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. . Ein Zvalua t ion  'or' t h e  Uispersion Re le t ions  of Photoproduction 

Tau1 F ink le rz  
Purdue ' ~ c i v e r s i t ~ ,  La faye t t e  , Indiana  

A modi f icz t ion  of  t h e  Ornn?!s nethod i s  used t o  so lve  t h e  s i n g u l a r  i n t e g r a l  

equat ions  f o r  t h $  3-3 p a r t i a l  wave anpl i tuLes  of  photoproduction. The e f f c c t s  

of inulti-pion product ion &re  assumed t o  be n e g l i g i b l e .  The methoc r e q u i r e s  a 

knowledge of t h e  gkrse a t  a i l  ene rg i e s .  Consequsntiy,  it i s  necessary t o  t r e a t  

b 
.the corresponiiing pion-nucleon s c a t t e r i n g  proble~r,  t o  de t e rn ine  t h e  e f f e c t  or" 

LJ 

t h e  h i c h - e n e r ~ y  behavior  of  t h e  phase on t h e  s o l u t i o n  f o r  t h e  s c e t t e r i r , g  :uLpli-  
L' 

tude  a t  low energies. The sha rp ly  resonant  n s t u r e  o f  t h e  proSie% sukges ts  a n  

a p j r o x i ~ i t i o n  i n  t h e  forin o f  s o l u t i o n ,  r a t i i e r  than  i n  t h e  Born te rms ,  whicl~ 

l e a d s  t o  r e l a t i v e l y  simple exgress ions  f o r  t h e  r a t i o s  of  t h c  3-3 photoproduction 

a ~ r ? l i t u d s s  t o  t h e  s c a t t e r i n g  a n p l i t u c e  and f o r  i n t e g r a l s  i n v ~ l v i r ~ i :  t h e  3-3 am- 

p1itudi.s.  I11 c c d i t i o n ,  a  modified Chew-Low fo rnu la  can be 2 c r i v e d . ; ~ h i c h  siioulu 

s a t i s f e c t o r i l y  r e p r e s s n t  t h e . 3 - 3  phase s h i f t  throughout t h e  resonance reg ion .  

F ' i :~a i ly ,  the c r o s s  s c c t i o n s  a r e  c a l c u i a t e ?  i n  t h e  3-3 approxiroation and t h e  re -  

s u l t s  c o ~ p a r e a  wi th  experic!cnt. 

Co:lsi<crablc i l t t cn t ion  i ~ a s  been 2 i r e c t e 2  totrera t h e  de t enn ine t ion  of t h e  

itlitles f o r  ~ h o t o ; ~ r o L u c t i o n  of pions froln zucleons by t h e  technique  of  d i s - -  



A *i.c - 
i ~ e r s i o n  r e l a t i o n s .  The C o ~ n u l a t i o n  of zhe d i s p e r s i o n  r e l a t i o c s  f o r  t h i s  ?recess, 

$ ' and t h e  f i r s t  a t tempts  t o  eva lua t e  t h e n ,  wcre zaCe by Chew, Gold jcrger ,  Low, 

-I 
and iriailbu ( h e r e a f t e r  r e f e r r e d  t o  as C G L L ) .  Thcse a u t h o r s  ob ta ined  t h e  i n t e g r a l  . . 

equat ions  f o r  t h e  photoproduction p a r t i a l  wave k - . ? ~ l i t u d e s   fro^ t h e  connect ion 

bctwcen th? phases of t h e  photogroduction and pion nucleon s c a t t e r i n g  unp l i t udes  

provide2 by u n i t a r i r y . 2  Gnly t h o s e  c o n t r i b u t i o n s  f ron  t h e  res0nP.r.t 3-3 2iinse 

s h i f t  were r e t e i n e d  under t h e  ir?i;e&rals ena each c o n t r i b u t i o n  bras exi?anCed i n  

i n v e r s e  POV!:--. ?.he nucleon mass :&I. Ir, t h e  s t a t i c  l i x i t  (1/:.:+0), t h e  P-wave 

t o t a l  nlagnetic nozcnt ;;.:l;litudes were d e t z m l n e a  by h corr,?arison with t h e  cor- 

responciing s .cat ic  l i n i t  equa t ions  f o r  t h e  p i o s  n ~ c l e o n  s c z t t e r i n ~  ampl i tudes ,  

whereas sll cha rge - t e rms  were eva lua ted ,  a p p - o x i ~ a t e l y ,  on,t!:e b a s i s  of  t h e  

3 c u t o f f  nodel .  

E8 The.var ious  a t tempts  t o  improve upon tile C G L I  r e s u l t s  f o r  t h e  ( 3 - 3 )  ampli- 

-I t u ~ i c s  iiave met with only q u a l i f i e d  success .  These a t t e n p t s  i n v a r i a b l y  ernyloy, 

with CGLl.i, t h e  assumptions t h a t  x u l t i - p i o c  3roduct ion  e f f e c t s  may be neg lec t ed  

end t h a t  t h e  3-3 resonance exhausts  t h e  ciispersion i n t e g r a l s .  In  a d d i t i o n  t o  

t h e s e  e ~ s ~ i ~ p t i o n s ,  however, t h e s e  t rea tments  a l s o  involv? e i t h e r  some cssumption 

about t h e  r a t i o s  of t h e  photo?roauction t o  t h e  s c a t t e r i n g  ampli tudes 4 9 5  o r  some 

type  of  approxina t ion  f o r  t h e  inhonogeneous terms i n  t h c  d i s p e r s i o n  r e l a t i o n s .  

Bs&ii?les of' t h e  l a t t e r  a?proach a r e  l/i! expansions i n  tlie s t a t i c  l i n i t 6  s n i  po le  

r e a r e s e n t a t i o n s  "r the  Born t e r ~ . ~  Boucver, i n  s a i t e  of  t h e  c f f o r t s  of  t h c  

s e v e r a l  zu tho r s ,  t h e  s i t u a t i o n  wi th  regard  t o  t h e  3-3 ampli tudes has not  Seer; 

c l z r i f i e d .  On t h e  arie n a n a ,  t h e r e  i s  l a c &  of q - ~ a l i t a t i v e  asrecment between t h e  

r e s u i t s  of  Refs. 11 and T f o r  t h e  energy de2enCence of  t h e  rt-.ti0 of t h e  ma.gnetic 

ci_solc a r ,p l i tude  genera teu  by t h e  t o z a l  vec tor  n a p e t i c  lncsent t o  t h e  s c n t t e r i q  

u a p l i t u c e ,  while on ehe o t !~e r  hand, t h e  CGLI? r e s u l t s  f o r  t h e  3-3 charge m p l i -  

t u d c s ,  vilich vanish a t  resonance, rr,ust be a t  l e a s t  q u a n t i t a t i v e l y  i n c o r r 2 c t .  



8. The p re sen t  i n v e s t i g a t i o n  i s  an  a t tempt  t o  r e s o l v e  t h e s e  u n c e r t a i n t i e s  which 

' surround t h e  3-3 photoproduct ion ampli tudes and t h u s  t o '  improve t h e  c a l c u l a t i o n  

-of t h e  d i s p e r s i o n  r e l a t i o n  p r e d i c t i o n s  i n  t h e  range o f  e n e r g i e s  f o r  which t h e  

.373 s t a t e  is dominant. 

The p r e s e n t  approach i s  fundamentally d i f f e r e n t  from t h e  methods o f  most 

o t h e r  au tho r s  i n  t h a t  we s h a l l  a t tempt  t o  so lve  t h e  equat ions  f o r  t h e  3-3 

photoproduct ion ampli tudes by a n a l y t i c a l  means. No approximations w i l l  b e  made 

i f o r  t h e  Born terms i n  t h e s e  e q u a t i o ~ s .  Furthermore, no assumptions w i l l  be  

made concerning photoproduct ion-to-scat ter ing-ampli tude r a t l o s ,  a l t h o ~ h  we 

w . i l l  d e r i v e  from our s o l u t i o n s  r e l a t i v e l y  simple express ions  f o r  t h e s e  r a t i o s .  

The two assumptions we s h a l l  make (which have a l r e a d y  been used by t h e  p rev ious  

a u t h o r s )  a r e  (1) t h a t  t h e  e q u a l i t y  of  t h e  3-3 photoproduct ion and s c a t t e r i n g  

phases,  provided by u n i t a r i t y  a t  low e n e r g i e s ,  may be extended t o  a l l  e n e r g i e s  
L-' 

and ( 2 )  t h a t  only t h e  3-3 s t a t e  c o n t r i b u t e s  apprec iab ly  t o  t h e  d i s p e r s i o n  i n t e -  
P 

g r a l s  f o r  t h e  low energy amplitudes.  The method t o  be used i s  a mod i f i ca t ion  

of t h e  0mn&s7 s o l u t i o n  o f  s i n g u l a r  i n t e g r a l  equat ions  f o r  func t ions  vhcse phase 

i s  known on t h e  i n t e r v a l  o f  s i n g u l a r i t y .  Because t h e  s i n g u l a r  i n t e r v a l  i n  t h e  

case  of  photoproduct ion ex tends  t o  energy r eg ions  i n  which t h e  phase i s  not  

known, it w i l l  be necessary t o  t r e a t  t h e  corresponding problem f o r  pion nucleon 

s c a t t e r i n g  i n  o r d e r  t o  determine t h e  e f f e c t  of  t h e  unknown, ."high1' energy be- 

havior  o f  t h e  phase on t h e  s o l u t i o n  f o r  t h e  3-3 s c a t t e r i n g  amplitude i n  t h e  

energy reg ion  from t h r e s h o l d  th roug t  t h e  3-3 resonance. 

The photoproduction d i s p e r s i o n  r e l a t i o n s  a r e  g iven  i n  Sec. 11, t o g e t h e r  

wi th  a b r i e f  review of kinematics .  The OmnEs method i s  desc r ibed  i n  Sec. I11 

and a somewhat modif ied form of s o l u t i o n  i s  der ived .  Sec t ion  I V  c o n t a i n s  a 
I .  

d i scuss ion  of  t h e  meaning of  t h e  phase i a  t h e  Omnes method. I n  Sec. V ,  t h e  

d i s p e r s i o n  r e l a t i o n  f o r  t h e  3-3 s c a t t e r i n g  a x p l i t u d e  i s  d i scussed  i n  o r d e r  t o  

o b t a i n  a r e p r e s e n t a t i o n  f o r  t h e  h igh  energy behavior  of t h e  3-3 phase. The 



, r e s u l t s  of Sec. V a r e  app l i ed ,  i n  Sec. V I ,  t o  t h e  de te rmina t ion  of  t h e  3-3 

photoproduction ampli tudes.  I n  Sec. V I I  t h e  d i s p e r s i o n  , r e l a t i o n s  a r e  evalu- 
I 

. a t e d  i n  t h e  3-3 approximation and t h e  r e s u l t s  compared wi th  experiment.  F ina l -  

l y ,  i n  Sec. VIII, ou r  r e s u l t s  and conclusion a r e  d iscussed .  

We w i l l  fo l low,  a s  c l o s e l y  as p o s s i b l e ,  t h e  n o t a t i o n  of C G L N . ~  Purther-  

.more, a l l  kinematic  q u a n t i t i e s  w i l l  r e f e r ,  throughout ,  t o  t h e  b a r y c e n t r i c  sys- 

tem. I n  t h i s  system t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  may be w r i t t e n  

where tP.u decomposition o f  t h e  t o t a l  amplitude i n t o  t h e  usua l  P a u l i  s p i n  
P 

. mat r i ce s  i s  g iven  by 

In t h e s e  express ions ,  E i s  t h e  photon p o l a r i z a t i o n  vec to r  and q and & a r e  - - 
t h e  ba rycen t r i c  momenta of  t h e  p ion  and photon, r e s p e c t i v e l y .  The magnitudes 

of t h e s e  momenta, t o g e t h e r  wi th  t h e  pion energy w and t h e  i n i t i a l  and f i n a l  
9 

nucleon ene rg i e s  E and E a r e  r e l a t e d  t o  t h e  t o t a l  b a r y c e n t r i c  energy W by 
1 

t h e  express ions  
8 

where id i s  t h e  nucleon mass. If 3 i s  deconposed i n t o  l i n e a r l y  independent 



m. 

i s o t o p i c  ma t r i ce s  according t o  

then' t h e  connect ion between t h e  3' (a = +, -, 0 )  and t h e  ampli tudes of  t h e  

f o u r  p o s s i b l e  charge conf igu ra t ions  a r e  g iven  by 

The ;f, ( i  = 1 ,2 ,3 ,4 )  s a t i s f y  coupled d i s p e r s i o n  r e l a t i o n s  which have a  

- somewhat c o m p ~ i c a t e d ' s t r u c t u r e .  The s imp les t  express ion  of t h e s e  i n t e g r a l  

' r ep , resenta t ions  i s  i n  terms o f  t h e  i n v a r i a n t  ampli tudes A which a r e  r e l a t e d  
.I ' 

t o  t h e  'si by 

where 

and where the . connec t ion  between t h e  n o n e n t u  t r a n s f e r  v a r i a b l e  v and t h e  
1 

b a r y c e n t r i c  product ion angle  0 of  t h e  p i o n ' i s  given by 



3 The d i s p e r s i o n  r e l a t i o n s  s a t i s f i e d  by t h e  A .  have t h e  form 
1 

Aj(W9v1! ' Bj(WSv1) + ; d(w1j2  Im A j (W' ,vl) t 2 2 2 
1 

(w'12-w2 ( W ' )  +W-mvl-ai I 
with  

' 

-The upper s i g n s  r e f e r  t o  t h e  ampli tudes A(+'') and A (- 1 
192a4 3 

. It i s  convenient  

. t o  cons ide r  s e p a r a t e l y  those  p a r t s  of  t h e  Born t e r n s  genera ted  by t h e  nucleon 

t o t a l  magnetic moment and charge,  which we denote by t h e  s u p e r s c r i p t s  u and e ,  

r e s p e c t i v e l y .  With t h i s  n o t a t i o n ,  one ' f i nds  f o r  t h e  r e s i d u e s  R t h e  expres- 
J 

- s i o n s  
. . 

where g i s  t h e  un ra t iona l i zed  renoqnal ized  pion-nucleon coupling cons t an t  

g2 = 4~ f , f2 0.08 , 

and p (p  ) i s  t h e  t o t a l  magnetic moment of  t h e  pro ton  (neu t ron )  
P n 

u 1 2.79 e/2!4, p n  = - 1 .91  e/2!4, e2  = 1/137 . 
P 

To make use  of t h e  u n i t a r i t y  cond i t i on ,  one must decompose t h e  photopro- 
. 

duct ion  mpl i tuc i e s  i n t o  photon mul t ipo le  eigenampli tudes which correspond t o  



2.- 

. , t r a n s i t i o n s  i n t o  e i g e n s t a t e s  of  t h e  f i n a l  pion nucleon system wi th  a  d e f i n i t e  

@ t b t a l  angular  momentum J ,  i s o t o p i c  s p i n  T ,  and p a r i t y .  The correspondence be- 

tween t h e  . i s o s p i n  (+,-) ampli tudes and t h e  eigenampli tudes wi th  e igenvalues  

, T = 3/2 aid T = 112 i s  g iven  by 

. < 0 while  t he ' ampl i tude  3 .corresponds only t o  t h e  va lue  T o =  1 / 2 .  The complete 

angu la r  momentum d.ccomposition o f  3 i n t o  ?hoton n u l t i p o l e  eigenampli tudes.was 

g iven  by CGLI;. Ifere, however, we a r e  concerned only wi th  t h e  J = 3/2, even 

p a r i t y  p a r t  of t h g  amplitude $I2, de f ined  by 9 

.-I The amplitude 333 may be expressed i n  terms o f  t h e  CGLN rnul t ipole  ampli tudes 

M::' and E ~ / ~ ,  which correspond t o  t r a n s i t i o n s  induced by magnetic d i p o l e  and 
I 1+ 

. e l e c t r i c  quadrupole r a d i a t i o n ,  r e s p e c t i v e l y .  We w i l l  f i n d  it convenient  t o  

d e a l  not  w i t h  t h e s e  mul t ipo le  a n p l i t u d e s  b u t  wi th  t h e  l i n e a r  combinations 

Ixi terrns of t h e s e  amplitudes t h e  p a r t s  o f  33/2 which, by u n i t a r i t y ,  have t h e  

3-3 phase a r e  given by 

3/2 312) = 3 qhk $2 cos 0 $3 = 3 C O S  e ( M  + El+ 1+ 



Z < ,  

The p r o j e c t i o n s  f o r  t h e  Born p a r t s  of  333 have been g iven  by Cnrtenhaus 

and ~ l a n k e n b e c l e r '  i n  terms o f  t o t a l  magnetic moment and charge c o n t r i b u t i o n s .  

T h e . r e s u l t s  of  t h e s e  au tho r s  may be w r i t t e n  i n  terms o f  t h e  Born p roJec t ions  

f o r  91 and 42, which a r e  given by 

where t h e  % a r e  t h e  Legendre func t ions  o f  t h e  second kind: 

The d i s p e r s i o n  r e l a t i o n s  f o r  t h e  (I ( i  = 1 , 2 )  may be found by p r o j e c t i o n ,  i 

by means of Eq .  (2 .10)  and with t h e  he lp  of express ions  ( 2 . 2 )  and (2.5), Srom 

t h o s e  s a t i s f i e d  by t h e  A ( J  = 1 ,2 ,3 ,4 ) .  The c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  
J 

i n t e g r a l s  f o r  t h e  A i n  Eq. (2.7)  nay be sepa ra t ed  i n t o  t h o s e  p a r t s  which in-  
j ' .  



z> 

volve t h e  denominators (W1)*-$ and i n t o  t h o s e  p a r t s  which a r i s e  from t h e  " l e f t  

hand" o r  c ros sed  c u t .  I f  t h e  l a t t e r  c o n t r i b u t i o n s  a r e  denoted by t h e  s u b s c r i p t  

L ,  t hen  one f i n d s ,  by ca r ry ing  out  t h e  p r o j e c t i o n  o u t l i n e d  above, t h a t  t h e  Oi 

s a t i s f y  t h e  express ions  

'$ du' 
lmai(ot  1 6 

( , ( u )  = ( D ~ ~ ( w )  + ; wl-w + , + qiL ( w )  , i = 1 ,2  

where 6 .is t he  Kronecker d e l t a  and where t h e  Born terms 4 a r e  g iven  by Eq. 
i,; i B  

(2 .13) .  

The l e f t  hand c u t  t e r n s  OiL which appear i n  KcL. (2.14)  a r e  r a t h e r  compli- 

c a t e d ,  even when only t h e  c o n t r i b u t i o n s  from t h e  3-3 s , t a t e  a r e  r e t a i n e d  under 

t h e  i n t e ~ r a l s  de f in ing  them. Except a t  cne rg i e s  beyona t h e  range o f  p re sen t  

i n t e r e s t ,  however, t h e s e  terms a r e  smal l  i n  comparison t o  t h e  Born terms.  It 

i s  t h e r e f o r e  c o n s i s t e n t  wi th  our  agproach, i n s o f a r  a s  we have a l r eady  neg lec t ed  

t h e  c o n t r i b u t i o n s  t o  t h e s e  i n t e g r a l s  from o t h e r  s t a t e s ,  t o  r e t a i n  only t h e  

s t a t i c  l i m i t  of t hese  terms.  The r e s u l t s  of  t h e  1 / M  expansion f o r  t h e  OiL, i n  

t h e  l i m i t  3; + a r e  given by 

Kquations (2.15)  a r e  analoeous t o  t h e  d i spe r s ion  r e l a t i o n s  of CCLN ( s e e  Eqs. 

(11.1-11.5) of Ref. 1) i f  on ly  t h e  3-3 c o n t r i b u t i o n s  are r e t a i n e d  i n  t h e  l a t t e r .  



I n  f a c t ,  if t h e  replacement h + k i s  made i n  Eq. (2.14) and i f  t h e  s t a t i c  l i m i t  

o f  t h e  ~ o r n  terms i s  t aken ,  t hen  t h e  two s e t s  of equat ions  become i d e n t i c a l .  It 

must be emphasized, however, t h a t  by t h e  neg lec t  of a l l  bu t  t h e  s t a t i c  l i m i t  of 
' 

. t h e  s m a l l  l e f t  c u t  terms, we have t h u s  far  in t roduced  only  a n e g l i g i b l e  e r r o r  

i n  ou r  Eqs.. (2.13-2.15). 

T h e . p a r t i a 1  wave L-.?litudes f o r  photoproduct ion and pion-nucleon s c a t -  

t e r i n g  s c t i s f y  d i s p e r s i o n  r e l a t i o n s ,  i n  a complex v a r i a b l e  z  = x+iy ,  of t h e  

f  o rn  

where t h e  inhomogeneous term B i s  t o  be regarded a s  a known func t ion  which i s  

r e a l  and regulor ron  t h e  i n f i n i t e  c u t  (x0,-) o f  A. It i s  c l e a r  from Eq. (3.1) . . 

t h a t  i n  a d d i t i o n  t o  t h i s  c u t ,  a c r o s s  which A has t h e  d i s c o n t i n u i t y  2 i  I m  A, 

t h e  amplitude A has a l l  t h e  s i n g u l a r i t i e s  o f  B. It w i l l  be assumed, of course ,  

t h a t  a l l  i n t e g r a l s  i n  our  express ions  e x i s t .  It was shown by 0mn;s7 t h a t  i f  

one knows t h e  ph'ase 6 of  t h e  amplitude A ,  t hen  a  s o l u t i o n  t o  Eq. ( 3 . 1 )  i s  g iven  

Here, A i s  a func t ion  which i s  cons t ruc t ed  from t h e  known phase 6 according 

t o  t h e  p r e s c r i p t i o n  



- 
and 6 i s  g iven  by 

where P s t ands  f o r  p r i n c i p a l  value.  The cond i t i ons  on 6 f o r  Eq. (3 .2)  t o  be 

a  s o l u t i o n  of Eq. (3 .1)  a r e ,  according t o  Omngs, t h a t  6 be con'tinuous and t h a t  

a(-) = 0 .  

Expression (3 .2 )  f o r  A i s  a  s o l u t i o n  of  t h e  o r i g i n a l  equat ion  i n  t h a t  it 

has only those  s i n g u l a r i t i e s  p re sc r ibed  by t h a t  equat ion  and it has  t h e  c o r r e c t  

phase. That t h e  s o l u t i o n  does have t h e  c o r r e c t  phase may be seen  by t a k i n g  

t h e  l i m i t  z + x + i e ,  x  > x and by then  recombining t h e  s i n g u l a r  p a r t  of t h e  . 
0 ' 

. i n t e g r a l  wi th  t h e  inhomogeneous term. It i s  c l e a r ,  however, t h a t  it i s  p o s s i b l e  

t o  u d d ' t o  t h e  r e s u l t  (3 .2)  any s o l u t i o n  o f  t h e  homogeneous coun te rpa r t  o f  Eq.  

( 3 .1 )  which has t h e  c o r r e c t  phase on t h e  cu t .  These a d d i t i o n s  t a k e  t h e  forni o f  

polynomials t o  be added t o  t h e  c o e f f i c i e n t  of  eA  i n  t h e  s o l u t i o n .  Such appen- 

dages,  o f  course ,  a r e  not  spur ious ;  t h e  c o r r e c t  polynomial must be determined 

from a . c o n s i u e r a t i o n  o f  t h e  expected behavior  of  t h e  amplitude at l a r g e  va lues  

of  i t s  argument. 

It was i n d i c a t e d  above t h a t  Eq. ( 3 .2 )  i s  a  p o s s i b l e  s o l u t i o n  i f  t h e  phase 

i s  cont inuous.  There a r e ,  however, p h y s i c a l l y  admiss ib le  s i t u a t i o n s  i n  which 

t h e  ix?plitude phase nay be d iscont inuous .  Leaving t h e  d e t a i l e d  d i s c u s s i o n  of 

t h e  phase t o  t h e  fo l lowing  s e c t i o n ,  we proceed now t o  c o n s t r u c t  a s o l u t i o n  

which a h i t s  t h i s  p o s s i b i l i t y .  

Let  A ,  a ,  and.A be t h e  same a s  be fo re ,  wi th  t h e  understanding t h a t  a sub- 

t r a c t e d  form of  Eq . . (3 .3 )  must be used i f  6  does not vanish a t  i n f i n i t y .  I f  A 

i s  t o  be a n a l y t i c  on t h e  c u t  p l ane ,  t hen ,B  must have t h e  Cauchy i n t e g r a l  repre-  

s en t  a t  ion  



' where the. .contour  C does not  c r o s s  t h e  c u t  (x  ,-). We w i l l  assume, as i s  
. - B  0 

. usua l ly  t h e  case ,  t h a t  B s a t i s f i e s  

Then t h e  contour  can be chosen s o  t h a t  it enc loses  only  t h e  s i n g u l s r i t i e s  of  

B and 'is taken  i n  a  cour.terclockwise sense about them. The i n t e g r a l s  of  B 

taken  about t h e  s i n g u l a r i t i e s  !r& C can now be expressed a s  an i n t e g r a l  of 
3' 

. . t h e - d i s c o n t i n u i t i e s  3 along t h e  s i n g u l a r i t y  curves  (denoted by S ) :  
B 

P 
d i s c .  ~ ( z ' )  

~ ( z )  = - 
z  ' -2 

S~ 

L e t  us dez ine  an a u x i l i a r y  func t ion  G by means of 

e C ( z )  = ~ ( z )  

so  t h a t ,  from Eq. ( 3 .1 )  we a l s o  have 

In t h e  cases  of phys i ca l  i n t e r e s t ,  A has no po le s  x  and 6(x0)  = 0  s o  t h a t  C ,  0  

from i t s  d e f i n i t i o n ,  a l s o  has no poles  a t  xo. That C'has no s i n g u l a r i t i e s  on 

t h e  c u t  (xo,w) can be shown e x p l i c i t l y  a s  fol lows:  I f  we denote t h e  l i m i t  o f  

+ 
C ( x * i c )  a s  E + 0  by C, (x)  and eva lua t e  Eq. ( 3 . 7 )  a s  t h e  c u t  i s  approached from 

above, w e  f i n d  t h a t  t h e  l i m i t  i s  given by 

A 
From Eq. ( 3 . 0 )  it fol lows t h a t  t h e  d i s c o n t i n u i t y  o f  6 G a c r o s s  t h e  c u t  may be 

w r i t t e n  



- 
I f  we how e l imina te  I A + I  between t h e s e  last  two express ions ,  we' f i n d  t h e  r e s u l t  

and it -follows t h a t  G has no s i n g u l a r i t i e s  on (x0,-) except ,  perhaps,  a t  p o i n t s  

where e P  vanishes .  The d i s c u s s i o n  o f  such zeros  i n  eP i s  given i n  t h e  follow- 

i n g  s e c t i o n .  There i t  w i l l  be seen t h a t  f o r  t h e  p h y s i c a l  p a r t i a l  wave ampli- 

t udcs  wi th  which we a r e  concerned, e P  can vanish only  at t h e  zeros  o f  A .  It 

then  fol lows,  from Eq. ( 3 . 7 ) ,  t h a t  G must a l s o  be r e g u l a i  a t  such i s o l a t e d  p o i n t s  . 

of (xo,-).  

The de termina t ion  o f  t h e  func t ion  G i s  now s t r a igh t fo rward .  The s i n g u l a r i -  

t y  curve S of  t h e  inhomogeneous term B cannot i n t e r s e c t  t h a t  c u t  (x0,-).  Be- 
l3 

cause e A  i s  r e g u l a r  and nonvanishing i n  t h e  v i c i n i t y  of S and because C i s  
B 

a n a l y t i c  on (xo,m), it fo l lows  from Eq .  (3.8) t h a t  G i s  a n a l o i c  everywhere 

except  on t h e  curves  S It f u r t h e r  fo l lows  t h a t  t h e  d i s c o n t i n u i t y  o f  C a c r o s s  B ' 

S i s  given by 
B 

-A d i s c .  G = e d i s c .  B 

By t h e  same arguments which l e d  t o  t h e  r e s u l t  ( 3 . 6 )  f o r  B, we may w r i t e  t h e  

Cauchy i n t e g r a l  formula f o r  C i n  t h e  form 

This  r e s u l t  may 6 I s o  be w r i t t e n  as 

where we r e c a l l  t h a t  C i s  t h e  contour  which enc loses  t h e  s i n g u l a r i t y  curve S 
I3 B 

o f  t h e  inhomogeneous term. F i n a l l y ,  we have f o r  t h e  s o l u t i o n  of  Eq.  ( 3 . 1 )  f o r  



, . - .  
a func t ion  A wi th  known.phase 6 t h e  r e s u l t  

:It is  i n  t h i s  .form t h a t  t h e  bmnes method w i l l  be app l i ed  t o  t h e  i n t e g r a l  equa- 

t i o n s  o f  photoproduction. 

Expression (3.11)  f o r  A i s  not unique, a s  was t h e  c,ase f o r  t h e  Omnes solu-  

t i o n  i n  i t s  o r i g i n z l  form ( 3 . 2 ) .  It i s  p o s s i b l e  t o  add t o  t h e  r e s u l t  ( 3 . 3 )  f o r  

G some polynomial i n  z ,  t h e  form of  which must be determined by t h e  behavior  of 
- .  

A(.) a s  1 z I+ . For t h e  ampli tudes o f  present  i n t e r e s t ,  however, no such poly- 

nomial w i l l  be needed. The ques t ion  on uniqueness i s  d i scussed  i n  some d e t a i l  

i n  Ref. 10 .  

The r e l a t i v e l y  simple form f o r  t h e  gene ra l  s o l u t i o n  (3.9) becomes even 

s impler  when t h e  inhomoeeneous term B c o n s i s t s  of po le s .  I n  such a ' c a s e  t h e  

d i s c o n t i n u i t i e s  of  B a r e  Dirac d e l t a  func t ions  o r  d e r i v a t i v e s  t h e r e o f .  Thus, 

' i f  I3 i n  Eq. ( 3 . 1 )  has t h e  form 

where y and [ . a r e  parameters ,  t hen  t h e  s o l u t i o n  (3.10) f o r  A assumes t h e  form 

Th i s  r e s u l t  w i l l  be used t o  some e x t e n t  i n  t h e  fo l lowing  s e c t i o n s .  

I 'J.  REVARK ON THE PHASE . 

h i nhe ren t  f e a t u r e  o f  t h e  s o l u t i o n  g iven  by Eq. (3.11) i s  t h a t  t h e  phase 

6 r e f e r r e d  t o  i n  t h e  d e f i n i t i o n  of  A i s  t h e  amplitude ~ 5 a s e  of  A;  t h a t  is ,  t h e  



r e a l  phase 6  i s  def ined  ,by 

A phys i ca l  p a r t i a l  wave s c a t t e r i n g  amplitude f  however, is o r d i n a r i l y  expres- s s 

sed i n  terms o f  t h e  phese s h i f t  6s by 

i d s  
f = (e s i n  6 

S 

where q  i s  a p o s i t i v e  momentum. I n  t h e  gene ra l  ca se ,  wherein i n e l a s t i c  channels  

a r e  open, t h e  m p l i t n d e  may be expressed i n  t e r n s  o f  a complex phase s h i f t  wi th  

a  non negat ive  imaginary p a r t .  I t  i s  ev ident  from (4.2)  t h a t  n e i t h e r  a complex 

phase s h i f t  nor i t s  r e a l  p a r t  i s  t h e  amplitude phase r e f e r r e d  t o  i n  (4 .1) .  

Even i n  pure e l a s t i c  s c a t t e r i n g  ( e .g . ,  p o t e n t i a l  s c a t t e r i n g ) ,  t h e  ampli tude - 
phase i s  no t  n e c e s s a r i l y  equzh t o  t h e  r e a l  s h i f t .  I n  f a c t ,  t h e  ampli tude 

- 
phase must always l i e  between O.and -rr (mod 28) whereas t h e r e  i s  no such r e s t r i c -  

t i o n  on t h e  phase s h i f t .  This  r e s t r i c t i o n  on t h e  r u n ~ l i t u d e  phase fo l lows  from 

Eq. (4 .2) , ,which  impl ies  t h a t  t h e  imaginary p a r t  o f  f  i s  always p o s i t i v e  o r  
s 

zero.  

The d i s t i n c t i o n  between t h e  ampli tude phase and a r e a l  phase s h i f t  i s  ev i -  

denced, f o r  example, when t h e  phase s h i f t  6 ( x )  i n  Eq. (4 .2)  passes  through n 
s 

a t  some p o i n t  x . I n  t h i s  c a s e  t h e  amplitude phase 6 ,  which must be equal  t o  
ir 

6 (mod 2 r )  up t o  xn ,  must be .d iscont inuous  a t  t h a t  p o i n t .  An i l l u s t r a t i o n  of  
S 

such a  p o s s i b i l i t y  i s  shown i n  Fig. 1. I n  Fig. l ( a ) ,  our  h y p o t h e t i c a i  ?base 

s h i f t  6 ( x )  vsnishes below some t h r e s h o l d  x  and passes  l i n e a r l y  through n a t  
s  0 

x  . Fig.  l ( b )  d i s p l a y s  t h e  corresponding amplitude phase 6 ( x )  when i t s  d i s -  
TI 

c o n t i n u i t y  at x7 i s  -n .  I f  we now assume t h a t  fs s a t i s f i e s  an equat ion  of  t h e  

type  ( 3 . 1 ) ,  t hen  t h e  Onnbs s o l u t i o n  f o r  f s  has  t h e  f o m  (3 .9 )  and i s  t h u s  pro- 
* .  

A 
p o r t i o n a l  t o  e  . It fo l lows  from Eq. ( 3 . 3 ) ,  however, t h a t  i f  6 has  a  d i s c o n t i -  



- 
n u i t y  -n a t  x  t hen  eA(,x) i s  p ropor t iona l  t o  (x-x,) f o r  x  s x . This  r e s u l t  n  ' 
i s  appropr i a t e  because t h e  amplitude f  which by d e f i n i t i o n  i s  p r o p o r t i o n a l  

i 6 
s ' 

S 
t o  e  s i n  6s, must' nave a l i n e a r  zero  a t  x  . Thus we may be assured  t h a t  

TI 

t h e  choide of amplitude phase i n  Fig.  2 ( b )  l e a d s  t o  t l le c o r r e c t  behavior  of 

t h e  s o l u t i o n  i n  t h e  v i c i n i t y  o f  a l i n e a r  ze ro  i n  t h e  amplitude. I n  g e n e r a l ,  

a d i s c o n t i n u i t y  o f  -nn i n  6 ,  n  = 0,1,2,  ... , w i l l  l e a d  t o  a zero  o f  o r d e r  n  

i n  t h e  s o l u t i o n  whereas p o s i t i v e  p i s c o n t i n u i t i e s ,  which would g i v e  r i s e  t o  p o l e s  

i n  t h e  phys i ca l  reg ion ,  must not  occur .  

, ' In  t h e  course of  ou r  d e r i v a t i o n  of  t h e  CmnSs s o l u t i o n  ( 3 . 9 ) ,  we found t h a t  , , 

t h e ' a u x i l i a r y  func t ion  G has no s i n g u l a r i t i e s  on t h e  i n t e r v a l  (x0,=) except  

A p o s s i b l y  a t  t h e -  zeros  o f  e  . The above cons ide ra t ions  show, however, t h a t  t h e  

- orde r  o f  a  xero o f ' e A  can always be chosen e q u i l  t o  t h e  o r d e r  of t h e  zero  i n  t h e  

- t o t a l  ampli tude A ,  It then  fo l lows  f r o n  Eq. (3 .7)  t h a t  G has  no s i n g u l a r i t i e s  

V. THE 3-3 PHASE AND SCATTEHING AMPLITUDE 

It i s  c l e a r  from t h e  foregoing t h a t  i n  o r d e r  t o  apply  t h e  Omnes method 

t o  t h e  equat ions  f o r  t h e  3-3 mul t ipo le  ampli tudes,  we first  must know t h e  3-3 

phase a t  a l l  ene rg i e s .  Unfortunately,  such complete information about  t h e  phase 

i s  not  a v a i l a b l e .  If we assume, however, t h a t  t h e  OmnSs method y i e l d s  phys ica l -  

l y  meaningful s o l u t i o n s ,  t hen  we may hope t o  l e a r n  something o f  t h e  unknown 

por t ion  o f , t h e  phase from a cons ide ra t ion  of t h e  s c a t t e r i n g  ampli tude,  which 

s a t i s f i e s  a d i s p e r s i o n  r e l a t i o n  s i m i l a r  t o  t h o s e  f o r  t h e  photoproduct ion ampli- 

tudes .  Our r a t i o n a l  i s  t h e  following: If we can u s e , t h e  Omnss method t o  "solve" 

t h e  s c a t t e r i n g  equat ions-- that  i s ,  t o  determine t h e  func t ion  A i n  Eq. (3.3)-- 

 the^, by u n i t a r i t y ,  we can use t h e  same A t o  eva lua t e  t h e  photoproduct ion ampli- 



- 
. , 

t udes .  The problem>here,  then ,  i s  t o  c o n s t r u c t  as much of t h e  f u n c t i o n  A a s  

, . i s  *&ss ib l e  from t h e  experiment'hlly known va lues  o f  t h e  phase.and t o  c o n s t r u c t  

t h a t  p a r t  o f  A which a r i s e s  from t h e  unknown high energy behavior  o f  t h e  phase 
. < 

i n  such a w a y  t h a t  t h e  s o l u t i o n  reproduces t h e  known, .low energy, s c a t t e r i c ~ .  

. . .  
amplitude. 

A, The 3-3 Phase 

Below t h e  resonance energy w t h e  3-3 phase s h i f t  6 i s  w e l l  r ep re sen ted  r ' 3 3 
3 .by t h e  Chew-Low e f f e c t i v e  range formula 

3 q co t  6 33 = w(wr-w)/ ($ f 2  Yr) , W < W  r 

The c u r r e n t l y  accepted va lue  f o r  t h e  coupling cons tan t  i s  f 2  = 0.08. The va lues  
- 11 

usee  by va r ious  au tho r s  f o r  t h e  resonance p o s i t i o n  range from w = 2.06 ( B a l l  ) r 
4 - t o  t h e  va lue  o = 2.14, which fo l lows  from McKinley's three-parameter fit t o  

r 
3 

q c o t  6 
33 ' 

Throughout t h i s  i n v e s t i g a t i o n ,  we w i l l  use  t h e  va lues  

Some t y p i c a l  experimental  va lues  of t h e  phase above resonance a r e  shown 

i n  Table I, where it can be seen t h a t  t h e  va lues  o f  t h e  phase approach TT a s  

t h e  energy inc reases .  One can r e a d i l y  s ee  t h i s  tendency of t h e  phase from t h e  

p l o t  of t h e  func t ion  ~ ( w )  = u(o -u)/(wr q3 c o t  6 ) shown i n  F ig .  2. Accord- r 33 
2 

i ng  t o  Eq. . (5 .1) ,  ~ ( w )  should have t h e  cons t an t  va lue  4f /3  . The va lues  o f  

[(u) t h a t  correspond t o  t h e  phases of Table I ,  however, show a marked downward 

t r e n d  toward t h e  va lue  zero.  Should t h i s  t r e n d  p e r s i s t ,  t h e  p o i n t  a t  which 

t h e  func t ion  < v e n i ~ h e d  would correspond t o  t h e  p o i n t  where t h e  phase s h i f t  

pas ses  through n. A zero i n  [(w) somewhe're i n  t h e  i n t e r v a l  5 < w < 10  i s  seen - - 
t o  be coi-s is tent  wi th  t h e  d a t a  of  Table I. 



Because i n e l a s t i c  e f f e c t s  w i l l  c e r t a i n l y  be important  a t  very  high e n e r g i e s ,  

no assumption t h a t  we make about t h e  asymptot ic  behavior  of t h e  phase s h i f t  

can have any a p r i o r i  j u s t i f i c a t i o n .  I n s o f a r  as we a r e  a s s ~ ~ ~ i n g  t h a t  t h e  phase 

s h i f t  i s  everywhere r e a l ,  we may f u r t h e r  assume, as Levinson's theorem f o r  po- 

t e ' n t i a l  s c a t t e r i n g  s-6gests,12 t h a t  t h e  phase s h i f t  a sympto t i ca l ly  approaches 

some i n t e g r a l  m u l t i s l e  of  n. I n  p a r t i c u l a r ,  t h e  s imples t  assumption t h a t  can 
. . 

be made about t h e  high energy behavior  o f  t h e  phase s h i f t  6 a r e  ( 1 )  t h a t  6 
33 3 3 

approaches n from below ( 2 )  t h a t  6 drops r a p i d l y  and approaches ze ro  from 
33 

above, and ( 3 )  t h a t  6 ( w )  passes  through n at some po in t  % and then  asymptot i -  
33 

c a l l y  approaches n from above. We w i l l  f i n d  it unnecessary t o  t r e a t  assumption 

' ( 1 )  s e p a r a t e l y ,  because it i s  a s p e c i a l  c a s e  of  assumption ( 3 ) ( i . e . ,  t h e  l i m i t  

Assumptions ( 2 )  and ( 3 )  have consequences which d i f f e r  l i t t l e  from one 
4' 

another--at l e a s t  i n s o f a r  a s s they  a f f e c t  t h e  c o n s t r u c t i o n  of  t h e  s o l u t i o n  (3 .11)  

i n  t h e  low energy reg ion .  That t h i s  i s  s o  fo l lows  from t h e  arguments of Sec. I V ,  

t h e  conclus ions  of which a r e  summarized i n  Fig.  3. The s o l i d  curve  i n  t h i s  

f i g u r e  r e p r e s e n t s  t h e  m p l i t u d e  phase i n  c s s e  ( 3 ) ,  t h e  do t t ed  l i n e ,  i s  t h e  exten-  

s ion  o f  t h e  phase s h i f t  i n  case  ( 3 ) ,  and t h e  dashed l i n e  i s  t h e  phase i n  ca se  

(2). I n  both  cases ,  w i s  t h e  resonance p o s i t i o n  and w can be regarded a s  t h e  r m 

p o s i t i o n  a t  which t h e  m p l i t u d e  phase pas ses  downward through n / 2 .  I n  both 

cases ,  aga in ,  t h e r e  w i l l  be a l o c a l  minimum i n  t h e  v i c i n i t y  of  w . f o r  c a s e  ( 2 )  
m' 

however t h e  minumum w i l l  occur  below w and w i l l  be followed i m e d i n t e l y  by a 
C1 

resonance.  It fo l lows  t h a t ,  except i n  t h e  inmediate v i c i n i t y  of w assumptions 
m * 

( 2 )  and ( 3 )  l e a d  t o  similar r e s u l t s  f o r  t h e  func t ion  A .  Since we a r e  o n l y  in-  

t q r e s t e d  i n  t h e  de te rmina t ion  of t h e  amplitude i n  t h e  reg ion  of known phase,  we 

can concen t r a t e  our  a t t e n t i o n  on case ( 3 ) .  

It i s  not  t o  be expected t h a t  assumption ( 3 )  c o r r e c t l y  d e s c r i b e s  t h e  high 



. , 

- ,  . . 
I .  

. I ( 

energy behavior  o f '  t h e  phase but  it should ' b e  s u f f i c i e n e  t o  d e s c r i b e  t h e  e f f e c t  

o f ' t h a t  .behavior on t h e  s o l u t i o n  at low energy. Also, we .have seen i n  F ig .  2  . 

t h a t  t h i s  assumption i s  i n  accord wi th  t h e  experimental  va lues  of t h e  phase 

above resonance.  F i n a l l y ,  assunpt ion  ( 3 )  has t h e  advantage t h a t  we know before-  

- hand J u s t  what i t s  major e f f e c t  on t h e  s o l u t i o n  w i l l  be. That i s ,  we know from 

Sec. I V  t h a t  t h e  func t ion  e  A ( W ' /  ( w - w )  i s  r o ~ g h l y  independent o f  w and- depends, 
m m 

t h e r e f o r e ,  p r imar i ly  on t h e  known phase s h i f t  i n  t h e  v i c i n i t y  of  t h e  resonance.  

To r ep resen t  t h e  phase above resonance f o r  u se  i n  our  computations,  we 

adopt t h e  convenient  form 

This  form ensures  t h a t  6 ha6 t h e  values4n/2 and * a t  wr and w r e s p e c t i v e l y .  m' 

 he number a i s  t o  be found from t h e  cond i t i on  d(2.74)  = 0.747~. Th i s  cond i t i on  

was chosen i n  agreement wi th  t h e  310-MeV phase s h i f t  of Table I. 

3. Equation f o r  t h e  S c a t t e r i n g  Amplitude 

The 3-3 p a r t i a l  wave s c a t t e r i n g  ampli tude f 3 l 2  i s  g iven  i n  terms of t h e  3-3 , 1+ 

phase s h i f t  6 by 
33 

i 6 
3/2 33 

s i n  6 
fl+ =e 33 

9 

where q and a l l  o t h e r  kinematic q u a n t i t i e s  t o  be used i n  t h i s  s e c t i o n  have t h e  

sene meaning a s  Sec. 2. The a n a l y t i c  s t r u c t u r e  of t h i s  ampli tude has a l r e a d y  

been i n v e s t i g a t e d  i n  g r e a t  d e t a i l  by s e v e r a l  au tho r s .  13'14 The r e s u l t s  of t h e s e  

ana lyses  nay be condensed i n t o  t h e  s tatement  t h a t  t h e  ampli tude Y ,  de f ined  by 



has  no kinematic  s i n g u l a r i t i e s  i n  t h e  w , =  W-M plane  r e l a t i v e  t o  t h e  i n v a r i a n t  

' 

ampli tudes which s a t i s f y  t h e  blandelstan r e p r e s e n t a t i o n .  I f  fo l lows  t h a t  Y sa- 

t i s f i e s  a d i s p e r s i o n  r e l a t i o n  of t h e  form I 
, I  

where Y i s  t h e  c o n t r i b u t i o n  of  t h e  l e f t  hand of "crossed" c u t  and YB i s  t h e  L 

Born t e r n .  Equation (5 .5)  f o r  Y r e p r e s e n t s  t h e  3-3 proJec t ion  of t h e  f ixed-  

momentum-transfer d i s p e r s i o n  r e l a t i o n s  f o r  t h e  s c a t t e r i n g  ampli tudes ( s e e  Eqs. 

( 3 . 3 )  and ( 3 . 4 )  of Ref. 1 5 ) .  The Born c o n t r i b u t i o n  Y i s  g iven  by 1 0  
B 

where g i s  t h e  u n r a t i o n a l i z e d  renormalized pion-nucleon coupling cons t an t  and 

where a and y a r e  g iven  by 

The l e f t  c u t  term YL involves  c o n t r i b u t i o n s  t o  Y from a l l  angu la r  momentun 

s t a t e s  but we a r e  i n t e r e s t e d  he re  only  i n  t h e  c o n t r i b u t i o n s  of t h e  3-3 s t a t e .  



. The r e s u l t i n g  express ion  f o r  Y i s  of t h e  same r e l a t i v e  o rde r  o f  magnitude as L 

t h e .  corrrl. ;?anding c o n t r i b u t i o n s  t o  t h e  photoproduction anp l i t udes .  I n  accord- 

ance w i t h  our. t rea tment  of t h e  l a t t e r ,  we w i l l  r e t a i n  only  t h e  s t a t i c  l i m i t  of 

' t h e . 3 - 3  c o n t r i b u t i o n s  t o  Y . I n  t h i s  l i n i t , v e  f i n d  t h e  r e l a t i v e l y  s imple ex- 
L ' 

pres s ion  

accord in^ t o  t h e  r e s u l t  (3 .11) .  t h e  equat ion  f o r  t h e  s c a t t e r i n g  ~ n p l i t u a e  

has an OmnSs s o l u t i o n  of t h e  form 

- where B = Y + Y i s  t h e  r e s u l t a n t  inhcimogeneous term i n  t h e  equat ion  f o r  
I L  

. Although we have dwelt  et g r e a t  l e n g t h  on t h e  manner i n  which t h e  high 

energy behavior of  t h e  phase w i l l  be represented ,  we have not  y e t  s p e c i f i e d  

how t h e  parameter w i s  t o  be determined. The s o l u t i o n  (5.8)  f o r  B depends la 

on w through t h e  func t ion  A ,  g iven  by 
m 

where d(w,w ) i s  cocs t ruc t ed  according t o  Eqs. (5.1-5,3).  W e  may determine 
m 

w by normalizing t h e  s o l u t i o n  t o  t h e  known resonance va lue  of t h e  a a p l i t u d e  
m 

(5 .4) :  =,at i s ,  t h e  cond i t i on  
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i s  imposed on t h e  s o l u t i o n  (5.8).  Th i s  cond i t i on  i s  s u f f i c i e n t  t o  determine 

a unique v s l u e  f o r  w . 
El 

The normal iza t ion  procedure j u s t  desc r ibed  r e q u i r e s  some j u s t i f i c a t i o n .  

If one a l lows  wm t o  vary ,  one f i n d s  t h a t  t h e  s o l u t i o n  at low e n e r g i e s  i s  q u i t e  

s e n s i t i v e  t o  t h i s  parameter.  The i n p o r t a n t  p o i n t  he re  i s  t h a t  t h e  phases of 

t h e  s c a t t e r i n g  ampli tude at low and high e n e r g i e s  a r e  i n t e r r e l a t e d  by t h e  con- 

d i t i o n s  o f  u n i t a r i t y  and a n a l y t i c i t y .  The l a t t e r  cond i t i on  i s  expressed by t h e  

d i s p e r s i o n  r e l a t i o n  f o r  Y ,  while  t h e  u n i t a r i t y  cond i t i on  f o r  t h e  s c a t t e r i n g  

m p l i t u d e  i s  expressed by t h e  r e s t r i c t i o n  ( 5 . 4 )  on t h e  form of  Y .  Thus, i f  1; 

th'e phase were known f o r  a l l  ene rg i e s ,  t h e  Omnes method would au toma t i ca l ly  

g i v e  t h e  s o l u t i o n  f o r  Y which s a t i s f i e s  u n i t a r i t y .  I f ,  however, one u s e s  an 

a r b i t r a r y  w t o g e t h e r  wi th  t h e  exper imenta l ly  known phases t o  form t h e  Omnes m 

s o l u t i o n ,  t hen  t h e  r e s u l t  i s  j u s t  a f u n c t i o n  which s a t i s f i e s  t h e  d i s p e r s i o n  

r e l a t i o n  and has  t h e  c o r r e c t  phase a t  low ene rg ie s .  Our procedure of  normal- 

i z i n g  t h e  s o l u t i o n  f o r  Y at  resonance g i v e s  u s  t h e  "co r rec t "  w --that i s ,  t h e  
m 

c o r r e c t  r e p r e s e n t a t i o n  f o r  t h e . e f f e c t  on t h e  s o l u t i o n  of t h e  unknown p a r t  of i 
t 
! 

t h e  phase. We see ,  t h e r e f o r e ,  t h a t  t h e r e  i s  on ly  one va lue  f o r  w t h a t  i s  
rn 

c o n s i s t e n t  wi th  u n i t a r i t y .  

The a c t u a l  eva lua t ion  of  w by means of Eqs. (5.8-5.10), whi le  s t r a i g h t -  
m 

forward,  n e c e s s i t a t e s  a d e t a i l e d  i n v e s t i g a t i o n  of t h e  s i n g u l a r i t y  s t r u c t u r e  

of  t h e  inhomcgeneous t e r n  Y coupled wi th  t h e  eva lua t ion  of a complicated I ' 
i n t e g r a l  about t h e  contour  C I n  some c a s e s  t h i s  p r e c i s e  but  somewhat t e d i o u s  I ' 

method w i l l  be unavoidable.  For t h e  3-3 ampli tudes,  however, t h e  p e c u l i a r  na- 

tGre of  t h e  sha rp  resonance admits  of a cons iderable  s i m p l i f i c a t i o n  i n  t h e  

s o l u t i o n  by which both of t h e  above compl ica t ions  may be circumvented. Th i s  

s i m p l i f i c a t i o n ,  which i s  descr ibed  be1ow;takes t h e  form of an approximation 

i n  t h e  s t r u c t u r e  of t h e  s o l u t i o n .  



c .' The R e l a t i v i s t i c  Approximation 

It can be seen from Fig.  2 t h a t ,  according t o  our  assumptions concerning 

. . . t h e  parameter o t h e  3-3 a a p l i t u d e  phase 6 has t h e  fo l lowing  behavior:  6 i s  
L? ' 

, . 
. s m a l ~ l b e l o w  resonance b u t  r i s e s  r a p i d l y  t h r o ' q h  n/2 and toward TI i n  t h e  v i c i n i t y  

of  wr ;  above resonance,  t h e  phase remains near  n up t o  t h e  p o s i t i o n  of  t h e  am- 
. . 

@ i t h d e  zero urn, a t  which p o i n t  6 drops d iscont inuous ly  t o  zero.  Thus, i n  t h e  

, l i m i t  o f  a sha rp  resonance a t  w t h e  phase would assume t h e  form: r * 

Except i n  t h e  phys i ca l  r eg ion  where t h e  d e t a i l e d  behavior  of t h e  phase i s  im- 

p o r t a n t ,  t h e  func t ion  A o f  Xq. (5 .9)  depends only  on t h e  g r o s s  f e a t u r e s  of  t h e  - 

~ h a s e .  That i s ,  one can compute ~ ( u )  approximately by us ing  Eq. (5.11) i n  t h e  - 
de f in ing  i n t e g i a l  : 

-A This  form f o r  e i s  approximately v a l i d  f o r  a l l  complex w s u f f i c i e n t l y  f a r  

from w . One can check t h e  v a l i d i t y  of  t h i s  approximation by computing A r 

"exac t ly"  from t h e  phase of  Eqs. (5.1-5.3) f o r  v a r i o u s  va lues  of  w . A t  t h e  m 

s i n g u l a r i t y  of t h e  inhomogeneous t e r n  nea re s t  t h e  phys i ca l  r eg ion ,  i . e . ,  a t  

-A 
o = 0, t h e  approximation (5 .12)  d i f f e r s  from t h e  exac t  e by about  3%; t h e  

e r r o r  dec reases  a s  w r ecezes  f r o n  t h e  phypical  reg ion .  I n  o t h e r  words, Eq. 

(5 .12)  i s  c o r r e c t  t o  3% throughout t h e  s i n g u l a r i t y  r eg ion  of t h e  inhomogeneous 

term. 



The approximatign j u s t  descr ibed  enables  u s  t o  c a l c u l a t e ,  i n  c lo sed  form, 

t h e  contour  i i-l tegral t h a t  appears  i n  t h e  So lu t ion  (5.8):  . We f i n d  t h e  r e s u l t  

The l a s t  express ion  fo l lows  immediately from t h e  Cauchy i n t e g r a l  formula f o r  

y ~ -  
Thus, t h e  s o l u t i o n  f o r  t h e  s c a t t e r i n g  amplitude may be w r i t t e n  i n  t h e  form 

i 6 

2W 
e 33 s i n  6 

~ ( o )  s 33 = , 
3 

9 - 
(5 .13)  

While t h i s  approxina t ion  i s  r e l a t i v i s t i c  i n  t h e  sense t h a t  t h e  inhomogeneous 

' . t e r n s  may be t r e a t e d  e x a c t l y ,  we cannot expect it t o  be c o r r e c t  at ve ry  h igh  

e n e r g i e s  where t h e . p h a s e  i s  unknown. The p r i n c i p a l  advantage o f  Eq. (5 .13)  i s ,  

of course ,  t h a t  t h e  s o l u t i o n  i n  t h e  phys i ca l  reg ion  involves  t h e  inhomogeneous 

term on ly  i n  the phys i ca l  region.  

There i s  another  a d v a n t q e  t o  t h e  approximate So lu t ion  (5.13).  It i.; 20s- 

s i b l e  t o  d e r i v e  from t h i s  s o l u t i o n  an approximate formula by which c e r t a i n  non- 

s i ~ g u l a r  i n t e g r a l s  involv ing  t h e  3-3 ampli tuaes can be eva lua ted  i n  clo'sed form. 

Some of t h e s e  i n t e g r a l s ,  such a s  t h e  express ion  (5 .7)  f o r  t h e  smsll l e f t  c u t  

terms,  have t h e  form 

where a i s  n o t . o n  t h e  c u t  ( 1 , ~ ) .  That is , ,  a i s  i n  a r e g i o n  where, t o  a good 

approximation, t h e  ex'pression 



. i s  v a l i d .  The i n t e g r a l ,  however, i s  j u s t  Y(u) - YI(a) .  I f  one u s e s  t h e  above 

express ion  f o r  e A ( a )  i n  t h e  s o l u t i o n  (5 .13)  t o  eva lua t e  Y ( a ) ,  one f i n d s  t h e  

r e s u l t  , 

Im Y (  
W -W m r 1s do' 5 S ( 0 )  ,- YI(a) = - 

n W -a u,(wrn) 
1 

r 

Now l e t  G by any func t ion  a n a l y t i c  on ( I , - )  and cons ide r  t h e  i n t e g r a l  

I~ ='J n d w l  G ( w ' )  ~m Y ( w ' )  . 
1 

For G we hove t h e  i n t e g r a l  r e p r e s e n t a t i o n  

where t h e  contour  C enc loses  a l l  t h e  s i n g u l a r i t i k s  of G .  With t h e  he lp  o f  
G 

. Eq. (5.14) we can r e w r i t e  t h e  i n t e g r a l  i n  t h e  form 

Thus, t h e  c losed  form ap?~-oximation f o r  a l l  nonsingular  i n t e g r a l s  i s  g iven  by 



'The appearance of  ~ ( w  ) i n  t h i s  r e s u l t  c l e a r l y  i l l u s t r a t e s  t h e  sha rp  resonance r 

na tu re  of  our  approximation. 

I n  view of t h e  approximations t h a t  we had made i n  prev ious  sections--such 

as t h e  neg lec t  of the c o n t r i b u t i o n s  of s t a t e s  o t h e r  t han  t h e  3-3 s t a t e  t o  Y L  

and t h e  neg lec t  of i n e l a s t i c  e f f e c t s - b i t  would be super f luous  t o  a t tempt  t o  

f i n d  c o r r e c t i o n s  t o  t h e  s o l u t i o n  (5.13)  and t h e  approximate f o r n u l a  (5 .15 ) .  

Th i s  s o l u t i o n ,  a s  we have seen ,  should be c o r r e c t  t o  a few pe rcen t .  n r t h e r -  

more, t h i s  small  e r r o r  i n  t h e  s o l u t i o n  f o r  t h e  s ~ a t t e r i ~ g  ampli tude w i l l  be 

absorbed, f o r  t h e  most p a r t ,  i n  t h e  pa raxe te r  w by t h e  normal iza t ion  procedure m .  

' descr ibed  above. It i s  now a simple ma t t e r  t o  c a r r y  out  t h i s  procedure and - 

eva lua t e  w . m 

The inhonogeneous term Y i n  Eq; (5 .13)  i s  g iven  by 
I 

*where. t h e  Born term Y i s  g iven  by Eq.  ( 5 . 6 ) .  The i n t e g r a l  (5 .7)  f o r  t h e  l e f t  
B 

c u t  term B can be eva lua ted  formal ly  wi th  t h e  he lp  of  Eq .  (5 .15) ;  t h e  r e s u l t  L 

We can eva lua t e  t h i s  r e s u l t  a t  w = w and we f i n d  t h e  express ion  m 

, - 
If we now impose t h e  normal iza t ion  cond i t i on  (5.10)  on t h e  So lu t ion  (5 .13 ) ,  wz 

a r e  l e d  t o  a unique va lue  f o r  w . We f i n d ,  i n  f a c t ,  t h a t  wm i s  determined from 
m 



t h e  'expression 

where t h e  p r i n c i p a l  i n t e g r a l  (3 .4)  f o r  p = A - i 6  i s  c a l c u l a t e d  wi th  t h e  phase 

6 of  Eqs. ,(5.1-5..3). .  The abcve equat ion  f o r  w was solved g r a p h i c a l l y ,  by. m 

p l o t t i n g  t h e  l e f t  and r i g h t  hana s i d e s  as f u n c t i o n s  of o . For t h e  p r e s e n t  
m 

choice of  resonance p o s i t i o n  and cosp l ing  c o n s t a n t ,  namely w = 2.07 and f 2  = 0.082, 
r 

t.he i n t e r s e c t i o n  of  t h e  two curves occurs  ct  w = 6.30. With t h e  parameter om 
m 

t h u s  determined, t h e  l e f t  c u t  term Y can be computed from Eqs. (5.16-5.17); L 

' t h i s  r e s u l t  i s  t a b u l a t e d ,  t o g e t h e r  with t h e  t o t a l  inhomogeneous term a t  w i n  m ' 
Table 11. 

Before we apply  t h e  r e s u l t  wm = 6.38 t o  t h e  de te rmina t ion  of t h e  3-3 pho- - 
toproduct ion  ampli tudes,  l e t  u s  i n d i c a t e  how one may d e r i v e  from Eq. (5 .13)  a  

- 
g e n e r a l i z a t i o n  of t h e  Chew-Low ef fec t ive- range  formula. If we define-a f u n c t i o n  

n according t o  

t hen ,  because t h e  zeros  o f  eP  end cos  6 have been b u i l t  i n  t o  t h e  right-hand 

s i d e  of t h e  l a s t  express ion ,  we can expect t h a t  n i s  a  smooth and slowly vary ing  

func t ion  of w. Furthermore, because express ion  (5.12)  i s  v a l i d  f o r  w < 1 and 

w > w we can a l s o  expect t o  have q = 1. Uhen t h e  r e p r e s e n t a t i o n  (5 .19)  i s  
rl ' 

used t o  e l i n i n a t e  e-' from t h e  s o l u t i o n  (5 .13 ) ,  t h e  r e s u l t i c g  express ion  i s  t h e  

formula 

3 n(w)(w,-w) q c o t  a .  = (Z) 
3 3 S+ra [ ( w r +  ,Y I (a) + (urn-wr) Y ~ ( O ,  ) ]  (5.20)  

To cczpute q ( w )  one can use  t h e  phase of Eqs. (5.1-5.3') t o g e t h e r  wi th  t h e  6e- 

S i n i t i o n  ( > . l y ) ,  It i s  found t h a t  n can be rep~=i.esentcd t o  an  accuracy of 2% 
- 



by t h e  (non-unique) express ion  1 I 

The r e s u l t  (5.20-5.21) i s  compared wi th  t h e  experimental  d a t a  i n  'Fig ., 4. ~ 
1 

Although we have r equ i r ed  a n  approximate knowledge o f  t h e  3-3 phase i n  

o rde r  t o  a r r i v e  a t  t h e  r e s u l t  (5.201, i t  may y e t  be u s e f u l  i n  some f u t u r e  

a n a l y s i s  of t h e  s c a t t e r i n g  da t a .  Th i s  i s  so  because t h e  approximations used 

t o  d e r i v e  (5.20)  a r e  roughly independent o f  t h e  p r e c i s e  va lues  o f  w and w . r m 

Thus, Eq. (5.20)  may be f i t  t o  t h e  experimental  d a t a  a s  n three-parameter  formu- 

la . -  Ilowever, because of t h e  f a c t  t h a t  from t h e  p re sen t  po in t  of view one of  

t h e  parameters--the zero-pos i t ion  w --is r e l a t e d  t o  t h e  o t h e r  two by t h e  normal- 
m 

i z a t i o n  procedure,  a no re  ~ r o f i t a b l e  approach would be t o  t r e a t  t h e  combined 

e x p r e s s i ~ n s  (5.18) and (5.20) as a two parameter r e p r e s e n t a t i o n  f o r  6 i n  te rms  
3 3 

L 
o f  w and f . I n  t h i s  way one might o b t a i n  not  on ly  a s a t i s f a c t o r y  r ep re sen ta -  r 

t i o n  f o r  t h e  phase s h i f t  bu t  a l s o  a more p r e c i s e  de te rmina t ion  of t h e  resonance 

p o s i t i o n  and coupling cons tan t .  

V I .  THE 3-3 PHOTOPRODUCTION AMPLITUDES 

A. So lu t ions  i n  t h e  R e l a t i v i s t i c  Approximat ion  

We a r e  now i n  a p o s i t i o n  t o  d e r i v e  t h e  s o l u t i o n  f o r  t h e  3-3 photoproduc- 

t i o n  ampli tudes 4 i = 1 , 2 ,  which a r e  def ined  by Eqs. (2.11-2.12). These 
i ' 

ampli tudes s a t i s f y  t h e  d i s p e r s i o n  r e l a t i o n s  ( 2 , 1 b ) ,  i n  which t h e  inhomogeneous 

tem.3 c o n s i s t  of t h e  pole  i n  4 at  w = 0,  t h e  approxina t ions  (2.15)  f o r  t h e  2 

s m a l l  l e f t  c u t  terms , and t h e  r e l a t i v i s t i c  exp res s ions  (2.13)  f o r  t h e  Sorn 



terms 4 i3 

According' t o  .our assumption, t h e  3-3 photoproduct ion.and s c a t t e r i w  ampli- 

t udes  have t h e  same phase and t h u s  a r e  a s s o c i a t e d  wi th  t h e  same f u n c t i o n  A .  It 

fo l lows  t h a t  t h e  s o l u t i o n  (5.13) and t h e  formula (5.15) f o r  t h e  eva lua t ion  of 

. non-singular.  i n t e g r a l s  w i l l  apply equa l ly  w e l l  t o  t h e  photoproduct ion case  i f  

we r ep l ace  t h e  s c a t t e r i n g  ampli tude Y everywhere i n  t h e s e  exs re s s ions  by e i t h e r  
. . 

of  t h e  a n p l i t u d e s  4 Thus, t h e  s o l u t i o n s  f o r  t h e  photoproduct ion ampli tudes i ' 

a r e  given by 

~ n d  a l l  nonsingular  i n t e g r a l s  involving t h e s e  ampli tudes may be eva lua t ed  

according t o  t h e  p r e s c r i p t i o n  

where Oi I  i s  t h e  r e s u l t a n t  inhomogeneous term i n  t h e  equat ion  f o r  @ 
i *  

We nay use  t h e  r e s u l t  (6 .2 )  t o  eva lua t e  formal ly  t h e  i n t e g r a l s  f o r  t h e  

l e f t  c u t  terms i n  (2.15)  and t h e  r e s i d u e  B of t h e  pole  i n  4 we f i n d  t h e  
2 ; 

ex2ress ions  

When t h e s e  r e p r e s e n t a t i o n s  f o r  t h e  non-Born inhomogeneous terms a r e  i n s e r t e d  



i n t o  t h e  d e f i n i t i o n s  o f  t h e  Q (w ), i . e . ,  i n t o  t h e  express ions  i I  m 

t h e r e  r e s u l t s  a  p a i r  of coupled l i n e a r  equat ions  f o r  t h e  4 ( U  ) i n  te rms  of 
iI m 

t h e  known QiU(um). The s o l u t i o n  of  t h e s e  equat ions  f o r  a g iven  o  and resonance m 

p o s i t i o n  w i s  s t r a igh t fo rward  end t h e  r e su l t s - - fo r  t h e  va lues  w = 6.38 and r m 
. . 

w = 2.07--are t a b u l a t e d  i n  Table 11. 
r. 

While t h e  So lu t ion  (6 .1)  f o r  t h e  4 i s  s a t i s f a c t o r y  a s  it s t ands ,  it is 
i 

more ins t rc .z , t ive  and more convenient i n  p r a c t i c e  t o  work wi th  t h e  r a t i o s  o f  t h e  

pRotoproauction ampli tudes t o  t h e  s c a t t e r i n g  amplitude. We can r e a d i l y  c o n s t r u c t  

t h q s e  r a t i o s  from Eqs. (5.13) and (6 .1 )  and we f i n d  t h e  r e s u l t  

- 
@ i '+I (UJ -4  mi,(^) + (wm-ur) + i I ( ~ m )  . - =  - - r 
\Y . 2~ 1°33 ,in .d ( U  - w )  y I ( w )  + ( w  -w Y o . (6 .4 )  - e  3 3 r m r )  3 '  m )  

The advantage of  a c losed  form such a s  (6 .4 )  f o r  t h e  amplitude r a t i o s  i s  t h a t  

t h e  dependence of  t h e s e  r a t i o s  on t h e  parameters  w w and t h e  coupling con- 
r '  m' 

s t a n t  i s  made e x p l i c i t .  The r a t i o s  p red ic t ed  by Eq. ( 6 .4 )  f o r  t h e  zmpli tudes 

genera ted  by t h e  nucleon t o t a l  magnetic moment (P) and charge ( e )  a r e  shown i n  

F igs .  5  and 6 ,  r e s p e c t i v e l y .  N s o  shown i n  t h e s e  f i g u r e s  a r e  t h e  corresponding 

p r e d i c t i o n s  of  CGL?; however, t h e  r a t i o s  f o r  t h e  CCLN charge te rms  a r e  shown 

only  up t o  w where they  vanish.  r ' 

2. Connection with t h e  CCLN 3-3 Charge Terns 

It can be shown t h a t  t h e  CCLK p r e s c r i p t i o n  f o r  t h e  de te rmina t ion  of t h e  

3-3 charge ampli tudes i s  a s p e c i a l  ca se  of t h e  So lu t ion  (6 .1 ) .  This  s o l u t i o n  



may be r e w r i t t e n  i n  t h e  -form 

e 
= ei6 cos  6 (iI(w) + e - 

where we have used Bq. (5 .19)  with n(w) = 1. The second term i n  t h e  last, 
/- 

express ion  i s  f i n i t e  a t  resonance because cos  6 vanishes  t h e r e .  I n  t h e  l i m i t  

am +,-, Eq. ( 6 . 5 )  reduces t o  t h e  express ion  

Th i s  r e s u l t  fo l lows  from t h e  f a c t  t h a t  t h e  Born terms $e (w) approach ze ro  
, iB  

rr 

f a S t e r  t han  l / w  a s  w + -; consequent ly,  a l l  of t h e  non-Born inhomogeneous terms 

eva lua ted  by t h e  procedure of  preceding s e c t i o n  vanish  i n  t h e  l i m i t  w + a. m 

The r e s u l t  ( 6 . 6 ) ,  however, i s  J u s t  t h e  CGLN express ion  f o r  t h e  .charge te rms  

and t h e  d i f f e r e n c e  between express ions  (6 .5)  and (6.6)  r e p r e s e n t s  t h e  p r e s e n t  

. c o r r e c t i o n s  t o  t h e s e  terms.  

V I I  . CROSS SECTIONS 

The nethod we w i l l  use  t o  o b t a i n  t h e  photoproduction c r o s s  s e c t i o n s  from 

t h e  3-3 ampli tudes i s  s i m i l a r  t o  t h a t  of  Gartenhaus and ~ l n n k e n b e c l e r . ~  It w a s  

shown by B a l l  t h a t  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n ,  summed over f z ~ l a l  nucleon 

s p i n s  and averaged over  i n i t i a l  s p i n s  and. photon p o l a r i z a t i o n s  can be w r i t t e n  11 



According t o  Eqs. (2 .4)  and (2 .9 ) ,  t h e  ampl i tudes  f o r  photoproduct ion from pro- 

t o n s  a r e  given by 

. . 
The r e s u l t a n t  ~ ~ p l i t u d e s  Zi, i = 1 , 2 , 3 , 4 ,  can be eva lua ted  from Eqs. (2.5-2.7) 

under t h e  assumption t h a t  t h e  c o n t r i b u t i o n s  from t h e  3-3 s t a t e  exhau'st t h e  dis- 
8 

pe r s ion  i n t e g r a l s .  The p re sen t  scheme f o r  eva lua t ing  t h e  r e s u l t a n t  amplitudes,  

i n  t h e  fo l lowing .  lie nay u s e  t h e  r e l a t i o n  (2 .5)  between t h e  3 and t h e  in-  i 

v a r i a n t  ampli tudes A t o  s epa ra t e  3 i n t o  p a r t s  which a r i s e  from t h e  Born t e r n s  
j 

2 2 
(B) , t h e  r i g h t  hand c u t  te rms '  ( R )  a s s o c i a t e d  wi th  t h e  denoaina tors  (W' ) - W , 
and t h e  remaining l e f t  hand c u t  terms ( L )  o f  t h e  d i s p e r s i o n  r e l a t i o n s  (2 .7 )  : 

We s u b t r a c t  from t h e s e  c o n t r i b u t i o n s  t o  '$ t h e  corresponding 3-3 p r o j e c t i o n s  

(2 .10 )  and f i n a l l y  add t h e  s o l u t i o n  f u n c t i o n s  by means of  Eqs. (2 .12)  and (6.4 j . 
Thus ,  i f  P~~ i s  t h e  3-3 p r o j e c t i o n  ope ra to r  on t h e  i n t e g r a l  express ion  f o r  and 

3 3 J~~ i s  t h e  corresponding s o l u t i o n s  of t h e  e q u i i o n s  for. P J , t hen  our  r e s u l t a n t  

3 i s  given by 



. . 
The g e n e r a l  formulae r e s u l t i n g  from t h i s  approach o r e  g iven  i n  t h e  Appendix. 

 ina all^, 533 may be expressed i n  terms of t h e  3-3 phase s h i f t  by means of  Eq. 

. . 3 3 (6 .4 )  while  t h e  nonsingular  i n t e g r a l s  de f in ing  (1-P ) 3 + 2 ) cca  be 
R L 

evalua ted  with t h e  h e l p  of Sq. (5.15)  and Table 11. 

The coupling p a r m e t e r s  t h a t  were used i n  t h e  p re sen t  c a l c u l a t i o n  a r e  t h e  

sane a s  i n  Eq. ( 2 . 0 ' ) .  The nucleon mass M wes taken  t o  be 6 . 7 3 / ~ ,  where R i s  

. .  
t h e  r a t i o  of t h e  mass of t h e  photoproduction pion t o  t h a t  of t h e  charged pion 

, + 0 
(R = 1 f o r  yp + n n,  R = 0.967 f o r  yp + IT p )  . 'The p o s i t i o n s  of t h e  resonance 

and a ~ p l i t u d e  zero must be s i m i l a r l y  modified: The va lues  used were w = 2.07/R r 

and w = 6.38/R. Th i s  procedure ensu res ,  f o r  example, t h a t  t h e  t o t a l  b a r y c e n t r i c  
m 

- . energy ( i n  K ~ V )  of t h e  resonance i s  t h e  same f o r  a l l  c'har&e conf igu ra t ions .  The 

i 
conversion f a c t o r  t h a t  g i v e s  t h e  proper  u n i t s  t o  t h e  c r o s s  s e c t i o n  i s  

where rn i s  t h e  ?ion mass. F i n a l l y ,  we renark  t h a t  t h e  numerical v a l u e s  i n  
n 

Table I1 were de r ived  f o r  t h e  case  of charged pion photoproauct ion;  t h e  d i f -  

f e r e n t  powers of R which appear t h e r e  were determined from t h e  requirement  t h a t  

each c o n t r i b u t i o n  t o  Y , ( I  and behaves l i k e  ( u n i t l e s s  energy)-3 i n  accord- I ' 2 

snce  with t h e  behavior  of t h e  r e s p e c t i v e  30rn terms.  

The r e s c l t s  of  t h e  p re sen t  ' c a i c u l a t i o n s  a r e  compared wi tn  experiment; i n  

F igs .  7-11. These r e s u l t s  a r e  i n  s a t i s f a c t o r y  agreement wi th  t h e  maic f e a t u r e s  

, . 
of t h e  d a t a .  Because of t h e  l a r g e  d i sc repanc ie s  mong t h e  r e s u l t s  of t h e  va r ious  

experimental  g r o u p ,  however, it i s  impossible  t o  draw from t h i s  comparison any 

conclus ions  about t h e  q u a n t i t a t i v e  accuracy of t h e  p re sen t  p r e d i c t i ~ n s  f o r  t h e  

3-3 ampl i tuacs .  For t h e  case  of charged pion photoproauct ion,  we show t h e  ma t r ix  



element squared a t  90' 7)  and the ,  d i f f e r e n t i a l  c r a s s  s e c t i o n  a t  260 MeV 

(F ig .  8 ) .  I t  can be seen t h a t  t h e  t h e o r e t i c a l  curves  t e n d  t o  G r e e  b e s t  w i th  

%he higher  d a t a  i n  t h e  v i c i n i t y  of resonance. 

0 
The c r o s s  s e c t i o n s  f o r  t h e  process  yp  + n p a r e  r epo r t ed  i n  te rms  of t h e  

c o e f f i c i e n t s  i n  t h e  expansion 

These c o e f f i c i e n t s  a r e  shown i n  F igs .  9-11. The p r e d i c t i o n s . f o r  t h e  c o e f f i c i e n t  

A i n  Fig. 9 appear t o  be t o o  l a r g e  near  resonance. 

VIII. DISCUSSION AND CONCLUSIONS 

Our primary aim has been t o  improve t h e  c a l c u l a t i o n  of t h e  3-3 photopro- 

duc t ion  ampli tudes from t h e  CGLN d i s p e r s i o n  r e l a t i o n s .  Except f o r  a s l i g h t  

mod i f i ca t ion ,  t h e  method used i s  t h a t  of  t h e  OmnGs. To c a r r y  ou t  t h i s  program 

we have made t h r e e  bas i c  assumptions, each of  which compensates f o r  some a spec t  

of our  p re sen t  l a c k  of knowledge of t h e  photoproduct ion amplitudes.  These 

assunpt ions  a r e  (1) t h a t  o n l y . t h e  3-3 ampli tudes c o n t r i b u t e  app rec i ab ly  t o  t h e  

d i s p e r s i o n  i n t e g r a l s  a t  ene rg i e s  below and i n  t h e  v i c i n i t y  of t h e  3-3 resonance,  

( 2 )  t h a t  t h e  phase of t h e  3-3 photoproduction ampli tudes i s  t h e  sane as t h a t  of 

t h e  3-3 s c a t t e r i n g  amplitude f o r  a l l  phys i ca l  e n e r g i e s ,  and ( 3 )  t h a t  t h e  e f f e c t  

of t h e  unknown high energy behavior  of  t h e  phase on t h e  s o l u t i o n  f o r  t h e  3-3 
1 
I 
! 

s c a t t e r i n g  amplitude can be r ep resen ted  by a zero i n  t h a t  ampli tude at some I 
I 

energy w i n  t h e  phys i ca l  r eg ion .  The parameter w i n  t h e  las t  assumption i s  
m I3. 

not  a r b i t r a r y  but  i s  determined from t h e  u n i t a r i t y  cond i t i on  at resonance.  

The p r i n c i p a l  r e s u l t  of t h i s  i n v e s t i g a t i o n  i s  conta ined  i n  t h e  exp res s ion  * 

(6 .4)  f o r  t h e  r a t i o s  of  t h e 3 - 3  photoproduction ampli tudes t o  t h e  s c a t t e r i n g  



amplitude. ,The p re sen t  p r e d i c t i o n s  f o r  t h e s e  r a t i o s  are compared wi th  t h o s e  

of CGLM i n  F igs .  5 an6 6. The s i g n i f i c a n t  f e a t u r e s  t h a t  one 0bserve.s from 

t h i s  comparison a r e  (1) t h a t  t h e  r a t i o  a s s o c i a t e d  wi th  t h e  magnetic d i p o l e  

amplitude h i 3 l 2  ( h a l f  t h e  sum of t h e  s o l i d  curves  i n  Fig. ,  5 )  i s  sma l l e r  t h a n  
1 + u  

' t h e  corresponding CGLW r e s u l t  by 9% at resonance and decreases  r e l a t i v e  t o  t h e  

, CCLN r e s u l t  a s  t h e  energy increases15  and ( 2 )  t h a t  t h e  charge ampli todes do 

not  vanish  a t  resonance--although t h e  ampli tude E ~ ' ~  does have a ze ro  j u s t  
l + e  

above resonacce.  

A secondary r e s u l t  i s  t h e  g e n e r a l i z e d . e f f e c t i v e  range formula (5.20)  f o r  

t h e  3-3 phase s h i f t .  A s  w e  i nd i ca t ed  a t  t h e  end of  Sec. V ,  t h i s  formula can 

be used not on ly  a s  a r . epresenta t ion  of t h i s  phase s h i f t  t h a t  i s  v a l i d  over  

.a wicie rznge of  ene rg i e s  but  a l s o  a s  a means f o r  a p r e c i s e  de te rmina t ion  o f  

- 
t h e  resonance p o s i t i o n  and t h e  pion-nucleon coupling cons t an t .  

0 The c r o s s  s e c t i o n s  shown i n  F igs .  7-11 were c a l c u l a t e d  under t h e  assump- 

t ion  t h a t  t h e  only  important s i n g u l a r i t  i e s  o f  t h e  photoproduct i on  ampli tudes 

a r e  t h e  Born terms and t h e  3-3 c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  i n t e g r a l s .  Ex- 

srmplek of o t h e r  s i n g u l a r i t i e s  which may be important i n  t h e  r eg ion  of t h e  3-3 

resonance o r e  t h e  c o n t r i b u t i o n s  t o  t h e  d i s p e r s i o n  i n t e g r a l s  of t h e  h igher  

energy p ion  nucleon resonances and e f f e c t s  due t o  t h e  exchange of rho-mesons. 

While rho  exchange c o n t r i b u t e s  d i r e c t l y  only  t o  t h e  i s o s c a l a r  ( 0 )  photopro- 

duc t ion  ampl i tudes ,  it a l s o  c o n t r i b u t e s  t o  t h e  i s o s p i n  3/2 s c a t t e r i n g  ampli tude 

and t h u s  w i l l  a f f e c t  t h e  p re sen t  r e s u l t s  f o r  t h e  3-3 w p l i t u d e  r a t i o s .  The 

c o n t r i b u t i o n  of t h e  rho-meson t o  t h e  3-3 s c a t t e r i n g  a n p l i t u d e ,  which has been 

t r e a t e d  by F rau t sch i  and Walecka, has an energy dependence and s i g n  c o n s i s t e n t  

wi th  a decrease  i n  t h e  3-3 a a p l i t ~ d e  r a t i o s  below resonance. 
1 4  

This  cont r ibu-  

t i o n  can r e a d i l y  be incorpora ted  i n t o  t h e  p re sen t  express ions  f o r  t h e  s c z t t e r i n ~  

ampli tude and photoproduction a n p l i t u d e  r a t i o s ,  provided t h a t  a redeteAminat ion 

of t h e  p a r m e t e -  w i s  c=r i ed  ou t .  
n: 



APPENDIX 

The decomposition of t h e  t o t a l  amplitude J i n t o  Born terms and te rms  

a r i s i n g  from t h e  r i g h t  and l e f t  hand c u t s  of  t h e  CGLit d i s p e r s i o n  r e l a t i o n s  

i s  d i s c u s s e d ' i n  Sec.. V I I .  The fol lowing express ions  f o r  t h e s e  c o n t r i b u t i o n s  

a r e  v a l i d  only  under t h e  assumption t h a t  t h e  3-3 resonance exhaus ts  t h e  ais-. 

pers ion  i n t e g r a l s .  The d e f i n i t i o n s  of . a l l '  q u e n t i t i e s  which appear below can 
. , 

be found i n  Sec. 11. For t h e  r i g h t  hand c u t  c o n t r i b u t i o n s  we have 



. . 
.The l e f t  hand c u t  c o n t r i b u t i o n s  a r e  even more involved t h a n  t h o s e  g iven  

-. above. I n  o rde r  t o  condense t h e  formulae somewhat, we . in t roduce  t h e  fo l lowing  

func t ions  : 

, The c o n t r i b u t i o n s  from t h e  l e f t  hand c u t s  can now be w r i t t e n  as 

F i n a l l y ,  t h e  corres9onding express ions  f o r  t h e  Born terms 3 3/2 ,1 /2 ,0  
i B 

( i  = i , 2 , 3 , 4 )  can be ab ta ined  r e a d i l y  from Zqs. (2.5-2.9). 
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TABLE 11. Resu l t s  f o r  t h e  3-3 Amplitudes . . . 

Notes: Quoted r e s u l t s  a r e  f o r  t h e  ca se  f2-0.082, ~ ~ ' 2 . 0 7 ,  and ~,=6.30 . 

Amp1 i t u d e  

- 
313 

The c o r r e c t i o n  f a c t o r  R = nass of f i n a l  s t a t e  pion 
mass o f  charged pion i s  d i scussed  i n  

t h e  t e x t  (Sec.  VII). 

Lef t  Cut 
Cont r ibut ion  

0. l o g o  
W +ti) 

r 

0.01320 
W +W r 

W +W W r 

0.0054 
W +W r 

-0.0066 + 0.0037) ( W+U W r 

B 
(3es idue  of 

Pole  a t  w=O) 

- 

- 

Resul t  a n t  
Inhomogeneous 
Term at w m 

0.2262 R 

0.1848 R 

0.3845 R 

- 

0.0505 li2 

0.0973 R~ 

0.0242 R2 I 

0.0097 3 3 



LIST OF IUUSTRATIONS - 

F i p i r c  1.   is tinct ion between t h e  phase s h i f t  6 shown i n  ( a )  and t h e  s ' 
ampli tude phase 6 ,  shown i n  (b) when t h e  f o m e r  passes  through IT. The two 

phases can be taken a s  equal  f o r  x < x 
. . 

n 

t ' igure 2. p l o t  of [ ( a )  = u(ov-w)/(wrq3 c o t  6 ) v s . ,  w .  For t h e  resonance 
A 3 3 

energy we have used w = 2.07. The experimental  p o i n t s  a r e  t h o s e  of  Table I. r 

FiGure  3.  Behavior of t h e  emplitude ~ h a s e  above t h e  reg ion  of known phase. 

The sko r t  dashed curve r e p r e s e n t s  t h e  ex tens ion  of t h e  phase s h i f t  under t h e  

assumption t h a t  it passes  through n a t  w whi le  t h e  s o l i d  curve g i v e s  t h e  m ' 
corresponding ampli tude phase. The dashed curve i s  t h e  phase i n  t h e  case  where 

t h e  phase s h i f t  d rops  r a p i d l y  toward zero.  

3 F igure  4. Chew-Low P l o t :  q c o t  6 l o  vs . ,  w .  The s o l i d  curve i s  t h e  pre-  
33 

d i c t i o n  of Eq. (5.20)  f o r  t h e  va lues  wr = 2.07, urn = 6.38, and f C  = 0.082. 

The  experimental  p o i n t s  a r e  from t h e  coinpilation of  McKinley. 
4 

Figure 5 .  Rut ios  of  t h e  photoproduction ampli tudes genera ted  by t h e  t o t a l  

nucleon magnetic moment t o  t h e  s c a t t e r i n g  amplitude. The s o l i d  curyes  a r e  t h e  

p r e d i c t i o n s  of Zq. (6 .4 ) .  The CGLE r e s u l t s ,  which p r e d i c t  a' = a' , a r e  g iven  1 2 

by t h e  dashed curve. 

Fi;;&r.e 6. Bat i o s  o f  t h e  photoproduct ion  ampli tudes genera ted  by t n e  nucleon 

charge t o  t h e  s c e t t e r i n g  amplitude. The s o l i d  curves  a r e  t h e  p r e d i c t i o n s  of  

Eq. (6 .4 ) .  The corresponding p r e d i c t i o n s  of CGLN (dashed cu rves )  a r e  shown 

only up t o  t h e  resonance p o s i t i o n ,  where they  van i sh  l i n e a r l y .  

+ 
Fi(t.ure 3'. 'tdlatrix element squared a t  30' f o r  n photoproduction. The p r e s e n t  

p r e d i c t i o n s  ere conpared wi th  variou's .exp'eriments. 
0 .  



Figure  8. Barycent r ic  d i f f e r e n t i a l  c r o s s  s e c t i o n  a t  260 MeV. The d a t a  nota- 

t i o n  i s  t h e  same as i n  Fig. 7. 

da 2 
F igure  9 ,  The c o e f f i c i e n t  A i n  t h e  expansion - = A+B cos  8 + C cos  ,8 +... aR 

0 
f o r  the process  yp  + a p. 

0 
F i s u r e  10. The c o e f f i c i e n t  B f o r  t h e  p roces s  y p  + a p. The d a t a  n o t a t i o n  i s  

t h e  same ' a s  i n  Fig. 9.  

0 
Figure  11. Coeff ic ien t ' .C  f o r  t h e  process  yp + . a  p. The d a t a  n o t a t i o n  i s  t h e  

saute as i n  Fig. 9. 



'It 
to 
a 

0) 
u 'It 

Yip, 1 nistinrt-ior ]:etweel: t i p  1,h.dre s h i f t  5,. shorn i n  (a)  ~11d t)le 

~ q l i t u d e  phase 6 ,  s10h-n in (b)  d . e n  the f-omcr passes tl-~rnuci '  n . 'i%e t ~ 0  

pbdses can be taken as c ( : ; u ~  for x < x,, 



Fig. 2 ! - l c ; t  of t ( u )  = ~ ( ~ . - u ) / ( o ~ ~ ~  cd- ti2:{) vs., i,. !r?r thc r c s n l i x e  

I- c2nerjy c~c k a v ~  \ : s c ~  tilr = ?.07. ~ l i ~  ex;)erirxnt:al 1:oirtc -?rv ttlosc of 

TaL1.e T , 



. * . + 

Pip. 3 Behavio~  of the amplitude phase above t h e  rerion of kmokr. phase. 

The shor t  dashed curve represents  the extensior, of the phase shift under 

the assumption t h a t  it passes through n a t  , while the solid cur"e 

7 $ives the  comspondinp,  amplitude phase. The &shed curve is tho pliase 

. . 
i n  the case where the phase s h i f t  drops rapicily toward zero. 1 .  I 

I I 
v I 
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PION KINETIC ENERGY (Mev) 

- 0 
'S - : I 

- .. . - .  * * .  
1 - Y  

3 I F ~ K  4 Cher~-b i  Plot : q cot 6 3 3 / ~  VS. ,. tot. The sol& c i n e  is the - - ._ --. 
-, r ; m ! i c t i ~ n  of Kc. (5.20) for t he  values u; = 2.07, ion = 6.38, a d  f 2 . =  0.092. (_ -.-* - . 

I 

,. .. -:le ox~er imenta l  pints are f m  the conp:'.lati.on of 14cKinley. 
4 
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i .  'd. * * c-,L---* , 
. .W 

- Fig. 5 Ratios of the photoproduction q l i t u d e s  generated by the total 

I I I I I I .  

\\ MAGNETIC MOMENT 
\ CONTRIBUTIONS 

riucleon naprietic iacxr.ent t o  t h e  smtterirz m p l i t u d e .  The s o l i d  curves are 

U LJ 
t h e  of 1.q. ( E  .4).  The C C U  results, !.~hich p r e d i c t  ill = a2 , m e  

- PRESENT RESULTS - 

- - -  RESULTS OF CGLN 

1 1 I 1 1 1 A 



CHARGE CONTRIBUTIONS 

W 
Fig. 6 btics of the photoproduction amplitudes generated by the nucleon 

charge to the s c a t t e r i n y :  cmplit~:ciie. l'he solid curves m e  the pred ic t ions  of 

Cq . ( 6, lt 1. Tlie cor respn t l inp  preclict ions of CGIA'i (c!asl;ed curves)  a r e  shown 

only up to t h e  resonance p o s i t i o n ,  tihere they v a n i s h  l inenr71y. 



a ALTHOFF et  al.  
14 

E ( M e V )  
Y 

+ !'is. 7 Eatrix el.m,ent squared at 90' for n photoprcducticn. 3x2 p'resent 

predict  i o ~ s  i?re coml?area i d i t 1 1  v a r i o u s  e x p e r b e n t  s . 



F ~ F .  8 hrycen t r i c  d i f f e r e n t i d  cmss s e c t i o n  a t  260 P;cV. The data 

no ta t ion  is  t h e  sane 2s i.n F i r .  7 





COEFFICIENT 8 

Fig. 1@ 31e coefficient B fcr the process y p  +noF. '  Tlie data .  n o t a t i o n  



I 1  

F i f .  11 Coefficient C for the process yy) + n p. 

the sme as i n  rill, 4. 

The data notatior? is 




