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ABSTRACT 

Several topics related to possible physical applications of iiKlefinite metric 

are discussed; among these ore the neutron-proton mass difference, the production 

cross-section of the heavy photon and the possible existence of the spin 0 charged 

intermediate boson. 



The use of indefinite metric for the Hilbert space in quantum theory was first 

introduced by Dirac in 1942. In subsequent years, the indefinite metric has been 

2 3 
applied successfully by Gupta and Bleuler to the longitudinal and scalar modes of 

the photon fielc|; it has also been used (at least implicitly) in connection with the 

4 
Feynman regulator in the renormalization problem. More recently, it was pointed 

5 6 7 
out ' ' that there exists a large class of theories with indefinite metric in which the 

unitarity of the S-matrix remains valid, and therefore can be used for physical appli­

cations. Furthermore, as is well known, the indefinite metric mdces it extremely 

simple to remove the otherwise persistent divergence difficulties that are present in 

the usual theory. In this talk, I shall concentrate only on some new possible qsplicotions 

of such indefinite metric theories to quantum electrodynamics and weak interactions. 

I. Applications to Electrodynamics 

In the conventional quantum electrodynamics, one encounters serious diven-

gence difficulties in connection with both electromagnetic moss differences between 

hadrons of the same isospin muitiplet and radiative corrections to weak decays. In 

order to remove such difficulties, which are usually in the form of logarithmic infinities, 

the simplest method is to assume the possible existence of a heavy photon field B . 

One replaces, in all electromagnetic interactions, the usual zero-mass photon field A 

by a complex field A -(- i B where B is of negative metric and mass mg . 



2. 

The electromagnetic interaction is, then. 

H = e j (A + i B ) (1) 

where j is the usual electromagnetic current. The free propagator of the modified 

photon field (A -(- i B ) is 

1 1 
"2" " 2 2 
k k +m_ 

-4 2 
which is 0 (k ) as k •* oo . 

1. Neutron-proton mass difference 

As a first cqsplicotion, we may consider the mass difference Sm between the 

neutron and the proton. In the present theory, Sm is given by (to first order in the 

fine structure constant o) 

B 

where (T ) and (T ) are, respectively, the forward Compton scattering ampli-
pv n i*f p 

tude of n and of p . In the following, we shall assume, apart from the above change 

o 
in the photon propagator, the validity of the usual Cottinghom formula which relates 

the difference (T ) - ( T ) to the corresponding difference between the structure 
"r n Mr p 

functions in en and ep scatterings. As we shall see, this assumption leads to some 

definite conditions on the structure functions, which con be tested experimentally. 



3. 

Let k be the 4-momentum of the nucleon cmd q that of the virtual photon, 
p M 

It is convenient to express (T ) - ( T ) in terms of two scalar functions t. and 
^ r, | j \ ; p I 

2 
t- which depend only on the invariants q (vtd k • q : 

+ i m - 2 [ : ( k . q ) 2 8 ^ - ( k . q ) ( k ^ q ^ + q ^ k ^ ) + q 2 k ^ k ^ ] t 2 

P) 

9 
where m̂ ^ is the nucleon mass. Following Cottinghom , one may first perform the 

Wick rotation in the complex (k • q) plane, keeping all other components of q fixed. 

2 
In the integral (2), q becomes then restricted only to real and positive values, and 

(k • q) is purely imaginary. The values of t. and t̂  at such imqginary values of (k • q) 

2 
are then assumed to be given by the dispersion integral (at fixed real positive q ) 

M q ^ k -q ) = [ O + 7 C v ^ - m - ^ k . q ) 2 - i € ] - ^ 2 v I dv (4) 
pole V 

o 

where e = 0+, the lower limit v is related to q by 
o ' 

"o " {2'nNrNq^+2m^m^+m^) , (5) 

10 2 
(t.) refers to the nucleon pole contribution and K, U are functions of q 

• pole ' * 

and V , related to the difference of the usual structure functions W. and W. in 

inelastic ep and en scatterings by 

h = ^'^ C<Wl - ««'̂ ^^ Wj)^ - (W, - q-%^ Wj) ] (6) 
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and 

•2 = «"' C(W2'„ - (W^g , (7) 

It is useful to separate out the longitudinal parts (W, ) and (W, ) : 
»- n «- p 

(W ) s r i + q - 2 ^ 2 n _ ^ ) 
L N ^ ^ -̂  2 ' N ^ I ' N 

where the subscript N can be either n or p . Eq. (6) may then be written as 

I, - ,-' pwp^^ - (W,)̂  j . ^-^ |-(WL)__ - (w^g . w 

Experimentally, W^ is most easily measurable, while W. is the least accessible 

quantity; Eq. (?) is therefore a more convenient expression to use than Eq. (6). 

At present, there exist only some measurements on (W^) - (W«) over a fairly 
* n ^ p 

2 
wide range of q and v , but the difference (W, ) - (W, ) is as yet unknown. 

L n L p 

By using Eqs. (3), (4), (7) and (9), one con readily decompose the integral (2) for 8m 

into a linear sum of three terms: 

"̂̂  = < '̂">pole-' (^'"^2'' ^^""V <^°> 

in which these three terms (Sm) . , (Sf")**/ and (5m)^ depend, respectively. 
Mm La 

only on (t . ) , (W, ) - (W«) and (W, ) - (W, ) . Among these, the single 
' pole - ^ n ^ p ' - n ' - p 

nucleon-pole contribution to the moss difference has been calculated by Cini, et ol. ; 

they obtained 

(5m )p^,^ = - 0 . 6 6 MeV (11) 

which, by itself, would make the proton heavier than the neutron. 
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To analyse the remaining two ternis (5m)yw and (5m)w. , it is useful to 

introduce in the inelastic e N scattering the usual scaling variable u and the invariant 

moss M of the final hadron system: 

u = 2m|^ v/q (12) 

and 
2 m ^ v = q + M - m., . (13) 

The recent SLAC data show that at finite M and q , so long as M is ^ 2 GeV , 

the difference (vWJ - (vW«) satisfies, at least approximately, the scaling property, i .e. , 
^ p ^ n 

(vW.) - (vW.) = K{iS) . (14) 
^ p ^ n ^ 

For M < 2 GeV, the most important irN resonance is the M = 1236 MeV ( z , ? ) 

state. For electro-production, isospin conservation requires that only the | A I | = 1 

electromagnetic current operator has a non-zero matrix element, and chaiige symmetry 

implies that the corresponding structure function for the proton must be the same as that 

for the neutron; therefore, the ( 5 , 2 ) resonance state does not lead to any moss differ­

ence between n and p . It seems, then, reasonable to expect that the integrals for 

(5m)^ and (6m)^ should be dominatsd by the relatively higher mass region 

M ^ 2 G e V . 

Let us first discuss the evaluation of (5m)w. by assimiing (14) to be a good 

approximation in the entire region of u = 1 and M ^ 2 GeV . One would like to 

find the answers to the following three questions: 
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(i) Is the relevant dispersion integral convengent [ i . e . , the convefgonce of the 

port of (4) that depends only on (W,) - (W,) ] ? 
^ p ^ n 

Oi) Is the subsequent integration over d^q for (5m)w. convetgant? 
'W2 

(ill) Is the sign of (Sm)^. positive? 
W2 

As we shall see, the answers to these three questions ore all afflmative. 

Firstly, we note that the relevant dispersion integral is conveiipnt if F2(<o) 

Is finite; this is certainly consistent with the present experimental data. Any reasonable 

extrapolation from the available SLAC data would lead to F.(oo) to be finite and 

small (perhqps zero). It can then be readily verified that because of the modified photon 

propctgator the subsequent a q integral is also conveigent. The resulting (Sm)^^ has 

a logarithmic dependence on the heavy photon mass m^ . For simplicity, we give here 

only the explicit expression of (5m)^ for m^ » m|^ : 

1 ® -2 
(6m)^ = (2ir)"' '3a m^ In (m^/m^) / « -" F j^ ) d» + 0 (1) (15) 

where the 0 (1) tenn remains finite in the limit m.-*-ao . The present SLAC data 

indicate that F2(u) is positive, and at u = 1 2 , its value may have already decreased 

to ^ 0 . The approximate value of the integral in (15) may then be estimated: 

00 « 12 , 
/ «"'^F«(u)du ~ / M F,(«)dw - +0.05 . (16) 
1 1 ^ 

Thu^ (5m)u. is finite and positive. Recalling that 6m = m - m , OTM sees that W2 — — — n p 

the fact that (W^) is larger than (W^) yields a positive contribution to the moss 
^ p ^ n 

difference m - m , in contrast to the sign of the single nucleon pole conh-ibution 

(6m) I . The precise value of (6m)^ depends, of course, on the heavy photon 



7. 

moss m. . []ln the conventional quantum electrodynamics, without the existence of 

B , (6m)^ would be logarithmically divergent. J 

Next, we consider the evaluation of (5m).., . From the existing inelastic 
WL 

ep scattering data, it is known that (W, ) is quite small and, for large v values, 
•• P 

the scaling low is approximately applicable to (W.) . However, at present, nothing 
P 

is known about (W. ) . For definiteness, we shall assume that it is a good of̂ roximotlon 
n 

to represent both (W, ) and (W, ) in the entire region of u > 1 and M ^ a few GeV 
^ p ^ n 

by (N = n or p) 

(W^)^ = [ F L ^ ) ] N + V - ^ [ F ; ^ ( « ) ] ^ ; (17) 

[Fj^f*)]^ is then the value of (W.) in the scaling limit Qi.e., v -oo at fixed « ] , 

and v" |^F'I(U)3M denotes the remainder. 

In order to have the relevant dispersion integral conveiigent, we must require, 

assuming that [Fj(a>)]j^ is finite, 

[ F L M ] „ = CFL(«>) ]P . 08) 

Furthermore, in order to have the subsequent a q integration convergent, we require 

the stronger condition that (W.) •* (W.) in the scaling limit; i.e., 
•̂p •- n 

[ F L ( « ) ] P = [FJu) ]^ . (19) 

Such a oonditien can be satisfied in many specific porton models [[e.g., by constructing 

models in which Fĵ )̂ = 0 for both n and p ; such models are, of course, consistent 

with the limited amount of presently available experimental infonnation ] . Eqs. (17) and (19) 
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then imply that, for M ^ a few GeV , it is a good approximation to represent the differ­

ence (W^) - (\N^) by 

p n 

(vw.) - (vw.) = [F'(«)] - [F ; (U) ] S F;(«) 
i -p L n ' - L - ' p ' - L n "-

(20) 

It is then straightforward to verify that the resulting (5m)^ is finite, and it has a 

logarithmic dependence on m. . For m Q » ^KA, one has, similarly to (15), 

00 « 
(5m)yy = - (3a / i r )mj^ ln (mg/m^) / «" Fj_(«) dw + 0 (1) . (21) 

QAgoin, in the conventional quantum electrodynamics, (6m)^ would be infinite . J 

We emphasize that the validity of (19) can be directly tested by further experi­

ments. As shown by (15), the result that (6m)^ is positive encourages our supposition 
W2 

that the observed moss difference m - m may be simply calculable by assuming the 

existence of the heavy photon and the validity of the Cottinghom formula, but without 

14 
further subtraction constants for the dispersion integral (4). In such a case, if m^ 

is known, then one con predict a value for the integral in (21), which con then be 

compared with further experimental results. For example, if m. is arbitrarily set at 

~ 4 0 GeV , then Eqs. (15) and (16) indicate that the order of magnitude of (6m)w. 

is given by 

(6m)^ « +0 .6 MeV . (22) 

By using the observed value of m^ - m , one expects Fl (u) to satisfy 

® - 2 
/ u F[^^) dM « - 0.1 . (23) 
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Conversely, if F'. (u) is known and is, indeed, of the desired sign, then one con predict 

the heavy boson mass m», based on the observed mass difference m - m . 
D n p 

2. Production of B 

The heavy photon B , if it exists, can be produced by any process involving 

the electromagnetic interaction. The unitarity of the S-matrix is insured by the property 

that B is unstable; it con decay into either a iepton pair or other hadron modes. In 

the S-motrix, both its initial and final states consist only of the usual positive metric 

stable particles. The existence of B can be observed through resonance phenomena 

just like any other unstable particles [_except that B is represented by a complex 

pole on the "first sheet", instead of the usual pole on the "second sheet" J . 

The production of B by high energy charged leptons has been recently colcu-

15 loted by R. Linsker . The cross-section for the production 

+ ± o 
i + p - i + P + B 

leptons or hadrons 

is given in the Figure. If m. is not much heavier than 10 GeV , then one may expect 

to see its production at NAL in the near future. 

At present, one knows that m. > 5 GeV from the (g - 2) measurement 

17 

of the muon and from the Iepton pair production in the p + uranium experiment . If 

one assumes the usual scaling properties of the structure functions due to the strong 

interaction, the presence of the heavy photon would introduce a change in the scaling 

properties of the observed W. and vWj functions: 
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,2 2 

„ d 2 . 2 <") 

^̂ "̂ N̂ - ( T ^ ) tV-'lM 

2 2 2 2 
From the absence of such a correction term ^mg/(q +mg)J in the present SLAC 

data , one may then deduce indirectly 

mg Jt 9 GeV . (25) 
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18 
I I . Applications to Weak Interaction 

Let the Lograngion density of the semiweak interaction be given by 

^ ^ = 9 -'p Wp + °^j<^'"* ^wk 

where J is the usual weak interaction current. Al l presently observed weak tronsitbns 

2 
ore second order in g , transmitted by the covoriont W-propagator 

*^ **̂  k'' + M ^^ k • 

) M"^ dM 

2 2" 
k̂ ^ + M^ 

. ( » ) 

In order that such a theory may correspond to a renormalizdsle one, we require 

- 2 
/ (or^ + a Q ) M dM = 0 . (27) 

The simplest solution is 

and 

a^ = ± 6 ( M - m ^ ) 

<'n = * (m^/m^) 5 ( M - mg) ; 
C28) 

therefore. 

D (k) = ± 
r- 6 k k 

PV . M V 

k + m . m. 

/ I 1 \ 
(~2 2" " T 2 ) 
\ k + m , k + m r t / 

(?9) 

which corresponds to a charged spin 1 boson W. of mass m. and a charged 

spin 0 boson W- of moss m- . These two bosons ore of opposite metric. The upper 

signs in (28) and (29) imply that W. is of positive metric and WQ of negative 

metric, and the lower signs imply the opposite. 
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The masses m^ and m. ore independent parameters of the theory. We note 

that if, among these masses, the lowest one is of spin 1, then, as is well known, its decoy 

into leptons offers a particularly useful tool in the experimental search for intermediate 

bosons. However, if the intermediate boson with the lowest moss is of spin 0 , and if 

the moss difference (m. - iru) is not too small, then the electromagnetic transition 

Wĵ  - WQ + y (28) 

may become the dominant decay mode of W. . Furthenrnore, if one neglects charged 

Iepton masses as compared to m. , then 

WQ* / a'̂  + v j (or v j ) , (29) 

and therefore W^ decays mainly only into hadrons. In such a cose, an effective way 

to search for these bosons would be through their non-leptonic decoy modes, rather than 

± db 

through their leptonic decay modes. In order to observe W^ (or W. ) , one may con­

sider, for example, 

V + p - p " + p + W, (30) 

where the subscript J con be either 0 or 1 . The cross-section for W . -production 

has been discussed extensively in the literature . The cross-section for WQ -production 

20 has been calculated recently , and it is found to be more than on order of magnitude 

smaller than that of W. -production in almost all coses of physical interest. 

Another interesting consequence of indefinite metric is that the sign of the usual 
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weak interaction Fenmi constant G may now be positive or negative, depending on 

whether W, is of positive or negative metric. In principle, the sign of the Fermi 

constant con be measured by observing interference terms between, soy, strong and 

21 weak interactions, such as the parity-violation experiments in nuclear y transition . 

However, at present, our knowledge of strong interactions has not advanced to a level 

to moke this determination unambiguous. 

In this connection, it may be worthwhile to emphasize that the sign of the Fermi 

constant G is o well-defined physical quantity in the context of the usual (current X 

current) theory, independently of whether intermediate bosons exist yr not. If one 

assumes the existence of intermediate bosons, then the sign of G becomes connected 

with the metric of the spin 1 intermediate boson, as is discussed above. 
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Figure Caption 

B -production cross-section in £ p collisions for mp = 7 and 10 GeV j^colculoted 

by R. Linsker ] . 
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