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INTRODUCTION 

T h i s p r o g r e s s r e p o r t s u m m a r i z e s the t h i r d q u a r t e r of a o n e - y e a r 

p r o g r a m of b a s i c r e s e a r c h on l iquid m e t a l l u b r i c a t e d b e a r i n g s , wi th e m p h a s i 

on t u r b u l e n t - f i l m l u b r i c a t i o n . In t h e in i t i a l p r o g r e s s r e p o r t , the g e n e r a l 

p r o b l e m w a s ou t l ined a long wi th the o b j e c t i v e s of the p r o g r a m , and 

p r e l i m i n a r y a p p a r a t u s and e x p e r i m e n t a l p l a n s w e r e d e s c r i b e d . In the 

s econd p r o g r e s s r e p o r t , p r e l i m i n a r y d a t a w e r e p r e s e n t e d , and p r e l i m i n a r y 

a p p r o a c h e s to the a n a l y s i s of t u r b u l e n t f i lm l u b r i c a t e d b e a r i n g s w e r e 

ou t l i ned . In t h i s p r o g r e s s r e p o r t , e m p h a s i s i s on i m p r o v e d da ta and 

i m p r o v e d a n a l y s e s on the m a j o r a s p e c t s of the p r o b l e m . In m a n y c a s e s , 

t h e s e i m p r o v e m e n t s r e p r e s e n t the c o m p l e t i o n of s u b - t a s k s of the p r o g r a m . 

H igh l i gh t s of P r o g r e s s R e p o r t No. 3 

I m p r o v e d F r i c t i o n Coef f ic ien t D a t a . In P r o g r e s s R e p o r t No. 2, 

t e c h n i q u e s w e r e ou t l ined w h e r e b y f r i c t i o n coef f ic ien t could be c o m p u t e d 

t h r o u g h u s e of the wal l law a long wi th v e l o c i t y p r o f i l e m e a s u r e m e n t s . It 

w a s i n d i c a t e d tha t the wa l l law would be e x p e c t e d to apply with i n c r e a s i n g 

a c c u r a c y a s the p o s i t i o n of the m e a s u r e m e n t w a s m o v e d in t o w a r d the w a l l . 

It w a s a l s o po in t ed out t ha t the ^ r r o r s in the m e a s u r e m e n t would be expec ted 

to i n c r e a s e a s the p o s i t i o n of the v e l o c i t y m e a s u r i n g p r o b e w a s m o v e d in 

t o w a r d the w a l l . T h u s a c o m p r o m i s e w a s r e q u i r e d . In th i s r e p o r t , an 

imiproved m e a n s of m a k i n g t h i s c o m p r o m i s e h a s b e e n a r r i v e d a t : the wal l 

l aw is app l i ed bl indly to a l l m e a s u r e m e n t s a c r o s s the channe l , and a 



2 

f r i c t i o n coef f ic ien t is c o m p u t e d for e a c h ind iv idua l m e a s u r e m e n t . T h e s e 

f r i c t i o n coe f f i c i en t s a r e p l o t t e d and g r a p h i c a l l y e x t r a p o l a t e d b a c k to the w a l l . 

The r e s u l t i n g " w a l l " f r i c t i on coe f f i c i en t s have been p lo t t ed a g a i n s t Reyno lds 

n u m b e r s , and they a p p e a r to b e a r a l o g i c a l r e l a t i o n s h i p to p r i o r w o r k of 

T a y l o r , S m i t h and F u l l e r , R o b e r t s o n , C o u e t t e , and o t h e r s . 

I m p r o v e d P r o f i l e A n a l y s i s . T h i s effort c o n s i s t s of two p a r t s , one of 

which h a s been to find a s u i t a b l e e x p r e s s i o n for the t u r b u l e n t w a l l - l a w 

v e l o c i t y p r o f i l e , and the o t h e r i s to c o m p a r e the a c t u a l m e a s u r e d ve loc i ty 

p r o f i l e s wi th the w a l l - l a w p r o f i l e . In P r o g r e s s R e p o r t No. 2, a s i m p l e 

e x p r e s s i o n w a s s u g g e s t e d a s a c l o s e fit of w a l l - l a w da ta , and th i s e x p r e s s i o n 

h a s b e e n e x p l o r e d m o r e fully, showing it to be a m u c h s t r o n g e r r e p r e s e n t a t i o n 

than w a s i n i t i a l l y e x p e c t e d . F o r e x a m p l e , t he m i x i n g length r e l a t i o n s h i p 

c a r r i e d i m p l i c i t l y in t h i s e x p r e s s i o n i s shown to be c o n s i s t e n t with E m m o n s ' 

o b s e r v a t i o n s on eddy d i m e n s i o n s . C o m p a r i s o n of the m e a s u r e d ve loc i ty 

p r o f i l e s wi th the w a l l - l a w p r o f i l e h a v e shown, on the b a s i s of the above l o c a l 

f r i c t i o n coef f ic ien t e s t i m a t e s , tha t t h e r e i s an add i t i ona l m o m e n t u m t r a n s f e r 

t e r m in the flow in our l a r g e - s c a l e t u r b u l e n t f i lm a p p a r a t u s . T h i s add i t i ona l 

m o m e n t u m t r a n s f e r t e r m is a t t r i b u t e d to v o r t e x flow which c o - e x i s t s wi th 

the f u l l y - t u r b u l e n t flow. 

I m p r o v e d P r e s s u r e M e a s u r e m e n t s on the F u l l - B e a r i n g Conf igu ra t ion 

in the L a r g e - S c a l e T u r b u l e n c e A p p a r a t u s . A new m e t h o d for 

m e a s u r e m e n t of the e x t r e m e l y low p r e s s u r e s ( a s e n c o u n t e r e d in the ful l -

s c a l e b e a r i n g ) w a s p r e s e n t e d in P r o g r e s s R e p o r t No. 2. Th i s p r e s s u r e 
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m e a s u r e m e n t technique has been further developed and exploited, and 

complete p r e s s u r e profi les for the full bearing have been produced at th ree 

Reynolds n u m b e r s . Difficulties were encountered due to the relat ively 

l a rge magnitude of the velocity p r e s s u r e , as compared with the static 

p r e s s u r e which was being m e a s u r e d . Small d is turbances in the flow, which 

changed the velocity, could a l t e r the local static p r e s s u r e significantly. 

Elabora te exper imental ca re has removed this source of e r r o r , and it 

is believed that r ep resen ta t ive p r e s s u r e profi les have been obtained. 

Data on Skewed F lows . One of the most sought for i tems in this 

p rog ram has been data on strongly skewed flows. The relat ionship of 

velocity and shear s t r e s s has not previously been established experimental ly 

for such flows, and any theore t ica l calculation is based p r imar i ly upon some 

as se r t ion as to how the friction law should vary for such flows. 

During this r epor t period an obstruction was placed in the bearing 

film in the l a r g e - s c a l e turbulence appara tus , and a wide var ie ty of skewed 

profi les resul ted . Both p r e s s u r e m e a s u r e m e n t s and profile measu remen t s 

a r e repor ted he re , and a r e expected to be subject to analysis in the forthcomin 

per iod. 

Improved Derivat ions for Turbulent -Fi lm Bearing Analys is . Der i 

vations presented schematical ly in P r o g r e s s Report No. 2 a r e reviewed and 

improved or cor rec ted in many deta i l s . 



E s t i m a t i o n of I n e r t i a l Ef fec t s in P a d - t y p e B e a r i n g s . The a n a l y t i c a l 

t e c h n i q u e s ou t l ined above have b e e n ex tended to p a d s wi thout end l e a k a g e , 

and with i n e r t i a l e f f ec t s . T h e s e inc lude both the in i t i a l i m p a c t p r e s s u r e a t 

pad e n t r y , and the con t inuous i n e r t i a l effect t h roughou t the f i lm . The r e s u l t 

of t h e s e c o m p u t a t i o n s i s tha t the i m p a c t p r e s s u r e i s o v e r w h e l m i n g l y s igni f i 

can t in d e t e r m i n g both c e n t e r - o f - p r e s s u r e loca t ion , and load s u p p o r t for a 

v a r i e t y of pad l e n g t h - t o - c l e a r a n c e r a t i o s , and a n g l e s of i n c i d e n c e . It i s 

e x p e c t e d tha t m e a s u r e m e n t s of the a c t u a l i m p a c t p r e s s u r e a t pad en t ry wil l 

be a v a i l a b l e to s u p p o r t o r c o r r e c t t h e s e a n a l y s e s in the f o r t h c o m i n g q u a r t e r . 
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F R I C T I O N - C O E F F I C I E N T VARIATION IN C O U E T T E FLOW 

F r i c t i o n Coef f ic ien t V a r i a t i o n 

A s po in ted out in P r o g r e s s R e p o r t No. 2, a p r o g r a m h a s been deve loped 

to d e t e r m i n e the C a n d / o r T n e c e s s a r y to f o r c e e x p e r i m e n t a l data to sa t i s fy 

the u n i v e r s a l v e l o c i t y p r o f i l e equa t ion 

Y+ =̂  U++ ( U + / 8 . 74)'^ (1) 

o r 

y ^ T / p / v = u \ / p / T + ( U V P / T / 8 . 7 4 ) ' ^ (2) 

H e r e v, p, y, and u a r e known, and T m a y be so lved fo r . If the a c t u a l p ro f i l e 

is of the s a m e f o r m a s the u n i v e r s a l ve loc i t y p ro f i l e , and if the flow is s i m p l e 

C o u e t t e flow, the v a l u e of C£ c o m p u t e d for any p a i r of (u, y) c o o r d i n a t e s wil l 

c o r r e s p o n d to tha t for any o t h e r p a i r . If the v a l u e s of c o m p u t e d T v a r y out 

f r o m the wa l l , t h i s i n d i c a t e s t ha t the v e l o c i t y p ro f i l e does not follow the 

u n i v e r s a l v e l o c i t y p r o f i l e . 

F i g u r e 1 shows a n u m b e r of p r o f i l e s of c o m p u t e d C£ ( w h e r e C£ = 

2 T / P U | ^ ) , showing the c o m p u t e d v a l u e to r e m a i n n e a r l y cons t an t , but s t i l l 

d r o p p i n g off t o w a r d m i d s t r e a m . Th i s t e l l s u s tha t the u n i v e r s a l - v e l o c i t y -

p r o f i l e s h e a r - s t r e s s r e l a t i o n s h i p u n d e r e s t i m a t e s the a c t u a l m i d s t r e a m 

s h e a r s t r e s s ; t hus it i n d i c a t e s t ha t an a d d i t i o n a l m o d e of m o m e n t u m t r a n s f e r 

m u s t be a t w o r k , o v e r and above the t u r b u l e n t m o d e . Th i s i s undoubted ly 

T a y l o r v o r t e x flow, s t i l l a t w o r k even when the flow is fully t u r b u l e n t . 
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F I G U R E 1. C O M P U T E D FRICTION C O E F F I C I E N T BASED ON 
ASSUMED W A L L - L A W P R O F I L E AS A FUNCTION OF 

DIMENSIONLESS POSITION IN CHANNEL AND 
REYNOLDS NUMBER 



E x t r a p o l a t i o n s of t h e C£ p l o t s b a c k to the wa l l p r o v i d e d v a l u e s which 

m u s t b e independen t of t h i s e x t r a m o m e n t u m t r a n s f e r . The r e s u l t s of such 

e x t r a p o l a t i o n s a r e p l o t t e d in F i g u r e 2, and it i s s een tha t the Cf m a g n i t u d e s a r 

above t h o s e for p l a n e - C o u e t t e flow a s we l l a s the t h i n - f i l m v a l u e s of Smi th 

and F u l l e r . The d a t a tend t o w a r d the e a r l i e r da ta of T a y l o r for even t h i c k e r 

f i l m s , though the t r a n s i t i o n i s at h igh R e y n o l d s n u m b e r . C r i t i c a l T a y l o r 

n u m b e r for t r a n s i t i o n i s a t R = 100, and a p p e a r s to c o r r e s p o n d wel l to the 

o b s e r v e d t r a n s i t i o n . 

In the f o r t h c o m i n g p e r i o d , c h e c k s wi l l be m a d e to d e t e r m i n e if 

s i m i l a r e f fec ts t a k e p l a c e u n d e r f in i te p a d s ; and, if t h i s i s ve r i f i ed , a s e r i e s 

of Cf p r o f i l e s for d i f f e r en t c l e a r a n c e / r a d i u s r a t i o s wi l l be r e p o r t e d . 
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FIGURE 2. FRICTION COEFFICIENT AS A FUNCTION OF 
REYNOLDS NUMBER IN LARGE-SCALE TURBULENCE 

APPARATUS (b/r - 0.00793) 



C O M M E N T S ON THE R E C O M M E N D E D UNIVERSAL 
V E L O C I T Y - P R O F I L E EQUATION 

N u m e r o u s a u t h o r s have a t t e m p t e d to fill the n e e d for a cont inuous 

u n i v e r s a l v e l o c i t y p rof i l e e x p r e s s i o n , r e a c h i n g a l l the way f rom the wal l 

out into the t u r b u l e n t flow. T h e s e inc lude Miles^ \ Van Dr ies t^ ', 

Szablewski ' -^ ,̂ Re ichard t^ '* ' , and Ng^^^ As ide f rom the fact tha t none 

of t h e s e p r e c i s e l y r e p r e s e n t s the o t h e r s , a l l a r e r e l a t i v e l y difficult 

func t iona l ly , and m a k e hand c a l c u l a t i o n v i r t u a l l y i m p o s s i b l e , when one 

t r i e s to u s e t h e m to compu te s h e a r s t r e s s f r om v e l o c i t y da ta . To p r o 

v ide a s i m p l e r e x p r e s s i o n for such w o r k , we have p r o p o s e d the e x p r e s s i o n 

Y+ = U+ + (U+/8 . 74)"^ (1) 

H e r e U = u 'Vp / r and Y = (y /p \1 Tp ), w h e r e u is v e l o c i t y p a r a l l e l to the wal l , 

y i s the c o o r d i n a t e n o r m a l to the wal l , p i s fluid dens i ty , T is wa l l s h e a r 

s t r e s s , and p i s v i s c o s i t y . S o m e w h a t u n e x p e c t e d l y , t h i s r e l a t i o n s h i p w a s 

found to fit a v a i l a b l e e x p e r i m e n t a l da ta we l l . As shown in P r o g r e s s 

R e p o r t No. 2, it fo l lows the da ta of N i k u r a d s e ^ ' up to a va lue of Y"*" = 500 

and p o s s i b l y a s h igh a s Y = 1000. In the t r a n s i t i o n r eg ion n e a r Y"*" = 10, 

it w a s shown a l s o to a g r e e c l o s e l y wi th the da ta of R e i c h a r d t and L a u f e r . 

T h e r e i s e x c e p t i o n a l l y good a g r e e m e n t be tween the s e l e c t e d function and 

L a u f e r ' s da ta , and it would be v e r y sa t i s fy ing if we could convince o u r 

s e l v e s t h a t t h e s e r e c e n t m e a s u r e m e n t s a r e the m o s t a c c u r a t e . 

Defining C £ = 2 T / p u ^ , a n d R = u y / v 



Eq. (1) l e a d s to the fol lowing f r i c t ion law 

2 (2 /Cf)4 
R 

<̂ f (8. 74)^ 
(2) 

A defining equa t i on for eddy v i s c o s i t y , r], m a y be w r i t t e n a s fol lows 

(3) / , , 9u 
(M + pn) 9 ^ = T 

The s h e a r s t r e s s T m a y be a s s u m e d c o n s t a n t , s ince t h i s is one of the 

e s s e n t i a l cond i t i ons of the u n i v e r s a l v e l o c i t y p ro f i l e . Combin ing Eq. (1) 

and Eq. (3), and d r a w i n g upon the a p p r o p r i a t e def in i t ions 

^ = 0. 801 ( U ^ / 8 . 74)^ (4) 
M 

Mixing l eng th , 2, m a y be def ined by 

r\ = i^ da 
dy 

(5) 

C o m b i n i n g t h i s wi th the above r e l a t i o n s h i p for eddy v i s c o s i t y [Eq. (4 ) ] , 

7 ? 7 
and defining ri / pv = L 

(L+)^ = 0. 801 (U+/8 . 74)^ [1 + 0. 801 (U+/8 . 74)^] 

It i s not conven i en t to so lve t h i s exp l i c i t l y for L"*" in t e r m s of Y , but 

for the s p e c i a l c a s e s of v e r y l a r g e and v e r y s m a l l Y th i s b e c o m e s 

r e s p e c t i v e l y : 

F o r l a r g e Y 

L+ = 0. 801 ( U + / 8 . 74)6 = 0. 801 (Y + )6/'7 

F o r v e r y s m a l l Y + 

L+ = \J0. 801 ( v + / 8 . 74)3 ^ ^yo. 801 (Y + / 8 . 74)3 

(6] 

(71 

(8) 



Note tha t for the v e r y s m a l l Y th i s fol lows a cubic r e l a t i o n , for 

wh ich E m m o n s ' ' h a s g iven s o m e s u b s t a n t i a t i o n in t e r m s of r e p o r t e d 

m e a s u r e m e n t s of eddy d i m e n s i o n . At the h i g h e r v a l u e s of Y"*" the 

r e l a t i o n s h i p i s v e r y n e a r l y l i n e a r , a s i s o r d i n a r i l y a s s u m e d in mix ing 

+ + 

l eng th t h e o r y . The r e l a t i o n s h i p b e t w e e n L and Y i s b e s t i l l u s t r a t e d 

in F i g u r e 3, w h e r e the p r e d i c t i o n s of Eq . (6) c o m b i n e d wi th Eq. (1), 

a r e shown m e r g i n g in to the cub ic r e l a t i o n s h i p a t the s m a l l Y"*", and 

a p p r o a c h i n g (ve ry n e a r l y p a r a l l e l i n g ) the o r d i n a r i l y a s s u m e d m i x i n g 

l eng th r e l a t i o n s h i p of L+ = 0. 4Y"'". On the b a s i s of t h e s e o b s e r v a t i o n s , w e 

s u g g e s t tha t the s i m p l e p ro f i l e r e p r e s e n t e d by Eq. (1) not only p r o v i d e s 

a good d i r e c t fit of e m p i r i c a l v e l o c i t y p ro f i l e da ta , but a l s o a p p e a r s to 

m a k e s e n s e when v i e w e d in t e r m s of the m i x i n g l eng th r e l a t i o n s h i p which 

it c a r r i e s wi th it i m p l i c i t l y . 



12 

100 

10 -

0.1 

• 1 

L+= 

A 
1^^ 

r 

0.4 Y y ^ 

PROPOSED 

a(Y+)^ 

1 

/ 

APPROXIMATION 

10 100 1000 

92710 K 

F I G U R E 3 . P L O T O F DIMENSIONLESS MIXING LENGTH 



13 

E M P I R I C A L R E P R E S E N T A T I O N OF VELOCITY P R O F I L E S 

At the o u t s e t of the e x p e r i m e n t a l p r o g r a m it w a s dec ided that the 

m e a s u r e d ve loc i t y p r o f i l e s would be c h a r a c t e r i z e d by a b e s t - f i t p o w e r - l a w 

e x p r e s s i o n . To t h i s end a l e a s t - s q u a r e s t e chn ique w a s w o r k e d out for 

c o m p u t e r - a n a l y s i s of the d a t a . 

In the p a s t q u a r t e r , t h i s h a s b e e n r e - a s s e s s e d , and, to a l a r g e 

ex ten t , a b a n d o n e d . A g r a p h i c a l c u r v e - f i t a p p e a r s to offer a p r e f e r a b l e 

a p p r o a c h . The p r i n c i p a l d i f f i cu l t i e s have b e e n e n c o u n t e r e d at low v a l u e s 

of R. In fac t , the t e c h n i q u e i s qu i t e s a t i s f a c t o r y at l a r g e R or fully t u r b u l e n t 

flow. 

F i g u r e s 4 and 5 i l l u s t r a t e the a g r e e m e n t of the c u r v e of the type 

u /u i - (y/b) '^ , for the n c o m p u t e d by the l e a s t - s q u a r e s p r o g r a m , and for a 

r e l a t i v e l y high R e y n o l d s n u m b e r . In t h i s c a s e , the fit is s a t i s f a c t o r y on both 

l i n e a r and l o g a r i t h m i c p l o t s . 

F i g u r e s 6 and 7 show the r e s u l t s of t h r e e d i f fe ren t t e c h n i q u e s of 

a r r i v i n g at t he b e s t exponent for the s h o r t p ro f i l e at a low R e y n o l d s n u m b e r . 

It i s s e e n tha t the l e a s t - s q u a r e s r e s u l t g ives e x c e s s i v e weigh t to the s ing le 

dev i an t poin t n e a r the w a l l . An " e y e b a l l " fit on the l o g a r i t h m i c p lo t (with 

e m p h a s i s on the p o i n t s n e a r m i d s t r e a m ) a l s o d o e s not p r o v i d e a s a t i s f a c t o r y 

fit on the l i n e a r p lo t . A s a t h i r d a p p r o a c h , one po in t at the knee of the c u r v e 

w a s e s t a b l i s h e d a c c u r a t e l y by r e p e a t e d r u n s , and the p o w e r - l a w c u r v e w a s 

c o m p u t e d to p a s s t h r o u g h th i s po in t . It a p p e a r s tha t t h i s l a s t d e v i c e is an 

ef fec t ive a p p r o a c h to the p r o b l e m of a r r i v i n g at a s i n g l e - p a r a m e t e r p o w e r - l a w 

for c o m p a r a t i v e p u r p o s e s . 
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Yet a n o t h e r a p p r o a c h to da t a a n a l y s i s i s shown in F i g u r e 8, w h e r e 

a c t u a l p r o f i l e s a r e c o m p a r e d wi th the u n i v e r s a l ve loc i ty p ro f i l e c u r v e . To 

t h i s end f r i c t i o n coef f ic ien t w a s c o m p u t e d by the e x t r a p o l a t i o n t e c h n i q u e (See 

F i g u r e I) , and t h i s w a s u s e d in c o m p u t i n g Y+ and U + . In t h i s c a s e 

U+ =(u/ub)N/77c7 (9) 

Y"*" =yR/U"^b (10) 

When p lo t t ed a s shown, the m i d s t r e a m v a l u e s (y = b) a r e below the u n i v e r s a l 

v e l o c i t y p r o f i l e . T h i s aga in e m p h a s i z e s tha t s o m e f a c t o r o t h e r than s i m p l e 

t u r b u l e n c e c o n t r i b u t e s to the r e s i s t a n c e to flow. 
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C O M M E N T S ON A NEWLY INTRODUCED METHOD 
FOR DEALING WITH T U R B U L E N T SHEAR 

F L O W S IN BEARINGS 

R e c e n t l y P a n and Ng^ ' h ave r e p o r t e d the a p p l i c a t i o n of a novel 

r e l a t i o n s h i p for g e n e r a t i o n of v e l o c i t y p r o f i l e s in p r e s s u r e f lows, t h i s 

having been s u g g e s t e d by E l r o d . It is a p p a r e n t that t h i s r e l a t i o n s h i p d o e s , 

in g e n e r a l , fit the p r i n c i p a l r e q u i r e m e n t s of the p r o b l e m . Howeve r c a r e fu l 

a n a l y s i s i s r e q u i r e d to a s s e s s it r e l a t i v e to o t h e r a p p r o a c h e s such a s the 

m i x i n g - l e n g t h a p p r o a c h . In e s s e n c e , it i s a s s u m e d tha t the eddy v i s c o s i t y , 

n, b e a r s a f ixed r e l a t i o n s h i p to Y , w h e r e Y - y V r / p / v r a t h e r than the m o r e 

c o n v e n t i o n a l Y"*" = y N/TQ/ p / v . In o r d e r to get eddy v i s c o s i t y in any c i r c u m 

s t a n c e , the d i s t r i b u t i o n tha t s a t i s f i e s the wa l l law m a y be u s e d to e s t a b l i s h 

the func t iona l r e l a t i o n s h i p b e t w e e n Y and pr)/p.. The exac t function d e p e n d s 

upon how w e l l the wa l l law e x p r e s s i o n for PH/M- niay be w r i t t e n . If we m a y 

apply the r e l a t i o n s h i p f r o m the p r e v i o u s s e c t i o n with conf idence , we m a y 

w r i t e 

prj - ( 0 . 8 ) H~(U+/8.74)6 (^^^ 

Or , in the f u l l y - t u r b u l e n t p a r t of the flow ( i . e. , o u t s i d e the s u b l a y e r ) 

pn ^ 0 . 8 ia(Y+)^/'^ (12) 

With t h i s s i m p l e r e l a t i o n s h i p , it is p o s s i b l e to e x p l o r e m o r e fully the i m p l i c a t i o n 

of th i s s u g g e s t i o n in flow w h e r e T i s a funct ion of y . F o r e x a m p l e , it i s 

p a r t i c u l a r l y i n f o r m a t i v e to d e t e r m i n e the m i x i n g - l e n g t h r e l a t i o n s h i p i m p l i e d . 



F o r flow when the v i s c o u s r e s i s t a n c e i s neg l ig ib l e 

T ^ pi^idu/dy)^ 

In t e r m s of eddy v i s c o s i t y t h i s i s 

dy 

C o m b i n i n g t h e s e 

£ = 4 ^ r] (13) 

U s i n g E q . (12) f o r r) 

6 / 7 
^ - ^ / ^ ( 0 . 8 ) |a[(y/v)V77Fl ' (14) 

F o r C o u e t t e flow w h e r e T = TQ, t h i s would be 

^^ - ' / T T ^ (0 .8 ) H . [ (y /v )N/W"p]^ /^ (15) 

C o m p a r i n g a flow wi th v a r y i n g T to the C o u e t t e flow, for c o r r e s p o n d i n g 

v a l u e s of y 

i / - ^ o V ^ ^ ^ (16) 

T h i s would ca l l for i—"oo when T-» 0 ( a s at m i d s t r e a m of p u r e p r e s s u r e flow). 

On the o t h e r hand t h i s i s not s e r i o u s s i n c e T\—'Q when T-» 0, thus giving a 

r e a l i s t i c p r o f i l e . O v e r m o s t of the r a n g e the ( T / T Q ) i s such a w e a k 

funct ion tha t i-^S. ^ and the a s s u m p t i o n i s equ iva len t to a fixed mix ing l eng th 

d i s t r i b u t i o n , c o r r e s p o n d i n g to t ha t for the u n i v e r s a l ve loc i t y p r o f i l e (or for 

C o u e t t e f low). T h i s is e s p e c i a l l y t r u e for s m a l l - p e r t u r b a t i o n p r e s s u r e flow 

i m p o s e d upon a s t r o n g C o u e t t e flow. E v e n if T = 0. STQ, ^ ^ 1. 05 i , , , and 

for T = 0. 2 T O , i = 1. 12 i ^. T h i s b e a r s out the s t a t e m e n t tha t the sub jec t 

absurnpl io i i it> t an t a iuoun t to the a s s u m p t i o n of a " u n i v e r s a l m i x i n g length 

d i s t r i b u t i o n , '' w h e r e L =f(Y ), and both L and Y a r e b a s e d upon TQ 

r a t h e r than T. 
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P R E S S U R E P R O F I L E S 

P r e s s u r e s in the l a r g e s c a l e t u r b u l e n c e a p p a r a t u s r a n g e u p w a r d to 

the m a g n i t u d e of 

p / p u b - 3X10"^ (17) 

S ince the "ve loc i t y p r e s s u r e " i s pu|-,/2, even a o n e - p e r c e n t change in ve loc i ty 

would c r e a t e a p r e s s u r e i n c r e m e n t such tha t 

A p / p u ^ = 10-2 (18) 

T h u s even a v e r y s m a l l d i s t u r b a n c e can c r e a t e p r e s s u r e c h a n g e s that m a s k 

the t r u e p r e s s u r e . A s a c o n s e q u e n c e of t h i s d e l i c a c y of m e a s u r e m e n t , a 

g r e a t m a n y r u n s w e r e r e q u i r e d to e s t a b l i s h conf ident d a t a . The end r e s u l t 

showed a g ra t i fy ing c o n s i s t e n c y , a s i n d i c a t e d in F i g u r e s 9 and 10. In F i g u r e 

9, t he t i m e - r e a d i n g s in the p r e s s u r e m e a s u r e m e n t i n s t r u m e n t a r e shown, 

t h u s i n d i c a t i n g a c o n s i d e r a b l e v a r i a t i o n in a c t u a l p r e s s u r e f rom run to run . 

In F i g u r e 10, the d i m e n s i o n l e s s p r e s s u r e i s p lo t t ed for the t h r e e r u n s and is 

s e e n to c o r r e s p o n d w e l l wi th in e x p e c t e d e x p e r i m e n t a l s c a t t e r d e s p i t e the 

c h a n g e in R e y n o l d s n u m b e r f rom run to r u n . T h e s e d a t a wi l l be a n a l y z e d 

f u r t h e r in t h e f o r t h c o m i n g p e r i o d . A s they s tand , they conf i rm the g e n e r a l 

m a g n i t u d e of the p r e v i o u s r e p o r t , and t h u s s u s t a i n the p r e v i o u s a r g u m e n t s 

t ha t bo th c i r c u m f e r e n t i a l and a x i a l flow a r e s ign i f ican t even in ou r s h o r t -

b e a r i n g e x p e r i m e n t a l se tup ( L / D = 1/3). 
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SKEWED F L O W S 

In o p e r a t i n g the l a r g e - s c a l e t u r b u l e n c e a p p a r a t u s a s a b e a r i n g , it 

w a s found tha t ( even at l a r g e e c c e n t r i c i t y ) insuff ic ient l e a k a g e flow would 

a r i s e to p e r m i t a c r i t i c a l se t of m e a s u r e m e n t s on skewed f lows . As an 

exped ien t a p p r o a c h , the " b e a r i n g " w a s p l a c e d c o n c e n t r i c wi th the j o u r n a l and 

an a x i a l b l o c k a g e w a s c l a m p e d to the b e a r i n g , in the f o r m of a 0 . 5 in . X 0. 5 

in. b o a r d . T h i s f o r c e d the flow to d i v e r t and p a s s out the ends of the 

c l e a r a n c e s p a c e , a s f luid w a s t r a n s p o r t e d to the b a r r i e r by t r a c t i o n on the 

m o v i n g j o u r n a l . Two s e t s of d a t a a t two R e y n o l d s n u m b e r s a r e r e p o r t e d 

h e r e . A n a l y s i s of t h e s e da t a i nvo lves the c o m p l e t e so lu t ion for b e a r i n g s 

wi th end l e a k a g e and wi l l be a t t e m p t e d in the f o r t h c o m i n g q u a r t e r . At p r e s e n t 

t h e s e da ta a r e r e p o r t e d for t h e i r d i r e c t i n t e r e s t v a l u e . 

F i g u r e 11 shows a m a p of the l o c a l ve loc i ty v e c t o r s n e a r the o b s t a c l e 

a t low R e y n o l d s n u m b e r (R = 550) . H e r e Z i s m e a s u r e d f rom m i d c h a n n e l 

o u t w a r d t o w a r d the edge in i n c h e s ; X i s m e a s u r e d f rom the b a r r i e r in i n c h e s . 

Note tha t the m i d s t r e a m v e l o c i t y s i m p l y d e c e l e r a t e s . Ou tward f r o m th i s 

l ine the v e l o c i t y t u r n s into the a x i a l d i r e c t i o n and i n c r e a s e s in m a g n i t u d e . 

F i g u r e 12 shows a c o m p a r a b l e f i g u r e at h i g h e r speed (R = 2500) w h e r e 

the p a t t e r n of flow is shif ted s o m e w h a t - p r e s u m a b l y due to i n e r t i a l e f fec t s . 

F i g u r e 13 shows t y p i c a l m e a s u r e m e n t s of v e l o c i t y - d i r e c t i o n at a 

g iven (X, Z) poin t and for d i f f e ren t v a l u e s of y / b , at R = 2500. 

T a b l e 1 g i v e s a s e r i e s of p r e s s u r e m e a s u r e m e n t s which a c c o m p a n y 

the ve loc i t y p a t t e r n of F i g u r e 12. 
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FIGURE 11 . VELOCITY VECTORS IN SKEWED FLOW (R = 550) 
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T A B L E 1. P R E S S U R E DISTRIBUTION IN 
SKEWED F L O W (R = 2500) 

X, in. 

1 

2 

3 

4 

5 

Z, in. 

0 
2 
4 
6 

0 
2 

0 
4 
6 

0 
2 

0 
4 
6 

P 

0. 374 
0. 361 
0. 337 
0. 273 

0. 344 
0. 337 

0. 321 
0. 281 
0. 220 

0.297 
0. 297 

0.280 
0.253 
0. 198 
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I N E R T I A L E F F E C T ON A PAD WITHOUT END 
LEAKAGE AND WITH T U R B U L E N T FLOW 

Append ix A r e v i e w s the d e r i v a t i o n of the equa t ion for flow in a 

b e a r i n g wi thout end l e a k a g e , showing it to r e d u c e to the following fo rm 

1 - H ' 
d P 
dX 

X 
2 

i 

H 
d X 

+ 2 C f i ^ l - : i i i 
X V H^ 

Le t t i ng C^ = ^ f v ' ^^^^ s i m p l i f i e s to 
X 

(19) 

d P ^ ^ d H Z d x , ^ ^ ^ , / l ^ H 
,2 „ 2 f V u 2 dX 

X H^ H^ 
(20) 

F o r an i n c l i n e d flat s l i d e r on a flat s u r f a c e 

H = 1 - aX 

dH 
dX = - a 

Subs t i t u t ing t h i s into Eq. (20) 

d P ^ g, a ^ 

dX " ^2 (1 _ ^X)2 A V ( l - a X 2 ) ( 1 - a X ) 
(21) 

Le t t ing Q = (1 - aX) 

d P _ ^ d Q ^^ f 
dX y2 Q 2 a 

dO dQ 

0 2 ^ Q 
(22) 

If it i s a s s u m e d , a s ou t l ined in Append ix A, tha t %ly~ and Cf m a y be dea l t 

wi th a p p r o x i m a t e l y a s c o n s t a n t s 

^/X^ + ZCf/a 2Cf 
P - — 7 ^ —. + i h (1 - aX) + N 

(1 - aX) a 
(23) 



U n d e r the s a m e s impl i fy ing a s s u m p t i o n , P m a y be i n t e g r a t e d a second 

t ime ; howeve r , Eq . ( 2 3 ) w a s c o n s i d e r e d to be suff ic ient ly s i m p l e for 

n u m e r i c a l i n t e g r a t i o n . 

To e v a l u a t e the c o n s t a n t of i n t e g r a t i o n N, the l ead ing edge 

p r e s s u r e m u s t be a s s u m e d . The full span of p o s s i b i l i t i e s can be c o v e r e d 

by t h r e e c h o i c e s : (1) The v a l u e of N = 0 would c o r r e s p o n d to the a b s e n c e 

of i n e r t i a l effect , (2) The v a l u e of N = 2 would c o r r e s p o n d to full s t agna t ion 

p r e s s u r e a t the e n t r y . The va lue of N = 1 would c o r r e s p o n d to r e c o v e r y of 

half the s t a g n a t i o n p r e s s u r e a t e n t r y - - and, pending e x p e r i m e n t a l v e r i f i 

ca t i on , m i g h t r e p r e s e n t a l o g i c a l m a g n i t u d e . 

S u m m a r i z i n g a l l of the c o m b i n a t i o n s of v a r i a b l e s c h o s e n 

N 

0 

0 

0 

2 

2 

2 

1 

1 

1 

C/x 

0 

0 

0 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

Cf 

005 

005 

005 

005 

005 

005 

005 

005 

005 

a 

0. 001 

0. 005 

0. 01 

0. 001 

0. 005 

0. 01 

0. 001 

0. 005 

0. 01 

-200 

-100 

- 20 

-200 

-100 

- 20 

-200 

-100 

- 20 

^o 

-400 

-200 

- 40 

-400 

-200 

- 40 

-400 

-200 

- 40 

-800 

-400 

- 80 

-800 

-400 

- 80 

-800 

-400 

- 80 

The c h o i c e s of N have b e e n e x p l a i n e d above . The choice of ^ / x = 0 s i m p l y 

e l i m i n a t e s the i n e r t i a l t e r m f r o m Eq. (19) . Cf r e p r e s e n t s a p l aus ib l e 

m a g n i t u d e f rom the p r e v i o u s l y shown Cf c h a r t s and the m a g n e t u d e s o f LI)(, 
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a s i n d i c a t e d in Append ix A. The s lope a p r o v i d e s b e a r i n g s with a 

c l e a r a n c e / l e n g t h r a t i o r ang ing rough ly f rom 0. 0005 to 0. 05; t h i s would 

imp ly for 0. 001 in. c e n t r a l c l e a r a n c e tha t pads would r ange f rom 2 in. 

down to 0. 2 in . T h u s , a p l a u s i b l e r a n g e of cond i t ions h a s been c o v e r e d . 

The quan t i ty XQ m e a s u r e s the pos i t i on of the p a d ' s l ead ing edge f rom an 

a r b i t r a r y point , w h e r e H i s a s s i g n e d a va lue of uni ty . Th i s a r b i t r a r y 

point c o r r e s p o n d s a p p r o x i m a t e l y to the m e a n fi lm t h i c k n e s s . 

C o m p u t e r R e s u l t s 

A. P r e s s u r e P r o f i l e s . F i g u r e s 14 t h r u l6 show t h r e e s e t s of p r e s s u r e 

p r o f i l e s , showing the effect of pad l eng th L ( e x p r e s s e d a s a m u l t i p l e of m e a n 

f i lm t h i c k n e s s ) and N (the p r e s s u r e r e c o v e r y f a c t o r ) . B e c a u s e L w a s not 

one of the p r e - s e t p a r a m e t e r s in the p r o g r a m , e x a c t l y c o m p a r a b l e v a l u e s 

a r e not a v a i l a b l e for a l l of the m a g n i t u d e s of N. On the o the r hand, they a r e 

suff ic ient ly c l o s e to p e r m i t use fu l c o m p a r i s o n s . The p r i n c i p a l f e a t u r e 

to note in t h e s e p lo t s is t ha t the l e a d i n g - e d g e i m p a c t p r e s s u r e N i s a m a j o r 

f ac to r in d e t e r m i n i n g the p r e s s u r e p r o f i l e . F i g u r e s 15 and 16 show s i m i l a r 

r e l a t i o n s for d i f fe ren t pad a n g l e s . 

B . L o c a t i o n of C e n t e r of P r e s s u r e . In F i g u r e 17, the s y m b o l C / L 

r e p r e s e n t s the d i s t a n c e b a c k f r o m the l ead ing edge to the c e n t e r of p r e s s u r e , 

e x p r e s s e d a s a f r a c t i o n of pad l eng th . The s u b s c r i p t on Cjv̂  c o r r e s p o n d s to 

the m a g n i t u d e of N u s e d in the c a l c u l a t i o n . Note tha t for N = 0 (i. e. , no 

i m p a c t p r e s s u r e ) , the c e n t e r of p r e s s u r e i s beh ind the pad c e n t e r , a s i s 

t r u e in l a m i n a r flow. F o r N = 1, the c e n t e r of p r e s s u r e i s wel l a h e a d of 
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the c e n t e r of the pad, m o v i n g b a c k w a r d for l o n g e r v a l u e s of b e a r i n g length 

L. Note a l s o tha t for i n c r e a s i n g pad angle the c e n t e r of p r e s s u r e m o v e s 

r e a r w a r d . T h u s , for a p ivo ted b e a r i n g t h e r e wil l be s t ab i l i t y in the s e n s e 

tha t , for a g iven pivot pos i t i on , pad angle wi l l i n c r e a s e unt i l the c e n t e r of 

p r e s s u r e m o v e s to the pivot p o s i t i o n . One would conc lude f rom the 

c a l c u l a t e d v a l u e s t h a t pivot l oca t ion a t m i d p o i n t of the pad (Cjsj/L = 0. 5) 

i s not u n r e a l i s t i c for t u r b u l e n t - f i l m b e a r i n g s . It a l s o s u g g e s t s tha t if 

the pad i s to be sub jec t to e i t h e r l a m i n a r o r t u r b u l e n t flow a pivot pos i t ion 

n e a r to the hal fway point i s d e s i r a b l e . 

C. Load C a r r y i n g C a p a c i t y . The m e a n p r e s s u r e Pjsj i s p lo t t ed 

in F i g u r e 18, w h e r e it i s s een to be s ign i f i can t ly a f fec ted by the i m p a c t 

p r e s s u r e , a s d e t e r m i n e d by N. O t h e r w i s e , i t i s shown to i n c r e a s e r e g u l a r l y 

wi th b e a r i n g l eng th and wi th p a d - a n g l e a s given by a. It i s i n t e r e s t i n g 

tha t the p r i n c i p a l effect of i m p a c t p r e s s u r e i s to e l e v a t e the c o m p l e t e 

f ami ly of c u r v e s . S u r p r i s i n g l y , the e l e v a t i o n is not the in i t i a l va lue of 

P (i. e. , of N); it i s s m a l l e r , r unn ing n e a r e r to 0. 75 N. P e r h a p s th i s 

o b s e r v a t i o n can be u s e d a s a r u l e of t h u m b for fu ture c a l c u l a t i o n s . 
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P H Y S I C A L C O N C E P T O F L E A D I N G - E D G E IMPACT 
P R E S S U R E RISE 

R e f e r i n g to F i g u r e 19, v i s u a l i z e the shaft s u r f a c e a s mov ing to the 

r i g h t (with the speed i ), and d r a w i n g wi th it b o u n d a r y - l a y e r fluid a t the 

s a m e s p e e d . At e n t r y to the b e a r i n g , t h e m e a n f l u i d ve loc i t y m u s t a c h i e v e the 

u l t i m a t e v a l u e of u ^ ( a t t he e x t r e m e r i gh t ) , t hus cont inu i ty c o n s i d e r a t i o n s 

d i c t a t e tha t a s i z e a b l e p a r t of the flow m u s t be de f l ec t ed . One migh t v i s u a l i z e 

an e n t r y a s shown, c o r r e s p o n d i n g to o r i f i c e flow with a v e n a c o n t r a c t a , by a 

"dead w a t e r " r e g i o n and fol lowed by a mix ing z o n e . If t he ve loc i ty at the vena 

c o n t r a c t a i s s t i l l Ug then Ughg^ = ^b^* T h e m o m e n t u m flux equat ion b e t w e e n 

a and b m a y be w r i t t e n a p p r o x i m a t e l y a s 

^Pa + ( P ^ s ^ a ) ^ s - hPb + (Pubh)ub (24) 

o r 

Pb • Pa - P % ^ ( ^ s - % ) (^^^ 

Tf • i 

o r 

P b " P a - P % (^^) 

^ P . , (27) 
run *-
P^b 

One f a c t o r wh ich would l o w e r t h i s m a g n i t u d e would be p r i o r d i s s i p a t i o n in 

the r e g i o n of d e c e l e r a t i o n which m u s t p r e c e d e e n t r y to the b e a r i n g . In tha t 

r e g i o n t h e r e m u s t be a p r e s s u r e r i s e to def lec t the flow and c o n s e q u e n t l y 
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the fluid m u s t m o v e into an " a d v e r s e p r e s s u r e g r a d i e n t " wi th a t t e n d a n t 

d e c e l e r a t i o n - - a n d p o s s i b l y wi th s e p a r a t i o n and the l o s s e s which a c c o m p a n y 

t h i s . Only e x p e r i m e n t a l m e a s u r e m e n t s wi l l a n s w e r t h i s q u e s t i o n c o m p l e t e l y . 
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FUTURE PROGRAM 

The pr incipal effort of the forthcoming quar te r will be to round out 

and exploit fur ther the findings and methods of analysis indicated in this 

r epor t . It was noted in the previous repor t that the subject of combined 

p res su re - f low and Couette-flow would be dealt with in the vortex-flow 

reg ime , in the p resen t r epo r t . However, during the prepara t ion period, a 

(9) 
paper has been published by Di P r i m a on this subject . It is felt appropr ia te 

to hold discussion of this subject back until this recent work has been a s s e s s e d . 
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A P P E N D I X A 

In P r o g r e s s R e p o r t No . 2 e q u a t i o n s w e r e ou t l ined for b e a r i n g 

a n a l y s i s . The d e r i v a t i o n s p r e s e n t e d a t t ha t t i m e have been i m p r o v e d 

and c o r r e c t e d h e r e , p r e p a r a t o r y for u l t i m a t e i n c o r p o r a t i o n into a m o r e 

g e n e r a l d e r i v a t i o n for flow wi th end l e a k a g e . 

The u l t i m a t e goa l of the p r e s e n t d e r i v a t i o n i s to g e n e r a t e a n 

e q u a t i o n for c i r c u m f e r e n t i a l f low, of the t ype : 

^ ( 1 + U ) ^ + 2Cfe ^ = - ^ (1) 
9X H dX 

w h e r e 

% c 
s U, x / h o s X, h / h o = H, p/p%c- ^' ^ f c =Cf, R = r / h , 

and 

, , ^ f o ( % c + ^ % ) ^ - Cfh (Ubc - ^ % ) ^ 
4 C f ^ ( u b J A u b (2) 

J A u d y 

Y = __0 (3) 
Au^h 

.h 
/ ( u ^ t A u ) ^ d y 

r = —2 (4) 
^ / A u u \ 9Au^ ^ ' 

The l a s t t h r e e q u a n t i t i e s a r e shown to be w e a k v a r i a b l e s and, of the 

o r d e r of u n i t y . 
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presen t case , these need not be d i scussed h e r e . An express ion of Newton's 

second law for such a fi lm* may be wri t ten as follows (under the a s s u m p 

tion of steady flow with the local velocity u in the x direction, and where 

p r e s s u r e is a s sumed to be independent of y,the coordinate measured a c r o s s 

the film th ickness , which ranges f rom 0 to h): 

,h 
/ p u | ^ d y + | E h = T h - "̂ O (5) 

It is now poss ib le to introduce the definition 

^ 2 
(6) 

pu. 

such that Cr is defined re la t ive to the wall on which the shear s t r e s s is to 

be measu red , and Uv is defined as midchannel velocity re la t ive to that 

wal l . Substituting into Eq. (4) 

/ ' ,u i n dy + ^ h = 
ax ax 

Cfhp(ubh)^ Cfo p(%o)' 
(7) 

Refer to F igure 1-A for which the definition of the re la t ive velocit ies u, , 

and Ui Q a r e defined. 

At this point it is des i r ab le to refine further the definition of 

u, in o rder to examine the case of a p r e s s u r e flow, acting codirectional 

with a Couette flow. As i l lus t ra ted in F igure 1-B , a Couette flow with 

center l ine velocity u, is incremented to the right by a p r e s s u r e flow, 

where the incrementa t ion of the cen ter l ine velocity i s of the magnitude Auu. 

*For turbulent or l aminar film. 
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F I G U R E I. N O M E N C L A T U R E FOR ANALYSIS O F BEARINGS 
WITHOUT E N D LEAKAGE 
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In view of the definitions of u, and u, , , these become 
bo bh 

l%ol = Pbc+^%| 

i%hi=rbc -^%i 

Here it is recognized that the Couette flow b e a r s such symmetry re la t ive 

to each wall that the mid-channel velocity iSj in ei ther case, designated 

by the same quantity u^^^, re la t ive to ei ther wall, for the Couette flow 

acting a lone. In t e r m s of this , Equation (6) becomes 

r 9^^ ^9Pv, ^fhP(uc-^^b)^ Cfop(uc-Aub)2 
J pu —dy+_i ih= ^ - = 0 (8) 

J; ax 9x ' 2 I 

I II III 

The equation has been divided into t h r e e p a r t s for purposes of discussion, 

pa r t I being the "momentum flux" t e r m , pa r t II being the " p r e s s u r e gradient 

and par t III being the "wall shea r " t e r m . 

2, Wall Shear T e r m 
If C ̂  is the wall shear s t r e s s for the Couette flow before fc 

i ts incrementa t ion by Au, it is poss ible to wri te for other conditions the 

re la t ion 

Cr 
4> = - ^ (9) 

^fc 

Hence 4)Cfj, will p e r m i t the computation of actual friction coefficient C£ 

when 4) is known. To obtain some idea of the type of var ia t ion expected 

of <() we may wr i te the approximate express ion: 



^ = 
R., \ " 

' f c = ( ^ ) 
(10) 

In t h i s c a s e we h a v e a s s u m e d tha t the Cf vs R r e l a t i o n s h i p i s con t inuous 

and can be a p p r o x i m a t e d by s u i t a b l e s e l e c t i o n of n . T h i s would not 

n e c e s s a r i l y be the s a m e n tha t would b e s t r e p r e s e n t the R e y n o l d s n u m b e r 

v a r i a t i o n for t h e C o u e t t e flow a lone , though e v i d e n c e h a s b e e n p r e s e n t e d 

( s e e P r o g r e s s R e p o r t No . 1) wh ich s u g g e s t s tha t n wi l l not differ g r e a t l y 

f r o m tha t m a g n i t u d e . In t e r m s of t h i s . T e r m III of Equa t i on (8) b e c o m e s 

(III) = pC be \ ^ be b ' 

fcUbc+Au^ 
- p C fc 

^ b r \ ^ ( U h r - ^ u ) 

" b e - ^ ^ b 

b e 

(11) 

Or u s i n g E q u a t i o n (10) 

(III) = P 
Cr^U f c ^ c 

1 + 
^ b c 

1 -
A u b ^ 2 - n 

u b e 
(12) 

If n = 0 ( in wh ich c a s e C^ - Cf^ = C o n s t . ) , Equa t i on (12) would r e d u c e to 

2 r 
(III) = p Cfc^bc 

- % c -
(13) 

T h i s would be e x p e c t e d to p r e v a i l w h e r e wal l r o u g h n e s s c a u s e s C^ to d e p a r t 

f r o m s m o o t h - w a l l b e h a v i o r and l e v e l out at a n e a r l y c o n s t a n t va lue at high 

R e y n o l d s n u m b e r . 

Us ing the r e s u l t s of E q u a t i o n (13) and Equa t ion (12), a usefu l c o m 

p a r i s o n i s t he c o n s e q u e n c e when the fol lowing quot ien t is d e t e r m i n e d : 
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e = 
I + 

A u b \ 2 - ^ 

ubc ^ Ubc I J 
4 ( ^ % / % c ) (14) 

The quan t i ty % would c o m p a r e t h e effect of Cf v a r y i n g , wi th tha t of cons t an t 

Cf a s to t h e i r i n f luence on t e r m IIL T a b l e II shows c o m p a r i s o n s of the 

v a r i a t i o n of ^ wi th ^ u ^ / % c ^ ° ^ n = 1/2 and n = 1/4, which would be 

e x p e c t e d to r e p r e s e n t a r e a l i s t i c r a n g e of m a g n i t u d e s . 

T a b l e II 

n 1/2 

0. 75 

0. 741 

0 . 7 0 

n = 1/4 

0. 875 

0. 866 

0 . 8 4 

Note tha t for ^u^^/u^^ — 0, C — 1 - j . A l s o note tha t ^ u ^ / u ^ ^ = 1, 

r e p r e s e n t s t h e l i m i t of a p p l i c a b i l i t y of E q u a t i o n (8), a s w r i t t e n , s i nce 

e x c e e d i n g of t h i s m a g n i t u d e would r e q u i r e a change of the s ign in T e r m III 

of E q u a t i o n (8) , s i n c e t h e s h e a r s t r e s s at one wa l l would r e v e r s e d i r e c t i o n . 

In t e r m s of ^, and E q u a t i o n ( 1 2)> T e r m III b e c o m e s 

(III) = P 
Cr^U fc^bc e 

4Au^ 

L ^ b c J 
(15) 

In r e c o g n i z i n g tha t pC,U|^^/2 i s t h e w a l l s h e a r s t r e s s T of the o r i g i n a l 

C o u e t t e flow a c t i n g a lone 

~4Au 
(III) = T^e 

. b e . 
(16) 
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Ubc 

F I G U R E 2. I L L U S T R A T I O N O F APPROXIALATE VELOCITY 
P R O F I L E WHEN (Aui3)/ui3(- — 1 



This is a useful form of the t e r m since § is not widely variable, as is 

seen in Table II. As a f irs t approximation, it could well be ^ = 1 . 

If m o r e accuracy is des i r ed any reasonable choice of n will give a fair 

approximat ion since, for the wide range indicated, the ra t io of ^ for the 

two values of n is about 0. 85; or, only a 15% e r r o r in T e r m III would have 

resu l ted if one value of n had been used for computation when the other 

should apply. Somewhere between these ex t remes even bet ter agreenaent 

should r e su l t . 

Should we, in measu remen t , be able to determine n within 

20% of i ts best value, only a very smal l e r r o r in T e r m III would resu l t . 

This suggests the feasibility of obtaining rea l i s t i c predict ions of the 

"wall shea r " t e r m by reasonably accura te experimentat ion, 

3. Momentum Flux 

In Equation (8) the momentum flux t e rm . T e rm I, may be 

wri t ten as 

•> . 2 

/ P ^ a y T ( , f ^ ) , 
( I ) = - ^ - J - = P - " T- (17) 

d 
)_ 

dx ~ ^ dx 

A new dimens ionless quantity t, is introduced to account for the variat ion of 

It is of in te res t to de te rmine the genera l magnitude of ^ and its sensitivity 

to the shape of the velocity prof i le . We note that 

au^, 
^ ^ ^ (18) 

/ ' ^ d y 

aAub2 
ax 
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Though some additional analys is is possible , we shall proceed direct ly to 

an order -of -magni tude investigation of factors influencing the t e r m by the 

assumpt ion that both u ,̂ and Au vary out from a wall into either half channel 

according to an equation of the form u/u^^ = (y/b)"^. In addition to approxi

mating the flow in each half channel by a power- law profile, it a s s u m e s that 

the law is identical for each. In t e r m s of this. Equation (17) becomes 

. b -h 2m 
^hu^ = / {u^^+Au^)\y/h)^'^ + J [2u^i^-(ucb-^Ub)r(y/b) 

0 ° b '^ 

(19) 

To obtain some information on the var ia t ion of ?>, it is des i rab le to inser t 

some numer ica l value of m, which for the present has been chosen as 1/7. 

In addition to C>,two additional p a r a m e t e r s have been included in the calcu

lat ions, and these have been defined as follows 

r 
0 

u^dy 

% c ^ 

and 

A^- (19) 

_ ( u b c + ^ u b ) ^ 

% c 

A/B = ; (21) 

Table III compares A, B and ^ for different values of Au^/ubc-



T a b l e III 

^ ^ b / ^ b c A B 

0 1.006 1 1.006 

+1 3 . 7 8 9 4 . 9 4 7 

-1 0 . 0 1 2 0 CO 

Note t h a t though ^ = oo for Au, /u , -* - 1 , t h i s i s not to be m i s i n t e r p r e t e d 

a s m a k i n g ^ a u s e l e s s p a r a m e t e r . C o m p a r i s o n of A and B shows tha t 

the m o m e n t u m flux p r e d i c t i o n u s i n g the a p p r o x i m a t e p ro f i l e , fol lows the 

s i m p l e p r e d i c t i o n r e a s o n a b l y w e l l . T h u s if ?, w e r e a s s u m e d to be uni ty 

and a p p l i e d to B, it would p r e d i c t A = 0 r a t h e r t h a n the v e r y s m a l l va lue 

of 0 . 0 1 2 , c o m p u t e d by t h e m o r e a c c u r a t e e s t i m a t e of the p r o f i l e . 

4 . Con t inu i ty 

The con t inu i ty e q u a t i o n for an i n c o m p r e s s i b l e l u b r i c a n t f i lm 

m a y b e w r i t t e n a s fo l lows : 



0 
(h^- h)u^^ = / Au dy (22) 

Here the re is no normal motion between surfaces, and h_ is film thicknes 
o 

where only Couette flow would p reva i l . It may, in fact, be a hypothetical 

th ickness which does not exist in a bearing, but never the less se rves as a 

p a r a m e t e r to cha rac t e r i ze the flow. 
rh 

To de te rmine how the in tegral J Au dy is influenced by 

velocity profile form, let us use, as previously, a profile in the half 

channel (for velocity re la t ive to the nether wall) Au/Au^,, = (y/b)"^. Equa

tion (22) becomes 

-.b 
(h„ - h)u = 2 J Aub(y/b)"^dy 

be" 
0 

or integrat ing 

2Au, b Au, h 
(h^ - h)uK = — = — ^ (23) 

° be m + 1 m + 1 

Had the velocity Au^ prevai led a c r o s s the channel as a "constant" i n c r e 

ment to the flow the resu l t would have been 

(ho - h)u^^= Au^h (24) 

The ra t io of the r ight-hand t e r m In Equation (..'3? to the equivalent t e r m in 

Equation (24; rnay be designated by x and would be, for m = 1/7, 

x = ; ; rT i = 0 - 8 ^ 5 (25) 



Again the c r i t i ca l quantity is close to unity. Hence the cor rec t ion due to 

the choice of m tends not to be a major factor. I r r espec t ive of the p a r t i 

cular value of m, the continuity equation wri t ten in the following form 

must be correc t r 

(ho - h K c = xAu^h (26) 

5. E x t r e m e Conditions 

It has been mentioned that the preceding analysis cannot be 

applied without a l te ra t ion outside the range -1 < '^u, /uy, < + 1. F u r t h e r 

more , the approximate power law express ions for Cf and velocity profile 

U b c - •^Ub 
must breakdown where - • 0. On the other hand, shear s t r e s s 

"be 

tends a lso to go to ze ro in this case, which makes the p r e c i s e magnitude 

relat ively unimportant . 

To show how^ insensi t ive a typical quantity might be to g ross 

depa r tu re s of velocity profile from the chosen form, let us examine the 

somewhat m o r e r ea l i s t i c power law profile approximation shown in 

F igure 2 , with respec t to the continuity equation. 

Au dy = J —^^ y"^dy - u h = __££_ - u^ch 
0 0 h"^ "^+^ 

( l -m)ubcb 
= - TT^- (27) 

m+1 



When E q . (27) i s c o m p a r e d wi th E q . (26), we note tha t 

( m + 1) 

If, for i n s t a n c e , m = 1/7, x - ^' ^5 , which i s not g r e a t l y d i f fe ren t f r o m 

the v a l u e of 0. 875 g iven by t h e p r e v i o u s c o m p u t a t i o n in Equa t i on (25) . 

6. S u m m a r y 

Though a d d i t i o n a l c o m p a r i s o n s can be m a d e , it i s futi le to 

do so wi thout f u r t h e r knowledge of a c t u a l ve loc i ty p r o f i l e s . T h e r e is 

n e v e r t h e l e s s r e a s s u r a n c e in the o b s e r v a t i o n tha t ^, ^ and x a-^e a l l n e a r 

uni ty and a r e a l l r e l a t i v e l y i n s e n s i t i v e to the d e t a i l s of the ve loc i ty p r o f i l e 

or the Cf v a r i a t i o n func t ion . 

Aga in it should be r e i t e r a t e d that the d e f i n i n g - e q u a t i o n s for 

3̂ I and X a r e not dependen t on s p e c i a l a s s u m p t i o n s a s to the p a r t i c u l a r 

ve loc i t y p r o f i l e or Cf v a r i a t i o n s . They r e m a i n c r i t i c a l p a r a m e t e r s in the 

f i lm e q u a t i o n for d e t e r m i n i n g the in f luence of t u r b u l e n c e q u a n t i t i e s . They 

m a y be u s e d to c o m p a r e v a r i o u s t u r b u l e n c e " t h e o r i e s " a s to d i f f e r e n c e s in 

t h e i r p r e d i c t i o n s . They a r e a l s o the q u a n t i t i e s to be e v a l u a t e d by our 

e x p e r i m e n t a l m e a s u r e m e n t s . 




