

data. 

I: INTRODUCTION 

In the toroidal device, ORMAK, runaway electron currents are ob-

served of up to 140 kA and energies in the MeV range. These only occur 

when the resistivity of t~e plasma is sufficiently high and When the 

direction of the electric field is properly chosen; when the field is 

reversed, no runaways are observed.. ·rhis effect has' been explained by 

11 Rome as being due to field errors caused by the uncompensated current 

leads to ~he toroidal field coils. In the following, the theory of 

production and acceleration of these electrons is discussed and compared 

with the experimental data using a modeling of the relevant parameters 
'. 

in the ORMAK discharge. 

* University of Michigan, Ann Arbor, Michigan. 

tOperated by Union Carbide Corporation for the U. s. Atomic Energy 

Commission. 
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1 2 The theory of runaway production has been studied by Dreice~ ' 

5 6 '( 3 !1 8 1 
Gurevich, ' ' Fried, et al, ' and Lebedev. Dreicer derived critical 

electric fields and velocities at which electron runaway would be ex-

pected to occur using hydrodynamic equations and considering effects of · 

dynamical frictiqn exerted by ions and electrons on each other through 

Coulomb forces. In a second paper, 2 runaway rates and probability of 

runaway were calculated for a weak electric field using the Boltzmann

Fokker-Planck equation. Gurevich7also cqnsidered runaway production in 

a weak electric field. He used the Boltzmann equation with terms for 

the collision of electrons with ions. The velocity distribution was 

determined for velocities ~ v (the velocity at which electrons enter 
c 

the runaway regime) by making a series expansion in u(= cos e) about 

u = 1 (direction of the electric field). This type of expansion was 

employed because the electron velocity distribution is highly peaked 

alJng the direction of the electric field for velocities in the runaway 

regime. Gurevich was then able to integrate the distribution function 

over a plane perpendicular to the electric field, thus deriving an 

expression for a runaway· flux; cases for a high, weak, and arbitrary 

8 
degree of ionization were considered. Lebedev was able to make a cor-

rection to Gurevich's theory- he noted that the distribution function 

Gurevich derived was only valid in the low velocity region (v ~ v ) 
c 

below the runaway threshold. By making an appropriate change of 

variables in velocity space, Lebedev was able to cal~ulate an asymptotic 

solution for the high velocity region. Using this, an expression for 

runaway flux was derived. This will be used in the following treatment; 

the electric field in ORMAK is low enough so that Lebedev's model is 

•' 
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valid. Electron runaway in large electric fields has been treated by 
** Fried, et al. 

·' . 
The acceleration of the runaways has· been cori's·idered for both' a· 

spatially uniform beam current (see Appendix A) ·and for the spatiallY' 

non-uniform case ( i .'e., where the space and 'time-dependent diffusion of 

the magnetic field into the beam is taken into account). · The tin:i.fo~ 

current case was ·worked out first arid was found to give current·s which 

were '!:-oo high and which leveled off too soon (as the electron velocities 

approached the speed of light). The non-uniform case was found to give 

better agreement with experiment;· it was based on a solution of Ampere's 

+ + + 
law' 'il X B = uoJ' in a 'zeroth order expansion in the inverse aspect 

ratio (e: = r/R
0

). This led to a non-linear equation which was solved 

for large· and small values of the function and then matched at an inter-

mediate point to give an approximate solution: Current densities could 

then be calculated and integrated over the beam radius to ·give the total 

current.· It was assumed:, in order to simplify the analysis, that the 

runaways are all born at a single time. The validity of this assumption 

is confirmed from the runaway fltix calculation since the f.lux turns out-

to be a sharply peaked function of time. (See Figs. 6 to 8.) 

In using the calculated flux and the acceleration of the runaways 

to calculate the current as C:L function ot' time, it was n.ecessary to 

** Fried also. copsidered the quasiline!3-r effects. for runaway .in a str,ong 
electric field. QuasilineC:Lr Lheory for runaway in a weak electric field 
was studied .by Ryutov.l3 . He concluded that quasilinear effects; could 
act to cut the effective accelerating field in half for typical tokamak 
and stellerator experiments. This was_ cons ide red in the following model, 
but it was found that better agreement with the experiment resulted when 
the full electric field was used. Also, experiments have not 'Qeen done 
on ORMAK to determine if the microwave emissiou C:Losociated with Ryutov's 
quasilinear effect is presen~. 

0 
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know the radius of the beam formed by the electrons. A theoretlcal 

estimate had to be made of' this parameter as no experimental data 

exists. The beam size is thought to be determined by the effect of 

field errors on the flux surfaces; as mentioned earlier, this has been 

studied by Rome.
11 

As shown in Fig. 4 of Ref. 11, in the case where 

IL/Ip < 0 (when the runaways are produced), the flux surfaces outside 

a certain radius will run into Lhe wa.ll for early times in the dis

charge. At very early times this radlu::; will be small .compared to t.hP. 

plasma ra.dius (providing not all of the flux surfaces are running into 

the wall), while for later times ·the radius will increase and approach 

t11e plasma radius. Therefore, once the rw1away flux has been calcu

lated as a function of time, the time at which most of the nmaways are 

born is determined and from this a radius may be computed outside of 

which all flux surfaces (and electrons moving on them) will collide 

with the wall. However, this radius was found to be too large to give 

reasonable currents. In treating the field errors in ORMAK, a number 

of approximations had to be made and not all the sources of field errors 

are adequately taken into account. Also, the effect of the field errors 

on t.hP. flux surfaces has only been calculated in an average sen::;e and 

provided certain limits could be taken (see Ref. 11). 

A final aspect of the model which had to be introduced in a some

what ad hoc manner was the initial rise of the induced voltage lu the 

plasma and beam. The voltage which is experimentally measured is the 

total external voltage around the torus and this consists of resistive 

and inductive components. The plasma is highly resistive during the 

early stages of the discharge, but rapidly increases in conductivity as 

·. 



5 

breakdown occurs. If it assumed that a simple·. circuit model ·may' b'e 

used with the plasma resistance and inductance in ·series, then inost of 

the measured voltage at t = 0 is in the induc.tive component: .. The -re

sistive part of the voltage (which is responsible for the runaway 

production and acceleration) rises from zero with a time constant 

which depends on the plasma resistance and thus is not well .known for 

the early stages of ·the dfscharge. ·It w~s assumed that the electric· 

field rises linearly from zero up to a time ,., which was kept as a 

parameter in the· calculations. This type of model was used consistently 

in both the calculation of the runaway flux and the acceleration of the 

runaways. For times later than ,., the voltage was assumed to be simply 

the external voltage minus the inductive voltage components-of the· 

.plasma and beam. (For a calculation of these inductances,: see Appendix 

B.) Some question also arises as to what type of inductive. coupling 

may be present between beam ari.d plasma. An attempt was made·to calcu

late the mutual inductance between beam'and plasma, but this· was found 

to be relatively small for the times of interest and was thus neglected. 

II. THEORY 

A. Runaway Flux 

In calculating the runaway flux,, theori~s of G~revich and Lebedev 

were used. Lebedev's correction to Gurevich's theory tu;rns out to· be 

not too large (both expressions generally seem to give fluxes which db 

·not differ by more than a factor of ten for the case considered here). 

For the early stages of the ORMAK discharge the pl8:sma is certainly not. 

fully ionized and thus it is desirable to UGC an exprcosion fqr· the 
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flux which does not assume this. Gurevich treats the case of an arbi-

trary degree of ionization and derives the following expressions for the 

critical electric field and runaway flux: 

mv2
D 2 2 

E c 

[ n- c . N zn- mv J NeiCI'I--2- + n IC//1 -

4ne3 _____ e_~ ______ E ______ __ 

2 mv D 

where e 

N 
e 

N 
n 

D 

S = N v e eo 

electronic charge 

electron density 

neutral density 

Debye length 

m = electron mass 

z atomic number 

-2 
~ o. 3 to 0.4 mv 2 

mv c 

. c 
kT N 011-

2
- + e e 

e 

E = average excitation energy. 

15 eV for hydrogen 

E. ionization energy 
l 

E.d -2 
_1_ N 2,& my. 

2 n 
E 

v = mean collision frequency for an electron 
e•".:"• 

3-5 

N 0n A 
e 

0n A= Coulomb logarithm 

The critical velocity at which electrons enter the runaway regime is 

determined by: 

(1) 

(2) 



·F(v ) + mv v ·(v- ) ~ ~E 
c c e c 

0 ·, ( 3) 

where F(v ) = effective retarding force on an electron moving with a c 
~ ::. 

= 

v ( v ) = e. c 

= 

velocity v in a gas of density N n 
4 2 4ne N Z mv 

n 
~ 

c 
2 

mv £ 

c 

collision frequency of an electron 

other 

4 
4ne N 

e 

electrons 

2 
~ mv D 

-_-2-
e 

in the plasma 

of velocity v with c 

Equation (3) is transcendental in v and must be solved in order to 
c 

calculate the flux. It was found to have two roots for the parameters 

used in this problem. Only one appeared to be physically meaningful. 

2 . . . 
The other root was discarded on the basis that mv turned out to-be too 

c 

small (on the order of the ionization energy). Also this root decreased 

as the electric field was decreased which would not be expected on 

physical grounds. 

In using Equations (1), (2), and (3) some value had to be assigned 

to the neutral density N . This is not well known for the plasma under 
n 

consideration so the rough approximation was made that N is given by 
n , . 

the neutral densi. ty before the discharge minus the subsequent plasma 

densi.ty. Another "J;llasma par8J!leter which had to be estimated was tempera-

ture. This was computed by using the measured voitage.and current to 

get a resistivity; from this a temperature was calculated as.suming an 

anomaly factor of 4. 
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Equation (l) was then used to calculate the critical field; how-

ever, in computing runaway fluxes, the equation of Lebedev was used 

instead of Eq. (2). This is: 

S = 21/3 n -l/2 N \J a: -l/2 exp {- l 0:2 __ 
2
1} 

e eo 20:2 
(4) 

81' 

G 0.]6 N \J 
e eo 

E l/4 

(E~) exp 

As may be seen, the two equations differ only by the pre-exponential 

factor. 

B. Beam Radius 

ll 
By Eq. (30) in Rome's analysis of field errors, the flux inside 

the torus is given by 

N number of toroidal field coils 
L 

r 1 current in the error coil . 

a,b = width and length of error coils 

uOIP 2 2 
- ~ (x + y ) 

4nrp 

r
1 

location of error coil loop centers 

Setting y = 0 (since the flux is symmetric in y) and x - c (where 

(5) 

c =plasma radius) and solving.for $will give a value for the flux at 

the ::mter edge of the plasma on the x-axis where the flux surfaces are 

beginning to run into tre wall. Solving for the other value for x 

where the flux takes on the same value results in the inside location 



of the x-axis-flux surface intersection. The diff!=rence between these 

locations is then the diameter of the flux surface outside of which all 

flux surfaces are running into the wall. 

. . c. Acceleration of Runaways 

Assume that the electron begins runaway at t 0 and is accelerated 

in the time-dependent field E: 

d 
dt (ymv) - eE 

or 

d 
dt (yf3) 

(this assumes f3 =SiP' i.e., current flow predominately in the <P direction). 

The solution is: 

. 13 
A 

(6) 

Note that A<P has two parts: one from the flux change in the transformer 

core and the other from the beam-induced flux change: 

(7) 

A 

t . 

+ s E~( t , 'R) d t J (8) 

tc) 

where e(t) =emf produced by transformer core flux change 

B -+ 
E<P(t,R) = beam induced field 

I 



Now, \= -

10 

l 0 
- ~ (RAP) [using B = ~ x A and A= (o, AP' o)] R oR 

Note that the spatial dependence of AP(t = t 0 ,R) must be 1/R since at 

t = t 0 , AP is due solely to the transformer flux change. 

By Ampere' r:: 1.9.w, 

or 

BR 
me ;:,A .. = - 21z e 

B me 0 
RA = - ;JR 7,. e:R 

2 
!!lS. {o A + _£._! ..£_ (RA)} = uOJP 
e oz2 oR R ol3 

Jp ecn 13 

. ?}A o 1 o 
· · -::-2 + oR 'R 2\R (RA) 

r\Z 

A ecn --
£:7 

= (~R) 
2 

A 

Jl+A2· 

~R = plasma :t'requency :t'or runaway electron group. Now define a new 

coordinate system by: 

R = R0 + r cos 8 

z = r sin 8 

Equation (9) may then be written as: 

2 
•l A A (wPR) A = 0 

- R2 - -c- Jl;A2 

(9) 

(10) 

In the r, 8, P coordinate s ys tern, Eq. ( 10) may be writ ten by use of the 

metric (1, r,R): (assuming axisymmetry) 



/ 

. ll 

l._ {}_ rR (JA ~ l_: ~ oA} . ~A· 
0 = rR or (Jr n9 r ae jl;A2 

(11) 

where 

K = ~R c 

Expanding in powers or' r/R0 : 

1 
9 ){:r r (1 + e) oA - (1 - e cos e COi::i dr r 

1 0 
(1 + e: 9) ~} A (1 - 2e: cos e) +- d8 cos - R2 r 9 

~A 
0 

0 (12) - --= 
Jl;A2 

To zero order in e: = r/R0 , 

(13) 

The 8 term may be ignored due to symmetry in the poloidal direction. 

The second to last term is not negligible for A >> 1. The last term 
_2 . 2 

goes like K- and the second to last as A/R
0

. If A/ ((KR) 2 ~· 1, we must 

retain this term. Solutions must then be found to the nonlinear 

eqlfation: 

The tw:::J limits A >> 1 and A << l will be considered.· Solutions are: 

For A << 1 

For A >> 1 

A(r,t) 

A(r,t) 

c
0 

( t) r
0 

( Kr) 

2 =- (KR
0

) + c
1
(t)I

0
(rjR

0
) 

The boundary condition at r a (a = beam radius) is: 

oA<P 1 . b l 
~- - -- jE - u R I 0not - 2nR

0 
· · 0 0 a 

(14) 



12 

£ = electric field minus plasma inductive voltage 

-uRI0n£.} 
0 0 a. 

(15) 

Make the following definitions: 

r* radius at whiGh A ~ 1 

t* ; time at which r* ; a 

We must consider two cases: t < t*·and t > t*. When t < t*, only 

the A << 1 solution will be applicable inside the bwam (i.e., for 

0 ~ r ~a). Thus, the A<< 1 solution should be set equal to AS at 

r a. However, when. t. > +.*, hot.h A << 1 and A >> 1 solutions will be 

used for separate regions inside the beam. The A << 1 solution applies 

for 0 ~ r ~ rl(- while the A >> 1 solution should be used for r* ::; r ~ a. 

'I'he A >> 1 solution will be set equal to AS at r a and the A << 1 and 

A >> 1 solutions matched at r = r*. This allows determination of the 

Matching the solutions as outlined above leads to the following 

:r~ :=ml t.R : 

CASE I (t < t*) 

Setting the A << 1 solution at r a equal to the boundary value 

of A at r = a gives: 

{S
t 
Edt me 

e 

to 

uo b} 
2n I(t) 0n a (16) 
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The current I( t) is given by integrating the: c-lrrrent den'si ty necS 

over the beam cross section: 

since S(r) A 

By equation (14), 

r(t) - 2nnec -ra(r)rdr 
·o 

I(t) 
a 

= 2nnec s Ardr 

0 ;;:;? 

? 
Neglecting the A/R~ term gives: 

Ar ,.._ 1 o oA ---r-/2 ~or or. 
Jl+A~ 

Using equation (18). in equation (17), 

I(t) 2nnec oA --a-
.~ or r=a 

0 

Since the A << 1 solution applies for 0 ~ r -~ a (in case I) we 

obtain: 

Substituting this into equatioi1 (lG) 

. e {St = - Edt me 
t• 

() 

(17) 

(18) 

(19) 



Solving for c0 (t) gives: 

14 

t 
_!:... \ Edt 
me J 

t 
0 

Thus, A(r,t) for A<< 1, t < t*", and r <a is: 

A(r,t) 

Also, using equation (19), I(t) fort< t* is given 
t 

2nne
2

a I 1 (Ka) S Edt 

I(t) 
to 

CASE II (t > t*, r*" <a) 

(20) 

by: 

When t > t~, it is necessary to match the A << 1 and A >> 1 solu-

tions at the radial position r* (where A~ 1) and then to set the A >> 1 

solution equal to AS .at r = a. 

First, setting A = As at r a ·gives: 

(21) 

Fr•:.m ( 17), I ( t.) i.s: 

r rAdr 
I(t) = 2nnec ~ dr 

rJHA2 
0 

This integral now has two parts since for 0 < r < r* the A << 1 

solution applies while for r* < r <a, the A>> solution applies: 
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r* . 
I ( t) = 2rmec [S · rAdr 

0 Jl+A2 
+ · \ rAdr J 

J Jl+A2 
r* . 

* . . -rr rA r* • · ·J . dr.= K .. c0 (t) r1 (Kr*) · 
0 );:;.2 . 

(22) 

For r*::;; r::;; a, A=- (KR
0

)
2 + c

1
(t) r

0
(r/R

0
). HC?wever, since A>> 1 

in this region, the second integral of (22) may be approximated as: 

I(t) is then given by: 

Using this in equation (21), 

t 
= :c.~ Edt 

't 
0 

b... ·. -~ 2 2] 
- 0n.- Lr*K c· (t)I (Kr*). +- (a - r* ) .. 
· a 0 1 2 . 

'·. 

(23) 

(24) 

The functions c0 (t) and c1 (t)_may_ be solved-for by matching_A << 1 

and A>> l solutions at-r = r*: 

which gives: 

C (t)I (kr*) "'l 0 0 

l 
( 25) 



Using these in equation (24), 

16 

(KR )
2 

+ 1 
0 

2 T,2 ? f") b 
Edt + (KR

0
) - i\. (a- - r*c.) ~-

2 a 

(26) 

This then provides a transcendental equation from which r* may be 

determined as a function of time. Once r* is known, A(r;t) is given by: 

for 0 ::; r ~ r* 

A(r,t) (27) 

for r* s: r s: a 

By equations (23)and (25), I(t) fort >t* is: 

I(t) 

CR,lr.11lations of I(t) are displayed in plates A, B, and c. Another 

·quantity which is given in Figs. 9a and 9b is the relativistic y for the 

two cases. This is calculated as !'allows: 

By equation (6), 6 A 

2 -1/2 
Y = (l - a ) 
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For t < t*, A(r,t) is given by equation (2) for 0 ~ r ~a. For t > t*, 

A(r,t) is given by equation (27) for 0 ~ r -~ r* and r* -~ r ~-a. 

III. COMPARISON OF THEORY WITH EXPERIMENT 

Calculations of nmaway beam currents were done for a rarige ·of 

densities· and radii. The electric fi·eld was assumed to. be zero at 

t = 0, rising up linearly over a time· T which was a ·parameter in t.he 

calculations. After a time T, the electric field became· just ··the · 

measured field minus beam and plasma inductive voltages. Calculations 

of the runaway density using theory by Gurevich·and Lebedev were carried 

out for a wide range of values of f - results for three of these values 

are presented in Figs. 6, 6(a), 7, 7(8.), 8, and· 8(a). These three 

values of T were chosen because they resulted in total integrated run-

of 1010, 101_ 1, 1012 ·em-3. away densities 

In Fig. 5 the-results of a calculation of the radius of the flux 

surface which just • intersects the wall, as a function of time,. is pre-

sented. In theory, one should be able to use Fig. 5 to determine the 

runaway electr-on beam radius given the time ·when the peak in runaway pro-

duction occurs in Figs. 6-8. However,· in computing currents and trying to 

arrive at combinations of radius and density which provide· a· good' fit · 

to the experimental data,· it turns out that ·the radii of· Fig·. 5 seem to 

be too large by a factor ranging from ;___. 4· for the' 1011 em-3 case to 

12 -3 "" 7 for the 10 em · case. This ca.n be explained as .men-tioned in 
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section I, since the theory used in arriving at Fig. 5 does not take 

into account all fielu P.rrors and those it does treat are only con-

sidered in an approximate manner. 

As may be seen in PLATES A, B, and C values of density and beam 

radius can be chosen which give good agreement between theory and experi

ment. In PLATE A results for densities on the order of 1011 cm- 3 are 

presented. It may be noted that in some of the lower pluts the calcu-

lated current appears to level off. This is due to the complete pene-

traU.uu uf the relativistic electron "skin" into the beam. Thin occurs 

at earlier times for the low density and f:lrnall radius cases. This wuuld 

be expected since the electric field will penetrate faster j nto the 

small, low density beams .. 

Another interesting aspect of the structure of the current plots in 

PLATE A is the plateau which appears midway in the plot for certain 

( 11 -2 cases, e.g., in then= 1.3 x 10 , a= 6 x 10 m case, a definite 

plateau is present between 3 and 4 msec). This is due to the fact that 

between these points the computer program is going from solving the 

transcendental equation for r* >a (Eq. 19). [For the case mentioned 

above, for example, t*, tl:le time at which this crossover occurs, is 

3.o8 msec.] The times t* have been calculated for the other cases in 

PLATES A and B and in all cases there was agreement between t* ann t.he 

time at which a plateau occurred. This might have been smoothed out 

somewhat by calculating currents for more points than seven; however, 

thio was not attempted as it would have made the program more cumbersome 

and would have required f:l, longer running time. 
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10 .... •' 
The case for 10 density was run for a range of beam radii, but 

turned out to be uninteresting. The leveling off which is apparent for 

the 7 X 1010 c~-3 density cases 
'. 

in PLATE A occurs for even earlier times 

for 1 X 10
10 cm-3 and no values of radius could be found which allowed 

a close agreement between the theory and the experimental data. 

In PLATE B plots made for a 1 x 1~12 cm- 3 density a;e shown~. These 

show the same type of plateau as shown in the PLATE A plots at t ~ t*. 

Two of th~ plots are also included which show a drop-off in the.current 

for the point at 7 msec. This is not a real effect, but is thought to 

be due to the selection of an unphysical root of the transcendental 

Eq. (19) for r* <a. This equation has been studied over a wide range 

of densities and radii and for most cases it has two roots - one of 

which would lead to an abrupt d~scontinuity in the calculated current 

at t ~ t*. To avoid this the larger root was chosen and this resulted 

in a current which was reasonably smooth and continuous. However, for 

some cases with densities of 10
12 

cm- 3, three roots would become present 

at a certain time in the calculation. Since the computer had been pro-

grammed to select the largest root and the third root was larger than 

the root that had been previously followed, the third root would be 

selected and the radius r* would become larger at the next step in 

time leading to a decrease in the current computed. This effect was 

observed in a number of the 10
12 

cm- 3 density cases. A means could 

have been devised to avoid this difficulty, but it would have led to a 

complication in the program and time was not available to carry this 

out. 
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In PLATE C results are shown for a calculation with 0 rise time in 

the electric field (i.e., the t'ield is ,just the experimentally measured 

value minus plasma and beam inductive voltages). The densities (in m-3) 

in this case were quite high and are unphysical. The plots of PLATE C 

are presented merely to demonstrate that a fit. can be obtained to the 

experimental data over a wide range of densities and radii. In the 

plots on the right hand side oi' .1:-'LA'l'E C Where the ~urreuL ~::tf!f!eai:s to 

level off, this is due to a contraction of the values by the ~UIU[JULI::!r 

to plot everything on the same scale rather than due to any leveling 

off in the current. 

IV. CONCLUSIONS 

Three types of calculation were performed in this report from which 

conclusions may be drawn. The first was the runaway flux computation 

using the kinetic theory of Gurevich and Lebedev. Not too much faith 

may be placed in the actual numbers obtained here as rather crude 

assumptions had to be made regarding t.he plasma temperature, nellt:cal 

density, and rise of the electric field. However, a number o:f qualita

tive observations can be made from these calculations: (a) the runaways 

are produced early in the discharge - close to the time at which the 

electric field peaks out, (b) the runaway birth distribution is a 

sharply peaked ±'unction of time. It wac a.lco found (as shown in Figs. 

6, 6a, 7, 7a, 8, and Ba) that by varying the rise time of the electric 

field in the plasma by .l msec an order of magnitude change could be 

made in the calculated total runaway density. From this it could be 

concluded that runaway production is quite sensitive to the initial time 

of penetration of the electric field into the plasma. Since this time 
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depen.ds· on the plasma resisti \rity (which depends on plasma i'mpurity' 

level) it may be concluded that plasma impurity level ·will be an: impor

tant factor in determining the amount· of runaway production. · ., · · · · · ~ · 

The second type·of calculation was the estimate of the runaway 

beam radius using ·a theory of field errors. Froi:n this it was seen that 

the radius·decreases·with decreasing times and that prior to a certain 

time ("" .02 msec) no beam can be formed since all flux surfaces are 

running into the wall.. For later times the beam radius increases and 

approaches the plasma radius. However, when an attempt was made to· 

couple this estimate of oeam radius with the third type cif calculatio:n · 

performed - calculation of beam current - it was found that the 'beam 

radius estimate was too large to allow a good fit to the experimental 

data. A closer fit could be obtained by choos~ng a small beam radius. 

A number of different values of density and beam radius were found to 

provide good fits t.o the data. 

V. SUGGESTIONS FOR FURTHER WORK 

As may be seen from the calculations which have been carried out 

here, a number of the parameters had to be introduced on an ad hoc 

basis since they are not well known; the next step in understanding 

runaway electrons in ORMAK would then seem to be to perform some experi

ments which would attempt to tie down some of the loose ends in the 

calculation. 

In a recent experiment reported by A. H. Morton, et al9 measure

ments of thick target bremsstrahlung were used to measure runaway rates, 

energies, and radii in a toroidal device LTl. If this sort of measure

ment could be done for the runaways in ORMAK, then a more adequate test 
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could be made of the theory developed here. Even if only the runaway 

flux could be measured, then it would be ~nteresting to use the computer 

programs developed here in an attempt to find a beam radius which would 

give a good fit to the data. Since it has been found on ORMAK that the 

plasma can be broken down using ·only batteries, an interesting set of 

experiments could be done by firing the capacitor banks at different 

times and observing the effect on runaway production and acceleration. 

If the theories of field errors are qualitative+y correct, then by 

varying t:he times when the capacitors are fired one might be able to 

control the radius of the electron beam produced. This would be interest

ing from the standpoint of providing a check on the theories of field 

errors and runaway production and acceleration. It could also lead to 

information which might help in explaining the current dumps which occur 

during the latter stages of the runaway beam acceleration (see Fig. 4). 
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FIGURE CAPTIONS 

Figure 

1 Typical Ormak parameters vs. time-runaway, case (capacitor 

power supply) 

2 Typical Oramk parameter vs. time-nonrunaway case (capacitor 

power supply) 

3 Runaway and plasma current vs. time 

4 Typical Ormak parameters vs. time-runaway case (battery 

power supply) 

5 Radius of flux surface which intersects torus wall vs. time 

6a Runaway production vs. time for 1' .1 mser. (l ng plot) 

6b Runaway production vs. time for ,. .1 msec (linear plot) 

7a Runaway production vs. time for ,. = .2 msec (log plot) 

7b Runaway production vs. time for ,. = .2 msec (linear plot 

8a Runaway production vs. time for ,. .3 msec (log plot) 

8b Runaway production vs~ time for ,. .3 msec (linear plot) 

9a y vs. radial position and time for n 1012 cm- 3 a = 2.5 em 
e 

y vs. radial position and time t'or n l.3x lOll cm- 3 a = 5 e 

PLATE A Calculated and experimental runaway currents for runaway den-

PLATE B 

PLATE C 

. 11 -3 
sities near 10 em 

Calculated and experimental runaway currents for runaway den-

•t• 1012 -3 s1 1es near em 

Calculated and experimental runaway currents for runaway den

sities of 3 x 1012 cm- 3, 1.82 x 101 3 cm-3, and 1 x 1014 cm-3 

em 
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APPENDIX A -

Runaway Current Calculatiol'). for Spatially Uniform Case 

Assume the electron begins runaway at t
0 

and is accelerated by the 

time dependent field E. 

:t (ymv) - eE 

or 

d" 
dt (yS) - ~ E 

me 

. t 

yS = ~ s E(t')dt' me . 
t . : . 

0 

A 

T2 = y - 1 = j;;;A2 - 1 
me 

T = kinetic energy 

Let n(t0 ) = number of electrons· born tu the runaway distribution at t
0

. 

dn --- - birth flux of runaways dt
0 

The number of runaways at a later time t having kinetic energies between 

T and T + dT is then: 
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Note that T T(t0 ,t) and t 0 = t 0 (T,t). The current is given by: 

J 
T 

S max dn c dT 
- ec dT P 

0 

= - ec 
T Cit 

S max dn _Q 
at

0 
oT 

0 . 

6 dT 

ot -1 
dT = (oTQ) dt0 

Changing the vartable of integration from '1' to t
0 

t.nen gives: 

J - ec S
t 0 ( T=T ) dn max _ 

6 dt 
t
0

(T=O) O 

- ec 

J Stdn st A dn 
ec dt 6 dt0 = ec . ~ dt dt0 o o o vl+A2 o 

For example, if all electrons are born at a single time, 

.J ecNS = Nev 

as waul~ be expected. 
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APPENDIX B 

·Inductance Calculations 

1. Solid Cylinder of Current. Ins.ide Cond_ucting Shel.l 

-+ .-+ 

£ = s B~H da 

G --+. 4nuo 
J B !. d.t = -. -c- I 

For · 0 < r <;: a 

2nJ
0

I 
B = -.-2-

a c 

B(2rr.r) 

For a < r < b B(2rr.r) 

2Iu 
0 B,·-.-

cr 

S 8. Bnu20 .d· a (p~r ~it length) 

4m.i ' __ o I 
c 

·sO (2T'rrdr) + 

.4I2 2 
uo } 

2 2 
(2nrdr) 

c r · 
a 

2 ' . ' 
uoi { 1 ,.a 3 + ro 

£ = -- ""'"r. \ r dr \ 2 ' ~ ~ ~ c a 
0 

2 

d;} = uo ~ [f + ~. ~] 
c 

a 

2£ 
2

uo [1 n- ba J L - - - - r. + ~" (in Gaussian units) - I2 - c2 . .~ 

uo [1 b-, ' ' ' 
= 2n :4 + 0n aJ (in MKS .units)· 
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2. Hollow Shell of Current Inside Conducting Shell 

E 

-+ -+ 

For r < a B = 0 

For a < r < b B(2nr) 

.'. B = a < :r < b 

C!u 1 
B=-0- b<r<c 

cr 

S B·H 
8n da 

1 sc 2 = Snuo . B ( 2nrdr ~ 

1 
= 4u

0 

0 

2 2 2 2 

{S
b 4u

0
I (:r -a ) 

----------~ rdr 
2 2 2 2 2 

a c r ( b -a ) 

,.... n 
4 ~I~ 

TTUO } --,,---,.- rdr 
2 2 

c r 

'2 
uoi I 2 2 -2rt> 4. 3 4 
-2- l (b -a ) L4 + 4 a 

c 

In MKS Units 

u -2 ~4 
3 4 2 2 4 b] cl 

L =_Q{(h2_2) ...... +r.-a -ab +a ~-a +0r-)' 2n . a . '+, '+ bJ 
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As the limit a~ 0 is taken, this is seen to reduce to the inductance of 

a solid cylinder as would be expected. 

In calculating the current these two inductances were used for beam 

and plasma, respectively. The exterior inductance of the beam (the~£ 
a 

term) was used to find the inductive voltage drop from the liner to the 

beam boundary caused by the beam current. Also added to this drop was 

the plasma inductive voltage as computed using the above hollow shell 

inductance and the measured di/dt of the plasma. 
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