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ABSTRACT 

BNWL-1590 

A new iterative method has been developed for finding minima in uncon

strained, nonlinear least-squares problems with a moderate number of 

parameters ~lOO). Based on the complete second-order Taylor expansion of 

the sum of squares, the scheme selectively uses two types of steps through 

the iteration. One type, found by Newton's method, has rapid terminal 

convergence. The other, based on a modified gradient method, efficiently 

avoids saddle points. The combination, together with careful attention to 

the control of step-size and to convergence tests, provides a high degree 

of reliability and stability. The algorithm has been adapted for use in 

the powerful least-squares program LEARN (written in FORTRAN V for the 

UNIVAC 1108). Information on programming and input-output details is 

included. 
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I. INTRODUCTION 
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The purpose of this report is twofold: (1) to present the basis of a 

new method for finding minima in nonlinear least-squares problems that 

arise in the fitting of experimental data in science and engineering, and 

(2) to describe the computer implementation of the method in sufficient 

detail to permit effective use. 

In recent years the fitting of data by nonlinear least-squares methods 

has become an increasingly important method of experimental analysis. Some

times a fairly large number of parameters (5-100) must be adjusted to fit 

a large number of data (100-1000) in highly nonlinear situations where it 

is difficult to provide close initial guesses for the parameters. Sometimes 

crude estimates are provided by an automated procedure. In such cases the 

reliability and stability of the iterative procedure for finding the least

squares minimum are of prime importance. At the same time the final con

vergence to a minimum should be rapid and decisive, not only to save computer 

time, but also to provide further assurance that a (local) minimum has in 

fact been found. 

The scheme presented here has been designed to provide a high degree 

of reliability in difficult cases (parameters nonlinear and correlated) 

without an excessive loss of speed in simple cases (parameters almost 

linear). These goals are attained by means of three key elements. The 

first involves the selective use of two distinct types of steps: one based 

on Newton's method and the other based on a modified gradient method. 

Roughly speaking, the Newton step is included to provide rapid terminal 

convergence, while the gradient step is included to avoid saddle points. 

The second element is a sequence of step-size controls designed to make 

efficient use of the information in a second-order Taylor expansion and 

then if necessary to compensate for the approximate nature of the expansion. 

The third key element is a composite set of convergence tests designed to 

give prompt but not premature detection of solid convergence. 
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The basic iterative scheme has been adapted to fit into the pattern of 

computer program LEARN, a general maximum-likelihood nonlinear fitting 

program. (1) The present version of this offshoot is called LEARN-I-C. An 

earlier version, known as LEARN-I-A, was described briefly in a user's 

manual for programs LEARN and LIKELY. (2) 

The version described here is compatible with an input deck prepared 

for the original program version LEARN-I. (2) A deck prepared for the 

current standard version LEARN-II(2) must be changed slightly to be used 

with LEARN-I-C. 

II. BACKGROUND 

There is a large variety of methods designed for the solution of non-
. (3 4 5 6) l1near least-squares problems. ", The present method is discussed 

relative to some of the known methods. 

In the Gauss-Newton method and its variants the equations being fitted 

are first linearized in the parameters, assuming an initially guessed set 

of values. (7,8) Thus the usual linear normal equations are brought into 

play, the only complication being the need to solve them iteratively. If 

the initial guesses are fairly close, rapid convergence is often obtained. 

However in difficult cases (parameters highly nonlinear and correlated) 

the method frequently has trouble in locating a satisfactory solution. It 

may stop near a saddle or produce an endless series of erratic steps. 

In the gradient, or steepest-descent, methods steps of appropriate 

length are taken opposite to the direction of the formal gradient of the 

quantity being minimized. (9,10) The process is reliable provided a suffi

ciently small step is taken at each iteration. However, in difficult cases 

the method is slow, because a great number of small steps are usually 

required. 

Occupying a position somewhat between the previous basic methods 
(11 12 13) are several elegant, formal methods. " They have in common the 

characteristic that the iterative steps have an evolving nature, initially 
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being similar to gradient steps but gradually becoming similar to Gauss

Newton steps as the calculation proceeds to a minimum. These methods 

thus tend to combine the early reliability of the gradient methods with 

the rapid terminal convergence of the Gauss-Newton methods. 

The present scheme, while sharing the spirit of these intermediate 

methods, differs in several respects. First, it is a tandem method, in 

that, at each iteration a pair of steps is calculated independently and 

compared for performance in decreasing the sum of squares. One step is 

a modified gradient type, and the other is a refinement of the Gauss

Newton step, being a result of the complete second-order Taylor expansion 
(1 14) of the sum of squares.' Another major difference is that the method 

is an intuitive one, based essentially on geometrical ideas. Furthermore, 

to obtain a wide range in the balance between speed and reliability, the 

present scheme uses a general and flexible method of controlling the step 

size. Finally a rather complicated set of convergence tests is used to 

get firm but fast convergence signals. 

The least-squares problem under consideration has the following form. 

We assume a weighted sum of squares Q given by 

M 

Q = L W [y(x ,a) - Ym]2 m """1Il-

m=l 

(1) 

where m is a datum index, W is a constant weight, y is an observed datum, m m 
y is the theoretical function being fitted, x is a set of independent 

LIl 

variables corresponding to the datum, and ~ is the unknown set of parameters 

to be determined. We assume that y is differentiable with respect to ~, and 

wish to ·find a minimum without any additional constraints. Thus we must 

solve the nonlinear equations given by the vanishing of the gradient 

ClQ/Cl~ = 0 (2) 

2 
subject to the condition that the matrix of second derivatives Cl Q/Cl~Cl~ be 

positive definite. Equations (2) typically have more than one solution. 
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We shall use an iterative procedure that is designed to find a solution 

close (in an appropriate sense) to an initial guess for~. In the process 

of finding the solution, we use the matrix a2Q/a~a~; thus we must assume 

that y is twice differentiable. In brief we consider the unconstrained 

nonlinear least-squares problem for which the first and second partial 

derivatives of the theoretical function exist and are available numerically. 

This is a problem which frequently arises in pure and applied science, and 

particularly in physics. 

We note here, in passing, that the effect of inequality contraints 

can sometimes be obtained by proper definition of nonlinear parameters. (15) 

For example, if a parameter a l ~ 0, it can be replaced by ai in the 

formula for y(x ,a). 
-m -

It must be emphasized that the present work is confined to the first 

half of the least-squares problem, that is, the process of finding a mini

mum. We completely ignore the second half, which is concerned with the 

statistical analysis and testing of the resulting fit. (1) 

III. GEOMETRY AND ANALYSIS OF NONLINEAR LEAST SQUARES 

1. LINEAR CASE 

Since the nonlinear problem includes the linear one as a special case, 

it is useful to review the simpler case. Equation (1) shows that Q is 

then a quadratic function of ~ and that the contours of constant Q are 

ellipses.* The set of Equations (2) becomes linear and has a unique solu

tion, which corresponds to the true minimum (barring singular cases). The 

matrix of the system is positive definite (semidefinite if singular). 

The shape of the contours depends on the degree of correlation between 

the parameters. If the parameters are relatively uncorrelated, the contours 

are approximately circular (or may be made so simply by rescaling the 

* The geometrical language in this report is appropriate to the case of two 
parameters. For cases of higher dimensionality suitable generalizations 3 

such aS 3 hyperellipsoids 3 hyperplanes 3 hyperlines 3 etc. 3 must be 
subs ti tuted. 
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parameters). If they are highly correlated, however, the contours become 

highly elongated. The limiting case occurs when the matrix of the linear 

case is singular. Then the contours become pairs of parallel straight 

lines and, instead of a unique minimum, there is a trough of infinite 

length. The parameters are then perfectly correlated. 

Although the linear equations are exactly solvable in principle 

(barring singular cases), there are two possible sources of difficulty 

in the actual numerical solution. The first is that the equations may 

be so numerous that straightforward elimination methods are not practical. 

Some type of iterative scheme must then be used. This trouble does not 

arise in the present work, since the number of parameters is not greater 

than 100. The second difficulty is a high degree of correlation among 

the parameters. In such a case the set of equations, while not singular, 

is ill-conditioned. The solution is then extremely sensitive to errors 

both in the input data and in the numerical process of solution. It is 

surprisingly easy to generate least-squares cases in which essentially all 

numerical precision in the parameters is lost because of ill condi

tioning. (16) In most cases the best remedy is to reduce the number of 

variable parameters or to increase the range and precision of the data. 

If the accuracy of the data and theory is good enough, the use of multiple

precision computation may be justified. 

2. INTUITIVE GEOMETRY OF THE NONLINEAR CASE 

In the general nonlinear case the sum of squares Q may be an extremely 

complicated function of the parameters~. The Q-surface defined by 

Equation (1) then has a complicated shape, containing perhaps several 

stationary points defined by Equations (2). Furthermore these may include 

saddle points as well as true (local) minima. For brevity we class local 

maxima as saddle points, and for simplicity we exclude singular cases (in 

which the minimum is a trough, or in which the minimum occurs at ~ = 00). 

The possible presence of several minima and saddle points greatly compli

cates the solution of nonlinear least-squares problems. 
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The existence of multiple solutions has both practical and theoretical 

consequences. The practical effect is that a systematic method must be 

used in each case to minimize the probability that the correct solution 

has been overlooked. The theoretical consequence is that the problem as 

stated is not well posed. Let us first consider the latter question. 

It would be highly desirable to modify the statement of the nonlinear 

least-squares problem in such a way as to ensure a unique solution. Since 

our method of solution is an iterative one, a natural way is to include 

the initial guess in the problem statement. For this purpose we could use 

the concept of a "watershed". We assume that each local minimum is sur

rounded by a watershed, that is, a region traversed by flow lines (gradients 

normal to contours) that descend to the minimum. Furthermore we assume 

that each point in parameter space (except those lying on watershed bounda

ries) belongs to some watershed. Thus corresponding to each interior point 

is a unique local minimum. In particular, the minimum corresponding to the 

initial iterative guess may be defined to be the solution of the problem. 

An ideal iterative algorithm would proceed from the initial guess to the 

minimum without ever leaving the original watershed. To what extent these 

intuitive notions can be made rigorous is unfortunately not known to the 

writer. 

Assuming the validity of the watershed concept and the existence of 

an ideal interative algorithm, we then see that the practical problem is 

solved if every watershed is represented in a set of initial parameter 

guesses. However, there is probably no completely general method of 

generating such a set. A systematic, fine-grained search is probably a 

reasonable procedure. In many practical cases, the parametric domain to 

be searched may be reduced by consideration of symmetry or periodicity in 

the theroretical function. 

3. ANAL YS IS AND ALGEBRA OF THE NONL INEAR CASE 

At each point of the iterative process, the basis for the calculation 

of the next step is often some analytical approximation of the local 
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situation. In program LEARN this approximation is the full second-order 

Taylor expansion of Q relative to the current set of parameter values, (1) 

(3) 

where we use vector and dyad notation to avoid summation signs and indices. 

Note that this is the equation of a paraboloid that is a local approxima

tion of the true Q-surface defined by Equation (1). The iterative stepping 

logic uses the fact that the accuracy improves as da decreases. 

Differentiating Equation (1) twice with respect to ~, we get 

aQ/a~ = W 
m 

W m 

The key parts of Equation (3) are the quadratic form (the third term on 

the right) and the associated matrix of second derivatives a2Q/a~a~. In 

(4) 

(5) 

the immediate neighborhood of a local minimum the quadratic form is posi

tive definite (in singular cases it may be semidefinite), and the correspond

ing approximate surface is a paraboloid having a true minimum. In such a 

case it is reasonable to consider an iterative step going to the approxi

mate minimum •. Analytically this consists of solving for da in the linear 

system obtained by applying Equation (2) to Equation (3), 

We refer to the parameter changes given by Equations (6) as the matrix 

step. This procedure is equivalent to solving Equation (2) by Newton's 

method. 
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It may happen that the approximate surface is such that its minimum 

point has a value Q < 0 (see Figure 2A). Since the true value of Q is 
a 

never negative, it is obvious that the matrix step is then too long and 

must be reduced. If necessary, this is performed by a process, called 

"step refinement", to be described in a later section. 

However, if the quadratic form is indefinite, the approximate surface 

is a paraboloid having a saddle shape. In such a case it is not appropriate 

to use the matrix step since that would take us to the saddle point. Two 

distinct possibilities must be considered, depending on whether the current 

iterative value of Q is (1) less, or (2) greater, than the value at the 

saddle point on the approximate surface. In the first case an increase in 

Q would be expected by stepping to the saddle point. To avoid this result 

we then reverse the matrix step in the step refinement process described 

later. In the second case a decrease in misfit would be expected by using 

Equations (6). However, such a step is in danger of leaving the local 

watershed, since saddle points frequently lie on watershed boundaries. To 

reduce this danger, while retaining the good directional properties of the 

matrix step, we then arbitrarily cut the step in half. However, the halv

ing logic obviously breaks down as we approach an actual saddle point on 

the Q-surface. Thus we must consider an alternative downhill move, such as 

the modified gradient step, and select that which gives the larger reduc

tion in Q. The decision as to whether the iterative value of Q is less or 

greater· than the saddle value is made by examining the sign of the expected 

change in Q, which is given by 

(7) 

It is clearly of decisive importance to know at each iteration whether 

the matrix of second derivatives is positive definite before using the 

solution of Equations (6). Fortunately it turns out that the Gaussian 

elimination scheme, restricted to the use of diagonal elements as pivots, 
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automatically computes criteria for this decision. It can be shown that 

the matrix is positive definite if and only if every diagonal element is 

positive at every stage of the elimination process. This result, which 

does not appear to be widely known, may be proved by a suitable modifica

tion of the discussion on pp. 8l-8S of Reference 3. 

To complete the discussion of Equations (6), it is necessary to 

consider cases in which the matrix is singular. Cases of exact singularity 

are relatively rare and usually are the result of a gross blunder. They 

are easily recognized by the exact vanishing of a pivot during elimination. 

More frequent and troublesome are cases of "near-singularity", for which 

the calculated parameter changes are often much too large. Two techniques 

for step reduction will be discussed subsequently. 

It is appropriate to discuss here a key difference between program 

LEARN and some of the older nonlinear least-squares programs. (7,8) These 

programs usually omit the term in Equation (S) that contains d2Y/d~d~, the 

second derivatives of the theoretical function. This omission occurs 

because the theoretical function is linearized before substitution in 

Equation (1). Programming is simplified, and computing time for derivatives 

is reduced. As shown in Equation (S) this approximation is reasonable, if 

throughout the calculation the theory is nearly linear (d2Y/d~d~ are small) 

or the fit is very good ([y-y ] are small). The resulting approximation to 
m 

the matrix d2Q/d~d~ is easily shown to be either positive definite or 

semidefinite. Thus the approximation is poor near an actual saddle point, 

and the resulting iterative step is unreliable. If the theory is highly 

nonlinear, and the initial parameter guess is crude, then it is not unlikely 

that the iterative solution will pass close to one or more saddle points. 
2 Use of the correct formula for d Q/d~d~, Equation (S), and adequate handling 

of saddle points can give a reliable step in these unfavorable but 

uncommon cases. 

Neglect of the second derivatives d2Y/d~d~ also has undesirable effects 

in highly nonlinear cases with large systematic discrepancies between the 

theory and data. The neglected second term in Equation (S) may then be 
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large, and the calculated step unreliable. Convergence is thus delayed 

and in extreme cases sometimes prevented completely. In contrast, use of 

the complete formula for the matrix d2Q/a~a~ provides the rapid (second

order) terminal convergence characteristic of Newton's method. (10) A 

related additional benefit is that the variance-covariance matrix, which 
2 

is proportional to the inverse of a Q/a~a~, is more accurate if the com-

plete formula is used. 

4. MODIFIED GRADIENT STEP 

In the previous subsection it was pointed out that the iterative step 

based on Equation (6) is not appropriate when.the matrix a2Q/a~a~ is 

indefinite. Instead it may be preferable to take a relatively short step 

in a "downhill" direction; this suggests some kind of gradient scheme. 

The simplest method of this type is to take a step in the opposite direc

tion of the formal gradient, 

da = k(aQ/aa) 
-0 

(8) 

where k is a positive constant. A sufficiently small step in this direc

tion would give a decrease in Q. The peculiar characteristic of the formal 

gradient is that it gives the direction of the greatest spatial rate of 

change of Q based on the usual Cartesian metric tensor. Geometrically it 

gives the direction of the local flow line. Thus a "small" step in this 

direction would cross few flow lines and would be in little danger of 

leaving a watershed. 

However gradient methods are particularly slow when the parameters 

are poorly scaled, i.e., when Q has greatly different sensitivity to 

variations of each parameter. In an attempt to reduce this difficulty we 

have used a modified gradient step, in which the parameter sensitivities 

are somewhat equalized. In doing so we are probably exposed to a greater 

risk of leaving the initial watershed. It is intuitively clear that 

10 
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a reasonable scaling of parameter changes may be obtained from the coeffi

cients of the second-order Taylor expansion, Equation (3). This process 

divides naturally into two parts: finding first the direction of the step 

and then its length. 

To specify the direction of the step, we wish to find a set of raw 

parameter changes, o~, each of which acting alone would produce a signifi

cant decrease (say 50%) in Q. For this purpose, we use the parabolas that 

are obtained by successively setting all but one of the differentials da 

to zero in Equation (3). As shown schematically in Figure 1, there are 

three alternative possibilities, depending on the signs and magnitudes 

of the Taylor coefficients. In parts A and B of the figure, the parabolas 

intersect the line Q = {Q . the raw parameter change oa is then chosen to 2 0' 

be the value of da at the nearest intersection. In part C the parabola 

does not intersect the line Q = ~ ; the raw parameter change then corre-
2 0 

sponds to the minimum of the parabola. The critical ratio Q/Q to be used 
o 

is a matter of somewhat arbitrary choice and probably should lie between 

1/2 and O. The latter limit is obvious, since Q is never negative. The 

value 1/2 is a rather conservative choice (biased in favor small changes). 

Now that the direction of the gradient step is determined, we get its 

length by the step refinement process described in the next section. It 

should be noted that the gradient step usually is not a useful alternative 

to the matrix step in the final stages of iteration~ Its convergence rate 

is only first-order, while the matrix step has much more rapid second-order 

convergence. (10) Thus it is desirable to suppress the gradient step, if 

an acceptable matrix step is available in the final stages. 

5. STEP REFINEMENT 

It was mentioned earlier that the raw matrix step o~ computed from 

Equation (6) may be too long (trying to make Q < 0) or even in the wrong a 
direction (trying to climb up to a saddle point). Similarly the raw 

gradient step given by the parameter changes o~, although always in a 

downhill direction, may be too long or too short. For each type of step we 

know a plausible direction but need to determine a suitable amplitude. 

11 
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A B 

o ~--~-----------------
o~--__ ~ __ ~ ________ _ 

o 

Cia da 

c 

Cia da 

FIGURE 1. Schematic Geometry for One Component 
of the Modified Gradient Step (raw) 
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Since the refinement of the gradient step is somewhat simpler, let 

us consider it first. We now set 

da = ZC~, (9) 

where the refinement factor z is to be determined. Combining Equa

tions (3) and (9) we get 

(10) 

Depending on the values of the bracketted coefficients of this expression, 

we may have one of the three parabolas shown in parts A, Band C of 

Figure 2. Remember that the coefficient of z is negative. In cases A and 

B the parabola intersects the abscissa Q = 0, and we select the smallest 
a 

root z of Q (z) = 0, corresponding to the nearest intersection. If, as r a 
in case C, the parabola does not intersect the abscissa, we select the 

root z of dQ (z)/dz = 0, corresponding to the minimum. r a 

For the refinement of the matrix step, we let 

d1! = zd~ 

Combining Equations (3) and (11) and simplifying with the aid of Equa

tions (6) and (7), we get 

Noting that the extremum of this parabola is at z = 1, we see that the 

three possible cases are shown in parts A, C and D of Figure 2. In 

(11) 

(12) 

cases A and D the parabola intersects the abscissa, and as before we 

select the nearest intersection. Note that the direction of the matrix 

step is reversed in case D. In case C the parabola does not intersect the 

13 
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c 

z 

FIGURE 2. Schematic Geometry for Refinement of Modified 
Gradient Step or Matrix Step 
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abscissa, and we select the minimum at z = 1. In this last case the 
r 

raw matrix step is not changed. However, if the a2Q/a~a~ matrix is 

indefinite and dQM < 0, the refined matrix step is later cut in half. 

The step refinement process is basically similar to that described 

in Section 4 for the determination of the components of the raw gradient 

step 6~. In fact the same subroutine is used for these two parts of the 

calculation. In passing it should be mentioned that this subroutine has 

provision for degenerate forms of the parabolas, that is, straight lines. 
2 It is interesting to note that the off-diagonal elements of the a Q/a~d~ 

matrix are used in the determination of the length of the gradient step 

but not its direction. 

6. NUMERICAL ASPECTS 

The nonlinear problem is subject to the same numerical difficulties 

as the linear case discussed earlier. If the parameters are highly cor

related, Equations (6) are ill-conditioned and the resulting solution may 

not be very accurate. Unless there is a complete loss of significance, 

however, the net effect usually is merely a slight increase in the num

ber of iterations. When all significance is lost, the iterations may 

wander irregularly and aimlessly. A special convergence test is used 

to detect this condition. 

IV. CONTROL OF ITERATIVE STEPS 

Experience has shown that the step refinement scheme alone is not 

enough to provide reliable. rapid progress in reducing Q in highly non

linear problems. The difficulty shows up as steps. mostly matrix steps. 

that result in unexpectedly large increases in Q. It is clear that such 

steps are too long, in that they have gone beyond the range of applica

bility of the second-order Taylor expansion. Equation (3). Such steps 

may ricochet wildly from watershed to watershed without any semblance 

of convergence. 

15 
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Three additional types of tests are thus made before a matrix or 

gradient step is considered to be acceptable. Unless all tests are satis

fied, the step is reduced by 1/2 and tested again, up to a maximum of 

19 times. If steps of each type are found acceptable, that giving the 

smaller actual value of Q is adopted. If only one type is acceptable, it 

is immediately adopted. If neither type is acceptable, a message is 

printed, and iteration is stopped. 

The first test for the acceptability of a (reduced) step requires a 

certain degree of accuracy in the prediction of Q or in the change in Q. 

It requires Q to be within 1% or 6Q within 10% of the values predicted by 

the second-order approximation. The test is a composite one, since condi

tions are quite different at the beginning and end of iteration. At first 

6Q is rather large and predictable, while near convergence it is small and 

greatly affected by rounding errors. 

The second test requires that Q cannot increase by more than 0.01% of 

its current value. The idea here is to permit fluctuations of Q due to 

rounding errors, while preventing large systematic increases. 

The third test requires that all parameters lie within the ranges 

specified by the user. The primary purpose of this test is to prevent 

illegal function calls. 

These simple controls of the step size produce a remarkable steadying 

of the iteration process in difficult cases having correlated, nonlinear 

parameters without slowing the simple cases having almost linear parameters. 

v. CONVERGENCE TESTS 

The convergence tests are an important part of an iterative scheme 

because they interact so strongly with the main computational steps. The 

tests must fit the scheme, and vice versa. This is especially true when 

we are trying to iterate to "effective" convergence, that is, when we are 

16 
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trying to get a solution as accurate as the number of significant figures 

and the condition of the equations allow. Such strict convergence is 

sometimes needed to prevent false indications of convergence near a saddle 

point, for example. 

A scheme of two-level convergence testing has been adopted to get 

increased reliability. The detailed convergence tests are made only if it 

is first determined that the iteration process is in its terminal phase. 

An iterative step is considered to be1within the terminal phase if all of 

the following requirements are met: (1) the matrix of second derivatives 

a2Q/a~a~ is positive definite, (2) the current step does not change the 

determinant of this matrix more than 1% of its previous value, and (3) the 

current step is a full, refined step. 

The detailed convergence test is also a composite. Since it is diffi

cult to develop a single test that reliably gives a prompt but not premature 

convergence signal, we have adopted three rather strict tests that are used 

in parallel. That is, convergence is signalled if any of the three tests 

is satisfied. The following quantities are tested for smallness: (1) the 

partial derivatives aQ/a~, (2) the actual parameter changes and (3) the pre

dicted change in Q. 

Let us briefly describe the tests used. The test for aQ/a~ is based 

on the decomposition of the right-hand side of Equation (4) into two sums 

that balance when aQ/a~ = O. The test is that each component satisfy 

laQ/a~1 .!5. f 12LW y ay/aal 
g m m m -

where f is preset to 10-8 • 
g 

A simple test for the parameter changes is that each component 

satisfy 
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where 6a is the difference between two successive parameter sets, and 

f is preset to 10-
8

• However, a more complicated test of the parameter 
a 

changes is needed to stop the noisy, oscillatory movement of the iterative 

point near a minimum in ill-conditioned cases. Such a test is supplied by 

the ratio of the net movement of each parameter to the gross movement in 

the previous n steps (all in the terminal phase) 

A parameter is considered to be converged if this trend ratio 

R ~ C 
n n 

(15) 

(16) 

where tests are currently made only for n = 4 and n = 10, and C4 and CIO 
are preset to 0.5 and 0.3, respectively. To satisfy the composite test on 

parameter changes, each parameter has to satisfy inequality (14), or (16) 

with n = 4, or (16) with n = 10 at the same step. 

The test for the predicted change in Q for the refined full step is 

(17) 

-8 where fQ is preset to 10 • Experience shows that this test is usually 

the first to signal convergence. 

All of the numerical values of the convergence criteria can be reset 

by the user simply by optional data input. 
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VI. ITERATIVE STRATEGY 

We are now in a position to give a Qrief summary of the iterative stra

tegy together with an outline of the iterative process as it systematically 

reduces the sum of squares Q. There are two phases. 

1. INITIAL PHASE 

In this, the most complicated part of the iterative calculation, the 

parameters may be far from a minimum and may in fact be in a saddle-like 

region of the Q-surface. That is, the approximating paraboloid may have 

a saddle point. To move efficiently past such a saddle point both matrix 

and gradient steps must be calculated. The raw steps of both types are 

refined to a length appropriate to the second-order Taylor approximation. 

This may involve the halving or reversal of a matrix step. Because of the 

limited accuracy of the second-order approximation, even the refined steps 

may have to be halved one or more times to provide reliable progress based 

on accurate predictions. After the better of the two steps is selected, we 

determine whether or not the process has reached the terminal phase by check

ing three preliminary criteria. If the terminal phase has not been reached, 

the detailed convergence tests are skipped, and calculation of the next 

step is begun. If the terminal phase has been reached, we proceed as 

follows. 

2. TERMINAL PHASE 

As soon as the terminal phase is entered, the detailed convergence 

tests are made. If any of three convergence tests is satisfied, the itera

tion process is stopped. If not, we begin calculation of the next step. 

Now, however, we are probably close to a minimum. Thus if the full-length 

refined matrix step is acceptable, we select it immediately by suppressing 

competition with the gradient step. If not, we go through the usual halving 

procedure and step competition. After every step selection, we determine 

whether or not the iterative process is still in the terminal phase. If so, 

we go on to the detailed convergence tests. If not, the process reverts to 

the initial phase and, skipping the convergence tests, goes to the beginning 

of the next step. 
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3. CONTINGENCIES 

If at any stage neither the (reduced) matrix step nor the (reduced) 

gradient step is acceptable, iteration is stopped. If convergence is not 

obtained within the number of iterations specified by the user, the process 

is stopped. 

VII. IMPLEMENTATION OF ALGORITHM IN LEARN-I-C 

The iterative algorithm outlined in Section V has been incorporated into 

the FORTRAN V program LEARN by extensive revision of subroutine MINMAX and 

its associated subroutines. A few new subroutines have also been written. 

This new version is designated LEARN-I-C. 

1. SUBROUTINE MINMAX 

Various features of the modified version of MINMAX not already mentioned 

will be described briefly here. The user has the option of suppressing 

through data input an arbitrary fraction of the written iterative output; 

this may be useful in large jobs transmitted by remote terminals. However, 

the zeroth, last and best (smallest Q) iteration are always written. If 

iterative output is partially suppressed, a table of the last 100 values of 

Q is printed at the end of iteration. 

If convergence is detected, a message is written indicating which of 

the three tests has been satisfied along with the numerical value of the test 

criterion. 

After iteration has been completed, two types of summary information are 

written. One is a table of values for the last ten iterations of the trend 

ratio R defined by Equations (15). This table, which provides at a glance 
n 

a picture of recent iterative progress, is particularly useful for slowly 

convergent, ill-conditioned cases. The second is a short table giving the 

elapsed execution times accumulated in various important segments of the 

iterative process. Such information is valuable to the user in judging the 

costs of choosing various options. It is also useful to the programmer in 

judging the worth and cost of program modifications. 
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The LAG feature has been removed from MINMAX. A flow diagram of 

MINMAX is given in Figure 3. Note that the convergence tests are made 

early in the iterative loop, and that iterative output is written midway. 

Note also that the crude gradient step and the related parabolic coefficients 

are computed before the Gaussian elimination is begun, since the elimination 

process destroys the original matrix elements. It must also be mentioned 

that the block indicating the retrieval and writing of the best iteration is 

oversimplified. The program actually stores and retrieves only part of 

the needed data; it generates the omitted portion by an extra passage 

through the main loop. 

Several options related to the iterative process are available to the 

user at execution time via optional NAMELIST input. The maximum number of 

matrix and gradient (sub) steps may be changed independently. For example, 

matrix steps may be completely suppressed. The user may also specify a 

minimum number of iterations. The user may elect to find the nearest extre

mum of Q instead of a minimum. In such a case gradient steps are automati

cally suppressed. The user may also elect to avoid the programming effort 

and computation time connected with the matrix of second derivatives 
2 

a Q/a~a~. However, this last option must be exercised with great care, 

since it may reduce both the reliability of the iterative process and the 

accuracy of parameter error estimates. If either of the last two options is 

elected, it may be desirable to change the values of some of the iterative 

control criteria. 

Other changes have been made to increase the speed of execution. All 

references to the rounding functions (FADR, FMPR and FDPR) have been elimin

ated from the iterative loop. Furthermore, the function previously performed 

by subroutine CHANCE has been incorporated directly into MINMAX. Note, 

however, that other subroutines in the package still call CHANCE. The cost 

of these changes is a (usually) negligible loss of numerical accuracy and 

a tolerable loss of statistical versatility. 

2. OTHER MODIFIED SUBROUTINES 

Nine other original LEARN subroutines have been modified in various 

degrees. The matrix division subroutine FDPM has been completely rewritten 
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FIGURE 3. Schematic Flow Diagram of Subroutine MINMAX 
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to use only diagonal pivots in Gaussian elimination of a symmetric matrix. 

If the matrix is found to be singular, the process is aborted, and the solu

tion is set to zero. 

The output routine PATH has been changed to increase the amount of 

written iterative information. The following items have been added: the 

actual parameter changes ~~, the formal gradient components aQ/a~, the diag

onal elements of the matrix aQ/a~a~, the modified gradient DQN, the type and 

fraction of the step used, the refinement factor z, the predicted change in 

Q for the refined step dQR' the first and second order coefficients of the 

gradient parabola QS and QSS, and the natural logarithm of the determinant 

of the matrix a2Q/a~a~ (if positive definite only) DLN. 

New common blocks NEW and NEWB have been added to the iterative sub

routines. The BLOCK DATA subroutine FIT has been changed to preset the new 

control parameters, and subroutine LOAD has been changed to provide for 

optional resetting by NAMELIST data input. Subroutine LIST also writes the 

new control parameters, while the main program LIKELY contains modified 

input instructions. 

Several minor output improvements have been made. PAGE has been modi

fied to write the case number on each printed page. The plotting subroutines 

CALCOM and MAPS have been changed to provide greater flexibility in plotting 

graphs. The new options are: the number of times each graph is traced, the 

width of the X-axis margin, and the cycle length along the X-axis of the 

graph paper. 

3. NEW SUBPROGRAMS 

Two new subprograms have been written for the iterative process. Sub

routine QCALC is used to calculate the sum of squares Q for the full and 

fractional refined steps. Function PRBOLA (C, B, A, F, Z) carries out the 

step-refinement operations on the parabola defined by 

Q = C + Bz + lAz2• 
2 

The critical ratio Q/C is specified by F. 
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VIII. PROGRAM DETAILS 

We now present programming, input and output details particularly per

tinent to LEARN-I-C. It is assumed that the reader is familiar with the 

standard LEARN package. (1,2) LEARN-I-C is compatible with the original 

LEARN-I package. That is to say, it is possible to use this version without 

any changes in the user's input data, THEORY subroutine or auxiliary sub

routines (PUTIN, PUTOUT, PLOT, etc.). However, in many cases a few rela

tively simple changes by the user can greatly increase the effectiveness 

of the program. 

LEARN-I-C is not compatible with LEARN-II. The principal differences 

are in the names of the NAMELIST input lists and in the contents of the 

named common blocks. However, it is easy to make the necessary input deck 

changes. 

THEORY Subroutine - It may not be worthwhile to rewrite a small THEORY 

subroutine that is used only occasionally. However, execution time may be 

substantially reduced for large or frequently used THEORY subroutines by 

making two kinds of changes. First, replace any references to the floating 

arithmetic rounding functions (FADR, FMPR, FDPR) with ordinary FORTRAN 

operations (+,*,/). Secondly, use the parameter MAX to bypass the first 

partial derivatives of y, as well as the second. If MAX = 0, calculate y 

only. If MAX = 1, calculate y and dy/d~. If MAX = 2, calculate y, dy/d~ 

and d2y/d~d~. 

New Imput Data (Optional) - The NAMELIST input list $INPUT has been 

augmented to include several new control parameters important to the iter

ative process. Thus, the preset values may be optionally overloaded for 

flexible control. These parameters are as follows: 

(1) NP is the reciprocal of the fraction of iterative output to be written. 

(However, the zeroth, last and lowest iterations are always written.) 

It is particularly useful for reducing output at remote terminals. 

(Preset to 1; minimum 1; no maximum.) 
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(2) NM is the maximum number of matrix steps (full and fractional) to be 

considered at each stage in the iterative process. Increasing NM tends 

to increase reliability and running time. (Preset to 20; minimum 0; no 

maximum.) 

(3) NG is the maximum number of gradient steps (full and fractional) to be 

considered. Increasing NG tends to increase reliability and running time. 

(Preset to 20; minimum 0; no maximum.) 

(4) IMIN is the minimum number of iterations. (Preset to 0; minimum 0; no 

maximum.) 

(5) ISAD is the flag for type of solution to be sought. a for a minimum 

only, 1 for any extremum. (Preset toO.) 

(6) IDDY is the flag for status of a2y/a~a~ matrix. a for normal use, 1 for 

bypass. (Preset to 0.) 

(7) R is the critical (floor) ratio used in the step-refinement procedure. 

Increasing R tends to increase reliability and running time. (Preset 

to 0.0; minimum 0.0; maximum <1.0.) 

(8) DTEST is the criterion for testing the constancy (in successive iterations) 

of the determinant of the matrix a2Q/a~a~. Decreasing DTEST makes the 

test more stringent. (Preset to 1.0 x 10-2.) 

(9) GCRIT is the convergence criterion for the gradient components aQ/a~. 

Decreasing GCRIT (as well as any of the following convergence criteria) 

makes the convergence test more stringent. (Preset to 1.0 x 10-
8
.) 

(10) ACRIT is the convergence criterion for the parameter changes ~a. (Pre

set to 1.0 x 10-8.) 

(11) TCRT4 is the convergence criterion for the trend ratio R4. (Preset to 

0.5.) 

(12) TCRTIO is the convergence criterion for the trend ratio RIO' (Preset 

to 0.3.) 

(13) QCRIT is the convergence criterion for the predicted change dQR' (Preset 

to 1.0 x 10-8.) 
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(14) QACC is the accuracy criterion for Q in the iterative stepping. (Preset 

to 0.01.) 

(15) DQACC is the accuracy criterion for ~Q in the iterative stepping. (Pre

set to 0.1.) 

(16) QINC is the maximum fractional increase in Q in the iterative stepping. 

(Preset to 1.0 x 10-4 .) 

Optional input related to plotting is as follows: 

(17) NTR is the number of times each graph is to be traced. (Preset to 2; 

minimum 1; no maximum.) 

(18) MAR is the width in mils of the margin along the X-axis. (Preset to 

500; minimum 0; maximum 30000.) 

(19) CYCLE is the length in inches of the cycle along the X-axis on gridded 

paper. (Preset to 1.) 

Written Output - Except for listing the new control parameters at the 

start of the case, only the output for the iterative part of the program 

has been changed. The following items are written for each iteration 

(unless suppressed): 

(1) A(J) are the current parameter values. ' 

(2) DELA(J) are the previous parameter changes (by subtraction). 

(3) DQM/DA(J) are the components of the gradient partition. 

(4) DQ/DA(J) are the formal gradient components. 

(5) DIA(J) are the original diagonal elements of the matrix o2Q/oao~. 

(6) DDQ/DA/DA(J,J) are the pivot elements of the matrix. 

(7) DDQ(JJ+l,J) are the components of the solution vector. 

(8) DQN(J) are the components of the modified gradient. 

(9) I = iteration number. 

(10) Class of previous step. (M = matrix, G = gradient, N = none.) 

(11) Length of previous step. (1 = full step, 2 = half step, 3 = quarter 

step, etc.) 
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Z = refinement factor for previous step. 

DQR = predicted change in misfit for refined previous step. 

Q = current value of sum of squares. 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

QS = linear coefficient for parabola for modified-gradient direction. 

QSS quadratic coefficient for above parabola. 

PDQ = predicted change in Q for next full matrix step. 

DLN = natural logarithm of the determinant of the matrix a2Q/a~a~. 

After iteration has been completed several types of summary output are written: 

(1) The index of the iteration having the. smallest Q. 

(2) The most recent 100 values of Q (written only when the detailed output 

is partially suppressed). 

(3) The trend ratios for each parameter for the previous 10 steps. 

(4) Cumulative intervals of time spent in execution of various parts of the 

iterative scheme. 

(5) A warning message indicating the first instance of a parameter's reach

ing its minimum or maximum value. 

IX. PRACTICAL REMARKS FOR USERS 

It is probably presumptuous to offer generalized advice to users of non

linear least-squares methods. The entire field seems to be covered with 

destroyed misconceptions. However, the following comments are offered in 

the hope that they may be useful. 

1. NEED FOR CARE 

Since nonlinear least-squares methods are mostly applied to complicated 

problems, it is usually necessary to do a relatively large amount of think

ing and analysis both before and after the calculations. A stable, reliable 

least-squares program is a powerful tool, which can mangle the scientific 

content of a problem without any sign of difficulty unless the operator is 

alert and well prepared. 
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One of the worst sources of difficulty, particularly if the para

meters have interpretable physical significance, is correlation between the 

parameters. It is very easy to ask that a set of data determine more 

parameters than it has leverage for. Invariably then the parameters are 

highly correlated and poorly determined. However, this difficulty is not 

usually important if the main purpose is to fit data for purposes of smooth

ing or interpolation. 

Another possible source of difficulty is a substantial systematic 

discrepancy between data and theory, particularly when the parameters are 

correlated. The parameter values and error estimates are then highly sus

pect. The possibility of a spurious solution due to multiple minima must 

be considered. No important least-squares fit should be accepted without 

a look at a graphical comparison of data and theory. 

2. KEY INPUT 

It is strongly recommended, in general, that the parameter limits 

AMIN and AMAX be set to the smallest and largest values available 

(~ ± 1 x 1038 for single precision in the UNIVAC 1108), since the process 

of constraining a parameter in this way frequently prevents convergence. 

The limiting feature was retained primarily for cases in which certain 

ranges of parameter values are not permitted in the theoretical function, 

for example, the logarithm. 

3. KEY OUTPUT 

We confine our attention here to the output that helps to judge the qual

ity of the solution and the iterative steps leading to it. Experience shows 

that the most sensitive indicator of solid convergence is dQM' the change in 

Q predicted by the raw matrix step (defined in Equation (7) and designated 

PDQ in the program output). Just before convergence this quantity usually 

decreases by several orders of magnitude in one iteration. After convergence 

it remains at a fairly constant order of magnitude governed by rounding 

errors. The size of the formal gradient components relative to the parti

tion components is a rough measure of the degree to which the fundamental 
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Equations (2) are satisfied. In reasonably well-conditioned problems, the 

former are several orders of magnitude smaller than the latter. 

The matrix pivots are significant indicators of the Q-surface. Negative 

values of pivots indicate a saddle-like region. In addition, the size of 

the pivots should be compared with the diagonal matrix elements. Highly 

correlated parameters give pivots of very small relative magnitude. 

Additional checks on positive definiteness are provided by QSS, which 

should be positive, and PDQ, which should be negative. 

The behavior of Q, of course, is an important indiCation of possible 

trouble. 

After the completion of iteration, the table of trend ratios for the 

ten most recent steps provides a quick indication of the parameters that 

have been changing steadily and those which have been oscillating back and 

forth. In extremely ill-conditioned cases, all parameters tend to oscillate 

in the terminal phase of iteration. 

X. MISCELLANEOUS TOPICS 

It is sometimes desirable to constrain the parameters in some manner 

when fitting data that are not accurate or extensive enough to determine all 

of the parameters satisfactorily. The simplest method is to hold one or 

more parameters fixed. Somewhat more general is a set of explicit linear 

(equality) constraints. An example of the latter is 

where a
l 

and a
2 

are free parameters. Easily generalized methods have been 

developed to handle both of these types of constraints by incorporating 

standard sets of instructions in subroutines PUTIN and THEORY. The iterative 

process and statistical analysis for the free parameters are performed in the 

same manner as if the constrained parameters had been completely replaced 

from the beginning. 
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One of the most tedious parts of getting a new least-squares analysis 

into operation is checking the calculation of the partial derivatives 

ay/a~ and a2y/a~a~. A special subroutine DIFFER has been developed, which 

performs differencing checks of the formulas programmed in the THEORY sub

routine. By performing numerical tests it is thus possible to locate 

analytical, programming and compiling errors. 
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