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L o ca lized  G reen’s fu n c tio n s  a re  d e fin ed  f o r  bound system s. An in 

dependent - p a r t i c l e  approxim ation  analogous to  th e  H artree-F ock  procedure  

i s  d e riv ed ; th e  f i r s t  c o r re c t io n  i s  shown to  be id e n t i c a l  w ith  th a t  

determ ined  in  a  correspond ing  s h e l l  model. An in d e p e n d e n t-p a r tic le

o f th e  i n t e r p a r t i c l e  p o te n t ia l  i s  fo rm u la ted  and i t s  f i r s t  c o r re c t io n  

i s  shown to  be s im ila r  to  t h a t  in  a  s u i ta b ly  c o n s tru c te d  s h e l l  model-
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L o ca lized  G reen 's  F unctions

In  a p rev io u s  paper1 , i t  was shown th a t  th e  G reen 's  fu n c tio n s  fo r  

bound system s a re

<^k ( l . . . n ; l ' . . . n ' )  = ( - i ) n<gN- k / 2 |T ( M l ) . .4 ( n H t ( n ' ) . . 4 t ( l l ) ) |g N V 2>

(1 )

= ( - i ) % ^ < g K- y 2 |T ( iH l- A ) . .4 (n-A)^t ( n ' - A ) . . . f t ( l '- A ) )  k / 2>

Here 1 = = ( t ^ ,  x ^ )j th e  s t a t e  |g^ k /2 ) i s  th e  ground s t a t e  o f  th e

N -p a r t ic le  system  w ith  t o t a l  momentum k /2 .  The v e c to r  A i s  any fo u r -  

v e c to r .

The G reen 's  fu n c tio n s  o f  Eq. ( l )  a re  no t s u i ta b le  f o r  independent -  

p a r t i c l e  approx im ation , s in ce  th e  momentum o f  th e  s t a t e  g^ must be con

serv ed . Thus, w ith  th e  G ^  o f  ( l ) ,  one would have to  t r y ,  f o r  example,

g t e i ' a ' )  »  f fO ^ ) 6 + Sg -  k) O u i ' l c w  (2 ; 2 ' ) a k i%  <2 >
/W J ivl am2

as a  H artree  approxim ant. Such an approxim ant would be d i f f i c u l t  to

manage because o f th e  in te g ra t io n  in  (2 ) .  B a s ic a l ly ,  t h i s  d i f f i c u l t y

i s  due to  th e  f a c t  th a t  G ^  i-s n o t a  lo c a l iz e d  fu n c tio n , w h ile  an

in d e p e n d e n t-p a r tic le  approxim ation  f o r  a  bound system  presupposes a

c e n te r  fo r  th e  s in g le - p a r t i c le  o r b i t a l s .

In  o rd e r to  o b ta in  a  lo c a l iz e d  G reen 's  fu n c tio n , n o te  f i r s t  th a t

i f  A i s  chosen to  be A :c
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th e n  th e  in v a r ia n t  G reen’s fu n c tio n

( £  ( l . . . n ; l ' . . . n l ) = ( - i ) ^  -k / 2  | t ( K 1 -Ac ) . .  . ^ ( l *  -  A ^ ) ! ^  k /2>
/W *

2
does n o t depend on A , h u t on ly  on r e l a t i v e  c o o rd in a te s . However,

• " * ) s  f
Gjj(l* • • dj 1 * • • • n *) — I elk (1 •»-Hj 1 * • • • n *)

(5)

i
= I dk e ^  GjL ( l . . .n ; l* . . .n') i a*, NkA*

depends on Ac in  an e s s e n t i a l  way, s in c e  G* depends on k in  an e s s e n t i a l  

way. The lo c a l iz e d  fu n c tio n  G  ̂ i s  u s e fu l  a ls o  because G* can be o b ta in ed  

from i t :

4  ■ < * > -  }  s ,  • (6)

Thus Gjj c o n ta in s  a l l  th e  in fo rm atio n  th a t  G* d oes, a lth o u g h  Eq. (5)

m ight appear to  c o n tra d ic t  t h i s .  However, i t  i s  ju s t  t h a t  G* depends 

on on ly  2n v a r ia b le s ,  n o t 2n + 1 ; depends on th e  same number o f

v a r ia b le s .  I t  does no t depend on k , b u t r a th e r  depends in  a  n o n t r iv ia l

way on a l l  2n p a r t i c l e  c o o rd in a te s , n o t ju s t  on th e  r e l a t i v e  ones ( a l l  

t h i s  r e l a t e s  to  th e  space co o rd in a te s  on ly ; th e  fu n c tio n s  a l l  depend



only on r e la t iv e  tim e co ord in ates).

As was shown in  I ,  G ^  can be reso lved  in to , fo r  example,
t*

a ^ U ; ! ' )  = oo( l 5l ’ ) « (k) +

0 ^ (1 2 ;  1*2') = G0 (1 2 ;1 ,2 ‘) 6 (k) + ( l  T P - ^ M lT P - ^ . t a J l j lO G ^ d ^ ' )

(7)

( 8)

+ G ^ (1 2 ;1 » 2 ')
y*

Hence, i t  fo llo w s th a t

G jj(lj l')  = Go ( l ; l ' )  + G jJd ;!') (9)

Gn (12;1 '2«) = Go ( l2 ; l '2 » )  + ( l ^ )  ( l ^  , 2 , )Gq( 1; 1 ' )(^ (2  j 2 ')  + G jJ(l2jl*2‘ )

where

GN =
( 11)

The d i f f e r e n t i a l  eq u a tio n s  f o r  th e  fu n c tio n s  G  ̂ a re  o b ta in ed  by 

in te g ra t in g  Eqs. (29) and (30) o f  I :

D ^ O j l 1) = 6 ( i - l » )  T i  v (l-2 )G N( l 2 ; l '2 +)d2
J

D ^ l .  . . n ; l ’ . . . n ’) = ( l  Pl t i ,J 6 ( l - l » )  G^(2 . . .n j 2 ' . . - n ')

(12)

j " v | l - ( n + l ) j  G^^1 2 . . . n , n + l j l ' . . .n '( n + l ) t j d ( n + l )  (13)

where n+ s tan d  fo r  t Q + 0 ,  i n  term s o f th e  fu n c tio n s  th e



eq u a tio n  f o r  G jJ(l;l* ) i s  o b ta in ed  by in te g r a t in g  l ( 3 l ) :  

D ^ j J d j l ' )  = *i jv (  1-2) ĵ Go ( l ; l ') G j J ( 2 j 2+ ) =FG0 (2 j l ' ) C ^ ( l ; 2+)

2 ;1 '2+ )J+ GjJ(1 2;1 '2+ ) I d2 . ( l4 )
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In d e p e n d e n t-P a r tic le  Approxim ation

Eq. (10) i s  fundam ental f o r  th e  d is c u s s io n  o f  in d e p e n d e n t-p a r tic le  

ap p ro x im atio n s . The b a s ic  "w eak-coupling" approxim ation  th a t  le a d s  to  

a  H artree-F ock  eq u a tio n  i s

G ^ t e l ' a ' )  = GjJIP( l j l , )G^I >̂(2 ;2 ') =F G ^ ^ ' l G ^ t e ; ! ' )  (15)

Note t h a t  t h i s  approx im ation  by no means re q u ire s  th a t  th e  i n t e r -  

p a r t i c l e  in te r a c t io n  be weak. Eq. (15) may be a  good approxim ation  

when

G ( I 2 j l ‘2 ») «  G ( H ’ )G (2 2 ‘ ) T G (l2*)G  (21«) ( l 6 )o o o o o

i s  v e ry  bad . T h is i s  due to  th e  f a c t  th a t  G jJ ( l2 ; l '2 ')  c o n ta in s  on ly  

th a t  p a r t  o f  th e  G reen 's  fu n c tio n  in  which n e i th e r  p a r t i c l e  p ro p ag a tes  

f r e e ly ,  nor do b o th  to g e th e r .  I f  th e  system  i s  such th a t  once one o f 

th e  p a r t i c l e s  i n te r a t e s  w ith  g^ i t  i s  no lo n g e r f r e e  to  in t e r a c t  in d e 

p en d en tly  w ith  th e  o th e r  p a r t i c l e ,  th e n  (15 ) can be a good approxim ation  

even f o r  s tro n g  i n t e r p a r t i c l e  in te r a c t io n s .  Thus i t  fo llo w s th a t  (15) 

may be good when

G^(12;1‘2 ')  «  Grf( H , )GIf(2 2 ')  * C ^(l2')G ^(21') ( l? )

i s  a ls o  q u ite  bad . I t  i s  seen th a t  th e  s e p a ra tio n  o f th e  f r e e - p a r t i c l e  

m otion th a t  has been made in  ( id )  i s  im portan t in  o b ta in in g  a  good
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Independent p a r t  ic le -a p p ro x im a tio n . 

W ith (15)# ( l 1*-) "becomes

D ^ ^ d j l ' )  = T i  ^ ( l j l * )  + G ÎP ( l j l , ) ) j 'v ( l-2 )G ^ IP (22+ )

+ i J ^ G o ( 2 ; l ‘ ) + 0 ^ ( 2 ; ! ' ) )  V (l-2)G ^IP ( l j 2 +)

(18)

o r ,  w ith  (9)

D1Ĝ P(1 ;1 ')  = 6 (1 -1*) T i G ^ d ; ! ' )  j*v(l-2)G ^IP(22+)d2 

j*c^P(2jl*)" V (l-2 )Ĝ IP( l ; 2+)d2 

6 ( 1 - 1 ')  =F iG^P ( l ; l , ) j* v ( l - 2 ) c ^ P(2 ;2 +)d2

+ i

(19)

+ i G ^ d ; ! ' )  V(1-2)G^P (1 ;2  )d2

where

Gq (1 ;2 +) 6 ( t L -  t 2 ) = Gq (2 ;2 +) = 0 (20)

has been used .

E quation  (19) i s  j u s t  th e  H artree-F ock  eq u a tio n  in  G re e n 's - fu n c tio n  

form? The in te r p r e ta t io n  o f  (19) d i f f e r s  somewhat from th e  u su a l one.

In  th e  f i r s t  p la c e ,  th e  fu n c tio n  G  ̂ in  (19) has d e f in i t e  p ro p e r t ie s
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under G a lile a n  tra n s fo rm a tio n s . The in v a r ia n t  G reen’s fu n c tio n s  and 

hence th e  S m a tr ix  can be o b ta in ed  from G  ̂ v ia  Eq.. (6 ) .  Secondly, 

a lth o u g h  (1 9 ) can be o b ta in ed  by s u b s t i tu t in g  ( l? )  in to  (12 ) ,  i t  i s  

p o s s ib le  t h a t  (1 9 ) i s  a  good approx im ation  even when ( l? )  i s  n o t, s in ce  

th e  d e r iv a t io n  o f (19 ) has used on ly  th e  c o n d itio n  (1 5 ) ,  which i s  weaker 

th a n  (17 )• The f a c t  t h a t  (15) r a th e r  th a n  (17 ) g iv e s  a  good independen t-  

p a r t i c l e  approxim ation  i s  a  p a r t i a l  ex p lan a tio n  o f  th e  f a c t  th a t  " s tro n g ly "  

in te r a c t in g  p a r t i c l e s  l i k e  nucleons can be d e sc rib e d  so w e ll by an i n 

dependent - p a r t i c l e  model.

I t  i s  in te r e s t in g  to  n o te  th a t  (19) i s  th e  l im i t  o f  an o th er p ro ced u re , 

namely, t h a t  in  which a  c e n t r a l  p o te n t i a l  Xv(r) i s  assumed to  b in d  th e  

p a r t i c l e s  around th e  o r ig in .  Then th e  co rrespond ing  H artree-Fock  

eq u a tio n  i s

(d^-X V (I)) ( ^ ( l j l ’ ) =  6 ( 1 - 1 ' )  =F iG^P( l l ’ ) J v ( l - 2 ) G ^ P ( 2 2 + ) d 2

(21)

+ i
J

G*P(21, )v(l-2 )G jP(l2+)d2

and (19) i s  th e  l im i t  o f  t h i s  as  X -* 0 . Thus G  ̂ and n o t G ^  i s  o b ta in ed  

by t h i s  l im i t in g  p ro ced u re , and, a g a in , Eq. (6) g iv es  th e  p r e s c r ip t io n  

f o r  o b ta in in g  G ^ .

In  o rd e r to  O btain th e  s o lu tio n s  o f  (l9 )>  i t  i s  u s e fu l  to  d e fin e  

th e  n o n lo c a l H artree-F ock  s in g le - p a r t i c le  p o te n t i a l  W^>( l ; l * )  by
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wIP( i , i , ) f ( i , )d i* = * i j v ( i - 2 ) ^ ( a j a ^ f d )  t  c^p( i;2 +) f(2 ) ]  fa , (aa)

TP
where th e  tim e-dependence o f  W i s  g iven  by

W ^ d , ! ' )  = 6 ( t  -  t •) Wu "(x1, x ' )J . X  a*\L ^x
IP/

W ith Eq. ( a a ) ,  th e  eq u a tio n  f o r  G j^*(l;l*) becomes

(23)

u f c f d j l ' )  = D - ^ l ; ! ' )  - wIP(i,a )c^r ( a ; i , )d2 = 6 ( i - i ' ),i p (34)

so t h a t  G j ^ d j l ' )  i s  j u s t  th e  G reen 's  fu n c tio n  f o r  N independent p a r t i c l e s

in  th e  p o te n t i a l  W*P( x , , x*) and ta k e s  th e  form"•'I *1

(35)

^ ( t t * )  = ( i  -  fa ) e ( t  -  f )  -  fa e ( t ' - t ) (2 6 )

Only Fermions a re  t r e a te d  from t h i s  p o in t on. The analogous tre a tm e n t 

f o r  Bosons i s  e a s i ly  c o n s tru c te d . Hence, th e  ^  in  (a 6 ) a re  d e fin e d  by

f  = 1 a

fa 0

ye o

y i  0
(27)

where 0 i s  th e  s e t  o f  W s in g le - p a r t i c l e  s t a t e s  t h a t  a re  th e  N low est 

e ig e n s ta te s  o f

9



(28)

Of c o u rse , th e  p o te n t i a l  W i s  found by a  s e l f - c o n s is te n t  p ro ced u re , 

s in c e  i t  must s a t i s f y  (2 3 ) ; th e  l a t t e r  in v o lv es  o n ly  th e  "occupied" 

s in g le - p a r t i c l e  s t a t e s .

I t  i s  w orth  n o tin g  th a t  in  th e  H artree-F ock  approxim ation  th e re  

i s  a  v e c to r  | hf) such th a t

where T s tan d s  f o r  a  tim e -o rd e red  p ro d u c t. However, i t  i s  n o t t r u e  in

f o r  a.11 ]g, c l e a r ly  im p o ssib le . The in v a l id i ty  o f  (30) i s  th e  main 

argument f o r  working w ith  G reen’s fu n c tio n s  in s te a d  o f  wave fu n c t io n s .

o f  = ( - i ) n <h f | t | hf> (29)

g e n e ra l th a t  th e re  e x i s t s  a  v e c to r  |a )  such th a t  th e  ex ac t G reen’s

fu n c tio n s  G„ can be w r i t t e n  N

Gjj = ( - i ) n  <a|T |a> , (30)

f o r  i f  (3 0 ) were c o r r e c t ,  i t  would fo llo w  th a t

(31)

and, hence,

(32)
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C o rre la te d  In d e p e n d e n t-P a r tic le  Approxim ation

I f  th e  i n t e r p a r t i c l e  p o te n t i a l  V i s  s in g u la r  a t  sm all d is ta n c e s ,

Eqs. (15) and ( 18 ) a re  n o t a  good approx im ation . In  o rd e r to  o b ta in  

a  u s e fu l  in d e p e n d e n t-p a r tic le  approx im ation , c o n sid e r Eq. (10) in  

diagram m atic form as  shown in  F ig . 1 . I f  and x^ a re  c lo se  to g e th e r ,  

V (l-2 )  tim es th e  second graph on th e  r ig h t  s id e  o f  F ig . 1 can g iv e  a  

d iv e rg en ce . In  t h a t  c a se , i t  i s  n a tu r a l  to  regroup  th e  term s in  th e  

way shown in  F ig . 2 , where some o f  th e  g raphs in  th e  t h i r d  te rm  in  F ig . 1

have been  s h i f te d  to  th e  second term  in  F ig . 2 . The s in g le - p a r t i c le

fu n c tio n  S ^ ( l j l ' )  i s  r e la te d  to  C ^ ( l j l* )  by

G j[(l;l* ) = Go ( l; 2 ) s H(2;3)Go ( 3 ; l e) ,  (55)

where th e  conven tion  w i l l  be th a t  any re p e a te d  index  i s  t o  be in te g ra te d ,

a s  2 and 3 in  (33) • Hence, th e  r e s o lu t io n  co rrespond ing  t o  F ig . 2 i s

G^(l2jl,2 e)=G0 ( l 2 ; l ' 2 , )+Go( l 2 ; l ,5)SN(3i4)G0(4 ;2 , )-K}o(l2 j32 , )SN(3j4)Go( 4 j l e)

+ Go (l2 j3 ^ )S N(3^;56)Go ( 5 ; l , )Go ( 6 ;2 , )« (54)

In  o rd e r  to  e v a lu a te  v (1 -2 )g( 12;1*2+) ,  th e  r e l a t io n

V(1-2)Go (12;3W  = t ( ! 2 ;5 6 )  ĵ Go (5j5)G o (6 j4 ) -  G0 (5j4)G q (6 ;3 ) ]  (35)

i s  re q u ire d . E quation  (35) fo llo w s from th e  p ro p e r t ie s  o f  th e  t  m a trix :
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Go (12j34)=Go (1j3)G 0 (2 ;4 )-G o (1;4)G o (2 j3 )
(36)

* 0 ( l;5 )G 0 (2 ;6 ) t(5 6 ;7 8 )  [ g o (7 ;3 )g o (8 j4 ) -g o (7 ;4 )g o (8 ;3 )]  

t(l2;3^)=V(l-2)6 (1-3)6 (2-4)+iv(l-2)Go(l;5)Go(2;6)t(56j3^) (37)

I t  fo llo w s from Eqs. (34) and (35) th a t

V ( l-2 )c ^ ( l2 1  *2+) = J t (1234) |̂ go (31 *)gq(45)-G q(4 i • )gq(35)] SN(56)GQ(62+)d3d4d5d6

+ J t ( l 2 3 4 )  jGo (35)Go (46)-GQ(45)Go (36)J SK(5678)Go (7 1 , )Go (82+)d3d4d5d6d7d8

where Eq. (20) and

t( l2 3 4 )  «  6 ( t x -  t 2 ) 6 ( t 5 -  t 4 ) 0 ( t 1 -  t ? ) (39)

have been u sed . E quation  (3 8 ) g iv e s

(3 8 )

D ^ d j l ’ ) = 6 (1 - 1 *) - i j t ( l 2 3 4 )  Jgo (3 1 , )GjJ(42+)-g o (4 i» )g ^(3 2 + )

(4o)

+ G ^(34;l*2+) I  d2d3d4

where

G "(34;l*2+) s  [ go(35)go(4 6 )^ o(36)gq(4 5 )]  Sn (5678)go(7 1 , )gq( 82+ ) (4 l)

In  (4o) and ( 4 l ) ,  g^(34;1*2+) i s  a  tw o -p a r t ic le  G reen’s fu n c tio n  in  

w hich th e  p a r t i c l e s  a t  3 and 4 a re  n o t a llow ed t o  in t e r a c t  w ith  each

12



other without f i r s t  in teracting  w ith the medium. Hence, the correlated

independent-particle approximation i s

G^C1P (3 4 ;1 ’2+) = C^C1P (3 1 , )G1;C:LP(42+) -  ( ^ Ĉ ( 3 2 +)g£C3P (4 1 8) (42)

and g iv es

D1C§3P (1j 1 '  )=6 (1 -1  •) - i j t  (1234) ^ ]J>(3 1 ') c ^ 1P (42+) -G^"LP(32+)G^-LP( 4 l ' ) j  d2d3d4 (43)

The r e s u l t  g iven  by Eq. (43) i s  j u s t  th e  H artree-F ock  eq u a tio n  (19) 

w ith  V re p la c e d  by t ,  th e  f r e e  tw o -p a r t ic le  t  m a tr ix . The t  m a trix  h e re
4

i s  n o t d e fin e d  s e l f - c o n s i s te n t ly ,  a lth o u g h  b e t t e r  convergence m ight be 

o b ta in ed  w ith  a  s e l f - c o n s is te n t  t .  However, th e  s im p lic i ty  o f  (4 3 ), 

to g e th e r  w ith  i t s  resem blance to  ( 1 9 ) a re  a t t r a c t i v e  fe a tu re s  t h a t  would 

be l o s t  by use o f  a  s e l f - c o n s is te n t  two-body t  m a tr ix .

A gain, (43) has been d e riv e d  on th e  assum ptions t h a t  (19) needs 

c o rre c tin g  on ly  f o r  3̂  -  x^ sm all and th a t  th e  p a r t i c l e s  in te r a c t  f r e e ly  

when th e y  a re  c lo se  to g e th e r .

S ince t ( l 2 ;3 4 )  has tim es eq u al in  p a i r s , Eq. (43) can be so lved  l i k e  

Eq. (19)> namely W^^>( l , l l ) i s  d e fin ed  by

- 1 t  (12; 34)g^1P( 4; 2+) f  (3 )d2d3diH -i|t (1234) G^1 P(32+) f  ( 4 )d 2 d 3 d ^  fwC1P( 1; 1») f  ( l 8 ) d l 1

(44)
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W ^ d . l M  -  i j a »  e  ( 1 1>v ^U ’(i L  $ {)  (45)

Then Eqs. (2 5 ) -  (2 8 ) and (4 4 ) , (45) w ith  re p la c e d  by sp e c ify
a

th e  s o lu t io n s  o f  th e  c o r re la te d  in d e p e n d e n t-p a r tic le  approx im ation  (45)•

C1PIn  t h i s  c a se , th e  f a c t  t h a t  th e  p o te n t i a l  Wg depends on th e  energy
a

o f  th e  s in g le - p a r t  i c l e  s t a t e  shows th a t  even in  th e  low est approxim ation  

th e re  i s  no v e c to r  |a )  such th a t  GC"̂ P i s  an e x p e c ta tio n  v a lu e  in  th e  

s t a t e  |a )  o f  a  tim e -o rd ered  p ro d u c t.

14



Corrections to the Independent-Particle Approximation

In  o rd e r  f o r  (19) to  be  u s e f u l ,  i t  i s  n ecessa ry  to  have a  system 

a t i c  p rocedu re  f o r  computing th e  c o r re c t io n s  to  th e  in d e p e n d e n t-p a r tic le  

approxim ations t o  th e  G reen 's  fu n c tio n s . The s u b s t i tu t io n s

G jy ( l j l ')  = Go ( l ; l ' )  + 0^(1 ; 1 ')  (46)

Gn (1 2 ;1 '2 » ) = Go ( l 2 ; l * 2 ')  + ( l - P 1 2 ) ( l - P 1 ,2 ,)Go (ll* )G 1J (2 2 , )-K3]j ( l 2 ; l '2 ' )  (4?)

G ^ O S ; ! ^ ')  = (1-P1 2 )g ^ (1 1 , )G^(22) + 1^(12 ; 1 '2 ‘) (46)

Gn (1 2 3 j1 '2  '3 ' )  = Go ( l 2 3 ; l ,2 '3 ' )  + {Go ( l 2 ; l * 2 , )G1J (3 3 , )}

+ | go(H ')G ]J (23 2 '3 ') }  + G ^ ^ j l ' P ^ ' )

O^(0J23jl,2 ,3 *) = | ĉ ( U , )^ J (2 2 , )G]J (3 3 , )}+{giJ(1 1 , )Kn (23 2 * 3 ')}+  1^(12351 *2 *3 ')

where th e  cu rly  brackets in d ica te  antisym m etrization in  123; 1 *2 '3 in  

(1 2 ) and (1 3 ) g iv e , a f te r  considerab le man ip u la tion ,

D1GN( l j l , ) = 5 ( l - l ' ) - i  V (l-2)^G N( l l , )GN(22+)-GN(l2 + )GN(2 1 , )-HCN( l 2 ; l ,2+ )jd 2  (5 l)

(49)

D1Kn (1 2 ;1 ,2 ')  =

- i V (l-3 ) GN(35+)KN(12 ;1  *2 *)-Gk (13+)I^i (32; 1 *2 , )-K}N(23+)GN( l2  , )GN(31 ')

- gn (23+ )gn ( h ' ) gn ( 3 2 ') - go(23+ )go( 3 3 ;2 'i »)

(50)

15



+Gn ( 1 1 , )Kw(23 2*3+ ) + gn ( 1 2 ') kt j (23 3+i , )+gn (23+)kn (3 1 ;1 '2 * ) (52)

+Gn (3 1 , )Kn (1 2 ;2 '3 + ) + Gn (3 2 ‘ )Kn (1 2 ;3 +1 , )+Kn (1 2 3 ;1 '2 '3 +)

+Gn (23+) |g o (3 1 ;1 '2  *)-Go ( l 2 1)Gg (3 1 ' )+G0 ( l l *)Gq (3 2 ' ) )

+GN(13+)^Gq (2 3 ;1 ' 2 ' ) -Go (2 1 ' )Go (3 2 ' )+G0 (2 2 1)Go ( 3 l ‘ ) )

•KJn (33+ )^Go ( 12 ;1 ,2 , )-Go (1 1 ,)Go(2 2 , )+Go(12,)G o ( 2 1 ,) )  63

The eq u a tio n s  f o r  K ^ (l2 3 ;l* 2 * 3 ') ,  e t c . ,  can be o b ta in ed  s im i la r ly .

As i s  r e a d i ly  seen from (5 1 ) , 1^(12 ; 1 '2 +) i s  a  measure o f  th e  

d e v ia t io n  o f  G ^ ( l ; l ')  from G ^>( l ; l ' ) ;  i f  K ^ I P ; ! ^ ' )  i s  s e t  eq u al to  

z e ro , Eq. (5 l)  becomes th e  in d e p e n d e n t-p a r tic le  eq u a tio n  (19)• The 

fu n c tio n  K jj(1 2 ;1 '2 ')  i s  th u s  a  s o r t  o f  tw o -p a rt i c l e  c o r r e la t io n  G reen 's  

fu n c tio n . There a re  a t  l e a s t  two ways o f  a t ta c k in g  (51) and (5 2 ) . The 

f i r s t  method w i l l  be c a l le d  th e  p e r tu rb a t iv e  in d e p e n d e n t-p a r tic le  (PIP) 

method. In  t h i s  method th e  s e l f - c o n s i s te n t  in d e p e n d e n t-p a r tic le  p o te n 

t i a l  and th e  fu n c tio n  G^2 ( l ; l ' )  a re  chosen by th e  p ro cess  d e sc rib ed

in  co n ju n c tio n  w ith  Eqs. (22) -  (2 8 ) . Then th e  expansions

Gn ( 1 ;1 ')  = G j ^ ( l ; l ' )  + G ^ d j l * )  + G^2 ) ( l ; l ' )  + •••  (53)

K j j d S j l ^ ' )  = K ^ ( l 2 ; l ' 2 ' )  + K^2 ^ ( 1 2 ;1 '2 ')  +■ ■ • (54)

Y ^ 1 2 5 l \ ' 2 ' y )  = k^2) (123 ; 1*2 *3 •) +*•• (55)

a re  s u b s t i tu te d  in to  (51) and (5 2 ); Eq. (5 l)  can be w r i t t e n

16



V (l-2 ) ^ ( 22+)-G^P(22+)Jgn ( U » ) - ^ ( 12+)-G ^ >(12+)Jgn (2 1 «) (56)

4Kn (1 2 ;1 '2 +)

In  (5 6 ) , must be ta k en  to  be o f  z e ro th  o rd e r , so t h a t  s u b s t i tu t io n  

o f  (55) and (54) g iv e s  f i r s t  Eq. (24) and th en

D ^ C ^ d j l ' )  = - i V ( l - 2 ) K ^ ( l2 ; l* 2 +)d2

(57)

(58)

I t  should be noted th at one o f  th e v ir tu e s  o f  th e  choice o f  p o te n tia l  

prescribed  by th e  independent—p a r t ic le  approximation i s  th a t i t  makes 

th e  f i r s t  correction  to  G ^ (lj l ')  o f  second order; t h is  i s  e s s e n t ia l ly  

due to  th e v a r ia tio n a l aspect o f  th e  Hartree-Fock approximation.

According to  (5 8 ) th e  f i r s t  correction  to  G ? * ( l j l ’ ) i s  determined by

, (1 )
N

Ky. (1 2 ;1 ,2 * ) . In Eq. (5 2 ) , th e su b stitu tio n

= KN( l 2 ; l * 2 ')+G0 ( l 2 j l ,2 , )-Go ( l l , )Go (2 2 , )+G0 ( l 2 ,,)Go (2 1 ' )  (5 9 )

GN(12; 1 * 2 ') -GN(1 1 ' )GN(2 2 ' )+Gn (12 1 )GN(2 1 «)

g iv es

17



0^ ( 12 ; 1 *2 *)
(60)

= • ‘1
V (l-2 ) (o„(33+) - o f  (33+ )) 1^(12 l '2 ' ) . ( G jl( l3 + )-c ” ( l3 + ))L j, ( l 2  1 '2 ')  

+ ( ^ ( 23+ )aN( i2 ') o N(3 i , )-(iN(23+)aN( u . ' ) c ^ ( 3 2 1)

+ Gn (1 1 , )Lm(23 2*3 , )+Gn (1 2 , )Ln (23 3+l , )-KlIf(23+ )LN(31 1 '2 ')

+ Gn (3 1 ') I 1j(12 2 ,3+ )-^ n (52*)Ln (12 3+l , )+KN( l 2 3 ; l ’2 '3 +)

and, hence,

D ^ L ^ t e l ^ ' )

V (1-2)gJ P ( 2 3 ^ [ gJ P(1 2 i )gJ P(3 1 ’ )-C^P(1 1 , )gJ P(3 2 » )]  d3

d3

(61)

so t h a t  i s  de term ined  by G j ^ ( l ; l ' ) -  Note t h a t  (59)> s u b s t i tu te d

in to  (5 8 ) ,  g iv e s

T ^ G ^ l ; ! * )  -  - i j ' v ( l - 2 ) l ^ l ) ( l 2 ; l ,2+ )d2 ,

so t h a t  (6 l )  and (6 2 ) to g e th e r  g iv e  th e  lo w e s t-o rd e r  c o r re c t io n  to  

G ^ ( l ; l* )  and th e  lo w e s t-o rd e r  approx im ation  to  L ^ ( l 2 ; l ’2 ' ) .

I t  can e a s i ly  be v e r i f i e d  th a t  Eqs. (6 l )  and (6 2 ) a re  th e  f i r s t - o r d e r  

e q u a tio n s  o f  a  s h e l l  m odel, namely, t h a t  th e y  a re  th e  f i r s t - o r d e r  eq u atio n s  

f o r  th e  G reen 's  fu n c tio n s  a s s o c ia te d  w ith  th e  H am iltonian

,IP /

( 6 2 )
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= - J f ^ x ’) ( 5 ( x - x ^  - W^CxSx’jj (x)dx dx*
(63)

^ J'|r^(x)^(y)v(x-y)'|f (x) dx dy - J ^ ( x )  W^(xjX*) i|f (x 1) dx dx1

which i s  ju st  th e  shell-m odel a sso c ia ted  w ith  th e  Hartree-Fock s in g le -  

p a r t ic le  o r b ita ls  g iven  by Eq. (2 8 ) .  Hence th e  PIP method i s  ju st  th e  

usual perturbation  theory based on th e  zeroth-order fm e t io n s  determined 

by th e Hartree-Fock procedure.

An a lte r n a tiv e  method to  th e  perturbative in d ep en dent-particle  

method i s  th e s e lf -c o n s is t e n t  indep en dent-partic le  (SCIP) method. In  

t h is  method th e s in g le -p a r t ic le  p o te n t ia l WSC( l , l ‘ ) i s  defin ed  by

V (l-2 ) |̂ GN(22+ ) f ( l ) -G N( l2 +) f (2 ) J  d2 = j w SC( l ’l ) f ( l ’ ) d l ’ (64)

where G ^(l2 ) i s  th e  s in g le - p a r t ic le  G reen’s f m c t io n  to  th e  o rd e r  o f  

th e  c a lc u la t io n . Then (5 1 ) becomes

D®CGN( l ; l » )  =  D1GK( l ; l* ) - J w SC( l l ,,)GK( l " l , )d l"  = 6 ( l - l ’ ) - i  V (l-2 )L N( l 2 ; l ’2+)d2 (6 5 )

and (5 2 ) and (59) g iv e  

0 ^ ( 1 2 ;  1 ’2 ’ ) (66)

V (1 -2 )[gn (23+) | gn (12*)Gn(3 1 , )-Gn (1 1 , )Gn (3 2 , )}+Gn (1 1 ’)Ln (23 2 ’3+)= - i

19



■KJN( l 2 , )LN(a 5 ;3 +l , )-K}N(25+)LN(31 1 ,2 ')+Gn (3 1 ')L n (12 2 '3 +)

+GW( 3 2 • ) ln (123+1 , )+Kr (1 2 3 ;1 >2*3+) J  <8 .

In  f i r s t  o rd e r , th e  SCIP method g iv es

(6?)

= - i V (l-2)G jj(23+) [ G ^(l2 , )Gjj(31, )-G jj(H , )G^(32 *)] d3 ,

and (65) and (64 ); th e se  th r e e  eq u a tio n s  must be so lved  s e l f - c o n s i s te n t ly .

A p o s s ib le  advantage o f  th e  SCIP method over th e  PIP method i s  in  

th e  tre a tm e n t o f  s i tu a t io n s  where c o l le c t iv e  e f f e c t s  ap p ear. For example, 

an asym m etric W (ll" ) can appear in  th e  SCIP method more e a s i ly  th a n  in  

th e  PIP method, s in ce  i t  i s  to  a  la rg e  e x te n t th e  " re s id u a l"  i n t e r p a r t i c l e  

in te r a c t io n  ( th a t  i s ,  n o t in c lu d ed  in  VT^) t h a t  i s  re s p o n s ib le . S im ila r ly , 

th e  SCIP method m ight be expected  to  be b e t t e r  th a n  th e  PIP method in  

case s  where p a i r in g  fo rc e s  axe s tro n g .
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i?  t

C o rre c tio n s  t o  th e  C o rre la te d  In d e p e n d e n t-P a r tic le  Approxim ation

The ex ac t eq u atio n  f o r  th e  s in g le - p a r t i c l e  Green*s fu n c tio n  i s  

Eq. (4 0 ) . In s te a d  o f  (4 2 ) , th e  eq u a tio n

G "(12;34) = G '(1 3 )g '(2 4 )  -  G *(i4)g«(23) + J_ (1 2 j3 4 ) (6 8 )N N If W N W

must be  used . The analog  o f  (43) and (5 l)  i s

V n ( i ; i * )

t(i234)^GN( 3 l , )GN(42+)-GN(32+)GN(4i«)+JN(34 i»2+)Jd2d3d4 (6 9 )

The fu n c tio n  J._ i s  a  measure o f  th e  d e v ia t io n  o f  G . . ( l ; l ')  from N N
G£'CP( l j l * ) • I f  J „  = 0 , th e n  G.. = Ĝ "1̂ .  In  o rd e r to  o b ta in  an eq u a tio n  N N W N
f o r  J ^ ( l2 3 4 ) , i t  i s  n e ce ssa ry  to  use  e x p re ss io n s  f o r  G^(l23  1 *2 *3 *) 

analogous t o  (34) and i l l u s t r a t e d  in  F ig . 3 :

Gjj(l23 1*2*3 ') = Gq (123 1*2*3*) + Gq (123 1 '2 * 4 ' ) sn (45)Go(5 3 ')  

+ Go (l23  1*43*)sn (45 )gq(52')+Go (123 42*3*)sn (45 )go(51*)

+ G0 (123 1 '4 5 ) sn(456t )go(62*)go(7 5 , )+G0 (123 42*5)s ]J(4567)G0 (6 i , )g0 (7 3 ')  (70)

+ G (123 453*)s (4567)g ( 6 i ' ) g  (72*) o N 0 0

+ G (123 456)s_(456 789 ) G (71*)g ( 8 2 *)g (93*) •o N 0 0 0

Since
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&(t - t  )G (123 1 '2 '3 + ) = G (23+ )G (31 1*2*) (71)1 3 0 0 0

i f  fo llo w s th at

»
v (1 -3 )g o (I23 1 ,2*3+ )=Go (23+) t(]345 )^G o (4 2 , )Go (5 1 , )-Go (4i«)G o (3 2 , )]cli4d5 ( 72 )

can be used w ith  four o f  th e terms in  (7 0 ) . For th e  others i t  i s  

necessary to  consider th e stru cture o f  Gq (123 1*2 '3  *)• Since a per

tu rb ation  theory in  t  i s  th e r e su lt  th a t i s  sought, i t  i s  u se fu l to  

w rite  Gq (123 1 '2 ,3 i ) in  th e form (F ig . 4 ):

g ( 123 1 *2 %3 ')  = a ’ Tg ( h ' ) g  (2 2 *)g (3 3 •)!O |_ O O O J

+ A*[g ( l l ') G  (24 )g (35)t(4567)G  (6 2 ’)g (73*)|_o o o 0 0

+G0 (22 ')G 0 (l4)G 0 (35)t(4567)G 0 ( 6 l , )G0 (7 3 ')  (73)

^ o ( 5 3 ’ )G o(l4)G o(25)t(4567)Go(6 l *)Go(T2 ; ) ]  

+ a ' [ go( i 4)go(25)go(36)t (456 789)go(7 1 , )go(82*)go(93*)]

where A* i s  th e  antisym m etrization operator in  th e  coordinates 1 * ,2 * ,3  *•

A stu d y  o f  th e  diagram  s t r u c tu r e  o f  (73)> to g e th e r  w ith  Eq. (37) g iv e s

V( 1 -3 )Gq(123; 1 *2*3’ ) «  A , rGo (2 2 , )t(3345)G o (4 l ')G o (53*)l
(74)

and, a ls o ,  th e  in te g r a l equation fo r  T i t s e l f :
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T(123 1 ,2 ,3 t) - J j T . d *  l'a 'S ') (75)
1=1

T g C ia S ji’a ' ? ' )  = 0^(231; 2 '3 ‘l ' )  = T ^ i s ^ ' i ' a ' )  (76)

T1(123;1,2 ’3 *) = t ( l 2 ; l ,4)Go(U4, ) t ( 4 ,3 ; 2 ,3 , )•^fc(l242, )Go(4 4•) t (4 ,3 j l ,3 , )

(77)
+ t(l2 4 5 )G o (44 ')G o (5 5 ')  Jt2 (4 '5  ^ l ^ ^  , )+T ^(4 '5  '3 ; l '2  f3 ’ )J

E quation  (77) can be regarded  as  th e  b a s ic  in te g r a l  eq u a tio n  f o r  d e te r 

m ining th e  p ro p e r t ie s  o f  th e  f r e e  t h r e e - p a r t i c l e  system  from th e  f r e e  

tw o -p a r t ic le  t  m a tr ix . I t  i s  c le a r  from th e  i t e r a t i v e  tre a tm e n t o f 

(77) t h a t  T i t s e l f  i s  o f  second and h ig h e r o rd e r in  th e  tw o -p a r t ic le  

t  m a tr ix .

In  a d d i t io n , JN( l 2 3 ; l ,2 ,3*) i s  d e fin e d  by 

G ^ ( l2 3 ; l '2 '3 .1) = A '^ G q( i 4 )go(25)Go(3 6 )sn (456 789)Go(71 ')G o(8 2 , )go(9 3 ') ]  (78)

= | giJ (1 1 , )GiJ(22*)G]J (3 3 , )}+{g]; ( 1 1 , )Jn (23 2 « 3 ')}

+ j ^ a ^ i ' a ' s ' )  •

A fte r  c o n sid e ra b le  m an ip u la tio n , th e  eq u a tio n  f o r  J  (12; 1 * 2 ')  i s  found

to  be

0 ^ ( 1 2 1 '2 ' )  = - i Gn (53+) J n (42 ;1 '2* )-G n (43+)Jn (5 2 ;1 '2 * )t( l3 4 5 )

+Gn (23+ ) [0^(42  *)gn (5 1 , )-Gn ( 4 i ') c ^ (5 2  •)] +Jn (45 1 '2 ')  (79)
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)(23+ ) [gn ( 42»)GN(51 *)- c ^ ( 4 l*) ĝ ( 52 ‘ ) -GjJ(42 • )G ^(51' )-K}jJ(^l * )c^ (52 *)]

+GN( 6 l ‘ )JN(2 72 '3+) + G1j (6 2 , )Jn (72 1 '3 + )

+Gn (7 1 , )Jn (622 '3+ )-H ^ (7 2 ')Jn (26 1»3+)+Jk (627 1 ,2 '3 + )

In  Eqs. (6 9 ) and (79)# th e  p re tu rb a t iv e  expansions 

Gn ( 1 ;1 ‘) = G ^ d  j 1 '  (1 ; 1 '  )+G^2) ( l j 1*)+ •••

= J^l ) ( l 2 ; l ' 2 , )+Jy2 ) ( l 2 j l ' 2 , )+ ---  

J-t (1 2 3 ;1 '2  '3 ')  = jfT2 ^ ( l2 3 j l '2 ,3 , )+ ---N N

g iv e  Eq. (43) f o r  G ^*>( l ; l l ) and 

G ^ d j l ' )  = 0 

D ^ d ; ! * )

( 8 0 )

(8 1 )

(8 2 )

5  DXG^2 ^ ( l j l* ) - |w CIP( l ; l" ) G ^ 2 ^ ( l " j l , ) d l " = - i | t ( 1 2 3 4 ) (34l*2+)d2d3d4 (84)

(12; 1 *2 ')

=  - i t d 3 4 5 ) G^IP (23+) [ ( ^ IP (4 2 »)G^I P (51 ’) -G^I P ( 4 l ' )G^IP (5 2 «)]

-Gq(23+ ) [ĉ IP (42 '  )G^IP (5 1 ')  -G^IP ( 4 l  • )G^IP (5 2 »)

-G ,^ IP (42 * )G ,^ IP (5 1 ' )+G'CIP( 4 l »)G *CIP(52 •]N N N N J

(85)
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In  Eq. (8 4 ) , J ^ ( 3 4  1'2+) on ly  occu rs  f o r  = t ^ j  i t  fo llo w s th a t  f o r

t  = t g ,  th e  term  in  ( 85) w ith  f a c to r  Gq (23+) i s  z e ro . Hence, th e  f i r s t

c o r re c t io n  G ^ ( l j l ' )  i s  o f  second o rd e r in  t  and i s  s im ila r  to  th e  
N

c o r re c t io n  in  a  s h e l l  model w ith  G^rP ( l ; l ‘) th e  G reen 's  fu n c tio n  d e sc r ib in g  

th e  " n o n in te ra c tin g "  p a r t i c l e s  in  t h e i r  o r b i t a l s  and w ith  i n t e r p a r t i c l e  

in te r a c t io n  g iven  by t .  S ince th e  s in g le - p a r t i c le  o r b i t a l s  a re  no t 

o rth o g o n a l, i t  i s  no t p o s s ib le  to  w r i te  a  H am iltonian f o r  t h i s  eq u iv 

a le n t  s h e l l  model in  c o n f ig u ra tio n  sp ace , a lth o u g h  in  th e  space w ith  

nonorthogonal b a s is  cp£ (x ) ,  th e  H am iltonian i s

HCIP =^2 e a| ae + \  Y  feEl* - y ^ ( a l w C IFl g ) ^

a .  a t  = b (86)a 7 t ( CJT

= 0

In  t h i s  c a se , th e  eq u a tio n s  f o r  th e  G reen 's  fu n c tio n s  a re  no t id e n 

t i c a l  w ith  th o se  in  th e  s h e l l  model g iven  by (8 6 ) . The p e r tu rb a tio n  

th e o ry  based  on th e  z e ro th -o rd e r  g iven  by th e  c o rre la te d - in d e p e n d e n t-  

p a r t i c l e  approxim ation  i s  most e a s i ly  c a r r ie d  o u t by u sing  G reen 's  

fu n c tio n s .
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Figure 1 - Equation (10) in  diagrammatic form.
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Figure 2 - Equation (3*0 in  diagrammatic form.
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Figure 5 - R esolution  o f th r e e -p a r tic le  Green's fm e t io n .

+  ----

Figure U - R esolu tion  o f the fr e e  th r e e -p a r tic le  Green's fm e t io n .
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