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FOREWORD 

Oak Ridge National Laboratory is providing technical assistance to 
the U. S. Atomic Energy Commission Directorate of Licensing in its analyses 
of the environmental impact of power reactors as required by the Nation.al 
Environmental Policy Act. The assessment of the environmental impact of a 
nuclear station has required the development of new analytical techniques 
and the expansion of many existing ones. 

This document is one of the spin-off benefits of this effort by the 
Commission and itc National Laboratories to protect the environment. The 
work reported here, while originally completed in support of the analysis 
of a particular nuclear plant, has wide application in other areas. 

Other documents in this series are listed below: 

1. L. Dresner, Steady Temperature Distributions in the Far-Field Region 
Obtained by Solution of the Equation of Convective Diffusion in Two 
Dimensions, USAEC Report ORNL-TM-4119, Oak Ridge National Laboratory. 



TRANSIENT COOLING OF A ONE-DIMENSIONAL THERMAL PLUME AND ITS 
APPLICATION FOR DETERMINING COLD SHOCK 

D. A. Pilati 

ABSTRACT 

The abrupt termination of a thermal discharge may cause an impact 
to aquatic organisms that have been attracted to the discharge's heated 
water. To assess the cold shock impact, predictions of the transient 
temperature of the cooling thermal plume are required. An an~lytical 
solution is presented for the time-dependent temperature distribution 
of a one-dimensional thermal plume whose heat source is discontinued ... 
The one-dimensional restriction limits the application of the model to 
well-mixed rivers and estuaries which might approximate this idealization. 
Examples of the model's applications are inc"iuded for an arbitrary 
initial temperature profile. These examples illustrate how to predict 
the temperature effects for both mobile and immobile organisms. The 
sensitivity of the results to various values of' the longitudinal 
dispersion coefficients has been investigated. The results illustrate 
the fact that the initial rate of temperature decrease is much greater 
than that predicted from surface cooling alone. Although this work is 
pre1iminA.ry in nature, the method developed can be employed, in many 
cases, to obtain the temperature predictions required for a cold shock 
assessment. 

Keywords: Thermal pollution, thermal transient, plume behavior, 
model, analytical model, computer program. 

1. INTRODUCTION 

The warming of our natural waters by heat rejected from steam

electric power plants has been of growing concern. The various problems 

attributed to this thermal discharge have been categorized as "thermal 

pollution." Much of the engineering research on thermal discharges has 

dealt with prediction of the temperature distribution in the receiving 

water body. The predicted temperatures are used in assessing the bio

logical j_mpact of a proposed steam-electric power plant. 
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Mathematical and physical models of thermal discharges into receiving 

water bodies (e.g., river, estuary, lake, etc.) have been developed. These 

models permit prediction of the steady-state temperature distribution in the 

vicinity of the discharge. (Mathematical models are termed "near-field" 

or "far-field" depending on the region for which they are valid.) The 

elevated temperature region within the water body defines the "thermal 

plume." 

The maximum impact from temperature change in a water body may be 

greater due to the "cold shock" as a result of an abrupt termination of 

the thermal discharge rather than from elevated temperatures. If, for 

example, a steam-electric plant were rapidly shutdown during the winter, 

cold shock could occur. There is recent evidence1 that fish can tolerate 

higher rates of temperature increase than temperature decrease. Fish 
2-6 kills from cold shock have already been reported. 

This paper presents work on predicting the temperature of a thermal 

plume when the heat source has been abruptly terminated. A one-dimensional 

model is employed which restricts the results to application in well-mixed 

rivers and estuaries where a one-dimensional idealization might be applicable. 

The basic heat transfer equation is presented for the assumption of constant 

depth and width for the water body. The resulting partial differential 

equation's solu,tion ii? obtained for an arbit:rA.ry init.i A.l t.AmpPr;:it.11rP 

distribution. In practice, the initial condition would be obtained from 

the steady-state, far-field model for the thermal discharge. A discussion 

is included on how the initial condition may be treated to retain a 

closed-form solution which facilitates computations. 

Examples are given for an assumed initial temperature distribution. 

The application of the method to both mobile and immobile organisms is 

investigated for several values of the longitudinal dispersion coefficient. 

2. HEAT TRANSFER EQUATION 

This work describes the behavior of a thermal plume a~er abrupt 

termination of its discharge source. The heat transfer equation describing 

this phenomenon is presented below for the following assumptions: 

c 

,•, 
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1. The heat transfer and fluid flow is one-dimensional (in 

the x-direct ion) . 

2. The turbulent thermal diffusion and longitudinal thermal 

dispersion processes can be combined and expressed employing 

a constant longitudinal dispersion coefficient. 

3. The only heat transfer from the water body is at the free 

surface. 

4. Fluid. properties are constant. 

5. The depth of the water body is constant. 

The resulting heat transfer equation is 

aT 
at + u 

aT 
ax a T 

s 
(1) 

where T is the excess temperature (temperature above the ambient water 

temperature), u is the flow velocity in the x-direction, EL is the 

dispersion coefficient, and a is the quantity K /pC D (K ,p,C and D 
s s p s p 

are, respectively, the surface heat transfer coefficient, density, 

specific heat, and depth of the water). [Since as is somewhat temperature 

dependent, an average value should be used since it is assumed constant in 

Eq_. (1).) 

3. SOLUTION OF THE HEAT TRANSFER EQUATION 

The heat transfer equation presented above can be simplified by a 

transformation. This is effected by restricting u to depend on t only 

and defining new variables X and. t,; (X,t) where 

'\; 

X :: X + 1 U(t I) dt I 

T(x,t) = t,; (X,t) -a t e s 

( 2) 

(3) 
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The transformed equation becomes 

~=En at L ax2 
( 4) 

The spatial transformation of Eq. (2) transforms the Eulerian coordinate 

x to a coordinate system which moves with the plume (Lagrangian X). Note 

that for· a thermal discharge which is discontinued at t = O; X = x and 

~ (X,O) = T (x,b). Therefore, the initial condition for-~ is just the 

initial temperature distribution. 

The equation for~ (X,t) can now be solved assuming the water body 

is of infinite extent along x (and therefore, X). The solution is 
~ 

obtained by separating_ variables and employing Fourier transform techniques 

(see, for example, pages 540-543 of Kreyszig7 ). This results in the 

following integral relation: 

~ (X,t) = ,, 
-(X-X') 2 /4E

1
t dX

1 

exp · 

This relation can be simplified by defining 

x - x' 
(!) = 
2~ 

from which, 

~ (X,t) = (X + 2 w ~ ' 0) 
-w2 

exp dw'. 

( 5) 

( 6) 

(7) 

In general, the original temperature distribution is not a simple 

function. To obtain a closed-form solution the initial temperature 
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distribution can be approximated by a series of n step functions as 

illustrated in Figure 1. Employing this approximation for the initial 

temperature distribution, Eq. (7) becomes 

n 

X. 1-X 1+ 

2 '\JE1 t 

s (X,t) = E 
i=l 

l -w2 
t;, . exp dw . 
0,1 ¥T X. - X 

1 

2~ 

Incorporating the error function where, 

erf (y) ~ 2 fyexp-v2 dv. 

~o 

and the f<i.r.t thA.t ~ . = T 
1

, then Eq. ( 7) becomes 
0,1 o, 

n-1 
s (X,t) = 0.5 E 

i=l 
T . 
0,1 

The temperature for any (x,t) can then be obtained from the transform 

relations, i.e., 

and 

t 
X : X + J U(t' ) dt I 

0 

T(x,t) = s (X,t) 
-a t 

e s 

( 8) 

(9) 

(10) 

( 2) 

(3) 
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Fig. 1. Example of Approximating the Initial Temperature Distribu
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4. APPLICATION OF THE MODEL 

The results for an environmental impact assessment may not require 

the spatial dependence of the thermal plume. From a biological stand

point, the temperature-time history in the region of maximum temperature 

elevation may be all that is desired. Fish are very temperature sensitive 

and would therefore probably·be able to follow the maximum temperature 

region. For this case, the transient-dependence of the heated water's 

temperature in the Lagrangian reference frame can be investigated. A 

case was run for an arbitrary initial temperature distribution and the 

assumed conditions shown in Fig. 2. The Lagrangian time-dependence of 

the plume temperature is also shown in Fig. 2 for 5, 40, and 160 hours 

after the hypothetical discharge termination. 

The results depicted in Fig. 2 illustrate.how the region of maximum 

temperature cools very rapidly just after the thermal discharge is dis

continued. A better appreciation of 'this fact can be obtained by· comparing 

the behavior of (T/T. ) , where T. is the maximum initial temperature, 
l,m max l,m 

wi.th that predicted by surface cooling alone. If there is only surface 

cooling and no mixing, then 

(T/T. ) 
l,m max 

-at = exp s 

Figure 3 illustrates a comparison of the above relation with the one

dimensional model predictions for several dispersion coefficient values 

(in Fig. 2, EL= 10 ~ 2 /sec). The higher the dispersion coefficient, the 

more. rapidly the maximum temperature decreases due to the increased 

longitudinal mixing. 

Some organisms are not as mobile as fish (e.g., certain benthic 

organisms). Therefore, their impact can be assessed by assuming they 
' do not move after the thermal discharge is te.rminated. Figure 4 

illustrates the transient temperature behavior at the location of the 

maximum initial temperature for several values of dispersion coefficients. 

Again, the conditions in Fig. 2 have been employed. For this case, 

(11) 
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Fig. 3. The Time-Dependence of the Maximum Plume Temperature. 



w 
a: 
:::> 
r 
<( 
a: 
w 
a.. 
~ 
w 
r 

1.0 

0.5 

...J 
<( 0.2 
r 
z 
~ 
:::> 
~ 

~ 0.1 
~ 
u. 
0 
z 
0 
r 5 0.05 
0 
...J 

r 
<( 
~·"'·~· 

E 
...J' 

r -r 
0.02 

0.01 

10 

ORNL-DWG 73-2797 

0 2 4 6 8 10 

TIME (hr) 

Fig. 4. The Time~Dependence of the Plume Temperature at the Loca
tion of Initial Maximum Temperature. 



""· 

• 

11 

higher dispersion coefficients decrease the rate of temperature change. 

Although the plume tends downstream, increased dispersion inhibits the 

upstream cooling rate. Note that the time scale of Fig. 4 is not the 

same as Fig. 3. The figure 4 results are very dependent on the assumed 

flow velocity (.1 ft/sec). 

In some instances the spatial depende.nce of the plume may also be 

of interest. This can be obtained for any time-dependent flow velocity. 

An idealized estuary flow velocity can be represented as 

u = u + u sin 27Tt · 
f m t · {12) 

p 

where uf is the nontidal inflow velocity,, um is the maximum tidal 

velocity, and t is the tidal period. An example employing the above 
p 

time-dependent velocity is illustrated in Fig. 5, The same initial 

condition used in the previous examples was assumed. The thermal plume's 

temperature is the same as in Fig. 2 except that it has now been 

translated according to the flow velocity. 

The FORTRAN IV computer listing employed for the above calculations 

is in the Appendix. 

5. SUMMARY 

A thermal discharge into our natural waters which is abruptly 

terminated can cause rapid temperature change which may result in the 

cold shock of aquatic organisms that have been attracted to the discharge's 

thermal plume. The cold shock phenomenon may be a greater environmental 

impact than the existence of the initial thermal plume. 

A method has been developed to obtain the temperature of the thermal 

plume as it cools after the thermal discharge is discontinued. The one

dimensional idealization for· a water body of constant width and depth 

results in an analytical solution which can easily be computed. 

An arbitrary initial condition was assumed in order to display the 

model's application to predict fish cold shock. The longitudinal dispersion 

of heat causes the maximum plume temperature to decrease more rapidly 
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than that predicted by surface cooling alone. The cooling rate of the 

maximum plume temperature was shown to be very sensitive to the dispersion 

coefficient. 
' 

The application of the model to poorly motil organisms was discussed. 

For these organisms, lower dispersion coefficients caused the greater· 

cold shock. 

It is ·felt that the model presented can provide adequate restilts 

for the prediction. of possible cold shock from thermal discharges into 

water bodies that nearly satisfy the very restrictive idealizations. 'l'he 

ease of application of the presented model should increase its viability 

when compared to more complicated models which may be less restrictive. 
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APPENDIX 

The following pages contain the FORTRAN IV listing of the computer 

program employed for the calculations described in the text. Tp facilitate 

the use of the· program, the following list has been prepared to relate the 

names of variables in the text to those used in the program. 

In Text 

n 

K 
s 

c 
p 

p 

D 

EL 
x. 

l. 

f;, • 
0 'l. 

In Program 

NXI 

KSURF 

CP 

RHO 

D 

DISP 

XI(I) 

TI(I) 

l'i.lCO 

NTO 

UF 

UM 

XO(I) 

TIME( I) 

TEMP 

Remarks· 

Number of input locations· 

.[Btu/(hr ft 2 °F)] 

[Btu/(lbm°F)] 

(lbm/ft 3 ) 

(ft) 

(ft 2 I sec) 

(ft) 

(OF) 

Number of desired output-x-locations 

Number of desired output times 

(ft/sec) 

(ft/sec) 

Set of output x-locations (ft) 

Set of times at which output is 
printed (hr) 

Output temperature (°F) 
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C UNF. OIMENSIONAL TRAf\ISJEf\IT RESPllNSE FOR A HEAT!:[) PLIJME WHnSF 
C SOllRCE IS CUTOFF AT T JM E= O. O. 

DIMENSION XJl50l,TJl'iOl,Xlll50l,TJMEI 50) 
DATA XJ,TJ,XO,TJME/2nO'~f'./ 

RF.AL INTl50l,KSURF 
DATA INT/50*0.0/ 
READ (5,100) NXJ,KSURt=,cP,RHU,D,OISP 

100 FORMAT I J5,5Fl0.3l 
WR IT F. I 6, 131 l N XI, K SI J RF, CP, R Hll; D, 0 ISP 

131 FORMAT ( 1 1 Nx1= 1 ,13,3x,'KSURF=',F5.2,3x, 1 cP=',F5.2,3X, 1 RHn= 1 ,F5.?, 
13 x' I OF. PT H= I 'F 6. 1, 3 x' I D I SP. cu F. F. =I ' F 6. 2) 

WRITF. ( 6 9 13?) 
13 2 F 0 RM AT ( I 0 x ( I ) TE M p ( I ) ' I ) 

DO 10 I=l,NXI 
RE AD I 5, 11 Ol XI I I l, TT I II 

110 FORMAT 12Fl0.31 
WRITE (6,133) XIIIl,TIIIl 

133 FORMAT I 1 0 1 ,2Fl0.3l 
10 CONTINUE 

READ 15,120) NXO,NTO,uF,uM,TP 
120 FORMATl2J5,3Fl0.31 

WRITE I 6 9 134) UF,UM,TP 
134 FORMAT l'OUF=',Fl0.3,' UM=',Fl0.3 9

1 TP= 1 ,Fl0.3l 
DO 20 I=l,NXO 
READ (5,1301 XO(Il 

130 FORMAT -IFl0.31 
20 CONTINUE 

DO 30 I=l,NTO 
READ 15,130) TIMEIII 

30 CONTINUE 
PI=3.14159 
EX=KSURF/(RHD*CP*DI 
KK=N X 1-1 
DO 1000 IT=l,NTO 
WRITE (6,1401 TIMEIITI 

140 FORMAT ( 1 1THE TIME AFTER SHUTOOWl\I IS',F7.1,'IHOURSI .THE TFMPERATIJR 
lE AT THE VARIOUS X LOCATIONS IS GI VEN BF.LUW. 'l 

WRITE 16,1501 
150 FORMAT 1 1 0•,3x, 1 x<t=F.i:TI TEMPERATlJREIFl'I 

ARGEX=-EX*TIMEI ITl 
SURFL=EXP( ARGEXI 
DEN =2.* (DI SP*3 600. *T JME (I Tl I**• 5 
ARGCOS=2.*PI*TIMEI ITl /TP 
XADJ=3 600.* ( UF*T IME I T Tl +UM* TP*I 1-COSI ARGCOS l I /( 2 ·* P II l 
DD 2000 IX=l,NXO 
CHI=XD( !Xl-XAOJ 
DO 3000 IN=l,NXI 
ARG=I XI( INl-CHII /DEN 
INTI INl=ERFI AR.GI 

3000 CONTINUE 
SI=O.O 
DD 4000 J=l,KK 
S I = S I+ • 5 *T I I J l * ( INT ( J+ 11 - IN TI J I I 

4000 CONTINUE 
TF.MP'=S I*SURFL 
WR IT E ( 6, 1 60 I XO I IX I , TF. "'' P 

lnO FORMAT 1 1 0 1 ,2x,El3.A,2X,El3.6l 
2000 CONTINUE 
1000 CONTINUE 

RETURN 
ENO 
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